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Breakage and critical state via DEM

Rupture et état critique via DEM

M. O. Ciantia
University of Dundee, School of Science and Engineering, Dundee, UK

C. O’Sullivan
Imperial College London, Dept. Civil and Environmental Engineering, London, UK

M. Arroyo, A. Gens
Universitat Politécnica de Catalunya, Dept. Civil and Environmental Engineering, Barcelona, Spain

ABSTRACT: Discrete-element simulations are used to explore the relation between breakage-induced grading
evolution and the critical state line position on the compression plane. An efficient model of particle breakage is
applied to perform a large number of tests, in which grading evolution is continuously tracked using a grading
index. Using both previous and new experimental results, the discrete element model is calibrated and validated
to represent Fontainebleau sand. The results obtained show that, when breakage is present, the inclusion of a
grading index in the description of critical states is advantageous. This can be simply done using the critical state
plane concept.

RESUME: Les simulations d'éléments discrets sont utilisées pour explorer la relation entre I'évolution de la
granulométrie induite par la rupture des grains et la position de la ligne d'état critique sur le plan de compression.
Un modeéle efficace de rupture des particules est appliqué pour effectuer un grand nombre de tests, dans lesquels
I'évolution de la gradation est suivie en continu & l'aide d'un index de gradation. A l'aide des résultats expérimen-
taux précédents et nouveaux, le modele d'éléments discrets est étalonné et validé pour représenter le sable de
Fontainebleau. Les résultats obtenus montrent que la présence d’un indice de gradation dans la description des
états critiques présente des avantages en cas de rupture. Ceci peut étre fait simplement en utilisant le concept de
plan d'état critique.

Keywords: Discrete-element modelling; particle crushing/crushability; sands; shear strength; stress path

1 INTRODUCTION 1958). Many researchers have followed on that
path (Gajo and Wood, 1999; Jefferies, 1993;
Manzari and Dafalias, 1997; Russell and Khalili,
2004) producing more precise and realistic for-
mulations of sand behaviour.

Quite frequently those models are formulated
making use of a state parameter, a measure of the
distance between a given state and the CSL. The
most popular choice is the state parameter y first
introduced by Wroth and Bassett (1965) and later

Sands shearing at constant volume and stress
are in a critical state (CS). Different combinations
of stress and volume are possible at the critical
state: they form a critical state line (CSL). The
state of sand during shearing processes would al-
ways move towards the CSL (Roscoe et al.,
1958). Building upon these principles and using
an elasto-plastic formalism the first constitutive
models for sand were formulated (Roscoe et al.,
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A.4 - Theoritical modelling

named as such by Been and Jefferies (1985). w
is defined as the difference between current void
ratio e, and e, void ratio on the critical state line
at the same mean pressure. As this definition
makes clear, the location of the CSL on the com-
pression plane e-p’ is quite important, as are the
factors that may affect such location. In particular
grading strongly affects the parameters defining
the critical state line.

Materials such as carbonate sands (Bandini
and Coop, 2011), volcanic pumice sands (Pender
et al., 2006) and rockfill (Xiao et al., 2016) show
significant crushing at pressures well below 1
MPa. If quartz sands are tested at large stress (say
above 5 MPa), grain crushing also becomes an
important mechanism (Yamamuro and Lade,
1996). Cheng et al. (2004) used 400 DEM break-
able agglomerates to explore the effect of break-
age on CS and showed a lowering of the CSL.
However, the void ratios were far above those
typical of quartz sands and the limited number of
grains represented resulted in noisy triaxial re-
sponses that made precise critical state identifica-
tion difficult. A steeper CSL is not particularly
problematic, what opens more questions is the
idea that the CSL in the compression plane may
become non-unique because of crushing. Muir
Wood (2007) and Muir Wood & Maeda (2008)
advanced the concept of a non-unique CSL. Con-
ceiving grading as a further state variable they
generalized the CSL into a plane, the critical state
plane (CSP).

In this study DEM is used to obtain a more
complete view of grading evolution and its rela-
tion to CS. A validated DEM model is applied
systematically in triaxial conditions, with some
70 tests employed to explore the relations be-
tween grading evolution and critical states.

2 DEM MODEL DESCRIPTION

2.1 Particle failure criteria & calibration

To capture the rotational resistance that exists be-
tween non-spherical grains the rotation of the
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spherical DEM particles was inhibited (Ciantia et
al., 2014, 2016a, 2019). The contact model uses
a simplified Hertz-Mindlin formulation and Cou-
lomb friction. The limit criterion at which break-
age is activated for a given particle was formu-
lated following (Russell and Muir Wood, 2009).
A particle breaks if the force F, at any of its con-
tacts is such that

F = 0y - A (1)

where aiim is the limit strength of the material and
Ar is the contact area. To incorporate the natural
material variability into the model, the limit
strength, aiim, iS assumed to be normally distrib-
uted for a given sphere size. The coefficient of
variation of the distribution, var, is taken to be a
material parameter.

Olim = Olimo * (d/do)_g/m (2)

Once the limit condition is reached, a particle,
will split into 14 smaller inscribed tangent
spheres. Using a simplified Hertz-Mindlin to de-
scribe the contact area eq. (1) results

3

_ 1-v? 1-v% %
FS{Uum(dio)ﬁgﬂ % l ®3)
\ )

r1 T2

where r; and r, are the radii of the contacting
spheres and E;, vi are the Young’s Moduli and
Poisson’s ratio respectively. Note that this break-
age criterion does not involve exclusively the
maximum force on the particle: there is a strong
inbuilt dependency on the characteristics of the
contacting particles Full details of the model are
reported in Ciantia et al. (2015). To create a sam-
ple that is a representative volumetric element
(REV) a cubic volume is filled with particles us-
ing the radius expansion method. Specimen
boundaries are defined using smooth “wall” ele-
ments, so that the principal axes of stress and
strain are coincident with the cube axes. Gravity
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Breakage and critical state via DEM

is set to zero and a servo-controlled motion of the
cube walls applies pre-defined stress-paths. The
PFC3D code (Itasca, 2017) is used for all simula-
tions. Particle sizes for the numerical cubical cell
are selected to closely match the grain size distri-
bution of Fontainebleau NE34 sand (Figure 1b),
with particle diameters ranging from 0.1 to 0.4
mm. Results from a previous study (Ciantia et al.,
2016b) indicate that, for this sand, a cube with
side lengths of 4 mm containing 10,000 particles
is large enough to obtain smooth numerical re-
sponses and can be considered as a representative
element volume (REV). The calibrated model
parameters are collected in Table 1.

—— 25MPa (Exp)
—&— 50MPa (Exp)
—W— 75MPa (Exp)
—@— 104MPa (Exp)
DEM - crushable

e Ini Exp & DEM
50MPa (Exp)
=@ 100MPa (Exp)
= ===150MPa (DEM)
100MPa (DEM)

0.6 - 100
=
0.5 S
o 250
0.4 3
=
0.3 ! : 0
10 100 10! 10°
a’ [M Pal Particle size [mm)

a) b)
Figure 1. DEM and experimental curves of a) oe-
dometric compression test and b) PSD evolution.

The elasto-plastic contact law parameters (G, v,
) were calibrated by simulating a couple of
drained triaxial tests on dense and loose speci-
mens at low confining pressure (100 kPa) re-
ported by Seif El Dine et al., (2010). The within
size particle strength variability parameter (var)
was obtained fitting a Gaussian distribution curve
to single grain crushing experiments on another
silica sand. The parameter controlling grain size
effect on strength, m, was obtained considering
experimental data on flat platen single particle
crushing forces on different silica sands. gm0
was selected to capture the apparent yield point
of an oedometer (Figurela).

IGS

Table 1. DEM input parameters for simulation
dso 7] G vV glimp M do var
mm - GPa - GPa - mm -
0.21 0.27 3 0.3 5 10 2 1

3 CRITICAL STATES AND GRADING

To inspect the effect of grading evolution on
critical state (CS) triaxial tests simulations were
performed on the Fontainebleau sand discrete an-
alogue. The initial void ratio for all tests was 0.65
which is equivalent to a relative density of 65%
for NE34 FS. Five series of tests were used for
this purpose. In the first series (A) the crushable
model was isotropically loaded up to confining
pressures of 0.5, 6, 16 and 30 MPa and then
sheared at constant confining pressure oc, at con-
stant mean stress, p’ and at constant vertical stress
ov. In the second series (B) the same tests were
performed, bu the crushing module was disabled
before testing. In the third series (C) the crusha-
ble model was active during isotropic loading up
to 60 MPa. At that stage crushing was disabled
and the model was unloaded to 0.5, 6, 16 and 30
MPa isotropic stress (i.e. OCR = 120, 10, 3.75
and 2). From each of this overconsolidated states
three triaxial tests were performed (again with ei-
ther o, p’ or oy constant). The fourth series (D)
was like the third, but now isotropic preloading
took place up to 100MPa. The fifth series (E) was
another variant of the third, in which the crushing
model was always enabled and including only un-
loading to 6 and 30 MPa (i.e. OCR = 10 and 2).
All tests continued up to deviatoric strains of
30%. At that strain level conventionally defined
critical state conditions (i.e. a constant level of
mobilized shear strength and void ratio) were
clearly identifiable from the simulations. In this
work, the grading index lg, is computed as the
area ratio of the current grading to a limit grading.
Refer to Ciantia et al. (2019) for more details.

3.1 Grading evolution effect on CS

Figure 2 presents the stress paths for all tests in
series A and B, with indication of the peak and

ECSMGE-2019 - Proceedings
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critical state strengths identified on each path. For
the crushable material the difference between
peak and critical strength disappears at high pres-
sures.

Peak-Series A (Crushable)
CS-Series A (Crushable)

Peak-Series B (Uncrushable)
CS-Series B (Uncrushable)

80

¢
m
v
[ ]

__60F
=]
il
::
=40
=
20
0 L L s
0 20 40 60
P [M Pa]
a)
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u [ ]
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7 [ ) L]
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Figure 2. Test series A (crushable material; OCR
= 1) and B (uncrushable material; OCR = 1) (a) peak
and critical state envelopes (b) mobilised friction an-
gle vs mean stress at peak and critical state.

The isotropic compression and shearing paths
from test series A & B are presented in e-log p’
space in Figure 3a. The end points of the shearing
paths are used to delineate a tentative CSL for
both crushable and uncrushable materials. For the
uncrushable case ICL and CSL seem to converge
at large pressures. For the crushable case, the two
lines appear to cross each other and later become
parallel, a feature also observed in experiments in
crushable sands (Bandini and Coop, 2011). For
the uncrushable case the CSL remains above the

ECSMGE-2019 — Proceedings

ICL and all tests dilate to arrive to critical condi-

tions, for the crushable case the material dilates

at low pressure and contracts at high pressure to
reach critical conditions.

0.8
0.7¢

0.6

————— ICL uncrushable

ICL crushable !
0.4 O  Critical States uncrushable
O  Critical States crushable
CSL uncrushable

........ CSL crushable .
0.2 - B
10° 102
p' [MPal
a)
= == JCL uncrushable [} Initial states uncrushable

ICL crushable n Initial states crushable

o CS uncrushable

o CS Crushable
1

Stress paths

0.7

10°

' [MPa
P [MPa] 0.9 Ic [-]

b)

Figure 3. Crushable and Uncrushable Critical
state investigation: a) state evolution in p'-e plane and
b) state evolution in e-p'-1g space with corresponding
2D projections.

We can add here a third dimension to the
graph: the grading index. Figure 3b presents a
three-dimensional view of the ICL and shearing
paths towards critical state. In this enriched
space, it appears that the CSL for the crushable
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soil does not actually cross the ICL, but rather ro-
tates or curls around it. Two new projections of
the results are also possible. The first represents
the ICL on the log p” vs lg plane and shearing
paths towards the CSL. The faster grading evolu-
tion induced by shearing is clear in this plane, as
well as the fact that this only happens for shearing
paths starting after the isotropic yield —i.e. start-
ing after I has already increased on the isotropic
path. The second projection uses an e vs I plane.
It shows that, for this initially dense sand, while
dilation during shear is still taking place, grading
evolution is relatively moderate, whereas overall
contraction during shear is indicative of a very
active crushing process.

3.2 CS at fixed grading

The three-dimensional view just introduced is
employed also in Figure 4, to present the results
of test series B, C & D, in which crushing is dis-
abled during shear. Shearing here proceeds at
constant lg. It is clear that the critical states of se-
ries B (Ic = 0.737) align themselves well above
those of test series C (Ic = 0.779), which them-
selves lie above those of test series D (I = 0.820).
In Figure 5 three CSL are fitted to the critical
state points attained at constant grading using the
following expression

N
ee=T+y(%) . (4)
Normalization of the isotropic stress axis fol-

lows here the suggestion of Li and Wang (1998).

A very good fit is obtained with the shifted curves

having practically identical slopes. Still, the slope

at the wider grading (lc = 0.82) is 6% higher than
that at the initial grading. Similar observations

are reported by Muir Wood & Maeda (2008).

These curves at constant grading will be subse-

guently referred to as CSLic=x, With the x in the

subscript being a placeholder for the relevant I

value.
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————— ICL uncrushable
ICL crushable
----------- Isotropic Unload
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Figure 4. State evolution in e-p “l¢ space including
two unload paths and stress paths of other 24 shear
tests to critical state where crushing is inhibited.

The extent of the parallelism between the
CSLs obtained with different gradings is such
that a single plane can be fitted in the three-di-
mensional space that includes the grading index,
Figure 6. The equation of this critical state plane
(CSP) is

p’ 0.7
ec=a+plg+6(L) 5)
with a best fit for FS given by 0=2.553, f=-2.441
and 6=-0.002325 (R*>0.99) and «=6.435, B=-
5.882 and §=-0.04845 (R*>0.87) for Dogs Bay

sand (see Ciantia et al., 2019).

3.3 CS with evolving grading

The critical state points established for the nor-
mally consolidated crushable material (i.e. in test
series A), can also be used to fit a CSL using eq.
(4) and are represented in Figure 5. This CSL at
variable grading, which we will denote CSLyc,
has a much steeper gradient than the CSLg=0.737,
CSLic=0.779, CSLic=0.82 Obtained at fixed gradings.
This CSLy. is, of course, the same as the CSL
classically identified in previous studies of crush-
able sands (e.g. Coop and Lee, 1993).

ECSMGE-2019 - Proceedings
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= I;=Variable (Series A) ¢
° 15=0.737 (Series B) A
v 15=0.779 (Series C) P

0.8

1;=0.820 (Series D)
Ig=Variable (Series E)
Ig=Variable (Series F)

0.7 ¢

0.3
0 20 40 60 80
(pl/pn)nj (-]
Figure 5. CSL for fixed and variable grading and
critical state points obtained for all test series.

The CSL.c identified in test with variable
grading belongs into the same critical state plane
previously identified by testing at fixed gradings.
Figure 6 shows that the CSP equation - obtained
with data at constant grading - predicts very well
the critical state points at variable grading.

€] Series A v  Luong & Tuati (1983)
o Series E (@) Altuhafi et al. (2018)
Series I X Coop & Lee (1993)
----------------------- Predicted=0Observed¥  Bandini & Coop (2011)
2 -
8 *x
S o
< P
o Pre s ¢
217 Ao
(3)
w0
>
© o
0 ’ r " 1 J
0 0.5 1 1.5 2

Predicted e,
Figure 7. Critical state values for evolving grading:
predicted values from the CSP plotted against ob-
served values.

Of course, this has a significant practical im-
plication: the experimental data used to obtain a
CSLnc may also be used to fit a CSP if care is
taken (a) to supplement each critical state data
point with information about final grading (b) to
collect enough data points to fit three parameters
instead of two. Figure 7 also reports experimen-
tally obtained critical state data for Fontainebleau

eeslla,0’) = a + 8ig + 8(3' /pa)"7

Io=Variable (Series A} sand (Altuhafi et al., 2018) and Dogs Bay sand

|
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Figure 6. Definition of CSP as a function of Ig-e-p'.
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(Bandini and Coop, 2011; Coop and Lee, 1993)
reinterpreted using the CSP concept (see Ciantia
et al., (2019) for the CSP fitting parameters of
Dogs Bay sand).

Are then the CSL,; and CSP fully equivalent?
An answer may be found by examining the re-
sults of tests performed on a crushable material at
overconsolidated states, i.e. the results of test se-
ries E. Figure 5 also represents the critical state
points obtained from these tests together with the
different CSL previously defined. It is apparent
that for series E, only those tests attaining critical
state at the highest pressures plot on top of the
CSLpc. On the other hand, all tests, without ex-
ception, attain a critical state at points very close
to the CSP (Figure 6). It seems then that the pre-
dictive power of the CSP extends farther than that
of the CSL.. Examining those tests attaining CS
at the lowest pressure (those with the highest
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OCR) appear very close to a CSL obtained at con-
stant grading, namely CSL,c=0779. That line was
obtained at the I value (Ic = 0.779) that speci-
mens in test series E had just before unloading.
Why would this value be only relevant to the
more highly overconsolidated specimens? The
answer requires a more general consideration of
the grading evolution pattern.

70 Ic [
0.84
0.82
60 0.8
0.78
507 076
0.74
S 40+
2,
=
=
= 30 r
0.789
20t
0.786
10 7
o‘ﬂ

30 40 50 60 70
o' [MPa]
Figure 8. Stress paths of OC samples (test series E)
superimposed on the iso-lIg map.

Ciantia et al. (2019) show how grading
evolves in the triaxial plane during radial com-
pression tests i.e. during tests at constant 1 = q/p’
taken up to p’ = 120 MPa. The data obtained from
these tests is re-elaborated in Figure 8 to obtain
iso-lg maps on the triaxial plane p’-g. The shapes
of these curves recall the theoretical yield curves
for the crushing mechanism postulated by Kiku-
moto et al. (2010). Superimposing the shearing
stress paths from test series E on a map in which
the I = 0.779 isocurve has been highlighted. It
appears that the stress paths starting at OCR = 10
do not cross that curve until practically at the
shear critical state. On the other hand, the OCR =
2 paths do cross the curve well before the shear
critical state is attained. The response observed

IGS

seems compatible with the activation of an inde-
pendent crushing plastic mechanism.

4 CONCLUSIONS

The results obtained support unequivocally the
hypothesis of a multiplicity of critical state lines
for crushable materials. However that multiplic-
ity does not imply any ambiguity since, at any
moment in time only one grading is effective and
that grading has a unique CSLs=x associated. All
the CSLig=x belong into a unique critical state
plane. That critical state plane also includes the
classically identified CSLnc, which actually only
strictly pertains to the normally consolidated ma-
terial. At low values of OCR, though, the differ-
ence between observed critical states and those
attained from the CSL,c would be small, since the
shearing path towards critical state would involve
renewed crushing. At high values of OCR the ma-
terial would attain the critical states that are
linked to the grading attained during previous
compression.

The CSP expression, derived for a strong silica
sand, is a very powerful tool capable to predict
the CS void ratio also for other more crushable
sands. For instance, Figure 5 shows how the cal-
ibrated CSP proposed by Ciantia et al. (2019),
predicts quite well also the critical state void ratio
of Dogs Bay sand.

Grading evolution may be present in some ge-
otechnical applications, particularly those involv-
ing some kind of intense preloading of a crusha-
ble material. A systematic consideration of
grading evolution and its consequences would be
helpful in extending critical state soil mechanics
principles to those cases.
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