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Abstract

We consider a stochastic Volterra integral equation with regular path-dependent
coefficients and a Brownian motion as integrator in a multidimensional setting. Under
an imposed absolute continuity condition, the unique solution is a semimartingale that
admits almost surely Holder continuous paths. Based on functional It6 calculus, we
prove that the support of its law in the Hélder norm can be described by a flow of mild
solutions to ordinary integro-differential equations that are constructed by means of
the vertical derivative of the diffusion coefficient.
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1 Support representations via flows

The support of the law of a continuous stochastic process consists of all continuous paths
around any neighborhood the process may remain with positive probability. Determining
this class of paths for a diffusion process, viewed as solution to a stochastic differential
equation (SDE), establishes a relation between the coefficients of the equation and the law
of its solution.

In the pioneering work of Stroock and Varadhan [16], the support of the law of a
diffusion process is characterized by an associated flow of classical solutions to ordinary
differential equations. While Aida [I] generalizes the time-homogeneous case to a Hilbert
space, allowing for an infinite dimension, Gyéngy and Prohle [10] deal with coefficients
that are of affine growth and not necessarily bounded. Moreover, Pakkanen [14] provides
sufficient conditions for a stochastic integral to have the full support property.

An extension of the Stroock-Varadhan support theorem to any a-Hdélder norm, where
a € (0,1/2), is given in Ben Arous et al. [4]. The case of time-homogeneous coefficients
was independently proven by Millet and Sanz-Solé [13] and later extended to a parabolic
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stochastic partial differential equation (SPDE) in Bally et al. [3]. By using the vertical
derivative as functional space derivative and generalizing the approach in [13] with the
relevant Girsanov changes of measures, a path-dependent version of the Stroock-Varadhan
support theorem in Holder norms was recently derived in [7]. The contribution of this
article is to extend this support characterization to stochastic Volterra integral equations
with regular path-dependent coefficients by providing a flow of mild solutions to ordinary
integro-differential equations.

Let r, T > 0 with r < T and d,m € N. We work with the separable Banach space
C([0,T],R™) of all R™-valued continuous paths on [0,7], endowed with the supremum
norm given by [|z[cc = supscjo) [#(t)|, where | - | is used as absolute value function,
Euclidean norm or Hilbert-Schmidt norm. Throughout, & € C([0,T],R™) and

b:[r,T]? x C([0,T],R™) = R™ and o :[r,T]* x C([0,T],R™) — R™*4

are two product measurable maps that are non-anticipative in the sense that they satisfy
b(t,s,x) = b(t,s,x®) and o(t,s,x) = o(t,s,z*) for all s,t € [r,T] with s < ¢t and each
x € C([0,T],R™), where x* denotes the path = stopped at time s.

On a filtered probability space (2, 7, (F¢)ic(o,), P) that satisfies the usual conditions
and which possesses a standard d-dimensional (.#;);c[o,77-Brownian motion W, we consider
the following path-dependent stochastic Volterra integral equation:

t t
Xt:Xr—i—/ b(t,s,X)ds—i—/ o(t,s, X)dW, as. (1.1)

for t € [r,T] with initial condition X, = Z(q) for ¢ € [0,7] a.s. An absolute continuity and
affine growth condition on the coefficients b and o ensure that any solution to (LIJ) is a
semimartingale with delayed Holder continuous trajectories.

In fact, for each a € (0, 1] let C%(]0,T],R™) represent the non-separable Banach space
of all x € C([0,T],R™) that are a-Holder continuous on [r,T], endowed with the delayed
a-Hélder norm given by

x(s) — x(t
lallar = 7o+ sup 12 =ZO] (1.2)
s,t€[r,T]: s#t |S - t|

By convenience, we set C2([0,T],R™) := C([0,T],R™) and || - [lo. := || - [|oo- Then, under
the conditions stated below, there is a unique strong solution to (LI]) whose sample paths
belong a.s. to the delayed Holder space C(]0,T],R™) for any « € (0,1/2).

For p > 1 consider the separable Banach space W,'?([0,T],R™) of all = € C([0,T],R™)
that are absolutely continuous on [r,T] with a p-fold Lebesgue-integrable weak derivative
Z, equipped with the delayed Sobolev LP-norm defined by

t 1/p
fellpr i= "l + [ la)Pds) . (13

Then it holds that W,'?([0,T],R™) C Cﬁ/q([O,T],Rm) and [[z]|1/q, < |2[l1p, for all
x € WHP([0,T],R™) whenever p > 1 and q is its dual exponent. By allowing infinite
values, we extend the definitions of || - ||oc and || - ||a,» at (L2) to each path x : [0,7] — R™
and the definition of || - |1, at (T3) to every x € WH1([0, T],R™).



Based on the non-separable Banach space D([0,T],R™) of all R™-valued cadlag paths
on [0, 7], endowed with the supremum norm || - ||, we use the following pseudometric on
[r,T] x D(]0,T],R™) given by

dos((t,), (5,9)) := |t = s + o = 4"l

Then a functional on this Cartesian product that is d-continuous is also non-anticipative
and Lipschitz continuity relative to ds merely requires 1/2-Holder continuity in the time
variable.

Let us now state the conditions under which the support theorem holds. By refering
to horizontal and vertical differentiability of non-anticipative functionals from [5,9], we in
particular require that certain time and path space components of o are of class C12, a
property to be recalled in Section 21l In this context, let ds; be the horizontal, 9, the
vertical and 0., the second-order vertical differential operator.

To have a simple notation if these first- and second-order space derivatives appear, we
set ||yl := (7 S0 lyea )2 if y € (RP>X™)mxd or 4 € (R™*™)™%d, Further, let T, be
the identity matrix in R%*? and A’ denote the transpose of a matrix A € R¥™,

(C.1) The map [r,t) x C([0,T],R™) — R™*4 (s,2) + o(t,s,x) is of class C2 for
each t € (r,T], the maps b(-,s,z) and o(-, s, x) are absolutely continuous on [s,T]
and 0y0(-,s,z) is absolutely continuous on (s,7] for any s € [r,T) and each

z € C([0,T],R™).

(C.2) The maps o, d,0 and its weak time derivatives 0y, 00,0 are bounded. Further,
there are ¢, \,7 > 0 and « € [0, 1) such that

b(s, s, )| + |9:b(t, s, 2)| < c¢(1+||z]|5) and
050 (t, s, )| + |0ez0(t,s,2)[| < (14 ||lz[|Z,)

for all s,t € [r,T) with s <t and each z € C([0,T],R™).

(C.3) Thereis A > 0 satisfying |b(s, s, ) —b(s, s,y)|+|0:b(t, s,x)—Ob(t,s,y)| < M|z —y|leo
and

|U(ua t, x) - O-(U, S, y)| + |8ua(u, t 'I) - auo-(u’ S, y)|
+H(910'(U, t, x) - 8:130-(u’ S, y)H < AdOO((t? x)’ (S’ y))
for any s,t,u € [r,T) with s < ¢t < u and every z,y € C([0,T],R™).
Under the assumption that o(t, -,-) is of class C%? on [r,t) x C([0,T],R™) for each

t € (r,T], we may introduce the map p : [r,T]? x C([0,T],R™) — R™, which serves as
correction term, coordinatewise by

d
pr(t, s, x) = 28$0k7l(t, s,x)o(s,s,x)ey, (1.4)
=1
if s <t and, pg(t,s,z) := 0, otherwise. Here, {e1,...,eq} stands for the standard basis

of R and [r,t) x C([0,T],R™) — RX™ (s,3) > Oyox,(t,s,) is the vertical derivative



of the (k,l)-entry of the map [r,t) x C([0,T],R™) — R™*4 (s 2) + o(t,s,z) for each
te (r,T],every k€ {l,...,m}and any [ € {1,...,d}.

Finally, to describe the support of the unique strong solution to (III) by a flow, we
study the following Volterra integral equation associated to any h € WLP([0, T], R?) with
p > 1. Namely,

on(t) = an(r) + [ (b= (/2p) 6 s m) ds + [ olt,s,00) dn(s) (15)

for t € [r,T]. By adding Z as initial condition, the solution z, lies in the delayed Sobolev
space WLP([0,T],R™), since it can also be viewed as a mild solution to an associated
ordinary integro-differential equation, as concisely justified in Section 2.2

Lemma 1.1. Let (CI)-(C.3)) be valid.

(i) Pathwise uniqueness holds for (1)) and there is a unique strong solution X such
that X" = 2" a.s. Further, X is a semimartingale and E[||X|]%,] < oo for any
a€10,1/2) and allp > 1.

(ii) For any p > 1 and each h € WP([0,T],RY), there is a unique solution xj, to (LX)
satisfying =, = 2" and we have x, € WHP([0,T],R™). Moreover, the flow map

W0, 7], RY) = WP ([0, TLR™), b ap, (1.6)
is Lipschitz continuous on bounded sets.

Having clarified matters of uniqueness, existence and regularity, let us now consider
the main result of this paper. Namely, a support characterization of solutions to (IL]) in
delayed Holder norms.

Theorem 1.2. Let (CI)-(C3) hold, o € [0,1/2) and p > 2. Then the support of the
image measure of the unique strong solution X to ([LII) in C([0,T],R™) is the closure of
the set of all solutions x;, to (LH), where h € WP([0,T],R?). That is,

supp(Po X 1) = {z|h € er’p([O,T],Rd)} in CX([0,T],R™). (1.7)

Example 1.3. Suppose that there are four product measurable maps Kj, K, : [r,T]*> — R,
b:[r,T] x C([0,T],R™) — R™ and 7 : [r, T] x C([0,T],R™) — R™*4 such that

b(t,s,z) = Ky(t,s)b(s,x) and o(t,s,z) = K,(t,s)5(s,2)
for all s,t € [r,T] and any = € C([0,7],R™) and let the following three conditions hold:

(1) The functions Kp(-,s) and K, (-, s) are differentiable for each s € [r,T). Further,
K, K,, 0K} and 0; K, are bounded.

(2) The map & is of class C*2 on [r,T) x C([0,T],R™) and together with its vertical
derivative 0,7 it is bounded and d..-Lipschitz continuous.



(3) There are ¢,n,A > 0 and k € [0,1) such that
[b(
t

5,2)| < c(l+lzl%), [b(s,2) = b(s,y)| < M|z = ylloo,
Ko (u,t) —

Ko(ua 5)| + |aqu(u,t) — 8uKo_(u, S)| S )\|S _ t|1/2 and
1055 (5, 2)| + |0220(s,2)| < (1 + ||z||L)

for all s,¢,u € [r,T) with s <t < u and each z,y € C([0,T],R™).

Then Theorem applies and in the specific case that K, = K, = 1 it reduces to the
support theorem in [7] with the same regularity conditions.

The structure of this paper is determined by the proof of the support theorem and
can be comprised as follows. Section Bl provides supplementary material and a Holder
convergence result that yields Theorem as a corollary. In detail, Section 1] gives a
concise overview of horizontal and vertical differentiability of non-anticipative functionals.
Section relates the Volterra integral equation (LH]) to an ordinary integro-differential
equation and shows that solutions to (II]) are semimartingales by using a stochastic
Fubini theorem. In Section 23] we consider the approach to prove the support theorem
by introducing a more general setting and stating Theorem 23] the before mentioned
convergence result.

Section [ derives relevant estimates to infer convergence in Hélder norm in moment. To
be precise, Section Bl gives a sufficient condition for a sequence of processes to converge
in this sense by exploiting an explicit Kolmogorov-Chentsov estimate. In Section
we introduce the relevant notations in the context of sequence of partitions and recall
a couple of auxiliary moment estimates from [7,[12]. The purpose of Section B3] is to
deduce moment estimates for deterministic and stochastic Volterra integrals, generalizing
the bounds from [7][Lemmas 20, 21 and Proposition 22].

Section M is devoted to a variety of specific moment estimates and decompositions,
preparing the proof of Theorem 23l At first, Section 1] derives bounds for solutions to
stochastic Volterra integral equations and gives two main decompositions, Proposition [£3]
and ([L7T). Section handles the first two remainders appearing in ([@L7). While the
second can be directly estimated, the first relies on the functional It6 formula in [6].
Section 4.3l intends to bound the third remainder in second moment, requiring another
extensive decomposition. In Section [f] we prove the convergence result and the support
representation, including assertions on uniqueness, existence and regularity.

2 Preparations and a convergence result in second moment

2.1 Differential calculus for non-anticipative functionals

We recall and discuss horizontal and vertical differentiability, as introduced in [5,9]. To
this end, let ¢ € (r,T] and G be a non-anticipative functional on [r,t) x D([0,T],R™) that
is considered at a point (s,z) of its domain:

(i) G is horizontally differentiable at (s, x) if the function [0,7—s) — R, h — G(s+h, z*)
is differentiable at 0. If this is the case, then 0;G(s, z) denotes its derivative there.



(ii) G is vertically differentiable at (s, ) if the function R™ — R, h + G(s,x + hl[, 7))
is differentiable at 0. In this case, its derivative there is denoted by 9,G(s, x).

(iii) G is partially vertically differentiable at (s,z) if for any k € {1,...,m} the function
R — R, h = G(s,z + hegl, 1)) is differentiable at 0, where {1,...,€y,} is the
standard basis of R™. In this event, 0, G(s,x) represents its derivative there.

So, G is horizontally, vertically or partially vertically differentiable if it satisfies the
respective property at any point of its domain. We observe that vertical differentiability
entails partial vertical differentiability and 0,G = (0,,G, ..., 0, G).

We say that G is twice vertically differentiable if it is vertically differentiable and the
same is true for 0;G. We then set 0,,G = 0,(0;G) and 0y, 4,G = 04, (05, G) for any
k.l e {1,...,m}. If in addition 0,,G is dx-continuous, then

Opp2,G = Opy0,, G for each k,l € {1,...,m},

by Schwarz’s Lemma, showing that 0,,G is symmetric. Moreover, we call G of class Ch2
if it is once horizontally and twice vertically differentiable such that G, 0;G, 0,G and
Oz G are bounded on bounded sets and ds.-continuous.

Clearly, horizontal differentiability applies to functionals on [r,t) x C([0,T],R™) as
well by considering continuous paths only. Vertical differentiability, however, requires the
evaluation along cadlag paths. So, a functional F on [r,t) x C([0,T],R™) is of class C'?
if it possesses an non-anticipative extension G : [r,t) x D([0,T],R™) — R that satisfies
this property. Then the restricted derivatives

0, F :=0,G and 0y F := 0,:G on [r,t) x C([0,T],R™)

are well-defined, by Theorems 5.4.1 and 5.4.2 in [2]. That is, they do not dependent on the
choice of the extension G. By combining these considerations with an absolute continuity
condition, which ensures that only semimartingales appear, we can use the functional It6
formula from [6] to prove Proposition 4], a key ingredient when deriving (LT]).

Examples 2.1. (i) We suppose that o € (0,1], ¥ € N and ¢ : [r,t) x (R™)* — R9,
(s,z) — @©(8,T1,...,Tm)is a-Holder continuous. Let to, ..., tx € [r,t) satisfy tog < -+ < 1,
then the R%valued non-anticipative map G on [r,t) x D([0,T],R™) given by

G(s,z):=@(s,x(to N S),...,x(tp N s))

is bounded on bounded sets and a-Holder continuous with respect to doo. Furthermore, if
¢ is of class C1% in the usual sense, then G is of class C1'2) because it satisfies 9;G (s, )
= (04+p/0s)(s,z(to N'S),...,z(ty N s)) and

k
0,G(s,x) = Z Dz, p(s,z(to A s), ..., x(tg As))

§=0, s<t;

for any s € [r,t) and every = € D(][0,T],R™), where 0;¢/0s denotes the right-hand time
derivative of ¢ and Dz, ¢ the partial derivative of ¢ with respect to the j-th space variable
Z; € R™ for each j € {1,...,k}.



(ii) Let a € (0,1], K : [0,#) — R be continuously differentiable and ¢ be an R"™*%-valued
Borel measurable bounded map on [0,¢) x D([0,T],R™) that is a-Holder continuous in
xz € D([0,T],R™), uniformly in s € [0,¢). Then the non-anticipative kernel integral map
G : [r,t) x D([0,T],R%) — R™*? defined by

G(s,x) = /Os K(s —u)p(u,z")du

is bounded and a-Hoélder continuous relative to do,. In addit.ion, if ¢ is dso-continuous,
then G is of class C2, since 9,G(s,z) = K(0)p(s,z) + [5 K (s — u)p(u,z) du for each
s € [r,t) and any x € D([0,T],R™) and 0,G = 0.

2.2 Ordinary integro-differential equations and semimartingales

By utilizing an absolute continuity condition, we directly connect the Volterra integral
equation (LH) to an ordinary integro-differential equation and check that any solution
to (II)) solves a stochastic differential equation, ensuring that it is a semimartingale.

Let us first briefly analyze (LH) for h € W,b1([0,T],RY), under the hypothesis that
o(t,-,) is of class C12 on [r,t) x C([0,T],R™) for each t € (r,T]. A solution to (L5 is a
path x € C(]0,T],R™) such that

[ 16~ /)05, + lott, 5, 2)lh(s)] dsand
(1) :x(r)+/rt(b—(1/2)p)(t,s,x)d5+/rta(t,s,x)dh(s)

for any ¢ € [r, T}, since the variation of h on [r, s] is given by [ [h(u)|du for all s € [r,].
If we now assume that (C.I))-(C.3) are valid, then the ds-Lipschitz continuity of the
map [r,t) x C([0,T],R™) — R>*™ (s 2) > Oy04,(t, s,x) entails that it admits a unique
continuous extension to [r,t| x C([0,T],R™) for any ¢t € (r,T], each k € {1,...,m} and
every [ € {1,...,d}.

In this case, we may define p : [r, 7] x C([0,T],R™) — R™ coordinatewise by letting
Pr(t,s,x) agree with the right-hand side in (IL4]), if s < ¢, and setting p(¢,s,x) = 0,
otherwise. Then Fubini’s theorem entails for each x € C([0,T],R™) that

/:(b —(1/2)p)(t, s,z) ds + /Tt o(t,s,x)dh(s)
= /rt(b —(1/2)p + oh)(s, s, x) + /rs Ds(b— (1/2)p + oh)(s,u, x) duds (2.1)

for every t € [r, T]. Consequently, the path x solves (L0 if and only if it is a mild solution
to the path-dependent ordinary integro-differential equation

. t .
(1) = (b— (1/2)p + oh) (6,1, 2) + / (b — (1/2)p + oh)(t, s, 2) ds
for t € [r,T]. Since all appearing maps are integrable, this means that the increment

x(t) — x(r) agrees with (ZI]) for any ¢t € [r, T|. Let us now turn to the stochastic Volterra
integral equation (ILT]), without imposing any conditions for the moment.



Thus, we let €([0,T],R™) denote the completely metrizable topological space of all
(Ft)iejo,r)-adapted continuous processes X : [0,7] x @ — R™ and recall that a solution
to (1)) is a process X € €([0,T],R™) such that

t
/ b(t, s, X)| +|o(t,s,X)|?ds < oo a.s. and
t t
X=X, —i—/ b(t,s, X)ds —i—/ o(t,s,X)dWs a.s. for all ¢t € [r,T].

For a process £ € €([0,T],R™) that is independent of W we let (&);c0,7] be the natural
filtration of the adapted continuous process [0, 7] x Q — R?™ (¢, w) — (£t, vt — W) (w).
That is, & = o (¢, : ¢ € [0,t]) for t € [0,7] and

(fto = (fro Vo(Ws—W,:s€rt]) forte (r,T).

In particular, & = o (&) V o(Ws : s € [0,t]) for all t € [0,T] if there is no delay. Let
(&)tefo, 7] be the right-continuous filtration of the augmented filtration of (&);cjo 77 Then
a solution X to (LT satisfying X" = £" a.s. is called strong if it is adapted to this complete
filtration.

Finally, suppose that (C.I)) and (C.2)) hold. Then it follows from Fubini’s theorem for
stochastic integrals, stated in [I7][Theorem 2.2] for instance, that any X € ([0, 7], R™)
satisfies

t t t t
/b(t,s,X)ds+/ a(t,s,X)dWS:/ BS(X)ds—i—/ o(s, s, X) dW,

a.s. for any ¢ € [r,T|, where the map B : [r,T] x Q2 x € ([0,T],R™) — R™, which is product
measurable and depends on whole processes rather than trajectories, is given by

Bs(Y) :b(s,s,Y)—i—/ 0sb(s,u,Y) du+/ 050 (s,u,Y) dW,

for every s € [r,T] a.s. This shows that X solves (LI if and only if it is a solution to the
path-dependent stochastic differential equation

Xt:Bt(X)dt+J(t,t,X)th fOI'tG[’I“,T].

Moreover, it is automatically a semimartingale in this case.

2.3 Approach to the main result in a general setting

After these preliminary considerations, we proceed as follows to establish the support
theorem. For any n € N let T,, be a partition of [r, T] of the form T,, = {ton,. ., tk, n}
with k, € N and top,...,tk,n € [r,T] such that r = tg, < --- < tg,, = T and whose
mesh maxX;c(o, . k,—1}(ti+1,n — tin) is denoted by [T,|. We assume that the sequence
(T )nen of partitions is balanced as defined in [8], which means that there is ey > 1 such
that

IT,| < er ze{o,m,ll?n 1}( —ti—1,) forallneN. (2.2)

For the estimation of one term in Proposition B4, when the functional Itd6 formula is
applied, we also require the following additional condition:



(C.4) There is ¢ > 0 such that k,|T,| < ¢r for each n € N.

However, unless explicitly stated, we shall not impose this condition. Moreover, we readily
notice that any equidistant sequence of partitions satisfies both conditions.

Next, for any k,n € N we are interested in the delayed linear interpolation of a map
z:[0,T] — R* along T,. Namely, we define L, (x) : [0,T] — R¥ by L, (x)(t) := 2(r A t),
if t <ty,,and

t—tin

Ln(@)(t) = a(ticin) + ———
tivin —tin

(@(tin) — (ti-1n)), (2.3)
if t € (tin,tiv1,n] for some i € {1,...,k, — 1}. Since L,(x) is piecewise continuously
differentiable, it belongs to WP([0,T],R¥) for every p > 1, and by construction, the
process ,W : [0,T] x Q — R? defined via ,W; := L, (W)(t) is adapted.

Let us now assume that (CI))-(C3) and Lemma [T hold. Then the support of Po X!
is included in the closure of {z}, |h € W,'P([0,T],R%)} in C2(]0,T],R™) for o € [0,1/2)
and p > 2 if we can prove that

lim P(||lz,w — X|la,, > €) =0 for any € > 0. (2.4)
ntoo

Moreover, if for each h € WP([0,T],R?) there exists a sequence (P ,)nen of probability
measures on (£2,.%) that are absolutely continuous to P such that

liTm P (| X — zpllayr =€) =0 for every e > 0, (2.5)
nioo

then the converse inclusion holds. The sufficiency of (24 and (Z3]) follows from a basic
result on the support of probabiilty measures, see [7][Lemma 36] for example. To verify
the validity of both limits, we consider a more general setting.

Let B be an R™-valued and By, B and ¥ be R™*%valued non-anticipative product
measurable maps on [r, T]? x C([0,T],R™). For any n € N we study the path-dependent
stochastic Volterra integral equation:

t . . .
R / B(t, s,Y) + Bi(t, s, Y)hi(s) + B(t, 8,nY )W, ds
I (2.6)
+/ X(t,s,nY)dWs as. fort e [r,T).

Provided that the map [r,t) x C([0,T],R™) — R™*4 (s, x) s B(t,s,x) is of class C"? for
all t € (r,T], we introduce another path-dependent stochastic Volterra integral equation:

Y=Y + /t(ﬁ + R)(t,s,Y)+ Bu(t,s,Y)h(s)ds
T (2.7)
+/ (B+%)(t,s,Y)dW, as. for t € [r,T]

with the R™-valued non-anticipative product measurable map R on [r, T]? x C([0, T], R™)
given coordinatewise by

d
Rk(ta S, x) = Z 8:B§k,l(t’ S, CC) ((1/2)§ + E)(Sa S, 1’)61, (28)
=1

9



if s <t, and Rg(t,s,z) := 0, otherwise. In particular, (Z.6]) reduces to (Z7) in the case
that B = 0. We seek to show that if ,Y and Y are two continuous solutions to (Z&])
and (2.7)), respectively, satisfying ,Y" =Y" = 2" a.s. for all n € N, then

lim B[, Y — V[2,] = 0. 29)
ntoo
Thus, by choosing B =b— (1/2)p, By =0, B =0 and ¥ = 0, we obtain (Z4)). If instead

B =b, By =0, B=—0 and ¥ = o, then (23] is implied, as we will see. To derive the
general convergence result (Z9), we introduce the following regularity conditions:

(C.5) The map [r,t) x C([0,T],R™) — R™*4, (s,z) + B(t,s,z) is of class C1? for all
€ (r,T], for any F € {B, By, B,%} the map F(-,s,z) is absolutely continuous
on [s,T] and 0,B is absolutely continuous on (s,77] for each s € [r,T') and any

z € C([0,T],R™).

(C.6) There are c > 0 and & € [0, 1) such that any two maps F € {B, By} and G € {B, %}
satisfy |F(s,s,x)| + |0:F(t,s,2)| < (1 + ||z||%,) and

|G(s,s,2)| + |0:G(t,s,x)] < ¢
for each s,t € [r,T) with s < t and every z € C([0,T],R™).

(C.7) There exists A > 0 such that [B(s,s,z) — B(s,s,y)| + [0:B(t,s,2) — 0:B(t, s,y)|
< A||z — y||oo and for any F' € {By, B, X} it holds that

|F(u,t,x) — F(u,s,y)| +|0uF (u,t,x) — 0, F(u, s,y)| < Mo ((t, ), (s,v))
for each s,t,u € [r,T) with s <t < w and every z,y € C([0,T],R™).

(C.8) There are ¢,m, A > 0 such that |0, B(s,s,z)|| + ||0:0:B(t,s,z)|| <€, |0sB(t,s,)
+ 11020 B(t, 5, 2)|| < (1 + ||z][Z,) and

102 B (u, t, ) — 0:B(u, s,y)|| < Mdoo((t,2), (5,y))
for any s,t,u € [r,T) with s <t < u and each x € C([0,T],R™).

(C.9) There exist by € R and a measurable function b : [r, 7] — R such that fTT b1(s)%ds
< oo and byB(t,s,x) = b(s)L(t,s,x) for every s,t € [r,T) with s < t and each
z € C([0,T],R™).

First, we question uniqueness, existence and regularity of solutions to (2.6l and (2.7)).
In this regard, let £ € €([0,T],R™) and (,&)nen be a sequence in € ([0, T], R™).

Lemma 2.2. Assume that (CH)-(CO) are satisfied, h € W}2([0,T],R%) and for each
n € N there is is p > 2 such that E[||£"]|E, + ||n&"||B] < oc.

(i) Under (CA), pathwise uniqueness holds for (Z6)) and there exists a unique strong
solution Y with .Y = ,&" a.s. for any n € N. Further, for each p > 2 and every
a €[0,1/2 —1/p), there is cqp > 0 such that

EllnY 6] < cap(l + Ellln€"lI&])  for alln € N.
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(it) If (C.8) holds, then we have pathwise uniqueness for (Z7)) and a unique strong
solution Y with Y™ = &" a.s. In this case, for each p > 2 and all a € [0,1/2 —1/p)
there is Cq,p > 0 with E[|Y[f,,] < ap(1 + E[[€"][5])-

Finally, we consider a convergence result in Hélder norm in second moment.

Theorem 2.3. Let (C4)-(C9) hold, h € W}E2([0,T],R%) and a € [0,1/2). Suppose that
limptoo El[|n€" — €7112)/|Tnl*® = 0 and there is p > 2 such that

a<1/2=1/p and E[|E[5]+ SugE[anS”Héiv")”] < 0.
ne

Let ,Y and Y be the unique strong solutions to (Z86) and (27), respectively, such that
YT =p& and Y =& a.s. for all n € N, then

lim E Y, —Y, |2/IT,|** =o. 2.10
n%]\roré [_]G{Ig}a),(kn}‘n tin t],n’ ]/’ n’ ( )

In particular, 29) is satisfied. That is, (nY )nen converges in the norm || - ||a,r in second
moment to Y.

3 Estimates for convergence in Holder norm in moment

3.1 Convergence in moment along a sequence of partitions

We consider a sufficient condition for a sequence of processes to convergence in the norm

|| - lla,r in p-th moment, where a € [0,1] and p > 1. Its derivation relies on an explicit
Kolmogorov-Chentsov estimate [7][Proposition 12].

Namely, let X be an R"-valued right-continuous processes for which there are ¢y > 0,

p > 1and ¢ > 0 such that E[| X, — X;|P] < co|s — t|* 19 for all s,¢ € [, T]. Then it follows

that ,

E sup 7’)(8 — X

_ \1+g—ap
s,t€[r,T]: s#t ’3 - t’Oép = ka’p’qCO(T T) (31)

for any a € [0, ¢/p) with kq 4 = or+a(24/P=« _1)~P_ In particular, if ¢ < p, then X itself,
and not necessarily a modification, admits a.s. a-Hélder continuous paths on [r, T7].

Lemma 3.1. Let (, X )nen be a sequence of R™-valued right-continuous processes for which
there are cg > 0, p > 1 and q > 0 with ¢ < p such that

EHnXs - nXt’p] < CO’S - t’H_q

for all n € N, each j € {0,...,k, — 1} and any s,t € [tjn,tjivinl. If (|nX"|loc)nen
and (maXjeqr, . g} [nXt;,|/|Tn|*Jnen converge in p-th moment to zero, then so does the
sequence (||nX||a,r)nen for every a € [0, q/p).

Proof. For given n € N a case distinction yields that

’nXs - nXt’ ’nXs - nXt‘
sup —————— <2 max sup —
s,t€[r,T]: s#£t |S - t| J€{0,....kn—1} S, EE[tj nytj41,n) sFEL |S - t|
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|nXti,n - nth,n|

4,5€{1,....kn }: 1] |ti,n — tj,n|

By virtue of the Kolmogorov-Chentsov estimate (3), it holds that

X, — X4 P
E[ max sup —’n = B t‘

<k co(T — r)|T, |9~ P
Ly e | < hepaealT — )T

since ¢ > ap and Z?lal(t]qu,n —tjn) = T —r. Moreover, from condition (Z2)) we infer
that |t;n, —tjn] > |Tn|/cr for all 4,5 € {0, ..., k,} with i # j. Hence,

E |: ma ‘nXti,n - nth,n ’p

<27 1SPE[ ma X; |P]/|Tn|P
G€{Lskn}ii27 i — bl }_ T L e }‘" tan /1Tl

Je{1,....kn

and the claim follows from the definition of the norm || - |4, O

3.2 Sequential notation and auxiliary moment estimates

Let us introduce relevant notations related to the sequence of partitions (T,)nen. For
fixed n € Nand t € [r,T'), we choose i € {0,...,k, — 1} such that ¢t € [t; »,ti11,,) and set

Ly = ti—1yvon, tni=tin and &, :=tii1,.

Verbalized, t,, is the predecessor of t,, relative to T, provided i # 0, and ¢, is the successor
of t,. For the sake of completeness, let T, :=ty, | n, T, :== T and T', := T'. Further, for
i€40,...,ky,} we set

Ati,n = t@n — t(ifl)\/(],n and Athn = Wt — Wt

,m

(i=1)VO,n*

For p > 1 we recall an interpolation error estimate in supremum for stochastic processes
in p-th moment and an explicit integral moment estimate for the sequence (,W),en of
adapted linear interpolations of W from [7][Lemmas 19 and 17].

(i) Let (,X)nen be a sequence of R™-valued right-continuous processes for which there
are cg > 0 and ¢ > 0 such that E[|,Xs — »X;[P] < co|s — t|19 for all n € N, each
j€{0,...,k, — 1} and every s,t € [tjn,tj4+1,n). Then there is ¢, 4 > 0 such that

Ell[Ln(nX) = nX[5] < ¢pgco|Tn|” (3.2)
for all n € N. To be precise, ¢, 4 = 2P (1 + ko p ) (T — 7).

(ii) Let Z be an R%valued random vector satisfying Z ~ N(0,I;). Then the constant
Wp.q 1= E[|Z[P1]? satisfies

t P
EK / ynwu\qczu) ] < iy g T P92 (t — )P (3.3)

for all n € N and each s,t € [r,T] with s < t.
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Next, we let p > 2 and state a Burkholder-Davis-Ghundy inequality for stochastic
integrals with respect to W from [12][Theorem 7.2]. Based on this bound, one can deduce
an estimate for integrals relative to ,WW that is independent of n € N and which is given
in [7][Proposition 16].

(iii) For each R™*%valued progressively measurable process X for which fTT E[| X, P] du
is finite,

E { sup
vE[s,t]

] < wpte =592 [ B (3.4

/ X, dW,

for all s,t € [r, T] with s < ¢, where w, := ((p®/2)/(p — 1))P/2.

(iv) Any R™*%.valued progressively measurable process X satisfies

p
} <ty (t — s)P/2 max ElX, . (35)

v
E[max/ X d, Wy
1Js - FE{0,....kn}: t; n€ls,, L,

vE[s,t

for each s,t € [r,T] with s <t with @, := 3pwpc%/2.

3.3 Moment estimates for Volterra integrals
The first integral bound that we consider follows from the auxiliary estimate (3.3]).

Lemma 3.2. Let p > 1 and assume for each n € N that , X : [0,T] x [0,T] x & — R4,
(t,s,w) — X; s(w) is a product measurable function. If there are p > p, ¢z > 0 and ¢ > p/2
such that

tin _
E[jeg(?,?.},{kn}/r nXg,n,s ds} < ¢5|Ty|?  for alln € N. (3.6)

Then there is ¢, > 0 such that

i ; P —1/2

Proof. Let ¢; and ¢y denote the dual exponents of p and p/p, respectively. Then two
applications of Holder’s inequality yield that

tin . p
E{ max (/ Xt.ns|nWs|ds> }
7€{0,....kn} r S

tin p/p7\ P/D
< (E[ max (/ n X7V sds) }) Cp 1Ty |77/
§€{0,.kn} \ Jr 7 ’

with ¢ = w;éjqu o= r)P/9 | where Wpgs /q1,q1 1 the constant introduced at ([3.3)). For
this reason, the constant ¢, := (7' — r)l=p/ 5(;;/ ﬁcpJ satisfies the desired estimate. O

Remark 3.3. For any n € N let ,X be independent of the first time variable, that is,
there is an R -valued measurable process ,, Y with , X; s = ,Y; for all s,¢ € [0,7]. Then
for condition (3.6 to hold, it suffices that there is @5 > 0 so that E[,YP] < &]|T,|? for
every s € [r,T) and each n € N.
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For the second and various other estimates in the following section, let us use for each
n € N the function v, : [r,T] — [0, cr] defined by

_ Asy,
A5,
Put differently, v, = At; /Atit15 00 [tipn, tiv1n) foralli e {0,..., k,—1} and v, (T) = 1.

'Yn(s) : (37)

Lemma 3.4. Assume that F : [r,T)? x C([0,T],R™) — R™ is a non-anticipative product
measurable map for which there are \g,co > 0 such that

|F'(u,t,x) — F(u,s,z)| < Xdoo((t,2),(s,z)) and |F(t,s,x)| <co(1+ ||7] o)

for all s, t,u € [r,T] with s <t < u and each x € C([0,T],R™). Further, let (,Y )nen be
a sequence in € ([0,T],R™) which there are p > 1 and cpo > 0 such that

ElnY %] + ElllnY* = nY*I5]/1s =t/ < cpo (1 + ElllnY " 1%])

for alln € N, each s,t € [r,T] with s <t and any x € C([0,T],R™). Then there is ¢, > 0
such that

t',n
E{ max ’ F(tjn, sp,nY ) (u(s) — 1) ds

p
< ¢|Tol?2(1 + E[||oY"|2
B | < QT2+ By

T
for every n € N.

Proof. Let E[||,Y"||%] < oo, as otherwise the claimed estimate is infinite. Clearly, a
decomposition of the integral shows that

tjn

ti—1,n
F(tjﬂla Sn» nY)PYn(S) dS - / F(t]7n, Sn, nY) dS
T

T

for all 7 € {1,...,k,}. Hence, a first estimation gives

E{ max

p
< o |TnlP?(1 + E[||, Y72
B | < cpal Tl (14 Bll¥ ")

tj—l,n
/ F(tjn, snsnY) — F(tjn, 8p,nY)ds
T

for ¢, :=2P"1(T — r)PAb(1 + ¢p0) and a second yields that

E{ max

p
< T,I”(1+ B[, Y|
e | < coal Bl 1+ Bl Y712

tin
/ " Bt 80y nY ) ds

tji—1,n

with ¢, 9 := 2P cB(1 4 ¢, ). Thus, the constant ¢, := 2P~ (c,1 + (T — 7)P/2¢, 2) satisfies
the asserted estimate. O

The third estimate deals with Volterra integrals driven by ,W and W, where n € N.

Proposition 3.5. Let F : [r,T]?> x C([0,T],R™) — R™*9 be non-anticipative, product
measurable and such that F(-,s,x) is absolutely continuous on [s,T| for all s € [r,T] and
each x € C([0,T],R™). Suppose that there are \g,co > 0 such that

|F(u,t,x) - F(u,s,x)| + |8UF(u’tax) - 8UF(U’SWT)| < )‘Odoo((tax)’ (S’x))
[F(t,s,z)| + |0 F (¢, s, 2)| < co(L + [|z]|o0)
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for any s, t,u € [r,T) with s <t < wu and every x € C([0,T],R™). Moreover, let (,Y )nen
be a sequence in € ([0,T],R™) for which there are p > 2 and ¢, > 0 such that

ElnY 5] + ElllnY* = nY*[5]/1s =t < cpo (L + ElllnY " 1%])

for alln € N, each s,t € [r,T] with s <t and any x € C([0,T],R™). Then there is ¢, > 0
such that

tin
E|: max " F(]n7_n7n )d(nWS_WS)

p
< ep|TnP27 (1 + B[l Y712
B | < TP 1+ Bl YT

for every n € N.

Proof. We suppose that E[||,,Y"||% ] is finite and decompose the integral to get that

tjn tji—1n
/ F(tjn,sn,nY)d Ws = / F(tjn,sn,nY)dWs as.
T T

for each 7 € {1,...,k,}. Hence, we may apply Fubini’s theorem for stochastic integrals
from [17] to obtain that

t] 1,n tjfl,n
/ F(tj,ru Sn; nY) - F(tj,n7§n7 nY) dWs = / F(Sa Sn, nY) - F(37§n7 nY) dWs
T T
tin [tAti—1m
+/ / Ft, 5m,nY) — 0F(t, 5, Y ) AW, dt  as.
for all j € {1,...,k,}. Regarding the first expression, we estimate that

E[ max

ti—1,n
F Y)-F
jE{L---,kn}/r (S’Sn,n ) (5 n’n )

| ] < a2+ BllyTIE)
for ¢, 1 = 2P~ w, (T — 7)P/2M\B(1 + ¢,0), where w,, is the constant satisfying (3:4). For the

second expression we first calculate that
ti—1n t p
L7 [ Ot sn Y )0 (b5, AW, dt ]
T T

< cpa|Tal”? (14 ElllY"[1%])

E[ max

with ¢, := 2°(p + 2) " w, (T — r)*/2X0(1 4 ¢, ). And secondly,
D, P 0 2
p]

t'fl,n
/J 8tF(taSnan ) 8t ( ySnsn )dWs

|: max
JE{L Skn}

1 J,m
< E ]n_ ] lnp / E[
ti—1n

= Cp,s\Tn!p Y+ Bl YTI1E]).

n —1,n
/J / O F(t, 5msnY) — O F (£, 5, nY) AW, dt

P
K
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where ¢, 3 := 22" w,(T — r)P/*"1\P(1 + ¢,0). Next, for the remaining term Fubini’s
theorem for stochastic integrals yields that

tin tjn
[ sy = [ F(s, s )aW,
j—1,n j—1,n (38)
/ SpsnY ) dWsdt  as.
t] 1,n ] 1,n

for any j € {1,...,k,}. For the first term we have

[ pesaionf] <52

E{ max
j—1,n
< cpal TP (1 + E[lnY7|12.))

tjn
/J 5’ 2nin )dW

t] 1,n

]

with ¢p4 == 2P w,(T — r)ch(1 + ¢p0). Finally, for the second stochastic integral in the
decomposition (B.8)) it holds that

/]"/ OF(t,8,,nY )det
]ln ]ln
t
[ aFs..y)aw,

tin
< Z(tm —tji—1n)"” 1/ E{ t
j—1,n

j=1 tji—1,n

|: max
JE€{1,....kn}

P
K

for cp5 1= 2P(p + 2) Lwy(T — r)ch(1 + ¢pp). Hence, the asserted estimate follows readily
by setting ¢, 1= 521 (T — 7)(cp1 + cpa) + (T — )P 2y 34 cpa + (T —7)Pcps5). O

< el Tal®7H (1 + EfllnY " |])

4 Estimates and decompositions for the convergence result

4.1 Decomposition into remainder terms

We first give a moment estimate for solutions to (2.6]) that does not depend on n € N.

Proposition 4.1. Let (C.3) and (C.8) hold, h € W}2([0,T],R%) and A\ > 0 be so that

|B(u,t,x) — B(u, s,2)| + |0u,B(u, t,x) — 0, B(u,s,z)| < Moo ((t, ), (s,7))

for any s,t,u € [r,T) with s <t < u and every x € C([0,T],R™). Then for each p > 2
there is ¢, > 0 such that any n € N and each solution ,Y to (Z8) satisfy

E[nY (%] + EllnY* = nY*I5)/Is = tP? < (1 + ElllnY " 15]) (4.1)
for all s,t € [r,T] with s # t.

Proof. We let E[||,Y"||%,] < co and may certainly assume in (C.6) that x > 0. For given
! € N the stopping time 77, := inf{t € [0,T]||,Yz| > [} Vr satisfies ||, Y || o0 < [[nY " ||oo VI
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and we readily estimate that

t 1/p
(Bl * = Y 2 < (gt = 920 [ 14 B 12 du)
S

P\ 1/p
D (4.2)
vE|[s,t]

el o))"

for any fixed s,t € [r,T] with s < t and ¢, := 6P~ (1+T —r)P((T —7)P/? + AT o 4 wp)cP
We recall the constant w1 such that (33) holds when p and ¢ are replaced by p/k and
1, respectively. Then

UNT X p/Eq\ K
(E[(/ l \B(v,v,nY)an]dv) }) < cpi(u—u,)?’* and

UNT) [V ) o . p/Eq\ K
<E[</ l / |0y B(v, ', Y)Wy | dut! dv) }) < (T —1r)Pepi(u — u, )P/

for any given u € [s,T] with the constante, 1 := 2p/2w;/mlcp. We let ¢,/ be defined just

+(E| suw

AT n
/ Blu, u,nY) dy W,
S

/ Oy B(v,u, ,Y) dyWy

as ¢p above with p replaced by p/k to get that
(BlllY“\r — Y Ten [E)) < (1 — )P (14 B[l Y [B])"

for ¢p 9 := QP*I(E’;/R + (1+T —r)Pcp 1), due to the validity of ([@2). Hence, an application
of Holder’s inequality yields that

t/\Tl,n _ _ . p

t
< cpa(t— s)”/“/ (1 + B[l Y ||B])" du  and

S

AT n v - . . »
EK/ l /’(@;B(v,umy)—&)B(v,gn,nY))an‘duch))]
t
< (T = eyt = P70 [ (Lt B[y ) o,

where ¢, 3 := 21’/231’@(1;/’;)/(17/{)()\1’(1 + ¢p2) + (T — r)P/2). Moreover, the constant b,
appearing in (3.5]) satisfies

U/\Tl,n _ p
E[ sup / B(uy,, Uy, nY) dy Wy, } < WP (t — s)P/? and
vE[s,t] | /s
tAT) n v p
E[(/ / 0B (v, 1, Y ) dn Wi dv) } < (T = 1P, P(t — s)P2.
S T
Thus, with the constant ¢, 4 := 3771(2¢, + (1 + T — r)P(cp3 + Wpc?) we can now infer
from (Z2]) that
t
E[lp Y = YA B ] < cpalt = s)P2 / 1+ E[[lo Y7 & ] du. (4.3)
S
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Hence, Gronwall’s inequality and Fatou’s lemma imply that

ElllnY*[15] < lim inf B[l Y 12] < ep,5(1 + ElllaY 1)),

where ¢, 5 := 2" max{1,T — r}r/? max{l,cp74}62p71(T_7")p/20P74. For this reason, we set
¢p = (1+cpa)(1+cps) and apply Fatou’s lemma to ([@3), which gives the result. O

Corollary 4.2. Assume (CH), (C8) and ([C8) and let h € WH2([0,T],RY). Then for
every p > 2 there is ¢, > 0 such that each solution Y to [21) satisfies

E[Y 5] + ElIY® = Y!|[B]/ls — 12 < ¢ (1 + E[Y"|%]) (4.4)
for every s, t € [r,T] with s # t.

Proof. As the map R given by (Z.8)) is bounded, the assertion is a direct consequence of
Proposition @11 by replacing B by B + R, B by 0 and ¥ by B + X. O

For n € N let us recall the linear operator L, and the function -, given at (23]
and (B71), respectively, and deduce the main decomposition to establish the limit (ZI0).

Proposition 4.3. Let (CH)-(C8) hold and h € W,'2([0,T],R%). Then for each p > 2
there is ¢, > 0 such that each n € N and any two solutions ,,Y and Y of [2.8) and [27),
respectively, satisfy
B cmax  [nYi = Yy, P fep < ITulP2 (14 ElllnY 1 + 1Y 1%])
J yeeeshvn
FBYT Y[+ 1 Lal¥) = Y + oY) V2]

tjn

P

E R(tjn,8,,0Y) (v(s) — 1) d
B max | Bl Y ) (n(s) = 1) ds }
- t],n_ p
+ FE| max B(tjn,8p,nY) d(nWs — W) }

_J€{077kn} T

]
Proof. We suppose that E|||,,Y"||E,] and E[||Y"||2,] are finite and aim to derive the estimate
by applying Gronwall’s inequality to the increasing function ¢, : [r, 7] — Ry given by

tj,n . — .
LJ yeehvn T

t):=F Y. =Y. |P|.
Prlt) = BlLicyg, % Yo =il
To this end, let us write the difference of ,,Y and Y as follows:
t
Wi Yi= Vo=Vt [ BlsisaY) - Bls,s.Y)ds
T
t
+/ Br(s,s,,Y) — Bp(s,s,Y)dh(s)
T

t v
+ A\ —i—/ / OpB(v,u,,Y) — 0y B(v,u,Y ) dudv
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t rv

+/ / OyBr (v, u,,Y) — 0y B (v,u,Y) dh(u) dv
t

+/ Y(s,8,nY) —X(s,s,Y)dWs
t rv

+/ / WX(v,u,,Y) — 0pX(v,u,Y) dW,, dv

for each t € [r,T] a.s. with a process ,A € €([0,T],R™) satisfying
t_ . t_
WA = / Blt, 5,0 )uWs — R(t,s,Y) ds —/ Blt,s,Y)dW,

for any t € [r,T] a.s. So, we let the terms ,,Y, — Y, and ,A unchanged, then for the
constant ¢, := 15" Y1+ T — r)P(T — r)P/27 (T — r)P/? + [RY 5. + wp) AP we have

tn

1/p
apn(t)l/p < 5;{{’ + 5n(t)1/p + (cp,l On,1 + 0n2(s) +en(s) + on(s) ds) (4.5)

T

for all ¢t € [r, T, where we have set 6,1 := E[||,Y" —Y"||% ] and the measurable functions
OnyOn2,€n ¢ [, T] — Ry are defined by
on(t):=FE AV L
() [je{o,...r,rlﬁc:tj,ngth tinl')
On,2(5) = B[ Ln(nY )*r = n Y [[& + || Ln (Y)*n — Y=[[Z ] and
en(s) 1= E[lnY* — n Vo[ + Y = Y| ].
To obtain the estimate ([@3]), we used the chain of inequalities: E|||Ly, (Y )% — Ly, (Y)2n |2 ]
< EllnY" = YT|B V maxjeqo,. kn}ityn<s Ve, — Yi, 7] < 01+ ¢n(s), valid for every
se[rT].
For the estimation of &, let us define two processes ,3A,,sA € €([0,T],R™) by
w3 = [P R(t,5,,,Y) (yn(s) — 1) ds and

t — JE— .
n,SAt = / (B(t7 87 nY) - B(ta §n7 nY))nWs - R(t7§n7 nY)’Yn(S) ds

and choose ,,4A € €([0,T],R™) such that ,4A; = f: B(t,s5,,nY)d(n,Ws — W) for any
t € [r,T] a.s. Then ,A admits the following representation:

t
nAp = n,3At + n,4At + n,5At + / R(ta§na nY) - R(t, S, Y) ds
P - tou _
+/ Bl(s,5,,nY) — Bls, s, Y)dW, +/ / 0uB(u, 5,,nY) — 0 B(u, s,Y) dW, du

for all t € [r,T] a.s. Due to the assumptions, we may assume without loss of generality
that the Lipschitz constant A is large enough such that

‘R(uvth) - R(uvs7y)‘ < )‘dOO((t7x)7 (s,y))
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for any s,t,u € [r,T) with s < t < w and every z,y € C([0,T],R™). Thus, for the constant
cp2 = 107"V (1 + T — 7)P(T — r)P/271((T — 7)P/? + w,)\P we get that

S0 ()YP < 8 3()VP + G, ()P + 8, 5(1) VP

+ (Cp,2
r

for every t € [r,T], where the increasing function 6,,; : [r,7] — Ry is given through

(4.6)

tn

1/p
Sut + (5 — 8,72 + 61(5) + £n(s) + on(s) ds>

(4) = A, P ; ‘
Oni(t) : E[je{o,...r,rli%{: - n,il¢, ,[P] forall i€ {3,4,5}

Thanks to Proposition 1] and Corollary 2], there are c,,¢, > 0 such that (&)
and (£.4) hold when ¢, is replaced by ¢, and G,, respectively. By combining (£3]) with (&),
we see that

en(t) < cpa|TulP?(L+ E[|ln Y72 + Y7 [15]) + (5P + cps(T — 7))dna
tn
+ 5771 (6,3() + 0pa(t) + 0n5(1)) + cpa 6n2(8) + pn(s)ds

for fixed ¢ € [r,T], where ¢, 3 := 10P"(c,1 + ¢p2) and ¢y := 2P/2(T —1)(1 4 ¢, + Cp)cp 3.
For this reason, Gronwall’s inequality gives

5
on(t)/p < [TulP?(L+ EllnY" |5 + 1Y 1)) + Gn + D 8ni(D)
=2
with ¢, := e@3(T=7)(5p=1 4 ¢, ;), which implies the desired estimate. O

By the estimate (8.2]), Lemma [B.4] and Proposition 3.5l to prove (ZI0), only the last
remainder in the estimation of Proposition £3lshould be investigated in more detail. Thus,
let @, ,, : [, T] x C([0,T],R™) x C([0,T],R?) — R™ be defined via

D59 10) = Bir (5 30, 9) (0(5) = hl(50)) + Bl 50 ) (L ()(5) = Lu(w) 30)
+ 3 8,00)(w(s) —wls) + [ [ 0B,y ()@ de

for each h € W12(]0,7],R?) and any n € N. Whenever ,,Y is a solution to (2.6]), then we
will utilize the following decomposition to deal with the considered remainder:

(B(tjyn’ $,nY) — E(tj,m§n’n )) W, — = R(tjn: $n,nY ) n(s)

= (E(tj,msany) - E(t]’7n,§n,n ) — 0. B( s SpynY ) (nYs — nY§n))nW8
+ 02 B(tjn, $ponY) (nYs — nYs, — Ppp(s,nY, W))W

+ 3x§(tj7na§mnY)th,n(smya Wn W R(tjns8n,nY ) (s)

(4.7)

for all j € {1,...,k,} and each s € [r, tj,n)-

20



4.2 Moment estimates for the first two remainders

The first result in this section together with Lemma provide an estimate of the first
remainder appearing in (£.7]).

Proposition 4.4. Let (C4)-(C8) be valid, h € W} 2([0,T],R%) and F be a product
measurable functional on [r,T] x [r,T) x C([0,T],R™) so that the following two conditions
hold:

(i) There exists A > 0 such that |B(u,t,z) — B(u,s,z)| + |0uB(u,t,x) — 0,B(u, s, z)|
< Moo ((t, ), (s, )) for any s, t,u € [r,T) with s <t < wu and all x € C([0,T],R™).

(ii) The functional [r,t) x C([0,T],R™) = R, (s,2) = F(t,s,x) is of class C% for any
t € (r,T] and there are co,m, A\g > 0 such that

’agF(t,S,x)’ + ‘axl"F(tvS?x)‘ < Co(l + ”ngo)7
|0, F (u,t,x) — 0 F(u, s, x)| < Aodoo((t, ), (s,))

for each s,t,u € [r,T) with s <t <u and all z € C([0,T],R™).

Then for any p > 2 there is ¢, > 0 such that for all n € N and each solution Y to (2.4,

tin
E[ 'E{r{laxk }/ |E(tjn, 8,nY) — F(tjm, SpynY) — OuF(tjn, SpynY)(nYs —nY§n)|p ds
.7 yeeyivn
< | TulP~H (1 + E[|lY7]|$2Y2P]).

Proof. Forany j € {1,...,ky} let the product measurable map ,, ;A : [r, ;)2 xQ — RI*™
be given by 5 jAsy = 0pF (tjn, U, nY) — OuF (tjn, S, nY), if u € [s,,s], and , jAs, =0,
otherwise. Then from the functional It6 formula in [6] we infer that

F(tjn78,nY) - F(tjn78n7n ) 8 F( ]na nanY)(n}/:S - an§n)
1
—/ OuF (V) + 510 (O F (10,10, 0Y ) (S) (1,0, )

+/ ni s (B(u,u,,Y) + B (u,u, nY)h(u) + B(u,u,nY)an) du (4.8)

+/ nJA&U/ OpB(v,u,,Y) +3UBH(v,u,nY)iL(u) —i—&,?(v,u,nY)an du dv

+/ n,jAsmE(u,u,nY)qu—}—/ n,jAsw/ O2(v,u, ,Y) dW,, dv

for each s € [r,t;,) a.s. Now, for 7) := 7V 2 Proposition 1] gives a constant ¢z, > 0 such
that (1) holds when p and ¢, are replaced by 7jp and ¢, respectively. Then for the first
two terms on the right-hand side in (£38]) we have

]

=np’

s 1
/ OuF (0 Y) + S00(Dea F (L5 0,0, Y ) (S5) (11,0, ) s

E{ max sup
]E{lv 7kn}s€[7‘tjn

<2771 (s = 5,)PE[(1 + Y [[%)7)

21



#2705 = 5,07 [ BIO+ Y ILPI ) Y] d

< ep|Tal? (1 + B[l Y7 (2™

with ¢, 1 1= 227 1B (2P 4 ¢?P)(1 —{—gﬁp)”/ﬁ. We note that |, jAsu| < Xodoo((5,nY), (8p:nY))
for each j € {1,...,k,} and all s,u € [r,t;,) and by setting ¢, := 2357/2\P(1 + Qﬁp)l/ﬁ, we
obtain that

N (E[do((5, 1Y), (80, nY NP2 < I T2 (1 + E[[lY"(2)"7

for each s € [r,T]. Consequently, the Cauchy-Schwarz inequality gives us the following
bound for the third and sixth expression in the decomposition (Z8):

tjn
E max /
Je{l,....kn} Jr s,

T
<271 [ s = 5 PNE (50 ), (s Y )P (L4 Y50 )7] s

S

v p
nJAs,U(E(v,v,nY)—}—/ &,ﬁ(v,u,nY)du) dv ds}

T v p
+2p—1cp/ )\é’E{doo((s,nY),(§n,nY))p(s—§n)p_1/ (/ 1+HnY“H’;Odu) dv} ds

s
Sp

_ — T
< cpalTal? (14 Bl Y7127 [ (s = 5,72 ds

for ¢, o := 2°P/271(1 + (T — r)P)P(1 + gﬁp)l/ﬁﬁp. For the fourth expression we apply the
Cauchy-Schwarz inequality twice, which entails that

tin p
E[ max / ds}
jE{l,...,kn} r

T
< HhH’f,z,rC”/ (5 = £)" 2N E[doo((5,nY), (00 Y )P (L + Y [15)7] ds

n,jAs,uBH (u, u, nY) dh(u)

Sp

< cpalTal? (1 + B[l Y7(22])%7,

where ¢p 3 := 23p/2\\h|]11)727rcp(1 + gﬁp)l/ﬁﬁp. Proceeding similarly, it follows for the seventh
expression that

tj’n
E[ max /
Je{l,....kn} Jr

</ s = s M| dec((sn¥) (50 nY))

—n

P
ds}

/ OB (v, u,,Y) dh(u)

/WAS,U/ 0, By (v, u, nY) dh(u) dv

—-n

P
] dv ds

_ — T
< cpaTul (L4 Bl YT IZD*7 [ (s = 5,7/ ds

with ¢, 4 := (T — 7)?/2¢c, 3. We turn to the fifth and eight term in (Z8) and once again
apply the Cauchy-Schwarz inequality, which leads us to

tj’n
E[ max /
JE{L,...kn} Jr

S o . v . P
/mjAS,U(B(v,v,nY)an—i—/ BUB(v,u,nY)anu) dv ds}
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T s . p/2
< 2p*1cp/ (s—gn)P/2AgE[doo((s,nY),(gn,nY))P(/ \an]2dv) }ds
T s - v . p
+2p—1cp/ (S—§n)p_1/ )\gE[doo((s,nY),(gn,nY))p(/ ynwu\du) ]dvds
< 5| Tal? (1 + B[l Y |[2]) /7

for cp5 := 221’*11?};7/22(1 + (T — r)P*1/(p + 1))cPe,. By using the constant ¢r appearing in
condition (C.4)), we derive the following estimate for the ninth term:

tin p
E[ max / ds]
GE{Lenkin} Jr s

kot s
<upe Y [T = 5 [N (50, (000Y))] duds
g=1"" En

< ol TalP~ (14 B[l Y IIZDY7,

S

i Ds X (U, u, nY) dW,y,

where ¢, 6 := or/ prcpgp(T —r)er. Finally, for the last expression we now readily estimate
that

tjn
E{ max /
je{l,...,kn} r

< [[G s [ B[ (s.a¥) (0¥

-n

p
ds}

/ Op2(v,u, nY) dW,,

/WAM/ 0,5 (0, 1, nY) AW, dv

-n

P
} dvds

— T
o1y 1
< el Tl (L+ B[ YD [ (s = s,)7/2 ds
s
for ¢, 7 := 2p/2cp6pwél/)2(T — )P/, So, we let cpg := (T —1)((T —r)cp1 + cp3 + ¢p5) and
cpo = (T—r)P/?*2(c, 9+cp a+cp7) and conclude by setting ¢, := 77~ (cp6+cpstcpo). O

Next, we give a bound for the second remainder in (&7, which allows for another
application of Lemma B.2] according to Remark B3l

Lemma 4.5. Let (C3)-(CQ) be valid and h € W,»2([0, T], R?). Then for each p > 2 there
is ¢, > 0 such that each n € N and any solution ,Y to (28] satisfy

1/2
EllnYs = nYs, = @nnls,n¥s W) < ¢ Tal? (1+ B[y "12])
for every s € [r,T).

Proof. From Fubini’s theorem for deterministic and stochastic integrals and the definition
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of @5, , we get that
nYs = nYs — Ppn(s, Y, W)= /S B(u,u,,Y) du
+ / " Bu(u,u,nY) - BH(§n,§n,_ WY) dh(u)
+/ B, u,,Y) — Bl 50 nY ) du W
+/ / 0uB(v, u,nY) + Oy B (v, 1, nY) dh(w) do
—|—/ / 0y B(v,u,nY) dy W, dv
+/ Y(uyu, ) — 3(8,,, 8, nY ) AWy —|—/ / WE(v,u,,Y)dW, dv  a.s.

Proposition BT provides a constant ¢y, > 0 such that (1)) holds when p and ¢, are replaced
by 2p and ¢y, respectively. We set ¢, 0 := AP + (T — P2 and ¢, 1 = (1 + g2p)1/2 and
define eight constants as follows:

_ _ W12 _
Cp,1 = 22pcpcp717 Cp,2 = 23th”11),2,rcpylcp72v Cp,3 = 23p/23pw / 2 Cp,1Cp,2,
cpa = (T —1)Pepa, cps = 22p(T - T)p/2||h‘|11),2 + 1, Cpp =2 p/2w 1(T - T)p/QCpa

cp7 = 2P3Pw,Ep, 1Cp 2 and cp g = 2Pw, (T — PP,

By using the inequalities of Jensen and Cauchy-Schwarz and (34]), it follows readily
that the p-th moment of the i-th expression in the decomposition (£9) is bounded by
cpil TuP(1+ E[|l, Y7222 for all i € {1,...,8}. We set ¢, := 8 (cp1 + -+ + cpg) and
the asserted estimate follows. O

4.3 A second moment estimate for the third remainder

We directly bound the third remainder in (@7) by repeatedly using an estimate that
follows for any n € N with k,, > 2 from Doob’s L?-maximal inequality; see [7][Lemma 33]
for details.

(v) For every I € {1,...,d} assume that (;Ui)ieq1,... ko—1) a0d (1Vi)iequ,... ko—1) are two
sequences of R'™_valued and R™-valued random vectors, respectively, such that
U is -measurable, ;V; is %, ,-measurable,

i—1,n

E[\lUi]4 + ]lUi\‘l] < oo and E[M\«%_l,n] =0 a.s.

forall i € {1,...,k, —1}. Then

j—1 d 2 kn—1 d
[ max ZZ Ui 1V ]§4 > Z Ui, Vi, VL, Ul (4.10)
]6{17 7kn} =11=1 =1 Jo=1
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Proposition 4.6. Let (CH)-(CS) be satisfied and h € WH2([0,T],R?). Then there is
ca > 0 such that for each n € N and any solution ,Y to (Z8) it holds that
]

Proof. By the definition (2.8) of the mapping R, we can write the k-th coordinate of
0 B( ims SnsnY ) Phn(s,0Y, W), W, — R(tjn,5,,nY )¥n(s) in the form

tin
E[ max " 00B (L s nY )Pl (8, 0 Y W)W — R(tjns 5y 0 Y )y (s) ds
7€{0....kn}

T

< o Tal (1 + B[l YT 12]).

d
Z B (s $ns 0 Y ) (@ (8,0 Y, W)W = ((1/2)B + %) (8, 50,0 )n(5)er)

for each j € {1,...,ky,}, any k € {1,...,m} and all s € [r,t;,), where we write X0 for
the I-th coordinate of any R%valued process X for each I € {1,...,d}. Based on this
identity, we use the following decomposition:

(s, w> W (/2B + 2w sV (e

= Bir(sn: 80 0Y) (h(5) = ()} WL + Bl s 0Y )W = W, )T
Dt )W WD — (s o) + Bu(en senY)(h(s) = ()W) 11

+ Blsns n ¥ (W = aWe)a W = (1/2)70(s)er)

)

+ (8,58, nY )Wy — W, ) WO + </ /_n8U§(v,u,nY)anudv>nWs(l)

with [ € {1,...,d}. To handle the first appearing term, we decompose the integral and
apply Fubini’s theorem for stochastic integrals to rewrite that

t-’n
/J 9 Bkl( 3,1 n?nY)BH( n,nY)(h(Sn) _h(ﬁn))dnws(l)
ti_ n _
_ / T 00B1t(5, $ms nY ) Bt ($ms $ms nY ) (1(3n) — h(5n)) AW O
' jn tAt;—1,n .
+ / / 0:0uBri(t, 50y nY)Br (5ns Sy nY ) (R(3n) — h(5,)) dW D dt  as.

for any j € {1,...,k,}, every k € {1,...,m} and each [ € {1,...,d}. By Proposition [£.1],
there is ¢y > 0 such that (ZI]) holds for p = 2 with ¢, instead of ¢,. Therefore,

m d tin - 2
E|: max Z Z ’ aka,l(tj,na S nY)BH( S, nY)(h(sn) - h(ﬁn)) ans(l) :|
JEOkn} 3 127

T
< 2w202_2/ E[(L+ [nY* )] |h(5n) — h(sa)|? ds

+ 2ua(T —rcc// E[(L+ Y * )] |h(S0) — h(sn)|? ds dt

K

< e |Tul(1+ E[[nY"]2])
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with o1 == 2Pwa(1 + (T — r)2/2)(T — r)||h]|3 5, (1 4 ¢)". Proceeding similarly, we
obtain for the second term in the decomp051t10n (Z11) that

t',n J—
/J 0 Bkl( J,mo an)B( Sn» nmy)(nWsn _nW§n)ans(l)
t'—l,n _ _
:/J 05 Bri(5, 50, nY ) B(ps 5, nY ) AW, dWD
tin tAtj—1,n _ _ 0
+/ / 00z B i(t, Sy nY ) B(8p, 8, n Y ) AW, dW S dt  aus.

for every j € {1,...,k,}, each k € {1,...,m} and any [ € {1,...,d}. Hence, by setting
oo = 2wa(1 + (T —1)?/2)(T — r)dc®c?, it follows readily that
]

m
E{ max
]6{07 7kn}k‘ 1

d
Z/ 0 Bkl J,mo nanY)F( Sns nany)(nWsn _nwﬁn)ans(l)
=1

T
< 2w20262/ (E[]Ath\z] —i—(T—r)/ E[|AW,, |*] ds) dt < ca0|Th|.

To deal with the third term in (ZIT), we utilize the R%valued 4, ,-measurable random
vector
1aVi = AWy, AW — Aty e,
which is independent of %, _, , and satisfies E[;,,V;] = 0 for any i € {1,...,k,} and each
1 €{l,...,d}. We note that if I}, ;, € R?? denotes the matrix whose (s, l1)-entry is 1
and whose all other entries are zero, then

Ell Vit nVi] = Ly () (At )* (Tg + Ty )

whenever i € {1,...,k,} and l1,ls € {1,...,d}. Now, by decomposing the integral once
again, we obtain that

tin .
/ OxBri(tjm, $n>nY )X(80: Spsn )(AWsnnW( ) Tn(s)er) ds
r
7j—1
— Z aka,l(ti,n, tifl,n, nY)E(tifl,n, tifl,n, nY)l,n‘/i
12

+ Z / Z 8t8:v§k,‘,l(tatilfl,n,ny)z(tilfl,natilfl,nﬂly) l,n‘/il dt

10=1 7'2 n 11=1

ig+1,n

for all j € {1,...,k,}, each k € {1,...,m} and every | € {1,...,d}. Consequently, the
estimate (£10) and Young’s inequality give us that

tin 2
E[ max /’ Za Broi(tjns 8nsnY )2 (8ns SnsnY ) (AW, n W — 4, (s5)er) ds ]
je{O,...,kn}k 1
kn—1 )
< 24|T | Z AtznZZE |8 Bkl 1,m) i 1nanY)E(tifl,natifl,nanY” }

k=11=1
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T kn—1 m d
2
+ 24T — 7")/ > (Atig)? Y E[|010:Bra(t,ticim, nY) S (tict s ticin,nY)| ] dt
"=l k=11=1
S 02,3’Tn‘7

where ¢y 3 1= 24(1 + (T —r)2)(T — r)c?c2. For the fourth expression in (ZI1]) we integrate
by parts, after another decomposition of the integral, which yields that

tin
" 0 B( jymy S SpsnY )BH (84,85, nY ) (M(s) — h(sn)) ans(l)
tim @ 5n = s)
= 0B i(8, 50,0 Y )Br(5p, 85, nY )AWS T dh(s)
tjn t — ( ) (Sn — S)
n / / OBt 5000 Y ) Bit (s, 80, Y VAW 22— d(s)

for each j € {1,...,k,}, any k € {1,...,m} and every | € {1,...,d}. Hence, from the
Cauchy-Schwarz inequality we get that
]

E[ max i

]6{07---7kn} k=1

d .t
ST 0B (s 8000 Y ) Bi (8, 8050 Y ) (Als) = h(s0)) dy W
=177

T m d
- 2
<2l ar [ 3030 Bi(ss s ) Birlsns s IPIESWL) ] ds

2l ) [ [ ZE[

" k=1
< eoa|Tul(1 + B[], Y"[12])"

2
Snyn )BH( nanY)AWs(i) ]dsdt

with cg 4 := 23(14+ (T —r)?/2)(T — 7“)Hh||%72’7"0262(1 + )", because AWy(Ll), . AW(d)
pairwise independent and independent of 9% for all s € [r,T].
The fifth term in (@I can be treated in a similar way as the third. Namely, we set

1nUs = (nWs — n W, ) . S(l) — (1/2)vn(s)e; for every s € [r,T] and rewrite that

tin _
/ 8:ka,l(tj,na§nanY)B( nySnin )l,nUst
r

172 _
:_ZaBkl znatz lnany)B(z lnatz lnanY)an
i=1

12

io+1,n _
Z / Z 8258 Bkl t tzl 1n,nY)B(tilfl,natilfl,nany)l,n‘/il dt

Z21 i1=1

for all j € {1,...,k,}, each k € {1,...,m} and every | € {1,...,d}. Thus, from the
estimate (£I0) we can again infer that
]

E|: max / Za Bkl Jymo n7nY)§( SpySns>n )l,nUSdS

GE{0,enskin

}kl

27



kn—1

<22’T ‘ Z AtznZZE ‘({9 Bkl 1,19 z 1nanY)E(ti—l,nati—l,nany)‘Q}
k=11=1

m

T kn—1 d
= 2
+22 _T / E (Ati,n)Q E § E lata Bkl t ti— 1nanY)B(ti—l,n7ti—1,n7nY)| }dt
i= k=11=1

< CZ,S‘Tn’
for co5 := 22(1 + (T — r)?)(T — r)c?c?. For the sixth expression in ([II]) we decompose
the integral and apply [t0’s formula to the effect that
tj,n -
[ 0Bt 50enY IS 5000V Ve = W) d W
T

tj," J— (Sn —
= O0xBr1(8,5,,nY )X(80, 80, nY) s
r Sn

tin [t _ 3 —
+ / ’ / ataka,,(t,ﬁn,ny)z(ﬁn,ﬁn,ny)(szfshwgg dWsdt a.s.

Sn

)AW()dW

for all j € {1,...,k,}, each k € {1,...,m} and every | € {1,...,d}. Hence, by utilizing
that AWSS), . ,AW&O are pairwise independent for any s € [r,T], we estimate that

tin 2
E[ max " 02 B i(tjm, SpsnY )E(80, 80y nY ) (W — W,.,) d, WV }
J€{077kn}k 1 l 1 T
T m d . 9
< 2wy Ty, Z ZEHaka,l(37§n7nY)E(ﬁmﬁn?nY)’ ] ds
T k=1l=1
T ¢ m d . 9
#20o(T=1) [ [ 3 S B0 Bt s n¥ )55 Y] A s
ToOT k=11=1
SCQ,GITNL

where co 6 1= 2wa (1 + (T — 7)?/2)(T — r)c*c2.
Finally, for the seventh expression in (£I1]) we define an R™-valued %, _, ,-measurable
random vector by

tit1,n ti—1,n __
1nXi = / / / B(v,u,,Y)d, W, dvds,
' Atl+1 n Jitin ti—in JT

which satisfies E[];,X;|?] < 22021 (T — r)%erc®(tisin — tin), for any i € {1,...,k, — 1}
and every [ € {1,...,d}. Then we have

t.’n o) s Sn —

/] 8$Bkvl(tjvn7§n7ny)(/ / aUB(U7u7nY) anu d’l}) anS(l)
7j—1

- Za Bkl i, i lnan )lnXAWt(l)

j—1 i2
ig+1,n _ 1
+) / > ataka,l(tytil—l,nanY)l,nXilAWt(il)m dt
in—1 =1
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forall j € {1,...,kn}, each k € {1,...,m} and every [ € {1,...,d}. As AW( ) Wt(ldi

are pairwise independent and independent of .7, , . for every i € {1,... k, } 1t follows
that
]

E{ max i

d tim . s s, .
S amBk,l(tj,n,gn,ny)</ / &,B(v,u,nY)anudv) d, WO
1= Sn T

1T

kn— m d

<232AtanZE |(9 Bkl(zna i—lnsn )lnX|}
k=1

i=1 =1

T m
T — FE
L BTN

< 02,7‘Tn’

j—1

2
K

with o7 1= 25(1 4+ (T — r)?)(T — r)31ecpc?e? by virtue of the estimate (AI0). Hence,
we complete the proof by setting ¢z := T(cg1 + -+ + c2.7). O

d
Z a Bkl t i lnan )l7anAW(l)
=1

tin

5 Proofs of the convergence result in second moment and
the support representation

5.1 Proofs of Lemmas and [1.1]

Proof of Lemma[Z2. (i) If by = 0 holds in (C.9), then (28] reduces to a pathwise Volterra
integral equation. In this case, pathwise uniqueness and strong existence are covered by
the deterministic results in [11] or can essentially be inferred from [I5]. Otherwise, we
may assume that by = 1 and introduce a martingale ,Z € €([0,T],R) by ,Z =1 and

_ t_ . 1 rt _ .
Zo=ep (= [(Bpiaw, = 3 [ )0 ds)

for all t € [r,T] a.s. Then ,W € €([0,T],R?) defined via ,W; := Wt—l—fr\/tg d,Ws is a
d-dimensional (#)c[o 71-Brownian motion under the probability measure P, on (Q,.%)
given by P, (A) := E[14 ,Z7], by Girsanov’s theorem.

We observe that a process Y € €(]0,7],R™) is a solution to (Z6]) under P if and only
if it solves the path-dependent stochastic Volterra integral equation

t . t —
Y, :n+/ B(t,s,Y) + By(t,s,Y)h(s) ds+/ S(t5,Y) doT¥s (5.1)

a.s. for all t € [r,T] under P,. Consequently, pathwise uniqueness and strong existence
follow from the stochastic results in [IT] or [I5] when considering the drift B + Byh and
the diffusion X.

Regarding the claimed estimate, we let p > 2 and o € [0,1/2 — 1/p). Then from
Proposition F1] we obtain ¢, > 0 such that (ZI]) holds and the Kolmogorov-Chentsov
estimate (3.I) implies that

E[([1nY llar = [1n€" 100)?] < Fapp/a-16p(T = P27 (14 E[||n€"[15])
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for every n € N. Hence, we set cap := 2Pkq pp0-1(1 + ¢p) max{1, T — r}P(1/2=¢) then the
triangle inequality gives the desired result.

(ii) Pathwise uniqueness, strong existence and the asserted bound can be directly
inferred from (i) by replacing B by B+ R, B by 0 and ¥ by B + %, since (C9) holds in
this case with b = 0. U

Proof of Lemma [l (i) Pathwise uniqueness, the existence of a unique strong solution
and the integrability condition follow from assertion (ii) of Lemma by letting B = b,
By=B=0,Y=0cand ¢ = 3.

(ii) For h € WLP([0,T],R?) we set Fj, := b — (1/2)p + oh. First, since dyo(-, s, )
is absolutely continuous on [s,T'), so is p and hence, F} for any s € [r,T) and each
x € C([0,T],R™). Secondly, there are ¢y, \g > 0 such that max{|c|, |00, |p|,|0:p|} < co
and

p(s,s,@) = p(s,5,y)| + [Oep(t, s, @) = Oep(t, s,y)| < Aollz — Yllo

for all s,¢ € [r,T) with s <t and every z,y € C([0,7],R™). These conditions ensure that
the map Fy, satisfies |Fy, (s, s, z)| + |0:Fp(t, s,2)| < e1(1+ |h(s)]) (1 + ||z]|oo) and

‘Fh(sﬂsvx) - Fh(sv‘S?y)‘ + lach(t,S,x) - 3ch(t,S,y)’ < )‘1(1 + \h(s)’)Hﬂﬁ - y”OO

for any s,t € [r,T) with s < t and each z,y € C([0,T],R™), where ¢; := 3 max{cp, c} and
A1 := 2max{\g, A}. As these are all the necessary assumptions, we invoke [I1] to get a
unique mild solution x, to (L)), which satisfies 2, € W,1P([0, T], R™).

To show the the second assertion, we also let g € WP([0,T],R?). Then for the
constant ¢, 1 := 2%72(1 4+ T — r)Pmax{1,T — r}?~ ! max{ch, \[} we have

I = 0 < ot [ 15G6) = HIP + 0+ g = IR, s

for each t € [r,T), since ||y|loo < max{1,T —r}=VP|y||1,, for any y € W}'P([0,T],R™).
Hence, Gronwall’s inequality gives ||z —2pl[7, , < ¢pexp(cpllhl} , . )lg =R, ., Where we
have defined ¢, := ¢, 1 exp((T' — r)cp1). O

5.2 Proofs of Theorems [2.3] and 1.2

Proof of Theorem [Z.3. By Lemma B.I], which is applicable due to Proposition 1] and
Corollary 2] we merely have to show the first assertion, as the second follows from the
first.

In this regard, the decomposition of Proposition 3] in second moment, Lemma B3.4]
and a combination of the estimate (3.2]) and Proposition with Holder’s inequality show
that this limit holds once we can justify that there is co > 0 such that

]

does not exceed c3|T,| for every n € N. Based on the decomposition (7)) and the
hypothesis that 9, B is bounded, this fact follows from Proposition [£.4]l and Lemma [.5] in
conjunction with Lemma [B.2] and Remark B3] and Proposition 46l O

E{ max

tjn _
FE{0,kn} /7" (B(tj,nasﬂzy)_B(tj,n7§n7n )) W R(]na nanY)’Yn(s) ds
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Proof of Theorem[L.2. We let N, denote the P-null set of all w € Q such that X (w) fails
to be a-Hélder continuous on [r, 7] and recall that the support of PoX 1 in C(]0,T],R™)
coincides with the support of the inner regular probability measure

B(C([0,T],R™)) — [0,1], B+ P({X € B} NC). (5.2)

Then an application of Theorem 23] in the case that B = b — (1/2)p, By = 0, B = o,
¥ =0and { = Z gives us (24]), which in turn implies that the support of (0.2)) is included
in the closure of {x, |h € WP([0,T],R%)} relative to || - [|a.r-

Now we let h € W}P([0,T],R?) be fixed and recall that for any n € N and each
z € C([0,T],R?) there is a unique mild solution yp,, € C([0,7],R?%) to the ordinary
integral equation with running value condition

TVt .
Ynna(t) = z(t) — / h(s) = Lyn(ynna)(s)ds fort e [0,T].
As the map C([0,T],R%) — C([0,T],RY), & + yp . is Lipschitz continuous on bounded

sets, we may let , W € €([0,T]),R%) be given by haWi = Ynnw(t) and introduce a
martingale p, ,,Z € €([0,T],R) by requiring that 5, Z" = 1 and

t, . 1 st . .
h,nZt = exXp (/ h(S)/ - Ln(h,nW)(S), dW, — 5/ |h(5) - Ln(h,nW)(S)|2 d‘s)
for any ¢ € [r,T] a.s. By Girsanov’s theorem, 5, ,W is a d-dimensional ()c[o,7)-Brownian

motion under the probability measure P}, ,, on (2, %) given by Py, ,(A) := E[lap,Z7] and
X is a strong solution to the stochastic Volterra integral equation

X, =X, + /t b(t,s, X) + o(t,s, X)(h(s) — Lu(pnW))(s)ds + /t o(t,s, X)dp, Wi

for all t € [0,7T] a.s. under P, ;. Hence, let ,Y" be the unique strong solution to (2.8

when B =b, By =0, B= —0c and ¥ = ¢ with ,Y" = 2" a.s., then uniqueness in law
implies that P(||,Y — zp|| > €) = Py n(||X — 24l|a,r > €) for any € > 0. This shows that
Theorem 23] also yields (2.5]) and the claimed representation follows. O
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