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Sign changing solutions of Poisson’s equation

M. van den Berg and D. Bucur

ABSTRACT

Let 2 be an open, possibly unbounded, set in Euclidean space R™ with boundary 0%, let A be a
measurable subset of 2 with measure |A| and let v € (0, 1). We investigate whether the solution
V0,4, of =Av =7y1g\4 — (1 — 7)1 with v = 0 on 99 changes sign. Bounds are obtained for |A]
in terms of geometric characteristics of © (bottom of the spectrum of the Dirichlet Laplacian,
torsion, measure or R-smoothness of the boundary) such that essinfvo a4 > 0. We show that
essinfvo 4,4 < 0 for any measurable set A, provided |A| > ~|€2|. This value is sharp. We also
study the shape optimisation problem of the optimal location of A (with prescribed measure)
which minimises the essential infimum of v, 4,~. Surprisingly, if €2 is a ball, a symmetry breaking
phenomenon occurs.

1. Introduction

Let © be an open, possibly unbounded, set in Euclidean space R with boundary 92, and
with, possibly infinite, measure |Q2|. It is well known [4] that if the bottom of the Dirichlet
Laplacian defined by

/ | Dl
ANQ) = inf P2
PEH D\ {0} / 2
¥
Q
is bounded away from 0, then
—Av =1, v=0 on 01, (1)

has a unique weak solution denoted by vg, which is non-negative, and which satisfies,
Q) < floall~ o) < (4 + 3mlog2)A(@) . (2)
The m-dependent constant in the right-hand side of (2) has been improved in [13], and
subsequently in [24].
If | < oo then, by the Faber-Krahn inequality, A(Q2) > 0, and by (2), vg € H}(2), and
vo € L1(Q). For an arbitrary open set €, we define the torsion, or torsional rigidity, by

7(Q) = /Q““'

Note that, under the assumption A(2) > 0, by (2) the solution of an equation like in (1)
with a right-hand side f € L°°() can be defined by approximation on balls for the positive
and negative parts of f.
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For a measurable subset A C 2, with A(Q2) >0, and 0 <y < 1, we denote by vg 4 the

solution of

—Av =714 — (1 =7)14, v =0 on 0Q. (3)
These hypotheses on A, © and v will not be repeated in the statements of all lemmas and
theorems below.

This paper investigates whether the solution of (3) satisfies essinf vg 4 4 < 0. Whether this
holds depends on the geometry of {2, and on the size and the location of the set A C Q2. This
question shows up in a variety of situations. We refer, for instance, to [17], where v is a
scalar potential and the right-hand side stands for a magnetic field which changes sign. The
influence of the magnetic field on the asymptotic behaviour of the bottom of the spectrum of
the Pauli operator is effective, provided that the scalar potential has constant sign, that is,
essinf vg 4,4 = 0. In fluid mechanics, the function v can be interpreted as a vorticity stream
function, for a vorticity taking the values v and —(1 — ). If v, 4, changes sign, then there exist
at least two stagnation points. More situations where the sign question of the state function is
put in relationship with sign changing data can be found in [7, 11, 21] and, in some biological
models, [19].

DEFINITION 1. For v € (0,1), 2 C R™, with A(Q2) > 0,
C_(2,7) =sup{c > 0:VA C Q, Ameasurable, |A| < ¢, essinf vg 4 4 > 0},

€, (,7) =inf{c > 0: VA C Q, Ameasurable, |A| > ¢, essinf v 4 4 < 0}.

It follows immediately from the definition that for a homothety ¢€2, ¢ > 0 of {2, we have the
scaling relations

C_(tQ,y) =t"C_(2,7), (4)
and
€y (t92,7) = 1" €L (Q, ).
Furthermore, if Q1,5 are disjoint open sets, then
<. (Ql U Q, ’Y) = min{@— (le 7)7 < (927 'Y)}v
€y (21 UQs,y) = €4 (R, 7) + €4 (D2, 7).

This paper concerns the analysis of these quantities and their dependence on Q. It turns out
that €, (Q,v) = v|Q] for arbitrary open sets Q with finite measure. On the contrary, €_ (€2, )
is very sensitive to the geometry. We find its main properties, give basic estimates, establish
isoperimetric and isotorsional inequalities, and we discuss the shape optimisation problem
related to the optimal location of the set A in order to minimise the essential infimum.

THEOREM 1. For every non-empty open set Q0 C R™ of finite measure, we have

Below we show that, in general, we have to assume some regularity of € in order to have
€_(9Q,v) > 0. For instance, if Q = U;enC; is a set of finite measure, where the sets C;,j € N
are non-empty, open, disjoint, then €_(£2,v) = 0. Indeed, if we let A = C}, then essinf vg 4 <
(v = 1)esssup ve, < 0. Consequently, €_(€2,v) < |C}| for every j, so €_(2,7) = 0.

THEOREM 2. If Q C R? is any open triangle, then €_(£2,7) = 0.

In Theorem 3 below, we show that if  is bounded, and 99 is of class C?, then €_(£2) > 0.
In order to quantify this assertion, we introduce some notation. For a non-empty open set €2,
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we denote by diam(Q2) = sup{|z — y|: = € Q, y € Q}. We denote the complement R™ \ E of E
by E¢, and the closure of E by E. Furthermore, B,.(z) := {y € R™ : |z — y| < r} denotes the
open ball centred at x of radius r. If 2 = 0, we simply write B,. We set w,, = |Bj|. For 2 € Q,
we let T € Q2 be a point such that |z — Z| = min{|z — z| : z € 9Q}. We recall the following
from [2, p. 280].

DEFINITION 2. An open set  C R™, m > 2, has R-smooth boundary if at any point
zo € 05, there are two open balls Br(z1), Br(zz2) such that Br(z1) C Q, Br(z2) C R™\ Q
and BR(.Tl) n BR(l‘Q) = {Jio}

We also recall that a bounded Q with C? boundary 99 is R-smooth for some R > 0.

THEOREM 3. If( is an open, bounded set in R™ with a C? and R-smooth boundary, then

o (977) > 6*(-33’7)'

Furthermore,
T\ m
> | — =
¢_ (Bva) = (4m> WmR , 2737 ) (5)
U (BRa’Y) < ,ym/2mem7 m 2 3, (6)
and
1 —1

C_(Bgr,7) < (1 + log <'y)> yrR?, m = 2. (7)

The following inequality gives an upper bound for €_(,v) in terms of A\(Q).

THEOREM 4. For every open set 2 C R™ with A\(2) > 0,
v m/2
Cf(Q,'}Q < Cl(m) (1/7) )\(Q)—’m,/Q’
where

m(m+2)/2
Ci(m) = w/(m+2)/225m2/123m(m+2)/4e21/mA(B1)1/2/24 12m(m + 2) : (8)
m eCy (m)1/2

and where Cy(m) is the constant in the Kohler—Jobin inequality (37) below.

This implies that if Q is an open set with T(Q2) < oo, then
€ (2,7) < Ci(m)Cy(m) ™/ (1_7

The optimal coefficient of T/(Q)™/(™+2) in (9) is not known. However, the Kohler-Jobin
inequality suggests to prove (or disprove) optimality for balls.

m/2
> T(Q)m/(m—&-Q). (9)

THEOREM 5. There exists C3(m) < oo such that for every open, connected set 8 C R™ with
T(Q) < oo,

m m(m+2
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In particular, if Q is unbounded, then €_(2,v) = 0. The value of C5(m) can be read off from
the proof in Section 6.

We see from Theorems 1 and 3 that €_(Bg,v) < €4 (Bgr,7). The isoperimetric inequality
below generalises this to arbitrary open sets with finite measure.

THEOREM 6.

sup{QW:Qng,Q open,O<|Q|<oo} <. (11)
The theorem above implies that €_(£2,v) < C(m,~)|Q}| for every open set of finite measure

with C(m, ) < . The proof of Theorem 6 relies on the relaxation of the shape optimisation

problem (11) to the larger class of quasi-open sets. We shall prove that the supremum is

attained at some quasi-open set * for which €_(Q*,v) < v|Q*|.

€_(2" )

o
breaking phenomenon for balls stz‘mte‘d in Theorem 7 below does not support the ball to be
a maximiser.

Given a constant ¢ € (€_(9,7), |?]), there exists at least one set A C Q, |A| = ¢ such that
essinf vg 4, < 0. A natural question is to find the best location of the set A of measure c,
which minimises essinf vg 4 . This question is of particular interest for values of ¢ close to
C_(9,7), as this gives information on where the geometry of ) is most sensitive to negative
values. We prove the following shape optimisation result for the optimal location.

The optimal value C(m,~y) = is not known, nor whether * is open. The symmetry

THEOREM 7. Let v € (0,1) and let @ C R™ be an open, bounded and connected set with a
smooth boundary 0f). For every ¢ € (€_(,7),|S?|), the shape optimisation problem

min{essinf vo 4, : A C Q,|A] = ¢}, (12)

has a solution. Moreover, if ) is a ball B, then, depending on the value of ¢, the optimal
locations may be radial or not.

The existence of an optimal set relies partly on a concavity property of the shape functional
A — essinf vg 4 . We point out that the proof relies on both the concavity and the analysis
of optimality conditions in relationship with the partial differential equation (3) (see [9]). If Q
is a ball B and c is close to |B|, then the optimal location is a ball. If ¢ is close to €_(B,7),
then the optimal location is no longer radial. This symmetry breaking phenomenon occurs at
a value ¢ € (€_(B,~),v|B|), and is supported by analytical, and numerical computations.

Theorem 7 can be interpreted both as a (rather non-standard) shape optimisation problem
or as an optimisation problem in a prescribed class of rearrangements, see, for example, [1]. We
also refer to the paper of Burton and Toland [8] for models of steady waves with vorticity, where
the distribution of the vorticity is prescribed, but we point out that our problem is essentially
of different nature since the functional to be minimised is not an energy of the problem.

The proofs of Theorems 1-7 are deferred to Sections 2-8 below.

2. Proof of Theorem 1

In order to simplify notation, throughout the paper, if Q is an open set and A C R™ is
measurable, not necessarily contained in €2, by vo 4,4 We mean vo ona,y-

Proof. Firstly, assume that Q C R™ is an open set with finite measure. Assume that A C Q)
is a measurable set such that vg 4 4 > 0. In a first step, we shall prove that |A] < v|Q]. As a
consequence, €4 (2,v) < v|Q|.
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Indeed, since vo 4~ > 0, one can use Talenti’s theorem (see, for instance, [18, Theorem
3.1.1]) in the following way. We denote by v* the Schwarz rearrangement of vg 4, and by
f* the rearrangement of y1o\ 4 — (1 —)1a. There exist two positive values 0 < r; < ro such
that f*=v1p, —(1—7)1p,, \5,, , where r1 is such that |B,,| = |2\ A| and |B,,| = [|Q[. By
Talenti’s theorem, we get

0 < U* < UB,‘2’B$1 sV
By elementary computations, one gets the expression for UB,,,Bg v Indeed, the solution
UB,,,Bg is radially symmetric and satisfies the equation

T

, m—1

v = 71[0@] —(1- ’Y)l[m,rz]’

with initial condition v'(0) = 0, and v(ry) = 0. Moreover, the solution is C'** regular, for some
a > 0.

We integrate separately on [0, 7], and on [rq, 5], and write the equality of the left and right
derivatives in 71, namely v’ (r;) = v/, (r1). Hence, we get

m—1 m
T1 T2 Ty T1
_’yim = 7711”/_1’()/(7’2) — (1 —’y)mrim_l —+ (1 — ’Y)m

In general, from the positivity of UB,,,Bg, ~» ONE gets that v/(r3) < 0. Hence,

Ty r1
1— < —=
( ’7) m?"’{nil ~ 9

which gives r1 > (1 — ) 7o, or | By, | = (1 —)|By,|. Finally, one gets that |A] < ~|Q|. Hence,
€1(92,7) <7I9.

As a by-product of the computation, we observe that the constant + in Theorem 1 is sharp,
and that equality holds for the ball. As soon as, 71 < (1 —~)wry, one gets that v/(rs) > 0.
This means that as v(re) = 0, the solution is not positive near the boundary of the ball.

In order to prove the converse inequality, let us prove that for every ¢ > 0, there exists a set
A C Q of measure v|Q| — € such that vg 4, > 0. This will imply that €, (Q,~) > v|Q|.

The construction is based on the following observation. There exists a finite family of
mutually disjoint balls U¥_, B; contained in € such that

|Q\ U By| <e.

In every ball, we display the set A; of measure v|B;| in an annulus centred at the centre of
B; and having 0B; as external boundary. Hence vp, 4, = 0. Moreover, since the sets B; are
mutually disjoint, we get that

VU; By, Ui Ay = 0.

We have the following.

LEMMA 8. Let Q; C Q5 C R™ be open sets with finite measure, f € L?(£2), and let uy,us
weak solutions of

—Au; = f on Q,u € HY(),i=1,2.

Ifuy 20 0n Q4 and f >0 on Qo \ Q1, then us > 0 on Q.

Proof. As a consequence of the hypotheses, we get

—Au1 < f in D/(QQ)
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Hence, by the maximum principle,
Oéulquoan. |

A direct consequence of Lemma 8 is that if £ C Qo, then €1 (Q1,7) < €1 (Q2, 7). Indeed,
for every measurable set A C ©; such that vo, 4, > 0, we get vo, a4 = 0.

Coming back to the proof of Theorem 1, using the additivity and monotonicity property of
¢, we get that

€1 (€,7) = 7| Ui Bi| 2 7|Q] —e.
The theorem follows by letting ¢ — 0. O

3. Proof of Theorem 2

We first introduce some basic notation and properties. For a non-empty open set Q C R™, we
denote by Go(z,y), © € Q, y € Q, © # y, the kernel of the resolvent of the Dirichlet Laplacian
acting in L?(Q). This function exists and is well defined for all z # y, provided m > 3. It also
exists for m = 2, for example, under the hypothesis that the torsion function vq defined by
approximation on balls is locally finite. The resolvent kernel is non-negative, symmetric in x
and y and is monotone increasing in 2. That is, if 1 C s, then

OgGﬁl(xay)<G§22(37>y)a33€91ay€91a337éy- (13)
If vg is locally finite, then

va(r) = 5 dy Ga(z,y).

The monotonicity in (13) implies that both the torsion function vq and torsion T'(f2) are
monotone increasing in €.
We have also that

v (2) = / dy Go (1) (Yl ay) — (1 —7)14(®))
- /Q dy Gz, ) (11a(y) — 1a®))

—ua(a) - [ dyGalz.y) (14)
A
Formula (14) implies that

—(1 —=9y)va < va,4,4 < YUq.

Proof of Theorem 2. Let 2 = AOAB be a triangle, with a:= ZBOA < 7 at the origin,
and oriented such that the positive z-axis is the bisectrix of that angle. Let W, be the infinite
wedge with vertex at O, and edges at angles :i:%a with the positive xz-axis, which contain the
two sides OA and OB of Q. Let W, . be the radial sector with area c and edges at angles i%a.

Then W, . C € for all ¢ sufficiently small. We have by monotonicity that

Vo, (1) = /Q dy Gol(z,y) (110 — 1w,..) (v)

<7/ dyGwd(x,y)—/ dy Gw, .(x,y)
Wea 147

a,c

= o, () — vw, . (2)- (15)
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In Cartesian coordinates = (x1, z2), we have that

22 — g2
Vw,, (5171,132) = ﬁ’ (16)

where s = tan(a/2). In polar coordinates z = (r; ), we have by [22, p. 279] for the sector with
radius a = (2¢/a)'/?,

r? <cos(20) B 1) N 4a*a? Z (=) HD/2( )/ cos(mr@/a).

oW (130) "1\ cosa w3 n(n+22)(n—22)

(17)
n=1,3,5,...

We observe that for f# = 0 the terms in the series in the right-hand side of (17) are alternating
and decreasing in absolute value. Hence

r’( 1 4aa? frym/e 402\ !
= () e e ety
O (15 0) 4<cosa ) ™ \a ( 7r2>

By (16) vw, (21,0) = %, and so in polar coordinates,

UWO(T;O)’H ! 1). (18)

COs &

By (15)—(18), we have

82.’1,’2 /o
VW, .y (21,0) < (v — 1)2(177;2) + 0(951/ )7 x1 10,

which is negative for all ; sufficiently small.

We see from the proof above that we could have chosen any angle of the triangle, provided
that angle is strictly less than /2. The proof above also shows that the infinite wedge W, o <
7/2 with radial sector W, .,c > 0 has a sign changing solution v, w., ..~ O

4. Proof of Theorem 3

Proof of Theorem 3. Let us start by observing that the following covering property holds: for
every = € (), there exists a ball B of radius R such that x € B C Q. Indeed, let Z € 092 be a
point which realises the distance to the boundary. Since the boundary of € is of class C?, then
x — T is normal to the boundary 9Q at Z. If |x — Z| > R, then Br(x) C Q. If |zo — Z| < R,
then x belongs to the ball of radius R tangent to OS2 at Z.

Assume for a contradiction that

< (Qa’Y) < Qt*(BRa’Y)'

For every e > 0 such that €_(,~) + & < €_(Bg, "), there exists a set A. C Q such that |A.| <
C_(Q,7) +e¢and

essinf vg 4, 4 <0,

the infimum being attained at x.. Taking a sequence ¢ — 0, we may assume (up to extracting
suitable subsequences) that

la. — g weakly-x in L™, x. — x, € Q.
Then [, g =€_(Q,7). Let vg 4 denote the solution of
—Av=1(1-g) - (1-9)g, v € Hy(Q),
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we get

VQ,Acy 7 VQ,9,y

uniformly on Q. This is a consequence of the elliptic regularity of the solutions, which are
uniformly bounded in C**(Q) for some a > 0. Consequently, vq 4~ = 0 in Q. Indeed, for z* a
minimum point of vg 4, With vg 4(z*) < 0, we can modify g slightly to find a new function
g, such that

0<g<l, / g <€_(,7), vag,(z") <0
Q

From the density of the characteristic functions, we can find a sequence of sets Ay such that
14, — g weakly-x in L*, and |As| = fQ g. In particular, vQ7A677(:E*) < 0. This contradicts the
definition of €_(, 7).

Consequently, v g ,(2*) = 0. There are two possibilities: either z* € Q, or z* € 9. Assume
first that z* € Q. As a consequence of the covering property, there exists a ball B of radius
R such that xp € B C Q. In particular, this implies that vg 4, > 0 on dB. The maximum
principle gives

VQ,g,y 2 UB,g,y, O1 B.

Consequently vp 4.~ (2*) < 0. Clearly,

/Bg <€ (2,7) < €_(Br,7)- (19)

Case 1. In case vp 4~(z*) < 0, we immediately get a contradiction since, as above, we can
build a sequence of sets A5 C B such that 15 — g-1p weakly-x in L*°(B), and |As| = [39-
By the uniform convergence, we get that vy 5. (2%) <0, so that €_(Bg,7) < S 9- This

contradicts (19).

Case 2. In case vp g (2*) =0, we claim that either g is itself a characteristic function, or
we can find another function g such that

0<5<L [ §<C (Broy), andvmo (@) <0
B

Assume that g is a characteristic function. Then g = 1 4. Taking a new set A C A C B, such that
|A| < |A| < €_(Bg,7) we get by the maximum principle that vp i~ (x") <0, in contradiction
with the definition of €_(Bg,7).

Assume that g is not a characteristic function on B. Then, for some value § > 0, the set
Us ={x € B:6 <g(xr) <1- 6} has positive Lebesgue measure. We put § = g + sly,, where
s >0 is small enough such that fB J < €_(BRr,v). By the maximum principle, we get
vB,5,~(2*) < 0. In this case, we are back to Case 1.

Assume now that z* € 99Q. Let ny- be the outward normal vector at x*. Let T. be the
projection on 99 of .. Since Q is of class C?, we get T. — x* and that there exists a point y.
on the segment [Z., z.] such that Vug 4, ~(y:) - ng. > 0. Passing to the limit, we get

Vg g~ () - D 2 0.
Meanwhile, z* is a minimum point of vq 4., so that

v 9,4

*) <0.
on (@) <0

Hence,

Qg
o (x*)=0.
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Using the R-smoothness at x*, the ball B C Q of radius R tangent to 02 at x* stays in .
Since vq, g, = 0, by the maximum principle, we get v g, = ¥B,g,y. By the Hopf maximum
principle, applied to vg 4, — VB g,y o0 B at the minimum point * € 9B, we have either that

vq, g,y (%) — 8”B7g,7(
on on
or that v 44 — VB4~ = 0 on B. In the first situation,

x*) <0,

vB,g.4
on
which means that vp 4~ takes negative values close to z*. Then, we conclude as in Case 1
above. In the second situation, if we find a point T € 9B N €1, we can conclude as in Case 2 since
vB,g,~(T) = 0. The alternative is that 9B C 0f2 so that ! = B, and we have a contradiction.
To prove (5) we let m > 3, and let H be an open half-space. Then

(z*) <0,

Gu(r,y) = cm(lz =y — [a" —y[>"), (20)
where z* is the reflection of x with respect to 0H, and
_I((m-2)2)
" 4gm/2
By (14), and monotonicity we have that
0540 @) > 105,(0) = [ Ay G, (@.1). (21)

where Hj is the half-space tangent to Br at & € 9Bg. Note that |x* — Z| = |z — z|. Moreover,
|z —y| < |z* —y|, y € Q. Hence,

<o -y =" =y < (m = 2)|z — 2|z —y|' (22)
Let
AL ={y:ly—=z| <ra},
where
W't = 4. (23)

By (20)—(22) and radial rearrangement of A about z, we have

/dyGBR(Z‘ y) (m 2 Cm‘x |/ dy|I— |1 "

<<m72>cm\xfx*|/ dyla -y
Az

= (m — 2)mepwmrale — ¥

=2r |z — I (24)

The following will be used in the proof of (5), and in the proof of (55) and (56) in Remark 6
below. 0

LEMMA 9. IfQ is an open set in R™,m > 2 with R-smooth boundary, and if if A(2) > 0,
then
|z — Z|R
2m

vo(z) > (25)
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Proof. Recall that

2 2
4 — |z — ¢
B, (c) () o
We first consider the case |z — Z| > R. Then, by domain monotonicity of the torsion function

and (24),

|z — 7] _ |z —Z|R
UQ(IE) 2 vB\z—i\(“‘)(x) = m 2 om .

We next consider the case |z — Z| < R. Since 99 is R-smooth, there exists Br(c,) C € such
that |c, — Z| = R. Hence, by (25),

R? — |z — ¢,)? S (R—|z—c|)R |z —Z|R

=

vo () = vBh(e,) () =

2m 2m 2m
In either case, we conclude (25). O
By (24) and (25) we have that
z—Z|R
VBg,A~(T) 27!—21",4@—@. (26)

2m
The right-hand side of (26) is non-negative for r4 < yR/(4m). This is, by (23), equivalent to

(5)-

Consider the case m = 2. Then

1 x* —
Gul(x,y) = 5, log (||x _ny)

By the triangle inequality,

1
Gn(e,y) < G, (2,y) < — log (

2"~z ]z —yl\ _ |o* —al
2w

|z — | S 2mlz —y|

Hence, we have that
/ dyGpy(r,y) < (27) 'z — x*|/ dyl|z —y|™' =2ralz — z|.
A Az

The remaining arguments follow those of the case m > 3, as the right-hand side above equals
the right-hand side of (24).

To prove (6), we let m > 3. By scaling it suffices to prove (6) for R = 1. Let a € (0,1). We
obtain an upper bound for a such that vg, g, ~(0) < 0. Note that

L((m—2)/2)

GBl (Ovy) = 47rm/2

(g™ =1). (27)

Hence, by (27), we have that

052 5, 4(0) = yup, (0) — / dy G, (0,1)
B,

v _ Dlm =2)/2) m—
=5 T . ]dr(r—r )

2
y a

< — — —. 28
2m  2m (28)

The right-hand side of (28) is negative for a > /2. This implies (6).
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To prove (7), we let m =2, a € (0,1), and note that

1
G, (0,y) = —5-1og |yl

Hence,
i
UB,,B,~(0) Z+ drrlogr
[0,a]
2 2
7o a 2
=L 2 47 29
1 1 T lesa (29)
Let

a= (1 + log <}y)>_1/271/2. (30)

Then a € (0,1), and by (29) and (30),

UBL7Ba77(O) g -

,ylog (1+log(
4 1
1+log(7

This implies (7). O

5. Proof of Theorem 4

Proof of Theorem 4. The proof of Theorem 4 relies on some basic facts on the connection
between torsion function, Green function and heat kernel. These have been exploited elsewhere
in the literature. See, for example, [3]. We recall that (see [10, 14, 15]) the heat equation

Au = a—uonQ x RT,
ot

has a unique, minimal, positive fundamental solution pq(x,y;t), where x € Q, y € Q, ¢t > 0.
This solution, the heat kernel for €2, is symmetric in z,y, strictly positive, jointly smooth in
z,y € Q and t > 0, and it satisfies the semigroup property

pa(z,y;s +1t) = / dz pa(w, z; 5)pa(z,y; t),
Q
for all z,y € Q and t,s > 0. If €2 is an open subset of R™, then, by minimality,
pale,y;t) < prm(z,y;t) = (dnt) ™ 2e o0/ e 0y e, t> 0. (31)

It is a standard fact that for (2 open in R™,
Gale.) = [ dtpalait), (32)
[0700)
whenever the integral with respect to ¢ converges. We have

vg(x):/ dt/dypfl(wth)'
[0,00) Q

By the heat semigroup property, we have that for x € Q,y € Q,¢t > 0,

pg(x,y;t):/Qdrpg(m,r;t/Q)pQ(r,y;t/Q)
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< (/er (pQ(x,r;t/Q))2>1/2(/Q dr(pg(r,y;t/Q))2>

= (pa(a, =; t)pa(y, y; 1)"/*. (33)

Furthermore, for all s € (0,1),

1/2

pa(z,z;t) < e_SA(Q)pQ(z, z;t—8). (34)

So choosing s = t/2 in (34), and subsequently using (33) gives that
po(@,y;t) < e OB (po(w, w1/ 2)pa (v, v t/2)) Ppale, yit) V. (35)

By (31), both diagonal heat kernels in the right-hand side of (35) are bounded by (27t)~™/2,
and po(x,y;t)t/3 < (47rt)_””/66_‘“’_“2/(12”. Hence, by (35),

Do (x, u; t) < 2m/3(47Tt)7m/267t)\(ﬂ)/37\z7y|2/(12t)

< 23 sup (eftmm/ﬁf\wfyf/(zu))6%(9)/6(mym/zeﬂmwﬁ/(%t)
t>0

— 2’rn/3e—t)\(Q)/6—\w—y|)\(Q)1/2/6 (4ﬂ_t)—7rL/26—|1'—y\2/(24t) ] (36)

Let ¢ > 0, and let 71 be the radius of a ball of volume ¢ and ro = 2%7’1 be the radius of a
ball of volume c. Following the result of Lieb [20, Theorem 1], there exists a translation x of
B, such that

() + A(Bpy) = QN By, (1)),

The Kohler—Jobin inequality asserts that (see, for instance, [5]) there exists Cy(m) > 0 such
that for every open set €2,

AT Q)72 > Cy(m). (37)
This, together with the Lieb inequality, implies
Colm)  \* Colm)  \*F

TA’:/ v _m>< 2 ) >< 2 ) : 38
) ong, @ P ZANQNB,, (1) Q)+ A\(B,,) (38)

where A’ = B, () N Q. We put A = B,,(z) N Q.

We estimate the integral of v 4, on the set A’ as follows:
[ vnne = [ as( [ avGotenraat) - 0= 1a0))
[ do [ dyGate) -~ (1-9) [ do [ dyGotwy). @9
’ \A ’ A

By monotonicity, we have that

(1= [ dr [ ayGateia@ > (1=2) [ vw = -9)700), (10)

For all z € A’ and for all y € 2\ A, we have that

1 1/m
o~y > g (c/wm)" ™
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By (32) and (36) and the preceding inequality,

/ d:ﬂ/ dy Go(z,y)
’ Q\A

< y2m/3Gm /2 IR / da /Q \Adye_t’\(m/6_|w_y"\(9)1/2/6pRm(x,y;6t)

< 72m/36m/26—(c/wm)1/"")\(9)1/2/(12m)

></ dte_t’\(ﬂ)/G/ dzx dy prm (2, y; 61)
[0,00) / Q\A

< 72 /3Gm 2 e/ )/ A@2 /(12m)

></ dte_t’\(Q)/G/ dm/ dy prm (z,y; 6t)
[0,00) / m

— 72m/36(m+2)/2€—(c/wm)1/"")\(9)1/2/(127n)|A/‘)\(Q)—1

< 725m/63(m+2)/267(C/wm)1/m)\(ﬂ)1/2/(12m)c)\(9)71. (41)
By (38), (40), (39) and (41), we find
m+2
- Ca(m) o
v 257n/63(m+2)/2 (c/wm) ™A 2/ (12m) X)L — (1 — ( 2
fymans @@z
(42)

In order to bound the right-hand side of (42) from above, we have

() ()

e\ Co(m)1/2 m+2 "
~ \wn AMQ)V2(c/w )1/ 4 21/mA(By ) /2 ’

where we have used the scaling A(B,,) = r; 2A(By).
In order to bound the first term in the right-hand side of (43) from above, we use the

m+2
inequality e™* < % z > 0. We have

m—+2

o~ (c/wm) MA@V E/(12m) _ 2V A(B1)Y 2/ (12m) g~ ((c/wm ) M) 242 A (B1) Y ?) /(12m)

< 621/771)\(B1)1/2/(12m)
% (12m(m + 2)/6)m+2((C/wm)l/m)\(Q)l/Q + 21/m)\(31)1/2)_(m+2).
(44)

By (43) and (44), we obtain that the right-hand side of (42) is bounded from above by 0,
provided

5 m/2
C 2 Cl(m) (1—7) A(Q)fm/Q’
with C1(m) given by (8). This implies the bound for C_(£,) in (9). O
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6. Proof of Theorem 5
We start with the following.
LEMMA 10. There exists € = €(m, ) > 0 such that for every open set Q0 C R™ with finite
torsion and for every xo € €2, the following holds:

if vo(x) < e for a.e. x € Bi(wo) then vg g, (24),(70) < 0.

Note that a consequence of the lemma above, for every § > 0

if vo(x) < e for a.e. © € Biy5(20) then vo B, ;(z0),y < 0 0on Bs(xo). (45)

Proof. Assume for the moment that 2 is bounded and smooth. Let xg € © such that
vo(z) < € for a.e. x € By(xo),

for some value € > 0 that will be specified later in the proof. We observe that vg p, (4y).~ 18
Lipschitz so that for every r € (0,1), one can define

M(r):= sup QB (z0)~(T)-
2€0B,(x0)
The function M : (0,1) — R is Lipschitz and bounded from above by e. If there exists some
r € (0,1) such that M(r) = 0, then the assertion of the theorem is proved since one gets by the
maximum principle that v g, (z),y <0 on B.(x¢). So, we can assume that M >0 on (0,1).
Then, the supremum above is achieved at a point x,, € B, (xg) N Q.
Moreover,

m—1

M"(r) + M'(r)>1-7,

r

in the viscosity sense on (0, 1). For every 0 < ¢ < R < 1, we introduce the equation

)+ TG plr) = 1=, on (6, R), den(e) = M(e), 62, (R) = M(R).

By the comparison principle (see, for instance, [23, Theorem 1.1]), we get that M < ¢. g on
(R,d). In particular, this implies that ¢ is non-negative. If M is differentiable at R, then
cr(R) < M'(R).

Multiplying the equation for ¢. r by r™~!

and integrating between r and R gives

R p(R) =™ gL p(r) = (1—7) (Rm - Tm)

m m
Dividing by »™~! and integrating over (e, R) yields
R (R

! n 1 1—
R (R [ e = O1(R) = M) = (=) [ e = (R =),

Since M is Lipschitz and lim._, feR ——rdr = +00, we get
. R
lim ¢ p(R) = (1—7)—.

e—0 m

Finally,

M(R) > (1)
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Integrating over (0,1) gives

1—~
M(1)—M(0) > —.
(1) = M(0) > ——
Since M > 0,
1—
M) > —2.
2m
Taking into account that M < yvq, and putting
1—
ei= 1
2my

concludes the proof.
Assume now that €2 is open and with finite torsion. Assume that zy € € is such that

vo(x) < e for a.e. x € By(xg).

Let (Q,), be an increasing sequence of open, smooth sets such that Q = U,Q,. For all n
sufficiently large, x¢ € €),,. Moreover, by the maximum principle,

va, () < € for a.e. x € By(xz).

Then vo, B, (z0),y (z0) < 0. At the same time, VQ, By (z0),y CONVerges to vo g, (s,),, uniformly on
any compact contained in QN By (xo). Hence vo, g, (24),4(70) < 0. O

Proof of Theorem 5. Let 2 be open, connected and with finite torsion. If €_(£2,~) = 0, then
inequality (10) is satisfied. Assume €_(€2,7) > 0. Then, for every ¢ > 0, there exists ¢ > 0 such
that

C_(t2,7) = (1 + 6)|Bi. (46)
By (4),

NEDIENG
t‘( c(©2.7) ) | 47)

If there exists zo € €2 such that v;q < € on By (20), then by Lemma 10, we get vg g, (z4),4(%0) <
0, so that €_(t€,~) < |B1], in contradiction with our choice. Consequently, for every xo € €,
SUP B, (z,) V0 > ;;L—YY This inequality leads to a relationship between T'(tQ2) and diam(¢€2).

1—v
2my?

1—7 r?
viq(z)dr > T"”Bl|( — )
/Br(y) 2my  2(m+2)

This follows from the fact that z — v(x) + ‘w; ZlZ is subharmonic on R™. We have extended

v to all of R™ by putting vo(z) =0 on R™\ Q.
Choosing r such that

Indeed, if for some y € 9, via(y) > then for every r > 0

2 1—v
— 48
2(m+2)  4my’ (48)

we get

m (m+2)/2

(m +2)"/? (1 _ v)

via(z)dr > Byl
/Br(y) ' 2(m+4) /2y (m+2)/2 ~y

Assume that N is an integer such that

N(2r +2) < diam(tQ) < (N +1)(2r + 2).
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Then,
oy s N EDT (1=
(t ) = 2(m+4)/2m(m+2)/2 ~y | 1|.
If N > 1, then using the inequality N + 1 < 2N, we get
-1
. (m+2)m2 (14"
diam(192) < 2(2r +2) <2<m+4> ezl Bil| T(). (49)

If N =0, then we observe that diam(tQ) < 2r + 2. Inequality (9) (which follows from
Theorem 4) gives

m/2
¢_(tQ2,7) <Gy (m)Cg(m)_7"’/2 (%) T(tQ)m/(m—&-Q).

1-—
By (46),
m/2
(L B)IB1] < CulmiCalm) (1) Ty,
-7
Finally,
m+2
. Cy(m)Ca(m) /2 5 oy \ )2
< < .
) < 2r-+2. -+ (S —) T 60

We observe that the y-dependence in both (49) and (50) is the same. Taking the larger of the
two m-dependant constants which show up in front of T'(¢€2) in (49) and (50), replacing ¢ from
(47), and letting § — 0, and using (48) concludes the proof. O

7. Proof of Theorem 6

The proof of Theorem 6 requires the extension of the constant €_(£2,) to quasi-open sets. A
proper introduction to the Laplace equation on quasi-open sets, capacity theory and gamma
convergence can be found in [16, Chapter 2] and [16]. We prefer, for expository reasons, to
avoid an extensive introduction to this topic, and refer the interested reader to [6, Sections 4.1
and 4.3] where all terminology used below can be found.

The key observation is that the class of quasi-open sets is the largest class of sets where
the Dirichlet-Laplacian problem is well defined in the Sobolev space H{, and satisfies a strong
maximum principle (see [12]). Of course, any open set is also quasi-open. Although the reader
may only be interested in open sets, we are forced to work with quasi-open ones since the
crucial step of the proof is the existence of a quasi-open set 2* which maximises the left-hand
side of (11).

The strategy of the proof is as follows. We analyse the shape optimisation problem

sup {Q:—fgﬁ) : Q CR™, Q quasi-open with 0 < |Q] < oo}, (51)
and prove in Step 1 Dbelow the existence of a maximiser Q*. Denoting
C'(m,y)=C_(Q*,v)/|¥*|, we then prove in Step 2 that C'(m,v) <~ by a direct estimate
on *.

We start with the following observation. Assume that (€2,,), is a sequence of quasi-open sets
of R™, |Q,| < 1, such that vg, converges strongly in L?(R™), and pointwise almost everywhere
to some function v. Let us denote Q := {v > 0}. We then have

¢_(Q,7) = limsup €_(2,,7). (52)
n—-+oo
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Indeed, in order to prove this assertion, let us consider a set A CQ such that
essinf v 4, < 0. We have

lo(z) < liminf 1g, (z) a.e. x € D, (53)

n—-+o0o

and hence
1Q"mA — 14 in Ll(Rm).
Following [6, Lemma 4.3.15], there exists larger sets Q,, D Q,, |Q,| <2, such that for a
subsequence (still denoted with the same index)

ngrfoo UanAan,’y (1’) = UQaA-,'Y (l’), fOI' a.e. T € Rm

Since essinf v 4 4 < 0, we get for n large enough that essinf vg ¢ , <0 for n large enough.
Lemma 8 (which also holds in the class of quasi-open sets) implies that essinf vo, anq, ., <0,
since the right-hand side equals to v, ¥ > 0 on Q,, \ Q,,. Consequently, €_(€,,,7) < |Q, N A|.
Passing to the limit,

limsup €_(Q,,7) < |4],

n—-+o0o
which implies the assertion.

Let us prove now that the shape optimisation problem (51) has a solution. In order to prove
this result, it is enough to consider a maximising sequence (£,,) of quasi-open, quasi-connected
subsets of R™, with |Q,| = 1. We first notice that the diameters of ,, are uniformly bounded,
so that up to a translation, all of them are subsets of the same ball B. This is a consequence of
Theorem 5 which by approximation holds as well on quasi-open, quasi-connected sets. Indeed,
this is essentially a consequence of (45) which passes to the limit by approximation.

Then, the existence result is immediate from the compact embedding of H}(B) — L*(B)
and the observation above: there exists a subsequence such that vg, converges strongly in
L?(R™) and pointwise almost everywhere to some function v. Taking Q* := {v > 0}, and using
the upper semi-continuity result (52) together with the lower semicontinuity of the Lebesgue
measures coming from (53), we conclude that * is optimal.

8. Proof of Theorem 7 and further remarks
Proof of Theorem 7. For a measurable set A C 2, we denote
m(A) := essinf vo, 4 .

Note that the smoothness of 9§ implies that v, 4, € CH(Q).
Firstly, we extend the shape functional m on the closure of the convex hull of

{Ylowa = (1 =714 ACQ,[A] = c}.
Denote by

F::{feL“(Q):—(1—7)<f<%/ﬂf:7|ﬂ\—c}~

One naturally extends the functional m to the set F by defining vq s~ as the solution of
—Av = f in H}(Q2). We shall prove in the sequel that the relaxation of the shape optimisation
problem (12) on the set F has a solution in F. Precisely, we solve

min{m(f): f € F}. (54)
Clearly, F is compact for the weak-+ L*°-topology, so that we can assume that (f,), is a
minimising sequence which converges in weak-x L™ to f. We know, by the Calderon—Zygmund
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inequality, that (v, f, ), are uniformly bounded in W??(), for every p < co. In particular,
for p large enough, this implies that vq , , converges uniformly to vg, ;.. Consequently, this
implies that m(f,,) converges to m(f) so that f is a solution to the optimisation problem (54).

Secondly, we prove that there exists some set A such that f = y1g\ 4 — (1 —7)14. To prove
this, we exploit both the concavity property of the map f +— m(f), and the structure of the
partial differential equation. Assume for contradiction that the set

A ={z e Q-1 —v)+e< f(z) <y—¢}

has non-zero measure, for some ¢ > 0. Let A;, Ay C A, be two disjoint sets, such that |A;| =
|As|. We consider the functions f; = f +tla, —tla,, and fo = f —tla, +tla,, fort € (—¢,¢).
Then, fi, fo € F, and by linearity, we have

1 1

v,y = Uiy T 5V fay

Consequently,

1 1
m(f) = Em(fﬂ + §m(f2),

with strict inequality if the point x* where vg - is minimised also minimises vq ¢, , and
V0, f,,~- Moreover, we have v r (%) = v, ~(z*) = va 1, ~(2*). We distinguish between two
situations: vg, r~(2*) =0, and vg s, (z*) < 0. If we are in the first situation, then z* could
belong to 012. In this case, for all admissible sets A, we have v 4.~ = 0, the minimal value,
which is 0 being attained on 9f2. In this case, every admissible set A is a solution to the shape
optimisation problem.

If we are in the second situation, then necessarily z* € Q. By linearity, from vg ;- (z*) =
v, £ 4 (T"), we get

V0,14,,0(27) =v0,14,,0(x").
In particular, for every pair of points z,y € A, \ {z*} with density 1 in A., we get
Ga(z",z) = Ga(z", y).

Since Gq is harmonic on Q\ {z*}, we get that Ggq is constant in 2\ {z*}, in contradiction
with the fact that it is a fundamental solution.
Finally, this implies that |A.| = 0 for every € > 0. Hence, f is a characteristic function. O

REMARK 1. Clearly, the solution of the shape optimisation problem above is, in general,
not unique. If the minimal value is 0, then any admissible set A is a solution. If the minimal
value is strictly negative, then there are geometries with non-uniqueness. For example, if € is
the union of two disjoint balls with the same radius, then A is a subset of one of the two balls.

REMARK 2. Assume Q = Bg, and |Bg| > ¢ > 7| Bgr|. The solution to the shape optimisation
problem (12) is given by the (concentric) ball B, _, of mass ¢, ¢ = |B,_|. Indeed, there are two
possibilities. This follows directly from Talenti’s theorem applied to —vp,, 4,4 in case A C Br
has measure ¢, and vp, 4.4 < 0.

Assume now that v, 4 changes sign on Br. We define the sets Q" = {vp, a4, > 0} and
Q" ={vB, a4y <0}. In view of Theorem 1, we have that [ANQT| <~|Q"| and [ANQ~| >
|2~ |. We use Talenti’s theorem on 2, and get that the essential infimum of the function
UB,,,B,,~ is not larger than the infimum of vp, 4, Where Br:/, B, are the balls centred
at the origin of measures [27[, [Q27 N A|, respectively. We claim that vp, B, ~» < VB, B, ~-
Indeed, making a suitable rescaling by a factor ¢ > 1 such that |[t(Q~ N A)| = ¢ > v|Bg|, the
function v;p,, 5, - has an essential infimum lower than that of vg,, B, . We finally notice
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that UBR.By, v S VtBp By, - Indeed, this is a consequence of the fact that VtB g B,, v 1 equal
to min{—d,vpy, B, -} + 0, for a suitable § > 0.

REMARK 3. Assume Q = Bp. Let 0 < ¢ < |Bg| and denote by B, the ball with the same
centre as Br and of volume c¢. For every radial set A of volume ¢, we have

UBR,Byo,y S UBR A,y

Indeed, let us denote for simplicity v = vp, 4,y and v. = vB,,B
and v, are radial, we get

) = [ e - (1= ) La)ds
0

~- Using the fact that both v

Teo

- / (Vlpma — (1 —7)14),

Wm—1

r

=yl (1) = / smfl(’leR\B,\G —(1=~)1g,, )ds
0

1
= (s, = (1= Mls.,),
Wm—1 B,
where, for a radial set E C Bp, we define (with abuse of notation), 1g(r) being the value of
1g on the sphere of radius 7.
Since for all r € (0, R),

/ (Vlppa — (1 —=7)14) = / (Vpps,, — (1 —7)15,,),

T r

we get that for all r € (0, R)

Hence,

and
—v.(r) = —v(r).

This concludes the proof. Moreover, the infimum value of v, is attained either at 0 or at R, as
v/, is positive on some interval (0, «) and negative on (a, R).
For v = %, we can compute the value of ¢ such that v.(0) = v.(R) = 0. Indeed, in R?, the
corresponding value . is the solution of
r? 1

77772 —
3 1 r“lnr =0.

An estimate of the solution is r. ~ 0.432067.

REMARK 4. Assume = Bp, and €_(Bg,7) < ¢ < v|Bg|. The solution of the shape
optimisation problem is non-trivial in this case. While we do not know the general solution,
we can observe a symmetry breaking phenomenon: the solution is not radially symmetric for
small values of c.

Let v = %, re = 0.432 just below the value computed in the previous remark. Then, for every
radial set A, the essential infimum of vg, 4 1 is equal to 0. Meanwhile, there exists a non-radial
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FIGURE 1 (colour online). Negative mass displayed in the disc centred at 0 of radius r = 0.432:
the essential infimum is 0.
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FIGURE 2 (colour online). Negative mass placed on the disc centred at (0.52,0) of radius
r = 0.432: the essential infimum is negative.

set A which gives a lower essential infimum. This fact is observed numerically, if, for instance,
the set A is a disc, centred at (0.52,0) of radius r. = 0.432. Of course, the fact that in this case
the essential infimum is strictly negative can be directly deduced from estimates of the Poisson
formula. In Figures 1 and 2 below, we display the (rescaled) numerical solutions computed
with MATLAB.

If ¢ is less than the critical value, the infimum is equal to 0, and is attained for an infinite
number of solutions to the shape optimisation problem.

REMARK 5. The solutions of the following shape optimisation problems

ma,x{/ VoA ACQ, A :c},

Q

min{/ VoAt ACQ, A :c},
Q

are immediate. Indeed, we observe that

/’UQ7A’—YZ’7/UQ—/’UQ.
Q Q A

Hence, the position of the set A is a suitable lower/upper level set of vg.

and

REMARK 6. If |A] < €_(Bg,7), then vg 4, > 0, and fQ v, 4, = 0. Below we improve the
bound |A] < (£%)"w,, R™ in (5) for [, va 4, = 0 to hold.
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Let Q C R™,m > 2, be an open set with finite measure and a C?, R-smooth boundary. Let
7> 0 and let v 4,4 be the solution of (3). If either m > 3, and

m m
|A] < W’Y‘Umfi ) (55)
or m =2, and
104 7V/7

then [, vo, 4, > 0.

Proof. First consider the case m > 3. By Lemma 9 and the coarea formula, we have for

a > 0 that,
—Z|R
/ vl > / o 12— TR
Q {zeQ:|z—z|<a} 2m

> / deR—H%mfl(aQS), (57)
[0,a]

m

where H™~1(0y) denotes the (m — 1)-dimensional Hausdorff measure of the parallel set
{r € Q:|r—Z| =0} It was shown in [2, Lemma 5] that for an open, bounded set Q with
a C?, R-smooth boundary,

m—1)0

H"H0Q) = (1 ¢ = )Hml(am, 6> 0. (58)

By (57) and (58), we obtain

R a2 (m — 1)&3 1
Q > — | — —— 7 v .
/rz va = 277L ( 2 3R )H (aQ)

Optimising over a yields,

R3 1
> —=H" (09).
/Qvﬂ 12m(m — 1)2H (9) (59)
By the isoperimetric inequality, we have
H™H(09Q) = mw)/ Q| (60)

Since Q) contains a ball of radius R, |Q] > w,, R™. Hence, by (59) and (60),
H™HO0) >
This, together with (59), yields

mw%m—Q)/mRm—?)lQF/m'

(m=2)/m y
> __R™MQP™. 61
/Q Y2 Tom—1)? it (61)

By Talenti’s theorem,
/ vo < / v+
A *
= 271wm/ dr(R% — 7"2)7””71
[0,74]

< (2m)~ 1me?27°fX

= (2m) w2 QP Al (62)
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By (3), (61) and (62), we have

/UQ,A,WZV/UQ_/UQ
Q Q A

(m—2)/m
> m m|y2/m __ -1, ,—2/m|02/m )
> o IR — (2m) 0 A (63)

This implies that [, vn 4, > 0 for all measurable A C Q satisfying (55).
Next consider the planar case. By Lemma 9, we have for any « € (0,1),

R2
/ vgg>a—|{x€(2: |z — Z| > aR}|. (64)
{zeQ:|z—Z|>aR} 4

By the coarea formula, Lemma 9 and (58), we find

R? <a2 a3> 1
vg=2 —|——— |H (09). (65)
/{wGQ:|mi|<aH} 4 2 3
By [2, Lemma 5],
H(0Q9) < o 07#(39), 0<0<R. (66)

By the coarea formula and (66), we find

|{J;€Q:|x—i‘|<aR}|<H1(8Q)/ a9 -2
0ar -0
<a(l —a) "1 (ON)R. (67)

Putting (64), (65) and (67) together gives

R? 1
/UQ > aTHx €Q:|r—7Z| =2 aR} + ﬁa(l —a)(3-20)R*{r € Q: |z — 7| < aR}|
Q

. a1 2
> — — — —
> mln{47 2404(1 a)(3 2a)}R |

1
= — ol - —2a)R?[Q).
a1 = a)(3 - 20)R*I9)

We choose o = é(5 —+/7) so as to maximise the above right-hand side, and obtain

vg = ————R?|Q)]. (68)

/ 10 + 7V7
o 1296

Formula (62) for m = 2, (68), and the first equality in (63) yield,

0+7v7 5, 1
> | — — —1A| |19
[ o0 ( LR - | |>| |

The above right-hand side is non-negative for all measurable A C Q satisfying (56). O

Acknowledgements. The authors are grateful to Beniamin Bogosel for discussions and
independent numerical computations related to the assertion of Remark 4.
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