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Abstract

Beam to column connections are usually considered either as perfectly rigid or
as nominally pinned. However, as is now well established, this does not
represent the actual behaviour of the connection, and hence the impact it has
on the behaviour of the structure itself, as connections are often semi-rigid.
The present paper presents a mechanical model of the connections, where the
rigidity of the joint is represented by means of rotational and trandlational
springs introducing the concept of non deformable element of nodes,
describing relative displacements and rotations between the nodes and the
elements of the structure. Examples are provided to illustrate the simplicity
and efficiency of the method and comparisons to recently published results
have proved the generalization, the simplicity and the efficiency of the
proposed model.

Keywords. Rigid, Semi-rigid, Connection, Mechanical model, Frames,
Buckling

Notations:

k,,k, : Elastic constants of the springs in rotation at nodes "i"and " j",
respectively

C/,C;: Elastic constants of vertical springsat nodes"i"and " j", respectively.
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cC/,C, : Elastic constants of axial springs at nodes"i"and " j", respectively.

Y Area of bending moment diagram for a simply supported beam.

nl,ml: Distance to left support and right support respectively, from gravity
centre'

w: Flexural rigidity per unit Iength,%

A Relative vertical displacement between nodes"i"and " j"

Vi,M,;,V,,M,: Reactions at nodes "i"and" j" , inlocal reference.

F : Vector forcein local reference.

€

Introduction

Conventional analysis of steel frames assumes either perfectly rigid or pinned
connections. The rigidity of most connections behaves, in fact, somewhat between
these two extremes and incorporating the effect of connection flexibility of the frame
becomes necessary.

To assess the real behaviour of the frame, it is therefore necessary to incorporate

the effect of connection flexibility of the frame (Bjorhovde et. a. [1]; Gerstle [2];
Kishi and Chen [3]; Saidani [4]; Ihaddoudene and Chemrouk [5]).
In the past few decades, extensive research works on static loading tests for different
types have been carried out and conducted on the commonly used connections from
which large collections of test data have been reported (Jaspart [6]; Azizinamini et al
[7]; Nethercot and Zandonini [8]).

Some researchers such as Kishi and Chen [3], have collected available
experimental results and constructed steel connection data banks that provided the
user with not only the test data, but also some predictive equations, however, not
every structural engineer has access to the data base of experimental results.

For the beam-moment connections, it is clearly shown (Kishi and Chen [3]; Jaspart
[6]; Azizinamini et al [7]; Nethercot and Zandonini [8]; Atamaz Sibai [9]; Aribert et
al [10]) that the moment-rotation relationship is non-linear for all types of connections
and varies depending on connection flexibility.

Several mathematical models have been proposed to fit the moment-rotation
curves from experimental data. These models vary widely in their complexity to
describe (M —6) curves of connections. It is presented in its exponential form
(Ihaddoudeéne and Chemrouk [5]) by the equation:

O=kM* Q)

Because of the high number of the parameters influencing the behaviour of
connections, accurate modeling of such behaviour becomes complex. Globally, initial
rigidity and the ultimate moment of the connection are the two most significant
characteristics to define the behaviour of a joint (Bjorhovde et. a. [1]; |haddoudéne
and Chemrouk [5].
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M echanical model

To incorporate the effect of semi rigid joints on steel frames (Fig.1a), the concept of a
non-deformable element of node (Fig.1b) describing relative displacements and
rotations between the nodes and the elements of the structure is introduced. The
adopted model (Ihaddoudéne and Chemrouk [5]) is based on the analogy of three
springs with two translational and one rotational (Fig.1c) and the effect of each spring
is considered separately (Fig.2).

e a Non deformable

2 =

1= on le Bar
V\ s
Semi rigid X Va N _
joints Non deformable _Rotational

nodes

e GG rrrrd X Trandational

(a (b) (c

(@): Semi rigid joints; (b): Non deformable node; (c): Bar element and non deformable
node.

Figure 1: Mechanical model adopted

M = f(8)

e = 1 +

u=C"N
v=C%WV

(a): Bar element and non deformable node;(b): Axial spring; (c): Translational and
rotational springs

Figure 2 :Analogy of three springs

Equilibrium equations and rotational defor mations
2.1.1. Bar element subjected to axia force:

N, =—N; =N (2.83)

i
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j1

A =N§[+c;|\|+c;|\| (2.b)

2.1.2. Bar element subjected to transversal forces. When considering the actions of
the vertical and rotational springs, the equilibrium equations are expressed as:

V,+V,-R=0 (3.9
M, +M,;+RZ-VI=0 (3.b)
The rotational deformations are for the node "i" (see Figure.3)
. M.
0, :}(Ai—Clv\/i +C2VV1)+m—\P+%+klMi——J (3.0)
I o 3w 6w
and for thenode " j",
1 nY M, M,
®j zl_(Ai_C]\'/\/i +C;V]-)—E+3—a;+k2|vlj—a (3d)
In asimplified form, these equations can be written as:
2(A +BM, —(1-2B)M; =6w0, - 6a;|é - esmlE (3.€)
A b4
—~(1-2BM, +2(A, +B)M, =606, - Ga)l— + 6n|— (3.f)
Where A =(1+3kw), A =(1+3ke) ad B= w
MM,
3w 6w

Figure 3: Unit rotation of node "i"

where A" = (A, -C)V, +C}V,)
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Rigidity of the bar element
2.2.1. Rigidity of the bar element for the displacement A, indirection 1:

By imposing the unit displacement to the node " j", the axial effort in the bar element
is expressed as.

A= N(Ia+01“+cé‘)=1 (4.9)
| + EA(C, + CJ) I
: 1
where: a, -

1+ IE(Clu +C,)

2.2.2. Rigidity of the bar element for the displacement of the node "i" in the
transversal direction:
By imposing to node "i", aunit displacement A, ; = 1 in the direction 3( see Figure.4)

Figure 4: Unit displacement of node "i"

Replacing the limit conditions A;;=A; =1 and ©,;=0,,=¥Y¥=R=0 in the
equations (3.e) and (3.f) leads to:

M = — (1+2A,) S (5.9
' 4(A, + B)(A, + B)-(1-2B)? |
M = (d1+2A) 6o (5.b)
! 4(A, + B)(A, + B)—(1-2B)? |
1+ A +A, 2w (5.0)

Vi= 4(A, + B)(A, + B)— (1-2B)? I°

2.2.3. Rigidity of the bar element to the rotation around the axe 5
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Figure 5: Unit rotation of node 6, =1

Imposing to the node "i" of the structure the unit rotation 6, = 6, ; = 1around the axe
5, replacing the limit conditions 6 =6, =1, A=6, =¥ =R=0 in the equations
(3.e) and (3.f), one obtain:

M, = (A +5) 4o (6.3)
4(A +B)(A, + B) - (1-2B)

M, = 3(1-28) =20 ( 6.b)
A(A, +B)(A, + B) - (1- 2B)

v - 1+ 2A, 6w (6.0)

' 4(A+B)(A,+B)-(1-2B)° |

2.2.4. Reactions of the bar element for fixed ends:
If the nodes "i" and "j"are fixed in their initial positions, the internal efforts at each

end of the bar element can be determined from the equations (3.€) and (3.f) by

imposing the limit conditions: A=6, =6, =0.
o 6¥[2m(A, + B) —n(1- 2B)]
" IfaA +B)(A, +B)-(1-2B)?]
_ 6'¥[2n(A + B) — m(1-2B)]

' 1[a(A +B)(A, + B) - (1-2B)°

(7.9

(7.b)

Stiffness matrix
To establish the modified stiffness matrix considering the effect of connection
flexibility, the direct method is used, i.e. the rigidity k; of an element is the reaction

inthedirection " j" due to aunit displacement in the direction”i".

The nodes of the beam are represented by non deformable frames at each ends.
Considering in the mechanical model adopted (Ihaddoudéne and Chemrouk [5]), the
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beam with different rotational flexibilities k, and k, atends i and j respectively. In
order to establish the different elements of the stiffness matrix K. in local reference,
equilibrium equations and rotational deformations are considered for each element k.
The stiffness matrix, K, , inlocal coordinates is given by:
kll k12 k13 k14
Ky K Ky

T Ko 8.)
k31 k32 k33 k34
k4l k42 k43 k44

Termsk,; of the stiffness matrix (8.a), for instance in bending, are obtained by
letting 6, =1, A, =0;6. =0; ¥ =R=0; B=0 intheEq. (3.€) and (3.f).
For linear behaviour 8 =kM “ where o =1

Which gives:
Ko o—_ Bw(d+ 2k,w) (8_b)
2 1[4@+ 3k,0)(1+ 3k,m) 1]
B 12w(1+ 3k, w) (8.0)
2 A1+ 3k,w)(1+ 3k,w) -1
Ko ==Ky (8.d)

K,, = 6a (8.e)
A1+ 3k,0)(1+ 3k, @) —1

The same procedure is followed in deriving all the terms of the local stiffness
matrix K., .

Nodal load vector
When the beam with different flexibilities k;, and k, at both fixed ends, is subjected to

an external load" q", the nodal load vector is established in local reference as.
F_e:[x_n Y., M, Xj' Y_j' M_I]T :[0’ -V, =M;, G _Vj’ _Mj]T 9)
In global reference, the stiffness matrix and the vector force are obtained respectively
as.

e

K,=TJ KT (10.9)
F,=T/F,=NMsng, —Vcosg, —-M, V.snf, -V,cosf, -M,[ (10.b)
In which T,isthe transformation stiffness matrix given by:

[ cosp snp 0| O 0 O]
—sinf cosf O 0 0 O

T - 0 0 1 0 0O 0
¢ 0 0 0| cosBg snp O
0 0O O|-snB cosp O

| 0 0 0| O 0 1]
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The angle B defines the orientation of the element with respect to the global reference

system.
Finally, the internal forces are calculated by using the well known equation:

K U b=1{F.} (11)

Buckling consider ation

The system of equilibrium equation is now expressed in the deformed state of the bar
element, which connections are semi rigid. Here, the effects of semi rigid joints on the
buckling load of steel frames are considered.

In order to express the termsk,;, for instance, of the stiffness matrix, let us

considering a column with semi rigid joints (Fig.6), the equilibrium equations are

expressed as:
H,=H,=H (12.a)
M, = Ny+Hx-M; (12.b)
M; = HI - M, (12.0)
The governing differential equationsis given as follows:
Ely'(x) =—-Ny-Hx+ M, (13.9)
5 Hx+ M,
y'(X)+a Y=g (13.b)
Where o? = N
El

Figure 6: Bar element with semi rigid joints

The general solution of Eq.(12) is:
y(x) = Acosox+ Bsinax+y, (13.c)

Wherey,, A and B are respectively the particular solution and integration
constants to be determined using the boundary conditions at the ends supports:



Modeling of Seel Frames With Semi Rigid Joints 963

M .
y(0)=0 leadsto B=——"1- (13.d)
o El
y()=0 leadsto A:Z;_[Mj(cosai ~1)+HI] 13.¢)
a“El sinal
Hence,
sinax M. cosox Hx+M.
X)=———+—|M (cosdd —1) + HI |- — — ’ 14

Y aZEIsinaI[ ¢ )+H] a’El a’El (149

The derivative:
0/ COSaxX oM snax H
"(X) =————[M  (cosad —1) + HI [+ — — 15

y () a’El sinal[ ¢ )+ H a’El o El (15)
Thereactions H,M;and M ; are determined employing the boundary conditions

y'(0) =k,M; (16.9)

y'(l)=-1+ kM, (16.b)
We obtain :

w

H :l—afl(v) (17.9)

M, =wg, (V) (17.b)

M =wg,(v) (17.c)
Where v=ai

From which the terms of k,; are derived (see Table 1)

Table 1: k,; expressionsin severa situations

Both axial force and semi rigid | Only axial forceis accounted
connections are accounted
_ El vV?[1-cosv + k,wwsinv] _ Bl v?[1-cosv]
27z D 2712 (2-2cosv—vsinv)
K _Ev[sinv—vcosv+ kzvzwsinv] _El vlsinv—vcosv|
277 D %2 | (2-2cosv—vsinv)
« - B vZ[1-cosv + k,ywsinv] _ Bl v?[1-cosv]
B2 D 2|2 (2—2cosv—vsinv)
« _ El vlv—sinv] _El vlv-siny|
2 D # | (2-2cosv-vsinv)

Where D=(2—2cov—vsinv) +&(v,k;,k,)

The same procedure is employed to derive al the components of the matrix. The
buckling load for the frame is obtained when the determinant is equal to zero, i.e:
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defk]=0 (18)
Example
The frame below [11] which has a single span L =20m, a story height h, =20m and
h, =15m is subjected to concentrated and distributed load P=12kN, q=2.4kN/ml
respectively. Different flexibilities have been considered; as for the columns AB and
DC, they are ki,kz and ks,l% respectively, for the beam they are |<3,k4 as shown in
Figure.7.

g=24kN/ml
. MY Y Y Y Y YV Y owyC
6T d}k 3 Sl K
12kN | ?
—p 2| 15n
kG
12n 3l

l ALk

Figure 7: Example of the reference [11]

In bending, the rotational spring is the essential component and hence the equations of
rotational deformations (7.a) and (7.b) are reduced and expressed as.

_ 6¥[2m1+3k,m) - n|
1[40+ 3k,@) 1L+ 3K,m) -1

_ 6¥[2n(1+ 3k @) —m|
1[40+ 3k,0) 1+ 3k,0) 1
M, +M, —RZ
e

Table 2 below summarises the calculation data for each e ement:
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Table 2: Example data[11]

Elements 1 2 3 (No charge)
¥ [m7] 432m° 1600m? -
m 0.444 0.5 -
n 0.555 0.5
1+ 3k,w 2.5 1.666 3.333
1+3K,w 2.0 2.5 1.25
M, [kN.m] —9.262 ~61.28 -
M | [KN.m] 17.684 35.744 -
A R= 12kl\¢ B
Yk, Z =12n . 6m K
/W \\,
AT ¥ G VTS
nl =1 ’\ 28 m =

Figure 7: a Area of bending moment diagram for a simply supported beam.

I3
3k,

IB

A\
| cX

Figure 7 : b. Beam element

The load vector forceis then:

M, - 17 .684 + 61 .28 43 .592
F=|M,|=|-3.74 =|—-35.74
H 8.468 8.468

The matrix stiffness of the structure is obtained by assembling the elements and the
internal forces are calculated by using the equation with six degree of freedom:

K JU.t={F.}



966 A.N.T. lhaddoudene, M. Saidani and M. Chemrouk

The final bending moment diagramis:

8.3216 33.2467
(8.32L (33.25)
83123@ 433247
(8.32) (33.25)
30.1
62.888
(62.89)
Z__a
36.961
(36.95)

Figure 8: Bending moment diagram (kN.m), present study and [11]

The proposed method isin excellent agreement with the numerical results obtained by
the author of reference [11].

Conclusions
The influence of the flexibility of connections in steel frames is investigated and a
simple method of analysis and design is provided through a mechanical model for the
joints.

The significant role of semi rigid joints on the buckling load on the frame is also
included in the analysis of steel frames for linear buckling effect.

Illustrative examples of simple frame are examined and comparisons between the
results obtained are similar, suggesting the proposed model is adequate and may be a
useful tool in the analysis of steel frames with semi-rigid joints.

Refer ences

[1]  Bjorhovde, R., Colson, A., and Brozzetti, J., 1990, “Classification system for
beam-to column connections,” J. Str. Eng., 116(11), pp. 3059-3077.

[2] CGerstle, K.H., 1988, “Effect of connections on frames,” J. Constr. Steel
Research., 10, pp. 241-267.

[3] Kishi, N., and Chen, W.F., 1989, “Semi-rigid steel beam to column
connections: Data base and modeling,” J. Str. Eng., 115(1), pp. 105-119.

[4] Saidani, M., 1998, “The effect of eccentricity connection on the distribution of
axial force and bending moments in RHS lattice girders,” J. Constr. Steel
Research., 47(3), pp. 211-221.



Modeling of Seel Frames With Semi Rigid Joints 967

[5]

[6]

[7]

[8]

[9]

[10]

[11]

Ihaddoudéne, A.N.T., and Chemrouk, M., 2004, “Influence of Semi-Rigid
Joints on the Behaviour of Steel Beam-Column Structures,” Proc. of the
International Conference on Computational & Experimental Engineering &
Science., Paper N0.249, Madeira

Jaspart, J.P., 1991, “Etude de la semi-rigidité des noauds poutre-colonne et son
influence sur la résistance et la stabilité des ossatures en acier,” Ph.D. thesis,
University of Liege.

Azizinamini, A., Bradburn, J.H., and Radziminski, J.B, 1987, “Initial stiffness
of semi-rigid beam-to-column connections,” J. Constr. Steel Research., 8, pp.
71-90.

Nethercot, D.A., and Zandonini, R., 1989, Methods of prediction of joints
behaviour: beam-to-column connections, Structural Connection: stability and
strength, edited by Narayanan, R., Elsevier Applied Science, London and NY,
Chap. 2.

Atamaz, SW., 1991, “Semi-rigid joint modelling for nonlinear analysis of
flexibly connected frames,” Ph.D. thesis, Swiss Federa Polytechnic School,
Lausanne.

Aribert, JM., Braham, M., and Lachal, A., 2004, “Testing of ssimple joints and
their characterisation for structural analysis,” J. Constr. Steel Research., 60,
pp. 659-681.

Wang, C.K., 1983, Intermediate Structural Analysis, McGraw-Hill, Chap.18.



Copyright of International Journal of Applied Engineering Research is the property of Research
India Publications and its content may not be copied or emailed to multiple sites or posted to a
listserv without the copyright holder's express written permission. However, users may print,
download, or email articles for individual use.



	cover2
	Saidani3



