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Abstract

Let 2 be an open convex set in R™ with finite width, and with boundary 9. Let vq be the
torsion function for Q, i.e. the solution of —Awv = 1,v|sq = 0. An upper bound is obtained for the
product of |[va||Lee @) A(S2), where A(Q2) is the bottom of the spectrum of the Dirichlet Laplacian
acting in L?(Q). The upper bound is sharp in the limit of a thinning sequence of convex sets. For

planar rhombi and isosceles triangles with area 1, it is shown that ||vallL1)A(22) > g—i, and that
this bound is sharp.

AMS 2000 subject classifications. 49J45, 49R05, 35P15, 47A75, 35J25.
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1 Introduction

Let © be an open set in Euclidean space R™, and with boundary 9Q2. We denote the bottom of the
spectrum of the Dirichlet Laplacian acting in L?(Q2) by

[ 1pep
ANQ) =  inf e
peHL()\{0} / 5

e

It was shown in [3] and [1] that if
A(Q) > 0,

then the torsion function, i.e. the unique weak solution of vg :  — RT,
—Av = 1, U|BQ =0,

satisfies
1< MQM(Q) < e, (1.1)



where
M(Q) = [[vallL(o)-
In [14] it was shown that

em < =(m+ (5(4 +1og2))/2m'/? 1 8)

| =

The sharp constant in the right-hand side of (1.1) is not known. However, for an open ball B C R?,
an open square S, and an equilateral triangle F,

A(B)M(B) < A(S)M(S) < NE)M(E). (1.2)

The fact that AM(B)M(B) < AME)M(FE) was shown in [6]. The full inequality (1.2) follows from
numerical evaluation of the series for the square, pp. 275-277 in [13].

In [2] it was shown that the left-hand side of (1.1) is sharp: for e > 0,m > 2, there exists an open
bounded and connected set Q. C R™ such that

MNQOM(Q) < 1+

For open, bounded convex sets in R™ it was shown in (3.12) of [8] that

71.2

NQ)M@©) 2 (1.3)
with equality in the limit of an infinite slab (the open set with finite width bounded by two parallel
(m — 1)-dimensional planes). The latter assertion has been made precise in [6] where it was shown
that if

S, = (—n,n)™ 1 x (0,1), n > 1, (1.4)

then

2 m—1

RO

A(Sn)M(Sy) < (1.5)

For bounded planar convex sets with width w(Q) and diameter diam(2), it was shown in [2] that
2 w() 2/3
AMOM(Q) < — (14337 [ — . 1.6
(M) < 8 ( * diam(2) (16)

Theorem 1.1 substantially improves upon (1.5) and (1.6). The former inequality holds only for a
class of rectangular parallelepipeds, while the latter only holds for bounded planar convex sets.

It was shown in Theorem 1.5 in [4] that for an open, bounded, convex set  with finite width w(f2),
and boundary 92 there exist two points zg € 9Q and z; € 9Q such that |z9 — 21| = w(Q2), and such
that the two hyper-planes tangent to 92 through 2y and z; are parallel. Denote these two hyper-planes
by Hy and H; respectively. Denote the inradius of §2 and the centre of an inball by r(2) and ¢(),
respectively:

r(2) = sup dist(z, 9Q) = dist(c(2), 092).
€N
We introduce Cartesian coordinates (2’;x,,) € R™ such that 2'(¢(Q)) = 0,z,,(Hy) = 0,2, (Hy) =
w(Q). Let H, = {zx € R™ : z,,, = pw(Q)}, 0 < p < 1, and let

Qe=QNH,, ()

be the intersection of Q and the hyper-plane through the centre of the inball and parallel to Hy. We
denote the inradius of this (m — 1)-dimensional set by p(£2). If the points zp, 21, ¢(€2) are not unique
then we choose them such that p(§2) is maximal. The measure of € is denoted by [Q)].



Theorem 1.1 If ) is an open, bounded, convex set in R™ m > 2, then

AQM(Q) < 7;2(1 + dp, (?8;)2/3), (1.7)

where
A = T(m 4+ 1D)*P77252, ) 10, (1.8)

and where j, is the first positive zero of the Bessel function J,.

We note that the role of diam(f2) in (1.6) has, in Theorem 1.1, been replaced by the inradius of
Q.. It is easily seen that these two quantities are comparable in the planar case. However, in the
higher-dimensional case one requires that, in order to have the upper bound close to %2, all length
scales of the projection are large compared with the width. This is certainly satisfied if p(Q) is large
compared with w(€2).

The remaining results of this paper are for the Pdlya functional for isosceles triangles and rhombi.
Recall that the torsional rigidity (or torsion) T'(€2) of an open set € is defined by

T(Q) = llvallLi@) = / Q- (1.9)
Q
In Pélya and Szegé [9], it was shown that for sets 2 with finite measure |Q,

T(2)A(Q)
—a < 1. (1.10)

The left-hand side of (1.10) is the Pélya functional for €. It was subsequently shown in [4] that
the constant 1 in the right-hand side above is sharp: for ¢ > 0, there exists an open, bounded, and
connected set Q. C R™ such that T(Q)AQ)[Q| 71 > 1 —e.

The left-hand side of (1.10) is invariant under the homothety transformation ¢ — ¢€2. This implies
for example that in Theorems 1.2-77 below we do not have to specify the actual lengths of the edges
of the rhombi and triangles. In the proofs of these theorems we fix the various lengths as a matter of
convenience.

It was shown in Theorem 1.5 of [4] that for a thinning (collapsing) sequence (£2,,) of bounded convex
sets GRNGE 9

T(Q2,) A2y,
limsup —————~ < —. 1.11
This supports the conjecture that for bounded, convex sets the sharp constant in the right-hand side
of (1.10) is 7%/12.

It was shown in Theorem 1.4 in [4] that for bounded convex sets in R™,m > 3,

3

[\V]

T(Q)A(Q) 2
> 1.12
| ~ 4dmmt2(m + 2)’ (1.12)
and that for planar, bounded, convex sets,
2
TEND) = (1.13)

it 8

In Theorems 1.2 and 1.3 we show that for isosceles triangles and rhombi the constant in the right-
hand side of (1.13) can be improved to 72/24, and that this constant is sharp.

Theorem 1.2 If Ag is an isosceles triangle with angles 3,3, m — 2[3, then

SPRAGYIRGY)

T 2 2/3
21 < T gﬂ(1+8(tanﬁ) ). (1.14)

w



Theorem 1.3 If Og is a rhombus with angles 5, ™ — 3,5, m — 3, then

m _ T(0p)A(0p) _ m 2/3
— < T < (] t 2 . 1.1
This paper is organised as follows. In Section 2 we prove Theorem 1.1. The proofs of the upper
bounds in Theorems 1.2 and 1.3 are deferred to Section 3. The proof of the lower bound in Theorem
1.3 is deferred to Section 4. The proof of lower bound in Theorem 1.2 consists of two parts. In Section
5 part 1 we show that the lower bound in (1.14) holds for all 3 € (0,7/3] U [Bo, 7/2), where
T 33
Fo=3 = 200
In Section 5 part 2 we use interval arithmetic to verify that the lower bound in (1.14) also holds for

B € (71'/3,60).

(1.16)

2 Proof of Theorem 1.1

Proof of Theorem 1.1. We first observe that by domain monotonicity of the torsion function, vq is
bounded by the torsion function for the (connected) set bounded by Hy and H;. Hence

w()?
8

vo(z) < %xm(w(Q) —Tm) < , (@ x) € Q.

It suffices to obtain an upper bound for A(Q2). By convexity we have that the convex hull of zg, 21, Q.
is contained in Q. This convex hull in turn contains a cylinder with height z € [0,w(Q)], and base

(1 — w(zﬂ))ﬂc Denote the first (m — 1)-dimensional Dirichlet eigenvalue of €2, by A.. Then, by

separation of variables, we have

AQ) < 7; + (1 - w(zg)>2)\c. (2.1)

The right-hand side of (2.1) is minimised for
[ AP Y3
2z w(Q) m2w(Q) ’
This gives that

M) < T ((@)(mm 22)

w()? w2 2 72

The inball intersects €2 in a (m — 1)-dimensional disc with radius (€2) which is, by a generalisation
of Blaschke’s theorem (see p.215 in [15], and p.79 in [7]), bounded from below by w(£2)/(m+1). Hence

Ae < (m+ 1)2j(2m73)/2w<9)_2' (2.3)
By (2.2) and (2.3) we obtain

2 Aw(Q)? 1/3 (m+1)2j(2m—3)/2 1/3 (m+1)2j(2m—3)/2 2/
AQ) < 1
@< gap e () (o) () )

e s

where we have used that (m + 1)2j(2m_3)/2 > 72, The latter inequality follows for m = 2,3,4 by

~—

inspection since j_1/o = ji/2 = T, jo = 2.4048... For m > 5 we have by [10] that ji,—3)/2 >
(m —3)/2 > 1. Since the (m — 1)-dimensional set . contains a disc of radius p(Q2) we have

)\c < j(2m_3)/2,0(Q)727 (25)
and (1.7), (1.8) follows by (2.4) and (2.5). O



3 Proofs of the upper bounds in Theorems 1.2 and 1.3

Proof of the upper bound in Theorem 1.2. Let Ag be an isosceles triangle with a base of length 2 and
height of length d, and angles 3, 8, and ™ — 2 respectively. First consider the case tan 3 > %. Then
the right-hand side of (1.14) is greater or equal than 1, and the inequality holds trivially by (1.10).
Next consider the case 0 < tan § < %. Then d < %. We denote the infinite sector with opening angle
B in polar coordinates (7, ¢) by

Qs ={(r,¢) :7>0,-4/2< ¢ <B/2}.
It is straightforward to verify that the torsion function for 25 is given by

r? [ cos(29)
4( cos 3

USZB(T3¢): 1>3T>0,B/2<¢<ﬂ/2

Let
R=(1+d)"*

We can cover Ag with two sectors of opening angles 5 and radii R each. By monotonicity and positivity
of the torsion function we have

T(Ap) :/A VA,
B
R 8/2
< 2/ drr/ dova,(r, ¢)
0 —8/2

— %(1+d2)2(tanﬁ—ﬂ)
1

=3 (1+ d2)2(d — arctan d)
3

< 24(1 +d*)?, (3.1)

where we have used that d — arctand < d3/3. By adapting formula (31) in the proof of Theorem 2 in
[2] to the geometry of Ag we find that

AAg) < 7; (1 + 7(d>2/3). (3.2)

By (3.1), (3.2), and |Ag| = d, we obtain

T(ApMAs) _ 7 oy2 AN
P T < (1+d 1+7( =
o, S {1475
2
= % (1 + (2dY3 4+ a3 472723 (1 4 2d% + d4))d2/3>
2
7r
< —(1+84%3
< 5 (1+8d°7)
2
= 5 (1+8(tan §)*), (3.3)
where we have used that 2d%/3 + d'/3 +7.27%/3(1 4+ 2d? + d*) < 8 for d < L. O
Proof of the upper bound in Theorem 1.3. Let g be a rhombus with angles 3,7 — B,ﬁ, — B, and
diagonals of length 2 and d respectively. First consider the case d > i. Then tan(5/2) > , and the

right-hand side of (1.15) is greater or equal than 1. The inequality holds trivially by (1. 10) Next



consider the case d < ;. This rhombus is covered by two sectors of opening angle 8 = 2arctan(d/2),
and radius R = (1 (d/ )2)1/2. By the calculations in the proof of Theorem 1.2 we find that

T(Op) < éR‘l(tanﬂ - 0B)
() (g o)
s(+5) (g o)
() g
<5i(+5) (%)

where we have used that (1 —d?/16)(1 —d?/4)~! <1+4d?/21,0 < d < 1. By adapting formula (31)
in the proof of Theorem 2 in [2] to the geometry of Qg we find that

A(Op) < Zz (1 n 7<d>2/3>.

This, together with [O5| = d gives that,

e £, £) (10 4)(2)”)

2 BN (AP s (29dY3 530193 68NN /a\ PP
= — _ /3 _
24<1+<7(1+4> (1 21>+2 < 42 + 336 + 84 ))(2) )
w2 d\??
< Z
<u( () )
72
=51 (1 +8(tan(8/2)) ) (3.4)
where we have bounded the term in front of the (d/2)?/3 in the second line of the right-hand side of
(3.4) using d < 1. O

4 Proof of the lower bound in Theorem 1.3

Let Op be a rhombus such that major and minor diagonals have lengths 2 and d, respectively (see
Figure 1). We want to estimate the torsion and to this aim we use a test function

d22

Txiyza OSISl,
viwy) =9y )

d“(2 —

%_ya 1<z<2.

In view of the variational definition of the torsion (see for example Chapter V in [9]) we have, by
a straightforward calculation,

[ 1oop
1 Jo 2441842

T(0p) — (/ v>2 o d3
Op
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Figure 1: The rhombus of diagonals 2 and d. To estimate the torsion we construct a test function v
which is symmetric with respect to the minor diagonal.

Figure 2: The rectangle shaded in grey is obtained by Steiner symmetrization. The Dirichlet Laplacian
eigenvalue of the rectangle provides an estimate from below for the one on the rhombus.

On the other hand we can estimate from below the first Dirichlet Laplacian eigenvalue of any
rhombus by means of the Dirichlet Laplacian eigenvalue of a rectangle obtained by Steiner symmetrising
the rhombus along a direction parallel to one of the sides (see Figure 2). This is the very same idea
that was used by Pélya to deduce that, for any given quadrilateral, there exists a rectangle of same
area having a smaller first Dirichlet Laplacian eigenvalue (see for instance [5, Theorem 3.3.3]).

We denote by b and h the base and the thight of the rectangle, respectively. Since the base b coincides
with the side of the thombus, v =1+ <, and h = ﬁ

We have,

1 1 16 + 24d> + d*
s L)y Ta
A0g) 27 (b2+h2) ™ 216 + 42

Observing that the area of the rhombus is equal to d, we have

MOp)T(0p) _ 7 16+24d* +d* _ w*
|05l T 24 (14 342)(16 + 4d?) ~— 24’

0<d<2. (4.1)

5 Proof of the lower bound in Theorem 1.2

5.1 Proof for the case 5 € (0,7/3] U [y, 7/2)

Let Ag be an isosceles triangle with angles 3, 3, = m — 2. We first consider the case g <a<m.
We denote the height by h, and we fix the length of the basis equal to 2. See Figure 3.



Y

1 2

Figure 3: Isosceles triangle of basis 2, vertex angle « and height h. A test function to estimate the
torsion is constructed on the shaded part and symmetrically reflected along the height.

D

D
Figure 4: In the Figure the letter D and N corresponds to Dirichlet boundary conditions and Neumann

boundary conditions respectively. On such a rectangle a test function is provided by reflecting (anti-
symmetrically) the eigenfunction of the triangle, from the light grey part to the dark grey part.

We use the function

u(z,y) =
4
as a test function for the torsion of Ag. We find that
2
2 < 48(1 + h?)

Tog) = B . (5.1)
Hence (2) .
T(Ag 1 1
] > 21 (1 + 112) . (5.2)

We wish to estimate A(Ag) from below. To this aim we consider the first Dirichlet eigenfunction
of Ag restricted to « € [0,1] and we reflect it, anti-symmetrically, with respect to the line y = ha (see
Figure 4). This new function is a test function defined on the rectangle of sides 1, h (shaded in grey in
Figure 4) orthogonal to the first eigenfunction of the Laplacian with the mixed boundary conditions
described in Figure 4.

Forggagwweﬁndthathgx/g,and

A(Ap) > min {H (1 + h12) 4];2} =72 (1 + h12> . (5.3)

Combining (5.2) and (5.3) we obtain

T(Ap)A(Ag) 7

>T 0<p<
|Agl Zop=hs

ol

oo



Next we consider the case 0 < a < g or /3 < 8 < m/2. We have
|Agl =1/ tan(a/2). (5.4)

Let
S(p,a) ={(r,9):0<r<p, —a/2<¢<aj2}

be the circular sector with radius p and opening angle «. Siudeja’s Theorem 1.3 in [11] asserts that
for 0 < B < 7/3, M(Arj2—as2) > AM(S(p, @), where dp is such that [Ag| = |S(p, «)|. Tt follows that

p* =2/(atan(a/2)). (5.5)

Hence
AAg) > 271atan(o¢/2)j727/a.

where we have used that the first Dirichlet eigenvalue of a circular sector of opening angle 5 and radius
p equals jfr/ﬁp_? See [9]. Moreover by (1.2) and (4.3) for k =1 and v = 7/« in [10] we have

2 2/3
9 T a; (m\1/3 97
_ 2 (= —a > [ 2=

]ﬂ/a > (O[ 21/3 (O[) ) ay = R P

where a; is the first negative zero of the Airy function. It follows that

Y 7_(_2 o 2/3\ 2 71_2 2/3
Irja = 042<1+C<71—) > > ﬁ(lJrCla )a (5.6)
where
C = (97/8)2/3271/3 ¢y = (9/4)%/3. (5.7)

The torsion function for S(p,a), a < 7/2, is given by (p.279 in [13]),

2 2
tstpen 11 0) =1 (22 1)

2 2 nw/a -1 -1
+ 2 3a Z (—1)n+)/2 <r> cos (m>n_1 (n + 204) (n - Qa) .
™ p « T T

n=1,3,5,...

By monotonicity of the torsion we obtain

T(Ag) > T(S(p,a))
- / rdr / s (. (r; &)
(0,d) (—a/2,a/2)

d* 1280 20\ 20\ "
16<tanaa jg Z n2<n+:) (n:) ), (5.8)

n=1,3,..

We have that for 0 < o < 7/3, (n+ 20/m)*(n — 2a/m) > 230, n € N. This gives that

! 223331 404
T(Ap) = 2 (tana—a-— 2°3°31¢(5)a"d”
16 2575
a3t
> 28 (1-Cha), (5.9)
where
~223%31¢(5)
27 R



By (5.6), (5.8), (5.9), and (5.4) we obtain

T(Ap)A(Lg) 2/3
—_— V> —(1- 1 /3). 1
|Aﬂ| = 24( CQ&)( + 0101 ) (5 0)
The right-hand side of (5.10) is greater or equal than g—z for

C1 > C1Cra + Cral/?, (5.11)

Inequality (5.11) holds for all o < 33/100.

5.2 Computer validation for the case € (7/3, ) via interval arithmetic.

We consider a triangle A® of height 1 and opening angle «, where « = 7 — 23. Let

24 M AT (A
Pl = 200

We wish to show that F'(a)) > 1.01 in the range 0.33 < a < 7/3.
We present here a computer assisted proof of the result using Interval Arithmetic.

We once more use Siudeja’s lower bound, comparing with the sector having the same opening angle
and the same area (Theorem 1.3 of [11]), and get

M) 2 e =eost (2) (520) (20 (D)) 6.12)
where C' is given by (5.7).

The area is given by
|A®| = tan (%) : (5.13)

The monotonicity of T with respect to inclusion allows us to estimate from below using the torsion
of a tangent sector with same opening angle a. We use (5.8) and find that

T(Aa)>i(tana—a)—§a4 Z n=?2 n+2—a - n—2—a -
— 16 7o 71' 7T ’

n=1,3,5,...

In order to perform a numerical evaluation we truncate the series in the following way

20\ 2 20\ = 20\ 2 20\
Z n=?2 <n+> (n—) :Z(2n+1)_2 (2n+1—|—) (2n+1—)
0 T — T T

n=1,3,5,... n=0
N —2 —1 e}
2c 2 1 1
—2
<> (@n+1) (2n+1+7r) (2n+1—7r> + 5 > —
n=0 n=N+1
N -2 —1
2c 2 1
-2
SHZZO(Qn—i—l) (2n+1+ﬂ) (2n+1—ﬂ> + g
It follows that
T(A%) > T(A%)
10 —2 -1
1 8 4 9 2c 2c 1
:E(tana—a)—ga <T;J(2ﬂ+l) (2n+1—|—ﬁ) (27’L+1—ﬂ_) +27104)

(5.14)
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12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

Therefore - N
B % MAT(AY)

F(Oé) > G(Oé) - 71_2 |Aa|

At this point we can prove that G(a) > 1.01 for all values 0.33 < a < 7/3 by using Interval Arith-
metic. There are many softwares and libraries which can be employed for this purpose. We selected
Octave! (A free software that runs on GNU/Linux, macOS, BSD, and Windows) which provides a
specific package called Interval.

We covered the interval [%, %] by a collection of 1001 intervals I,, with n =0, ...,1000, so that

I 33 (n—=1)(m 33 33 (n+1)/m 33

" [100+ 1000 (3 100)’100+ 1000 (3 100)} '

We choose the intersection of consecutive intervals to be non-empty. However, this is not necessary
for Interval Arithmetic to be applicable: we could have chosen consecutive closed intervals with empty
interior intersection. The current choice gives an extra, but unnecessary, check on rounding errors.
Using the Interval package, we designed a code that for n going from 0 to 103 provides upper and
lower bounds for G(I,,) in terms of floating point numbers. This is performed in an automated way by
standard and reliable algorithms. We established that the inequality F'(a) > 1.01 holds true on the
whole interval [13—030, %} by verifying it on I,, for all n = 0,...,103. ]

For completeness we include the code below.

pkg load interval # load the package Interval
output_precision (6) # number of digits displayed
C=(9xpi/8) " (2./3)x2"(—-1./3);

function K=G(x) # this is the definition of the function G(\ alpha)
Sum=0;
for n = 0:10
Sum = Sum + (2xn+1)"(—2)*(2xn+1+2xx/pi) " (—2)*(2+xn+1-2%x/pi) " (—1);
endfor
K=(24./pi"2)x(1./16x(tan(x)—x)—8+x"4/pi " 5x(Sum+1./(2."7%x10.74))) *((cos(x
/2)) "2+ (x/sin (x)) +(pi/x+((9%pi/8) " (2./3) ¥2" (~1./3)) *(pi/x) " (1/3)) "2)
Jtan (x/2)
endfunction
control="0K"; # the wariable control is set to "OK”
N=1000; # Number of intervals
Delta=(pi/3—0.33)/N; # 2Delta is the size of each interval
for n = 0:N
n #print the value of n
a=0.33+nx*xDelta;
I=midrad (a,Delta) # I = interval with center in a and radius Delta
J=G(1) # J is an interval which includes the image of I
if(J>1.01) # check that (min J) > 1.01
"so.far.inequality _holds” # tell that everything is working fine
elseif
control="failure” # the wvariable control is set to "failure”
break # in case of failure the cycle breaks
endif
endfor

1John W. Eaton, David Bateman, Sren Hauberg, Rik Wehbring (2018). GNU Octave version 4.4.1 manual: A
high-level interactive language for numerical computations. URL https://www.gnu.org/software/octave/doc/v4.4.1/

20liver Heimlich, GNU Octave Interval Package, https://octave.sourceforge.io/interval/, version 3.2.0, 2018-07-01.
The interval package is a collection of functions for interval arithmetic. It is developed at Octave Forge, a sibling of the
GNU Octave project.
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