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ABSTRACT

In this thesis, we consider nonlinear Schrodinger equations with double well potentials
with attractive and repelling nonlinearities. We discuss bifurcations along bound
states, especially ground states and the first excited states, and also deal with orbital
stability of the ground states. In attractive case with large separations for double
wells, our results shows that the ground state must undergo the secondary symmetry
breaking bifurcation, while the first excited states can be uniquely extended as long
as the bifurcation of the ground state has not occurred. In repelling case with large
separations for double wells, we prove that the secondary bifurcation of the ground
state does not emerge, even in the strongly nonlinear regime, while the first excited

state must undergo the secondary bifurcation on the first excited states.

i



To my parents, for their love and support.

il



ACKNOWLEDGMENTS

First of all, I would like to express my deep gratitude my thesis advisor Prof. Eduard
Wilhelm Kirr for the continuous support of my PhD study and research. I appreciate
his patience guidance, immense knowledge and encouragement. I could have not
imagined writing this thesis without his aid and support.

My sincere thanks also goes to the rest of my preliminary exam and dissertation
committee: Prof. Jared C Bronski, Prof. Vera Mikyoung Hur and Prof. Richard S.
Laugesen for their careful reviews and valuable suggestions.

I am particularly grateful for the assistance given by Prof. Richard S. Laugesen as
the Director of Graduate Studies, for his encouragement, assistance throughout my
school years.

Also, I would like to acknowledge the financial support for the work from the
Department of Mathematics of University of Illinois.

Last but not least, I would like to thank to my family for their emotional support

and continuous encouragement throughout writing this thesis and my years of study.

v



TABLE OF CONTENTS

LIST OF ABBREVIATIONS . . . . . . . ... . ..
LIST OF FIGURES . . . . .. . o e
CHAPTER 1 INTRODUCTION . . ... ... ... .. . ...

CHAPTER 2 LINEAR SCHRODINGER OPERATORS AND THEIR
SPECTRAL AND DYNAMICAL PROPERTIES . .. .. ... ... ...
2.1 The Free Schrodinger Operator . . . . . . .. ... .. ... .. ...
2.2 Schrodinger Operators with real-valued potentials . . . . . . . . . ..
2.3 Schrodinger Operators with double-well potentials . . . . . . . . . ..

CHAPTER 3 LOCAL BIFURCATION THEORY . . ... ... ... .. ..
3.1 Calculus in Banach space and Implicit Function Theorem . . . . . . .
3.2 Fredholm Operators and Lyapunov-Schmidt Decomposition . . . . . .
3.3 Application to bifurcations. Morse Lemma . . . . . . ... ... ...

CHAPTER 4 BOUND STATES BRANCHES BIFURCATING FROM
SIMPLE EIGENVALUES . . . . .. . ... ... .. .. ... .. .....
4.1 Small bound states bifurcating from simple eigenvalues . . . . . . . .
4.2 Continuation of bound state branches . . . . . . . .. ... ... ...

CHAPTER 5 DOUBLE WELL POTENTIALS WITH ATTRACTIVE
NONLINEARITY . . . . . . e
5.1 Bifurcations of ground states . . . . . . . ... ... L.
5.2  Stability analysis . . . . .. ..o
5.3 Unique continuation of the first excited states . . . . .. . ... ...



CHAPTER 6 DOUBLE WELL POTENTIALS WITH REPELLING NON-

LINEARITY . . . . e 80
6.1 Bifurcations of first excited states . . . . . . .. ... 80
6.2 Unique continuation of the ground states . . . . . . .. .. ... ... 87
CHAPTER 7 CONCLUSIONS . . . .. . ... .. .. 93
REFERENCES . . . . . . . 95

vi



LIST OF ABBREVIATIONS

Z : the complex conjugate of z € C.

F f : the Fourier transform of the function f.

Ff = @) [ et f(a)dr, FoUf = (2m) 2 [ e f(€)de.

(f:9) = Jan f(x)g(z)dz is the scalar product in the complex Hilbert space L?(R", C),
while (f, ¢)reat = Re(f, g) is the scalar product in the same set but organized now as
a real Hilbert space.

f(e) = O(e) « limsup,_,q ‘@‘ < 00

f(e) = o(e) < lim,_,0 @ =0

{¢}+ is the subspace orthogonal to ¢ in L*(R", C), w.r.t the complex scalar product.
{g}+meal is the subspace orthogonal to ¢ in L*(R",C), w.r.t the real scalar product.
X <Y < 3C > 0 independent of X,Y such that X < CY.

Y (A) : the spectrum of an operator A. If A is self-adjoint on a Hilbert space we will
use the disjoint decomposition ¥(A) = Xess(A) U Bgise(A)

Yess(A) : the essential spectrum of the self-adjoint operator A.

Yaisc(A) @ the discrete spectrum of a self-adjoint operator A.

Bs(xg) = {z : |z — x| < d}.

ran(A) : the range of A.

vil



ker(A) : the kernel of A.

coker(A) : a cokernel of A.

F: H*(R",C) — L*(R"*,C), F(¢,E) = (A + E + V)¢ + 0|¢|*¢.
Ly=—-A+V(x)

L (¢,E)=—-A+E+V(z)+2p+1)|o(x)**.

L_($,E) = —A+ E+V(z) + olo(z).
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CHAPTER 1

INTRODUCTION

The time-dependent nonlinear Schrédinger (NLS) equation :
iug = —Au+ V(x)u + f(|u])u, (1.1)

where u(x,t) : R x R — C and V(z) : R® — R, is an ubiquitous model in applica-
tions e.g., laser beam propagation through optical fiber [1, 2, 3], water waves [4] and
Bose-Einstein Condensates (BEC’s) [5]. It describes nonlinear waves propagating
through different media such as the ones mentioned above.

The main results of this thesis concern the existence and bifurcation of bound
states (solitary waves or solitons) i.e., solutions of the form u(z,t) = e'¢(z), ¢ €
H?(R" C), where ¢ satisfies the stationary NLS equation:

F(¢, E) = =Ad(x) + V(z)o(x) + [(|o(x))o(2) + Ed(x) =0, 2 eR",  (1.2)

Many physical applications involve these special solutions, for example: solitons
in optical fibers and water waves, Bose-Einstein Condensates (BEC) in statistical
physics, etc. Some of them, such as the BEC’s, are bound states of lowest energy
which, from now on, will be called ground states. As we shall see in the next chapter,
for linear Schrodinger equations, the dynamics can be decomposed as a superposi-
tion of bound states, which is the projection onto the eigenfunctions of the discrete
spectrum, and a part that scatters (disperses) to infinity, which is the projection
onto the continuous spectrum. This shows that the following conjecture, which is
the most important mathematical problem in scattering theory, is true for the linear

case:



Asymptotic Completeness Conjecture Any initial data evolves into a superpo-

sition of bound states and a part that disperses (scatters) to infinity.

Unlike the linear case, in the nonlinear case, the conjecture has been solved only for
very particular problems, for example the completely integrable cubic Schrodinger
equation in 1d, or certain weakly nonlinear regimes i.e., small initial data, see
6, 7, 8, 9]. In this thesis we show how the bound states organize themselves in com-
plicated manifolds that intersect each other, giving rise to bifurcations and changes
in the stability of the underlying solutions. The bifurcations lead to very compli-
cated dynamics and can happen, as we shall see below, even in the weakly nonlinear
regime.

Albeit our techniques can be adapted to general nonlinearities, see Chapter 7 for a
discussion or [10], for clarity reasons, throughout most of the thesis we will consider

a power nonlinearity:

and the coefficient o may be negative (attractive/focusing nonlinearity) or positive

(repelling/defocusing nonlinearity).

Remark 1.1. The map F in (1.2) satisfies the gauge equivariance:

F(e“¢,E) = eF(¢,E) forall 0<6<2n

F(¢,E) = F(¢,E)
where ¢ denotes the complex conjugate of ¢. In particular, if (¢, E) solves (1.2), then
(¢, E),0 < 0 < 271 and (¢, E) also solve (1.2).

There are only few results about bifurcations along bound states of NLS equations
in the strongly nonlinear regime. The non-existence of secondary bifurcation along

the symmetric (even in z) ground states was proved in [11] when ¢ < 0,7 = 1 and



the symmetric potential V' (z) is C*', monotonically increasing for z > 0, V(0) < 0 and
lim, o V(x) = 0. In [12], the existence of secondary bifurcation along the symmetric
ground state was proved and geometric analysis of an asymmetric state emerging
from the ground state was considered, with cubic nonlinearity and an double well
potential consisting of two Dirac delta functions.

In [13], Kirr, Kevrekidis and Pelinovsky showed the existence of secondary bifur-
cation along the ground state in the case of one space dimension (n = 1), ¢ < 0 and

potential V() which satisfies:

(HY) V € L>*(R),

(H2’) limy) 00 V(2) =0,

(H3’) V(—x) =V (z) for all x € R, (symmetric),
(H4’) —9? +V has the lowest eigenvalue —FE, < 0.

Theorem 1.1 (E. Kirr, P.G. Kevrekidis, and D. Pelinovsky). Consider the stationary
NLS equation (1.2) with o < 0 and V(x) satisfying (H1’)-(H4’). The C* curve E
Vg which is symmetric, real-valued solutions bifurcating from zero at Ey, undergoes

another bifurcation at a finite E, > Ey provided V(x) has a nondegenerate mazima
at x =0 and 2V'(x) € L®(R).

The above result takes advantage of the fact that, in one space dimension (n = 1),
all solutions of (1.2) are real-valued up to multiplication, and reduces the analysis to
real valued only solutions. In this thesis we will be working in arbitrary R™ spaces
n > 1, and consider solutions that are complex valued. However, our bifurcation
results will not apply to arbitrary symmetric potentials but to double well potentials
with large separation between the wells which are defined in Section 2.3. In other
words we will be generalizing the results in [14], where Kirr, Kevrekidis, Shlizerman
and Weinstein proved that when o < 0, the nonlinearity is cubic (p = 1) and V (z)
is symmetric, smooth and rapidly decaying as |z| — oo, then secondary bifurcation
of the ground state occurs at small L?-norm provided a certain value depending on

the distance between two lowest eigenvalue is small enough.
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Theorem 1.2 (E. Kirr, P.G. Kevrekidis, E. Shlizerman, and M.I. Weinstein). Let
(Eo, o) and (Ey,vn) be simple eigenvalues, real eigenfunctions pairs of (—A +
V(z)) = —E with 1y is symmetric and 1y is anti-symmetric, —Ey < —F; < 0.
Assume S, ] = ol — Ialits = 2otnlZ < O, [othlls # 0, and LB
is sufficiently small. Then there exists a bifurcation point N.. > 0 such that for
|VEl3: = N > N, there are two branches of solutions : (a) a continuation of the

symmetric branch and (b) a new asymmetric branch.

In particular, the results in [14] and [13] can be applied to double well potentials
with large separation which we will handle for the most part of this thesis, but, as
opposed to us, they are restricted to the case n =1 or p = 1.

Our main results are presented in Chapters 5 and 6. These results are obtained for
double well potentials V; where s represents the distance between the wells, whose
definition and properties will be discussed in Section 2.3. Chapter 5 deals with
focusing nonlinearity ¢ < 0 and shows that for double well potentials with large
separations i.e., there exists s, > 0 such that for all s > s,, we have that the ground
states bifurcating from the lowest eigenvalue Ej ,, undergo a secondary bifurcation
at E, , due to an eigenvalue of the linearized operator crossing zero at (g, ,, E.)).
Moreover, we show that the bifurcation is of pitchfork type with symmetry breaking
ie., for By < E < E, 4, the ground state is unique up to rotation, orbitally stable
and symmetric: Ygp(—x1, 29, -+ ,x,) = Yp(r1, 29, -+ ,x,) while for E > E, we
have three ground states up to rotation: one is symmetric and orbitally unstable

— 3+V13

while two are asymmetric and orbitally stable provided p < p. = === and orbitally

unstable for p > p,. Furthermore, E, ; — wy and ¢, , i 0 as s — 0o0. These
results generalize the one dimensional result n = 1 in [13, Corollary 2] and the
analytic p = 1 result in [14]. In addition, we show that the first excited state branch
bifurcating from the second eigenvalue E; ; can be uniquely extended (no bifurcation)
beyond the weakly non-linear regime where the bifurcation along the ground state
occurs. Whether bifurcations may occur in the strongly nonlinear regime remain to
be studied via global, non-perturbative techniques, see [15].

In Chapter 6, we deal with defocusing (repelling) nonlinearities ¢ > 0. Under the



same assumptions on the potentials, we prove that, in the repelling case, the first
excited state branch must bifurcate at some E,, s and there are no bifurcations along

the ground state branch, even in the strong nonlinear regime.



CHAPTER 2

LINEAR SCHRODINGER OPERATORS AND
THEIR SPECTRAL AND DYNAMICAL
PROPERTIES

In this chapter, we will review known results mostly about the spectral properties of

linear Schrodinger operators with real valued potentials.

2.1 The Free Schrodinger Operator
The free Schrodinger Operator —A : H*(R",C) — L*(R",C) :

n
0%u
0x?
=1 1

_Au:_

is an unbounded self-adjoint operator on L? with domain H?2. Its spectrum can
be readily determined via Fourier transform: X(—A) = Y. (—A) = [0,00) with

generalized eigenfunctions at |£[*> > 0, € R™, given by % See for example

(2
[16, 17].

The Hamiltonian dynamical system generated by:

iug = —Au forr e R" and t € R (2.1)
u(z,0) = f(z) for z € R"

can also be solved using the spectral decomposition:

at) = ¢ 2;)” - / k(. 1)e7de (2.2)




where the coefficients k(&, 1) :

k(& t) = W /u(x,t)e_if'xdx = Fl(u(-,1))(&).

Hence, by taking Fourier transform of (2.1) we get for each £ € R" :
iL(e, 1) = IEPRE, B
dt ) - )

E0) = G [ Fla)e e = F(1)(©

with the solution:
k(1) = e k(g 0) (2.3)

and group velocity for wave packets at frequency ¢ :

vy(§) = V|§|2 =2

showing dispersion in frequency. Its effect on general initial data can be measured

in L? and L* norms:

lu()llzz = |F e Fu ()| = u(0)] 12 (2.4)

—lz—y

nem ~lz—y|? “n
|lu(t)||Le — ||(4mit) /2/6 st u(y,0)dyl|| g < |4t /2||u(0)||L1. (2.5)

i.e., the wave packets making up the initial condition disperse (scatter) to infinity,
preserving the L? norm but their contribution in any fixed bounded domain decays
zero. By interpolating between (2.4) and (2.5), we get a rate of decay for LP norm
for2<p<oo:if felL?1<¢q<2 1/p+1/q=1, then

n(1/2-1/p)

[u()]|ze < J4mt|™= {[u(0)]| La-

See for example [17]. We will need some technical results about Sobolev spaces. We



recall that Schwartz spaces:

S(R") = {u € C®(R") : sup |+"D%u(x)] < oo for all a, § € N'}

z€R™

(11 (o3 . .
where D = aial ---88365” for a multi-index o = (ay, 9, -+ ,a,), and spaces of
1 n

tempered distribution on R™: S'(R"), i.e., the dual of S(R™). For m € N and 1 <

p < 00, Sobolev spaces are defined as follows:
WmP(R™) = {u € LP(R™) : D% € LP(R") for |a] < m}

and the resolvent of the free Schrodinger operator which we state here and prove the
less known ones. The first result allows us to use a Fourier type norm on Sobolev
spaces. We recall that the definition of the Fourier transform is extended to tempered

distributions, hence, one defines as follows: For s € R and 1 < p < oo,
H*P(R") = {u € S'(R") : F Y1+ |£*)*/*Fu] € LP(R™)}.
Theorem 2.1 (Mihlin multiplier theorem). If 1 < ¢ < 0o, and m is an integer, then
WmP(R"™) = H™P(R"™)
and the norm of W™P is equivalent to the norm of H™P :
ullzm = | FH L+ [€12)™ 2 Fu] | 1.

See [18].
Remark 2.1. We now use the Fourier type norm || - ||z, on W24
Proposition 2.1. (—A + 1) : W29 — L9 is unitary for all 1 < q < oco.

Proof. For any g € W29, 1 < g < o0,

I(=A+ Dgllze = 17 A+ 16°) Fall e = llgllwe.s



[
Proposition 2.2. ||(=A +m + )" ewze < 14+V2 forall 1 < g < oo,m € R.

Proof. For any g € S(R") we get

I(=A+m+1i)g|lre = sup [(h, (A +m +1i)g)]
heS@®™), A, <1
= sup [(Vh,Vg) + (h, (m +1i)g)|

heSE®),||h], <1

> sup vVm?2 + 1{(h, g)|

heS®RM), 1],y <1

=vm?+ 19| Ls-
It follows that |
T TP - —

Now, since
(—A+m+i) ' =(A+1D)' T+ 1A -m—i)(-A+m+i)")
and

[T+ =m—)(—A+m+i) )rasre <1+ |1 —m—i|[[(=A+m+4) " pasra
(m—1)2+1
m2+ 1

<1+

<142,

combined with Proposition 2.1, [|[(=A +m + )7 pasw2e < 14 V2. ]

2.2 Schrodinger Operators with real-valued potentials

Consider the Schrodinger operator with real-valued potential —A+V : H*(R", C) —
L*(R",C) where V : R® — R (real-valued). We will assume the following about the

9



potential V:

(H1) V(x

n =

~—

€ L"+ L for all 1 <r < g where ¢ >max(n/2,2) for n # 4,q > 2 for

e~

Under this assumption, —A + V remains self-adjoint on L? with domain H?. More-
over, V is a relatively compact perturbation of —A, i.e., V(—A +1i)~! is a compact
operator on L?(R"), see [19] Chapter XIIT.4. By Weyl’s theorem the essential spec-
trum of —A + V' is the same as —A, i.e., Y.(—A + V) = [0,00). However, the
relatively compact perturbation may add a finite or countable number of isolated
eigenvalues —wy < —w; < -+ < —w, < --- < 0 with only possible accumula-
tion point 0, and, each of them have a finite dimensional invariant subspace, i.e.,
ker(—A +V +wy) is finite dimensional for all k. In what follows, we will assume that

at least one such eigenvalue is supported by the potential:
(H2) The L? spectrum of —A + V(x) has the lowest negative eigenvalue —wq < 0.

This is definitely the case when V is continuous, nonzero and V < 0 on R or R2,
see Chapter XIII.3. Note that because of the uniform ellipticity of the second order
operator —A + V| its lowest eigenvalue is simple. i.e., ker(—A + V + wy) is one
dimensional (over C).

Our arguments will also rely on the spectral property of the family of Schrédinger
operators:

L(E) = —-A+V +&p*?

where E + g is a C' map from an interval I C (0, 00) to H*(R",C), 0 < p < %
and ¢ € R is a constant. We will show that not only V| but also the effective
potential of the operator V,;;(E) = V +7|¢p|? is a relatively compact perturbation
of —A. Note that by Sobolev embedding, H*(R"™, C) is embedded in LI(R", C) for

n

all 2 < g < 4forn>4,2§q<ooforn=4and2ngooforn<4.By
n —

choosing some proper r > 0, we can see that ¢|¢g|*? € L"(R™, C). Indeed, if n > 4,

we choose r = max(]lj, 5) < 2pr = max(2,np) while we choose r = max(]lj,ii) &

2pr = max(2,6p) if n = 4 and r = max(+,2) < 2pr = max(2,4p) if n < 4. Then

1
57

10



Vel = ||¢E||i’;pr < oo since 2 < 2pr < 2% forn > 4 and 2 < 2pr < oo
for n < 4. Thus, ¢[¢p[* € L" for some r > max(%,2) for n # 4 and r > 2 where
n = 4. Hence, ¢|yp|? is a relatively compact perturbation of —A and consequently,
the effective potential V,;;(E) = V 4 &|¢p|? is a relatively compact perturbation of
—A. Therefore for all E € I, ¥.s(L(E)) = [0,00). Moreover, the C' dependence of
the effective potential V,;; on E implies C' dependence of simple eigenvalues of L(E)
on F, and, for non-simple eigenvalues, the projection operator onto their invariant
subspace remains C! with respect to E, see [19] Chapter XII.2.

We will also need some technical results about the resolvent of the Schrodinger

operator between Sobolev spaces.

Proposition 2.3. Foralll1 <g<oo,meR, (A +V +m+id)~': L9 — W4 s
bounded.

Proof. Note that
(—A4+V+m+i) ' =(-A+m+i)) "I+ V(-A+m+i) ")
I+ V(-A+m+i4)~')~': L1 — L7 is bounded because
[+V(-A+m+i) ' =(-A+V+m+i)(-A+m+i)?

and the spectrum of —A, —A +V is in R so the both equation in right hand side are
invertible from LY to LY. Thus, Proposition 2.2 completes the proof. [

2.3 Schrodinger Operators with double-well potentials

In this section, we will discuss the Schrodinger operator with double well poten-
tials. The main results of this thesis are based on double well potentials with large
separation, which are constructed in the following manner. Consider a (single-well)
potential Vy(z) satisfying (H1) and (H2), then the double well potential V' = Vj is:

V=V, =TWI_;+ RT,VWI_R

11



where T; and R are the translations, respectively reflection operators:

Tisg(mlax27"' 7xn) (w1i87x27"' ,1'”)
Tn

=g
Rg<x1ax27'” ) ):9(_$171’2"" wrn)

~
0 2
v

Figure 2.1: The graph in right pane is a double well potential which is constructed by
translating and reflecting the single well potential in left pane.

In physical applications, large separation between the wells means that any given
particle tends to “feel” only the effect of one well. Mathematically, this means that
the spectrum of the operator with the double well potential has two eigenvalues very
close to one eigenvalue in the spectrum of the operator with the corresponding one

well potential:

Proposition 2.4 (see [14]). Assume that —wy < 0 is a simple eigenvalue of —A+Vj
separated from the rest of the spectrum of —A + Vi by a distance greater than 2d,.
Denote by 1y its corresponding eigenvector, ||tollr2 = 1. Then there exists lo > 0

such that for s > ly the following are true.

(i) —A + Vi has exactly two simple eigenvalues —Ey s and —E; ; nearer to —wy

than 2d,. Moreover, limy_,o F; s = wyp, 1 = 0, 1.

(i) One can choose the normalized eigenvectors 1; s, ||1is|| L2 = 1, corresponding to

the eigenvalues —E; 4, 1 = 0,1, such that they satisfy

lim
S$—00

Tstho + (_1)iRTs¢O‘
V2

wi,s -

=0, i=0,1
H2

12



See [20] for the L? result and [14] Appendix for the convergence of the eigenvectors
in H?.
We need one more technical result, namely the uniform in ”s” L? — H? bounds

for the resolvent :

Lemma 2.1. Let d, > 0. Then there exists s and M > 0, independent of s, such
that for s > so, [[(=A + Vi + E) l2age, gueitiamz < M for all E € {E > 0 :
dist(E, X5\ {Eos, F1s}) > di} where g is the spectrum of —A + V.

Proof. Note that
(FA+Vi+ )t = (A + Ve + i) (- A+ Vit B)(-A + Vi)

for 2 > 0. The proof has two parts: first, we show that for some €2 > 0, we have
|(=A + Vi + Q) 7| 12,2 < 2. second, we prove that [[[(=A + Vi + E)(—=A + V, +
iQ) 77| p2_ 2 is uniformly bounded.

Let us prove the first part. For any € > 1 and any g € L?, we have:

2 +1

sup (A +iQ) T glluz = sup |5 Fg(€)|| <1
9€L? gll 2 =1 ger2 gl 2=1 Il [§[* + i€ L2
Thus, we get
I(=A +iQ) 7|2 p2 < 1. (2.6)

Next, we claim that there exists © > 1 such that [[Vi(—=A +iQ)7||2.2 < 1. By
using spectral representation and the fact that ||[Vo(—=A +4)71||z2_ 2 is an compact

operator, we can show that
hm H%(—A —+ Z-Q)71HL2_>L2 = O,
Q—o00

see [19] Chapter XIII.4 Corollary 2. Hence we can choose 2 > 1 such that

N 1
IVo(=A +i9Q) |22 < T

13



Now, because T, and R are unitary and commute with —A, we have:

IVa(=A + i) oo

< NTVoToo(—A 4 i) Y| 22 + || RTVoT o R(—A + i) Y| 2 2

o 1
= 2Vo(—A + i) e < .

Consequently, T+ V,(—A +iQ)~! is invertible and
I+ Ve(=A +iQ) | o2 < 2.
All in all,

(= Vi) e = (= 0) [T Va2 i9)
< H(—A —+ Z.Q)_IHLQﬁH? H [I[ -+ Vs(—A -+ Z'Q)_l]_lnlJz%Lz
< 2.

Next, in order to show [|[(=A 4 Vi + E)(=A + Vi +1Q) 7| 2, o011 - 12 19
uniformly bounded, we need to prove that for any f € L? N {ts0,¥s1}5, | fllz =1
there exists M > 0 such that

I[(=A+ Vit E)(—=A + Ve +i0) 7 fll 2 > M. (2.7)
By using spectral Theorem, we have:
(“A+Vi+ E)(—A+V,+iQ) 7 f =

E,.+F
s P + /

s,disc -
En)s + ZQ Zs,co'nt

E
e

§+E
£+ 182

= EETL,SGE

E,s +FE
El,s}m<wn,sa f>wn,s + /

Zs,co’mﬁ

n(€) fd§

- ZEn,SGEs,disc\{EO,s,

where 1, s are L?-normalized eigenfunctions corresponding to the isolated eigenvalue

—E, s of =A+ Vi, 3 cont (Zs.aise) 1s continuous (discrete) spectrum of —A + V; and
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is(€) is the spectral measure of —A + V; on the continuous spectrum. The last
equality is due to the fact that f € L? N {140, 1,1 }+. Therefore, we get:

I[(—A + Vi + E)(—=A + V, + Q)] f||7. =

En,s + E ? 2
rrm| W e [

E+E
£ +1iQ

E+E

- ZEjn,sezs,clisc

E..+E|

2
2 2
d
Sl oriseae
i (En,sexrsl,ldlil;lcvn#OJ En,S + ZQ

2
) [hal®
d.’ E?
min (W,mm <1, ﬁ)) .

The last line is due to (5.3) and X ot = [0,00), because —A + V; is a relatively
compact perturbation of —A. Since E,; approaches the second lowest eigenvalue of
—A+ Vph as s — oo, there exist some N > 0 such that Ey, < N for s > s¢. Thus,

v

,  min
fezs,cont

v

we obtain uniform bound:

1
. d.2 . E2
min (m, min (1, W)) .

Combining the first and second parts, the lemma is proved. ]

(A + Vi + E)(—A + V, + Q) Ysese < M =

Remark 2.2. The proof above also shows that for d, > 0, if E € {E > 0 :
dist(—E, %) > d.}, then there exist sy and M > 0, independent of s, such that
(A +Vi+ E) Y 2ege < M for all s > s.
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CHAPTER 3

LOCAL BIFURCATION THEORY

In this chapter, we will review local bifurcation theory, including Implicit Function
Theorem, Lyapunov-Schmidt decomposition and Morse Lemma. See for example
[21].

3.1 Calculus in Banach space and Implicit Function
Theorem

Let X and Y be Banach spaces and B(X,Y') be the set of bounded linear maps from
X toY. Let f:U — Y, be a mapping defined on an open subset of X, U.

Definition 3.1. f has a Gateauz derivative at uw € U in the direction x € X if:

o St @) = f(w)

e—0 €

exists and finite.

The limit is usually denoted by df (u)[z] if it exists. We say that f is Gateaux

differentiable at v € U if and only if f has a Gateaux derivative in any direction.

Definition 3.2. fis Fréchet differentiable at uw € U if there exists A € B(X,Y) such

that:
) — F) — Au]

|z|—0 ||

0.

A is called a Fréchet derivative and denoted by D f(u) if it exists.
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Theorem 3.1. If fis Fréchet differentiable at w € U, then F' is Gateaux differentiable

at w and:

Df(u)x] = df (u)[z] for allz € X

As in finite dimensions, where the Gateaux derivative corresponds to directional

derivatives, the reciprocal is not true in general. However the following result holds:

Theorem 3.2. Let V' be a neighborhood of uw € U. Assume df (v)[-] € B(X,Y) for
anyv € V and df : V — B(X,Y) is continuous at w. Then f is Fréchet differentiable

at u.

For example, the Gateaux derivative of (1.2) at ¢ in the direction u is:

AF(9)[u] = lim 1T — F(9)

e—0 €
= (A Y+ Bt lim (16 + (6 + eu) — [676)

(=A+V + E)u+ (p+ 1)u|o[* + pu|o|* ¢,

provided € € R, for € € C the limit does not exists. Consequently we will be forced to
work with the real structure over the Hilbert spaces H? and L?. With this observation
we have dF : H?(R") — B(H?*(R"™), L*(R"™)) is continuous, by the above results, the

Fréchet derivative of (1.2) at each point exists and is equal to:

—-A+F 0
DoF(0.B)=| ~ "0 p| V@ (3.1)
where
y(g) = |V @)+ oCr DI = 20plgPr (307 20| *R030
20p|p[P 2 RPS ¢ V(x) + ol + 20p|o[P72(S¢)? |

hence it is also continuous from H?(R") to B(H*(R"), L*(R™)) i.e., the map F is C*.
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At a real valued ¢, it simplifies to:

L
D¢F(¢7 E) [Ul + ZUQ] = L+U1 +1L_uy = [

where L. are linear, self-adjoint, Schrodinger type operators:

L (¢,E)=—-A+E+V(z)+c2p+1)|o*(x)

(3.3)
L (¢,E)=—-A+E+V(z)+o|o*(x)

The linearization of the stationary equation is important for the analysis in this

thesis.

Remark 3.1. If (¢, E) solves (1.2) then zero is an eigenvalue of DyF(¢, E') with
eigenfunction i¢. This can be directly seen from Remark 1.1 since i¢ is the infinites-
imal generator of rotation : ¢ — €. In particular, if ¢ is real-valued then 0 is an

eigenvalue of L_(¢, E') with eigenfunction ¢.
Now, we talk about Implicit Function Theorem in Banach spaces.

Theorem 3.3. Let f : U — Z where U C X XY 1is open and X,Y and Z are

Banach spaces. Assume that
1. f(zo,y0) = 0 for (x9,y0) € U
2. f is continuous at (xg, yo)
3. Dyf(xo,v0) € B(X, Z) is isomorphism from X to Z

4. Dyf(x,y) exists for all (z,y) € U and (z,y) — D.f(x,y) is continuous at
(fE(),yO)'

Then

(i) there exist 6 > 0,7 > 0 with Bs(zg) X B.(yo) C U and a unique map u :
B.(yo) — Bs(xg) such that the solution of f(x,y) = 0 in Bs(xo) X B.(yo) are
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given by (u(y),y). Moreover u is continuous at yo and if f is Fréchet differen-

tiable at (xo,yo) then so is u at yo and

Dy(y0) = —[Dqf (20, Y0)] "' Dy f (20, yo)

(i) If f is continuous on Bs(xg) X B,(yo) then u is continuous on B.(yo). If [ is
Fréchet differentiable on Bs(x) X B,(yo) then u is differentiable on B,(yo) and

Du(y) = =[Dof (u(y), )] Dy f(u(y), y)

(11i) If f € CP on Bs(xo) X B,(yo) then u is C? on B,.(yo).

Along this trivial family of solutions ¢ = 0, EF € R, we have:

-A+V+E 0

DyF(0,E) =
0 ~A+V+E

which is an isomorphism for £ ¢ X(—A+ V) = (A + V) U Xgise (A + V) =
[0,00) UXgisc(—A+ V). Therefore, the Implicit Function Theorem implies that there
are no other small in H%norm bound states for £ > 0, —F ¢ YSg(—A + V). Tt
is already known that for F < 0 there are no other localized bound states (rapidly
decaying at infinity solutions of (1.2)), see [22]. For —E € Ygi5c(—A + V),

Zdisc(_A + v) - {_w07 —Wy,, =Wk, }7

we have at Ej = wy, ker(—A + V + Ej) is finite dimensional, see Section 2.2, and
ran(—A +V + E;) = ker(—A + V + E;)* due to self-adjointness of —A +V + Ej
on L?. Consequently, DsF(0, Ey,) : H*(R",R) x H*(R",R) — L*(R",R) x L*(R™,R)
will have a finite dimensional kernel, double the dimension of ker(—A + V + E)
and its range will have an orthogonal complement of finite dimension, double the
dimension of ker(—A + V + E}). Hence we will be able to apply Lyapunov-Schmidt
decompositon, see next section, to study bifurcation on nontrivial, nonlinear bound
states for the Schrédinger equation (1.2) from (¢ = 0, Ej).
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Note that even if —F is a simple eigenvalue of —A+ V', 0 is a double eigenvalue of

L

DyF(0,E) = where Ly = L_ = —A 4+ V + E. However, the degeneracy

is due to the gauge invariance, see Remark 1.1 and 3.1, and by moding out the
rotations, we rigorously analyze these small nonlinear bound states, see Section 4.1
or [13, 23]. Moreover, in Section 4.2 we show that the small nonlinear bound states
emerging from a simple eigenvalue of —A+V organize themselves in C'* manifolds of
dimension 2 (E, ) — e¢? which can be extended until an eigenvalue of L, (¢, E)

Crosses zero.

3.2  Fredholm Operators and Lyapunov-Schmidt
Decomposition

Definition 3.3. Let X,Y be Banach spaces. A bounded linear operator T : X — Yis
called Fredholm if:

1. ker T is finite dimensional and
2. ran T is closed and has a finite dimensional complement in'Y, i.e., it has finite
codimension.

The index of T is defined by the number dim(ker T )-dim(complement of ran T).

In fact, the condition that ran 7" is closed is redundant when its complement has

finite dimension, hence it is closed:

Lemma 3.1. Let T : X — Y be a operator so that the complement subspace for the

range s closed. Then the range of T is closed.

Now, we discuss Lyapunov-Schmidt decomposition, as explained at the end of
the previous section, which is important in our local bifurcation analysis. (See for
example [21].) Let X, A, Y be Banach spaces. Consider f: U — Y where U C X is

open and assume f(zg, \g) = 0 for (zg, \g) € U. We are interested in the solutions of
f(@,A) =0 (3.4)
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near (zg, \o). Assume that f is C' in U and D, f(xg,yo) is Fredholm, i.e.,
1. ker D, f(xo,y0) = X; is finite dimensional
2. ranD, f(xg,yo) = Y7 is closed with finite codimension.

Without loss of generality, we suppose (2o, Ag) = (0,0). We can decompose X and
Y as X = X; @ Xy, ie., for any z € X there exists x; € X; and x5 € X, such that
r=2x1+x9, and Y =Y, @ Ys. Let @ be the associated projection onto Y;, which is

continuous (bounded) because Y; is closed. Then (3.4) is equivalent to:

Q(f(x1 +22,0)) =0 (3.5)
(I = Q)(f(z1 +x2,A)) = 0. (3.6)

We have D,,Qf(xo, o) = QDy, f(z0, o) = QD f(x¢) |x, which is an isomorphism
from X5 to Y7.

Now, by applying Implicit Function Theorem to (3.5), there exists 01, d2, 3 and a
unique C! solution of (3.5), x5 : Bs, (0) x Bs,(0) — Bs,(0) such that:

Q(f(x1 + zo(z1, M), A)) = 0.
Substituting zs(z1, A) into (3.6), we finally get:
(I = Q)(f (w1 + w221, 1), 1)) = 0

which is a system with finitely many equations since Y5 is finite dimensional, with

finitely many unknowns since X is finite dimensional.

3.3 Application to bifurcations. Morse Lemma

Consider the equation f: X x A = Y :

flx,A\) =0
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where x € X, A\ € A, X and Y are Banach spaces. We are interested in a family
of solutions of the equation which depends on a parameter \: z(\). We say that a
bifurcation happens if the family of solution undergoes a qualitative or topological
change at a certain parameter. As we have seen in the previous section, the bifur-
cation problem can be reduced to one finite dimensional equation as long as D, f is
Fredholm.

From multivariable calculus, we know that a topological change occurs when the
second derivative at a critical point is invertible. In general case we call this property
non-degeneracy, i.e., the Hessian is singular at a critical point. The following theorem
is Morse Lemma which can be applied to the bifurcation problems of codimension 1

at a non-degenerate critical point.

Theorem 3.4 (Morse Lemma). Consider G :  — R" in CP(Q2,R), p > 2, where
Q C R™ is open. Suppose G satisfies G(xg) = 0,VG(z9) = 0 and D*G(xy), the
Hessian matriz is invertible for some xy € ). Then, there exists change of variable

near xo, x — &(x), such that:

Glr) = HD*Cla)e(a), £(a).

See for example [21]. Using the Morse Lemma, we can analyze the set of solutions
of G(x) = 0 near a nondegenerate critical point zy by representing G as a quadratic
form. When n = 2 and the quadratic form (D*G(z¢)¢(x),£&(z)) is indefinite, then
the set of solutions of G(z) = 0 forms two C?~2 distinct curves intersecting at only
zo (transversally if p > 2). When n > 2 and (D?*G(x¢)&(x), &(2)) is indefinite, the
set of solutions forms two conical hypersurfaces of dimension n — 1 with vertex at z.
We will use Morse Lemma in conjunction with Lyapunov-Schmidt decomposition to

prove one part of one of our main results, see Theorem 5.2.
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CHAPTER 4

BOUND STATES BRANCHES BIFURCATING
FROM SIMPLE EIGENVALUES

In this chapter we show that the previously known small bound states bifurcating
from simple eigenvalues can be uniquely continued until an eigenvalue of the lin-
earization crosses zero. Results of this type restricted to real-valued solutions in
space dimension n = 1 were first obtained in [13]. We generalize them to any dimen-

sion and complex-valued solutions in Section 4.2.

4.1 Small bound states bifurcating from simple eigenvalues

In this section we recall, see for example [23], the following result about local bi-
furcation from simple eigenvalues of the linear Schrodinger operator. We also recall

that we are studying solutions of the following equation (1.2):
F(¢,E) = =Ad(x) + V(2)¢(x) + o|o(a)|d(x) + E¢(x) = 0.

Proposition 4.1. Let —Ej, be a simple eigenvalue of Ly = —A + V(x) with L*-
normalized real-valued eigenfunction . Then there exist €,6 > 0, and real-valued

function
h:{a€R:|al <0} = H*R™) N {e} " ||h(a)||g> = O(|a*™)

such that for |E — Ey| < €, (1.2) has a nontrivial real-valued solution (V"% (a), E(a))
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given by :
Ue(a) = ay + h(a),  E(a) = By — ola|® ([l 555 + O(la]™), o] <8,a€R.

Moreover, all solutions of (1.2) in the neighborhood |E — Ei| < €, ||¥]| g2z < 0 are

unique up to multiplication with e i.e., of the form:
(W (a), E(a)), 0<6 <2,

or, equivalently,

VU(a) = ahy, + h(a)

where a = (Yg, ¥ (a)), |a| < 0 and h(a) is extended to complex numbers via
h(a) = €®h(|a]), 0<0 <2
Proof. The map F : H*(R",C) x R — L?(R",C) given by
F(6,E) = —=A¢(x) + V()b () + 0]d(2)[*o(x) + Eo(x)

is C! for p > 0 with respect to the real (not complex) Hilbert spaces L? and H?.
Its Fréchet derivative with respect to variable ¢ is given by (3.1), which, at ¢ = 0,

becomes:
-A4+V+FE 0
DFO0,E) = | =TT . (4.1)
0 —-A+V+FE
Since —F, is a simple eigenvalue of Ly = —A + V with L?-normalized, real-valued

eigenfunction vy, it follows that D4 F (0, E) is a self-adjoint, Fredholm operator with
ker Dy F (0, Ey) = span {¢y, it} and ran D4F (0, Ey) = [ker D4F (0, Ey)]* .
Let

Py = (Yr, B)rearr + (1k, @)reatithe = (Y, 9)bk,  Prop =& — (Yr, ). (4.2)
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The Lyapunov-Schmidt decomposition of (1.2) with respect to span{ty, it} and its

orthogonal complement is :

¢p=ap+h, a=,¢)cC, h=Po

G(E,a,h) = P F(ayp+h,E) =0 (4.3)
PHF((M/Jk +h,E)=0. (4.4)

The map G : (0,00) x C x P H*(R",C) — P, L*(R",C) is C*, and
G(Ek, 0, 0) =0, DhG(Ek, 0, O) = Lo+ E.

The latter is an isomorphism from P, H? to P, L?, hence, by the Implicit Function

Theorem, there exists €,d > 0, and a unique C! map
h(E,a): (Ex — e, By +¢) x {ae€C:la| <} — H*(R™, C)
such that h solves (4.3). Moreover, (4.3) can be rewritten in the fixed point form:
h=—0[Pi(Ly+ E)P\]"" Pilay + h|*(ayy + h) (4.5)

where the right hand side is a contraction in A, uniform in F, on a neighborhood of

zero in H?(R",C), provided |E — Ey| < ¢, |a|] < 8. Consequently we get the estimate
IR(E, a)||lu= < Cla**, (4.6)

for some constant C' > 0 independent of both FE and a, |E — E| <€, |a| <.
Also note that our choice of 1, real-valued leads to the two projections, P, P

having the same symmetry as F', see Remark 1.1, more precisely,

P||€i0¢ — eiHPH¢7 Pj_ew(b — €i0PJ_¢
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and
‘P||$ = W? Pl_a = m

see (4.2). According to the general theory of Lyapunov-Schmidt decompositon with

symmetry, see for example [24], we have:

h(E,e’a) = e“h(E, a)
h(E,a) = h(E,a)

in particular, h(E, a) is real-valued whenever a € R. Moreover, we can now restrict
the solutions of (4.4):

K(E,a) .= P)F(aYp + h(E,a),E) =0, acC (4.7)

to real-valued ones i.e., a € R, because, for a complex valued solution a = |a|e? we

have the corresponding real solution:

K (B, |a]) = K(B, ¢ %) = BiF(e ®ayy + e °h(F,a), F)
=e¢ P F(ay + h(E,a),E) = e "K(E,a) = 0.
For a # 0, (4.7) can be rewritten as:

0= K(E,q) = S0

—2 = (B = B) + Z( v+ [P (@ + ). (48)

But, because of p > 0 and estimate (4.6), K can be continuously extended at a = 0
by K(E,0) = E — Ej. Now, K(E,a) : (Ey — ¢, Ej + €) x (=0,8) — R, and, even
though it is not C* for 0 < p < 1/2, both K and dgK are continuous at (Ej,0), see

estimate (4.6). Moreover,

K(Ey,0) =0, OpK(Ey,0) =1,

hence, by the Implicit Function Theorem, there exist §; and the unique solution of
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(4.8) E(a) defined in —d; < a < §;. In addition
|E(a) = B + olal™||¢oll55] = O(la] ).

Now, we can define a real-valued function h(a) for —6; < a < &,

Moreover, by (4.6)
1h(a)]| = = O(lal**?).

In conclusion, (WU (a), E(a)), 0 < 6 < 27 are the only solutions of (1.2) in a
small neighborhood of (¢ = 0, E = E},), where (97°%(a), E(a)) = (aby, + h(a), E(a))
which are real-valued.

[

Remark 4.1. For a # 0 (& E # E}), the map a — F(a) becomes C! and invertible,
so that ¥(a) can be rewritten as E — ¥p € C'. Furthermore

E— LB

|\I/E|2p =———— +o(E— Ey)
[
and
lim d“PEPp _ Wka
E—E.  dE ol

Remark 4.2. From Remark 3.1 we already know that iUy € ker Dy F(V g, E') when
(Vg, E) are the solutions bifurcating from (0, E)) given by the previous Proposi-
tion. Hence 0 is an eigenvalue of DyF(V g, E), but, more importantly, it is a simple
eigenvalue! Indeed, if ¥y is not real valued then, according to the Proposition 4.1,
there is § € [0,27) such that Up = €W where W is a real valued solution.
Consequently,

DyF (U, E) = Dy F (U5 E)e ™™,
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which shows that their spectrum is the same, and

L (W3, E) 0

Dd)F(\IITEeal?E> - 0 L (q,real E') ’
_ E s

Now, due to the continuous dependence of the spectrum of L. (U5, E) on E near
E), we have that 0 remains a simple eigenvalue of L_, but evolves into a strictly
negative eigenvalue of L, if o < 0 (strictly positive if ¢ > 0), because of comparison

principle for self adjoint operators and L, — L_ = o2p|¥5%|? < 0 (> 0 if o > 0.)

In the particular case of double-well potential V' = Vj, see Section 2.3, we will use

the following stationary equation:
Fy(¢, E) = =Ad(z) + Vi(x)d(x) + o|¢(x)|"d(z) + E(z) = 0. (4.9)

Recall that we assumed that —A + Vj has the lowest simple eigenvalue —w, < 0,
and consequently, there exist two simple eigenvalues —Ej, and —F; 5 of —A + Vj
and one can choose 1y, respectively 1 s, which is the real-valued L*-normalized

eigenfunction corresponding FEj g, respectively £ g, see Proposition 2.4.

Proposition 4.2. For the double well potential V = Vi, there exist sg > 0 such that
for any s > s, there exist €,0,7 > 0 (independent of s) such that any solution of
(4.9), (Vg, E), satisfying |E — wo| < € and ||Vg| gz < r can be written as:

Vg = &%,s + bwl,s + ﬁ(“a b, E)a a,b e C, |a’ <9, ’b‘ <9, ’E - U)’ <e

where h: {a,b € C: |a| <6,[b| <6} x {E €R: |E —wo| < e} = H>N {thos, 11+

is a function which is real C' and the unique solution of
PLFS(awo,s + bq/Jl,s + iL) E) =0
in the neighborhood |a| < 0,|b| < § and |E — wy| < €, where

P =¢— (o5, d)os — (P16, 9)U1s-
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Moreover, h satisfies:
h(ePa,e?b, E) = ¢®h(a,b, E), 6 €[0,2n),

h(a,b, E) = h(a,b, E),

hence, for a,b € R, ﬁ(a, b, E) is real-valued. In particular, the ground state Vg and
the first excited state ¢ (E) (bifurcating at the two lowest eigenvalues Ey s and Ej 4
of —A + V; via Proposition 4.1) are of the form:

Vg = ac¥y s + €¢h(a,0,E), a€R, |a] <6, 0 €0,2n)
Y1 (E) = be”py o + €®h(0,0,E), beR, |b| <6, 0el0,2n)
and the ground state is even in x; while the first excited state is odd in x1.

Proof. From Proposition 2.4, we have

lim |Eys —wo| =0, k=01

§—00

and they are separated from the rest of the spectrum i.e., there exist [y, d, > 0 such

that for s > [y and k = 0,1 we have:
|Eis — 7| > d., for any 7 € X, \ {Eos, Er s},
where ¥ is a spectrum of —A + V,. We first define projections onto v s and 1 4:

P||O¢ = <77b0757 ¢>w0,sa P||l¢ = <w1,sa ¢>¢l,s

which implies P, ¢ is their orthogonal complement of ¢. Consider any solution of
(4.9),(Vg, E'). By applying above projections we can decompose the solution as fol-

lows:
Wheal — aao s + biby g + B
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where

a = <w0,87\IjE>7 b: <¢1,87\IIE>7 B:PJ_\I,E

Also, Fy(Vg, E) = 0 implies
P F,(Up E)=(-A+V,+E)P U+ 0P (JUg|*Vg) = 0. (4.10)

Then due to Lemma 2.1, there exist so > 0, ¢ > 0 and M > 0 such that for s > s,
we have {E : |E — wy| < €} C {E > 0 : dist(E, %, \ {Eos, E1s}) > %} and
[(=A+V,+ E) Py ||f2sy2 < M for E € {E > 0: dist(E, S\ {Eops, E1s}) > £}

Hence, (4.10) can be rewritten as:
h+o(=A+V,+ E) Py (Jatbos + bibr g + b (a0 + bibrs +h) =0 (4.11)

for E € {E: |E —wy| < €}. Hence, for s > sy, we can define the map G, : C* x {E :
|E —wol < €} x H? N {ho,s, 1,6} :

Gs(a'> ba Ea B) = ;L + 0_(_A + ‘/s + E)_lpJ_(|a77bD,s + bwl,s + il|2p(<l¢o,s + bwl,s + il))
which is real C! for p > 0. Since
G5(0,0,E,0) =0, D;G4(0,0,FE,0) =1,

a direct application of the Implicit Function Theorem will give d(s),r(s) > 0 such
that for |a| <6, |b] <3, ||atbo,s + bibr s + Al|% < 7, (4.11) has a unique solution:

iL = iL((l, b, E) S ]{2 N {7#0757,401,5}L

which is real C!, and we have:

h(ePa, e, E) = e®h(a,b,E), 6€|0,2m) (4.12)

h(@b,E) = h(a,b,E) (4.13)
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by the general theory of Lyapunov-Schmidt decompositon with symmetry. In fact,
0 and r are independent of s because of the contraction argument used to prove the

Implicit Function Theorem. To show this, we rewrite (4.11) in the form:

h = —o(=A+V,+ E) P (Javos + b1 + h|*P(ats + by s + b))
= K(a,b, F, ﬁ)

We want to find d, r independent of s such that

. 1
| D, b, B2 < 5 (4.14)

for |a| < 8,b < 0, |latbos + bors + hl|% < r. By Hélder’s inequality, for any direction

v € H? ||v||g2 = 1, we have

D5, (|atbo,s + birs + AP (atbo s + bty s + )] 22
= ||(p+ D]atos + bty + h|*Pv + platbys + biby g + h|P "2 (atbo s + bib1s + 7)*T) 12

< (2p+ Dllatos + bbrs + Ao 0]l Lo

< (2p+ Dllatos + b s + hll i al|v]l Lo

< (2p+ DCiprallario,s + bibrs + Al Fpal|v]| 22

< (2p+1)C; +2Hawos+b"¢15+h” (4.15)

where ¢ = 2 + %, ¢ = 4p + 2. Then, combined with Lemma 2.1, (4.14) holds for
l|atho,s + b1 s+ R||3 < r with r = 2(/2(2p+1)|a|M - which is independent of s. Also,

we need to choose 0,7, independent of s, such that |a| < d,]b] < § and ||}~L||H2 <r

implies

_1

~ 2p+1
~ r
||aw0,s + bwl,s + hHH2 <r and Hawo,s + bwl,sHH2 S (W) .

4p+2
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If so, for |a| < 6, b] < & and ||k 2 < 7, we get

HKs(aa b7 E7 71) - KS(O,O, Elvo)”H2
< |IK.(a,b, B, R) — Ky(a,b, B, 0)|| 2 + | Ku(a,b, E, 0|

< || DyK(a,b, B, h)| g2 || a2
+lo(=A 4+ Vs + E) ' Pi(|avo,s + b1 5| (arho s + biprs)) || e

1 -~
= §”h”H2 + ‘J|M‘|(’aw0,s + bw178|2p(a¢0,8 + b¢1,5))HL2
1 -~
< Slllaz +lolMlllato,s + b || Fomia
1 -
< Sllhlle + || M3 latbo s + by |77
< 1 n 1 5
—r+-r<r
- 2 2

so that the contraction argument holds independently of s. From Proposition 2.4,

there exists l~0 such that for s > l~o, we have

Tho + (—1)' BTty %0l
V2 f

where v is the L?-normalized eigenfunction of —A + V; corresponding —w, and

+1<

|is || 2 < ‘ 241, i=0,1

we used the triangle inequality for the H? norm and the fact that translation and

reflection are isometries in Sobolev spaces. By choosing 7 < %r and

2p+1 ~
1 1 [
o< S3T0ol e+ D) min (27", (2|0|M035121) ) , for s > 1y, we get

- ~ 1 1
lao.s +bprs + hllmz < (ol + BD(V2Iollaz + 1) + hllwe < 57+ 57 =7

and

_1

~ 2p+1
r
as—i—bs < (lal + b \/_2 +1)<| —. .
” @Z)O, ¢1, ||H2 = (| | | |)< HwOHH2 )_ (2| ‘MC42£+21 )
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The first part of the theorem is proven.

Now, consider the two bound state branches given by Proposition 4.1, the ground
state g (the solutions bifurcating at Ej,) and the first excited state ¢ (E) (the
solutions bifurcating at E; ;). By the invariance of equation (4.9) under the reflection
operator R,

F(R¢,E) = RF(¢, E).

Hence (R¢, E) is a solution whenever (¢, E) is. From Proposition 4.1, we have
YE = ay s + h(a)
with a = (¢ 5, ¥g). Now Rig is also a solution of (4.9) with the representation
Rip = a'tos + h(a')

and since

CL/ = <¢0,57 RwE> = <Rw0,sa RwE> - <w0,sa wE> =a

where we used Ry s = 1.5, we get

Ryp = atho s + h(a) =Yg

i.e., the ground state branch ¢g is even in x;. A similar argument, using Ry s =
—11 5 leads to the first excited branch iy (E) being odd in z;. Consequently, the
ground state is always orthogonal on 1); ; while the first excited state is orthogonal
on vy s. Hence, combined with (4.12) and (4.13), we get

Vg = aew?ﬂo,s + ewiz(a,O, E), a€R, |a| <9, 0€]|0,2m)

U1 (E) = behy o + €’h(0,b, E), beR, |b| <4, 0el0,2n).
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4.2  Continuation of bound state branches

In this section we show that the branches given by Proposition 4.1 can be uniquely
continued until an eigenvalue of the linearization crosses zero. We start with a local
continuation result. From Remark 4.2 we already know that 0 is a simple eigenvalue
of DyF(¢p, E) when (¢, E) are the solutions of (1.2) constructed in the previous
section. We now show that in the absence of other degeneracies i.e., if the 0 eigenvalue
of the linearized operator remains simple, the C' manifold of solutions constructed

in Proposition 4.1 can be extended.

Proposition 4.3. Let (v, E) = (eiéwg“l,é) for some 0 € [0,27) be a solution of
(1.2) obtained by rotating a real-valued solution w%e“l. Assume that ker Dy F (5, E) is
one dimensional. Then there exist €,6 > 0 and a map v : (E—¢, E+¢€) — H*(R",R)
such that all solutions (¢, E) of (1.2) satisfying

inf — el <6, |E—E| <
@é[fimW e Vpllme <6, | | <e

are of the form (ev(E), E) where 0 < § < 2.

Proof. From Remark 3.1 and the hypothesis on the kernel, we get that

ker D¢F(wE~', E) = span {“PE}
Now from:
DoF (V5. ) = "Dy F(wg", E)e™,

see Remark 4.2, we get

ker D¢F(w%f“l, E) = span {iw%f“l .
We first consider all real-valued solutions of (1.2) near (@/J%?al ,E). Since F' trans-
forms real functions into real functions, we can define F(¢,E) : H*(R",R) —
L*(R™,R), which is the restriction of the map F' to real-valued functions. Further-

more, D¢F (@/)Zfal, E ) is an isomorphism because all real-valued functions are perpen-
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dicular to i@bgal with respect to the real scalar product. Thus, by applying Implicit
Function Theorem, we get the unique C' map v(E) solving F (YE" +v(E),E) =
F(yg" +v(E),E)=0:

v(E): (B —e,E+e)— By (yrEt) ¢ H*(R™,R) (4.16)

where B¢ (y) = {¢ € H*(R™",R) : [|¢ — 5% || > < &1} for some €1, 6, > 0.

Next consider solutions (¢, F) of (1.2) near (@D%e“l,EN) for which ¢ — 7,075“1 are
perpendicular to w%@“l with respect to the real scalar product in H?. By applying
Implicit Function Theorem at ¢%* to P, F(¢, E) = 0 where P, is the L* projection
onto {i , and the orthogonality here is with respect to the L? real scalar
product and we restrict F' to H? functions 1%@‘” +f fL z'¢fb~f“l with respect to the
H? real scalar product, there exist €5,d, > 0 and the unique C' map o(F) solving

PP +5(E),E) =0 :

L l
¢ga} rea

3(E) : (B — e, B+ &) = B, (¥ ¢ H*(R",C)

where Bs, (%) = {¢ € H*(R",C) : (¢, 05" 2 e = 0 and || — Y|l < d2}
Let min{ey, €2}) = €, min{dy, 0o} = J. Since real valued functions are automatically
orthogonal to i%** with respect to the real scalar product (in H?) and both v and
¥ maps solve P I (w;;fal + f,E) = 0 in the H? ball of radius § centered at w%eal
restricted to this orthogonal subspace, by uniqueness we deduce that they coincide
at least on the interval (E — ¢, F + ¢).
Now let (¢, E) be a solution (1.2) which satisfies:

f |o— e 5, |E—-E
st |6 — e dgllm <6, | | <e

Then there exists 6, € [0,2m) such that ¢ — e L ie®yiee ie., 6, satisfies
I — e o = min ||¢ — gl e

0€[0,2
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Figure 4.1

It implies that e~ ¢ is a solution for which e ¢ — wg“l is perpendicular to
e, e ¢ € Bs(1). Hence, by the above argument, (e7"¢, E) = (v(E), E). O

Remark 4.3. From the proof of the above Proposition, see (4.16), it is clear that
the solutions in a neighborhood of (e, E) are still obtained by rotating a curve

of real-valued solutions v(E).

Now, by combining the two propositions with standard comparison principles for
the spectrum of linear, self-adjoint operators, see Remark 4.2, we show that the
branch constructed in Proposition 4.1 can be uniquely extend in parameter F, see
Remark 4.1, until an eigenvalue of L, or L_ crosses zero or the branch reaches
the boundary of the Fredholm domain ie., F = 0, E = oo. For clarity we will
separate the attractive nonlinearity case, ¢ < 0, from the repelling nonlinearity case,
o > 0. The first result extends Theorem 2 in [13] to any dimensions and more general

potentials.

Theorem 4.1. Assume o < 0, and that the hypotheses of Proposition 4.1 hold.
Then, the (E,0) parameterized, two dimensional manifold (e?¢i¢® E), 0 <60 < 2T,
of solutions of (1.2) bifurcating from (0, Ex) can be uniquely continued on a mazximal
interval E € I = (Ek, E,) where:

(1) E, = oo, or

(i) By < E, < oo and there exist a sequence {E,}neny C I such that lim,, ., E, =
E, and a corresponding sequence of non-zero eigenvalues {\, }nen of Ly (Wi, E,),
or L_(5, E,) such that lim,_. Ay, = 0.
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For the repelling case we have:

Theorem 4.2. Assume o > 0, and that the hypotheses of Proposition 4.1 hold.
Then, the (E,0) parameterized, two dimensional manifold (e E), 0 <0 < 2,

of solutions of (1.2) bifurcating from (0, Ex) can be uniquely continued on a mazximal
interval E € I = (E., Ex) where:

(i) E. =0, or

(i1)) 0 < E, < Ejy and there exist a sequence { E,, }nen C I such thatlim,, ., F,, = E,
and a corresponding sequence of non-zero eigenvalues {\, }nen of Ly (Y™, E,,),
or L_(Q/)’"Ee:l, E,) such that lim,_,., A\, = 0.

Proof. We focus first on the attractive, o < 0 case. Let

real

E, = sup{E : E> Ei, and E — 9" is an extension of the map in Remark 4.1 for

which 0 is not in the spectrum of L, and is a simple eigenvalue of L_}

Remark 4.2 guarantees that the set above is non-empty. Also note that £ > E} in
the 0 < 0 case, see Proposition 4.1.

By contradiction, suppose neither of (i)-(ii) in Theorem 4.1 hold for E.. Conse-
quently, there exist E and d > 0 such that

I [Ly (@ B)] osre < 1/d,  VE €1 =[E,E.). (4.17)

This follows from the L? spectrum of L, being away from zero. Indeed, the contin-
uous spectrum of L, (¢ E) is the interval [E, 00), since both V(z) and |[¢g|?"(z)
are relatively compact perturbations of the Laplacian, the former due to assumption
(H1), while the latter is due to its exponential decay as |x| — oo, see for example
[25]. Hence, the continuous spectrum is at least at distance £ > Ej; > 0, from
0. Moreover, the eigenvalues of L, depend continuously on E along the C! curve
E s 174 which combined with the fact that (i) does not hold prevents the discrete

spectrum from approaching zero.
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By differentiating (1.2) with respect to E, we get:

-1

. [LJr(ereal’E)} real =0 wreal. (418)

Thus, combining (4.18) with (4.17) and with:

a ”wrealHL2 — 2<6Ewreal’ real>L2 < 2”8Ewreal”L ||,¢real”L2 ||¢7"eal”L2’
we get, on E € [ = [E, E,),
gt < [lig]22ea P = M2 < oo (4.19)

i.e., due to E, is finite (from negating (i)) we have that |[¢)7%| 2 is uniformly bounded

on I.

Next we obtain a uniform bound for |[¢4||?!?,, E € I. Consider the energy

functional for £ : H'(R",C) - R :

e = [ IVoPar+ [ violowpPae+ 7 [ et @20

n p+1
Note that 15 is a weak solution of (1.2) if and only if

DEWE")v] = —2B{yE", v)

for all v € H'. If we now look at the composition, we have:

dg rea rea. Tea. Tea.
o = DEWE™pvE) = 2B (R, O

and by Cauchy-Schwarz inequality,
dg rea. Tea
5| < 2EWE el opv o

Thus, from (4.18) and (4.19) the derivative of the energy functional is uniformly
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bounded on I, which also implies £(E) is uniformly bounded on I:
E(E) < Mg for E € 1.

Now, by using the weak formulation of solutions of (1.2), we get

||VW“”||L2+/R V(@) (o) Pde + ollvp | 155 + Bl = 0. (4.21)

Subtracting (4.21) from (4.20), we get:

1 real || 2p+2 real
o (g = 1) B - BN < Me

which is equivalent to

rea. p+ 1 Tea. p+ 1
g5 < S (Me + Bllvg™|I72) <

i < o <Ton (Mg + E.M3) = MPF for E € 1.

(4.22)

i.e., we get a uniform bound for L**2 norm of 44 on 1.
Finally, we use a standard regularity argument, see for example [26, Theorem
8.1.1], to obtain H? uniform bounds for We“l E € I from the uniform bounds in L?

and L**2 We start by rewriting 17 as
W= (A4 V +i)7(i — Ex)E™ + o(2p + 1))y PPy (4.23)
It is known that for any 1 < ¢ < oo there exists [, > 0 such that:
(A +V +9) " Laswea <1y (4.24)

because
(FA+V+i) 7 =(—A+) I+ V(-A+40)~ )

and both (—=A +4)7': L9 — W% and (I+ V(—=A+4)~')~': LY — L7 are bounded.
See Section 2.1 and 2.2.
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Define the sequence g; by

opt2, ~-PtL 2 (2+1)J’( L L, )f >1
= , — =" = _— —+——————— | forj >
@ ==2p q; g1 n b 2p+2 np  np(2p+ 1) J
where n is the space dimension. Since p < ﬁ, (p < oo when n = 1,2), we have:
1 1 2 1 2 1 - 2 2
—_— == p—l'— ————==2p+ 1Y P__2) <o (4.25)
qJ+l ¢ ¢’ n q’ 2p + 2 n
ie., qij is decreasing and not Cauchy hence:
o1
lim — = —o0. (4.26)
j—o00 qJ

From (4.22), since gy = 2p + 2, we have ||1}5%| L0 < M,,, for all E € I. It implies
that |||5e 2P |reat]] o < (M,,)?*!, and by combining with (4.24),

L2 —
=84V ) g PPI o gse, < Lo (M)

Meanwhile, we have:

[(=A +V 4+4)71 (i — B ywee < lgn/E2 + 1M,.

Note that

q 1.2 1 2 1
W2z is embedded in L9 for all q > do such that — > ptl 2 = —.
2p+1 q qo nooq

For clarity, we split the analysis in two cases depending on the space dimension,
n < 4 and n > 4. In the first case, n < 4, we know that

W?*? is embedded in L? for all ¢ > 2.

Since both W2%+T and W22 are embedded in L% by taking C,, to be the maximum
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of the two embedding constants, we get:

05| par < Cpy(1_ao (Myy)PH + 1y /E2 + 1My) = My, for all E € I.

90
2p+1

We can repeat this process and obtain uniform bounds for ¢¢%, E € I,in L9, L =

q;j
2ptl

e 2 j > 1 until gj;1 becomes negative, see (4.26), i.e.,

2p+1
q

2p+1 Sz-

q; n

2
>—for0<I<j—1and
n

But 2’;—ﬂ < % implies that
J

W25 is embedded in L? for all q> &

2p+1°
In particular we can fix a ¢ > 4p + 2 such that
|5 e < M,  forall Ec 1. (4.27)

For the second case, n > 4,

1 1 2 —4
W22 is embedded in L? for all q > 2 such that - > - — — = n )
q 2 n 2n

We can repeat the above process and obtain uniform bounds for 5%, E € I, in

L L — 2ptl

, = =225 275> 1 until W22 no longer embeds in L%+! i.e.,
a4 n

2p+1
q

2p+1 1

q; 2

1
2§f0r0§l§j—1and

Note that such j exists due to (4.26) and go = 2p + 2. Moreover, in this n > 4 case
we now have ¢; > 0 and % < 3 implies ¢; > 4p + 2. Hence we get (4.27) with
q=gj-.

We now finish the H? bounds. By applying Riesz-Thorin interpolation for the

L*¥+2 norm of 5% E € I, using (4.22) and (4.27) we get that there exists My,,o > 0
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such that ||| 2[5 || 2 < (Myy49)?P+, for all E € I, which combined with (4.19)
and the identity (4.23)gives uniform bounds in H? :

||| e < M forall E e 1. (4.28)

We now show that E +— 5% has limit in H? at F,. We again start with the L?
limit. Now, for any sequence {E, },en C I such that lim, o E, = E,,

ereal realHL2 < HaEerealHL2|E _ El| < _’E — El| —0 as m,l — OQ.

Therefore, by completeness of L*(R", R), there exists ¢5¥* € L*(R",R) such that

hm ereal

In fact, w’"eal is independent on sequences {E,} and consequently,

li real Teal
Jim [y Sl
Also, since ¢ is bounded in H?(R",R), there exists a subsequence E,, and =
H?(R",R) such that 1/)’"6‘” — 4 in H? as k — oo. It implies that W”e“l — ¢pin L? as
k — 0o, hence ¥, = 1 € H*(R*,R). Moreover, ||[¢g, ||z < hmmf;Hoo 1Ye, |l <
M. To simplify the notation, let us redenote E,, = E, geglj = Y. As we did in

(4.23), we can rewrite m‘l as:

wreal ( A + V+Z) [(2 o Ek)wreal +U(2p+ 1)‘wreal|2p¢r6al]. (429)

Clearly, (~A +V +i)7'(i — Vg™ — (A +V +i)7'(i — E.)pg™ in H*. Now,

we show that the remaining part also converges in H2. Let f : L#%*2 — [? as
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f(¢) = |¢|*P¢. Then by mean value Theorem for the Fréchet derivative, we get:

H |wreal ‘2p real

S HDf¢>[<1 . ak) real| + Oék‘wreal ”wreal
< [1@2p + DI — an) [P ] + g ]2”|1/f“‘”
< @p+ DA = ap) [P + v ]2p||L4P+2—>L2 IIW‘”

(4.30)

for some 0 < a < 1. By the Holder’s inequality, for any v € L%%2 ||v||Lap+2 = 1, we

have:

Y = ) [E ] + g [*Poll 2 < (1 — ) 5] + ol i
= [I[(1 = an) 5] + anlvE"
< (1= aw)l[v

D T
EE[E,E*]

< M (4.31)

[P\l alloll pase

]||L2pq||v||L4p+2

)]0 w2

where ¢ = 2 + 110. The Minkowski inequality can be applied to the third line because

2pq = 4p + 2 > 2. The last inequality is due to the fact that H? is embedded

in L?" because of Sobolev embedding Theorem and 0 < p < ﬁ Thus, ||[(1 —

>|1/}7’eal| + ag W}real

Thorin interpolation theorem we get:

1?P|| pap+2— 12 is uniformly bounded. Moreover, by using Riesz

||¢real real ||¢real 1—- a (432)
S IIW“’ 72 (2M)'
where a satlsﬁes 0<a<l, 4p > =5+ w (This a exists because 2 < 4p+2 <

2"+4 < =) Since the right hand 81de of (4 32) converges to 0 as £, — F,, it follows

that, comblmng with (4.31), the right hand side of (4.30) converges to 0 as Ej, — E,.
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Therefore, the right hand side of (4.29) converges to (—A+V +14) 7 [(i — E, )i +
o(2p + )|yt ?Pypieal] in H?, while the left hand side converges to ¢3¢ in H? as
Ey — E.. Tt follows that (¢3¢, E.) is a solution of (1.2).

Now Proposition 4.3 can be applied to (@/Jﬁal, E.) because its spectral assumpptions

real

follows from negating (ii). Consequently F — 5% can be C! extended past F,
which contradicts the choice of E,.

For the repelling, o > 0, case we define

E, = inf {E . E < Ej, and E — Y1 is an extension of the map in Remark 4.1 for

which 0 is not in the spectrum of L, and is a simple eigenvalue of L_}.

As before, Remark 4.2 guarantees that the set above is non-empty but in this case
E < Ej, see Proposition 4.1. As before, we prove Theorem 4.2 by contradiction.
Obvious adaptation of the above argument e.g., the continuous spectrum of the
linearized operator is now at distance at least F, from zero, where F, > 0 by negating

real

(i) in Theorem 4.2, leads to the existence of a unique C! extension of the E + %

map below F, contradicting the choice of F,. O]
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CHAPTER 5

DOUBLE WELL POTENTIALS WITH
ATTRACTIVE NONLINEARITY

In this chapter we show that the attractive nonlinearity causes a symmetry breaking
bifurcation along the ground state branch in problems with double well potentials
with large separation. The bifurcation is due to an eigenvalue of the linearized opera-
tor crossing zero. The eigenvalue corresponds to an antisymmetric eigenfunction (i.e.,
odd in x1) while up to the bifurcation point the ground states were symmetric (i.e.,
even in x7). Therefore, the bifurcation is of pitchfork type with the symmetric ground

state branch continuing past the bifurcation point but becoming unstable, while the

3+ V13
— " but

emerging asymmetric branch is stable for low power nonlinearities, p <
unstable for higher power nonlinearities. These results extend the one dimensional
ones in [13, Corollary 2| and the cubic nonlinearity results in [14]. As for the first
excited branch we show that it can be uniquely continued much further compared

to the ground state branch, including parts of the strongly nonlinear regime.

5.1 Bifurcations of ground states

In this section we analyze in detail the branch of symmetric ground states bifurcat-
ing from zero at the lowest eigenvalue of a Schrodinger operator with double well

potential, see Proposition 4.2. We first show that for large enough separation of
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wells, case (ii) holds in our previous continuation Theorem 4.1 i.e., an eigenvalue of
the linearized operator approaches zero, see Theorem 5.1 where we also approximate
the end point F,.. Then, we identify the eigenvalue as corresponding to an antisym-
metric eigenfunction and, by first restricting our analysis to symmetric solutions, we
infer that a limit point where the eigenvalue is zero does exist and the symmetric
branch can be continued past it. Moreover, a pitchfork bifurcation occurs at the
limit point and an asymetric branch of ground states emerges from it, see Theorem
5.2.

Theorem 5.1. Let 0 < 0, p > 0 and potential V = V; be a double-well potential.
Consider the branch of solutions (Yp, E) = (¢3¢ E), (Y5 is a real-valued, 0 €
[0,27]) of (1.2) which bifurcates from the lowest eigenvalue —Eq s of Ly = —A+Vy(x),
see Proposition 4.1. Then there exists s, > 0 such that for all s > s,, there exists
E.s, Eys < E.s < 0o such that this branch can be uniquely continued on (Ey s, Fys).
Moreover, as the parameter E approaches the endpoint E, s, the second eigenvalue
of L. (¢ E), denoted by N(E), which is simple, and only the second eigenvalue
approaches 0 i.e.,

lim A(E) = 0.
E B,

Proof. Suppose (i) in Theorem 4.1 holds. Let us rewrite (1.2):
F(¢,E) = ~A¢ + Vi + E¢ + 0|¢[*¢ = 0 (5.1)

for a double-well potential V;. By 2.4, the two lowest eigenvalues —FEj, < —F; 5 of
—A + V; are simple and satisfy

lim |Eys —wo| =0, k=01 (5.2)
5—00

where —wy is the lowest eigenvalue of —A + Vj. Moreover, they are separated from
the rest of the spectrum i.e., there exist sg, d, > 0 such that for s > sy and k= 0,1
we have:

|Ei,$ - 7_| > d*v Vr el \ {EO,Sa E1,5}7 (53)
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where ¥ is a spectrum of —A + V,. Furthermore, the L2*-normalized real-valued

eigenfunctions 9y s, 91 s of —A+V; corresponding to the eigenvalues Ej ,, E , satisfy

lim
ERdee]

¢i,s -

=0. i=0.1 5.4
L=0 =0, (5.4)

Tst + (—1)ZRTS¢0 ‘
V2

where 1 is the L?-normalized eigenfunction of —A 4+ ;) corresponding to the lowest

eigenvalue —wy.

From Theorem 4.1 we have a unique two dimensional manifold of solutions of (5.1),
(E,0) — eyredt 0 € R, [Eyg, F.s) where E, ; = oo since we are assuming that
(i) holds. Note that the map is C' on (Ey,,o0), and 9g,, = 0, where according
to Proposition 4.1, we can use the parametrization given by the projection onto the

eigenfunction of —A + V; corresponding to eigenvalue Ej .
(¥p, B) = ("¢ (a), E(a)) for a= (¢o,,¢"*"(a)), |a| <4, 0 €0,2m),
for some 0 > 0. Moreover, the following estimates hold:

i = Y a) = aeo s+ O(a]) ie., 3CL > 0 ¢ ([ —aeo |z < Cilal*H
(5.5)
and there exists Cy > 0 such that

B~ (Bo — ollvos 22 1al)] < Calal®. (5.6)

First, we note that the estimates (5.5) and (5.6) are uniform in the parameter
measuring the distance between wells i.e., there is sy > 0 such that the constants
C1,C5y can be chosen independent of s > sg. This follows from the fact that, for
s > sp given by (5.3), the estimates (5.5)-(5.6) rely on contraction mapping theorem
for h, see (4.5):

h=—0[PLy(=A+V,+ E)P. ] " avos + h|*(atos + h)

where P ;¢ = ¢ — (Yo, §)%0,s. Since P (—A + Vi + E)P, , restricted to even
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functions is invertible with uniformly bounded inverse on {E > 0 : dist(—FE, % \
{Eovs, F1s}) > d.}, we can choose the Lipschitz constant for the map on the right
hand side, and, consequently, the C', Cy above independent of s, see Lemma 2.1 for
a complete argument.

Now, since the dependence in E > Fj ; of the ground state branch is at least C, see
Remark 4.1, so is the dependence of the second eigenvalue of L (¢4 E), A\(E, s) for
as long as it remains simple. The continuous dependence of the discrete spectrum of
L, (¢ E) on E together with the non-discrete (continuous) spectrum being given
by the interval [E, 0c0) and the lowest two e-values of L, (0, Ey ;) being separated
from rest of the spectrum, see (5.3), also gives us § > 0, which, as above, can be
chosen independent of s > sy such that, for all £ € [Ey,, Eo s+ 0] :

IANE,s)—T1|> VreXp \ {o(F,s),\(E,s)}, (5.7)

L\J|&

where Y is the spectrum of L, (¢1¢% E) and \o(FE, s) is its lowest eigenvalue. More-
over, a collision between the first and second eigenvalue of L, (¢ E) will make
its lowest eigenvalue non-simple in contradiction with the uniform ellipticity of this
operator. Consequently \(E,s), Eys < E < Ey,+ J remains simple, and together

with its L2-normalized real-valued eigenfunction nz depends C' on E and satisfies:

L (W™ EYnp = Ang.

By differentiating the above with respect to £, we have:

L real E 2 real 2p _ )
Taking the scalar product with ng, we get:
d\
2p + 1 KPP d 5.8
+ @ Vo [ bl = G2 53

Thus, using Remark 4.1, see also (5.5), (5.6), we have for ¢ — 0 : lim,_,o E(a) = Ey
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and

2p
lim — |wr6al‘2p — lim |¢T€al‘2p 0,s ‘
a—0 dFE E—Eq, _UHlpO,s I iz;;rfz

Then by the continuous dependence with respect to a of L, we obtain:

dA

. 2p+1
_ _ real |2p 1
—dE(a =0,5) = (IlIH(l) [1+(2p+1) /Rn nEd Y| Pdx| =1

2 2p
Tl Jan Vo0
P

Furthermore, using (5.4) we get:

lim | ilde = 27l (5.9)
lim oI 7% = 277 Woll 72 (5.10)
Therefore, we have
... dA
Slggo }g% d—E(a, s)=—2p<0.

We will show that the estimate of ng in the formula above are uniform in s which
combined with the uniform estimate of - |¢%5¢%!|? given by (5.5) and (5.6), see also

the paragraph below them, gives

. dA . dA
%l_{% dE(a s) = sliglo (lllg(l) —E(a, s)=—2p <0. (5.11)

Indeed, the eigenvalue-eigenfunction problem for L, (5% E) can be rewritten as
H(n,\,E): H*(R",R)p9qa x R x R — L*(R™",R) x R:

H(n,\, E) =

Ly (Y, E)yn — An]

where H%(R™, R),qq is H*(R"™,R) restricted to odd functions. Now this problem satis-
fies the hypothesis of Implicit Function Theorem at (n, A\, E) = (¢4 5, Eo s—E1 5, Eo, S)

0
because H(¢n s, Eos — Ev s, Eo, s) = [0 , the Frechét derivative of H with respect
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to (n, A)

D(n)\)H(na )‘7 E) -

Lo (45 E) — A —n]

is obviously continuous in (7, A) uniformly in s, and

D(%)\)H(djl,sa EO,s - ELS? EO) =

_A + ‘/s + El,s _¢1,s
2<w1,37 > 0

is invertible with inverse that is uniformly bounded in s when restricted to odd 7.
Indeed, combined with (5.4) and Lemma 2.1,

(D H (Y15, Eo s — En g, E)) =

(_A + ‘/s + El,s)il - <¢1,su '>77Z}1,s %wl,s]
_<1/}1,sa > 0

is uniformly bounded in s. To get the uniform estimate of ng, we will use the fixed

point argument in the proof of Implicit Function Theorem. Let A := D, 3y H (1,5, Eos—
n wl,s

Ei s, Ey). Note that H(n, A\, E) = 0 is equivalent to K(n,\ E) = —
A EO,s - El,s

where

wl,s
EO,S - El,s

n
A

K(n,\E) = — —A'H(n, N\ E
1 s

The Frechét derivative of K(n, A, ') with respect to (n, A) is:
DoKX E)=1—A'DynH(n, M\ E)
and at (Y15, Eos — Evs, Eo), we get
DK (s, Eos — Er s, Ey) = 0.

Since D, »H (n, A, E) is continuous with respect to (1, A) uniformly in s and A;*' is

uniformly bounded in s, there exist r,¢ > 0, independent of s, such that

HD(W,A)K(na )‘: E)H S ) fOI‘ au (777 )‘7 E) S Br<w1,sy EO,s - El,s) X Bt<E0>

N | —
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By Implicit Function theorem, there exists the solution of H(n, A\, E) = 0, (ng, A\g)
and by the fixed point argument, we get:

Ine — Y1sllm2 + Mg — (Eos — B ) (5.12)
1 - rea ]‘

< 5lA Hlzewrom2xrlI Ly (VY EYiprs — (Bos — Brs)tslce + 57 (5:13)
1 1

< §||A§1||L2xR—>H2xR||E¢1,s + ol + 5" (5.14)

and last bound converges to 0 uniformly in s due to (5.4) and (5.5). As a result, we
get the uniformly (in s) estimate of ng. In conclusion, (5.11) holds.

Therefore, there exists s; and €; such that:

%(a, s) < —p forall s> sy, |a|l <€

and, by Remark 4.1, see also (5.6), there exist ¢ < ¢ such that:

d\
d—E(E,s) < —p foralls> sy, |E— Eys <e. (5.15)

Also, from (5.2), there exists sy such that for a =0: E(a = 0) = Ey, and
0 < ANEos,s) =FEys—E1s <ep forall s> s. (5.16)

Now let s, = max{3y, s1,$2}. From (5.15) and (5.16), we conclude that, for any
s > s,, the graph of E +— A\(E, s) is below the graph of y = —p(z — Eys) + ep which
becomes negative at £ = Ey s + €, see Figure 5.1. Consequently A(E, s) must cross
zero at some K = F, ,, Ey, < E, ; < Eys+¢€, which contradicts our assumption that
E. s = 00, i.e. that (i) in Theorem 4.1 holds. Consequently (ii) in the same theorem
holds with the second eigenvalue of L, approaching zero at the end of the maximal
interval of unique continuation and remaining simple on this interval. All the other
spectrum except the lowest e-value is at distance at least d./2 from zero while the
lowest e-value A\o(F) cannot approach zero as following argument. Assume that there

exists a sequence £, 7 F, ; such that A\o(F,) — 0 as n — oo. By min-max principle,
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o<0

ep+
EO,S - El,s**

Figure 5.1: The above figure shows the branch of second eigenvalue of Ly, A\(E,s) (the red
line), crosses zero at some finite E since y = —p(E — Ey s) + €p (the black line) crosses zero. The
blue and green dotted hnes denote the lines with slope —2p, —p whose z-intercept is
Eys+ay=FEys+ % Eos+axy=Ey,s+ Eo ‘p Ls respectively. They give an
approximation of z-intercept of A(E,s), E = E, s, corresponding to a.(s).

we have:
1 real real real
)\O(En) S ||¢7"eal|| <L+(¢En ’ En),lvin 7w >
= 1 [<L real real) + 2p0<’,¢r6al|2pwreal real)] o 2 %
”¢real || ||,¢gefl

Since A\o(F,) — 0 as n — o0, lim,, ||¢T6al|’igﬁz = (. However, by plugging ¢T€al
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C(L

l
into (5.1) and taking L? scalar product with 7, We have:

||¢7‘ea,l|
,¢real o l l ¢real
_EO,S S <( A + V) real = > — <<_ hbrea ’ pwrea n rea) L >
{7, 195172
B Wmluiz:fz .
1517 "

Thus, by taking limit to n — oo, this inequality shows that —F,, < —FE, ;, which
contradicts that E, ; > FEys. Therefore, the lowest eigenvalue cannot approach zero
and only the second lowest eigenvalue A(E, s) crosses zero.

Now, the theorem is completely proven and we have, for double well potentials

with large separation s > s,,

Eys — FEqs Eos— FEi
EO,s + u 5 E*,s < E(),s + u (517)
2p p
Note that, by Remark 4.1, this corresponds to a unique |a| = a.(s) :
Eoo — B, 1/2p
a.(s) ~ (¥) .
2p

[

Remark 5.1. Note that the estimate, given in (5.17), shows that the maximal
interval of unique continuation for this ground state branch is actually small, since
lim; o0 | Eos — E1s] = 0, in fact it is exponetially small in parameter s, see [20]. This
also implies that the bifurcation that follows happens in small amplitude regimes, at

the corresponding amplitude:

EO,S - El,s 12

see Remark 4.1.

Now, we show that the second eigenvalue of the linearization L, crossing zero at
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E = E, ; leads to a symmetry breaking bifurcation along the ground state branch.

This is the main result of this section:

Theorem 5.2. Let 0 < 0,p > % and V =V, be a double-well potential and consider
the branch of solutions (Y, E) = (¢ E), (41 is a real-valued, 6 € [0,27]) of
(1.2) which bifurcates from the lowest eigenvalue —Ey = —Ey s of Ly = —A + V().
Then for all s > s, (s« is the number from Theorem 5.1), there ezists E, < oo such
that (Ey, Ey) is the maximal interval on which this branch can be uniquely continued.
Moreover, the set of solutions of (1.2) past E, in a H* x R neighborhood of (Vg, , E.)
consists of exactly two surfaces of class at least CPPI=1 intersecting along the circle
ei9¢fEial70 < 0 < 2m. Fach of these surfaces is obtained by rotating (multiplicity by

e?) a curve of real valued solutions of (1.2).

Proof. We will let Eys = Ey and E., = E, for fixed s. Theorem 5.1 already
guarantees the existence of a finite E,, such that the branch of solutions (¢¥g, E)
can be uniquely continued on the interval (Ey, F,), and the second eigenvalue of
L, (v E), M(E), and only it approaches zero as £ * F,, while remaining simple
on this interval. Its corresponding L? normalized eigenfunction must be odd in z;
because L, (15 E) commutes with the reflection operator R and the eigenfunction
is odd at the (0, Ey) end point. By restricting our analysis to the Banach subspace
of even functions in H?, (note that this branch if formed by even functions, see
Proposition 4.2), we deduce that L, (5, E) restricted to even functions has no
eigenvalue approaching zero as E 7 E,. Indeed, Theorem 5.1 guarantees that only
an eigenvalue corresponding to an odd eigenvector A\(E) approaches zero and this
eigenvalue is removed by the restriction to even functions. Applying Theorem 4.1 in
this restricted Banach spaces we deduce that the branch can be extended past Fi.
In particular there exists a unique (¢3¢, E.) on this branch.

Let ¢, be the L?-normalized real-valued eigenfunction of L+(wTEefl, E.) correspond-
ing to its zero eigenvalue. Since RL, (Y™ E,) = L, (Y5, E,)R, where R is the
reflection operator and 0 is a simple eigenvalue, ¢, is anti-symmetric in z;. Further-
more, for fixed 0 € [0,27), (e?¢1¢% E) is uniquely continued on the same interval.

In order to prove the existence of the bifurcation at F,, we use Lyapunov-Schmidt
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decomposition and Morse Lemma. The map F(¢, E) : H*(R",C) x R — L*(R",C) :
F(¢p, E) = —Ad(z) + V(2)d(z) + 0|¢(2)|*p(x) + Ed(x)
has the Fréchet derivative at (¢, F') where ¢ is real-valued:

L+<¢7 E) 0
0 L.(6E)

DyF(¢,E) =

Since i@bﬁal is the L?-normalized eigenfunction of L_(@Dﬁ“l, E,) corresponding to its

zero eigenvalue, Dy F (¢, E,) is a Fredholm operator with

ker Dy F (Y™, E.) = span{o,, ivz"}, ran DyF (Y™, E,) = [ker Dy, F(Y ™, E,)]* .
Let ker Dy F (¢, E,) =span{e., 5"} = X; and RanD,F (5, E,) = X5. Then,
Plg.¢ = (bs, Phreatds,  Pliypeard = (™, O reatiVi™, PrLop= ¢ —Plg.d— Blligpea ¢

are three orthogonal projections on L? =span{¢., 5"} & X?. By applying the
Lyapunov-Schmidt decomposition at (45, E,), the equation (1.2) is equivalent to

three following equations:

PLEQE + ay¢. + azipif® + k(ay, az, E),E) =0 (5.18)
Plo. F(URE™ + a1¢. + azitvis™ + k(ar, az, E), E) = 0 (5.19)
a\iwgalFWfEial + a10 + azip ™ 4 ka1, a2, E), E) = 0 (5.20)

where a16, = Pl (¢ — VE™), azitg™ = Pliyea(d — v5), k = Pu(o — vi).
Therefore, by Implicit Function Theorem, we get :

Lemma 5.1. There is an unique CP?PH map k : U — L? N {¢,,ivp, }* in some
neighborhood W C H? x R of (Yg,, F,), U C R3 of (0,0, E,) such that for any
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solution (¢, E) of (1.2),
Alay, ag such that(ay,as, F) € U, ¢ =g, +a1¢. + agiwﬁal + k(aq, a9, )

where a; = <¢ - ere*al’ *>7‘eala Az = <¢ - ¢Eal7i¢E*>real and

<¢*7 F(ere*al + CL1¢* + CLZiere*al + k(al, a2, E)7 E)>real =0 (521)
(i F(YE™ + a1¢s + agig™ + k(ay, as, E), E))reat = 0. (5.22)

Our strategy is to make the LHS of (6.6) identically vanish so that Morse Lemma
can be applied, see Nirenberg [21] and [13]. To vanish the LHS of (6.6), we use a
similar argument in Proposition 2.

First, assume ¢ — wﬁ“l € wgial with respect to real scalar product. Then ay = 0
and ¢ = P+ a1¢. + k(a1,0, E). We claim that in this case k(a1,0, E) must be real
valued, hence ¢ is also real valued. To show this, we solve again (1.2) under restriction
as = 0 and Py (¢ — g,) is real valued. Define F| : R x H*(R",R) N Xy, x R —
Xo N LA(R™,R) :

Fi(ai, k(a1,0,E), E)) = PLF (%" + a1¢. + k(ay, 0, E)).

This is well-defined because P) F(¢, E) maps from H?(R", C) x R to X, N L*(R", C)
and for real-valued k, we have real-valued 3% + a1¢, + k(a1,0, E) and F(¢, E) and

P, maps from real-valued to real-valued functions. Now
DyF1 (0,0, E,) = L (3, E,)

is an isomorphism from H?(R™", R)N Xy x R — X, N L*(R™, R). By Implicit Function
Theorem, 341, 6, and a unique C?"1*1 function k : (—8y, 0y) X (Ey—0a, B, +082) = XoN

L*(R™,R) such that (ay, k(ay, E), E) is the unique solution of F (a1, k(ay,0, E), F))
in a neighborhood W C (=dy,6;) x H*(R™,R) x R of (0,0, E,). It gives another
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unique real-valued solution
¢ = Vi + a1, + k(ar, E)

of (5.18) when ay = 0. By uniqueness, k(ay, E) = k(ay, 0, E). It follows that (6.6) is
zero since (V3% + a1¢, + k(a1,0, E)) is real valued.
Next, consider the case ¢ — wﬁal ya zwﬁal. In this case, we can use the argument

in Proposition 4.3, i.e.,there exists 0, such that
le® i = llgz = inf (|5 — | 2.
* 0€[0,2m) *
Then, as we have seen in Propostion 4.3, ¢ — el | je®4p7¢* which is equivalent
to e g — i 1 iyl By apply the Lyapunov-Schmidt decomposition to e~ ¢,
we get

6_i9*¢ _ ¢%ial + <e—i9*¢ - wgial’ ¢*>¢* + ]{(a, O, E)

Since the right-hand-side of the above equation is real-valued, (i, F(e™ ¢, E)) =
0. To finish the proof, use the same argument in [13]. ]

5.2 Stability analysis

In this section we show that the pitchfork bifurcation given by Theorem 5.2 leads to
a change in the orbital stability of the ground states. We start by defining orbital

stability and by recalling a well known result we will subsequently use.

Definition 5.1 (see [27]). The family of bound states {¥ge=% : 0 € [0,27)} is
orbitally stable if for all € > 0 there exists § > 0 such that if the initial data u(z,0) =
ug satisfies

inf D) = Wg(-)e )
961[{){%) [|uo(-) e()e”||lm2 <
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H2

Figure 5.2: Bifurcation diagram for ground states of NLS equation with a double well potential
and attractive nonlinearity. The blue line represents the symmetric state bifurcating from a trivial
solution at Ey , and being continuing even past F, ;. The red line represents the asymmetric state
bifurcating from the ground states at E, ;. The set of solutions is two surfaces of curves
intersecting along the circle at F, ; and there are three branches up to rotation for £ > FE, , : one
is symmetric and the other two is asymmetric.

then the solution u(x,t) of (1.1) satisfies

inf ) — Wp()e .
061[3%) Ju(-, ) e(-)e" || <

Theorem 5.3 (see [28, 29, 27, 30, 31]). Let n_(Ly) = the number of negative eigen-

values of Ly along the branch of solutions.

(i) Suppose n_(Ly) =1 and L_ is nonnegative. If
d
— T3,
dE” EHL >07

then Vg is orbitally stable.

(it) Suppose L_ is nonnegative. Ifn_(Ly) > 2, or,n_(Ly) =1 and 2| U2, <0,

then Vg is orbitally unstable.

58



The following theorem guarantees that the manifolds of ground states near the
bifurcation point are of class C? for all p > 1/2 which allows us to calculate the
quantities in Theorem 5.3 along each branch emerging from the bifurcation point,
hence determine its orbital stability. The theorem generalizes the one dimensional

result in [13, Corollary 2]

Theorem 5.4. Let 0 < 0,p > %, and V = Vy be a double-well potential and s > s,
where s, satisfying Theorem 5.2. The two C*P)=1 surfaces in a H?> x R neighborhood

of (Vg,, E.) which we obtained in Theorem 5.2 are in fact C*, and :

(a) the first surface, (Vp, E), is a continuation of the symmetric ground states past

E = FE,. It is also even in x1 and orbitally unstable past F..

(b) the second surface, (¢(a), E(a)) is the new asymmetric states past E = E, such
that

¢(a) = Y + ac®p, + ¢’k(a, E)  for some 6 € [0,27)

E(a) = E, + %aQ + o(a?)

where a = (e7 ¢ — e, ¢.) € R, k(a, E) is real-valued and

@= _—X(;;*) é(% +1)2p(2p — 1)a (e, (Vi) 72¢%) (5.23)

—(2p+ 1)2(2p) 0 () b, L (0, ) ()1 ¢2) |

¢ 1s orbitally stable if Q) > 0 and R > 0 and orbitally unstable if Q) < 0, or @ >0
and R < 0 where

d 22 /E*

E—E. dF Q +N'(E.), N(E)= |lvglli-. (5.24)

Proof. For part (a), consider the Fréchet derivative of F(¢, E) at (¢, E,) :

rea L (wrial’ E*) 0
D¢F(1/)E* laE*) - i EO L (wreal E ) ’
_ E* 5 *
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Ty

Figure 5.3: The figure shows what three (real-valued) branches look like for E > E, ;. The top
left (blue) subplot represents the real-valued symmetric state 7% which is even in z;. The top
right (green) subplot represents the L?-normalized real-valued eigenfunction of L, ( Ei“l, ,EL)
corresponding to zero eigenvalue, ¢,, which is odd in x;. The bottom left and right (red) subplot
represent the two real-valued asymmetric states. Since the asymmetric state is written by

#(a) = eyt + ae ¢, + ¢’k(a, E), there are two real-valued asymmetric states for a > 0 or

a < 0. Let ¢4 and ¢_ be the real-valued asymmetric states: 1/)2{“1 + ag. + k(a, E) for a > 0 or

a < 0 resp. They are the sum of one odd function a¢. and two even functions 5% and k(a, E).
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Note that ¥ = limg g, 5, see Theorem 3 in [13]. It implies that ¢ is
even in 1. Thus, DyF (5, E,) transforms even functions into even functions (in

x1). Moreover, we note that KerD,F (¢, E,) =span{¢,,iy "} and ¢,, which
is the eigenfunction corresponding the second eigenvalue of L+(wﬁ“l, E,), is odd.
Therefore, the functional D, : H*(R™, R)eyen — L?*(R"™,R)epen, which is the func-
tional DyF (3, E,) restricted in real-valued and even functions, is an isomor-
phism. By using Implicit Function Theorem, a set of real-valued, even solutions
is uniquely extended in a neighborhood of (¢, E,). Next, consider even solutions
which are perpendicular to z'wgfl. Then we can apply Implicit Function Theorem
again to the functional P; DyF (zWEe“l Eeven : H*(R™, C)epenN [Span{zwm“l -
L*(R"™, C)epenN[span{iy®}]+ where P, is the projection onto [span{iij*}]*+. More-
over, the unique continuation from above coincides with the unique real-valued even
continuation due to the similar argument in Proposition 4.3. Now, we can extend
the symmetric ground states ¥ g in the all even function space near FE,. If there
is a even solution near (¢g,, F,) which is not orthogonal to itg,, then there is a
0. € [0,27) such that the solution is orthogonal to ie®¢p,. Using the similar argu-
ment in Proposition 4.3, we conclude that the ground states is continued past F, in
the even function space.

Moreover, E +— 1 is C2. Since 1 is the eigenfunction corresponding the lowest
eigenvalue of L_ (g, F) we can choose the real-valued strictly positive function 55!
for any E near E,. Therefore, F(5%, E) = (—A +V + E)ieal + |[¢preat|2rypreal i O2
in £ for p > 1/2 and hence, L, = D4F is C*. Differentiating F (%% E) = 0, we

get
dwreal

“IE = —(Ly) "E
This follows that ¢ is C? in E. Also, since all even solutions near (v, , E,) is of
the form (Yg, E) = (e E), 6 € [0,27), ¢ is C? in E. From Theorem 5.1, the
second eigenvalue of L (g, E), A\(F) is negative for £ > E, while L_(¢g, E) does
not have strictly negative eigenvalues. If follows that e?*!¢ is orbitally unstable for
E > E, by Theorem 5.2 in [14].
Now, we will prove part (b). From Theorem 5.2, the solution of (1.2) past E, can
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be decomposed as
¢ = eyl 4 ae®p, + ¢k(a, E) (5.25)

for some 6 € [0, 27) where a = (e Y¢—e ¢,) € R, k(a, E) is real-valued. Consider

the continuation of symmetric ground states (vz, E). Then a = (e “yp, ¢.) = 0,

hence
Vg = Y™ + e“k(0,E)  for somed € [0,27) (5.26)
(6w, F(UE" + K(0, E), E)) = 0. (5.27)

Let F, = (¢s, F(WE" +ap.+k(a, E), E)). Then in the right hand side of equation,
a can be factored out. Define a function g(a, F) : R xR — R

F”¢ (a,E)—F”¢ (O,E) f
* * 0
g(a,E) = { @ , a7 (5.28)

OF)
—2=(0,E), ifa=0

Then the second surface of solutions of (1.2) when a # 0 must satisfy
g(a, E)=0.

We will show that

(4) 4(0,E.) =0

(b) g € C' in a neighborhood of (a = 0, F = E,)
(c) 2£(0,E,) #0,%(0,E,) =0.

If (a)-(c) hold, Implicit Function Theorem implies that there exists a unique C* curve

a — E(a) for |a] < e for some € with F(0) = E,. Moreover from (c) we get

@O ="y (5.29)
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We also will show a — E(a) is C? and

d*E
20 =0 (5.30)
where @ is (5.23). Then
E(a) = E. + %aQ + o(a?). (5.31)
Since k is C1, we get
ok ok
= (P PIL G, SE=—(PL)TPE ] (532)

and a — ¢(a) = e (Vi + ap, + k(a, E(a))) is C? since

0 ok 0k ‘
o = gt St SEE(@) = (g~ (PLLy) P G0k B (@) (B € O

Moreover, we show

, Ok

255 (0. B)dr. (5.33)

N(E.) =1+ (2p +1)2po / (gt

This is because of following facts. Using continuous dependence of spectral decom-

position of L (¢g, E), with respect to E,
l. — « g
Jim {9 — ¢z =0

From the fact 85&—5 = —L "¢ and (5.32), we get

i Hawreal Ok
eoe | OE OB

— (0, E,) || g2.

Therefore, by (5.8), (5.33) is proved.
Now, using (5.25),(5.32), (5.33) and the properties of the partial derivatives of
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k(a, E), we obtain
Mi(a) = —N(E,)Qa* + o(a?) (5.34)

l¢(a)llZ: = N(E\) +1/2(2N(E.) + QN'(E.))a* + o(a”) = N(E\) +1/2QRa* + o(a®)

(5.35)
where A;(a) is the second eigenvalue of L, (¢(a), E(a)). By theorem 5.3, when @ < 0
or @ >0,R <0, ¢ is unstable and when @ > 0 and R > 0, ¢ is stable by (5.34) and
(5.35).

OF
Now we need to prove (a)-(c) and (5.30). By (5.28), ¢(0, E,) = 8H¢ (0,E,) =0

OF

since all¢* (a,E) = (¢s, Li[px + %)) and Ly (Y, E)¢. = 0. Therefore, (a) is
a

proved. For (b), we consider two cases. First, when a # 0, (b) is clear since for

p>1/2, Fis C' over real functions. To prove (b) for a = 0, we need to prove

dg . 89 0 F||<z>*
(HélgnﬁE* aa(a FE) exists, and (HglénﬁE* 5E — 9E0a ——(0, E\) (5.36)
. 82F|¢ 8g
since 5E0a (0, E,) is continuous in E. Consider the first limit lim, 0 g &, 5 —(a, ).
a

For a # 0, we have

Fip. (0, B) = B, (0. B) (b, Lo (a, B)[n + + %e(a, B)])

a? a

(a>E) =

da

where Ly (a, E) = L (V" +ap,+k(a, E), E). Adding and subtract 1(¢,, L, (a, E)[¢.+
(0, E)]), we get

lim @(a, E) =

a—0,E—E, Oa

B, (a,E) = Fj, (0, E) — a{¢s, Ly (a, E)[¢. + 32(0, E)])

= lim

a—0,E—FE. a2

v g (90 L@ B)lés + 5i(a, B)]) — (6., Li(a B)o. + 520, B))
(JL—>(),IJ£’I1—>ESF a

= Il + IQ.
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Note that I; = —%]2 provided Iy exists. For p > 1/2, we have

k’ 2
= (6 0L 0, E) o + 2500, 2] + Ly (0. 2) %

(0,E,))=0
because k is C? and L, is C. For p = 1/2, we get

<¢*7 (L+(CL, E) - L+(O) E>>[¢* + %(a’? E)]>

[2 = lim
a—0,E—FE, a
. Lo (0, E)[%(a, E) — 20, E
v im0 LOBE@E - S0B)
a—0,E—FE, a
For I3, we note that
ok
(L+(CL, E) - L+(07 E))[¢* + %(CL, E)] -
ok
= 20([WE" + ad. + k(a, E)| = [WE" + k0, E))[[6. + 5-(a, )]
< 20lags + k(a, E) — k(0, E) a—k(a, E)‘
a

8—:(@, E)' for some |d'| < |al.

ok
< 20l (joul + |5 . 2))

Therefore, the integrand is bounded by an integrable function:

¢«(Ly(a, E) — Ly (0, E))[¢s + G (a, E)](x)

Ok

o 6.+ Gl

a7 )

)]

since ¢, 2 € L?(R™) N L3=%*+2(R"). Moreover, since k € H? is continuous in (a, E),
da

gz{mmw+mm>

lim (V5" + ady + k(a, B)) — (V5" + k(0, E.))||m2 = 0.

a—0,E—E,

It implies that for any sequence {a, }nez, { Fn}nez such that (a,, E,) — (0, E,), there
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exists a subsequence {an, trez, { Fn, }rez such that
B 3+ an, b+ K(an,, Bn,) (@) = 45" + k(0, E.)(x)

for almost everywhere x. Therefore there exists N, such that for k& > N,, @D”i‘ll +
Uy @ + k(an,, Eny)(z) > 0 ae. x because Y3 + k(0, E,)(z) > 0 and we have

pointwise convergence a.e T :

‘wreal + ank¢* + k(anm Enk)| _ |wﬁal + k’(O, E*)K:E)
CLnk

. U, O () + k(an,, En,) — k0, EL)(2) = ¢.(z) + %(O,E*)(x).

k—o0 a’nk

lim

k—o0

Thus, by Lebesque Dominated Convergence Theorem we have

ok
Iy = (02, 20(¢. + 5-(0, E.))*) = 0.

Similarly, the integrand of I, is in L! and

i, BOEEOE) o (%e0.m)) [+ SE0.8).

a—0,E—FE, a

Therefore, we get

_ ok 2
I = (0= L0. ENPLLL) Pi20 004 50,8 ) =0
Thus, the existence of lim,_,0 g £, ga (a, E) is proved. Similarly, we can show
. 89 0 F||¢*
a—)é E—FE. 8E 8E8 (0 E )
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1 (- )
_ 2 (a—i— (b0, Ly (a, E)g—g(a, ) <¢*,L+(O,E)§—Z(0,E))) _

By adding and subtract 1L (0, E) 2% (a, E) we get

e (Ly(a,E) — L, (0,F)) 2 (a, E
lim @ -1 + lim <¢ 7( +<CL, ) +<07 )) 8E‘<a7 ))
a—0,E—E, OF a—0,E—E. a
o L (0,E) (2 (a, E) — 250, F _
4+ lim (s, L ( )(aE(a ) — o5l ))> — 1+ 1+ I
a—0,E—FE, a
The same argument of [; and I in limit of % gives
- B ok ok
‘[1 = <2p + 1)2p0<¢*7 ( E‘e*al + k<07 E*))2p 1(¢* + _(07 E*>>—<O, E*)>
da OF
by = (6, Lo (0, ) - 0, B.))
S Yo7 VA

which implies
dg . 82FH¢*

I -
ws0BsE OF  0EOa

(0, E,) = X(E,) # 0.

Thus, (b) and (c) are proved and there exists C! curve a — E(a) in some neighbor-

hood (0, E,) with

dE %0, B,
E(0) = E,, d—(O) = 5 =0
a 8_E(O7 *)

Furthermore, we can show that E(a) is C?, which is clear for a # 0,p > 1/2 since g
is C2. For a # 0,p = 1/2, we can use the fact that ¥g(a) = V" +ad. +k(a, E(a)) is
a solution of the elliptic equation L_tg(a) = 0 which implies 3" + a¢. + k(a, E(a))
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is strictly positive for all z. Therefore, we can prove that ag and ag are C' in (a, E)
by using the similar argument for (5.36), which includes pomtw1se convergence. For

a=0,

vy g (@) =@ 0) 1 1 g
E"(0) = lim < a—(;l -~ lim = =% (a, E(a))
— S |32+ D20 — Dol i)

— (2p+ D200 (R, — L0, B WM™ .

The limit of * ag(a E(a)) can be obtained by the same argument as the limit of

gg(a, E(a)), only except that for 1/2 < p < 1, in order to apply Lebesque Dominated

Convergence Theorem we need:
W + abe + k(a, E(a))|*2|¢.| € L* N L™. (5.37)

Since ¢, and Yg(a) = Y5 +ag. +k(a, E(a)) > 0 are solutions of the uniform elliptic
equations, by Theorem A.3 in [25], we have:

16(2)| < C(8)eVE=D  y(a) > C(e)e~ VEFelD

*

for 0 > 0 and € > E(a) — E.. Thus, for E(a) — E, < € < R E., we can
—4p
choose 0 < 0 < E, — (2 — 2p)*(FE, + €) in which case :

Y (a)[*72|¢.| < Ce™ !

where n = (E, — 6)2 — (2 — 2p)(E, 4+ &)z > 0. It implies (5.37) and finishes the
proof. ]

Corollary 5.1. Under the assumptions of Theorem 5.4, the asymmetric states in

3++13

Theorem 5.4-(b) is orbitally stable if p < p. = 5

P> Py

and orbitally unstable if
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Proof. We will figure out the sign of @ = Q(s), R = R(s) with

2—p

lim a2 2 (s)Q(s) = —0o

§—00

(2p + 1)(p + 1) [|vho || 72122 (5.38)

2°(—p? + 3 1
lim a2 (s)R(s) = e 3+
s —o(2p+ 1)(p + Dpl[toll s

By above the limits and choosing some s, which is larger than s,, Q(s) > 0 for all

3+13

s > S, and R(s) >Oifp<p*:TwhileR(s) < 0if p > p, for all s > s,.
It remains to compute (5.38) and (5.39). For (5.38), we already showed that

(5.39)

lim X (E,) = —2p.

S$§—00

Moreover, by (5.4) and the uniform estimate in s, (5.5), we get

lim [ a™ (™) it = 2792 Ry |92, forall >0, k=1,2,... (5.40)
a—0 JR™

Recall that g is the L?-normalized real-valued eigenfunction corresponding to the

second eigenvalue of L, (4% E). Thus, we obtain

lim a2~ 2 (g?, (PP 202) = 277 ||| 12,

§—00

The only remaining part for @ is calculating a®~ 2 {(¢5) P~ L¢,, L (0, E,) ' (¢ 2P~ 1p2).
Since Ly (0, B )¢ = Ly (Y™, B )Y = o2p(¢5e®)?P+h for even functions, it is
equivalent to

L (0, ) (WP = 5

Also, since

(pgely2Lg2 — (ypreat )21 [H(Weal) n (qbi H(WWZ) >] ’
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we have

<(¢Teal)2p 1¢*,L+(O,E*)71< rEe*al)prl(bb — Il +[2 +13

where

[1 — 1 <(wreal)2p+1¢*’L+(0’E*> (wreal)2p+l> 1 /n<wreal>2p+2dx
Teal

]2 _ H 2 <L+(O,E*)71( rEeal)2p+1 (wreal)Zp 1 <¢ . H( ) >>

B 1 ol B ( real)?) )
= ol [ e (¢ )

o= (e (- H(ﬁ]f ) et 2) gt (o1 - “W) )

Using (5.40), a?>~?I; and a2~?"I, converges to zero as s — oo. Also,we can expand
I3 by using spectral Theorem. Due to the facts that the only first two eigenvalues of

L. (0, E,) approaches zero and I3 contains only even functions, we get

¢7‘eal)2
gty (62 - e ) o)
lim a®> %13 = lim o> %

s—o0 F s—oo ¥ )\O(E*)

where \o(E,) is the lowest eigenvalue of L, (0, E.) and ng g, is the corresponding
eigenfunction. By L’Hospital’s rule, the latter becomes zero because the derivative
of the numerator is zero, while the derivative of denominator is:

lim \y(E.) = —2p <0

S§—00

by the similar argument of (5.11). Combining all computations, we get (5.38).
Finally, in order to show (5.39), we compute N'(FE,) first. Using (5.5) and (5.6),

we have

real -1 2p+1
NI(E*) = lim 2<dw ( ) : Jgial) — lim 2a2+20(|a| P '
ava. " da \ da @ =2p0|[yho || 2?7t + O(|al 1)
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Taking the limit in s, we get

op

lim a2 *N'(E,) = —————5—5.
s —opllvoll o

Combining this with (5.11), (5.38) and (5.24), the definition of R, we attain (5.39).

[

5.3 Unique continuation of the first excited states

In this section we show that the secondary bifurcation occurring along the ground
state branch and analyzed above does not occur along the first excited branch. More
precisely, we can prove that the branch ¢, (FE), which bifurcates from 0 at the second

lowest eigenvalue Fj, can be uniquely continued to large values of E and ||y (E)|| 2.

Theorem 5.5. Let 0 < 0,V = V; be a double well potential. Let 1, (FE) be the first
excited state bifurcating from 0 at E, 5. Then there exist § and ¢ > 0 such that for
all s > 8, the first excited branch can be extended at least on (Eys, F1 s+ c).

Proof. Let A, (E) respectively A (E), be the i-th eigenvalue of L_(¢(E), E) re-
spectively L, (¢Y1(E), E), for V. = V; and let N' = ||[¢1(E)||zz. If (i) in The-
orem 4.1 holds, the proof is done because 11(E) can be uniquely continued on
(B 5,00). Thus, suppose (ii) in Theorem 4.1 holds: 1 (£) can be uniquely extend
on I = (B4, E.s) where E, 4 is finite and there exists a sequence {E,}peny C I
such that lim, .. F, = E,,, and a corresponding sequence of nonzero eigenvalues
of Ly(Yn(En), En) or L_(¢1(Ey), En), {\n}men, such that lim, ., A, = 0. We will
show that for some ¢ > 0, F, ; must be greater than F, ; 4 ¢ for large enough s.
Let us focus on the first and second eigenvalues of linearizations. Since L_ (¢ (F1 ), F15) =
Lo+ By s, A ((Els) is Ers — Eo s < 0. Using continuity of discrete eigenvalues, we
have \; ((E) =0 for all By, < E < E,, because 0 is an eigenvalue of L_(¢1(F), E)
for all By, < E < E,, and Ay (E1s) = 0, see Remark 4.2. We note that eigen-

functions corresponding to A\, ((E) are even in x;, see Proposition 4.2. By Theorem
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4.1, Y1 (F) can be smoothly extended past E, s in the Banach space restricted to odd
functions. In particular, there exists a solution (¢;(F, ;), F\ ) unique up to rotation
restricted to odd functions.. Assume that A\ ((E,) = A,. By continuity of discrete
eigenvalues, A\ [(E.,) = 0 = A (F, ), which is a contradiction with the simplicity
of the lowest eigenvalue of the second order elliptic operator L_(vg, ,, E. ).

Similarly to L_, A (E1) is By — Ey < 0 at N' = 0 and \j(E} ) is 0. We can
show that A, cannot be )\{S(En) because there exists 0 > 0,d > 0 such that

N (E)<—d<0 forall E€[E,,—0,E,).
Indeed, by the min-max principle, we have for any n € N:

)‘;s(En) = inf (0, L (v1(En), En)o)
PEH2 [|9]l L2=1,6 L] (En)

1
m <¢1 (En), L+<¢1(En)v En>w1 (En»

1 .,
= o ) L (B B (Ba) + 20l (B4 (E)

Py (B, 2.

IN

2 <0

where let 15 ,(E) be the eigenfunction corresponding A/ (E) and we used that
Vi o(En) is even, ¢y(E,) is odd hence ¢1(E,) L tg,(E,). Let us assume that
A (En) = 0as E, /" E, . Then from the above inequality, we get:

B || e
o (B

Y )
n—voo |1y (En)l|7:

However, since L_(¢1(E,), E,)1(E,) = 0, by taking the inner product with V1 (En)

BT,
we obtain:
11 (B || 72 Ui (Ey,) 1 (EBy)
_ETL — = ; —A V T 7= N Z _E S
TaEE - eEe ATV E s 2
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The last inequality comes from the min-max principle, for —A 4+ V :

1,s

= inf
¢€H2u|‘¢”L2:L¢J~¢O,s

by plugging in ¢ = % which is odd hence orthogonal to vy s which is even.

By passing to the limit as n — oo, we get E;, > E, s, which is a contradiction.
Therefore, A, cannot be A3 (E,) and it follows that ), also cannot be A{ (E,) which
is less than )\I <(Fy). In conclusion, the sequence of eigenvalues from the assumption,

An, cannot be the first or the second eigenvalues of linearizations L_ and L.

N N

ess l_spec of L_ ess sFec of L

Ey s — Eog,s O ELS spec of L _ Ey s —Ep,s O El‘,s spec of L

Figure 5.4: A7, and )\;-fs denote the i-th eigenvalue of L_ and L. respectively, and

N = [[¢1(E)||32. The left graph shows that Ay, cannot cross zero because of the simplicity of the
lowest eigenvalue of elliptic second order operator. The right graph shows that )\f’s and )‘2+,s must
be less than Aj ; and A, , resp., since Ly — L_ = a2p|y1|?P < 0, which eliminates the possibility
that )\f’s and )‘2+,s CIOSS Z€ro.

Therefore, if (ii) in Theorem 4.1 holds, A, must be the third eigenvalue of L. (¢, (E,), E,,)
or L_(¢Y1(FE,), E,). If the branch of third eigenvalue of linearizations crosses zero,
the third eigenvalue of L (¢1(E), E') would cross zero first because L (¢ (E), E) <
L_(¢1(E), E) implies X ,(E,) < A3,(E,). Hence, we can consider only the case that
)\;S(En) = \,. Let d, be the distance between the lowest eigenvalue and the rest of

the spectrum of the operator with the single well potential. Namely,

d, = dist(—wo, Z(—A + Vo) \ {—wo}) (5.41)
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where —wy is the lowest eigenvalue of —A +V{. By Proposition 4.1, we get that there
exists 0; > 0 such that for |a| < d;:

[91(E) = atr o[l < Cisla* (5.42)
B = Eis — 0|l onalal®| < Coslal® (5.43)

where a = (¢ 5,11 (F)). By the same argument of (5.5) and (5.6), there exist s1, C}
and Cj independent of s > s such that C) , < C, Cy s < Oy, and 4, respectively
Oy, satisfies (5.42), respectively (5.43) for any s > s;. Therefore, we obtain:

L+ (1 (E), E) — (A + Vi + Ev )|l g2
= (=A+Vi+E)+0@2p+ D(E)* — (=A+ V, + Ev) |l n2re
= ||E = Eis402p+ 1)|1(E)|*| 2o 12
< olleullZBilal®] + lol(2p + Dllvwsl B lal™ + Colal® + C:la|*** 2 (5.44)

Let —w; be the second lowest eigenvalue of —A + Vj, if there exists. Otherwise, let
w; = 0. Then we note that

Moreover, there exists s, such that for s > so,

d.
‘Els_w0| < Z)
d,
|E25—’UJ1| < Z

To emphasis that L, (¢1(E), E) = —A+ Vi + E+ o(2p+ 1)|1(E)|?? depends on
s, let us use the notation L3 (¢1(E), E) = Ly (¢1(E), E). Now, we claim that for A =
Eis—wo+ %, there exists § > so, § > 0 such that (L%.(¢1(E), E)) —A)~' : L* — H?
is uniformly bounded for s > § and |a| < . It follows that there is no eigenvalue

2
L% (¢1(E), E) crosses 0. Due to the fact that By, — wo 4+ £ is greater than zero and

of L5 (¢1(E), E) crosses E = E; 4 — wy + %, which implies that no eigenvalue of
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d d
<7 <7
T T f T T
Ei1,s — Eo,s Ey,s —wo 0=FE;s—E1s E137w0+d7* E1s — E2 ¢ Eyp,s — w1 spec of L

Figure 5.5

less than E ; — Es , for s > s5, and eigenvalues of L (¢1(E), E) are continuous with
respect to a, we can conclude that A;S(E) cannot cross zero. To show this, let us
rewrite (L5 (¢1(E), E)) — \)~! as:

(Li<¢1(E)7 E))_/\)_l = (_A+‘/3+E1,s_A)_I[H—i_(B_A)(_A"i_vs"i_El,s_)‘)_l]_l‘

where B — A = L% (1 (F),E) = (A +V,+ Ey ). Since Ey ; — A = wo — d?*, we have

d,
dist(—(Eys — A),S(=A+Vy)}) > 1
By Remark 2.2, there exists s); > so, M > 0 such that for all s > s;;, we have:
|(—A+V;+E s — N Y esme < M. (5.45)

Next, by (5.44), there exists 5y and 0, such that for s > 55, |E — Ey 4| < dp, we

have: .
(B = A)llose < 51
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It follows that

[(B—=A)(=A+V,+ Eis—AN) 1202
< (B =ADllpesr2 (A + Vi + Erg — A) 7 2mme

1
< —- M
- 2M
1
< -
- 2

Consequently, for s > max{sy;, sy} and |[E — Ey 4| < 6y, [+ (B — A) (A + V; +

FEi1s— A)~!is invertible and
I+ (B = A)(=A + Vi + By = A) 7|2 < 2.
Combined with (5.45), we obtain and for s > max{sy;, sy} and |E — Ey 4| < 0 :
(L (1 (E), E)) — N lpemme < 2M.

By (5.43), there exist s; and ¢ which is independent of s such that |a| < 0 implies

|E — Ey 4| < 0p. Hence, for s > 5, where § = max{sy, sur, 1}, and for |a| < 9 :
(L3 (1 (B), B)) = X) " Hlpasme < 2M

which complete the claim. By the above argument, we obtain that for s > s:

d, d.
’)‘:Jsr,s(E> — 0| > E1 s —wo+ 5 > 1 for |a| < 0. (5.46)

Now, we show that there exists ¢ > 0 such that for all s > 3, 1, (F) can be extended
on (Ey s, Ey s + ¢). From Proposition 4.1, there exists § such that E is defined as a

increasing function of a for |a| < 4
E(a) = E(jal) = Bys — olal®|[1ll 55 + O(|al™).
Let ¢ = E(min{J, 5}) — Ey 5. Then for any E, € (Ei, E1 s + ¢), where E, is the
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sequence of eigenvalues from the assumption, |)\§S(En) -0 > %*. It completes the

theorem. O]

Corollary 5.2. Let 0 <0, V =V be a double well potential. Let 11 (E) be the first
excited state bifurcating from 0 at Ey 5. Then there exists s1 such that for all s > s,
Y1 (E) can be parametrized by N = |[11(E)| 2 and it can be extended at least on the
interval (0, ||Yg, ,||r2) where ||[¢g,

point.

|12 is a L? norm of the ground state bifurcation

Proof. From Proposition 4.1, there exists ¢ such that N' = ||1)1(F)||z2 is an increasing
function of £ on (E, 4, Ey s + d). By Theorem 5.5, there exists § such that for any
s > §, ¥ (E) can be uniquely (up to rotation) extended at least on the interval
(0, |41 (Ey)||z2) where E, = E +min{é, c}. Since a — E(a) is invertible near a = 0,

see Remark 1.1, we can replace the interval of the previous statement (0, |91 (Es)||z2)
with (0, |41 (a = €)]|12) for some €, > 0.
By Theorem 5.1, there exists s, such that for any s > s,, the ground state g

bifurcates at

1/2p
EO,S - El,s
In fact, 0 < |a.(s)] < | —— . By (5.2),

lim a,(s) = 0. (5.47)
From Proposition 4.1, we have

IWllze < lal[¢osll7: + 1h(a)l72
lal*[lv1,slZ <Ien(B)Ze < lal*[¥nsllZe + [ha(a)lZ2

where h(a) respectively hq(a) are orthogonal complements of ¥ respectively ¢ (E)
to 1o,s respectively ¢y 5. Also, ||h(a)||3., |hi(a)]72. = O(la]*?*?). Therefore, combin-
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ing with (5.47), we can choose some s; such that:

€«

V2

ja.(s)] <

2
Ih(a.()72 = Olan(s)1**) < s

for any s > s;. Moreover, by (5.4), there exists sy such that for any s > ss :

R [
el — nl2al < 120025y 5
Let max{3, s1, s2} = $;. Then, for any s > 7,
€ [ollZ2) | €
o < (o) Pl + WiCon(oDIEs < 5 (Tl + 502 ) S s
3¢} 2 2 2 2
= 5% ol < il < (= )2

Thus, for s > §1, ¥1(F) can be extended at least on the interval (0, ||¢g,
(0, ¢1(a = €)|72)-

12) C

a
€x
a(s)
P (E) VE
El s EO,S E
Figure 5.6
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Remark 5.2. We just proved that bifurcations along the first excited branch in
attractive case cannot happen at small amplitude (perturbation regime). The exis-
tence of such bifurcations at large amplitude is left to a forthcoming paper which

uses global techniques, see [15].
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CHAPTER 6

DOUBLE WELL POTENTIALS WITH
REPELLING NONLINEARITY

In this chapter we show, for the first time to our knowledge, that the repelling
nonlinearity causes a symmetry breaking bifurcation along the first excited state
branch in problems with double well potentials with large separation. Our techniques
also show that the ground state branch can be uniquely continued past the low
amplitude regime. Note that the results in [32] show that a connected component of
this branch reaches £ = 0. We claim and show that there are no bifurcation along
this branch until it reaches £ = 0.

6.1 Bifurcations of first excited states

In this section we analyze in detail the branch of antisymmetric ground states bi-
furcating from zero at the second lowest eigenvalue of a Schrodinger operator with
double well potential, see Proposition 4.2. We first show that for large enough sep-
aration of wells, case (ii) holds in our previous continuation Theorem 4.2 i.e., an
eigenvalue of the linearized operator approaches zero. Then, we identify the eigen-
value as corresponding to a symmetric eigenfunction and, by first restricting our
analysis to antisymmetric solutions, we infer that a limit point where the eigenvalue
is zero does exist and the antisymmetric branch can be continued past it. Moreover,

a pitchfork bifurcation occurs at the limit point and an asymetric branch of first
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excited states emerges from it, see Theorem 6.2.

Theorem 6.1. Let o > 0 and potential V =V be a double-well potential. Consider
the branch of solutions (Y1(E),E) = (¥ (E) E), (1 (E)™" is a real-valued,
0 € [0,27]) of (1.2) which bifurcates from the second lowest eigenvalue —E) 5 of Ly =
—A+Vy(x). Then there exists s, > 0 such that for all s > s.., the lowest eigenvalue
of Ly (Y1(F), E), denote it by u(E), and only the lowest eigenvalue approaches 0 as
E N E.s for some B, 5,0 < B, s < Ey 5.

Proof. Assume that (i) in Theorem 4.2 holds. Let us use the same notation in proof

of Theorem 5.1. From Proposition 1, there exist 6 > 0 and solutions of (5.1) :
(V1(E), E) = (e?y(a), E(a)) for |a| <6, 6€]0,2m)
bifurcating from (0, £, 5) such that

01(E) = ey (a) = aePy s+ O(la]H),  ie. [01(E) — a2 = O(Ja*"*)
(6.1)
E = By, — ol |72 lal” + O(lal*) (6.2)

where a parameter a = (¢ ¢, ¢7°(E)). As shown in Theorem 5.1, for some s, we can
find the uniform estimates for (6.1) and (6.2) when s > sq, by using the contraction

argument for h:
h=—0[PLy(~A+V,+ E)PL| " aths + h[*(atprs + h)

where P| ¢ = ¢ — (Y15, §)16.
Let i, (g be the lowest eigenvalue and the corresponding eigenfunctions of L (¢4 (E), E).

Then we obtain:

d d
s =1+ @+ 1) [ Gopln(B)ds
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Using (6.1), (6.2) and continuous dependence with recpect to a of L., we get:

2p+1
a5 V0 5|1 d.
s|l 12p+2 Rn

dp _ 2p _
dE(O s) = hm [1—1— 2p+1)o /n CEdEWl( )|Pdx| =
From (5.4) we get:

tim [ U oo =277l 22

: 2p+2 - 2p+2
lim ||¢178||Lp2p+2 =2 pH@Z)OHL];pH-
§—00

By the same argument in Theorem 1, there exists s1, so and € such that:

L

5 <—p<0 forals>sy, |Eys—E|<e

—ep < (B 5,8) = E1s— Eos <0 forall s > so.

Unlike the focusing case, E decreases as a increases. Let s,, =max{so,s1, $2}.
Then for any s > s.., u(E,s) must cross zero once at some F = E,, ;,0 < Ey s <
E, 5. This contradicts (i) in Theorem 4.2. Therefore, (ii) must hold with the lowest
eigenvalue of L, approaching zero at the end of the maximal interval of unique
continuation. By the similar argument in Theorem 5.1, approximations of E,, s and

la| = a..(s), with large separation s > s,, is given by:

E s E S E s E S
Bi+ =20 < B < By —2 00 (6.3)
P 2p
and ”
Ey,— FEyi P
i (8) A (02—])1) . (6.4)
]

Now, we show that the second eigenvalue of the linearization L, crossing zero at

E = E,, s leads to a pitchfork bifurcation along the first excited state branch.
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El,s - EO,s**
ep1-

Figure 6.1: The above figure shows the branch of the lowest eigenvalue of Ly, u(FE,s) (the red
line), crosses zero at some finite E since y = —p(E — E1 5) — €p (the black line) crosses zero. The
blue and green dotted lines denote the lines with slope —2p, —p whose x-intercept is
Eis+0i=FE1 s+ %, Eis+P2=FE1 s+ %7 respectively. They give an
approximation of z-intercept of u(E), E = E,, s, corresponding to a..(s).
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Theorem 6.2. Let o > 0,p > % and V = V; be a double-well potential and consider
the branch of solutions (11 (E), E) = (¢ (E), E), (41 (E) is a real-valued, § €
[0,27]) of (1.2) which bifurcates from the second lowest eigenvalue —Ey; = —E; 5 of
Ly = —A + Vi(x). Then for all s > s.., there exists E,, < oo such that (E, E.)
15 the maximal interval on which this branch can be uniquely continued. Moreover,
the set of solutions of (1.2) past E.. in a H? x R neighborhood of (11(Fy.), Fux)
consists of exactly two surfaces of class at least C*P=1 intersecting along the circle
e (B,.) " 0 < 0 < 27. Each of these surfaces is obtained by rotating (multiplicity

by € ) a curve of real valued solutions of (1.2).

Proof. We will let Ey ; = Ey and B, s = E,, for fixed s. Theorem 6.1 already guar-
antees the existence of a finite E,., such that the branch of solutions (¢;(F), E)
can be uniquely continued on the interval (Ei, F,.), and the lowest eigenvalue of
Ly (¢7(E), E), u(FE), and only it approaches zero as E  E,,, while remaining
simple on this interval. Its corresponding eigenfunction must be even in xq, since
L. (¢1(F), F) commutes with the reflection operator and the eigenfunction is even at
(0, Ey). Therefore, Ly (1 (E), E) restricted to odd functions has no eigenvalue ap-
proaching zero as £ E,,, which implies that 11 (F) can be extended past F.,, in the
Banach space restricted to odd functions. In particular, there exists a (real-valued)
unique continuation ¢ (E,.) at E,, on the branch. Let 7., be the L?-normalized real-
valued eigenfunction of L, (¢ (E,.) %, E,.) corresponding to its zero eigenvalue. 7,.
is even in xy, as mentioned above. Also, for fixed 6 € [0,27), (e“yi°(E), E) is
uniquely continued on (E, F,). The map F(¢, E) : H*(R",C) x R — L*(R",C) :

F(¢, B) = —=A¢(x) + V(2)p(x) + o|p(x)[*Po(z) + E¢(z)
has the Fréchet derivative at (¢, F') where ¢ is real-valued:

Li(¢,E) 0
0 L(6.E)

DyF(¢,E) =

Since i) (E,, )" is the L?-normalized eigenfunction of L_(¢;(E,.) ", E,.) corre-
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sponding to its zero eigenvalue, DyF (¢1(FE..)"", F..) is a Fredholm operator with
ker Dy F (1 (E,.)"", E.) = span{Ty., it (F..)" "},

ran Dy F (11 (Ew)"™, E..) = [ker DgF (11 (E..)™™, E..)]* .
Let ker Dy F (1 (Eai )%, Eyi) =span{ T, it (F.) %} = X1 and RanDyF (1 (Fo )Y, Eyy) =
Xg. Then,

PHT**¢ = <T**’ ¢>T6al7—**’ P”“/H(E**)Tealgﬁ = <7;1/}1(E**)Teal> ¢>reali¢l (E**)real’

PL¢ - ¢ - ‘F)IIT**¢ - ‘PHiT)j}l(E**)Tealqb

are three orthogonal projections on L? =span{t..,i;(E.,)"**} & X?. By apply-
ing the Lyapunov-Schmidt decomposition at (1 (E..)", E,), the equation (1.2) is

equivalent to three following equations:
PLF(wl(E**)real + a1Tes + ainl(E**)real + k(al, asg, E), E) =0

P, F(01(Eu) ™™ + a1 T + a2ith) (Bui) ™ + k(a1, a2, E), E) = 0
_Pl‘iwl(E**)TealF(wl (E**)real + Q1 Ty + agiwl (E**)real -+ k(al, a9, E), E) =0

where 017 = Pir, (601 (Ew)"*), agithy (Ew)" = Pligy(p..yrea (9—1(Bun)™), k =
Py (¢ — ¢y (E..) ). Therefore, by Implicit Function Theorem, we get :

Lemma 6.1. There is an unique C?* map k - U — L? N {7y, 01 (E,) }E in some
neighborhood W C H?* X R of (¢1(E..), E..), U C R? of (0,0, E..) such that for any
solution (¢, E) of (1.2),

Jlay, ag such that (a1, a9, E) € U, ¢ = 1 (Ey) + a1Tun + a2ithy (E,,) % + k(ay, ag, E)
where ay = <¢ - wl(E**)realy 7—**>r6al> Qo = <¢ - 1/11(E**)rwl, Zwl (E**)>real and

(Tows F(01(Eo)™ + a1 7y + a9i01 (Fy)" + k(ay, az, E), E)) eas = 0 (6.5)
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<“7Z)1 (E**)Teala F(¢1 (E**)Teal + A1 Tyx + CL22.77Z}1 (E**)Teal + k<a1a ag, E)a E))Teal - O (66)

Our strategy is to make the LHS of (6.6) identically vanish so that Morse Lemma
can be applied, see Nirenberg [21] and [13]. To vanish the LHS of (6.6), we use a
similar argument in Proposition 2.

First, assume ¢ — ¥ (F,.)"% L i (E,,) % with respect to real scalar product.
Then a; = 0 and ¢ = 1 (F,.) % + a17ws + k(ay,0, E). We claim that in this case
k(aq,0, F) must be real valued, hence ¢ is also real valued. To show this, we solve
again (1.2) under restriction as = 0 and P (¢ — ¥1(F..)) is real valued. Define
Fi:Rx H*(R"R)N X, x R — X, N L2(R",R) :

Fi (a1, k(a1,0,E),E)) = PLF (1 (E,.)*" 4+ a1 7. + k(a1,0, E)).

This is well-defined because P) F'(¢, F) maps from H?(R",C) x R to X, N L*(R", C)
and for real-valued k, we have real-valued ¢, (E,,) % +a1T,. +k(a1,0, E) and F(¢, E)

and P, maps from real-valued to real-valued functions. Now
DkFL(Oy 07 E**) = L-i—(wl(E**)realy E**)

is an isomorphism from H?(R™", R)N X, x R — X, N L*(R™, R). By Implicit Function
Theorem, 38y, &, and a unique C2?*1 function k : (—8y, 61) X (E,—0a, By 465) — XoN
L*(R™,R) such that (ay, k(ay, E), E) is the unique solution of F\ (a1, k(ay,0, E), E))
in a neighborhood W C (=dy,6;) x H2(R™,R) x R of (0,0, E,). It gives another

unique real-valued solution
¢ = 1/;1(E**)T€al + 1T + /;;(al, E)

of (5.18) when ay = 0. By uniqueness, k(ay, E) = k(ay, 0, E). It follows that (6.6) is
zero since F (1 (Ew)"™ + 17w + k(a1, 0, E)) is real valued.
Next, consider the case ¢ — ¥ (E..) % f i) (F,.) . In this case, we can use the

86



argument in Proposition 4.3, i.e.,there exists 6, such that

Heié*wl(E**)real . (b”HQ — inf Hewwl(E**)Teal . ¢HH2
0el0,27)
Then, as we have seen in Propostion 4.3, ¢ — ew*@/Jl(E**)Te“l 1 iew*@/Jl(E**)re“l, which
is equivalent to e~ ¢ — 1y (E,.)" L ity (E,,) . By apply the Lyapunov-Schmidt

decomposition to e~ ¢, we get
€_i6*¢ — Qﬁl(E**)reaLl + <€_i9*¢ o ¢1 (E**)real’ 7_**>7_** + k(a, O, E)

Since the right-hand-side of the above equation is real-valued, (i3, F(e "¢, E)) =
0. To finish the proof, use the same argument in [13]. ]

6.2 Unique continuation of the ground states

In this section we improve the global bifurcation result for ground states in [32].
We not only show by a different technique that the ground state branch bifurcating
from zero at the lowest eigenvalue of the Schrédinger operator can be continued until
E = 0 but also that the continuation is unique i.e., there are no bifurcations along
this branch. We essentially use a comparison principle for the linearized operators
combine with our continuation Theorem 4.2. While our nonlinearity is a particular
example of the ones considered in [32], see also [11], we expect that the technique we

use can be extended to more general nonlinearities.

Theorem 6.3. Let o > 0 and the potential V which satisfies (H1), (H2) and

lim inf = .
i inf Vi) =0, (6.7)
mlél]gn V(z) > —oc. (6.8)

Then the ground state branch Vg bifurcating from 0 at Eq can be uniquely extended
(to the left) to the maximal interval (0, Ep).
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Proof. Let A\; (E) respectively A\ (E), be the i-th eigenvalue of L_(¢g, E) respec-
tively Ly (¢g, E), and let N' = |[¢g|/zz. If (i) in Theorem 4.2 holds, we are done.
Suppose (ii) in Theorem 4.2 holds i.e., ¥g can be uniquely extended to (E., Ey) where
0 < E. < Ej and there exists a sequence { £, },en C I such that lim,, ., E,, = E, and
a corresponding non-zero eigenvalues {\, },en of Ly (Yg, E) or L_ (g, E) such that
lim,, 00 Ay, = 0. We will show that (ii) cannot hold by showing that no eigenvalues
of linearizations can accumulate to zero.

We note that A\f (Ey) = 0 and \J (Ey) = Ey— E; > 0 at N' = 0. We will first show
that lim,, ., Af(E,) is strictly positive, so A, cannot be \] (E,) as well as A} (E,)
for i = 2,3,---, by using the results in [32]. Let S = {(¢ E) € H*(R",R) x
R|(¢zE) be the branch of real-positive solution of (1.2) bifurcating at Ey} and
Sg, = {(v¥* E) € S|E € [E., Ey)}. Since E, > 0, we can choose ¢ > 0 such that
E. — ¢ > 0. Due to the hypothesis of potential V, (6.7) and (6.8), there exists R. > 0
such that

V(z)+ ols|® > —e forall |z]* + s > R2.

Set Q = {zr € R"|Y%¥ > R., (¢, E) € Sp.} and suppose that  # (). Then we have
A(z) = (V (@) + ol ()] + E)g* () > (B, — €)Yg*(z) >0 on Q,
and ¢ (z) = R, on 99. By the weak maximum principle, we get

max u < maxu = R,
Q oN

which implies Q = 0, so that %% (z) < R, for E, < E < Ey and for all z € R™.
To find the standard upper bound for 5% let n(z) = R VE—<lzl=f) Then p

is positive, continuous, n — 0 as |z| — oo and

2VE, —¢

7 n(x) < (B —e)n(x), n(x) = Re for [z] = R,
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Moreover, we have for |z| > R.,

A () = V(@) + olui (@) + B)ie(2) 2 (B, — o (@),

By [33, Theorem 2.1], 54 < n for |z| > R.. It follows that, combined with ¢ < R,
for |z| < R,

real (1) < Roe~VE—elel-R) — p(z)  for all z € R (6.9)

for (¢35l E) € Sp, .

Now, we will show that (6.9) implies the existence of the limit point of ¥p at
E.. Since we are under the assumption that (ii) in Theorem 4.2 holds, there exists
a sequence {FE,},en such that F, — E, as n — oo and a corresponding non-zero
eigenvalues {\, fneny of Ly (¢p, E) or L_(Yg, E) with lim, .o A, = 0. ¥5(2) is

bounded in H? for E € [E,, Ey) because ¢ can be rewritten as
Eeal — (—A—F V + E, —|—Z) [(Z—|-E E) real |¢real‘2p real])

and (—A+V +E,+1i)"*: L? — H? is bounded, (i + E, — E)|[¢%%| 2 is bounded by
\/1 (B, — Eo)?||nllz2 and || |15 2569 || 2 is bounded by ||n||55+!, where 7 is given

n (6.9). Hence, there exists a subsequence wre“l and ¢ € H? such that 1/17"6‘” — )
as k — oo in H?. In fact, We“l converges to w in L7 for 2 < g <25 (2<q<ooif

n < 4) by the following argument, see also [26 Lemma 1.7.2]. F1X e>0and R >0
to be chosen later. Then for all 2 < ¢ < -2 (2 < ¢ < o0 if n < 4), we have

[ — )|l = |W€al ¢\|Lq{|z|<R}+|W B — | pa(gal= Ry (6.10)

7Lk,
5 _ pe2 N
< lVES = bllacqz<ry + HWEE,fZ =Pl & etz rn 195 — ¥ll2e

The last inequality comes from Riesz Thorin interpolation theorem. By (6.9), 15 (a:) —
0 as |z| — oo uniformly for all n > 1. Hence, we can choose R large enough such
that

p—2
rea 7 rea n €
||¢En,f - ¢||L€o({\x|zR})||¢En,f — Y|z < 5
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Next, since %@al |(jz1<ry is bounded in H?({|z| < R}), by Rellich’s compactness theo-
rem there exists a subsequence, denoted by E,,, for sm1phc1ty, such that wre“l |{e|<r} —
Ul (ej<ry as k — oo in LI({|z| < R}) for 2 < ¢ < 2 (2 < g < o0if n < 4). Thus,

for large enough k, we have

||¢Ee:,f Dl pa(ai<ry) <

[\DIm

Therefore, by (6.10), W"e“l — 1) as k — oo in LY. Furthermore, ¢’"e“l can be rewritten

as:

VI = (<A + B (B, — By 0! — Ve — ol o) (611)
and the right hand side, (—A + E,) [(E, — nk)w”e‘” Ppeal o—|¢ge:]f|2png€j£],

converges to (—A + E,) Ve — g|i?P)] as k — 00 s0 that Y is in H? and a
solution of (1.2). Indeed, we note that (—=A + E,)™': L? — H? and

I(Be = Bu) WS — e < |E. — B

nel -2 sup Hz/;’"e“lHLoo%O as k — oo

E€[E«,Ep

since [|1554%| 1~ < Re on [E,, Ey). Also, we have
g = PR = D)z = [VEd = Olfi. =0 ask — oo

2n ~
since 4p+2 < — It remains to show that V(wge:kl — 1)) converges to 0 in L?. For
n —
n < 4, [ " converges Y in L™, so

V@5 =) < [V llog” = dllie =0 ask — oo.

For n > 4, the hypothesis of V, (H1), implies that there exists r = 2 + § for some
0 > 0 such that V' e L™+ L. It follows that for all e > 0, there exist V; and V5 such
that V = Vi + Vo, [|[Vi|lr < 00, ||Va]|z < €. Thus, we obtain

V(@5 = d)lle < Viller W5 = Gl + [Valles 05 = &)l 22 (6.12)
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2n—1
n—4

where 7' satisfies 1 = % + i, By Riesz Thorin interpolation, for any ¢ >

3 we

have

~ ~ 2 . a=2
R = Pl < gt — e gy I — Dl

< RS =l - QR)T 50 ask oo
It follows that ||Vi||.- ||¢”"e“l — || — 0 as k — co. Also, since ¥ is bounded in
L? on [E,, Ep) and ||V3]| < € for any € > 0, the left hand side of (6.12) converges 0 as
k — oo, which complete the argument that ¢ is in H? and a solution of (1.2). Thus,
we have a limit point of ¢3¢ at F,, say ¢ € H?.

Now, we assume, for the sake of contradiction, lim,_, Af (E,) = A\ (E,) = 0. Let
¢+ be the L?*-normalized eigenfunction of L, (¢, E,) corresponding to Af (E,) = 0.
By the min-max principle, for any ¢ € H?, ||¢]|z2 = 1, we have

(¢, L-(Yp, E)p) > 0= A{ (E). (6.13)

Therefore, we have

0 < (b, L (V5" E,))
< (b, L (WEY BL)) — 2p0 (o, [V 7.

_ _2p0_< *7 ’wreal|2p > S 0.

Thus, ¥, = 0 because if not, g, is strictly positive so that ¢, = 0, a.e., which
contradicts the fact that ¢, is the L?-normalized eigenfunction. However, L_(¢p, =
0, Fy) = —A + V; + E, has a negative eigenvalue F, — Ey < 0 which contradicts the
continuity of eigenvalues of L_(¢p, E') with respect to E and the simplicity of the
lowest eigenvalue of L_(¢g, F).

It remains to show that nonzero eigenvalues of L_(¢g,, E,) cannot be \,. Since
L_(¢Yg,, Eo) = Lo+ Eo, A\{ (Ep) is 0 at N =0 so that A\{ (E) =0 for all 0 < E < Ej
by continuity of discrete eigenvalues, see Remark 4.2. Also, Ay (Ey) = Ey — Ey > 0
at N' = 0. We note that the eigenfunction corresponding to A\ (F) is odd in z,
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see Proposition 4.2. By Theorem 4.2, g can be smoothly extended past E, in the
Banach space restricted to even functions. In particular, there exists (¢ g,, F,) unique
up to rotation restricted to even functions. Suppose A, (E,) = \,. By continuity
of discrete eigenvalues, A\, (E.) = 0 = A\[(E,) which lead a contradiction for the
simplicity of the lowest eigenvalue of the second order elliptic operator L_(¢g,, E.),
so that A\, cannot be the larger eigenvalues A\, (E,,). This implies that A, also cannot

be the larger eigenvalues A\; (E,) for all i = 3,4, --- .

N(E) N(E)

[

ess spec of L_ ess spec of L

0 Eg—E; ELO spec of L _ 0 Eg—FEp Elo spec of L

Figure 6.2: As in Figure 5.4, A\; and A} denote the i-th eigenvalue of linearization and

N(E) = ||¢g||32. Similarly to Theorem 5.5, A\; never crosses zero because of the simplicity of the
lowest eigenvalue of elliptic second order operator. Moreover, since L, — L_ = a2p|1|?? > 0, A
and A\J must be greater than A and A, resp., which eliminates the possibility that A| and \J
CTOSS Z€ro.

O

Remark 6.1. The above result shows not only that the ground state branch reaches
E =0, see also [32] but also that there are no bifurcations along it. Now at £ = 0,
the linearization Dy(¢p—o, F = 0) is no longer Fredholm as both L, and L_ have
the continuous spectrum starting at 0, i.e., spec of Ly = [0,00). What happen with
the ground state at this point i.e., whether it becomes an embedded bound state or

a metastable state, is left for another paper.
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CHAPTER 7

CONCLUSIONS

This thesis gives several results about bound states, especially the ground state
and the first excited state with double well potentials with attractive and repelling
nonlinearities. In attractive cases, we attain the result that with large separations,
the ground states (g, E) must undergo a secondary symmetric breaking bifurcation
at some finite F, ;. In addition, we prove that the ground state is unique up to
rotation, orbitally stable and symmetric before bifurcation, and once the bifurcation
occurs, it is divided into three branches (up to rotation), one of whom is orbitally
unstable and symmetric while the others are asymmetric and orbitally stable for

p < ps and orbitally unstable for p > p, where the nonlinearity power p,:

_3+V13

P+« B

Similar results have been obtained in the particular cases n = 1, see [13], respectively
n > 1 but p = 2, see [14]. The latter makes crucial use of the real analyticity of the
nonlinearity when p = 2 which is not available for our cases. [13] uses both the fact
that all one dimensional bound states are real valued (up to a rotation) and that
H'(R) embeds in L>(R). In the n > 1 case, we show that bound states which cannot
be rotated into real valued ones do not appear near branches we study by employing
a Lyapunov-Schmidt decomposition with symmetry which consistently modes out
rotations. Moreover, we employ an elliptic regularity type argument to overcome the
fact that H'(R™) might not embed into L°°(R™). The techniques developed in this
thesis form the basis to understanding the effect of general nonlinearities on bound
states and their bifurcations e.g. (1.2) with |f(y)| < Ciy?* + Coy?2, y > 0, p1 < po
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and lim, o f(y)/y*" = o, see [10].

The other important result in the attractive case is that the first excited state
branch can be uniquely continued to large amplitude, where their L? and H? norm are
at least of order 1, while the ground state already bifurcates at small amplitude. To
determine whether further bifurcations occur in the large amplitude regimes requires
non-perturbative techniques as opposed to the perturbative ones developed in this
thesis, see the recent progress in this direction [15] and [34].

In the case of repelling nonlinearity we obtain the existence of secondary bifurca-
tion along the first excited state at small amplitude and the non-existence of sec-
ondary bifurcations along the ground state. The difference from attractive case is
that we can show that the ground state branch can be uniquely continued until it
reaches the boundary of the Fredholm domain i.e., until £ = 0. The behavior of the
ground state near ¥ = 0 where 0 is in the essential spectrum of the linearization

remains an open problem.
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