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H I G H L I G H T S

• Magnetic rolling pendulum with low mechanical loss and strong nonlinear behaviours.

• Normalised mechanical loss< 30% of those reported in the literature.

• Consecutive primary and subharmonic resonance when excitation ≥5m/s2.

• 1-mW-bandwidth up to 9.7 Hz with linear resonance frequency of 4.6 Hz.

• Subharmonic resonance contributes up to 2/3 of the bandwidth.
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A B S T R A C T

Nonlinear systems may exhibit secondary resonances, which can provide an additional and thus broadened
bandwidth for energy harvesting. However, the secondary resonances of nonlinear energy harvesters reported in
the literature suffer from low-power output and limited bandwidth. This work proposes a novel magnetic rolling
pendulum (MRP) with a large bandwidth and high power output in both primary and secondary resonances for
energy harvesting. The MRP employs the rolling motion of a magnetically levitated permanent magnet with
minimal mechanical damping. A prototype was fabricated and characterised. An analytical model combined
with finite element analysis was developed and validated by experiment. Both experiment and simulation show
that the MRP has a linear resonance frequency of 4.6 Hz and peak power of 3.7 mW. It exhibits strong nonlinear
behaviours and broadband characteristics with excitation amplitude as low as 2m/s2 in the primary resonance.
As the excitation amplitude is larger than 5m/s2, the secondary resonance (1/2 order subharmonics) is excited.
The responses of the MRP at the subharmonic resonance take the same form as the primary resonance in terms of
displacement and power outputs. This helps the subharmonic resonance to produce the same power level as the
primary resonance but with a larger bandwidth. When excited at 14m/s2, the MRP shows 1-mW-bandwidth of
9.7 Hz, 2/3 of which is attributed to the subharmonic resonance.

1. Introduction

Over the past two decades, harvesting wasted or unused ambient
energy has been regarded as an underpinning technology for energy-
autonomous electronic devices and has thus attracted a worldwide re-
search effort. Among various energy sources such as vibrations, tem-
perature gradients and electromagnetic radiation, vibration energy has
gained the most attention because of its high energy density and ubi-
quitous presence [1]. The transduction methods for vibration energy
include piezoelectric, electrostatic, electromagnetic and triboelectric,
all of which have been successfully implemented [2].

The majority of ambient vibrations exhibit a broadband spectrum

[3], which is the main challenge for energy harvesting as most energy
harvesters (EHs) are linear and display a narrow operation bandwidth.
Operating a linear EH at off-resonance results in a significant reduction
in power output. To address this challenge, various techniques have
been proposed to broaden the operation bandwidth. Tuning the re-
sonance frequency of linear EHs using active/passive designs [4] has
been investigated but it is not efficient under random or rapidly varying
frequency. Moreover, the active tuning requires a complex active cir-
cuit, which consumes an additional power. Utilising an array of EHs
with different resonance frequencies [5,6] can increases the operation
frequency range however it reduces the power density and scalability of
the harvesters. Frequency up-conversion [7] has the ability to convert
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low-frequency ambient motions to high-frequency resonant vibrations
of energy harvesters. This was usually implemented by impact-driven
piezoelectric cantilevers [8,9], though a novel mechanism was devel-
oped by Wang et al. [10,11], who used the rectilinear motion of per-
manent magnets to produce a magnetic torque on a rotary energy
generator to achieve the frequency up-conversion. An alternative
strategy for broadband energy harvesting is to introduce nonlinearity to
EHs, which, when carefully designed, has the ability to extend the
operation bandwidth and has been intensively studied in recently years
[12].

The type of nonlinearities used for energy harvesting is broadly
classified as monostable and multi-stable, depending on the number of
stable equilibrium positions. The most common approach to implement
such nonlinearity in energy harvesting is to introduce a nonlinear re-
storing force through, for example, mechanical structures or permanent
magnets. Buckled beams were used to bring bi-stability for piezoelectric
[13] and electromagnetic [14] energy harvesting, although multi-sta-
bility is more common to be implemented by using nonlinear magnetic
force e.g. in the form of cantilever beams with a tip magnet [15–17] or
a permanent magnet levitated in a multi-well potential [18]. Mono-
stable nonlinear systems have been realised by nonlinear magnetic
forces between permanent magnets [19] and nonlinear elasticity of
doubly clamped beams [20,21]. Moreover, mechanical stoppers
[22,23] were found to make the stiffness of an EH piecewise and de-
monstrate either monostable or bistable features.

While the aforementioned nonlinear systems employ the primary
resonance for energy harvesting, it is well-known that a nonlinear
system may exhibit secondary resonances – the system can produce
large responses at its resonance frequency f0 when excited near the
fraction integers of f0 ( f n/0 , superharmonics) or integers of f0 (nf0,
subharmonics). Therefore, they have the potential to offer an additional
bandwidth for energy harvesting and have been recently studied.
Barton et al. [24] showed that superharmonics of order three ( f /30 ) and
five ( f /50 ) could be excited on a monostable Duffing-type harvester.
However, the response of the superharmonic resonance was far less
than the primary resonance and appeared very similar to the linear
resonance. Later, Masana and Daqaq [25] found that a bistable har-
vester could produce superharmonics of order two ( f /20 ) with a lower
excitation amplitude than the mono-stable counterpart. The onset of
superharmonics of bistable energy harvester was further studied by
Harne and Wang [26]. Leadenham and Erturk [27] observed super-
harmonics of order two and three on an M-shaped piezoelectric energy
harvester. The main limitations of these studies are that the power level
and the bandwidth of the superharmonic resonance are much lower
than the primary resonance. Therefore, the benefits of the secondary
resonance for energy harvesting are limited.

Furthermore, subharmonic resonance has also been exploited for
energy harvesting. Arrieta et al. [28] observed 1/2 order subharmonic
resonance on a bistable composite plate with piezoelectric patches at-
tached. However, the bandwidth was not fully evaluated. Huguet et al.
[29,30] developed a bistable energy harvester based on buckled beams.
A 1/3 order subharmonic resonance was successfully actuated when a
specially designed frequency-sweep method was used. The bistable
energy harvester produced more than 100 µW over a 70 Hz frequency
range, demonstrating the potential of subharmonic for broadband en-
ergy harvesting, although the power level is still in the microwatts
range.

This study proposes a novel mono-stable nonlinear energy harvester
design with strong nonlinear behaviours to achieve high power output
and bandwidth in both the primary and subharmonic resonance re-
gions. The nonlinear energy harvester, named as magnetic rolling
pendulum (MRP) in this work, employs the rolling motion of a mag-
netically levitated permanent magnet with a mechanical loss that
is< 30% of the magnetic levitation energy harvesters reported in the
literature. The low mechanical loss increases the displacement response
and thus the nonlinearity of the MRP. The MRP shows consecutive

primary and subharmonic resonance region. With a linear resonance
frequency of 4.6 Hz, the MRP is able to produce more than 1 mW over a
9.7 Hz frequency range, which is an increase of 194% compared to the
1-mW-bandwidth of the primary resonance. This paper details the
mechanism, modelling and experimental characterisation of the MRP.

2. Design and fabrication

2.1. Design and considerations

The device proposed in this study is shown in Fig. 1. It consists of
four permanent magnets and two coils. Permanent magnets O, B and C
are fixed to the housing while the magnet A is free to move. The po-
larisation directions of the magnets are arranged so that A is repulsed
by B and C but attracted by O. The repulsive magnetic force applied by
magnets B and C to magnet A provides a nonlinear spring force, while
the attractive force from magnet O constrains the motion of magnet A
on the surface of magnet O. When an excitation motion is applied to the
housing, magnet A experiences an inertial force. This inertial force,
together with the nonlinear spring force drives magnet A to roll back
and forth on the surface of magnet O. As magnet A passes by the coil, it
introduces variations in the magnetic flux linkage and thus voltage in
the coils through Faraday’s law.

The device can be regarded as a specially designed magnetic pen-
dulum with a rolling motion, and thus is named as magnetic rolling
pendulum (MRP) in this work. The MRP has shown a broad bandwidth
when subjected to parametric excitation [31]. This study focuses on the
performance under direct excitation. The attractive force between the
magnets A and O eliminates the use of beam/string and pivot bearing as
in a traditional pendulum to keep the structure simple. In addition to
providing a nonlinear spring force, magnets B and C are used to adjust
the resonance frequency and the equilibrium position. The motion di-
rection of the moving magnet in the MRP is parallel to the major sur-
faces of the cylindrical magnet, instead of normal to the major surfaces
as in most of the magnetic levitation energy harvesting [32,33]. This
helps to minimise the aerodynamic damping. A frictional force is pre-
sent between magnets A and O, but this friction is a rolling friction and
thus is expected to keep minimal. The nonlinear phenomenon of an
oscillator based on magnetic springs is more prevalent at lower
damping levels [33,34]. This is because the magnetic force is approxi-
mately linear in small displacement and the nonlinearity becomes
strong when the displacement is large. Reducing the damping will help
to increase the displacement and the engagement of the nonlinearity for
the MRP.

2.2. Prototype fabrication

A prototype to implement the design concept is shown in Fig. 2.
Parameters of the prototype, such as the size of the magnets, the shape,

Fig. 1. A schematic of the magnetic rolling pendulum: red and grey represent
the South and North poles of the magnets, respectively. The coil and magnets O,
B, C are fixed to the housing while magnet A is free to move.
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size and position of the coils can be optimised to maximise the power
generation. As this study aims to investigate the mechanism, the opti-
misation was not performed at present stage. The four magnets are ring-
shaped N42 Neodymium magnets (Magnet Expert LTD, UK) with di-
mensions listed in Table 1. The size of magnets B and C are kept small
and placed close to each other to allow a large travelling space for
magnet A. Moreover, the position of magnets B and C were chosen so
that the equilibrium position of magnet A is vertically aligned to
magnet O. Two coils are placed symmetrically along the path of magnet
A. The gap between the coil and magnet A is =d 1.7g mm. Each coil is
made of 500 turns of a 200 µm copper wire. A rubber disk with a red
tape was glued to the hollow of magnet A to facilitate tracking the
position of magnet A by video analysis, which will be further explained
later.

3. Modelling of the MRP

3.1. Analytical model of the system dynamics

The schematic of the analytic model is presented in Fig. 3. Magnet A
rolls on the surface of the central magnet O with an angular velocity of
φ ̇ with respect to its centre A. The angular displacement of point A with
respect to the centre of the magnet O is denoted as θ. The position
angles of the magnets B and C are =α 0.13 rad and =β 0.76 rad, re-
spectively. This leads to an equilibrium position of magnet A at =θ 0.
The total magnetic force experienced by the magnet A is projected to
the tangent and normal directions as Fmt and Fmn, respectively. Ff is the
frictional force. =F mA πftcos(2 )i 0 is the inertial force due to input ac-
celeration with amplitude of A0 and excitation frequency f .

The following set of equations can be obtained by applying
Newton’s second law of motion:

∑ = + − − − =

=

F mA πft cosθ F mgcosθ F c θ m a

m R θ

cos(2 ) ̇ ·

·2 ¨
t mt f t0 1

2 (1)

∑ = − =M F R c φR I φ̇ ¨A f A2 2 2 (2)

where ∑ Ft is the resultant force along the tangent axis (+ t); R2 is the
outer radius of magnets O and C; at is the tangent acceleration of
magnet A with respect to O and equals to R θ2 ¨2 ; ∑ MA is the resultant
torque about A; IA is the moment of inertia of magnet A with respect to
its centre A. c1 and c2 are the damping factors. Assuming that magnet A
rolls without slipping, the relationship between φ ̇ and θ ̇ is

=R θ R φ2 · ̇ · ̇2 2 (3)

Substituting Eq. (2) and (3) into Eq. (1), the dynamics of the system
can be expressed as

+ + − + =mR I
R

θ c θ F mgcosθ mA ωt cosθ(2 2 ) ¨ ̇ cos( )A
d mt2

2
0 (4)

The damping factor of the system cd is the sum of the mechanical
damping cm and electromagnetic dampingce. Eq. (4) is apparently
nonlinear. The nonlinearity is introduced by the nonlinear magnetic
force Fmt, which will be discussed in details later and the modulation of
cosθ to the inertial force and gravity.

θ in Eq. (4) is limited by magnets B and C. For the present prototype
with position angle =α 0.13 rad and =β 0.76 rad, θ is between −1.47
to 2.02 rad. When θ reaches the limits, collision between magnets oc-
curs. Although the collision will be quite gentle as the magnets act as
‘soft stoppers’ [35], losses in kinetic energy are expected. This can be
accounted for by

= − −+ −θ t γ θ ṫ ( ) (1 ) ̇( ) (5)

−θ ṫ ( ) and +θ ṫ ( ) are the velocity of magnet A before and after the col-
lision. γ is a loss factor between 0 and 1.

The open-circuit voltage produced in one coil by the magnet A is

= − = − = −V N d
dt

N d
dθ

dθ
dt

Nθ d
dθ

Φ · Φ · ·̇ Φ
OC

B B B
(6)

where N is the number of turns in the coil; ΦBis the magnetic flux
through each turn of the coil and is a function of θ. When the coil is
connected to a load resistor matching its internal resistanceRi, the
average power dissipated in the load resistor in a time period of T is

∫=P
T

V
R

dt1
4

T OC

i0

2

(7)

The magnetic force Fmt, the magnetic flux ΦB and the damping factor
cd must be determined prior to numerically solving the above equations
to simulate the performance of the MRP. In this study, Fm and ΦB were
derived by finite element analysis while cd was measured from experi-
ment.

Fig. 2. A prototype of the MRP.

Table 1
Properties of the magnets and coils.

Description symbol value unit

Magnets A and O inner radius R1 4.75 mm
outer radius R2 9.55 mm
thickness tA 6.4 mm
mass m 13.8 gram

Magnets B and C inner radius r1 2 mm
outer radius r2 6 mm
thickness tB 4 mm

Coils 1 and 2 inner radius Rc1 3 mm
outer radius Rc2 7.9 mm
thickness tc 7 mm
Coil position dgap 1.7 mm

Coil resistance Ri 10 Ω

Fig. 3. Schematics of the analytical model of the system.
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3.2. Finite element analysis

An FE model of the MRP was developed in COMSOL Multiphysics to
compute the magnetic force Fmt and the induced magnetic flux ΦB in the
coil. The physical model (Fig. 4) consists of the four ring-shaped per-
manent magnets placed in the centre of an air enclosure
(120×120×120mm3, not shown in Fig. 4). The dimensions of the
magnets are aligned with those in Table 1. A remanent flux density of
1.28 T (specified by the supplier) along the z-axis was assigned to
magnets A, B and C, while −1.28 T was assigned to magnet O. A cir-
cular surface parallel to xy plane and with a diameter of = +d R R¯ ( )c c c2 1
was created at a distance of = +d d t¯ ( /2)gap gap c from the magnet A. This
surface is the area covered by the middle winding of the coil and the
magnetic flux through it will be used to represent the average flux
through each winding of the coil. The position of the magnet A was
varied by changingθ. For eachθ, the magnetic force and the magnetic
flux were simulated by the stationary analysis of COMSOL.

4. Experimental testing of the MRP

Experimental testing was performed on the prototype presented in
Fig. 2. The MRP was installed on a base made of plastic and with a
height of 15 cm, as shown in Fig. 5. The base was then mounted on an
electromagnet shaker (V20, Data Physics). The reason to introduce a
long base is to exclude any magnetic interaction between the shaker
and the MRP.

In free vibration testing, magnet A was displaced manually from its
equilibrium position and then released to ring down. During this pro-
cess, the coils were open-circuited to eliminate any electric damping.
The motion of magnet A was recorded by the camera of a smart phone
(iPhone 6 plus) at 240 frames per second. The recorded video was then
processed by a video analysis software, Tracker 5.0 (Open Source
Physics), to extract the angular displacement of magnet A with respect

to the centre of magnet O, i.e. the value of θ. To fully expose magnet A
to the camera, one coil of the MRP was removed during the vibration
test, as shown in the side view of Fig. 2. Moreover, a rubber disk was
glued in the hollow of magnet A and a small red tape was stick to the
centre. The position of the red tape therefore reflects the position of
magnet A and can be tracked during video analysis.

In power generation testing, a signal generator, which was con-
trolled by a LabVIEW program running on a PC, applied the sinusoidal
excitation signal to the shaker through a power amplifier. Each of the
two coils was separately connected to a 10Ω load resistor, which is the
internal resistance of the coils. The voltage across the load resistors
were measured by a data log through the LabVIEW program to calculate
the average power generation. Prior to measuring the power genera-
tion, the excitation voltages required by the shaker to produce accel-
eration of 1 to 14m/s2 at frequencies between 4 and 20 Hz was mea-
sured with the aid of an accelerometer (5 g ceramic shear
accelerometer, Kistler). Following that, the power output of the MRP
was measured by the method of bidirectional frequency sweeps at
constant acceleration. During both up- and down-frequency sweeps, the
frequency of the excitation voltage was varied in steps of 0.1 Hz and
each frequency was held for 30 s to allow the motion of magnet A to
reach steady state. At the same time as the frequency was varied, the
voltage amplitude was adjusted according to the prior measurements to
maintain a constant input acceleration.

5. Results and discussions

5.1. Results of finite element modelling

The magnetic force Fmt simulated by the FE analysis is presented in
Fig. 6(a), which can be approximated by Eq. (8). The parameters of Eq.
(8) were determined by least-square curve-fitting in MATLAB. The re-
lationship between Fmt and θ is approximately linear when θ| | is small
and moderate (about <θ| | 1) and becomes increasingly nonlinear as θ| |
is further increased. Therefore, to produce strong nonlinear behaviours,
the displacement has to be large enough, which can be achieved by
increasing the actuation amplitude or reducing the damping level. The
magnetic force is slightly asymmetrical about =θ 0 because the posi-
tion angles α and β (see Fig. 3) are not equal. This asymmetry is also
reflected in the fitting equation of the magnetic force, where quadratic
and fourth-order terms are present. The presence of the quadratic
nonlinear term is the perquisite of 1/2 order subharmonics [36].

∑=
=

F a θmt
i

i
i

0

5

(8)

The magnetic flux ΦB through the middle winding of the coil is
shown in Fig. 6(b). The relationship between ΦB and θ can be mathe-
matically fitted by Eq. (9 ). The values of the parameters in Eqs. (8) and
(9) are listed in Table 2.

∑=
=

A iω θΦ cos( )B
i

i
0

7

1
(9)

5.2. Free vibration of the MRP

The video footage recording the free motion of magnet A and pro-
cessed by Tracker 5.0 is attached as free motion clip.gif. A typical frame
of the footage is shown in Fig. 7. The origin of the coordinate system is
at the centre of magnet O. The red quadrilaterals represent the trajec-
tory of magnet A, recognised by Tracker 5.0. The coordinates of these
quadrilaterals were exported to calculate the angular position of
magnet A, which is compared with the simulation results in Fig. 8.

The free motion simulation was performed by numerically solving
Eq. (4) with =A 00 . The damping factor cm was set to 3.3×10−4 Ns/
rad, corresponding to a mechanical damping ratio of 0.018. The

Area covered by middle 
winding of the coil

Front view Right view

Fig. 4. FE model to simulate the magnetic force and flux.

Fig. 5. Experimental setup to measure the power generation of the MRP.
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simulated free motion shows good agreement with experiment in both
time- and frequency-domains, which validates the value of the damping
factor and the magnetic force simulated by the finite element model.
The multiple peaks in the frequency spectrum is because the stiffness
and thus the resonance frequency of the system varies with θ.

The simulated frequency spectrums of the free vibration with dif-
ferent initial displacements are presented in Fig. 9. As the initial dis-
placement is 0.2 rad, the frequency spectrum of the free vibration de-
monstrates that of a linear system with a resonance frequency of 4.6 Hz,
suggesting that at small vibration amplitude, the MRP can be ap-
proximated as a linear system.

5.3. Simulated and measured energy harvesting performance

5.3.1. Characteristics of primary and subharmonic resonances
The simulated and measured electric power outputs of the MRP

when excited at 9m/s2 and connected to the 10Ω load resistor are
compared in Fig. 10. In simulation, Eqs. (4) and (5) were numerically
solved to compute θ and θ ,̇ which were then substituted to Eqs. (6) and
(7) and (9) to compute the voltage and power generation. The damping
factor cd was adjusted to be 3.9× 10−4 Ns/rad to account for the
electric damping. The loss factor γ was set to 0.1. The value of γ does
not affect the trend of the response, which will be discussed in Section
5.3.2. In experiment, the result below 7Hz was not measured for the
present excitation amplitude because of the limitation of the shaker
used. Considering the good coincidence between simulation and ex-
periment, the response of the MRP in the untested frequency range is
expected follow the trend of the simulation.

As shown in Fig. 10, the MRP exhibits hysteretic responses when
excitation frequency f > 5.9 Hz, where two stable responses co-exist.
In the hysteretic region, the power of the up-sweep is always higher
than the down-sweep, suggesting hardening nonlinearity of the MRP.
Since high power output is desirable, the rest of this paper focuses on
analysing the behaviours of the MRP in the high-power branch, i.e. the
performance measured or simulated in frequency up-sweep condition.

In Fig. 10, as the excitation frequency f increases, the power output
experiences a sharp jump-up around the linear resonance
frequency f0 =4.6 Hz. Then it increases steadily until it reaches the first
peak, immediately following which the first steep jump-down occurs at
f1. The frequency region from low frequency until f1 is the primary
resonance region, where the frequency of the displacement equals to
the excitation frequency. This can be verified by the measured and si-
mulated displacement of the MRP presented in Fig. 11(a) and (b). When
the MRP is excited at 7 Hz, both simulated and measured displacements
are exactly at 7 Hz as expected. The good agreement between simula-
tion and experiment implies that both the magnetic force and magnetic
flux simulated by the finite element model are valid. The main fre-
quency component of the voltage is at 14 Hz, as shown in Fig. 11(c),
because each cycle of displacement introduces two cycles of magnetic
flux variations, which is a common feature of electromagnetic energy
harvesters.

After the first jump-down, the power produced by the MRP in-
creases again with f until the second peak and jump-down are observed
at around f2. The frequency range between fs and f2, i.e. from the onset
of the power increase following the first jump-down to the second
jump-down, is the secondary resonance region. In this region, the dis-
placement frequency is mainly half of the excitation frequency, sug-
gesting that the secondary resonance is a 1/2 order subharmonic re-
sonance originated from the quadratic nonlinearity. A typical example
is shown in Fig. 12. When the MRP is excited at 14 Hz, the displacement
in both experiment and simulation is mainly at 7 Hz.

Fig. 6. (a) Magnetic force and (b) magnetic flux of the MRP simulated by finite element analysis.

Table 2
The values of the parameters for magnetic force and flux determined by curve-
fitting in MATLAB.

parameters values parameters values parameters values

a0 0.145 a5 −0.492 A5 −3.95× 10−7

a1 −0.245 A1 2.12× 10−6 A6 −2.75× 10−7

a2 −0.555 A2 4.20× 10−6 A7 −8.4× 10−8

a3 0.151 A3 1.96× 10−6 ω1 1.636
a4 0.820 A4 1.02× 10−7

Fig. 7. A typical frame of the processed video footage recording the motion of
magnet A.
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The subharmonic resonances of nonlinear energy harvesters re-
ported in the literature usually produce much smaller responses than
the primary resonance. In contrast, the subharmonic resonance of the
MRP actuated at f2 always produces almost identical outputs as the
primary resonance actuated at f across the whole subharmonic re-
sonance region, which can be easily verified by the results presented in
Figs. 10–12. The subharmonic resonance always takes the same form as
the primary counterpart and looks like a recurrence of the primary
resonance at doubled excitation frequencies. This unique phenomenon
is advantageous for energy harvesting because the subharmonic re-
sonance can produce the same power level as the primary resonance but
with a larger bandwidth.

5.3.2. Effects of excitation amplitude
The simulated electric power outputs of the MRP excited at different

acceleration levels are presented in Fig. 13(a). Generally, with larger
A0, the resonance region extends to a broader range, leading to a larger
bandwidth. The nonlinear behaviour of the MRP—the bending of the
frequency-response curve is observed with acceleration amplitude A0
being as low as 2m/s2. As A0 is increased to ≥5m/s2, the subharmonic
resonance appears and starts at 9 Hz. This suggests that the sub-
harmonic can only be excited when the excitation is sufficiently large.

As A0 increases from 2m/s2, the first jump-down frequency f1 first
increases and then saturates at around 8.9 Hz. The increases of f1 is
because the corresponding jump-downs are caused by bending of fre-
quency-response curve as a result of the hardening nonlinearity. This
kind of jump-down frequency increases with excitation amplitude and
decreases with the damping level, which has been well documented in
the literature [36]. The saturation is because the corresponding jump-
downs are a result of the collision between magnet A and B when
magnet A reaches its upper position limit. This can be demonstrated by
the maximum displacements of the MRP shown in Fig. 13(b). As A0 ≥

Fig. 8. Comparison of the simulated and measured
free vibration of the MRP (a) time domain variation
of θ (b) frequency spectrum of θ.

Fig. 9. Simulated frequency spectrums of the free vibration with initial dis-
placements from 0.2 to 2 rad.

Fig. 10. Simulated and measured electric power output of the MRP subjected to
harmonic excitation at 9 m/s2 in frequency up- and down-sweep.

Fig. 11. (a) Displacement, (b) FFT of the displacement and (c) voltage across the load resistor when the MRP is excited at 7 Hz, 9 m/s2. Solid and blue: experiment;
dash and red: simulation.
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5m/s2, the peak displacement reaches the position limit of 2.02 rad at
8.9 Hz. As a result of the disturbance and energy loss from the collision,
the MRP jumps to a lower energy state and enters the subharmonic
resonance. The loss factor was found to affect the number of collisions
before the jump. However, as long as there is a loss, the jump will
eventually occur. The second jump-down frequency f2 follows the si-
milar trend of f1. The collision occurs at 17.5 Hz withA0 =14m/s2.
Following that collision, the vibration of the MRP jumps to near zero
and no lower order of subharmonic resonance is observed at higher
frequency range.

When the resonance is excited, the displacement of the magnet is
mostly larger than 1.5 rad even when the A0 is as low as 2m/s2. This
large displacement is resulted from the low mechanical damping of the
MRP and helps to enhance the nonlinear behaviour as the nonlinearity
increases progressively with displacement (Fig. 7). The engagement of
the strong nonlinearity leads increased power bandwidth. Another
phenomenon caused by the strong nonlinearity is that the displacement
and power level is independent of the acceleration amplitude, except in
the region around the linear resonance frequency. Similar behaviours
have also been reported by other monostable nonlinear energy har-
vesters [20,37].

The measured electric power outputs at different excitation ampli-
tudes are presented in Fig. 14. The experiment results match the

simulation quite well at each excitation level. The experiment shows
peak power output of 3.7mW at 8.6 Hz, compared with 3.8 mW at
8.9 Hz in simulation. The subharmonic resonance in experiment starts
at 8.7 Hz, compared to 9 Hz in simulation. The slight difference in the
simulated and measured onset frequency of the subharmonic resonance
is caused by minor difference in the upper limit of the displacement
between experiment and simulation.

5.3.3. Further discussion
As a result of the bended frequency–response curve and the ap-

pearance of the subharmonic resonance, the bandwidth of the MRP is
increased. In light of the double-resonance characteristics of the MRP, a
1-mW-bandwidth is used to evaluate the bandwidth, which is the fre-
quency range with power output over 1mW. The measured bandwidth
of the MRP is presented in Table 3. As A0 is increased from 2 to 5m/s2,
the 1-mW-bandwidth is increased from 0.4 to 3.1 Hz and the con-
tribution is solely from the primary resonance. As A0 further increases,
the subharmonic resonance starts to contribute to the bandwidth. The
contribution of the subharmonic resonance to the bandwidth exceeds
that of the primary resonance when ≥A0 8m/s2. When excited at 14m/

Fig. 12. (a) Displacement, (b) FFT of the displacement and (c) voltage across the load resistor when the MRP is excited at 14 Hz, 9 m/s2. Solid and blue: experiment;
dash and red: simulation.

Fig. 13. Simulated (a) electric power outputs and (b) maximum displacement
of the MRP excited at different acceleration amplitudes in frequency up-sweeps.

Fig. 14. Measured electric power outputs of the MRP excited at different ac-
celeration amplitudes in frequency up-sweeps.

Table 3
Measured peak power and 1-mW-bandwidth of the MRP at different accelera-
tion amplitudes.A0

A0 (m/
s2)

Peak Power
(mW)

1-mW-bandwidth (Hz)

Primary
resonance

Subharmonic
resonance

Total

2 1.3 0.4 – 0.4
3 2.6 2.1 – 2.1
5 3.5 3.1 0 3.1
7 3.8 3.4 1.8 5.2
8 3.7 3.3 3.2 6.5
9 3.7 3.3 4.5 7.8
12 3.7 3.3 5.9 9.2
14 3.7 3.3 6.4 9.7
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s2, the 1-mW-bandwidth is as large as 9.7 Hz and the contribution of the
subharmonic resonance is nearly twice of the primary resonance.

The bandwidth of the MRP is compared with the state-of-the-art
broadband energy harvesters in Table 4, where the traditional half-
power-bandwidth is used. The bandwidth ratio Λ is the ratio of half-
power-bandwidth to the linear resonance frequency f0. The figure of
merit [14] for broadband energy harvesting is defined as

= ×Figure of Merit P
A

Λ max

0
2 (10)

where Pmax is the maximum power output. The MRP in this work shows
the largest bandwidth ratio and figure of merit. This is a result of the
strong nonlinear behaviours promoted by low mechanical damping.
The mechanical damping ratio ζm of the MRP was compared with some
of magnetic levitation energy harvesters in Table 5. Because the
damping ratio is dependent on the frequency, a normalised damping
ratio is used for the comparison, which is defined as [38]

=ζ πζ f4normal m 0 (11)

The normalised damping ratio of the MRP is 1.0, which is less than
30% of the values of other energy harvesters.

The resonance range and the bandwidth make the MRP suitable for
energy harvesting from low-frequency vibrations. One application
scenario is harnessing the vibration of rail tacks caused by passing
trains, which has main frequency components in the range of 1–30 Hz
[39]. The harvested energy can be used to power wireless railway
condition monitoring sensors.

6. Conclusions

In this work, a novel magnetic rolling pendulum (MRP) for broad-
band energy harvesting has been developed, modelled and char-
acterised. Both analytical simulation and experiment characterisation
were performed to assess the performance. The MRP demonstrated a
subharmonic resonance with large power output and bandwidth, in
addition to the high-performance primary resonance, and therefore has
a great potential for broadband energy harvesting.

The magnetic spring force of the MRP simulated by finite element
analysis showed the presence of a quadratic nonlinear term, which is
the origin of the 1/2 subharmonics observed on the MRP. In both si-
mulation and experiment, the MPR possessed nonlinear behaviours and

thus broadband characteristics in the primary resonance with excitation
acceleration A0 being as low as 2m/s2. As A0increases, the mW-
bandwidth of primary resonance increases up to 3.4 Hz. When ≥A0
5m/s2, the subharmonic resonance appeared, which was identified as
the 1/2 order subharmonic resonance since the response is mainly at
half of the excitation frequency. The subharmonic resonance responses
of the MRP actuated at a frequency f2 were always nearly the same as
the primary resonance response actuated at f . As a result, the sub-
harmonic resonance produced high power output and actively con-
tributed to the bandwidth. As ≥A0 8m/s2, the contribution of the
subharmonic resonance to the mW-bandwidth exceeds that of the pri-
mary one, thus greatly increased the total bandwidth. At =A0 14m/s2,
the MRP showed an mW-bandwidth of 9.7 Hz, 67% of which is attrib-
uted to the subharmonic resonance. The resonance range and broad
bandwidth make the MRP suitable for energy harvesting from low-
frequency and broadband vibration sources such as rail track vibration
caused by passing trains.
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