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Abstract

New analytical solutions have been derived for the isobaric evaporation of a pure
liquid cryogen. In particular, expressions have been provided for the liquid volume,
evaporation rate, Boil-off-Gas (BOG) rate, vapour temperature and vapour to liquid heat
transfer rate as a function of time. Both equilibrium and non-equilibrium scenarios have
been considered. In the former, the vapour and liquid cryogen are assumed to be in
thermal equilibrium, while in the latter the vapour is treated as superheated with respect

to the liquid and acts as an additional heat source.

The derived solutions for two scenarios were validated against the numerical
results for the evaporation of liquid methane and of liquid nitrogen in small, medium
sized and large storage tanks that are used in industry. For the equilibrium model, the
analytical solutions are exact. For the non-equilibrium model, the analytical solutions are
valid for the whole duration of evaporation, except for a short transient period at the
beginning of the evaporation. For physical quantities of industrial interest, they provide
accurate estimates of liquid volume, BOG rate and BOG temperature, with the
maximum deviations not exceeding 1%, 2% and 4.5%, respectively. The vapour to
liquid heat transfer rate is also well predicted to within a maximum deviation of 5%.
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1. Introduction

Cryogenic liquids are widely used in industry in a number of operations, primarily
in refrigeration [1], power generation [2] and as rocket fuel [3]. Recently, the usage of
cryogenic liquids has been extended to novel applications such as hydrogen production
[4], energy storage [5, 6] and carbon dioxide capture by cryogenic separation [7-9].
Cryogenic liquids are traditionally classified as substances with a normal boiling point
below -150°C, and as such are stored in highly insulated vessels, which are
nevertheless subject to heat ingress driven by the large temperature gradient between
the surroundings and stored cryogen. The heat intrusion drives a number of complex
transport phenomena within a cryogen, including natural convection,
evaporation/condensation, thermal stratification and liquid thermal expansion; thus

raising engineering, safety, economic and environmental challenges.

One of the major cryogenic storage applications is the storage of liquefied natural
gas (LNG) in large tanks at constant operating pressure, slightly above the atmospheric.
In LNG storage, the heat ingress evaporates the LNG, and the vapour is continuously
removed from the tank to keep the tank pressure constant. The vapour which leaves the
tank is denominated boil-off gas (BOG), and its continuous removal produces
weathering, as methane and nitrogen preferentially evaporate. The resulting changes in
thermophysical properties of the remaining LNG may limit its marketability and may

produce safety hazards such as rollover [10].

The storage of liquid hydrogen (LHy), in small to mid-sized vessels at variable
pressure up to 1 MPa, is another example. In this application, the cryogenic liquid is
extremely valuable, and discarding the evaporated hydrogen from the tank is neither
economical nor safe. Without BOG removal, the evaporation is non-isobaric, and a
complex coupling is present between self-pressurization, evaporation/condensation and
thermal stratification in both vapour and liquid phases [3, 11]. Minimizing the
evaporation of LH, stored in tanks in space vehicles influences the planning and
execution of space explorations mission [12], and increases the driving range in
hydrogen-powered vehicles [13]. However, not all storage of liquid hydrogen is carried

out under non-isobaric conditions. The isobaric evaporation of LH, is present in the



storage tanks with vapour cooling shields (VCS), where the evaporated hydrogen is

constantly removed as BOG and used to improve the insulation efficiency [14].

Isobaric storage is more frequent for cheaper cryogens, such as liquid nitrogen
(LN,). LN, storage tanks have capacities between 2 and 100 m?® [15], operate at a
constant pressure, and can be found typically in bulk delivery systems or as buffer
vessels in LN, energy storage systems [16]. Predicting BOG rates and vapour
temperatures is relevant in both applications. In the former, it helps in achieving more
optimal design of the process equipment, while in energy storage systems, it allows for

a better prediction of the turnover efficiency of the power cycle during the discharge.

For both isobaric and non-isobaric evaporation of cryogenic liquids, experimental
data is scarce and most research work has been focused on developing
phenomenological models. Although a plethora of models does exist [11, 17-32] the
validation still remains a major issue, due in part to a lack of reliable data. The models
themselves exhibit a number of areas of disagreement, where further work is
necessary, especially in describing the vapour phase evolution. For instance, a recent
review [33] highlighted major discrepancies in the prediction of the vapour temperature
profiles and vapour to liquid heat transfer between a number of non-isobaric CFD
evaporation models. In the isobaric evaporation of cryogens, the transport phenomena
are significantly simpler as the liquid temperature can be assumed thermally
homogeneous and there is no self-pressurization. Most work on the evaporation of
cryogens under isobaric or nearly isobaric conditions focuses on modelling of LNG
weathering. Early models have assumed that both vapour and liquid cryogen are in
thermal equilibrium [17, 20, 21, 23, 24, 26, 34-40], while the most recent weathering
models [25, 32, 41-44], have incorporated a non-equilibrium approach, based on
experimental and industrial data; thus, the vapour is treated as superheated with
respect to the liquid and acts as an additional heat source.

The objective of this work is to derive analytical solutions for isobaric evaporation
of pure cryogens stored in closed tanks. In this context, the term closed tank refers to a
standard storage tank used in industry that is not open to the atmosphere and where

the pressure is regulated by means of a pressure relief valve. The derived solutions will



provide an easy to use tool for practitioners to estimate the liquid volumes, evaporation
rates, BOG rates, BOG temperatures and vapour temperature profiles during the
cryogen storage and hence improve the BOG management processes. The solutions
can also act as limiting case scenarios that can be used to test different models. From a
scientific point of view, they provide for a clearer insight into the driving forces that
govern evaporation and help in easily ascertaining how sensitive calculated values are
to particular parameters; something that with more complicated models and especially
CFD models is not always apparent.

In section 2 we derive analytical solutions based on the non-equilibrium
weathering model of Huerta and Vesovic [43]. In section 3 we validate the developed
analytical solutions, by comparing to the numerical results for the evaporation of liquid
methane and nitrogen, and provide the range of their validity. A summary and

conclusions of the results are given in section 4.



2. Analytical Solutions
2.1 Weathering Model

In order to provide analytical solutions for the evaporation of a pure cryogen, in a
cylindrical storage tank under constant pressure, we take Huerta and Vesovic model of
LNG weathering [43] as the starting point. Only the relevant features of the weathering
model are summarized in this work, and the interested reader is referred to the original

work for the full description.

Figure 1 summarizes the main heat and mass transfer processes that occur
during the isobaric storage of cryogen in cylindrical tanks. Three different heat flows
from the surroundings are depicted: through the tank roof, Q... through the bottom of
the tank, Quor, and through the wall. The heat ingress through the wall is divided into the
heat transfer rate to the liquid, Q;, and to the vapour, Qy. Inside the tank, the liquid and
vapour phases are assumed separated by a smooth interface. If the vapour, as a result
of heating, attains higher temperature than liquid, it can act as an additional heat
source, in which case there is a further heat flow into the liquid, depicted by a vapour to

liquid heat transfer rate Q..
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Figure 1: Schematic of the modelled cryogenic
storage tank where the vapour and the liquid
subsystems were assumed separated by a smooth,
horizontal surface. The red and black arrows
represent heat and mass flows, respectively.

We assume that the cryogen is stored at its saturation temperature, T, at a given
constant operating pressure P. The heat transfer into the liquid will lead to evaporation
at an evaporation rate B,. The vaporized cryogen flows upwards and is heated in the
vapour space. To keep the tank pressure constant, most of the vapour is removed from
the storage tank as boil-off gas (BOG) at a rate B. The evaporation rate B;, and the BOG
rate B can be evaluated by performing mass balances in the liquid subsystem and in the

storage tank,



—-B, = % (pLVL) (1)
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where p is the density, V is the volume, and the subscripts L and V indicate the liquid
and vapour phases, respectively. The average vapour density, py, is defined as the
vapour density evaluated at the average vapour temperature. The rate of change of
liquid volume can be obtained by performing an energy balance over the liquid,

. dh
avy, _ 1 QL,tot_pLVLd_tL dpy,
dat pL \ hy(TL)—hy(TL) Loat )’
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where h is the enthalpy and Q'L,tot is the total liquid heat ingress defined by,
QLiot = Q1 + Qbor + Qur. - (4)

As the volume of the tank is fixed, the decrease in the volume of one phase must be

equal to the increase in the volume of the other phase, dV} /dt = —dVy/dt.

The heat ingress through the walls occurs by mixed natural convection and

conduction and, assuming no heat accumulation in the tank wall, is given by,

Qi =UiAi(Ty —T;), i=LorV (5)
where U is the overall heat transfer coefficient based on the external area, T,;. the air
temperature and A is the area of the external tank wall. The cylindrical tank has an
internal diameter d;, an external diameter d,, a height [ and a total volume V. For this
geometry, the liquid and vapour heat ingress areas are linear functions of the liquid
volume: A, = 4V, d,/d?, Ay = 4(Vx — V) do/dZ. If the bottom of the tank is heated to
prevent ground freezing, the heat transfer rate Q. is a model input, whereas if it
suspended above an insulation layer, it can be calculated from an equation analogous
to Eq. (5).

The vapour to liquid heat transfer rate is assumed to be by conduction [43] and is
given by,
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where z is the vertical coordinate in the vapour subsystem, ky|,—, is the vapour thermal
conductivity evaluated at the interface temperature and Ty is the vapour temperature.

The vapour temperature profile is required to calculate the temperature gradient
at the vapour liquid interface. The weathering model [43] assumes that the heat ingress
through the wall in the vapour generates a buoyancy driven flow in a thin boundary layer
adjacent to the tank wall. The warmer vapour flows upwards through this layer, and then
mixes efficiently in the radial direction in the top of the tank. Hence, the temperature
vapour domain is defined as the one-dimensional domain Q:[0,l,(t)] where 0O
represents the vapour liquid interface and Iy(t) the height of the vapour phase. The
transient vapour temperature profile is governed by the one-dimensional advection-

diffusion equation with wall heating as a source term [43],

a[% - dV% B %% %“;Vzd (Tair — Tv) @)
subject to the following boundary conditions,
Ty(z) =T,, t=0,
Tylz=0 = TL(D),
oTy _ _ OQroof @®

0z z=ly kV|Z=lVAI'OOf '

where @y, and ky are the vapour thermal diffusivity and conductivity, evaluated at the
average vapour temperature, respectively and Q,,.¢ can be either a fixed value or it can

be evaluated from an equation analogous to Eg. (5).

The initial and boundary conditions indicate that (i) the vapour is at thermal
equilibrium with the liquid at the beginning of the evaporation, (ii) the vapour and liquid
are in thermal equilibrium at their interface, and (iii) the roof can be subject to
homogeneous and non-homogeneous Neumann or Robin boundary conditions. In

Huerta & Vesovic model [43], the roof was assumed insulated (Q,,.f = 0), whereas in



the present work, analytical solutions for Neumann and Robin boundary conditions are

derived.

2.2. Analytical solutions for the evaporation of a pure cryogen in a cylindrical tank

The presented weathering model, Egs. (1)-(8), simplifies considerably for the
evaporation of a pure cryogen which, for a given operating pressure, takes place at the
cryogen saturation temperature; thus, all the liquid thermophysical properties can be
taken as constant. The Eq. (3), that describes the rate of decrease of liquid volume,
reduces to

ﬂ _ _l QL,tot
dt P, (hv(TL)—hL(TL)) ’ ©)

In order to derive an analytical solution, we further assume that the temperature of the
surrounding air remains constant and provided that the bottom of the tank is externally

heated, the heat ingress through the bottom is also constant.

In the following subsections, we will first examine the equilibrium evaporation
model [26] where it is assumed that the vapour and liquid phases are in equilibrium
during the evaporation. This will be followed by derivation of the analytical solutions for
the non-equilibrium evaporation model [43] where it is assumed that the ingress of heat
will not only lead to the evaporation of the liquid, but also to heating the vapour above

saturation temperature.

2.2.1 Analytical solutions for the equilibrium evaporation model

In the equilibrium model it is assumed that the vapour and liquid are in thermal
equilibrium, T}, = Ty, and that all the heat entering the vapour contributes to evaporating
the liquid, Qv = Qy. Substituting the wall heat ingresses, Eq. (5), into Eq. (4), expresses
the total liquid heat ingress as a linear function of the volume. Incorporating the resulting
expression into Eq. (9) yields a first-order, linear, ordinary differential equation (ODE)

with constant coefficients for the liquid volume,
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where
C = —%%(UL_UV)r (11)
and
= — s (57 (T = TOUW: + Qo) (12)

Considering the initial conditions, V;,(0) = V,, the solution of Eq. (10) is given by

V= %(exp(Ct) —1) +Vigexp(Ct), t<T1g (13)

where t; is defined as the time required for the complete evaporation of the liquid,

obtained by setting the Eq. (13) to zero, and it is given by,

7r=2In (1 + Vg %)_1 = —2In(1+ Vi) . (14)

The solution for the evaporation rate, By, is obtained by simply multiplying Eq. (10) by
the liquid density, while the BOG rate is given by,

B(t) = (py — pv) (CVL(t) + D). (15)

Note that for the equilibrium model, the vapour average density is constant and
equal to the vapour density evaluated at the liquid temperature. If the heat flux through
the liquid is higher than through the vapour, (U;, > Uy , C < 0) the liquid volume, Vi (t),
and the BOG rate will exhibit an exponential decrease, see Egs. (13) and (15).
Otherwise, Vi, (t) will be concave and the BOG rate will increase with time. The
analytical solutions simplify further when the heat transfer coefficients for both phases
are the same (U, = Uy). In this case, the coefficient C = 0, and consequently, as D < 0,

the liquid volume decreases linearly with time,

VL(t) = VLO + Dt ) (16)



while the BOG rate is constant and equal to D(py — p1), as can be seen from Eq. (15).

2.2.2 Analytical solutions for the non-equilibrium evaporation model

There is a strong experimental and industrial evidence [27, 32, 42, 45, 46] that
the vapour above the cryogen is not at the same temperature as the liquid, but rather
that it is superheated. In Huerta and Vesovic non-equilibrium weathering model [43] it is
assumed that the heat entering the vapour will lead to increase in its temperature and
that the superheated vapour will act as additional heat source transferring heat to the

liquid by conduction at the rate Qy, see Eq. (6).

In order to render possible the analytical solutions for a non-equilibrium model,
we first make a number of simplifying assumptions. Simulations using Huerta and
Vesovic weathering model in large storage tanks have shown that the vapour
temperature profile, when expressed in dimensionless form, reaches a pseudo steady-
state shortly after the beginning of the evaporation [43]. The temperature profile is
similar to the steady-state solution of the advection-diffusion equation. In other words, at
this stage the temporal variation of the vapour temperature is entirely a result of an
increase of the amount of vapour due to evaporation. Hence, we neglect the explicit
dependence of vapour temperature on time (dTy/dt = 0) in Eq. (7) and assume that
the vapour temperature is governed by the steady-state advection-diffusion equation for
a given vapour volume. Furthermore, simulations [43] have also shown that the vapour
to liquid heat ingress is small and nearly constant during evaporation. Thus, we assume
that the advective vapour velocity, which was estimated in the weathering model from
the evaporation rate, see the term multiplying the first spatial derivative of temperature
in Eq. (7), is also constant, and it can be estimated from the initial evaporation rate By,
Egs. (1) and (9),

4B — 4Q1 0t
pymd?  pymdZ(hy—hy)’

7, (17)

-10 -



Finally, we make the usual assumption that the variation of the vapour
thermophysical properties is a weak linear function of the temperature, and that all
vapour thermophysical properties are evaluated at the average vapour temperature. By
making these assumptions we can transform the advection-diffusion equation, Eq. (7),

into a second order, non-homogeneous, linear ODE with constant coefficients,

ky ‘:ZTZV —~H -~ STy =-E, (18)
where
H = pyCyyi, S= ‘“;+d E =STy, (19)
subject to the boundary conditions,
Tylz=0 = Tv., (20)
dTy _ _ Oroof . 21)
dz lz=1y  kvlz=tyAroof

The discriminant of the characteristic equation associated with the homogeneous

solution of Eqg. (18), A= H? + 4k,S, is always positive. Therefore, the vapour
temperature profile is a linear combination of two exponential functions and the

particular solution Ty(z) = Ty,

Ty(z) = cyexp(zx-) + c; exp(zx4) + Tair, (22)
where
H+\ H2+4kyS
X+ = TV ) (23)

The average vapour temperature, Ty = li fol" Tv(z)dz, can be obtained by directly
'

integrating Eq. (22),

Ty(ly) = Ty, +%<)% (exp(lyx_)—1)+ ;—i(exp(lv)(Jr) — 1)> ) (24)

-11 -



where c¢; and c, are arbitrary constants that can be evaluated by ensuring that the
solution satisfies the boundary conditions. The boundary condition at the vapour liquid
interface is of Dirichlet type, while at the tank roof, there are two possibilities which
depend on the value of Q,,.¢. We first consider a fixed heat ingress through the roof. In
this case, the boundary conditions are of Dirichlet type at z = 0 and of Neumann type at

z = ly. The constants c¢; and c, are given by,

ay (TL—Tair)—%V ety a_(Tair=TL)+ % rely
1= ar — a_ » 2= ay— a_ ’ (25)
where
ay = Xtby, (26)
by = exp(lyx+), (27)
ﬂ _ Qfixed

= , 28
dz z=ly kV|z=lVAroof ( )

In the second case we consider a variable heat ingress through the roof which
depends on the roof temperature. In this case, the boundary conditions are of Dirichlet
type at z = 0 and of Robin type at z = ly. The constants c¢; and c,are given by,

_ (TL-Tair)(ay +yby) _ (Tair—Tp)(a— +yb_)
(ay +yby)—(a— +yb)’ 27 (ay +yby)—(a_ +yb)’

€1 (29)

where

V _ Uroof (30)

kylz=ty

We observe that the temporal variation of the vapour temperature is primarily governed
by the height of the vapour phase, [y, which increases during evaporation, due to the
reduction in liquid volume. The analytical solutions for the vapour temperature profile

enable us to calculate the vapour to liquid heat ingress, Qyy,

: ndiz
Qv = Tkv|z=0(c1)(— + Cax4) - (31)

-12 -



The vapour to liquid heat ingress, Qy., depends on the average thermophysical
properties and the height of the vapour phase, see Egs. (19, 23, and 24). These
quantities change slowly during the evaporation. Consequently Qy; changes slowly with
time and if we assume a constant value, the total liquid heat ingress becomes a linear
function of liquid volume, as can be seen in Egs. (4)-(5). Therefore, the rate of change
of liquid volume is also linear in V;, see EQ. (9), and the liquid volume is obtained from
Eq. (13) by substituting the coefficients C and D by the non-equilibrium coefficients C"¢9,
D"¢4, defined as,

_ 4d, (Tair_TL)

cned —
a2 pp(hy—h) &’

(32)

and

neq — __ Qb0t+QVL
b pr(hy=hy) (33)
In a similar way, the time for complete evaporation and BOG rates for the non-
equilibrium model are obtained by substituting the non-equilibrium coefficients in Egs.

(14) - (15), respectively.

We observe that for both equilibrium and non-equilibrium models, the reduction
of the liquid volume, Eg. (13), and the BOG rates, Eq. (15), have the same form.
Bearing in mind that py < p; the non-equilibrium model will predict lower BOG rates and
higher liquid volumes compared to the equilibrium model, as in the equilibrium model,
Oy = Qy, while in non-equilibrium model, Qy; < Qy. We observe further that under
conditions of no heat transfer into or out of the vapour phase (Uy = Qy, = 0), the

equilibrium constants ¢ and D reduce to the non-equilibrium ones.

2.2.3 Implementation

The analytical solutions for the equilibrium case can be implemented directly
using the thermophysical properties of both phases evaluated at the saturation

temperature. For the non-equilibrium case, the situation is more complicated as the

-13-



analytical solutions for the vapour temperature, Eqs. (22-24, 26-30), and for the vapour
to liquid heat transfer, Eqg. (31), are functions of height of the vapour phase ly. Hence,
these two quantities can be only obtained sequentially, starting from the initial state
where the height of the vapour phase is a known input. As the evaporation proceeds,
the decrease in liquid volume will provide an appropriate value of [y. Furthermore, the
solution for both quantities requires an evaluation of the thermophysical properties ¢,
and ky, see Egs. (18)-(19), and the advective velocity 7,, see Eq. (17), at the average
vapour temperature. To calculate Ty and Qy,, at the given ly, the first option is to assume
that for the calculation of the vapour thermophysical properties the average vapour
temperature is equal to the liquid boiling temperature, and that Qy,, is negligible in the
calculation of v,. This option is straightforward to implement, but it introduces an error
which will increase with the duration of evaporation. The second option is to adopt an
iterative approach. In the first iteration, the vapour temperature profile is obtained by
evaluating the thermophysical properties at T, = Ty, and calculating 7, by assuming
that Qy;, = 0. With the obtained temperature profile and Qyy, Cp» ky and v, are updated
and so are the values of, H, c;, c,; that allows for a new vapour temperature profile and
Qy. to be calculated. The iteration is repeated until the average vapour temperature
converges to within acceptable limits. In this work the convergence criterium was 0.01K,

which was achieved in less than 10 iterations.

The calculation of V|, and BOG is in principle straightforward as the Egs (13,15)
can be used directly if Qy,, is assumed negligible in the total liquid heat ingress, see Eq.
(4). However, a more accurate solution can be obtained if these two quantities are also
calculated sequentially, using Eq. (31) to estimate the pseudo steady-state value of Qy,
at each time step. The time step At is defined by partitioning the evaporation time in n;
intervals, At =1t;/n,. We suggest using a time step between a week and a day,
depending on the desired accuracy. To differentiate, in the rest of the paper, between
the two calculation approaches we have named the former the direct route and the latter
the sequential route. In order to help with the implementation, the numerical procedures
used in this work are provided in a Python 3 Jupyter notebook as Supplementary
Material. The analytical solutions were implemented in MATLAB® R2018b, and the
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thermophysical properties of the cryogenic liquids were evaluated using the REFPROP
9.0 library [47].
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3. Results

The analytical solutions were compared to the numerical results of Huerta and
Vesovic weathering model [43] for large, medium sized and small tanks with different
initial fillings, using methane and nitrogen as representatives of cryogenic liquids. No
comparison with experimental data has been carried out in this work, as such validation
has already been performed successfully for the numerical model [43]. The vapour
properties were obtained at average vapour temperature by means of an iterative

approach described in Section 2.2.3.

3.1 Evaporation of liquid methane in large storage tanks

The analytical solutions for the equilibrium and non-equilibrium model were validated
against the numerical results obtained by running the LNG weathering model [43] for
liquid methane. It was assumed that the cryogen was stored in the same 165,000 m®
cylindrical storage tank (d; = 76.4 m, d, = 80.0 m) that was used for simulating
weathering of LNG. For the purposes of simulations, the heat ingress through the
bottom was assumed constant, Q, = 60 kW, the roof was assumed insulated, Qoo = 0,
while the heat transfer coefficients were taken as Uy = U, = 0.037 Wm™2K™".
Simulations for two different initial liquid fillings (LF), high (LF = 0.97) and low (LF =
0.3), were run until the stored cryogen was completely depleted. A dimensionless time

was defined as 7 = t/Tevap, Where t.y,p, the time taken for the cryogen to completely

evaporate, was taken from the simulation results.

For the equilibrium model, the analytical solutions reproduced the numerical
results exactly, to within 0.001%, for all the parameters studied (heat ingresses, liquid
volume, evaporation rate, BOG rate and evaporation time). We next consider the
analytical solutions for the non-equilibrium model. In Fig. 2 the vapour temperature
profiles predicted by the analytical solutions are compared for high (Fig. 2a) and low
(Fig. 2b) initial liquid fillings with the results obtained from the full numerical model. The
profiles are plotted against the dimensionless length, & = z/Il,,, as & provides a useful

scale for visualisation as it takes into account the increase in vapour height with time.
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Temperature profiles for six different stages of the evaporation are depicted, from the
beginning of the evaporation until the cryogen is completely depleted, t = 1. The
analytical temperature profiles show an excellent agreement for the high liquid filling
case (Fig 2a) during the whole process of evaporation. The absolute average
percentage deviation (AAD) and maximum deviations (MD) between the analytical and
numerical temperature profiles decreases from 0.5% and 1.2% at 7 =5.5 x 107> to
0.2% and 0.3% at T = 1, respectively. In contrast, for the low liquid filling (Fig. 2b), the
agreement is poor at the beginning of the evaporation (AAD = 12.0%; MD = 32.5% at
7 =3.25%x1073) and improves considerably for 7 > 6.5 x 1073 (AAD < 0.2%; MD <
0.3%), as illustrated in Figure 2b.

The failure of the analytical solution at the beginning of the evaporation is due to
the failure of the steady-state assumption to capture the transient dynamic of the rapid
vapour heating. During the transient period the temperature profile is governed by the
full advection-diffusion equation, Eq. (7), rather than by the ODE Egq. (18), as assumed
for the analytical solution. The large deviations observed for low liquid fillings are due to
the presence of large vapour volumes which necessitate longer transition periods. The
transient time increases approximately linearly with the decrease in the liquid filling,
consistent with the scaling tians ~ lv/7, [43], and for tank specifications used in this
example corresponds t0 Tirans,079 ~ 1.1 X 10™* (~ 12 hours) and t0 Tyrans 300 ~ 6.5 X
1073 (~ 11.5 days) for high and low LF, respectively. For the purposes of this work we
estimated that the steady-state (7 = 7..ns) IS achieved when the average vapour
temperature and density profiles in the vapour phase change at a rate slower than 1%

per day.

It is worth nothing that the analytical temperature profile near the vapour-liquid
interface, 0 < § < 0.1, agrees exceptionally well with numerical results even for low LF
at the initial stages of the evaporation, (AAD=0.9%; MD=1.9% for T = 3.25 x 1073 and
LF = 0.3). High accuracy of the vapour temperature profile near the interface is a
desirable feature of the analytical solution as the spatial temperature gradient at the
interface governs the vapour to liquid heat transfer rate, see Eq. (6). Equally importantly

the analytical solutions give very good estimates of the BOG temperature of methane
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(----) analytical solutions and (o) numerical results from Huerta and Vesovic [43] weathering model.

0.4

0.35

0.05 -

o

Evaporation rate, By,/(kgh™?)
(e)]
(4)]
(@]

LF=30%,N O
LF =30%, A

1

LF =97%, N
LF =97%, A

0.2 0.4 0.6

0.8

Dimensionless time, 7

800

~
o
o

D
o
o

LF =97%, N
LF =97%, A |

o] LF=30%,N O
LF =30%, A

400

0.4 0.6 0.8 1
Dimensionless time, T

0.2

Figure 3: Vapour to liquid heat transfer rate, Qy;, (a) and evaporation rate, By, (b) as a function of
dimensionless time for the evaporation of liqguid methane stored in a large tank at two different initial
liquid fillings. (----) analytical solutions and (0) numerical results from Huerta and Vesovic [43]
weathering model.

-18 -



vapour, following the elapse of transitional period (AAD=0.1%, MD=0.2% for 7 >
Tirans @Nd LF = 0.3).

In Fig.3 we analyse the performance of the analytical solutions in determining the
vapour to liquid heat transfer rate (Fig. 3a) and the evaporation rate (Fig. 3b). The
analytical solution predicts the vapour to liquid heat transfer with a high level of
accuracy for both low (AAD = 0.2%) and high (AAD = 0.1%) liquid fillings after the initial
transient period. The analytical model also predicts the evaporation rate exceptionally
well, as illustrated in Fig 3b with the maximum deviation of 0.2% for both low and high
LF. This result is not surprising, as total liquid heat ingress which drives the evaporation,
Eq. (9), is dominated by heat transfer from the surrounding for which the proposed

analytical solution is exact.

Figs. 4a illustrates the comparison of the BOG rates calculated from the
analytical solution by direct route and by numerical simulation. We observe, see Figs 4b
and 4c, that at the very beginning of the evaporation, the analytical solution
underestimates the BOG rate for both high LF (7 < Tirans, AAD = 1.0%; MD = 8.9%) and
low LF (T < T¢rans, AAD = 16.7%; MD = 55.2%). For t > 1455 the agreement between
the analytical and numerical results is excellent and low deviations in BOG rates are
observed for both high LF (AAD = 0.4%, MD = 0.5%) and low LF (AAD = 0.3%, MD =
0.4%). Similarly, the agreement for liquid volumes was excellent for both high LF
(AAD<0.1%, MD = 0.1%) and low LF (AAD=0.3%, MD=0.5%). Finally, we examine the
evaporation times and report that the analytical model underestimates the numerical

result by on average 0.5% irrespective of the initial liquid filling.

In order to test if the properties of the cryogen influence the observed deviations,
we have repeated the validation using the same tank, but loaded with liquid nitrogen
(LN2). The deviations obtained were similar except for BOG rates during the transient
period, see Figure 4d. The larger deviations for T < 7,.,,5 are a result of a lower boiling
point of nitrogen, which leads to a more rapid change of the vapour density with
temperature. For T > T4y, the agreement of BOG rates for both liquid fillings are
similar to that observed for liquid methane (AAD = 0.5%, MD=0.6%).
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We have also repeated the calculation by estimating the thermophysical
properties of the vapour at the cryogen saturation temperature, rather than average

vapour temperature, thus avoiding the need for the iterative procedure described in
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Section 2.2.3. The change in AAD (AAAD) between the two ways of calculating the
analytical solution was negligible for evaporation rates and liquid volumes
(AAAD<0.1%), and small for BOG rates (AAAD~0.4%) and for vapour and BOG
temperatures (AAAD~1%). The increase of the maximum deviation, AMD, was
negligible in all cases. This is to be expected as in the large tanks Qy, is small and
evaporation rate, liquid volume and BOG rate are not governed by the thermophysical
properties of vapour phase, see Egs. (13, 14, 32, 33), in so far as the average vapour
density is negligible compared with the liquid density, see Eq. (14). In contrast, the
increase in the deviations observed for Qy; was moderate (AAAD~4%), with AMD = 6%

for low LF and AMD = 18% for high LF.

3.2 Evaporation of liquid nitrogen stored in medium and small storage tanks

Not all the cryogens are stored in large storage tanks. As the size of the storage
tank is reduced, the transient times decrease and at first sight one would expect the
analytical solutions to be valid over an extended evaporation period. However, in
smaller tanks the rate of vapour to liquid heat transfer, Qy,, is proportionally greater and
that could invalidate the assumption of small and constant Qy,, used in deriving Egs. (13,
32-33). Hence in this section, we examine the accuracy of the analytical solution for
smaller tanks. In particular, we have tested the analytical solution for the case of liquid
nitrogen storage in a medium-sized 80.4 m?® cylindrical vessel (d; =2.85m,d, =
3.15m, U, = Uy = 0.011 Wm™2K™1), as used in industry [15]. In this scenario, the tank is
suspended from the floor and the bottom heat ingress is constant. At the tank roof, the
heat transfer rate is dependent on the BOG temperature, see Eqgs. (5) and (8), in
contrast to the insulated roof assumption used previously for large tanks (see Sec. 3.1).
Simulations were run for the two different fillings, namely high initial liquid filling
(LF=0.97) and low initial liquid filling (LF=0.30), until the complete depletion of the

stored liquid nitrogen.

As expected the transient periods for the medium-sized tank are an order of

magnitude shorter than for the large tank, corresponding t0 Ty ans.o79s = 1 %X 107* (4
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hours) and  Tyans,300 = 8 X 1072 (5.1 days) for high and low initial liquid fillings,
respectively. Figure 5 depicts analytical and numerical temperature profiles for the
nitrogen vapour after the transient period (tr > Tyans).- The temperature profiles show
significantly higher curvature than the profiles for the large tank, see Fig. 2. As the
Peclet numbers for both tanks are similar (in the medium sized tank Pe ranges from
0.95 to 8.7, whereas in the large tank Pe ranges from 0.98 to 14), one can conclude that
the effect of conduction and advection is comparable. Hence, the higher curvature for
medium-sized tank can be primarily attributed to increase of the contribution of the
source term, S, with decreasing tank diameter, see Egs. (18)-(19). Although the
analytical temperature profiles showed a fair agreement with numerical results for both
high LF (AAD = 1.1%, MD = 4.5%) and low LF (AAD = 0.8%, MD = 2.2%), the
deviations are approximately five times higher than the deviations observed for the large
tank (see Sec 3.1).

The increase in deviations, as the tank size decreases, can be attributed to the
increase in magnitude of the vapour to liquid heat transfer rate, Qy,. The average ratio

of the vapour to liquid heat ingress to the total liquid heat ingress, 7, = forevap Qv./

QLo dt, in the medium-sized tank is an order of magnitude higher than in the large tank;
for the medium-sized tank, r; = 3.3% for LF = 0.30 and r; = 1.6% for LF = 0.97, whereas
in the large tank, r; = 0.33% for LF = 0.30 and r; = 0.23% for LF = 0.97. Figure 6a,

illustrates that not only is Qy, on average an order of magnitude higher, when going
from a medium-sized to large storage tank, but that the rate of change of Qy., during
evaporation, is approximately 3 to 8 times faster than for the large tank, see Fig. 3a.
Thus, not corroborating the assumption of either small or constant Qy;, made in deriving
the analytical solution. Furthermore, the temperature profile is very sensitive to the
estimation of the advective velocity. As Qy, increases eight times during the evaporation
for high LF, compared with only three times for low LF, the observed deviations for
temperature profiles are larger for high LF. Nevertheless, the vapour temperature
profiles near the interface, are predicted for both LFs with deviations lower than 1%,

which results in analytical solution, Eq. (31), predicting the vapour to liquid heat ingress
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exceptionally well for both low LF (AAD =0.4%, MD =0.5%) and high LF (AAD = 0.1%,
MD = 0.5%).

Analytical BOG rates, obtained by direct route, showed a good agreement with
the numerical results, following the transient period, for both LF = 0.3 (AAD = 2.5%, MD
= 3.9%) and LF = 0.97 (AAD =1.8 %, MD = 2.4%). Similarly, to temperature profile
deviations, we observe that the BOG deviations are on average ten times larger than
those for large storage tanks. However, if the BOG rates were calculated sequentially,
by updating the value of Qy, at each step, as described in Section 2.2.3, the deviations
are much smaller for both low LF (AAD = 0.1%, MD = 0.5%) and high LF (AAD =0.3%,
MD = 1.1%) on par with the results for the large storage tank. The comparison between
direct and sequential route of calculating the liquid volume and BOG temperature is
given in Table 1. The results indicate that the sequential calculation presents a much
improved estimate of all the quantities of interest to practising engineer.

Table 1

Deviations of the analytical solutions from the full results [43], for the
evaporation of liquid nitrogen in a medium sized tank using direct (D)
and sequential (S) implementation

LF=0.97 LF=0.30

AAD MD AAD MD

D S D S D S D S

V. 0.9% | 0.5% | 3.0% | 0.6% | 1.5% | 0.6% | 4.7% | 0.7%
BOG 1.2% | 0.3% | 2.0% | 1.1% | 2.0% | 0.1% | 3.4% | 0.5%
Tgog 1.2% | 1.0% | 2.4% | 2.4% | 0.2% | 0.0% | 0.4% | 0.0%

To establish the range of applicability of the analytical solutions, simulations were also
ran for a limiting case of liquid nitrogen stored in a small storage tank of 8 m* capacity
(d; = 1.604 m,d, = 1.630 m, U, = Uy = 0.02 W/m?K, P=0.1 MPa, T=15°C).  Table 2
summarizes the deviations observed for the liquid volume, BOG rates and BOG

temperature for both the direct and sequential calculations.
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Table 2

Deviations of the analytical solutions, from the full results [43], for the
evaporation of liquid nitrogen in a small tank using direct (D) and
sequential (S) implementation

LF=0.97 LF=0.30

AAD MD AAD MD

D S D S D S D S

V. 1.3% | 0.8% | 4.3% | 1.0% | 1.7% | 0.8% | 5.4% | 1.0%
BOG | 2.0%  0.4% | 3.1% | 1.8% | 2.6% | 0.2% | 4.3% | 0.7%
Toc | 3.0% | 2.4% | 4.5% | 4.4%  0.8% | 0.1% | 1.0% | 0.1%

Although the direct calculation resulted in larger deviations than previously observed for
large and medium-sized tank, the sequential calculation produced a very good
agreement, in spite of much larger contribution of Qy; (ry = 6.0% for LF = 0.97, r, =
18.6% for LF = 0.3) that questions the assumption made in deriving the analytical
expressions that Qy,, term is small and constant. The agreement in the vapour to liquid
heat transfer rate was also good for both high LF (AAD = 0.4%, MD = 4.4%) and low LF
(AAD = 1.4%, MD = 2.3%), as a consequence of good agreement in the temperature

profiles near the interface.

Evaluating the vapour properties at the saturation temperature, rather than at the
average vapour temperature, resulted in only a small increase in deviations for
estimating BOG rates (AAADsmai tank~0.4%), liquid volume (AAADsmai tank~0.6%) and
BOG temperature (AAADgmai tank~1.5%). Although the deviations increase with a
decrease in the size of the storage vessel, overall they were of similar magnitude as
those observed for the large tanks and discussed in the previous section. Thus,
rendering the need to perform an iterative temperature loop in order to obtain properties
at the average vapour temperature unnecessary for estimating BOG rates, liquid

-25-



volume and BOG temperature. However, the calculation of the vapour temperature
profiles and especially the vapour to liquid heat transfer rate using saturation

temperature resulted in large deviations thus for these two quantities requiring a full
iterative solution.

- 26 -



Conclusions

Analytical solutions for the isobaric evaporation of a liquid cryogen in a cylindrical
tank have been presented for the liquid volume, BOG rate, vapour temperature and
vapour to liquid heat transfer rate for both equilibrium and non-equilibrium weathering
models. The solutions were verified against the numerical results of the Huerta &
Vesovic weathering model [43]. For the equilibrium model, the solutions are exact,
regardless of the tank size or cryogen, as the only assumptions made in the derivation
are constant air temperature and constant heat ingress through the bottom of the tank.
For the non-equilibrium model, the analytical solutions are valid for the whole duration of
evaporation, except for a short transient period at the beginning of the evaporation.
They provide accurate estimates of liquid volume, BOG rate and BOG temperature; the
three quantities that are of particular interest to practising engineers. Although the
accuracy decreases with the size of the storage tank, the maximum deviations did not
exceed 1% for liquid volumes, 2% for BOG rates and 4.5% for BOG temperatures, for
the range of different size tanks employed in this work. In order to achieve the
aforementioned level of accuracy the calculation of liquid volume and BOG rate needs
to be performed sequentially from the beginning of the evaporation with updating the
vapour to liquid heat transfer at each time step. A direct evaluation, at a given time, of
liquid volume and BOG rate would only lead to accurate results for the large storage
tanks that are currently used to store LNG. The analytical solutions also provide
accurate estimates of the vapour temperature profiles and the vapour to liquid heat
transfer rate. For large storage tanks, the relevant vapour thermophysical properties can
be estimated at the saturation temperature. As the size of the tank decreases the
calculation needs to be performed at the average vapour temperature in order to

maintain the desired accuracy. This requires an iterative approach.

One of the rationales in deriving the analytical solutions was to provide us with
further insight into the evaporation process. We observe that the resulting analytical
solutions for the vapour temperature clearly indicate that following the transient period,
the temporal evolution of the profiles is primarily governed by the increase in the vapour
height; the system reaches a pseudo steady-state with respect to heat ingress and the
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increase in the vapour temperature is a result of a lower volume of liquid being present.
We also observe that the contribution of the source term to the overall heat ingress
increases with decreasing tank diameter. Thus, for smaller tanks, the evolution of the
vapour temperature profiles, which exhibit large curvatures, is driven more by heat
ingress from outside and less by conduction or advection, as is the case for large
storage tanks. Finally, we observe that the analytical solution for the vapour to liquid
heat transfer, Qy, is in a very good agreement with the numerical results. Even for the
smallest tank, where the contribution of Qy is large and increases with time, the
maximum deviation is below 5%. This indicates that the analytical solution for Qy; can

be used as a building block in more complex evaporation models.

Furthermore, by examining the analytical solutions we can conclude that the
BOG rate is mainly governed by the evolution of the liquid volume, because the vapour
density term is negligible in comparison to the liquid density. The variation in BOG rates
will be greatest for small tanks with a poor insulation (small d; and large U) as a
consequence of increase in constant C. If the heat transfer through the bottom of the
tank and vapour to liquid heat transfer are small, compared to the heat transfer through
the walls, the constant D in the analytical solution will be small and the BOG rates will

decrease exponentially through the evaporation, leading to longer evaporation times.
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