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Abstract

Endogenous growth theory has not yet consistently incorporated pop-
ulation growth or immigration into its models. As a result, in the present
day, there is no universally accepted endogenous growth model explain-
ing the empirical observed relationships between growth, population and
immigration. The present paper overcomes this inconvenience by design-
ing a fully specified Romer endogenous growth model, completely micro-
founded, that incorporates the existence of population growth and immi-
gration and that allows the stylized facts of growth as well as the relation-
ships between growth, population and immigration to be explained. In
addition, the proposed model is susceptible to calibration and simulation,
and, when applied to the US economy, provides a good fit to the data.

JEL classification: D5, E4, E5.
Keywords: Stochastic General Equilibrium Model; Endogenous Growth;
Romer’s (1986) Model; Population; Immigration; Immigrant-native com-
plementarity.

1 Introduction

At least since Malthus (1826), the relationships between population dynamics
and economic growth have been widely investigated by economists and social
theorists. Over the last few decades and in close connection with the devel-
opment of the modern theory of endogenous economic growth and the concern
over the sustainability of growth, Economics has increased its interest in study-
ing these links, focusing principally on ascertaining the effects of population
growth and immigration on human capital accumulation and thus on economic
growth1. Concerning the links between population and growth, at the empiri-
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1Of course there exists abundant literature analyzing other interesting demographic topics
such as aging, fertility, urbanization, etc. However, in this paper we will only consider the
macroeconomic effects of population and immigration on growth, but not studies at the family
level or discussing sustainability of the social security and fiscal systems.
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cal level and as documented among others by Higgings and Williamson (1997),
Mason (1997), Bloom and Canning (2001), Kelley and Schmidt (2003), Barro
and Sala-i-Martin (2003), Sachs (2008) and Dao (2012), the current consensus
is that high population growth exerts a negative effect both on GDP growth
and human capital accumulation, this effect being negligible when population
growth rates take moderate values. At the theoretical level, however, there
is no universally accepted endogenous growth model explaining these empir-
ical findings. Indeed, most endogenous growth models tackling this question
conclude that either population growth is one of the principal drivers of per
capita income growth -Romer (1990), Grossmand and Helpman (1991), Aghion
and Howitt (1992, 2009), Goodfriend and McDermott (1995), Galor and Weil
(2000), Hansen and Prescott (2002), Lucas (2009), Acemoglu (2009), Weber
(2010)-, or there exists a null (but not negative) effect of the population growth
rate on the per-capita output growth rate -Young (1998), Howitt (1999), Barro
and Sala-i-Martin (2003). In any case and to our knowledge, there is in the
literature no referential model detailing how and why economic growth can, or
cannot, be negatively dependent on population growth through the process of
human capital accumulation, central to the endogenous growth theory.

This theoretical shortage is also present in the main analysis of the effects
of immigration on growth. As recognized among many others by Borjas (1999),
Kónya (2009) and Poot and Cochrane (2005), the relationship between immi-
gration and growth is multifaceted and complex, and there remain important
and relevant questions to elucidate2. The recent studies due to Zak et al (2002),
Cipriani (2006) and Ehrlich and Kim (2015) shed some light on these unknowns,
but do not completely clarify the nature and significance of the relationships
between growth and immigration. In this respect, although Zak et al (2002) and
Cipriani (2006) are able to clarify the consequences of immigration on human
capital and growth by using an overlapping generation model, they explain these
effects on the basis of an exogenous law of human capital accumulation that de-
pends on immigration, departing from the hypothesis of endogenous growth.
These authors also provide an endogenous explanation of the decision to mi-
grate, but do not explain how the demand of immigration appears, a shortage
answered by Ehrlich and Kim (2015). Indeed, in our opinion, these researchers
provide the most satisfactory explanation of the links between immigration, hu-
man capital, and growth. More specifically, Ehrlich and Kim (2015) propose a
version of a growth model that originates immigration flows by linking them to
the growth dynamics of the host economy in a double sense: on the one hand,
economic growth gives rise to an immigration demand3, which, in turn, affects
growth through its effects on the human capital accumulation process. Never-
theless, although Ehrlich and Kim’s (2015) model captures the main observed
features of the immigration-growth relationships, it does not endogeneizes the
human capital accumulation, which indeed is exogenously imposed, therefore
moving away from the standard endogenous growth theory.

Delving into this question, the objective of this paper is to incorporate the
interesting and realistic ideas in Ehrlich and Kim (2015) concerning immigra-
tion into a pure endogenous growth model with population growth à la Romer
by endogeneizing the human capital accumulation law and the demand of im-

2See also the references provided by these authors.
3On this point, Kónya (2009) finds empirical evidence supporting the existence of this

causality effect of growth on immigration.



2 THE ECONOMY 3

migrants. In particular, as in Romer (1986, 1990), it will be assumed that the
growth dynamics is explained by the endogenous human capital accumulation
process. In addition, as suggested by Ehrlich and Kim (2015), the demand of
immigration will endogenously arise as a consequence of the productive needs
of the economy, and will subsequently alter growth through modifications in the
human capital accumulation. However, and unlike Ehrlich and Kim (2015) and
alternative growth models incorporating population growth, the derived law of
human capital accumulation will depend on population growth and immigra-
tion, and therefore all the effects of population and immigration on growth will
be endogenous in our model. More specifically, our objective is twofold. On the
one hand, to provide a theoretical endogenous growth model able to capture the
links between population, immigration and growth commented on above. On
the other hand, to design a tractable model, susceptible to calibration and sim-
ulation, allowing these relationships to be estimated and simulated for different
scenarios. Concerning the first goal, we will consistently incorporate all the sug-
gestions proposed by Romer (1986, 1990), explaining self-sustained growth on
the basis of an endogenously generated law of accumulation of human capital.
In addition, we will introduce the realistic idea in Ehrlich and Kim (2015) of an
endogenous demand of immigration, on the basis of the empirically documented
complementarity in production between immigrants and natives. With respect
to our second objective, the proposed Romer model will deliberately be easy
to solve, calibrate and simulate, in order to allow the main empirical findings
concerning the relationships between immigration and growth to be replicated.

The paper is divided into 7 sections. After this Introduction, Section 2
provides a description of the economy, defines the equilibrium, and states the
equivalent social planner’s problem. Section 3 discusses the theoretical proper-
ties and implications of the AK version of the model, paying special attention
to the verification of the stylized facts of growth. The relationships between
population, immigration and growth are analyzed in sections 4 and 5, section 6
being devoted to the calibration and simulation of the model for the US econ-
omy. Finally, in Section 7, we provide some concluding commentaries.

2 The Economy

As commented on in the former section, we will introduce the possibility of
population growth and immigration on the basis of a standard Romer’s (1986,
1990) model of endogenous growth. More specifically, we will extend the version
of the Romer endogenous growth model proposed by Gutiérrez (2015), incor-
porating as additional features the existence of a growing population and the
presence of complementarity in production between immigrants and natives. As
in Gutiérrez (2015), we will faithfully follow the suggestions in Romer (1986,
1990). Therefore, it will be considered that there are three types of agents in
the economy: households, firms and government.

Concerning firms, and as in Romer (1986), it will be assumed that the pro-
duction function of each firm incorporates knowledge as an input, that knowl-
edge used by a firm has a positive external effect on the production possibili-
ties of other firms, and that the production functions display constant returns
to scale in production factors other than knowledge. Also following Romer’s
(1986) suggestions, physical capital and knowledge will be used in fixed pro-
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portions in production. In particular, it will be assumed that the number of
units of knowledge that combine with one unit of physical capital to produce
output is a stochastic variable, an assumption that captures the existence of
purely random elements affecting the efficiency of learning by doing and knowl-
edge transmission processes. Concerning labor input, we will assume that there
exists a perfect complementarity between immigrant and native labor. This is
consistent with the abundant empirical evidence found by Borjas (1983, 1986),
Peri (2007), Dustmann et al (2007), D’Amuri et al (2010), Amuedo-Dorantes
and De La Rica (2011), Manacorda et al (2012), Ottaviano and Peri (2012)
and Dustmann et al (2012), among many others, which supports the existence
of a strong complementarity between immigrant and native labor. In this re-
spect, the amount of immigrant labor that combines with one unit of native
labor to produce output will be an additional stochastic variable, since, like
the complementarity between physical and human capital, it depends on ran-
dom variables associated to the evolution of learning, ability and knowledge.
Jointly with these two complementarity rates, the native population growth
rate and the immigrant population/total population ratio will also be consid-
ered as stochastic variables, given the uncertain elements affecting fertility and
mortality rates and immigration. The stochastic nature of all the aforemen-
tioned variables plays a double role. On the one hand, it captures the existence
of purely aleatory elements affecting the complementarity rates and the popu-
lation growth. On the other hand, it allows non-constant rates of growth to be
introduced, therefore enabling a better reproduction of the empirical facts. On
this point, it is worth noting that the standard statistical procedures to extract
the growth trend from a time series, such as the Hodrick-Prescott filter, imply
non-constant growth rates; in any case, it would always be possible to eliminate
the random elements and to restrict the model to the deterministic case. Con-
cerning the uncertainty scheme, let S denote the finite set of states of nature
that arises from the joint distribution of the three stochastic variables. Let E ,
e, e + 1, e − 1, t(e), f(e) and π(e) be, respectively, the event tree associated
to this uncertainty scheme, a node in the event tree, the nodes immediately
subsequent to e, the node immediately preceding e, the period of time at which
the node e happens, the history of nodes leading to node e, and the probability
of occurrence of e. After any node e only a state of nature s ∈ S can happen,
the subsequent node being denoted by es.

Let Y ie , Ki
e, L

i
e, M

i
e and Hi

e, at node e and for the firm i, be respectively
production, use of physical capital, use of native labor services, use of immigrant
labor services, and use of knowledge/human capital. Let hje, j 6= i, denote the
per-capita use of knowledge/human capital by firm j at node e. A convenient
way to capture the abovementioned features is through the production function

Y ie = F (Ki
e, L

i
e,M

i
e, h

1
e, h

2
e, . . . ,H

i
e, . . . , h

J
e ) =

A[min{aeKi
e, H

i
e}]α[min{beLie,M i

e}]1−α(
∏
j 6=i

hje)
ρ,

i = 1, 2, . . . , J,

where A is the total factor productivity; ae is the number of units of knowledge
that combine with one unit of physical capital to produce output; be is the
amount of immigrant labor that combines with one unit of native labor to
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produce output; α, (1−α) and ρ are the input elasticities; i = 1, 2, . . . , J is the
superscript denoting the firm; J denotes the total number of firms; and the term
(
∏
j 6=i h

j
t )
ρ captures the external effects of the (per-capita) knowledge used by

the other firms on firm i’s production.
Let us now consider the household’s problems. At node e, let Ne and Qe be,

respectively, the number of natives and immigrants. Therefore, Pe = Ne+Qe is
the total population at node e. Let pe be the growth rate of the total population
at node e. Under the assumption of complete markets and the total removal of
individual uncertainties, the household’s problem for the native workers is, in
per-capita terms,

max
Cne ,k

n
e ,h

n
e ,l

n
e

∑
e∈E

βt(e)n πn(e)Un(Cne )

s.t. Cne + [kne+1(1 + pe)− kne (1− δk)] + [hne+1(1 + pe)− hne (1− δh)] + Tne ≤

wel
n
e + rek

n
e + deh

n
e , (1)

Cne ≥ 0,

0 ≤ lne ≤ le,

e ∈ E

kn0 , h
n
0 historically given,

where βn ∈ (0, 1), πn, Un, Cn, kn, hn, Tn, ln, and le are, respectively, the
discount factor, the subjective beliefs, the instantaneous utility function, the
consumption of good, the participation in physical capital, the household level
of knowledge, the taxes paid to government, the labor supply, and the time
endowment for native workers. Regarding prices and depreciation rates, w,
r, d, δK ∈ (0, 1), and δh ∈ (0, 1) are, respectively, the labor input price for
native workers, the physical capital input price, the knowledge input price, the
depreciation rate of physical capital, and the depreciation rate of knowledge.

Analogously, the household’s problem for the immigrant workers is, in per
capita terms,

max
Cqe ,k

q
e ,h

q
e,m

q
e

∑
e∈E

βt(e)q πq(e)U
q(Cqe )

s.t. Cqe + [kqe+1(1 + pe)− kqe(1− δk)] + [hqe+1(1 + pe)− hqe(1− δh)] + T qe ≤

gem
q
e + rek

q
e + deh

q
e, (2)

Cqe ≥ 0,

0 ≤ mq
e ≤ me,

e ∈ E

kq0, h
q
0 historically given,

where βq ∈ (0, 1), πq, U
q, Cq, kq, hq, T q, mq, and me are, respectively, the

discount factor, the subjective beliefs, the instantaneous utility function, the
consumption of good, the participation in physical capital, the household level
of knowledge, the taxes paid to government, the labor supply, and the time
endowment for immigrant workers. Regarding prices, g is the labor input price
for immigrant workers, and r, d, δK ∈ (0, 1), and δh ∈ (0, 1) are the above
defined.
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As is obvious, our household’s problems are the standard ones in a com-
petitive general equilibrium model. For each problem, the budget constraint
simply says that, at each node, the household’s wealth, given by the remunera-
tion to the labor, physical capital and knowledge used in production, is used to
acquire consumption good, to increase its participation in the physical capital
input, to accumulate knowledge input, and to pay taxes. It is then assumed,
as in Romer (1986), that there is a trade-off between consumption today and
knowledge that can be used to increase consumption tomorrow. The only differ-
ence between native and immigrant workers is then the type of supplied labor.
Indeed, both immigrants and native workers can accumulate physical as well
as human capital, which are homogeneous production inputs. However, they
offer distinct types of labor, namely l and m, that are consequently differently
remunerated at prices w and g, respectively. The proposed model therefore
assumes the existence of a segmented labor market, which, when w > g, can
be envisaged as the result of the coexistence of two types of workers, namely
high-skilled-remunerated native workers and low-skilled-remunerated immigrant
workers. Note also that the time endowment for immigrant workers is given in
per-capita terms, and that, accordingly, it depends on the total number of im-
migrants in the economy, which, in turn, hinges on both the immigration policy
in the destination country and the migrant supply of out-migration countries.
In this respect, following the standard theories of migration proposed by Borjas
(1990,1999), it will be assumed that the immigrant labor supply is perfectly
elastic at the wage g, since this wage is higher than those existing in the out-
migration countries4. This implies that the number of immigrants is totally
determined by the demand of immigrants and the immigration policy of desti-
nation countries, two theoretical results consistent with the empirical evidence.
In this respect, the clearest sign of a perfectly elastic supply of immigrant labor
and the effective limitation of the number of immigrants by the complementarity
between native and immigrant workers is the existence of substantial non-legal
immigration in most of the destination economies.

Finally, Government establishes the immigration policy, collects lump-sum
taxes from the agents and internalizes the externalities in production through
optimal taxes and subsidies to firms. Under this kind of government interven-
tion, the competitive general equilibrium -defined through the usual conditions
of utility maximizing consumers, profit maximizing firms, zero net profits and
market clearing-, can be formulated as the solution of a social planner’s prob-
lem, an idea pointed out by Romer in his reference paper. As shown in appendix
A this happens for our economy, whose general equilibrium is equivalent to the
following social planner’s problem:

4See also Zak et al (2002) and Cipriani (2006).
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Definition (Equivalent Social Planner’s Problem). The per-capita equilibrium
sequences of consumption, human capital and immigrant labor {Ce}, {he} and
{me} in the Long-Run Competitive General Equilibrium are given by the solution
of the social planner’s problem

max
Ce,he,me

∑
e∈E

βt(e)π(e)U(Ce)

s.t. Ce + he+1(1 + pe)(1 +
1

ae
) ≤ Ahα+ρe m1−α

e + he[1− δh +
1

ae
(1− δk)], (3)

Ce ≥ 0,

0 ≤ me ≤ me,

e ∈ E ,

h0 historically given.

It is worth noting that this version of Romer’s endogenous growth model not
only constitutes a rigorous and manageable microfoundation of Romer’s (1986,
1990) endogenous growth model, but also explicitly and consistently introduces
significant observed features of actual economies concerning population, immi-
gration and government intervention. On the one hand and as commented on in
the introductory section, total population usually grows at positive rates, and
the empirical evidence suggests that immigrant and native workers are mostly
complementary inputs in production, two features incorporated in our model.
Additionally, this is not the only relationship between native and immigrant
labor that the model contemplates. Since there is a unique immigrant labor
segment, characterized by a unique wage g, any new immigrant is a perfect sub-
stitute for any other former immigrant, a substitutional pattern also observed
in real economies. The same happens in the native labor market, and then a
substitutive relationship between immigrant cohorts and natives as time passes
also exists in the model. Indeed, since there is a unique native labor market
with a unique equilibrium wage w, first and subsequent generations of migrants
are perfect substitutes for native workers, given that the former were born in
the destination economy and therefore considered as natives. This is consis-
tent with the existence for immigrant families of a naturalization process, along
which they acquire similar social, educational, economic and working habits
to natives, and that, according to the empirical literature5 takes around one
generation. On the other hand and concerning government intervention, it is
clear that public subsidies to R&D firm activities and to professional training,
patents, licences and copyrights, pursue the internalization of the knowledge
externalities, an aspect captured by our model through the variable S, the sub-
sidy/tax to the knowledge input. In addition, when the production sector is
envisaged as an aggregate agent producing knowledge as well as commodities,
the public financial support of research and education can be assimilated to the
lump-sum subsidy to profits V introduced in the model.

As we will see in the next section, the proposed model generates an en-
dogenous demand of immigration, and will allow the two-sense links between

5See for instance Sobotka (2008), Milewski (2007), Tønnessen (2014), Public Policy Insti-
tute of California (2002) and the references there provided.
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growth, human capital accumulation and immigration to be analyzed inside a
pure endogenous growth model, both from the theoretical and empirical per-
spectives. Indeed, under appropriate specifications, this model is susceptible to
exact solution, calibration and simulation, something that constitutes a clear
advantage with respect to other models used to study the relationships between
immigration and growth. This will be done in the following sections for the
particular case in which α+ ρ = 1, that leads to a very interesting AK model.

3 Population, Immigration and Growth in a Romer-
AK Endogenous Growth Model

When in the social planner’s problem (3) the values of the elasticities α and ρ
are such that α+ ρ = 1, then

ye = Ahα+ρe m1−α
e = Ahem

1−α
e = Aaekem

1−α
e ,

where ye is the per capita total output. The resulting Romer’s (1986) model is
therefore a particular version of the AK model, characterized by the presence
of constant returns to physical capital.

Without any doubt, AK models are the most studied and discussed endoge-
nous growth models in the literature. From the theoretical perspective, there
exists a wide variety of models justifying constant returns to physical capital
-such as those by Lucas (1988), Barro (1990), Jones and Manuelli (1990) and
Rebelo (1991)-, as well as numerous studies on the versatility of AK models
-for instance in considering stochastic technology and labor input shocks, as
in Binder and Pesaran (1999); nonlinear tax structures, as in Yamarik (2001);
different long-term growth rates, as in Krawczyk and Shimomura (2003); or the
different effects of monetary policy, as in Chen and Guo (2008). The empirical
analyses on the validity of AK models are also abundant. On this point, suffice
it to quote the studies by McGrattan (1998), Li (2002), Kim (2003) or Romero
-Ávila (2009, 2013).

The above comments on the theoretical relevance and proper empirical be-
havior of the AK models, jointly with the richness inherent to a Romer (1986)
model that in addition incorporates population growth and immigration, con-
stitute arguments supporting the interest of studying and discussing the AK
version of Romer’s (1986) model proposed in this paper. We will begin by solv-
ing the social planner’s problem (3), later discussing its theoretical properties.
In this respect, we refer the reader to the results in Gutiérrez (2015), since our
social planner’s problem is mathematically equivalent to the analyzed in that
paper6.

More specifically, defining δ = δh− 1−δk
a , if we assume that the instantaneous

utility function is given by the expressions

U(Ce) = ln(Ce),

and, alternatively,

U(Ce) =
C1−σ
e − 1

1− σ
, (σ > 0) ∧ (σ 6= 1),

6Indeed, by substituting (1 + 1
a+θe

) in Gutiérrez (2015) for (1 + 1
ae

)(1 + pe), we arrive to

problem (3)
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(where σ is the intertemporal elasticity of substitution in consumption), the
solution policy and control functions are

he+1 = he

[
β(Am1−α

e + 1− δ)
(1 + 1

ae
)(1 + pe)

] 1
σ

,

Ce = he

{
Am1−α

e + 1− δ − [(1 +
1

ae
)(1 + pe)]

σ−1
σ [β(Am1−α

e + 1− δ)] 1
σ

}
when

U(Ce) =
C1−σ
e − 1

1− σ
, (σ > 0) ∧ (σ 6= 1),

and

he+1 = he

[
β(Am1−α

e + 1− δ)
(1 + 1

ae
)(1 + pe)

]
,

Ce = he[Am
1−α
e + 1− δ][1− β]

when U(Ce) = ln(Ce). From these expressions, denoting the per-capita growth
rates of human capital, consumption, output and physical capital by ψh, ψC ,
ψy, and ψk, respectively, it is straightforward that when

U(Ce) =
C1−σ
e − 1

1− σ
, (σ > 0) ∧ (σ 6= 1),

ψh = ψC = ψy = ψk =

[
β(Am1−α

e + 1− δ)
(1 + 1

ae
)(1 + pe)

] 1
σ

− 1, (4)

and when U(Ce) = ln(Ce), the growth rates are

ψh = ψC = ψy = ψk =

[
β(Am1−α

e + 1− δ)
(1 + 1

ae
)(1 + pe)

]
− 1. (5)

Applying the arguments in Gutiérrez (2015), it is possible to conclude that
the following stylized facts of growth7 are verified in our proposed model8:

• The real per-capita output grows at a steady trend rate.

• The stock of per-worker physical capital grows at a steady trend rate.

• The ratio physical capital/output is steady across time.

• Capital and labor’s shares in total income are steady across time.

• The rate of return of physical capital is steady across time.

• The rate of growth of output per-capita varies greatly across economies,
suggesting the existence of poverty traps and convergence clubs.

7See Kaldor (1957), Barro and Sala-i-Martin (2003), Cooley and Prescott (1995), Durlauf
et al (2005), and Azariadis and Stachurski (2005), and the references given in the introductory
section.

8See section 4 and the mean and standard deviation of the relevant variables and ratios
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• There exists a positive correlation between the rate of growth and the
economy level of scientific and technical knowledge.

• High population growth rates are negatively correlated with per-capita
output growth rates.

The explanation of the coexistence of very different output growth rates
across economies, of the positive correlation between knowledge and growth,
and of the negative correlation between population growth and GDP growth,
come directly from the analysis of the growth rate expression. In effect, in our
model, where the growth rates take the expressions specified in (4) and (5),
differences in the evolution of the variables ae, me and pe across economies can
explain why countries can have distinct growth rates, even when the economies
present the same technology and preferences9. In addition, following the argu-
ments in Gutiérrez (2015), it is straightforward to show that the existence of
threshold values for the technological parameter ae and the population growth
rate pe become relevant in explaining the empirically observed poverty traps
and convergence clubs, including their intricate behavior and their complex de-
pendence on both population growth and technological aspects10.

3.1 Population and Growth

Let us focus on the relationships between the per-capita output growth rate and
the population growth rate. We will begin by mathematically characterizing the
properties of the growth rate expressions with respect to pe. When U(Ce) =
ln(Ce) and

ψh = ψC = ψy = ψk =

[
β(Am1−α

e + 1− δ)
(1 + 1

ae
)(1 + pe)

]
− 1,

the only meaningful range of values occurs when

β(Am1−α
e + 1− δ)
1 + 1

ae

> 1,

since, on the contrary, per-capita output growth rates would always be neg-
ative for any positive population growth rate. Indeed, this inequality implies
the possibility of positive as well negative growth rates, as observed in actual
economies. In this case, it is straightforward to conclude that

∂ψh
∂(pe)

= − (ψh + 1)

(1 + pe)
< 0,

∂2ψh
∂(pe)2

= 2
(ψh + 1)

(1 + pe)2
> 0,

9This concern has been present since the pioneer works by Romer (1986) and Lucas (1988).
10On this point, the interested reader can consult Nelson (1956), Becker et al (1990), Azari-

adis and Stachurski (2005) and the more recent papers by Rey and Deisting (2012), Moav
and Neeman (2012), Raffin (2012), Accinelli and Carrera (2012), Bond, Iwasa and Nishimura
(2013), Brito, Costa and Dixon (2013), Barrett and Carter (2013), Camacho, Saglam and Tu-
ran (2013), Galvao, Montes-Rojas and Olmo (2013), Sattinger (2013), Kraay and McKenzie
(2014), and Alcantar-Toledo and Venieris (2014), among others.
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lim
pe→∞

ψh = −1,

ψh|pe=0 =

[
β(Am1−α

e + 1− δ)
1 + 1

ae

]
− 1,

ψh = 0⇔ pe = pe =
β(Am1−α

e + 1− δ)
1 + 1

ae

− 1 > 0.

The graph of ψh(pe) is that in figure 1, which must be interpreted in the
light of the Romer endogenous growth model which founds our extended model.
Indeed, when native and immigrant populations are constant, our model reduces
to a pure version of the original Romer (1986) model. Therefore,

ψh|pe=0 =

[
β(Am1−α

e + 1− δ)
1 + 1

ae

]
− 1

represents the endogenous growth rate in the standard Romer (1986) model,
in which endogenous growth exclusively appears due to externalities associated
with human capital. The slope ∂ψh

∂(pe)
< 0 captures the ceteris-paribus negative

effect of population growth on the GDP growth rate. When the population
growth rate is the sole changing variable, i.e. when the per-capita time endow-
ment for immigrant workers me remains constant, the per-capita production
function becomes

ye = Ahem
1−α,

and then per-capita output only increases due to the accumulation of per-capita
human capital he. This increase in human capital h attains its maximum when
population is constant: In Romer’s (1986) model, per-capita human capital
exclusively increases due to its external effects, independent of population size;
then, when the population grows, this current increase in h and y must be
distributed among a subsequent higher population, and consequently, the per-
capita output growth rate negatively depends on the population growth rate.
Additionally, given this negative dependence, when the population growth rate
increases, the output growth rate reaches a point in which the negative effect
associated to the population growth rate annuls, and afterwards surpasses, the
increase in per-capita output caused by human capital accumulation. With our
expressions, these empirically observed phenomena happen when the population
growth rate reaches and exceeds

pe =
β(Am1−α

e + 1− δ)
1 + 1

ae

− 1.

This theoretical property is therefore consistent with the empirical evidence
of the negative effect of a high population growth both on GDP growth and
human capital accumulation. In addition, since ∂ψh

∂(pe)
= −ψh+1

1+pe
≈ −(ψh −

pe), this effect is negligible when the output and population growth rates take
moderate values, in concordance with the observed data.

All these analyses remain valid when

U(Ce) =
C1−σ
e − 1

1− σ
, (σ > 0) ∧ (σ 6= 1).
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Figure 1: Growth rate, U(Ce) = ln(Ce).

-
pe

6
ψh

β[Am1−α
e +1−δ]
1+ 1

ae

− 1

ψh =
β[Am1−α

e +1−δ]
(1+ 1

ae
)(1+pe)

− 1

?

-1

pe = β(Am1−α+1−δ)
1+ 1

ae

− 1

In this case, for the same reasons as in the former, the only meaningful range
of values occurs when

β(Am1−α
e + 1− δ)
1 + 1

ae

> 1.

In this case,
∂ψh
∂(pe)

= − (ψh + 1)

σ(1 + pe)
< 0,

∂2ψh
∂(pe)2

=
(1 + σ)

σ2

(ψh + 1)

(1 + pe)2
> 0,

lim
pe→∞

ψh = −1,

ψh|pe=0 =

[
β(Am1−α

e + 1− δ)
(1 + 1

ae
)

] 1
σ

− 1,

ψh = 0⇔ pe = pe =
β(Am1−α

e + 1− δ)
1 + 1

ae

− 1 > 0,

and all the above mentioned properties hold. The graph of ψh(pe) in this case
is that in figure 2.
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Figure 2: Growth rate, U(Ce) =
C1−σ
e −1
1−σ .

-
pe

6
ψh

[
β[Am1−α

e +1−δ]
1+ 1

ae

] 1
σ − 1

ψh =
[
β[Am1−α

e +1−δ]
(1+ 1

ae
)(1+pe)

] 1
σ − 1

?

-1

pe = β(Am1−α+1−δ)
1+ 1

ae

− 1

3.2 Immigration and Growth

Through the variables me and pe, the proposed model allows the relationships
between immigration and growth to be evaluated. These two variables are
linked, since a modification in the number of immigrants Qe affects both the
per-capita time endowment of immigrant labor for the economy me and the
total population growth rate pe. The dynamics of the model with respect to
growth is therefore defined by a set of three equations, the first two capturing the
dependence between me and pe and the third showing the associated per-capita
GDP growth rate. As shown in appendix B, denoting the individual endowment
of time (equal for immigrants and natives) by h, when the immigration policy
always ensures bele = me, i.e., always allows the number of immigrants Qe
to adjust to the number of native workers in order to fulfill the productive
requirements of perfect complementarity between native and immigrant labor
inputs, the behavior of the economy is described by the system of equations

pe = ne + Qe
Pe

( be−be−1

be−1
) (6)

Qe+1

Pe+1
= Qe

Pe
+ Qe

Pe

[
(
be−be−1
be−1

)(1−QePe )

1+pe

]
(7)

ψe =

[
β[A(hQePe )1−α+1−δ]

(1+ 1
ae

)(1+pe)

]
− 1 (8)

ψe =

[
β[A(hQePe )1−α+1−δ]

(1+ 1
ae

)(1+pe)

] 1
σ

− 1 (8′)
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when U(Ce) = ln(Ce) and U(Ce) =
C1−σ
e −1
1−σ (equation (8) or (8′), respectively).

The growth rate expressions (8) and (8′) allow some interesting conclusions
on the relationships between immigration and technological change to be ob-

tained. Since me = bele and le = hNe
Pe

, the per-capita production function can
be written

ye = Ahem
1−α = Ahebe

hNe
Pe

.

Two possible technological improvements are possible in the light of this for-
mulation: one associated to increases in the amount of immigrant labor that
combines with one unit of native labor be; the other being a consequence of a
higher value of the parameter A. As we will see, the first always increases the de-
pendence on the immigrant population, only the second opening the possibility
of a higher output growth rate and a lower number of immigrants.

To see this, let us consider expression (8)11 and the equality

me =
hQe
Pe

= bele = be
hNe
Pe

,

according to which the output growth rate is

ψe =

β[A(hQePe
)1−α + 1− δ]

(1 + 1
ae

)(1 + pe)

− 1 =

β[A(hbeNePe
)1−α + 1− δ]

(1 + 1
ae

)(1 + pe)

− 1.

Taking the derivative ∂ψe
∂be

, we get

∂ψe
∂be

=
βA(hNePe )1−α

(a+ 1
a )(1 + pe)

(1− α)b−αe > 0,

concluding the existence of a positive dependence of the per-capita output
growth rate on the complementarity parameter be.

Since hQe
Pe

= be
hNe
Pe

, then

∂(QePe )

∂be
=
Ne
Pe

> 0,

and therefore this technological improvement is conditional to an increase in the
percentage of immigrant population Q

P . This is a logical consequence from the
economic point of view. Indeed, when the technological improvement turns into
a higher value of the parameter b -i.e. increases from b to b′-, this means that a
native worker is able to be complemented by b immigrant workers and to obtain
the same output as before, and there still remains time and/or capability to
be complemented by b′ − b additional units of immigrant work to obtain more
output. In this case, the economy needs additional immigrant workers, so,
under an optimal immigration policy, the percentage of immigrant population
increases.

On the other hand, a higher value for A opens the possibility of having,
simultaneously, an increase in the output growth rate and a decrease in the
percentage of immigrant population. Mathematically, since

dψe =
∂ψe
∂A

dA+
∂ψe
∂be

dbe,

11Similar reasonings can be applied for expression (8′).
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∂ψe
∂A

=
β(hbeNePe

)1−α

(1 + 1
ae

)(1 + pe)
,

∂ψe
∂be

=
βA(hNePe )1−α

(a+ 1
a )(1 + pe)

(1− α)b−αe ,

it is straightforward to conclude that when dA > 0, dbe < 0, and
∣∣∣(dbebe )

∣∣∣ <
1

1−α
dA
A , then there exists an increase in the output growth rate, dψe > 0, and

a simultaneous decrease in the percentage of immigrant population. In this
case and conversely to the first, a higher growth rate is possible without the
requirement of additional immigrant workers.

As shown above, the system of equations (6)-(8)(8′) describes the dynamics
of the model. In this respect, since be is a stochastic variable, the evolution
of the per-capita GDP growth rate under the optimal immigration policy is
complex, and can only be evaluated by simulating the model. The interested
reader can find a brief theoretical analysis of the dynamic complexity intrinsic
to the model in appendix B.

4 Calibration and simulation of the model for
the US Economy

As commented on before, one of the virtues of the model is the possibility it
opens for calibration and simulation. Through equations (6)-(8)(8′) and after
calibrating the model and characterizing the stochastic variables ae, be and pe,
the theoretical behavior of the per-capita GDP growth rate can be simulated
and compared to that observed for the economy. Obviously, this exercise con-
stitutes an analysis of the validity of the model, since it determines the degree
to which the proposed model explains the empirical data on growth, population
and immigration. Depending on the purpose of the analysis and the number of
considered stochastic variables, several alternatives are possible. In this respect,
the specificity of this model derives from the assumption of the complementarity
in production between native and immigrant workers, and given that our inter-
est lies in describing the effects of population and immigration on the per-capita
GDP growth rate due to this hypothesis, we will consider be, ne and me as the
unique stochastic variables12. Along the next section we will calibrate and sim-
ulate this endogenous growth model for the US economy, carrying out separate
analyses to study the effects on GDP growth of population and immigration.

Previously to the simulation of the model, it is necessary to calibrate it. This
will be done by applying the usual methods and procedures, as is logical taking
into account the peculiarities of the model. In order to avoid the distortions
caused by the financial crisis suffered by the US and initiated in 2009, the
considered sample will go from 1964:1 to 2009:4. Assuming that be, ne and Qe

Pe
are the unique stochastic variables, the solution of the model is that given by the
system of equations (6)-(8)/(8′) when ae = a. According to these equations and
assuming normality for the stochastic variables, the parameters to calibrate are
n, QP , α, b, β, A, h, a, δ and σ, where n, QP , and b are the means of the normal

distributions characterizing ne,
Qe
Pe

and be. Concerning the native population

12For alternative assumptions see Gutiérrez (2015), who makes an abstraction of population
and immigration variables and focuses on the consequences of the complementarity in pro-
duction between physical and human capital on growth, considering ae as the sole stochastic
variable.
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growth rate n, the percentage of immigrant population Q
P , and the labor’s share

in total output 1 − α = wL
Y , we will consider the mean values provided by the

US Census Bureau for the sample. The values of the subjective discount factor
β and of the intertemporal elasticity of substitution in consumption σ will be
those provided by Evans and Sezer (2004). The calibration of b will be based
on the data of aggregate employment: since the total per-capita employment is
the aggregation of the native and immigrant per-capita employment, and along
the balanced path of growth it coincides with the individual time endowment

h = le +me = le + bele = (1 + be)le = (1 + be)h
Ne
Qe

,

where h is the per-worker worked hours in the economy and the individual
time endowment. We can therefore deduce the calibrated value for b, since
1 = (1 + be)

Ne
Pe

and we already know Q
P and N

Q = 1 − Q
P . Concerning the

average value of the per-capita quarterly worked hours in the economy h, we
can calculate this by multiplying the average per-worker quarterly worked hours
and the employment population, computing the per-capita values dividing by
the total labor force. All these data were obtained from the St. Louis Federal
Reserve Bank FRED R© Database.

The calibration of the remaining parameters A, a and δ was based on the
expressions along the balanced path of growth of the feasibility constraint, the
production function and the growth rate. More specifically, these expressions
are

Ce + he+1(1 +
1

a
)(1 + pe) = ye + he[1− δ],

ye = Ahe(h
Qe
Pe

)1−α,

and

ψ =

[
β(A(hQePe )1−α + 1− δ)

(1 + 1
a )(1 + pe)

] 1
σ

− 1

when

U(Ce) =
C1−σ
e − 1

1− σ
, (σ > 0) ∧ (σ 6= 1),

or, alternatively,

ψh =

[
β(A(hQePe )1−α + 1− δ)

1 + 1
a )(1 + pe)

]
− 1

when U(Ce) = ln(Ce). After substituting he = ake and considering the proper-
ties of the balanced path of growth, the former equations become

C

y
+ (1 + a)(1 + n)(1 + ψ)

k

y
= 1 + a

k

y
[1− δ],

1 = Aa
k

y
(h
Qe
Pe

)1−α,

and

ψ =

[
β(A(hQePe )1−α + 1− δ)

(1 + 1
a )(1 + n)

] 1
σ

− 1
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when

U(Ce) =
C1−σ
e − 1

1− σ
, (σ > 0) ∧ (σ 6= 1),

or, alternatively,

ψh =

[
β(A(hQePe )1−α + 1− δ)

(1 + 1
a )(1 + n)

]
− 1

when U(Ce) = ln(Ce).
In these equations, the steady values for C

y , k
y and ψ are taken directly

from the FRED R© data set as their mean values, the values for h, Q
P , α, β

and σ being those previously calibrated. The result is a system of 3 equations
and 3 unknowns, namely A, a and δ. By solving this system, the calibrated
values for these unknowns are calculated. On this point, it is worth noting that
δ = δh− 1−δk

a , and then we must not expect a value δ ∈ (0, 1). On the contrary,
logical values for δh and δk should imply a calibrated value of δ negative and
close to − 1

a , as indeed happens.
Finally, to calibrate the standard deviations of the stochastic variables be, ne

and Qe
Pe

, we will fix the values that best reproduce the statistical moments of the
observed series for ψy. Note that, given that the data set provides 4 different
(although similar) growth rates -namely ψy, ψC , ψk and ψk/l-, this calibration
procedure can be run for each case, or even for the average values13. In this
respect, we have opted to reproduce the statistical moments for ψy. In order
to gain insights into the role played by each stochastic variable, three different
simulations will be carried out, one for each specific stochastic variable.

Tables 1 and 2 collect, respectively, the growth facts of the US economy
for the considered period and the calibrated values. As shown in table 1, the
US economy presents for the period 1964:1-2009:4 all the usual stylized facts
concerning growth. All the values in table 1 correspond to the trend obtained
after applying the Hodrick-Prescott filter to the original data.

Table 1: Growth facts. US data, 1964:1-2009:4

Parameter Mean Coefficient of Variation

h 298.5187 0.0458

C
y

0.6385 0.0374

k
y

32.9506 0.0426

ψy 0.0038 0.8615

ψC 0.0045 0.5705

ψk 0.0034 0.4158

ψk/l 0.0042 0.0458

n 0.0019 NA

13This implies recalibrating the parameters a, A and δ with the value of ψ taken into
account.
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In particular, the data show that per-capita output, per-capita consump-
tion, per-capita physical capital and physical capital per worker grow at very
similar rates, that employment and the consumption/output and physical cap-
ital/output ratios are roughly constant, and that the variability of the growth
rates for per-capita output, per-capita consumption, and per-capita physical
capital are of the same order of magnitude.

Table 2: Calibrated values.

Parameter U(Ce) = ln(Ce) U(Ce) =
C1−σ
e −1

1−σ

ψ 0.003821 0.003821

α 0.3541 0.3541

h 298.5187 298.5187

Q
P

0.08033 0.08033

a 0.914394 0.660035

A 0.00427923 0.00592316

C
y

0.638531 0.638531

k
y

32.95061 32.95061

β 0.99 0.99

σ —- 1.4

δ -1.09357 -1.5128

be N(0.08734655,0.0024) N(0.08734655,0.00335)

Qe
Pe

N(0.08033,0.022) N(0.08033,0.0261)

ne N(0.0019,0.00413) N(0.0019,0.00413)

To simulate the model, according to the calibrated values for each case, we
generated a series of 184 values for each considered stochastic perturbation, from
which the associated series for ψt was obtained. After running each simulation
1000 times, the results are those in table 3.
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Table 3. Simulation results for the growth rate ψ.

Stochastic Moment Data U(C) = ln(C) U(C) = C1−σ−1
1−σ

Variable

be Mean, ψy 0.0038 0.0037 0.0037

CV, ψy 0.86 0.86 0.86

Mean, l 298.52 298.86 299.00

CV, l 0.0458 0.0034 0.0048

Qe
Pe

Mean, ψy 0.0038 0.0037 0.0036

CV, ψy 0.86 0.86 0.86

Mean, l 298.52 298.59 298.60

CV, l 0.0458 0.0267 0.0316

ne Mean, ψy 0.0038 0.0038 0.0038

CV, ψy 0.86 0.86 0.86

Mean, l 298.53 298.53 298.53

CV, l 0.0458 0 0

After a first inspection of the simulation results, several conclusions arise.
First, there exist no significative differences when opting between the two con-
sidered Bernoulli utility functions. Indeed, these differences only appear for the
calibrated values, being practically non-existent for the simulation outputs. This
fact suggests that the elasticity of intertemporal substitution in consumption is
not a key parameter in macroeconomic growth models. From the theoretical
point of view this is a logical result, since the intertemporal elasticity of substi-
tution in consumption measures the response of the growth rate of consumption
to the real interest rate, and, as shown in section 3, the real interest rate re-
mains constant in the proposed model as well as in real economies. Second, all
the simulations do quite well in replicating the mean and the variation coeffi-
cient for both the per-capita GDP growth rate and the per-capita worked hours.
Moreover, the simulation exercise when the perturbation affects the ratio of im-
migrant population is especially good, and it can therefore be concluded that
this Romer-AK endogenous growth model, based on the complementarity be-
tween native and immigrant labor, satisfactorily explains the observed behavior
of the economy concerning growth, at least as well as the existing alternative
models. In addition and as we have shown, the proposed model also allows the
effects of population and immigration on growth to be evaluated and clarified,
thus constituting a good and interesting candidate to take into account when
studying these questions. Third, although in our simulations we have isolated
the effects of each stochastic perturbation -namely be,

Qe
Pe

or ne-, the consid-
eration of two or more simultaneous shocks is also possible. In this respect,
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since with the only exception of a null coefficient of variation of the per-capita
worked hours, the simulation for ne perfectly reproduces the observed data, the
joint consideration of ne and be, of ne and Qe

Pe
, or even of the three shocks be,

ne and Qe
Pe

, might improve the simulation results. Finally, the introduction of
a new technological shock affecting the complementarity between physical and
human capital as in Gutiérrez (2015) is also feasible, opening new possibilities
of combination. In this respect, it is worth noting that our exercises consider-
ing simultaneous perturbations ne and be and ne and Qe

Pe
have not implied any

gain with respect to the simulations based on the existence of only one shock,
probably because of our assumption of independent perturbations. Indeed, the
correct introduction of simultaneous perturbations would require the calibration
of additional parameters for the stochastic shocks, including those measuring
correlations.

5 Conclusions and future research

Over the last few decades and as a direct consequence of the concern on growth
sustainability, Economics has increased its interest in studying the relation-
ships between growth, population and immigration. At the empirical level and
concerning the links between population and growth, the current consensus
is that high population growth exerts a negative effect both on GDP growth
and human capital accumulation, this effect being negligible when population
growth rates take moderate values. Regarding immigration, the main empiri-
cal conclusion, based on the observed strong complementarity between native
and immigrant workers, is that immigration and growth are linked in a double
sense: the growth dynamics of the host economy gives rise to an immigration
demand, which, in turn, affects growth through its effects on the human capital
accumulation process. At the theoretical level, however, this empirical evidence
on the links between population, immigration and growth, has not yet been sat-
isfactorily explained, incorporated or discussed by theoretical models. Indeed,
to our knowledge, there is in the literature no referential endogenous growth
model detailing how and why economic growth can, or cannot, be negatively
dependent on population growth through the process of human capital accu-
mulation, nor analyzing in detail the consequences on growth of the observed
complementarity between native and immigrant workers.

In this respect, we have built a model that incorporates the above men-
tioned facts concerning immigration and population into a pure endogenous
growth model à la Romer. In particular, the model’s main characteristics are
the following: the growth dynamics is explained by the endogenous human cap-
ital accumulation process; the demand of immigration endogenously arises as
a consequence of the productive needs of the economy; and this immigration
subsequently alters growth through modifications in the human capital accu-
mulation. Two are the main virtues of this model. On the one hand, it provides
a theoretical endogenous growth model able to capture the links between pop-
ulation, immigration and growth commented on above. On the other hand,
the proposed model is susceptible to calibration and simulation, allowing the
relationships between population, immigration and growth to be estimated and
simulated for different scenarios.

Indeed, from the theoretical perspective and regarding the links between
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population and growth, the model is able to explain the empirically observed
negative effect of a high population growth rate on the per capita GDP growth,
and does so, as the evidence shows, through the endogenous process of human
capital accumulation. In addition, the model also predicts a negligible effect
of population growth on economic growth when the growth rates take normal
values. Regarding immigration and its effects on economic growth, and on the
basis of the assumption of complementarity in production between immigrant
and native labor, the model allows several channels of influence to be considered.
More specifically, the model contemplates the two-way effects linking growth and
immigration, and permits distinct relationships between technological change
and immigration to be elucidated. In the light of the implemented simulations
all these findings appear as plausible, since the proposed version of Romer’s
model satisfactorily explains the observed behavior of the economy concerning
growth, at least as well as the existing alternative models.

Summing up, the proposed model constitutes a good and interesting can-
didate to study endogenous growth and its relationships with population and
immigration. Indeed, not only does it provide a coherent and consistent the-
oretical explanation of the links between population growth, immigration and
GDP growth, it also allows interesting exercises of calibration and simulation
to be implemented, opening up the possibility of using the model to design and
evaluate different immigration policies.

In this respect, future research necessarily passes through the solution of
two inconveniences of the model, both inherent to its theoretical characteris-
tics. First, since the model generates a common growth rate for all the grow-
ing variables -namely per capita consumption, physical capital, and output;
and capital/labor ratio-, the application of the model embodies problems when
the objective is to replicate the different observed volatilities for the growth
rate series. Indeed, although the means of the growth rates for all the consid-
ered variables are usually very similar and their replication for the model does
not therefore entail problems, the growth rate standard deviations habitually
take different values, something that demands the consideration of variable-
specific stochastic perturbations. Second, the consideration of simultaneous
shocks would require the calibration of additional parameters for the stochastic
shocks, including those measuring correlations, since, on the contrary and as
shown in our simulation exercises, the obtained results could be misleading.
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A Social Planner’s Problem

We will follow analogous arguments to those in Gutiérrez (2015) to obtain the
social planner’s problem formulation. Let us assume without any loss of gener-
ality that the total number of firms is J = 2. When the Government internalizes
the external economies associated to knowledge through optimal taxes and sub-
sidies, each firm’s problem is

max
Ki
e,L

i
e,H

i
e,M

i
e,h

j
e

PRie = A[min{aeKi
e, H

i
e}]α[min{beLie,M i

e}]1−α(
∏
j 6=i

hje)
ρ−

weL
i
e − geM i

e − reKi
e − deHi

e + SeH
i
e − SePehje + PeV

i
e ,

i, j = 1, 2, i 6= j,

where PR denotes profits, S is the subsidy/tax to knowledge input, P is the
total number of households, and V is a per-capita lump-sum subsidy to profits:
Note that since hje and V ie are given in per-capita terms, the total amount of
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human capital of firm j used by firm i and the total subsidy to firm i’s profits
are, respectively, Peh

j
e and PeV

i
e .

Dividing by the total number of households Pe, the above firm i’s problem
can be expressed in per capita terms. Let pri, ki, li, mi and hi be firm i’s per-
capita profits, use of physical capital, labor services of native and immigrant
workers (respectively), and human capital. The firm i’s problem is therefore

max
kie,l

i
e,m

i
e,h

i
e,h

j
e

prie = A[min{aekie, hie}]α[min{belie,mi
e}]1−α(

∏
j 6=i

hje)
ρ−

wel
i
e − gemi

e − rekie − dehie + Seh
i
e − Sehje + V ie ,

i, j = 1, 2, i 6= j.

Firms are profit-maximizing, and given the perfect complementarity between
physical capital and knowledge and between native and immigrant labor, aek

i
e =

hie, and bel
i
e = mi

e. Then the firm’s problem becomes

max
mie,h

i
e,h

j
e

prie = A(hie)
α(mi

e)
1−α(hje)

ρ−

−(
we
be

+ ge)m
i
e − hie(me +

re
ae
− Se)− Sehje + V ie ,

i, j = 1, 2, i 6= j.

The first order necessary and sufficient conditions are

Aα(hie)
α−1(hje)

ρ(mi
e)

1−α =
re
ae

+ de − Se,

Aρ(hie)
α(hje)

ρ−1(mi
e)

1−α = Se,

A(1− α)(hie)
α(hje)

ρ(mi
e)
−α =

we
be

+ ge,

i, j = 1, 2, i 6= j.

It is clear that m1
e = m2

e = le and h1e = h2e = he, and then the former equations
can be written as

A(α+ ρ)hα+ρ−1e l1−αe =
re
ae

+ de,

A(1− α)hα+ρe l−αe =
we
be

+ ge,

which are the first order necessary and sufficient conditions for the problem

max
he,me

pre = Ahα+ρe m1−α
e − (

we
be

+ ge)me − he(
re
ae

+ de) + Ve. (9)

Each firm’s profits in per-capita terms are therefore

pre = −Aρhα+ρe m1−α
e + Ve,

which depend on the government lump-sum subsidy to profits. When Ve =
Aρhα+ρe m1−α

e , then pre = 0, and the production sector is in a long-run equilib-
rium.

We can now define the general equilibrium of this economy as follows:
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Definition (Long-Run Competitive General Equilibrium). Sequences {Cne },
{Cqe}, {hne }, {hqe}, {kne }, {kqe}, {lne }, {mq

e}, {he}, {ke}, {le}, {me}, {we}, {ge},
{re}, {de}, {Tne }, {T qe } and {Pe} such that:

• Given the sequences {we}, {re}, {de} and {Tne }, the sequences {Cne },
{hne }, {kne } and {lne } solve the representative consumer’s problem for the
native workers (1).

• Given the sequences {ge}, {re}, {de} and {T qe }, the sequences {Cqe}, {hqe},
{kqe} and {mq

e} solve the representative consumer’s problem for the immi-
grant workers (2).

• Given the sequences {we}, {ge}, {re}, {de} and {Ve}, the sequences {he},
{ke}, {le} and {me} solve the representative firm’s problem (9) and verify
aeke = he and bele = me.

• The sequences {Cne }, {Cqe}, {hne }, {hqe}, {kne }, {kqe}, {lne }, {mq
e}, {he},

{ke}, {le} and {me} verify the market clearing conditions

kne + kqe = ke, hne + hqe = he, lne = le, mq
e = me,

Cne + Cqe + ke+1(1 + pe) + he+1(1 + pe) ≤

≤ Ahα+ρe m1−α
e + ke(1− δK) + he(1− δh).

• Government sequences of lump-sum taxes {Tne } and {T qe }, and subsidies
{Ve}, verify

Tne + T qe = Ve = Aρhα+ρe (me)
1−α.

Under quite general conditions, this formulation of Romer’s (1986) model as
a long-run competitive general equilibrium is equivalent to a very simple social
planner’s problem. Assuming appropriate homogeneity conditions in beliefs and
preferences for native and immigrant workers14, and following similar arguments
to those in Rubinstein (1974), Altuǧ and Labadie (1994) and Gutiérrez (2002),
we can ensure that the consumer’s problems for native and immigrant workers
(1) and (2) are, for a wide range of formulations, equivalent to the following
unique per-capita problem:

max
CRe ,k

R
e ,h

R
e ,l

R
e ,m

R
e

∑
e∈E

βt(e)π(e)U(CRe )

s.t. CRe + [kRe+1(1 + pe)− kRe (1− δk)] + [hRe+1(1 + pe)− hRe (1− δh)] + TRe ≤

wel
R
e + gem

R
e + rek

R
e + deh

R
e ,

CRe ≥ 0,

0 ≤ lRe ≤ le, mR
e ≤ me,

e ∈ E

kR0 , h
R
0 historically given,

where: β, π and U capture the average discount factor, beliefs and instantaneous
utility for the native and immigrant workers; and CR = Cn+Cq, kR = kn+kq,

14In general, it is enough to assume hyperbolic absolute risk aversion preferences.
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hR = hn + hq, TR = Tn + T q, mR = mq, and lR = ln, are, respectively, the
economy per capita consumption of good, participation in physical capital, level
of knowledge, taxes paid to government, labor supply of immigrant workers, and
labor supply of native workers.

Removing the superscripts, from the first order necessary conditions in the
firm’s problem, the perfect complementarity between physical capital and knowl-
edge and between native and immigrant labor, the market clearing conditions
and the equality Te = Ve = ρhα+ρe (me)

1−α, the representative household’s bud-
get constraint becomes

Ce + he+1(1 + pe)(1 +
1

ae
) ≤ Ahα+ρe m1−α

e + he[1− δh +
1

ae
(1− δk)],

The long-run competitive general equilibrium is therefore equivalent to the fol-
lowing social planner’s problem:

Definition (Equivalent Social Planner’s Problem). The equilibrium sequences
{Ce}, {he} and {me} in the Long-Run Competitive General Equilibrium are
given by the solution of the social planner’s problem

max
Ce,he,me

∑
e∈E

βt(e)π(e)U(Ce)

s.t. Ce + he+1(1 + pe)(1 +
1

ae
) ≤ Ahα+ρe m1−α

e + he[1− δh +
1

ae
(1− δk)],

Ce ≥ 0,

0 ≤ me ≤ me,

e ∈ E ,

h0 historically given.

Alternatively, since bele = me, the former social planner’s problem can be
formulated as follows:

Definition (Equivalent Social Planner’s Problem). The equilibrium sequences
{Ce}, {he} and {le} in the Long-Run Competitive General Equilibrium are given
by the solution of the social planner’s problem

max
Ce,he,le

∑
e∈E

βt(e)π(e)U(Ce)

s.t. Ce + he+1(1 + pe)(1 +
1

ae
) ≤ Ahα+ρe (bele)

1−α + he[1− δh +
1

ae
(1− δk)],

Ce ≥ 0,

0 ≤ le ≤ le,

e ∈ E ,

h0 historically given.
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B Model Dynamics

Let h denote the individual endowment of time, equal for immigrants and na-
tives. Since le and me are the global per-capita time endowments for native and
immigrant workers, respectively,

le =
hNe
Pe

, me =
hQe
Pe

.

In the long-run competitive general equilibrium of the economy, the im-
migration policy always ensures bele = me, i.e., always allows the number of
immigrants Qe to adjust to the number of native workers in order to fulfill the
productive requirements of perfect complementarity between native and immi-
grant labor inputs. Then, in the long-run competitive general equilibrium,

bele =
hbeNe
Pe

=
hQe
Pe

= me,

beNe = Qe, ln(be) + ln(Ne) = ln(Qe),

Q̇e = ḃe + Ṅe. (10)

Equation (10) simply says that the optimal immigrant population depends
on demographic and technological aspects as well as on the immigration policy.
This is because Ṅe is the natural native population growth rate, but Q̇e is the
addition of the natural immigrant population growth rate plus the (positive or
negative) modification in the number of immigrants caused by the immigration
policy, which must ensure the fulfillment of the perfect complementarity for any
value of the technological parameter be. Let us denote the natural population
growth rates of natives and immigrants by ne and qe, respectively, and by De

the number of admitted (if positive) or repatriated (if negative) immigrants.
Since

Q̇e = ḃe + Ṅe, Ṅe = ne, Q̇e = qe +
De

Qe
,

the optimal immigration policy requires

qe +
De

Qe
= ḃe + ne,

De

Qe
= ne + ḃe − qe,

and therefore

Pe+1 = Qe+1 +Ne+1 = Qe(1 + qe) +De +Ne(1 + ne) =

Qe(1 + qe) +Qe(ne + ḃe − qe) +Ne(1 + ne) = (Qe +Ne)(1 + ne) +Qeḃe =

Pe(1 + ne) +Qeḃe = Pe(1 + pe),

and therefore

pe = ne +
Qe
Pe
ḃe = ne +

Qe
Pe

(
be − be−1
be−1

).

Analogously, after some algebra, we can conclude

˙
(
Qe
Pe

) =

Qe+1

Pe+1
− Qe

Pe
Qe
Pe

=
( be−be−1

be−1
)(1− Qe

Pe
)

1 + pe
,
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Qe+1

Pe+1
=
Qe
Pe

+
Qe
Pe

[
( be−be−1

be−1
)(1− Qe

Pe
)

1 + pe

]
.

Therefore, the growth rate dynamics is that defined by the system of equations

pe = ne + Qe
Pe

( be−be−1

be−1
) (6)

Qe+1

Pe+1
= Qe

Pe
+ Qe

Pe

[
(
be−be−1
be−1

)(1−QePe )

1+pe

]
(7)

ψe =

[
β[A(hQePe )1−α+1−δ]

(1+ 1
ae

)(1+pe)

]
− 1 (8)

ψe =

[
β[A(hQePe )1−α+1−δ]

(1+ 1
ae

)(1+pe)

] 1
σ

− 1 (8′)

when U(Ce) = ln(Ce) and U(Ce) =
C1−σ
e −1
1−σ (equation (8) or (8′), respectively).

As shown above, system of equations (6)-(8)(8′) describes the dynamics of
the model. In this respect, since be is a stochastic variable, the evolution of the
per-capita GDP growth rate under the optimal immigration policy is complex.
To illustrate this fact, it is enough to describe its behavior for a once-for-all
change in be. For instance, when U(Ce) = ln(Ce), if we assume that be increases
(i.e. that be − be−1 > 0), the immediate effect on ψe is a decrease that takes
place through the increment of pe:

∂ψe
∂(be − be−1)

=
∂ψe
∂pe

∂pe
∂(be − be−1)

= − ψe
(1 + pe)

Qe
Pe

< 0.

However, after this immediate decrease, the per-capita GDP growth rate per-
manently increases as a consequence of the higher ratio Qe+1

Pe+1
, since

∂Qe+1

Pe+1

∂(be − be−1)
=

Qe
Pe

(1− Qe+1

Pe+1
)(1 + ne)

(QePe (be − be−1) + 1 + ne)2
> 0

and

∂ψe+1

∂Qe+1

Pe+1

=
βAαh

α
(Qe+1

Pe+1
)α−1

(1 + 1
ae

)(1 + pe)
> 0,

and there are no more changes in pe nor in Qe
Pe

. As is obvious, when modifications
in be happen at every node, the dynamics of ψe becomes complex, given that it
depends on the relative sizes of the simultaneous effects of be+1 − be and Qe+1

Pe+1
,

this last being a consequence of the previous change be − be−1.


