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Abstract

For continuous phase transitions characterized by power-law divergences, Fisher
renormalization prescribes how to obtain the critical exponents for a system un-
der constraint from their ideal counterparts. In statistical mechanics, such ideal
behaviour at phase transitions is frequently modified by multiplicative logarithmic
corrections. Here, Fisher renormalization for the exponents of these logarithms is
developed in a general manner. As for the leading exponents, Fisher renormaliza-
tion at the logarithmic level is seen to be involutory and the renormalized exponents
obey the same scaling relations as their ideal analogs. The scheme is tested in lat-
tice animals and the Yang-Lee problem at their upper critical dimensions, where
predictions for logarithmic corrections are made.
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There are both theoretical and practical reasons for sustained interest in thermo-
dynamic systems subject to constraint [1]. Experimental measurements of the critical
exponents characterising scaling behaviour at continuous phase transitions may deviate
significantly from their ideal theoretical counterparts due to the effects of such constraints.
Typically, the theoretical power-law divergence of the specific heat in an ideal system is
replaced by a finite cusp in its experimental realization (often called the “real” system).
Fisher [2] explained this phenomenon as being due to the effect of hidden variables and
established elegant relations between the exponents of the ideal and constrained systems
(see also Ref. [3]).

Experimentally accessible examples of Fisher renormalization include phase transi-
tions in constrained magnetic and fluid systems (e.g., with fixed levels of impurities) [2],
the order-disorder transition in highly compressible ammonium chloride [3, 4], the su-
perfluid λ phase transition present in 3He-4He mixtures in confined films [5], the critical
behaviour at nematic-smectic-A transitions in liquid-crystal mixtures [6] and emulsions [7]
and possibly the critical behavior observed in random-field Ising systems (such as dilute
antiferromagnets in applied fields) [8].

In standard notation, the ideal free energy is written f0(t, h), where t is the reduced
temperature and h is the reduced external field. The family S = {α, β, γ, δ, ν, η} of critical
exponents characterizes the power-law divergences of the specific-heat, magnetization,
susceptibility, correlation length and the correlation function of the ideal system. The
four standard scaling relations are (see, e.g., Ref. [9] and references therein)

α + dν = 2 , (1)

α + 2β + γ = 2 , (2)

(δ − 1)β = γ , (3)

(2 − η)ν = γ , (4)

where d represents the dimensionality of the system.
For a system under constraint the hidden thermodynamic variable x is conjugate to a

force u, such that

x(t, h, u) =
∂f(t, h, u)

∂u
, (5)

where f(t, h, u) represents the free energy of the constrained system. The constraint is
written

x(t, h, u) = X(t, h, u) , (6)

where X(t, h, u) is assumed to be an analytic function. It is further assumed that the free
energy of the constrained system can be written in terms of its ideal counterpart f0 as

f(t, h, u) = f0(t
∗(t, h, u), h∗(t, h, u)) + g(t, h, u) (7)

where t∗, h∗ and g are analytic functions of their arguments [2]. The transition is ideal in
character if observed at fixed u and the ideal free energy f0(t, h) is recovered when u = 0.

Under these circumstances, Fisher established that if the specific-heat exponent for
the ideal system α is positive, it is renormalized in the constrained system, together
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with the magnetization, susceptibility and correlation-length critical exponents. If SX =
{αX , βX , γX, δX , νX , ηX} represents the family of critical exponents of the real system, it
is related to S via the transformation

SX = F(S) , (8)

where

αX =
−α

1 − α
, ρX =

ρ

1 − α
, (9)

and ρ stands for any of the exponents β, γ or ν. The exponent δ and the anomalous
dimension are not renormalized:

δX = δ , and ηX = η . (10)

These formulae have the aesthetic properties that (i) if the ideal exponents S obey
the scaling relations (1)–(4) then the Fisher renormalized exponents SX do likewise and
(ii) Fisher renormalization corresponds to an involutory transformation in the sense that
the ideal exponents are derived from the constrained ones in the same manner as the
constrained from the ideal, i.e., applying the transformation F twice, gives identity:

S = F [F(S)] . (11)

Fisher’s renormalization theory for power-law scaling at second-order phase transitions is
well established in statistical mechanics and its involutory nature was studied in detail
in Ref. [10]. Dohm has discussed the possibility of Fisher renormalization in certain
circumstances where α < 0 [11].

The standard power-law ideal scaling behavior outlined above is frequently modified
by multiplicative logarithmic corrections, especially in marginal scenarios [12]. Given
the continued importance of Fisher renormalization [13] and the ubiquity [14] and ex-
perimental accessibility [15] of multiplicative logarithmic corrections in real systems, it is
academically interesting and practically relevant [1] to determine their general properties
under Fisher renormalization. (For analyses of additive corrections to scaling in con-
strained systems see Ref. [16].) Here, Fisher renormalization for logarithmic corrections
is established and it is shown that (i) the Fisher renormalized exponents obey the scaling
relations for logarithmic corrections [14] and (ii) Fisher renormalization is also involutory
at the logarithmic level.

We consider the situation where the leading behavior of the specific heat, magneti-
zation, susceptibility and correlation length for the ideal system in the absence of an
external field is

c0(t) ∼ |t|−α| ln |t||α̂ , (12)

m0(t) ∼ |t|β| ln |t||β̂ for t < 0 , (13)

χ0(t) ∼ |t|−γ| ln |t||γ̂ , (14)

and
ξ0(t) ∼ |t|−ν| ln |t||ν̂ , (15)
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respectively. The magnetization at t = 0 scales with reduced field as

m0(h) ∼ |h|
1

δ | ln |h||δ̂ , (16)

while, with x representing position on the lattice, the correlation function in vanishing
field close to criticality takes the form

G0(x, t) ∼ x−(d−2+η)(ln x)η̂D

(

x

ξ(t)

)

, (17)

where D is a non-singular function of the ratio of length scales characterising the system.
The family of correction exponents is written Ŝ =

{

α̂, β̂, γ̂, δ̂, ν̂, η̂, q̂,
}

in which q̂ char-
acterizes a possible logarithmic correction to the finite-size behaviour of the correlation
length. In Ref. [14], a set of scaling relations for the logarithmic-correction exponents was
presented. These scaling relations are

α̂ + dν̂ = dq̂ , (18)

α̂ + γ̂ = 2β̂ , (19)

(δ − 1)β̂ + γ̂ = δδ̂ , (20)

(2 − η)ν̂ + η̂ = γ̂ , (21)

where α̂ is augmented by unity in certain special circumstances described in Ref. [14].
It will turn out that the Fisher renormalized logarithmic-correction exponents also obey
this set of scaling relations.

Following Fisher [2], the discontinuity in the magnetization at h = 0, t ≤ 0 in the
ideal system is

∆m0(t) = lim
h→0+

(m0(t, h) − m0(t,−h)) , (22)

where

m0(t, h) =
∂f0(t, h)

∂h
. (23)

The vanishing of the discontinuity ∆m0(t) at t = 0 defines this as the critical point of
the ideal system. To insure that the hidden degrees of freedom do not bias the value of h
away from zero at the transition, one assumes [2]

h∗(t, h, u) = hJ (t, h, u) , (24)

where J is also an analytic function. From (7), one then finds for the real system

∆m(t, 0, u) = ∆m0(t
∗(t, 0, u))J (t, 0, u) , (25)

so that the critical point of the real system is given by that value tc of t for which
t∗(t, 0, u) = 0.

To accord with the scaling behaviour (12) for the singular part of the specific heat, we
assume that the ideal free energy in the absence of field behaves for small t as

f0(t, 0) = A0±+A1±|t|+A2±|t|
2+O

(

|t|3
)

+B±|t|
2−α| ln |t||α̂

{

1 + O

(

ln | ln |t||

ln |t|

)}

, (26)
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where the symbol ± corresponds to the high- and low- temperature phases. The internal
energy is then

e0(t, 0) =
∂f0(t, 0)

∂t
= A0 + A|t| + B|t|1−α| ln |t||α̂ + . . . , (27)

where A0 = ±A1±, A = 2A2±, and B = ±(2 − α)B± according to whether t is positive
or negative and where . . . represents higher-order terms.

From (5) and (7) together with (23) and (24), one obtains, in the absence of field,

x(t, 0, u) = e0(t
∗, 0)

∂t∗(t, 0, u)

∂u
+

∂g(t, 0, u)

∂u
. (28)

Following Ref. [2] the nonsingular function t∗ at h = 0 is expanded about the real critical
point t = tc, u = uc,

t∗(t, 0, u) = a1µ + a2τ + . . . , (29)

where µ = u − uc and the reduced temperature appropriate for the contrained system is
τ = t − tc. Then,

∂t∗(t, 0, u)

∂u
= a1 + . . . . (30)

Now (27) and (30) give for (28),

x(t, 0, u) = a1A0 + a1A|t∗| + a1B|t∗|1−α| ln |t∗||α̂ +
∂g(t, 0, u)

∂u
+ . . . . (31)

On the other hand, expanding the constraint about the real critical point t = tc, u = uc,
one has

X(t, 0, u) = X(tc, 0, uc) + d1µ + d2τ + . . . (32)

where, from (29),

µ =
1

a1
t∗(t, 0, u) −

a2

a1
τ + . . . . (33)

Putting (31) and (32) into (6), one obtains

a2
1

(

A|t∗| + B|t∗|1−α| ln |t∗||α̂
)

= d1t
∗ + (a1d2 − d1a2)τ . (34)

If α < 0, or α = 0 and α̂ < 0, the regular term dominates and |t∗| ∝ |τ |, leading to the
absence of Fisher renormalization. If, on the other hand, α > 0, or α = 0 and α̂ > 0, one
obtains the central result

|t∗| ∝ |τ |
1

1−α | ln |τ ||−
α̂

1−α . (35)

The internal energy for the real system at h = 0 is, from (7),

e(t, 0, u) =
∂f(t, 0, u)

∂t
= e0(t

∗, 0)
∂t∗(t, 0, u)

∂t
+

∂g(t, 0, u)

∂t
. (36)

Now, (36) gives for the specific heat of the real system

c(t, 0, u) ∼ |τ |
α

1−α | ln |τ ||−
α̂

1−α

{

1 + O

(

ln | ln |τ ||

ln |τ |

)}

. (37)
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Also, from (35), together with (13)–(15), the scaling behaviour of the magnetization,
susceptibility and correlation length in the constrained system is

m(t) ∼ |τ |
β

1−α | ln |τ ||β̂−
βα̂

1−α + . . . , (38)

χ(t) ∼ |τ |
γ

1−α | ln |τ ||γ̂+ γα̂
1−α + . . . , (39)

ξ(t) ∼ |τ |
ν

1−α | ln |τ ||ν̂+ να̂
1−α + . . . , (40)

respectively (where . . . again indicates higher corrections). The leading exponents recover
Fisher’s result (11), while the exponents of the logarithms establish the following extension
of the Fisher renormalization transformation to include the correction exponents:

(SX , ŜX) = F̂ [(S, Ŝ)] , (41)

where ŜX stands for the family of Fisher renormalized logarithmic correction exponents
ŜX = {α̂X , β̂X , γ̂X , δ̂X , ν̂X , η̂X , q̂X}. For the individual exponents of the logarithms, this
results in

α̂X = −
α̂

1 − α
, (42)

β̂X = β̂ −
βα̂

1 − α
, (43)

γ̂X = γ̂ +
γα̂

1 − α
, (44)

ν̂X = ν̂ +
να̂

1 − α
. (45)

As for the leading indices, no renormalization takes place for the logarithmic-correction
exponents for the in-field magnetization (by construction) or the correlation function (as
it is defined exactly at the critical point),

δ̂X = δ̂ , (46)

η̂X = η̂ . (47)

Note that the case where α = 0 and α̂ = 1, which corresponds to the Ising model in
two dimensions, was treated by Fisher in his original paper [2] and his result for that
particular case is also recovered here.

The scaling relations for logarithmic exponents (18)–(21) are satisfied for the Fisher
renormalized indices provided that q̂ also remains unrenormalized. Finally, it is straight-
forward to demonstrate that Fisher renormalization is also involutory at the logarithmic
level: re-renormalizing ŜX according to the prescription (41) yields the ideal counterpart
Ŝ. I.e., F̂ is its own inverse:

(S, Ŝ) = F̂ [F̂ [(S, Ŝ)]]. (48)

A suitable arena in which to test the above scheme is provided by lattice animals
[17, 18] in the upper critical dimensionality D = 8, a system which is linked to the
Yang-Lee edge problem [19] in d = D − 2 = 6 dimensions.
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The lattice animal problem deals with polyominoes or clusters of connected sites on a
lattice. The number A(Nb) of animals containing Nb bonds which can be embedded on a
D-dimensional lattice behaves as

A(Nb) ∼ K−Nb
c N−θ

b (ln Nb)
θ̂ , (49)

where the critical fugacity Kc depends on the lattice coordination number and θ and θ̂ are
universal [17]. Lubensky and Isaacson introduced a generating function for the number
of configurations of branched polymers containing Nb monomers [17],

fLA(K) =
∑

Nb

KNbA(Nb) . (50)

This generating function is used to study the statistics of animals (clusters on a lattice) and
may be considered as the free energy of the problem with the fugacity K playing the role
of the temperature in an ordinary magnetic system. As in the percolation problem [18],
the free energy and other moments of A(Nb) have singularities, and these are characterised
by power-law and logarithmic critical exponents. Indeed,

fLA(K) ∼ |K − Kc|
θ−1(ln |K − Kc|)

θ̂ , (51)

where field theory gives θ = 5/2 and θ̂ = 1/3 in D = 8 dimensions [17, 20, 21].
The Yang-Lee problem, on the other hand, is described by a φ3 scalar field theory,

whose upper critical dimensionality is six, with imaginary coupling [19]. It originates from
the consideration of the Yang-Lee edge singularity as essentially a critical point, albeit
one with only one independent scaling field and one leading critical exponent, from which
the others follow. Ruiz-Lorenzo used field theory to derive the correction exponent for
the free energy, establishing agreement with (51), also at the logarithmic level [22]. Thus
the leading critical exponents and those for the logarithmic corrections in both models
coincide. A relationship between the lattice animal problem in D dimensions and the
Yang-Lee singularity in d = D − 2 dimensions was advanced in Ref. [23] and recently
rigorously established in Ref. [24].

The critical exponents in the lattice animal problem (and the Yang-Lee problem)
depend upon on the nature of the applied constraints and can be studied either in constant
field or with constant order parameter [20, 25]. Here, the order parameter conjugate to
the field is the density of free ends. If the field is held constant the leading exponents for
the animal problem in eight dimensions (and the Yang-Lee problem in six dimensions)
are [20, 19]

α =
1

2
, β =

1

2
, γ =

1

2
, δ = 2 , ν =

1

4
and η = 0 . (52)

This leading behaviour in eight dimensions has recently been confirmed numerically [26].
If the natural order parameter of the corresponding field theory is held constant, then the
leading exponents take on their mean-field values of [20, 22]

αX = −1 , βX = 1 , γX = 1 , δX = 2 , νX =
1

2
, and ηX = 0 . (53)
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The sets of exponents (52) and (53) are related by the standard Fisher renormalization
scheme (8)–(10).

Note that both the constant order-parameter and constant field exponents violate
the hyperscaling relation (1) in the lattice animal case in D dimensions. To restore
hyperscaling, the dimensionality has to be reduced to the d = D − 2 dimensions of the
Yang-Lee problem, where all scaling relations (1)-(4) hold [23].

Ruiz-Lorenzo determined the field-theoretical (constant order parameter) logarithmic
corrections for the Yang-Lee problem in six dimensions as [22]

α̂X = −
2

3
, γ̂X =

2

3
, ν̂X = −

5

18
. (54)

From the scaling relations for logarithmic corrections, the remaining correction exponents
for constant order parameter are given in Ref. [14] as

β̂X = 0 , δ̂X =
1

3
, η̂X =

1

9
, (55)

with q̂X = 1/6.
From (42)-(44) and (46), Fisher renormalization for logarithmic-correction exponents

now gives, for the correction exponents in constant field,

α̂ = β̂ = γ̂ = δ̂ =
1

3
. (56)

These are also directly obtainable by appropriately differentiating (51). The concurrence
of these two approaches provides an example of, and support for, the generalized scheme
(42)-(44) and (46). Finally, (45) and (47) yield the new predictions that the constant-field
correction exponents for the correlation length and the correlation function in both the
lattice animal and Yang-Lee problems are ν̂ = η̂ = 1/9. These predictions now need to
be independently tested.

To summarize, Fisher renormalization, which is an important and well established
scheme linking the leading critical exponents for ideal and constrained systems at power-
law phase transitions, has been extended to deal with multiplicative logarithmic correc-
tions. The elegance of Fisher’s prescription extends to the logarithmic level with the
renormalized exponents obeying the same scaling relations as the ideal ones and renor-
malization scheme being involutory. The extended renormalization scheme is supported
by the examples of lattice animals and the Yang-Lee edge problem, where predictions are
also made.

Note added in proof. The general results presented herein also recover those for uniaxial dipolar

systems in three dimensions [27] (see also [28]). We thank Jacques H.H. Perk for bringing these

references to our attention.
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