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Abstract 

The understanding of dopant diffusion and its temperature dependance is 

technologically important in metals. As a model system we consider germanium 

diffusion in aluminium. This is an appropriate system as germanium does not form 

intermetallic compounds in aluminium and therefore it simplifies the investigation of 

its diffusion behavior. Here we use experimental elastic and expansivity data to derive 

the germanium diffusion coefficient in aluminium in the framework of the so-called 

cBΩ model, between 673 K to 883 K. This model is a powerful way to study point 

defect parameters in metals as it connects them to bulk properties, which are more 

easily accessible. The calculated diffusivities are in excellent agreement with the 

experimental data. 
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1. Introduction 

  Diffusion is a fundamentally important process that can impact materials 

properties and technological applications [1-3]. Silicon (Si) and germanium (Ge) 

alloying elements in aluminium (Al) are important as they do not form stable or 

metastable intermetallic compounds [4]. When the Si or Ge concentration is beyond 

the solid solubility limit they form diamond-structured precipitates in the Al matrix 

[4].  The ternary Al- (Si, Ge) alloys can be appropriate for age hardening alloys as the 

maximum strengthening by a minimum amount of alloying elements and volume 

fraction of particles can be significant [5,6].  The diffusion of solutes in Al- (Si, Ge) 

alloys is important in developing understanding of the precipitation kinetics [5]. 

 The linking of the defect Gibbs energy (gi) and the bulk properties in solids is 

an important issue in materials physics [7-10].  The Varotsos and Alexopoulos [11-

13] cBΩ model proposed that gi is proportional to the isothermal bulk modulus B and 

the mean volume per atom Ω through a constant c. The cBΩ model is valuable as it 

can lead to the calculation of numerous defect parameters provided there is some 

experimental input incorporating bulk properties. It has been previously employed to 

describe the diffusion and point defect processes in numerous systems including 

metals, semiconductors and oxides [14-19]. In particular the cBΩ model succesfully 

described point defect processes in systems including alkali and silver halides, PbF2, 

ZnO, diamond, LiH, silicon (Si) olivine, and AgI [11-21].  An example of recent 

systematic work is the application of the cBΩ model to investigate the diffusion 

processes in germanium (Ge) [22-24] with the calculated diffusivities being in 

excellent agreement with experiment [25-29]. 

Importantly, in a previous study the cBΩ model was used to calculate self-

diffusion in Al [19]. In the present study we use the cBΩ model to derive relations for 
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the association of the Ge diffusion in Al with the isothermal bulk modulus and the 

mean volume per atom.   

 

2. Methodology 

 In a crystalline solid where a single diffusion mechanism is dominant, self- 

and/or dopant-diffusion can be described by the activation Gibbs energy (gact), 

which is the sum of the Gibbs formation  (gf) and the Gibbs migration  (gm) 

processes.  Eqs. 1 and 2 define the activation entropy  sact and the activation 

enthalpy  hact respectively [14,15]: 

 sact = −
dgact

dT
|

𝑃
                                                             (1) 

 hact = gact + Tsact                                                         (2) 

The diffusion coefficient (D) is defined by: 

   𝐷 = 𝑓𝑎0
2𝜈𝑒

−
𝑔𝑎𝑐𝑡

𝑘𝐵𝑇                                                              (3) 

Where  𝑓 is the diffusion correlation factor depending on the diffusion mechanism and 

the structure, 𝑎0 is the lattice constant, 𝜈 is the attempt frequency and 𝑘𝐵 is 

Boltzmann’s constant. 

In the cBΩ model the defect Gibbs energy gi is connected to the bulk properties of 

the material via the relation [11-13]: 

gi = ciBΩ                                                                      (4) 

From Eqs. (3) and (4) we obtain: 

  𝐷 = 𝑓𝑎0
2𝜈𝑒

−
𝑐𝑎𝑐𝑡𝐵Ω

𝑘𝐵𝑇                                                         (5) 

For an experimentally-determined diffusivity D1 value at T1 the 𝑐𝑎𝑐𝑡 can be 

calculated considering that the pre-exponential factor 𝑓𝑎0
2𝜈 can be determined and 

that the B and Ω values are usually known.  The calculation of the pre-exponential 
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factor relies on the diffusion correlation factor (that is in turn dependent upon the 

diffusion mechanism and the crystal structure) and the attempt frequency [15]. 

Following the calculation of 𝑐𝑎𝑐𝑡 the diffusivity Di at any temperature Ti can be 

derived using Eq. 5 [14,15]. As a first approximation  𝑐𝑎𝑐𝑡 is a constant that is 

temperature- and pressure-independent [15]. Importantly, the cBΩ model 

encapsulates anharmonic effects, which are exhibited by the temperature decrease in B 

and by the thermal expansivity [19]. 

 

3. Results and discussion 

A. Background 

Al can be considered as a model system as there exists comprehensive defect 

data collected over more than five decades [30-34].  In a previous study Varotsos and 

Alexopoulos [19] employed the cBΩ model for self-diffusion in Al indicating that it 

can be described with a single diffusion mechanism and a   𝑐𝑎𝑐𝑡 = 0.17357 in the 

temperature range 673-916 K. 

In the present study the expansivity and the isothermal bulk modulus data as 

embedded to the ratio 
𝐵Ω

𝑘𝐵𝑇
 were adopted from the previous study of Varotsos and 

Alexopoulos [19]. These values are given in Tables 1 alongside the experimental Ge 

diffusion coefficients reported by Thürer et al. [4]. The linear behaviour of 𝑙𝑛𝐷  

versus 
𝐵Ω

𝑘𝐵𝑇
  (refer to Figure 1) testifies the validity of the cBΩ mode and that a single 

diffusion mechanism is operating.  

 

B. Single experimental measurement method 

In previous work Thürer et al. [4] determined that Ge diffusion in Al can be 

described via the Arrhenius relation: 



 5 

𝐷𝑒𝑥𝑝 = 3.39𝑒
−

1.24 𝑒𝑉

𝑘𝐵𝑇  ∙ 10−5𝑚2𝑠−1                                         (6) 

 From this equation we can calculate D1. To be able to derive Di at any 

temperature using the single experimental measurement (SEM) method (refer to Eq. 5 

and the previous section) it is necessary to calculate the pre-exponential factor 𝑓𝑎0
2𝜈. 

Here we consider that f  is equal to 0.78, which corresponds to monovacancy diffusion in 

fcc metals [35]: this can be justified by the study of Thürer et al. [4] which determined 

that the mechanisms of Ge and self-diffusion in Al are the same, with the Ge-vacancy 

interaction being weak. The lattice constant 𝑎0 = 4.124 Å [33].  For Ge diffusion in 

Al the attempt frequency can be approximated by [36]: 

  𝜈 = 𝜈𝐷√
𝑚𝐴𝑙

𝑚𝐺𝑒
                                                        (7) 

Where 𝜈𝐷 is the Debye frequency, and 𝑚𝐴𝑙 and 𝑚𝐺𝑒 are the corresponding masses for 

Al and Ge respectively. The Debye frequency was reported to be 𝜈𝐷 = 6.8 × 1014 s–1 

[33] (derived from the Debye temperature 328 K [37]). Therefore, 𝜈 = 4.144 × 1014 s–1 

and the pre-exponential factor is 5.497 × 10–5 m2s–1. 

 From Eq. 6 at T = 883 K, D1 = 2.84 × 10–12 m2s–1. Using the corresponding 

𝐵Ω

𝑘𝐵𝑇
= 82.79 (refer to Table 1 and [19]),   𝑐𝑎𝑐𝑡 = 0.2027. Therefore, using the single 

experimental measurement method the diffusion of Ge in Al can be described within 

the cBΩ model with: 

𝐷𝑐𝐵Ω
𝑆𝐸𝑀 = 5.497𝑒

−
0.2027𝐵Ω

𝑘𝐵𝑇  ∙ 10−5𝑚2𝑠−1                                       (8) 

With this relation the Ge diffusivities with respect to temperature can be deduced. 

Figure 2 is the Arrhenius plot for Ge diffusion coefficients in Al determined by 

experiment [4] and deduced by the cBΩ model. It can be seen that the single 

experimental measurement method adequately describes Ge diffusion in Al at high 

temperatures but it diverts from experiment at the lower temperature range. For 
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example, for T = 673 K (the lowest temperature considered here) there is a difference 

of 86.9% (refer also to Table 1). Nonetheless the application of the cBΩ model in Ge-

doped Al even with the single experimental method can lead to the calculation of 

diffusivity that will be within a reasonable (within an order of magnitude) agreement 

to experiment. These diffusivity values, however, will not be appropriate to derive the 

activation energy of diffusion in the system given that the slope in the Arrhenius plot 

will be different to the experimentally-determined one. 

 

C. Mean value method  

 As discussed in previous studies the method of the single experimental 

measurement (refer to [14,15] and references therein) is not unique and methods such 

as the so-called compensation law [38,39] and the “mean value” method (MV) [40-

42] have been used to calculate  𝑐𝑎𝑐𝑡.  In the single experimental measurement 

method the calculated value of  𝑐𝑎𝑐𝑡 will be affected on the errors in the pre-

exponential factor, B, Ω, and D1 values, and these can be significant when a single 

experimental values set is considered.  To validate the present results and avoid the 

dependence of  𝑐𝑎𝑐𝑡 on the experimental uncertainties the mean value method is also 

considered here [38-43].  As mentioned previously the linear behaviour of 𝑙𝑛𝐷  

versus 
𝐵Ω

𝑘𝐵𝑇
 shows the validity of the cBΩ model and additionally the   𝑐𝑎𝑐𝑡 is the slope 

(refer to Eq. 5). The Ge diffusion coefficients in Al are associated to the isothermal 

bulk modulus and the mean volume per atom via:  

𝐷𝑐𝐵Ω
𝑀𝑉 = 4.582𝑒

−
0.1448𝐵Ω

𝑘𝐵𝑇  ∙ 10−7𝑚2𝑠−1                                       (9) 

Figure 2 shows that the mean value method is in excellent agreement with the 

experimental [4] Ge diffusion coefficients in Al. Having established the validity of 

the cBΩ model for Ge diffusion in Al other defect properties including migration and 
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formation entropies which are difficult to determine experimentally can be calculated 

for a wide temperature range.  

 

4. Conclusions 

1. We have demonstrated that the cBΩ model is applicable to Ge diffusion in Al. The 

efficacy of the cBΩ model, particularly using the mean value method, to describe Ge 

diffusion in Al encourages its application to metallic systems and alloys for which 

there is limited experimental data. 

2. The mean value method is a better way to derive the diffusivities as compared to 

the single experimental measurement method. This stems mainly from the inaccurate 

calculation of the pre-exponential factor in the latter method.  Density functional 

theory calculations will need to be employed to consider whether there is binding 

between Ge and vacancies in Al.  This would in turn impact the pre-exponential factor.  
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Table 1. Derived and determined [4] Ge diffusion coefficients in Al alongside the 

elastic and expansivity data introduced via 
𝐵Ω

𝑘𝐵𝑇
 [19] used in the cBΩ model.  

 T 

/ K 

𝐵Ω

𝑘𝐵𝑇
 

𝐷𝑒𝑥𝑝  

/ m2s-1 

𝐷𝑐𝐵Ω
𝑆𝐸𝑀

 

/ m2s-1 

𝐷𝑐𝐵Ω
𝑆𝐸𝑀 − 𝐷𝑒𝑥𝑝

𝐷𝑒𝑥𝑝
 

(%) 

𝐷𝑐𝐵Ω
𝑀𝑉

 

/ m2s-1 

𝐷𝑐𝐵Ω
𝑀𝑉 − 𝐷𝑒𝑥𝑝

𝐷𝑒𝑥𝑝
 

(%) 

673 117.9 1.76 × 10–14 2.30 × 10–15 –86.9 

 

1.77 × 10–14 1 

727 107.0 8.59 × 10–14 2.09 × 10–14 –75.6 8.56 × 10–14 0  

773 98.87 2.79 × 10–13 1.09 × 10–13 –61.0 2.78 × 10–13 0  

803 94.17 5.59 × 10–13 2.82 × 10–13 –49.6 5.48 × 10–13 -2  

843 88.11 1.31 × 10–12 9.63 × 10–13 –26.4 1.32 × 10–12 1  

883 82.79 2.84 × 10–12 2.83 × 10–12 –0.2 2.86 × 10–12 1  
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Figure 1. The Ge diffusion coefficients [4] in Al with respect to  
𝐵Ω

𝑘𝐵𝑇
 . 
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Figure 2. The Arrhenius plot for Ge diffusion coefficients in Al calculated by 

experiment [4] and derived by the cBΩ model using both the single experimental 

measurement method and the mean value method. 
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