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VALUES OF HARMONIC WEAK MAASS FORMS ON HECKE ORBITS

DOHOON CHOI, MIN LEE, AND SUBONG LIM

ABSTRACT. Let ¢ := ™% where » € H. For an even integer k, let f(2) := ¢" [[0c_, (1 — g™)°™)
be a meromorphic modular form of weight k on I'g (V). For a positive integer m, let T, be the mth
Hecke operator and D be a divisor of a modular curve with level N. Both subjects, the exponents
¢(m) of a modular form and the distribution of the points in the support of T,,.D, have been widely
investigated.

When the level N is one, Bruinier, Kohnen, and Ono obtained, in terms of the values of j-
invariant function, identities between the exponents ¢(m) of a modular form and the points in
the support of T;,.D. In this paper, we extend this result to general To(NN) in terms of values of
harmonic weak Maass forms of weight 0. By the distribution of Hecke points, this applies to obtain
an asymptotic behaviour of convolutions of sums of divisors of an integer and sums of exponents
of a modular form.

1. INTRODUCTION

Let H be the complex upper half plane. For a positive integer N, let (V) be the modular curve
of level N defined by I'o(N)\H, and X(V) denote the compactification of Yy(N) by adjoining the
cusps. Let Jy(N) be the jacobian of a modular curve Xo(N). We denote by Div(C) the divisor
group of a curve C. If f is a function on C' and D =), - npP is a divisor of C, we define

f(D)=> npf(P).

The mth normalized Hecke operator T, acts on Div(Yy(N)), and it is denoted by T,,.D for D €
Div(Yy(N)). We call T,,,.D the mth Hecke orbit of D. Especially, when D is a divisor corresponding
to ¢ € H, a point in the support of T,,.D is called a Hecke point. Hecke points have been
investigated from several perspectives such as their distribution on the fundamental domain for
Io(N) [13, 14, 17, [16] and the rank of a subgroup of Jy(/N) generated by Hecke points [21], and
so on. Let ¢ := e2™* where » € H. For an even integer k, let f(z) := ¢"[[>°_,(1 — ¢™)™™ be a
meromorphic modular form of weight k& on I'g(NV). The exponents ¢(m) of a modular form were
investigated in various works (for examples, see [4, 5], 23]). For example, Borcherds [5] proved that
if f has a Heegner divisor, then the mth exponent c(m) is the m?th coefficient of a fixed modular
form of half integral weight. Bruinier, Kohnen, and Ono [9] obtained a connection between these
exponents of a modular form and the points in the support of 7,,.D.

2010 Mathematics Subject Classification. 11F25, 11F12.

D. Choi was supported by Samsung Science and Technology Foundation under Project SSTF-BA1301-11. M. Lee
was partially supported by Royal Society University Research Fellowship “Automorphic forms, L-functions and trace
formulas”.

Keywords: Hecke orbits, harmonic weak Maass forms, distribution.
1


http://arxiv.org/abs/1812.01326v1

2 DOHOON CHOI, MIN LEE, AND SUBONG LIM

For the modular invariant j, let J(z) := j(z) — 744. For positive integers k and m, let ox(m) =
> dm d*, and op(m) ==Y 4jm €(d). Bruinier, Kohnen, and Ono [9] proved the following identities
between values J(1,,.Dy) and sum of exponents in the product expansion of f:

> " c(d)d = 2koy(m) + J(T,,.Dy)

dlm

for every positive integer m, where Dy denotes the divisor of f on Xo(/N). In other words, the
value J(T,,.Dy) can be expressed as the sum of the following values:

(1) a multiple of the divisor function o;(m),
(2) the convolution of oq(m) (sum of divisors) and o;(m) (sum of exponents).

They applied this result to prove the modularity of the generating series for os(m) and to obtain
several p-adic properties of J(T,,.Dy) and exponents of a meromorphic modular form f. Based
on the argument in [9], the result was extended to several cases such as I'o(/N) with genus zero by
Ahlgren [2], Jacobi forms by Choie and Kohnen [12], and higher levels by the first author [11].

For general positive integers N, the first author studied in [11] the generalization of [9] to a
harmonic weak Maass form Jy; of weight 0 defined as a Poincaré series (instead of a weakly
holomorphic modular form of weight 0). It was proved in [I1] that the value Jy1(T,.Dy) can be
expressed as the sum of the following values:

(1) a linear combination of the divisor functions oy (nm) for n|N,

(2) the convolution of oq(m) (sum of divisors) and o;(m) (sum of exponents),

(3) the regularized Petersson inner product Ry y(m) of a meromorphic modular form and a
cusp form.

In this paper, we show that Ry y(m), the value of the regularized Petersson inner product in
identities [I1], is zero, and so we give explicit identities between values Jy 1(7},,.Dy) and sums of
exponents in the product expansion of f. As an application, we obtain an asymptotic behavior for
the convolution of oy(m) (sum of divisors) and o¢(m) (sum of exponents) as m — oo.

Recently, Bringmann, Kane, Lobrich, Ono, and Rolen [7] showed that for any fixed N the
generating series for Jy1(7,,.Dy) is basically modular. Moreover, their result implies that there is
a cusp form such that, for each m, Ry y(m), the value of regularized Petersson inner product, is
given by the mth coefficient of a fixed cusp form.

Let F; denote the usual fundamental domain for the action of SLy(Z) on H given by

Fliz{ZEH

1 1
|z| > 1, —§§Re(z)<§}u{z€]}]l

2] =1, Re(z) < 0}

and

fN = U ’}/fl.
YESL2(Z)\F'o(N)
Here we choose coset representatives for SLy(Z)\I'o(NN) such that

Re(2)] < ;}

Then, Fy is a fundamental domain for the action of I'y(N) on H. Let Cy be the set of inequivalent
cusps of I'g(N). Let k be an even integer and f be a meromorphic modular form of weight k& on

FNC{ZGH
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Lo(N). For 7 € HU{ico}UQ, let @, be the image of 7 under the canonical map from HU {ico}UQ
to Xo(IN). For 7 € HU {ico} U Q, we denote by uﬁN)(f) the order of zero of f at @, on Xy(IV).
Let us note

9(TaDy) = Y v (F)g(Tonr).

TEFN
Moreover, for a divisor D = > n,Q, of Xo(N), we can give a more explicit expression of T,,.D.
For v = (¢ %) € GLy(R) with positive determinant, we define the action of v for z € H by
_az+b
ez 4d

vz
For a positive integer m prime to N, let
T(m):={y=(8%) |a,b,d€Z, a>0, ad=m, and 0 < b < d}.

Then, we have

TwD=) n. Y Q.

YET (m)

Next, we define the Ramanujan theta-operator by

U = g T (2)
Let
R
fo(z) = 02) 5 E2(2),

where F, is the usual normalized Eisenstein series of weight 2 for SLy(Z).

Let N > 1 and I, be the usual modified Bessel functions as in [I]. For a positive integer n, we
define the Poincaré series of weight 0 and index n by

Falzs)= 3 wlolm(y2)[ "2 1,_ (2mnIm(y2)])e(~nRe(r2)),
YET0(N)oo \L'o (V)

where s € C with Re(s) > 1 and e(z) := e*™*. Let jnn(2) be the continuation of Fy,(z,s) as
s — 1 from the right. Then, the function jy, is a harmonic weak Maass form of weight 0 on
Lo(N) (see [1I, Section 2] for details). Let Jy,(2) := jnn(2) — By, Where Sy, is the constant
term of the Fourier expansion of jy, at the cusp ico.

For square-free N, let D(IV) be the number of divisors of N, and {dy,ds,...,dp)-1, N} be the
set of distinct divisors of NV such that d;, < d;, if iy < i5. Let Ay be the (D(N)—1) x (D(N)—1)
matrix whose ij-entry a;; is defined by

d(d;, d;)?
a;j = (1_7@: (d;, d;) )
d;
Let A;; be a matrix obtained from Ay by replacing the jth column of Ay with a column matrix

whose ith component is l/fj/\;)( f)— % With this notation, we state our main theorem.
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Theorem 1.1. Let k be an even integer and N > 1 be a positive integer. Suppose that
(1.1) fz) =q¢"= @ =g
n=1

is a meromorphic modular form of weight k on I'o(N). Then

=X 0 - X (00 )" = o) - ()

TEFN m=1 “eFyN

where E is a modular form in the Eisenstein space of weight 2 on T'o(N). Moreover, if N is square
free, then, for every positive integer m prime to N,

det(AfJ') k’
(1.2) In1(T.Dy) = ch )+ 24 'Z Tei(An) 12 o1 (m).
1<j<D(N)-1

Remark 1.2. The modular form & in Theorem[11] is determined by the order of zero or pole of
f at each cusp. In many cases, a modular form &, can be expressed as a sum of explicit modular
forms. For example, if N is square free, then

det(Ay;)
E(2) = Z m(@( z) — d;jEy(d;z)).
1<j<D(N)—
Let D := ) _¢n.Q. be a divisor of Yy(NN), where S is a finite set in Fy. For a positive real

number r > 1, we define a divisor D, by

D>r = Z ané-

z€S
Im(Z)>r

Here, Z is a complex number in Fy, which is equivalent to z under the action of I'((N). By
the argument of Duke [I5] and equidistribution of Hecke points ([17], [13] and [14]), Theorem [I.]
implies the following theorem.

Theorem 1.3. Let k, N, and f be given as in Theorem[L.1. Assume that N is square free. Let m

be a positive integer prime to N, and hy denote the sum of the orders of zero or pole of f at Q-
on Yo(N). Then

: 1 det(Ay,;)
el G P> det(AN)+ )= 2_de(d) = e (= (TnDy) )
1<j<D(N)-1 dlm
3hy : dxdy
= lim J ,
TBLA) T ()] 58 S 1)y

where ¢(n) are complex numbers determined by (I.1]). Here, Fn(€) is defined by Fy —Urecy Br(€),
where B, (€) is given in (3.1]).

Recently, Ali and Mani [3] proved an upper bound for exponents ¢(m) in the product expansion
of f. The sum >_,  dc(d) looks like a kind of convolution of o1(m) (a sum of divisors) and oy(m)
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(a sum of exponents of f). The above inequality means that, as m — oo, this convolution has a
similar asymptotic behavior as that of the sum of divisors of m except its main term.

The remainder of the paper is organized as follows. In Section 2], we introduce some preliminaries
for meromorphic 1-forms on Xo(N). In Section Bl we provide some basic facts on regularized
Petersson inner product, and prove that fp is orthogonal to every cusp form of weight 2 on I'g(N)
with respect to regularized Petersson inner product if f is a meromorphic modular form on I'y(V).
In Section @, we recall some results related to the distribution of Hecke points for I'o(N). In
Section [B, we prove our main theorems: Theorems [I.T] and [I.3]

2. RESIDUES OF A MEROMORPHIC 1-FORM ON Xj(N)

Let f be a meromorphic modular form of weight 2 on I'g(/V). Assume that ¢ is a cusp of I'o(V).
Let oy € SLy(Z) be a matrix such that o;(ico) = ¢, and I'g(IV); denote the stabilizer of the cusp ¢
in ['y(IV). We define a positive integer a; by

O’t_lr()(N)tO't = {:t (éé?t) . E c Z},
and we call oy the width of I'g(/V) at the cusp ¢t. The Fourier expansion of f at the cusp ¢ is given
by
(fl2oe)(2) = Z at(n)qn/ata

where |, denotes the usual weight k slash operator. If a cusp ¢ is equivalent to ico, the Fourier
coefficients a;(n) of f at the cusp t are simply denoted by a(n).

For 7 € HU {ico} UQ, let @, be the image of 7 under the canonical map from H U {ico} U Q
to Xo(N). Then, fdz can be considered as a meromorphic 1-form on Xy(N). Thus, we denote
by Resg, fdz the residue of f at @, on Xy(IV). Let Res,f be the residue of f at 7 on H. The
description of Resq, fdz is given in terms of Res; f. For 7 € H, let e, be the order of the isotropy
subgroup of I'((NN) at 7. Then, we have

L Res. f, if 7 € H,
(2.1) Resg, f dz = {e{

s07a-(0), if 7 € Cy.

Let us note that if £ is an even integer and f is a meromorphic modular form of weight k& on
[o(N), then fy is a meromorphic modular form of weight 2 on I'o(/N). The residue of fy at each
point on Xy(NV) is determined by the order of its zero or pole of f at that point. Let ord,(f) be
the order of the zero or pole of f at 7 on H. Since we have
az+b
cz+d

):Ez(z)JrE ‘

27Ti'CZ+d

(CZ + d)_2E2 (
for all (29) € SLy(Z), we obtain

(fol2ot)(2) = 5 —=7~

for a cusp t. Thus, we have

- dy — 27
(2.2) Resq, fodz {a_., (yﬁN)(f) — ﬁ) if 7€ Cn.
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3. REGULARIZED PETERSSON INNER PRODUCT

Petersson defined an inner product of two cusp forms with the same weight. The Petersson
inner product was extended by Borcherds [0] to the case in which one of the two forms is a weakly
holomorphic modular form. In this section, following [6] and [11], we define regularized Petersson
inner product of a cusp form and a meromorphic modular form with the same weight. We prove
that if f is a meromorphic modular form on ['o(/V), then the regularized Petersson inner product
of fp with any cusp form of weight 2 on I'y(V) is zero.

Let k be an even integer and f be a meromorphic modular form of weight k on T'o(N). Let
Sing(f) be the set of singular points of f on Fy. For a positive real number ¢, an e-disk B (¢) at
7 is defined by

[ A{zeH : |z—T1| <€}, if 7 € H,
(3.1) Br(e) = { e Fy : Im(me) 2 1/e). it e {in]} U

Let Fy(f,¢e) be a punctured fundamental domain for I'y(N) defined by
F(f.e)=Fv— |J B:(e.

T€Sing(f)UCn

Let g be a cusp form of weight k on I'g(IV). The regularized Petersson inner product (f, ¢)ye, of
f and g is defined by

(g i=ling [ I

OJFn(te)

Then, we have the following proposition.

Proposition 3.1. Let k be an even integer, and f be a meromorphic modular form of weight k on
Lo(N). Then, for every cusp form g of weight 2 on T'g(N),

(f(%g)reg =0.
Proof. Let A(z) :=q[[>2,(1 — ¢")** be the unique normalized cusp form of weight 12 on SLy(Z).
Let
_f)k
F(z):= A
Then, we have
—— . O, FRF(2)——, _ 0, F(2)——, _.
d((1 F(2))? dz) = —————- dzdz = —21)dzdy.
((log, |[F'(2)[")g(2)dz) G g(2)dzdz ) 9(2)(=2i)dzdy

Let us note that A has no zeros and no poles on H. Therefore, according to [9, Theorem 1], we
have

0(A)
N

The function 0,F(z)/F(z) is given as

0.F(:) 0f()  0.A(:)  0.f
RO BT

S) — k(2mi) Es(2) = (2470) fo(2).
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Thus, we have
(32) d((log, |F(2)[*)g(2)dz) = (487) fo(2)g()dxdy.

In order to apply the Stokes theorem, we describe the boundary of Fx. For a positive real
number ¢, we define

[ {zeH : |z—71|=¢} if 7 € H,
- (€) '_{ {z e Fn : Im(arz)gz 1/e} if 7 € {ico} UQ.

Assume that e is sufficiently small. If 0*Fy(f, <) denotes the closure of the set Fn(f,e) — OFn
in C, then

(3.3) OFx(fe)= |J o),

T€Sing(f)UCn

where 0D denotes the boundary of D for a subset D of C. From (3.2)) and (B.3]), the Stokes

theorem implies

- 1 )
/-FN(fQ,E) fole)gtz)dwdy = /8*}'N(f9 e) 487T(10ge (2 )| )g (Z)dz

= Y [t FERGE

T€Sing(fo)UCN

For each v € SLy(Z), the absolute value |(g|2v)(z)| exponentially decays as Im(z) — oo, since g
is a cusp form. Thus, if 7 € Cy, then lim._,o f © 487r(10ge |F(2)]?)g(2)dz = 0.

To complete the proof, we assume that 7 € Sing(fy). Then

| e IFGPIGIE

< /  Taslos FEP sl

< max{|(log, |[F'(2)]*)| : z € ”yT(a)}le |dZ| (some constant M)

¥ (€)
< max{|(log, |F(2)2)| : = € ()} My (2m2).

The function F'(z) can be expressed around 7 as
F(z) = (= =) DR ()

where Fy(z) is a nowhere vanishing holomorphic function around 7. If ¢ is sufficiently small, then,
for any z € ~.(¢) we have

V)
|(log, | F(2)*)] < |(log, |(z = 20) 7 )| + | (log, | Fo(2) )]
<|(log, |(z — z0)|24”£N)(f))\ + M, (some fixed constant M)
= [24v(f) log, €| + M.
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Thus, for sufficiently small ¢, we have

| s tes IFGPIGIE

This implies that, for 7 € Sing(fs),

< (1240 (f)log, €| + My) M, (2me).

lim ()48 —(log, |F(2)P)g(z)dz = 0.

Thus, we complete the proof. O

4. EQUIDISTRIBUTION OF HECKE POINTS

Let {u;};50 be an orthonormal basis of the residual and cuspidal spaces of L*(To(N)\H), i.e
up is a constant with the eigenvalue A\ = 0 and wu; is a Maass form for I'y(N) with eigenvalue
A;j = sj(1 —s;) for j > 1. Further, assume that \; are ordered so that 0 < A; < Ay < ---. For
each cusp t € QU {0}, let Ey(z, s) be the Eisenstein series at t for Re(s) > 1, which is given by

Ei(z,s) = Z (Im(o; 'y2))5.
€L (N)e\L'o(NV)
Here, I'y(N); C I'og(V) is the stability group of ¢. For the properties of Ei(z,s), see [19} §15].
According to [19, Theorem 15.5], any f € L*(To(N)\H) has the spectral decomposition

F(2) = (fu)uy(z +Z /fEt*1/2+zr))Et( 1/2 +ir) dr
>0 teCN

(valid in L?-sense) and converges absolutely and uniformly on compact sets if f and A f are smooth
and bounded.

We now follow the proof of [I7, Theorem 3.1]. Let

fo = (f,uo) = the projection of f onto the constant subspace,

fu(z) = Z(f,uﬂuj(z%

Z / fo B+, 1/2 4 ir)) Ey(z,1/2 +r) dr
teCn

Note that

(4.1) fe={fu) = i f(z) du(z),

SLQ(Z?; o] dj‘jy is the normalized Haar measure; so, [ £y du(z) =1

where du(z) :=

Let Aj(n) be the nth Fourier coefficient of w;. By the Ramanujan conjecture, there exists § > 0
such that [\;(n)| < en?*<, for any € > 0. So, we get
1 !
4.2 —|| T, < en2t0te .
(4.2) () [T0fullz < en [ farll2

Note that the value of 6 has been lowered to &; by Kim and Sarnak [20, Appendix 2].
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In [22] §6, §7 and §8], an explicit change-of-basis formula between the Eisenstein series at-
tached to cusps and newform Eisenstein series attached to pairs of primitive Dirichlet characters is
described. The Eisenstein series attached to a Dirichlet character is an eigenfunction of Hecke op-
erators 1), for ged(n, N) = 1, and the absolute values of the corresponding eigenvalues are bounded

above by ao(n)n_%. So, we get
1
o1(n)

If we combine (1), (42), and (£3)), then we obtain the following theorem. For more general
result, see [13].

l €
(4.3) 1T fellz < en™27¢|| fu]|2.

Theorem 4.1. Let f € L?(To(N)\H). For a positive integer n prime to N, we have

L [ 1 dute)

< cn 20| £l
01(”)

2

for any e > 0. The constant c. depends on e.

The pointwise convergence can be derived from [I4, Proposition 8.2]. Note that elliptic differen-
tial operators are differential operators that generalize the Laplace-Beltrami operator A. For an
integer m > 2, assume that f, A™f € L*(To(N)\H). Then, by [14, Proposition 8.2], for a compact
subset w C Fy, there exist constants C(w) and Cy(w) such that, for any 2o € w

Tf(20) - i f(2) dp(z)

g e due)
o1(n) Fn

So, we have the following corollary.

Corollary 4.2. Assume that f, A?f € L*(To(N)\H). Take a compact w C To(N)\H and a positive
number €. Then, there ezists a constant C, . depending on w and €, such that, for a positive integer
n prime to N, for any zy € w,

L rte) - [ £ du(z)
Fn

b
01 (n)

< Ci(w) + Co(w)

2

L ramp - / (A™ £)(2) du(2)

01 (n) FN 2

<Cwen_%+0+5max .| A2 )
e <c. {17l 182 £11)

5. PROOFS

Let MFP#(To(N)) be the space of modular forms orthogonal to all the cusp forms of weight &
on I'o(N), which is called the Eisenstein space of weight & on I'o(N). In the following lemma,
we prove that if N is square-free, then, for a positive integer n prime to NN, the nth coefficient of
a modular form in MF*(Iy(N)) is a multiple of o;(n). Recall the notations D(N), d;, and Ay
from Section [Il Now, we prove the following lemma related to properties for modular forms in an
Eisenstein space.

Lemma 5.1. Suppose that E5(z) := > 2, b(n)q"™ is a modular form in MZ**(DLo(N)), and that N
is square free. Then, the following statements are true.
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(1) There exists a constant ¢ such that for every positive integer n prime to N,
b(n) = coqy(n).
(2) Assume that the constant term of Ey(z) at cusp 1/d; is cq,. Let A; be the matriz obtained

from A by replacing the jth column of A with a column matrix whose ith component is cg, .

Then
= X i) - B,

1<j<D(N)-1

Proof. (1) We claim that there is a basis of M£*(I'y(N)) consisting of modular forms FEy(z) —
dFE5(dz), where d # 1 are the divisors of N. Assume that the claim is true. Then, &(z) can be
expressed as a linear combination of Ey(z) — d;E2(d;2) having the form

E(2)= Y. aj(Ea2) — d;Ex(d;2)).
1<j<D(N)-1

Recall that Fs5 has the Fourier expansion of the form
(5.1) By(z) =1-24) oi(n)q".
n=1
Then, the nth coefficient of &(z) is given by
—24 Y aj(o(n) — djor(n/d;))

1<j<D(N)-1

for n > 0, and a; does not depend on n. Here, o1(n/d) = 0 if n is not divisible by d. Thus, we
have the proof of the lemma.

Now, we prove the claim. Suppose that
> ai(Ba(z) — d;By(d;z2)) =0,
1<j<D(N)-1

where a; are complex numbers. We assume that complex numbers a; are not all zero. Then, we

have
Z CLjEQ(Z) = Z CLjdng(de).
1<j<D(N)—1 1<j<D(N)—1

Comparing the nth coefficients of the forms on both sides for n prime to N, we have

Z CLjEQ(Z) = Z ajdng(djz) = 0.

1<j<D(N)—1 1<j<D(N)—1
Take the smallest positive integer d; | N such that a;, # 0. Then, we have
—ajodiy Ba(djoz) = > ajd;Ea(d;z) — ajodj Ea(d;y2).
1<j<D(N)-1

Comparing the dj,th coefficients of the forms on both sides, we have a;, = 0. This is a contradiction.
Therefore, the modular forms Es(2) — dEs(dz), d|N and d # 1, are linearly independent.

Let us note '
dime MF*(Ty(N)) = D(N) — 1.
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since N is square free. Thus,
{(Ey(z) —dEy(dz) : d| N and d # 1}
is a basis of M£*(I'y(NN)). This completes the proof of the claim.
(2) From the proof of (1), we may assume that
&)= Y, a(B(z) = d;By(d;2)).
1<j<D(N)-1

Let us note that Fy(2) — =2~ is a non-holomorphic modular form of weight 2 on SLy(Z). By

wIm(z)

direct computation, there are v € SLy(Z) and p; € Z such that
dj 0 1 0 o 1 Hj ng(dj,dl) 0
0 1 d 1) =7\ 0 d;/ged(d;,d;) 0 1

 ged(d;, di)zEz <g0d(dj> dz’)2z LM ged(d;, d,-)) .
d; d; d;
This implies that a; are the solution of the system

ged(d;, d;)?
Cq; = Z (1 — TJ] a;
)—1

1<j<D(N

Thus,

(Ea(2) — djEy(d;2))]2 (4, 1) = Ea(2)

for 1 <7 < D(N) — 1. Thus, the Cramer’s rule completes the proof. O
Now, we prove Theorem [I.1]

Proof. Note that
{By(2) — dBy(dz) | d| N, d £ 1)
forms a basis of M#(Ty(N)) by the proof of Lemma 5.1l Therefore, we can take a modular form

&y € MF#(T4(N)) such that the constant term of & at each cusp except cusps equivalent to ico
is the same as that of fy. Suppose that & has the Fourier expansion of the form

Ex(z) = b(n)g".

Note that, by (2.1) and (2.2]), we have

?Resrfe = v™(f)

T

for 7 € Fy. Thus, from [I1, Lemma 3.1], we obtain
(5.2) (fo = €2, &0(inm))reg = Brm(ag(0) = b(0)) + ag(m) — b(m) + > V™ (f)jnm(7),
TEFN

where ag(m) is the mth Fourier coefficient of fy and & is a differential operator defined by

0

G(f)(=) = 2] (2).
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By the same argument in the proof of [I1, Lemma 3.1], we have

(5-3) (fo = E2,&0(Inm))reg = ao(m) = b(m) + Y~ v (f)Inm(7):

TEFN

Note that & (jnm) = &o(JInm) since Jnm(2) = jnm(2) — Bnm. Therefore, from (5.2)) and (5.3)),
we have

(5.4)  ag(0) — b(0) = @im (Z V() Tnan(7) = Y VN (f)inan(T )) == V().

TEFN TEFN TEFN

Proposition [B.1] implies that
(f9 - 527 gO(.jN,m))reg =0.

Therefore, from (5.3), we have
(5.5) ag(m) — b(m) = — Z V'SN)(f>JN,m(T)

TEFN

for every positive integer m. Thus, from (5.4) and (B.3]), we obtain

(5.6) folz) = Ea(2) = = > v = ( > v£N><f>JN,m<T>)qm.

TEFN m=1 “Me&Fyn

By (1)) and the Fourier expansion of Es given in (5.1]), fy has the Fourier expansion of the form
(5.7) fo(2) = hoo + > Y de(d)g" — +2k:Zal

Let us note that the constant term of fy at cusp t is l/t(N)( f) — k/12. Suppose that m is prime to
N. Then, Lemma [5.1] implies that

det(AfJ»)

det(Ay) | 1M

(5.8) b(m) = —24 >

1<j<D(N)-1

Here, Ay ; is a matrix obtained from Ay by replacing the jth column of Ay with a column matrix
o)
(f)
Vidg k

whose ith component is — 15- Let us note that if gcd(m, N) = 1, then Jym = Jna|Tn.

Therefore, by (5.5), (5.1), and (68), we have

_JN,l(Tm-Df) = _JN,m(Df) = - E V—SN)(f)JN,m(T) = a’@(m) - b(m)
TEFN
- T det(As;) =k
= - dC(d) + 24 i m + E 01 (m)
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To prove Theorem [[.3], we follow the argument of the proof of [I5, Proposition 3]. We fix ¢ > 0.
Let 1. : Ryg — R be a C*° function with 0 < 9.(y) < 1 for all y € R.g and

0, ify<1,
wﬁ(y)_{l, ify>1+e
For a positive integer n, consider the Poincaré series defined by
(5.9) Poc(z):= Y wIm(yz))e(—n(y2)).
YET0(N)oo \L'o (V)

From this, we obtain the following proposition.

Proposition 5.2. Let 6 be given as in Section [f] Fizn € Zsy, € > 0, and 2y € H. For any
positive integer m prime to N and any € > 0, we have

1 azyp+b azyp+b ) /
o1(m) Z I ( d ) Z P ( d ) My Fale )JN’n(Z) au(z)

ad=m,
b (mod d) b (mod d)

< Cuperm™ 2 max{|| Fycllo, | A F 2}
where F, . == Iy, — Po. and C, o is the constant given as in Corollary[4.2.
Proof. For a positive integer n, let P, . be the Poincaré series as in (5.9). From [1I, Theorem 2.1],

it follows that F, . € L*(To(N)\H) for a fixed n > 1.

Recall that for ¢ € L*(To(N)\H) and m > 1 with ged(m, N) = 1, the normalized Hecke operator
T,, can be represented by

Tnd(z) = Y ¢(12).

YET(m)
By Corollary 2] we find that for any ¢ > 0 and m
1 B 2
(5.10) m(Tan,E)(zo) - . Fn,E(z) du(z)| < Crem™ 2 maX{||Fn,e||2> A Fn,e||2}'
N

For zy € H, we have

(5.11) al(lm)TmF"’f(ZO):al(lm) > Jvm (az0d+b)_ S P (a20d+b)

ad=m, ad=m,
b (mod d) b (mod d)
Note that
: dl’ dy —2minz d!lﬁ'dy > ™n dy ! TINT
lim Pre(z) — :/ Ve(y)e? — :/ Ve (y)e*™ —2/ Xy = ()
"=0 J Fn(e) Yy To(N)oo\H Yy 0 Yy 0

for every positive integer n. So, we get

(5.12) /f Fo(2) dp(z) = lim Inn(z) dp(z).

e'’—0 ]:N(E//)
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If we combine (5.10), (5.11)), and (5.12]), then we get the desired result. O

We define
Q1e(2) = Ye(Im(2))e(—2)

for € > 0. Then, we obtain the following proposition.

Proposition 5.3. For any m with gcd(m, N) =1, we obtain

(5.13)

Ty.Dy)— Ty.Dr)) — hy li
o1 (m) (In1(Ton-Dy) — Que(Tin-Dy)) hfg,}iﬂo S Ina(2)dp(z)

< HC(f, &Ym= max{||Fy |2, || A2F, 2},

where hy denotes the sum of the orders of zero or pole of f at Q. on Yo(N).

Proof. Let € > 0 be fixed. Note that
at +0b
IN1(T-Dy) = Z VﬁN)(f) Z Ina ( P )

TEFN ad=m
b (mod d)

and

P (T,.Dy) = ZVgN)(f) Z Py, (CWTM)

TeFN ad=m,
b (mod d)

Therefore, by Proposition (.2 for any m with ged(m, N) = 1, we have

(5.14)

(JNJ(Tm.Df) — Pl,e(Tm-Df>> — hf lim JNJ(z)d,u(z)

01 (m) e’—=0 Fn (€

< H;O(f, ¢ ym™ 24 max{|| Fy.c[|a, | A2F1 2},

for any ¢ > 0, where Hy := 37 -~ ()| and C(f,¢) := max{Cro | T € Fu, XV (f) # 0},
Recall that Z is a unique complex number in Fx which is equivalent to z under the action of
Lo(N). If Im(2) > 1, then for any v € I'o(V), Im(y2) < 1 unless v € I'g(N)oo.

Suppose that Im(Z) < 1 and that there exists 7 € I'g(N) such that Im(~vZ) > 1. Then, there
exists ¢ € Z such that —1 < Re(yZ) + ¢ < 1, and so

vE+ L= ((1) 5)726}"]\/.

Since ({§)v € To(N), we have vZ + ¢ = 2, so Im(y2) = Im(Z) < 1, which is a contradiction.
Therefore, if Im(2) < 1, then for any v € I'o(N), we get Im(yZ2) < 1.
Thus, we have
P(z)=P(5)= Y ¢dlmE)e(—13) = Qi(2).
€0 (N) oo \T'o (V)

Therefore, from (5.14]), we obtain the desired result. O
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From Proposition and Proposition (.3, we obtain the following theorem. This gives the
distribution of values of Jy; on Hecke orbits.

Theorem 5.4. We have

3hy lim Tna(2) drdy

lin, —— (Jya(T-Dy) = (TnDy) ) = 7[SLa(Z) : To(N)] 0 J 5y (e vt

m—o0 0’1 (m)

Proof. Let € > 0 be fixed. For any positive integer m which is prime to N, we have

Ul(lm) (Jni(Twm-Dy) — e ((Tr-Dy) o)) — hy 5132“0 o In1(2)du(z)
(5.15) < ﬁ (s Dp) = Quel T Dp) =y Yim, [ a2
+ sl (T3Dg) = e (TD5) ) |
Note that

(5:16)  [Q1,e(Ton-Dy) = e(=(Tn-Dy))>1]

< > MY {Wf“m(ﬁ—lHe(—w if 1 < Im(77) < 1+,

0 otherwise.
TEFN ~eT(m) ’

vV ()0

Now, we follow the proof of [I5 Proposition 3]. Fix 0 < € <
Eisenstein series

i and consider the incomplete
ge(z) == Z ¢c(Imyz),
YET0(N)oo\T'o (V)
where ¢, : Ryg — R is a smooth function supported in (1 — €, 1 4 2¢) with 0 < ¢.(y) < 1 for all

y € Rog and ¢.(y) = 1 for 1 <y < 1+e€. By Corollary [4.2] we see that for any ¢ > 0, zo € H, and
m with ged(m, N) =1,

(5.17) %nge(%) - /FN 9e(2)dp(2)| < Copom™ 2 max{|gel5, [|A%]|>}
Then, there exists a constant D(f,€') such that
1 2 (1+¢)
B18) 5 0uTDs) — =T D) < T 30 VD] T
vV ()#0

< Cye?mH </ 9:(2) du(z) + D(f,€)m™ 2+ max{]|g.], IIAQQEllz}) :
Fn

where Cy 1= # {7‘ € Fn VﬁN)(f)’

WO (f) # o} x max{

TGFN}.
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Therefore, from Proposition 5.3 and (5.15]), we have
(5.19)
1

o1(m)

(JNJ(Tm.Df) — € ((Tme) >1>> — hf lim JN71(Z)CZ,U(Z)

e’’—0 ]:N (EH)

< <ch(f> ¢) max{||F1llz, [ A°Frll2} + Cre?™ I D(f, €') max{]|gell2, IIAQggllz}) m” e

+ Ce?m (119 / ge(2) du(z).

FN
For a fixed €, taking m — oo, we get

(5.20)  lim . (Jna(Ton-Dy) — e ((Tin-Dy) +4))

= hy lim Ina(z)dp(z) + Cf€27r(l+5)/ ge(2) du(2).
e'’—0 ]:N (E//) ]:N
Note that (5.I9) holds for any fixed 0 < ¢ < ;. Since
3 o dy
A 2)du(z) = . — =0,
L w6 = v [, o0
as € = 0, we get
lim (Jna(Tn-Dy) — e ((T-Dy) o)) = hy lim In1(2)dp(z).

m—r00 01 (m) e’ —0 FN (E”)

Finally, Theorem [[.3 comes from Theorem [5.4] and (L.2).
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