
Geophysical Prospecting, 2019 doi: 10.1111/1365-2478.12842

Seismic amplitude inversion for the transversely isotropic media
with vertical axis of symmetry
Feng Zhang1∗, Tuo Zhang1 and Xiang-Yang Li1,2

1School of Geophysics, China University of Petroleum, 18 Fuxue Road, Changping, Beijing, China, and 2British Geological Survey,
Edinburgh, UK

Received February 2019, revision accepted June 2019

ABSTRACT
Transverse isotropy with a vertical axis of symmetry is a common form of anisotropy
in sedimentary basins, and it has a significant influence on the seismic ampli-
tude variation with offset. Although exact solutions and approximations of the
PP-wave reflection coefficient for the transversely isotropic media with vertical
axis of symmetry have been explicitly studied, it is difficult to apply these equa-
tions to amplitude inversion, because more than three parameters need to be es-
timated, and such an inverse problem is highly ill-posed. In this paper, we pro-
pose a seismic amplitude inversion method for the transversely isotropic media
with a vertical axis of symmetry based on a modified approximation of the re-
flection coefficient. This new approximation consists of only three model pa-
rameters: attribute A, the impedance (vertical phase velocity multiplied by bulk
density); attribute B, shear modulus proportional to an anellipticity parameter
(Thomsen’s parameter ε−δ); and attribute C, the approximate horizontal P-wave
phase velocity, which can be well estimated by using a Bayesian-framework-based
inversion method. Using numerical tests we show that the derived approximation
has similar accuracy to the existing linear approximation and much higher accuracy
than isotropic approximations, especially at large angles of incidence and for strong
anisotropy. The new inversion method is validated by using both synthetic data and
field seismic data. We show that the inverted attributes are robust for shale-gas reser-
voir characterization: the shale formation can be discriminated from surrounding
formations by using the crossplot of the attributes A and C, and then the gas-bearing
shale can be identified through the combination of the attributes A and B. We then
propose a rock-physics-based method and a stepwise-inversion-based method to es-
timate the P-wave anisotropy parameter (Thomsen’s parameter ε). The latter is more
suitable when subsurface media are strongly heterogeneous. The stepwise inversion
produces a stable and accurate Thomsen’s parameter ε, which is proved by using
both synthetic and field data.
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INTRODUCTION

Transverse isotropy with a vertical axis of symmetry (VTI)
resulting from textured shale or a sequence of horizontal thin
layers is one of the most common forms of anisotropy in sed-

∗E-mail: zhangfeng@cup.edu.cn

imentary basins. Anisotropy is reported to have a significant
influence on seismic amplitude (Thomsen 1986; Wright 1987;
Kim, Wrolstad and Aminzadeh 1993). Exact solutions for
reflection coefficients for anisotropic media have been stud-
ied by Keith and Crampin (1977), Daley and Hron (1977),
Graebners (1992) and Schoenberg and Protázio (1992), which
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enable amplitude variation with offset (AVO) analysis and
modelling of VTI media. Approximations of reflection coef-
ficients in anisotropic media are extensively investigated to
provide expressions in simple and closed forms (Banik 1987;
Thomsen 1993; Ursin and Haugen 1996; Rüger 1997; Rüger
1998; Vavryčuk and Pšenčı́k 1998; Zillmer, Gajewski and
Kashtan 1998; Vavryčuk 1999; Stovas and Ursin 2003; Shaw
and Sen 2004; Zhang and Li 2013). In spite of that, the in-
version of amplitudes of reflected PP waves in VTI media is
a difficult issue. Plessix and Bork (2000) studied the feasibil-
ity of anisotropic parameters estimation from the reflection
coefficients and demonstrated that the recovery of all five pa-
rameters is difficult in practice. Stovas, Landrø and Avseth
(2006) invert the AVO intercept and gradient to estimate
net-to-gross and oil saturation for finely layered reservoirs.
Lin and Thomsen (2013) presented a method to extract the
anisotropy parameter δ based on the difference between real
(measured) and synthetic seismic amplitudes.

In this paper, we propose a modified PP-wave reflection
coefficient equation that enables the inversion for VTI media.
The new approximation has similar accuracy to the exist-
ing linear approximation and contains only three subsurface
parameters to be inverted: attribute A, impedance (vertical
phase velocity multiplied by bulk density); attribute B, shear
modulus proportional to an anellipticity parameter (Thom-
sen’s parameter ε−δ); and attribute C, approximate horizon-
tal P-wave phase velocity. A simultaneous inversion scheme
is applied for the estimation of the three parameters, and the
misfit function is regularized by a priori information about
the model in a Bayesian framework. The stability and uncer-
tainty analyses are performed on inversion results of synthetic
data tests and field-data application to show the feasibility
of this approach. The stability analysis is based on the rel-
ative error and the cross-correlation coefficient between the
inversion result and true model (real log), and the uncertainty
is represented by the estimated standard deviation of the in-
verted parameter. The study area is in the south of Sichuan
Basin, China, and the target is a lower Silurian-age shale for-
mation. We show that the shale formation can be effectively
discriminated from the surrounding limestone and sandstone
by using the crossplot of the impedance and the horizontal
P-wave phase velocity; the gas-bearing shale can be easily
identified through the combination of the anisotropic shear
modulus and the impedance. Then, the P-wave anisotropy pa-
rameter ε is recovered from inverted subsurface parameters
by two methods based on a rock-physics relation and a step-
wise inversion, respectively. The former applies an explicit
rock-physics relation between VP0 and impedance (attribute

A) to estimate the vertical P-wave phase velocity VP0, which is
then used to estimate the anisotropy parameter ε along with
the simultaneously inverted vertical P-wave phase velocity (at-
tribute C), while the latter uses small-angle seismic reflection
data to invert the vertical P-wave phase velocity VP0.

METHODOLOGY

Reflection coefficients in the transversely isotropic media
with vertical axis of symmetry

The elastic stiffness tensor of a VTI (transverse isotropy with
vertical symmetry axis) medium is be represented as

C =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

c11 c11 − 2c66 c13 0 0 0
c11 − 2c66 c11 c13 0 0 0

c13 c13 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 c66

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (1)

Thomsen (1986) suggests a parameterization that enables
to analyse the influence of anisotropy on seismic signatures.
Thomsen’s anisotropy parameters are defined as

ε = c11 − c33

2c33
, γ = c66 − c44

2c44
,

δ = (c13 + c44)2 − (c33 − c44)2

2c33(c33 − c44)
. (2)

Five elastic stiffness coefficients of VTI media in equa-
tion (1) can be expressed as

c33 = V2
P0ρ, c44 = V2

S0ρ, c11 = c33 (1 + 2ε) ,

c66 = c44 (1 + 2γ ) ,

c13 =
√

2δc33 (c33 − c44) +(c33+c44)2 − c44, (3)

where VP0,VS0 and ρ are the P- and S-wave vertical phase
velocities and the bulk density, respectively.

Considering a discrete subsurface model, the linear ap-
proximation of the PP-wave reflection coefficient for the ith
planar interface separating the ith and the i + 1th VTI layers
can be expressed as (Ursin and Haugen 1996; Rüger 1997;
Vavryčuk and Pšenčı́k 1998; Stovas and Ursin 2003; Shaw
and Sen 2004; Zhang and Li 2013)

RVTI(θ ) = RISO(θ ) + 1
2

sin2θ �δ + 1
2

sin2θ tan2θ �ε, (4)

where θ is the incidence phase angle, and can be approxi-
mated to the average angle θ of the incidence phase angle
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Seismic AVO inversion for VTI media 3

Figure 1 The PP-wave reflection coefficient of single-interface models belonging to different AVO classes: (a) class I, (b) class II, (c) class III, (d)
class IV, (e) class III AVO of strong anisotropy (ε = 0.3 and δ = 0.1) and (f) class IV AVO of strong anisotropy (ε = 0.3 and δ = 0.1). Elastic
parameters of the single-interface models are listed in Table 1.

and the transmission phase angle under the assumption of
weak impedance contrast and small angle, ρVP0 refers to
average values of the two adjacent layers across the inter-
face, � refers to contrasts in the properties of the two adja-
cent layers across the interface, RISO(θ ) is the linear approx-
imation of PP-wave reflection coefficient for isotropic media
(Bortfeld 1961; Richards and Frasier 1976; Aki and Richards
1980)

RISO(θ ) = 1
2

�(ρVP0)

ρVP0

+1
2

sin2θ

⎡
⎣�VP0

VP0

−
(

2VS0

VP0

)2
�(ρVS0

2)

ρVS0
2

⎤
⎦

+1
2

sin2θ tan2θ

(
�VP0

VP0

)
. (5)
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Figure 2 Relative errors between dif-
ferent approximations and the exact
PP-wave reflection coefficient of single-
interface models belonging to different
AVO classes: (a) class I, (b) class II, (c)
class III, (d) class IV. (e) Class III AVO of
strong anisotropy (ε = 0.3 and δ = 0.1),
and (f) class IV AVO of strong anisotropy
(ε = 0.3 and δ = 0.1). Elastic parameters
of the single-interface models are listed in
Table 1.

We aim to propose a modified approximation of the PP-
wave reflection coefficient that enables a simultaneous inver-
sion for the VTI medium. So the new equation shall con-
tain fewer model parameters to be inverted than the exist-
ing approximation. For this purpose, equation (4) is firstly
expressed as

RVTI(θ ) = 1
2

�(ρVP0)

ρVP0

− 1
2

sin2θ

[
K

�(ρVS0
2)

ρVS0
2

− �δ

]

+1
2

sin2θ (1 + tan2θ )
�VP0

VP0

+1
2

sin2θ tan2θ�ε, (6)

where K = (2VS0/VP0)2. Note that sin2θ (1 + tan2θ )=tan2θ

and sin2θ tan2θ=tan2θ−sin2θ , the above equation is then

rearranged as

RVTI(θ ) = 1
2

�(ρVP0)

ρVP0

− 1
2

sin2θ

[
K

�(ρVS0
2)

ρVS0
2

− �δ + �ε

]

+1
2

tan2θ

(
�VP0

VP0

+ �ε

)
. (7)

The first term in the above equation can be expressed by
the reflection coefficient of normal incidence:

ri = 1
2

�(ρVP0)

ρVP0

= (ρVP0)i+1 − (ρVP0)i

(ρVP0)i+1 + (ρVP0)i

. (8)

Equation (8) can be expressed as

e2ri ≈ (ρVP0)i+1

(ρVP0)i

, (9)
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by taking the following approximations:

eri ≈ 1 + ri , and e−ri ≈ 1 − ri . (10)

Equation (8) is then written as

ri = 1
2

�(ρVP0)

ρVP0

≈ 1
2

ln
[

(ρVP0)i+1

(ρVP0)i

]
. (11)

The difference between �(ρVP0)

ρVP0
and ln[

(ρVP0)i+1
(ρVP0)i

] is around

3.2% of �(ρVP0)

ρVP0
when |ri|=0.3. Similar approximations are

used by Bortfeld (1961) and Oldenburg et al. (1983). We can
also have

�(ρV2
S0)

ρV2
S0

≈ ln
[

(ρVS0)i+1

(ρVS0)i

]
and

�VP0

VP0

≈ ln
[

(VP0)i+1

(VP0)i

]
.

(12)

Substituting equations (11) and (12) into (7), we have the
following expression:

RVTI(θ ) = 1
2

ln
[

(ρVP0)i+1

(ρVP0)i

]

−1
2

Ksin2θ ln

[(
ρVS0

2e
(VP0/VS0)

2
(ε−δ)

4

)
i+1

/

(
ρVS0

2e
(VP0/VS0)

2
(ε−δ)

4

)
i

]

+1
2

tan2θ ln
[

(VP0eε)i+1

(VP0eε)i

]
. (13)

Tsvankin and Thomsen (1994) defined an effective pa-
rameter as σ = (VP0/VS0)2(ε − δ), and ε − δ is known as the
anellipticity parameter. Letting

A = ρVP0, B = ρVS0
2e

σ
4 and C = VP0eε, (14)

we have the following expression:

RVTI(θ ) = 1
2

ln
(

Ai+1

Ai

)
− 1

2
Ksin2θ ln

(
Bi+1

Bi

)

+1
2

tan2θ ln
(

Ci+1

Ci

)
. (15)

From here on, we refer to equation (15) as ‘the new
equation’, and A, B and C are three attributes to be inverted
for. Similar to the reflection coefficient functions in Stolt and
Weglein (1985) and Buland and Omre (2003), equation (15)
contains model parameters in the differential form of natural
logarithms. It provides explicit forms of inverted attributes,
especially for attributes B and C, so that we can easily un-
derstand their physical meanings and capabilities of lithology

Table 1 Elastic parameters of single-interface models for different
AVO classes. Parameters are derived from well logs in the study area

AVO
Class Lithology

VP0

(km/s)
VS0

(km/s)
P
(g/cm3) δ ε γ

Class I Shale 4.6 2.5 2.65 0.05 0.15 0.2
Sand 5.5 3.5 2.7 0 0 0

Class II Shale 4.6 2.5 2.65 0.05 0.15 0.2
Sand 5.0 3.0 2.6 0 0 0

Class III Shale 4.6 2.5 2.65 0.05 0.15 0.2
Gas shale 4.0 2.7 2.55 0 0 0

Class IV Limestone 5.5 3.5 2.7 0 0 0
Shale 4.6 2.5 2.65 0.05 0.15 0.2

Class III-a Shale 4.6 2.5 2.65 0.1 0.3 0.2
Gas shale 4.0 2.7 2.55 0 0 0

Class IV-a Limestone 5.5 3.5 2.7 0 0 0
Shale 4.6 2.5 2.65 0.1 0.3 0.2

and pore fluids. Besides, actual values of elastic parameters,
instead of their relative perturbations with respect to the
background models, can be directly estimated by using a
novel simultaneous inversion scheme. This eliminates the
error induced by the transformation from the latter to the
former.

Three attributes have explicit physical meaning. The at-
tribute A represents the impedance. The attribute B is a shear
modulus multiplied by e

σ
4 in terms of the anellipticity pa-

rameter (ε − δ). It can be similar to the isotropic shear mod-
ulus at moderate anisotropy, when the value of e

σ
4 is close

to one (e.g. e
σ
4 = 1.088 according to the shale parameters in

Table 1, in which ε − δ=0.1 and VP0/VS0=1.84). The dif-
ference between B = ρVS0

2e
σ
4 and ρVS0

2 becomes significant
at strong anisotropy (e.g. e

σ
4 = 1.18 when ε − δ = 0.2 and

VP0/VS0=1.84). The value of e
σ
4 is determined by rock prop-

erties and has a significant influence on the attribute B. An
empirical relationship between VP0/VS0 and ε − δ has been
studied by Ryan-Grigor (1997). It shows that shales have
measured VP0/ VS0 between 1.6 and 1.8, and some shales do
have ε − δ close to zero. However, this elliptical anisotropy is
not observed from the data used in this paper. The attribute
C = VP0eεcan be equivalent to the horizontal P-wave phase
velocity VP90(VP90 ≈ VP0(1+ε)) when ε < 0.3.

Simultaneous inversion method for the transversely isotropic
media with a vertical axis of symmetry

Three model parameters in the new equation can be solved
in a Bayesian framework by minimizing a quadratic mis-
fit function J regularized by an a priori model of Gaussian

C© 2019 The Authors. Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association of Geoscientists &
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Figure 3 Well logs in the time domain: (a) P-wave velocity, (b) S-wave velocity, (c) density, (d) Thomsen’s δ and (e) Thomsen’s ε.

distribution (Tarantola 2005; Kennett, Sambridge and
Williamson 1988; Wang and Houseman 1994)

J = [g(m) − d]TC−1
d [g(m) − d]

+(m − mprior)
TC−1

m (m − mprior), (16)

where g is the nonlinear forward modelling operator, d is the
n × N-by-1 data vector consisting of seismic amplitude as a
function of the incident phase angle at each time sample. The
number of angle traces and the number of data samples at
each trace are n and N + 1, respectively; m = [A, B, C]T is

Figure 4 The synthetic seismic angle gathers with different levels of noise: (a) without noise, (b) signal-to-noise ratio = 2, (c) signal-to-noise
ratio = 1 and (d) signal-to-noise ratio = 0.5.

C© 2019 The Authors. Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association of Geoscientists &
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Seismic AVO inversion for VTI media 7

Figure 5 Comparison between the real logs (black solid), initial models (grey) and inversion results (black dashed) for synthetic data with
different levels of noise: (a) without noise, (b) signal-to-noise ratio = 2, (c) signal-to-noise ratio = 1 and (d) signal-to-noise ratio = 0.5.
A = ρVP0, B = ρVS0

2e
σ
4 and C = VP0eε are shown from left to right.

the 3(N +1)-by-1 model vector consisting of the three model
parameters to be solved, mprior is the prior model parameter
vector; Cd is the data covariance matrix and could be practi-
cally calculated by assuming uncorrelated noise as Cd = σ 2

n I,

and σn is noise standard deviation; Cm =

⎡
⎢⎣

CAA CAB CAC

CBA CBB CBC

CCA CCB CCC

⎤
⎥⎦ is

the model covariance matrix that can be obtained from real
logs or rock-physics relations, and Ckl (k and l refer to at-
tributes A, B and C) is the covariance of inverted parameters.
Given an initial model mprior, the forward modelling can be
approximated as

g(m) ≈ g(mprior) + G(m − mprior), (17)

where G is the n × N-by-n × Nmapping operator from model
to data, and it includes the effect of incident angles and
wavelets and is given by (Buland and Omre 2003; Downton
and Ursenbach 2006; Zong et al. 2012)

G = WFD, (18)

where W is the n × N-by-n × N convolution matrix contain-
ing wavelets of different angles, F is the n × N-by-3N sensi-
tivity matrix of Fréchet derivatives with respect to the model
parameters, and D is the 3N-by-3(N + 1) differential operator

C© 2019 The Authors. Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association of Geoscientists &
Engineers., Geophysical Prospecting, 1–18
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Table 2 Relative error (RE) and cross-correlation coefficient (CC) between the true models and the inversion results of attributes A, B and C,
respectively, and the standard deviation (STD) of parameter estimates for different signal-to-noise ratios

REA REB REC CCA CCB CCC STDA STDB STDC

No noise 0.78% 1.62% 0.75% 0.9945 0.9937 0.9917 0.00024 0.00046 0.0002
Signal-to-noise ratio = 2 1.25% 3.03% 1.3% 0.9814 0.9812 0.9820 0.0123 0.0237 0.0118
Signal-to-noise ratio = 1 2.07% 3.96% 1.74% 0.97 0.9664 0.9734 0.0241 0.0464 0.0231
Signal-to-noise ratio = 0.5 2.85% 5.02% 2.27% 0.9303 0.9348 0.9456 0.0398 0.0829 0.0462

of the model parameters in adjacent layers (Stolt and Weglein
1985). The model parameter can be recovered as

m = mprior+
(
GTG + μC−1

m

)−1
GT�d,

where �d = d − g(mprior) is the data residual, μ proportional
to σn is the trade-off parameter of the regularization term
and can be estimated using varied methods to guarantee an
optimal solution (Wang 1999; Wang et al. 2000; Wang and
Pratt 2000; Downton 2005; Alemie and Sacchi 2011).

EXPERIMENTS W ITH S YNTHETIC
AND FIELD DA T A SE T S

Accuracy analysis

The linear reflection coefficient approximations of VTI
(transverse isotropy with vertical symmetry axis) media are
compared with the exact solution and the approximation of

isotropic media to analyse the accuracy of the new equa-
tion (Fig. 1). Figure 2 shows the relative errors between dif-
ferent approximations and the exact anisotropic reflection
coefficient. The exact PP-wave reflection coefficient of VTI
media is calculated using the equation in Schoenberg and
Protázio (1992). The isotropic approximation is calculated
as in equation (5). Table 1 shows the elastic parameters of
four single-interface models belonging to different amplitude
variation with offset (AVO) classes according to Rutherford
and Williams (1989). All the model parameters are derived
from well logs in the study area. The class I and II mod-
els represent typical shale/sand interfaces; classes III and IV
represent the interfaces of shale/gas-bearing shale and lime-
stone/shale, respectively. Thomsen’s anisotropy parameters of
the shale formation are ε = 0.15, δ = 0.05 and γ = 0.2,
according to the well logs. The limestone, sand and gas-
bearing shale show very weak anisotropy and thus they are
considered as isotropic. The models of classes III-a and IV-a

Figure 6 Estimated parameter variance (un-
certainty) based on the covariance matrix of
the new reflection coefficient equation as a
function of the maximum angle for different
signal-to-noise ratios: (a–d) No noise, signal-
to-noise ratio = 2, 1 and 0.5, respectively. The
minimum angle is zero, and the data are sam-
pled uniformly over this angle range.

C© 2019 The Authors. Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association of Geoscientists &
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Seismic AVO inversion for VTI media 9

Figure 7 Well logs of P-wave velocity, S-wave velocity, bulk density, Thomsen’s ε, δ, γ (real log in black, estimation in grey), porosities of
clay-bound water, free water and free gas, and mineralogy from left to right.

have the same elastic parameters as classes III and IV, respec-
tively, but the anisotropy parameters of the shale are set to
ε = 0.3 and δ = 0.1, to evaluate the accuracy at strong
anisotropy. The approximation of isotropic media (equa-
tion (5)) deviates from the exact solution, and such devia-
tion increases with angle and the magnitude of anisotropy.
The new approximation (equation (15)) agrees well with the
existing equation (equation (4)), and both of them have high
accuracy over a wide range of angles (from 0° to 50°) as shown
in Figs 1 and 2. In the following sections, we would discuss
the feasibility of the inversion scheme using synthetic and real
seismic data sets.

Figure 8 The post-stack seismic section and well location.

Inversion results using a synthetic data set

Real well logs in the study area are used to generate the syn-
thetic data to test the inversion scheme, and the logs are trans-
formed from the depth to the time domain (Fig. 3). Similar to
the numerical results in Fig. 1, the reflection coefficients are
calculated using the exact solution in Schoenberg and Protázio
(1992). The forward modelling uses the mixed-phase wavelets
estimated from the corresponding seismic sections of a con-
stant angle. Figure 4 shows the synthetic angle gathers with
Gaussian noise of different signal–noise ratios. Each gather
consists of five traces from 10° to 50°, which is consistent
with the real seismic data set in the study area.

Figure 5 shows a comparison between the real logs and
inverted attributes. Reliable low-frequency initial models are
important for obtaining stable inversion results. The real logs
are smoothed by a moving average filter with a 40-point span
to generate the initial models. The inversion stability is anal-
ysed by using relative error (RE) and cross-correlation coef-
ficient (CC) between the true model and the inversion result,
and the uncertainty of inversion result is analysed by using
estimated standard deviation (STD) of an inverted parame-
ter (Table 2). RE is calculated as

∑N
i=1 | minv(i)−mreal(i)

mreal(i)
|, where

mreal(i) and minv(i) refer to the true and inverted parameters
of the ith time sample, respectively. STD, representing the un-
certainty of model parameters, is calculated from the square

C© 2019 The Authors. Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association of Geoscientists &
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Figure 9 The well logs are calibrated with the seismic section at CDP400, the cross-correlation coefficient between the synthetic waveform
(blue) and real seismic waveform (black and red) is 0.83.

root of model covariance matrix diagonal elements (model
parameter variance), and the model covariance matrix can
be estimated as a function of data noise variance and the
linear operator F as C̃m̃ = σ 2

n [F T F ]−1 by assuming uncorre-
lated uniform noise (Downton 2005). All the three attributes
(A = ρVP0, B = ρVS0

2e
σ
4 and C = VP0eε) can be satisfactorily

inverted from the synthetic data with a high signal-to-noise

ratio (signal-to-noise ratio >2). Res and STDs increase with
the decrease of signal-to-noise ratio, while CCs decrease with
the signal-to-noise ratio. All three inverted attributes tend to
be very patchy when using noisy data (signal-to-noise ratio
<1), and attribute B has more error and larger uncertainty
than those of attributes A and C. The above analysis im-
plies that an inversion scheme can be feasible for a field-data

Figure 10 Crossplots of different attributes for lithology discrimination: (a) A = ρVP0 and C = VP0eε and (b) A = ρVP0 and VP0. The colour
scale represents the clay mineral volume fraction. Logs of three formations (2000–2410 m) are used for this analysis.

C© 2019 The Authors. Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association of Geoscientists &
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Seismic AVO inversion for VTI media 11

Figure 11 Crossplots of different attributes for fluid discrimination: (a) A = ρVP0 and B = ρVS0
2e

σ
4 and (b) A = ρVP0 and shear modulus. The

colour scale represents the free-gas saturation. Only the logs within the shale formations (2080–2390 m) are used for this analysis.

application using the seismic data set with a signal-to-noise
ratio >1.

We now analyse the effect of varying the maximum
angle in the uncertainties of three inverted model parameters.
The uncertainty is represented by the estimated variance the
same as the above analysis. Figure 6 shows the uncertainty as
a function of the maximum angle for different signal-to-noise
ratios. The minimum angle is zero, and the angle used for this
analysis is sampled uniformly over the range. The variance
of attribute A is very low even using a small maximum angle.
The uncertainties of attributes B and C are very similar and
are much higher than that of attribute A when using small
maximum angles. So for limited angle ranges, the inversion
problem can be ill-conditioned and relies on the model con-

straint. The uncertainties of attributes B and C show a rapid
decline with the maximum angle used to increase. For high
signal-to-noise ratio (>2), uncertainties of B and C decrease
to small amounts within small maximum angle (30°); while
for low signal-to-noise ratio (<1), reliable estimations of B

and C require data with a large maximum angle (>40°). In the
following field-data experiment, seismic data sets from 10° to
50° are used to ensure the reliability of all three parameters.

Field seismic data inversion and shale-gas reservoir
characterization

A field seismic prestack data set from a shale-gas reservoir
survey is used to demonstrate the feasibility of our proposed

Figure 12 The constant-angle sections of 10°, 20°, 30°, 40° and 50° (from left to right).
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Figure 13 Inversion results for the different parameters for the seismic in-line section: (a) A = ρVP0, (b) B = ρVS0
2e

σ
4 and (c) C = VP0eε , re-

spectively. The well-path is plotted at CDP400.

methods. The study area is in the south of Sichuan Basin,
in southwest China. Well 3 penetrates a lower Silurian-age
shale formation (S1l) that is at depth 2080–2390 m and lo-
cated below a carbonate formation consisting of limestone
and calcareous sandstone and deposited on an Upper Ordovi-
cian limestone formation (Fig. 7). Mineralogy log shows that
S1l shale (2080–2390 m) has moderate clay contents and con-
tains a varied volume of quartz and carbonate minerals. The

lower S1l formation (2210–2390 m) is organic rich and gas
saturated, and it consists of a large volume of quartz and has
much higher porosity and kerogen volume than the upper S1l
formation (2080–2210 m). The log of the anisotropy parame-
ter γ shows that this shale formation has strong to moderate
anisotropy. The anisotropy parameter γ is calculated using
the C44 and C66 measured in the borehole. C44 is calculated
using the measured shear-wave velocity and density, and C66 is

Figure 14 (a,c) Comparison between the real logs (black solid), initial models (grey) and inversion results (black dashed): A = ρVP0, B =
ρVS0

2e
σ
4 and C = VP0eε , respectively. (d) The real seismic angle gather at CDP400. (e) The synthetic angle gather generated using the inverted

parameters.
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Figure 15 (a) Crossplot between the vertical P-wave phase velocity and impedance for varied sedimentary rocks. (b) Comparison between the
real logs (black solid) and estimation results (black dashed). The vertical P-wave phase velocity Vest

P0 and recovered Thomsen’s ε asln( C
Vest

P0
) are

shown from left to right.

estimated using Stoneley waveforms. The anisotropy param-
eters ε and δ are not measured directly in the borehole, so we
apply a rock-physics-based method to predict the anisotropy
parameters for the shale formation (Qian et al. 2016; Zhang,
Qian and Li 2017; Zhang 2017, 2019). Logs of mineralogy,
porosities of clay-bound water, free water and free gas, and
TOC are used to model all five effective elastic constants of the
VTI shale by applying anisotropic effective-medium theories.
Three Thomsen’s anisotropy parameters are then calculated
using the estimated elastic constants, and the well logs of at-
tributes A, B and C are calculated using the measured elastic
parameters and predicted anisotropy parameters. The accu-
racy of predicted anisotropy parameters is demonstrated by
the agreement between the predicted γ and the measured γ .
The correlation coefficient between the measured and pre-
dicted logs is 0.7514. The mean, minimum, maximum values
and standard deviation of the absolute difference between the
measured and predicted logs are 0.0098, 0.0001, 0.1705 and
0.0426, respectively. The post-stack seismic section along with
well location is shown in Fig. 8. The well logs are calibrated
with the seismic section at around CDP400 (Fig. 9). The syn-
thetic waveforms and real seismic waveforms are plotted in

blue and red (black), respectively. The cross-correlation co-
efficient between them is 0.83. The shale formation can be
interpreted within the time window from 1280 to 1460 ms
at the well location. It has generally lower impedance (much
lower velocities and slightly lower density) but the higher mag-
nitude of anisotropy than the upper and lower formations.
The organic-rich and gas-saturated layer at the bottom of S1l
(1445–1460 ms) has lower impedance and weaker magnitude
of anisotropy than the upper S1l formation. The amplitude
variation with offset (AVO) corresponding to the top of the
gas-bearing shale and the top of the shale formation belong
to classes III and IV, respectively, as shown in Fig. 1(c,d). The
calibrated well logs are smoothed and extrapolated along with
the interpreted horizons to generate the initial models of the
inversion. The well logs are also used to calculate the model
covariance for regularization.

We now use the well logs to discuss the interpretation
capability of the inverted attributes. The crossplot of A–C,
representing the impedance and VP0eε, respectively, is com-
pared with that of A–VP0 in Fig. 10. Logs of three formations
(calcareous sandstone, shale, limestone) within the range from
2000 to 2410 m are used for this analysis. In the crossplot of

C© 2019 The Authors. Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association of Geoscientists &
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Figure 16 (a) Synthetic seismic angle gathers at 10°–30°. (b) Comparison between the real logs (black solid), initial models (grey) and inversion
results (black dashed) from small-angle synthetic data. The vertical P-wave phase velocity VP0 and recovered Thomsen’s ε asln( C

VP0
) are shown

from left to right.

A and C, it is easy to identify the samples of shales (clay vol-
ume > 15%, AI < 14 (km/s) × (g/cc), C < 6.0 km/s) from
surrounding sandstones and limestones (Fig. 10a). This im-
plies that attributes A and C are useful in shale formation
prediction because shales show a distinct A–C relation from
upper and lower formations due to its generally pronounced
VTI properties. It is difficult to discriminate the shale from the
surrounding formations by using the crossplot of AI and VP0,
because there is a good linear relation between them. Once the
shale formation is identified, we need to find the fluid anoma-
lies within the shale formation. The crossplots of A–B and
AI–S are compared in Fig. 11. Only the logs within the shale
formations (2080–2390 m) are used for this analysis. The gas-
saturated shale shows higher values of the shear modulus and
the attribute B than those of the upper shales. Attribute B has
a similarly good interpretation capability as the shear modulus
in identifying the gas-saturated shale. Note that an interpre-
tation using inverted parameters from the seismic inversion
of anisotropic approximation can be more capable than those
from the inversion of isotropic approximation because the
latter can be biased by the anisotropy.

As to the field-data inversion, the original prestack
seismic gathers are transformed from the offset domain to the

angle domain, and seismic data within certain angle intervals
are stacked to construct the constant-angle sections (Fig. 12).
All of the constant-angle seismic sections from 10° to 50° are
used to invert three parameters. The calibrated well logs are
smoothed to generate the initial models of the inversion. They
are also used to calculate the model covariance for regular-
ization. The inversion results of three parameters (A = ρVP0,
B = ρVS0

2e
σ
4 and C = VP0eε) are shown in Fig. 13. The inver-

sion results at CDP400 are compared with corresponding logs
as shown in Fig. 14(a–c). Similar to the synthetic data test, the
stability and uncertainty analyses are performed to the inver-
sion results. The relative errors (RE) of inverted attributes A,
B and C are 4.72%, 8.61% and 4.2%, respectively; the cross-
correlation coefficients (CCs) of three inverted attributes are
0.8746, 0.8273 and 0.8648, respectively; the standard devi-
ations (STDs) or uncertainty of three inverted attributes are
0.0372, 0.0741 and 0.0351, respectively. Although the results
of this field-data application have more errors and uncertain-
ties than those of synthetic tests, there is a generally good
match between inverted parameters and real logs. Possible
improvements may achieve if applying further data processing
procedures on the original gathers to reduce noise in offset do-
main and flatten reflection events. The synthetic angle gather
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Figure 17 Inversion results for the different parameters for the seismic in-line section: (a) VP0 and (b) Thomsen’s ε, respectively. The well path
is plotted at CDP400. Comparison between the real logs (black solid), initial models (grey) and inversion results (black dashed): (c) VP0 and (d)
Thomsen’s ε, respectively.

generated using the inverted parameters is also compared with
the real seismic angle gather (Fig. 14d,e). The cross-correlation
coefficient between the synthetic angle gather and the real an-
gle gather is 0.8202, and the root-mean-square error of data is
0.0114. It is noted that the logs of ε and δ are estimated using
the rock-physics-based method mentioned above, and the
logs of attributes B and C are calculated using the measured
VP0, VS0 and ρ in boreholes and logs of ε and δ. The shale
formation has lower impedance than the upper sandstone and
lower limestone formations thus can be interpreted within
the time window from 1280 to 1460 ms at the well location.
The shale-gas reservoirs are approximately within the range
1440–1460 ms, in which the inverted attributes show lower
value compared with the upper shale layers.

Inversion of the P-wave anisotropy parameter ε

Anisotropy parameters are important in imaging and inver-
sion. In this section, we propose two schemes to recover the
anisotropy parameter ε hidden in the attribute C. There is
an explicit relationship between the vertical P-wave phase
velocity and the bulk density for sedimentary rocks (Gard-
ner, Gardner and Gregory 1974; Castagna et al. 1993; Wang
2000). For the study area, a linear relationship between the
vertical P-wave phase velocity and the attribute A (impedance)
is found by investigating field well-log data for varied sedi-
mentary formations, including shale, limestone and sandstone
(Fig. 15a):

Vest
P0 = c1 A+ c2, (19)

where c1 = 0.3251 and c2 = 0.5657. In this sense, the
anisotropy parameter ε can be estimated by using the two
inverted attributes A and C. The procedure is shown in
Fig. 15(b), in which the vertical P-wave phase velocity Vest

P0

is estimated from the inverted attribute A using equation (18),
and then the anisotropy parameter ε is calculated as ln( C

Vest
P0

).
The REs between inversion results and real logs of VP0 and
ε are 2.2% and 9.09%, respectively; and corresponding CCs
are 0.97 and 0.959, respectively.

Stepwise inversion is an alternative to the previous rock-
physics-based method and is more applicable when the prop-
erties of subsurface media are strongly heterogeneous. The
independent anisotropy parameter ε can be recovered from
the inverted parameter C by using two steps: (1) simultaneous
inversion using the isotropic AVO equation for the vertical
P- and S-wave phase velocities and density using small-angle
reflection seismic data and isotropic approximation as ex-
pressed in equation (4); (2) the anisotropy parameter ε is esti-
mated using the inverted vertical P-wave phase velocity (VP0)
and the parameter C = VP0eε as ln( C

Vest
P0

). The PP-wave seismic
amplitude at small angles is less sensitive to anisotropy than
at large angles (Alkhalifah and Tsvankin 1995), and thus it
can be assumed to be weakly anisotropic or isotropic. Thus,
simultaneous inversion of isotropic PP-wave reflection coef-
ficient approximation using only small-angle data ensures a
reliable estimation of VP0. The synthetic test result of the step-
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wise inversion is shown in Fig. 16, in which the vertical P-wave
phase velocity VP0 is inverted from only small-angle data (10°–
30°), and the anisotropy parameter ε is calculated using C and
VP0. The REs between this stepwise inversion results and real
logs for VP0 and ε are 0.85% and 8.81%, respectively; cor-
responding CCs are 0.9885 and 0.9765, respectively; and the
STD of the VP0 estimate is 0.000247. So the stepwise inver-
sion method provides more reliable result of VP0 than that of
the rock-physics-based method, and the inverted anisotropy
parameter ε is also improved accordingly. This stepwise in-
version method is then applied to field data. Three parameters
(A = ρVP0, B = ρVS0

2e
σ
4 and C = VP0eε) have been inverted

by using the simultaneous inversion method. The vertical P-
wave phase velocity (VP0) is inverted from small-angle seismic
data (10°–30°) and the anisotropy parameter ε is estimated
accordingly (Fig. 17a,b). There is a good agreement between
the inverted VP0 and the real log, the corresponding RE and
CC are 4.27% and 0.9885, respectively, and the STD of in-
verted VP0 is 0.036. Although the inversion result of attribute
C is similarly good (RE = 4.2%, CC = 0.8648 as shown in
the above subsection) as VP0, the inverted anisotropy parame-
ter ε has a relatively large error (RE = 10.37%). Even though
there is a generally good match between inverted ε and the real
log, the corresponding cross-correlation coefficient is 0.7204.

DISCUSS ION A N D C ON C LUSI ON

Amplitude inversion for all five parameters of the VTI (trans-
verse isotropy with vertical symmetry axis) medium is diffi-
cult in practice. To enable the inversion of the VTI medium,
we first propose a new approximation of the PP-wave reflec-
tion coefficient that includes three attributes: the impedance,
the shear modulus proportional to an anellipticity parameter
(ε − δ) and the approximate horizontal P-wave phase veloc-
ity. Inverted attributes show good interpretation capability
in shale-gas reservoir characterization: shale formation can
be easily interpreted according to the nonlinear relationship
in the crossplot of attribute A and C = VP0eε, gas-bearing
shale is identified through the combination of attribute A

and B = ρVS0
2e

σ
4 . The difference between the attribute B and

shear modulus can be significant when ε − δ > 0.2, even if
VP0/VS0 is small, and the importance of such a difference
could be further discussed in the future study. Numerical
analysis shows that the new equation has good accuracy over
a very wide range of angles, and inversion of the three at-
tributes is performed by using regularization in a Bayesian
framework. The P-wave anisotropy parameter ε can be
recovered by using a rock-physics-based method and a

stepwise-inversion-based method. Both methods produce sta-
ble and high-resolution anisotropy parameter ε, but the
stepwise-inversion-based method is more suitable and is
proved by using both synthetic data and field data. The pro-
posed methods based on the new reflection coefficient approx-
imation provide an efficient way of dealing with the multiple-
parameter inversion for anisotropic media, and may also be
applicable in more complex anisotropic media, e.g. TTI (trans-
verse anisotropy with tilted axis) or orthorhombic media.

The input field seismic data are normal moveout (NMO)
corrected common-image-point gathers in the angle domain.
In this sense, appropriate methods, for example, the non-
hyperbolic moveout equation and double scanning, have been
used for NMO correction (e.g. Tsvankin and Thomsen 1994;
Alkhalifah and Tsvankin 1995; Grechka and Tsvankin 2002).
The simultaneous inversion is performed by using a priori in-
formation on the model as the regularization. The practical
procedures of conventional seismic inversion of isotropic me-
dia, such as wavelet estimation, well ties and initial-model
building can be used in this inversion. Note that if there are
no borehole measurements of anisotropy parameters (ε and δ)
available, rock-physics-based methods can be used to predict
the logs of the anisotropy parameters for generating reliable
models. The final results show an encouraging comparison
with the borehole measurements.
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Rüger A. 1998. Variation of P-wave reflectivity with offset and az-
imuth in anisotropic media. Geophysics 63, 935–947.

Rutherford S.R. and Williams R.H. 1989. Amplitude-versus-offset
variations in gas sands. Geophysics 54, 680–688.

Ryan-Grigor S. 1997. Empirical relationships between transverse
isotropy parameters and Vp/Vs: implication for AVO. Geophysics
62, 1359–1364.

Schoenberg M. and Protázio J. 1992. ‘Zoeppritz’ rationalized and
generalized to anisotropy. Journal of Seismic Exploration 1, 125–
144.

Shaw R.K. and Sen M.K. 2004. Born integral, stationary phase and
linearized reflection coefficients in weak anisotropic media. Geo-
physical Journal International 158, 225–238.

Stolt R.H. and Weglein A.B. 1985. Migration and inversion of seismic
data. Geophysics 50, 2458–2472.

Stovas A. and Ursin B. 2003. Reflection and transmission responses
of layered transversely isotropic viscoelastic media. Geophysical
Prospecting 51, 447–477.

Stovas A., Landrø M. and Avseth P. 2006. AVO attribute inversion
for finely layered reservoirs. Geophysics 71, C25–C36.

Tarantola A. 2005. Inverse Problem Theory and Methods for Model
Parameter Estimation. SIAM.

Thomsen L.A. 1986. Weak elastic anisotropy. Geophysics 51, 1954–
1966.

Thomsen L.A. 1993. Weak anisotropic reflections. In: Offset-
Dependent Reflectivity: Theory and Practice of AVO Analysis (eds
J. Castagna and M. Backus). Society of Exploration Geophysicists.

Tsvankin I. and Thomsen L.A. 1994. Nonhyperbolic reflection move-
out in anisotropic media. Geophysics 59, 1290–1304.

Ursin B. and Haugen G. 1996. Weak-contrast approximation of the
elastic scattering matrix in anisotropic media. Pure and Applied
Geophysics 148, 686–714.
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