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Abstract

Time-varying VAR models represent fundamental tools for the anticipation and analysis of eco-
nomic crises. Yet they remain subject to a number of limitations. The conventional random walk
assumption used for the dynamic parameters appears excessively restrictive, and the existing es-
timation procedures are largely inefficient. This paper improves on the existing methodologies
in four directions:

i) it introduces a general time-varying VAR model which relaxes the standard random walk as-
sumption and defines the dynamic parameters as general autoregressive processes with equation-
specific mean values and autoregressive coefficients.

it) it develops an efficient estimation algorithm for the model which proceeds equation by equa-
tion and combines the traditional Kalman filter approach with the recent precision sampler
methodology.

ii1) it develops extensions to estimate endogenously the mean values and autoregressive coeffi-
cients associated with each dynamic process.

iv) through a case study of the Great Recession in four major economies (Canada, the Euro
Area, Japan and the United States), it establishes that forecast accuracy can be significantly
improved by using the proposed general time-varying model and its extensions in place of the
traditional random walk specification.
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1 Introduction

Vector autoregressive models have become the cornerstone of applied macroeconomics. Since
the seminal work of Sims (1980), they have been used extensively by financial and economic
institutions to perform routine policy analysis and forecasts. While convenient, VAR models
with static coefficients and volatility often turn out to be excessively restrictive in capturing the
dynamics of time-series, which typically exhibit some form of non-linearity in their behaviours.
This motivated the introduction of time-varying coefficients (Canova (1993), Stock and Watson
(1996), Cogley (2001), Ciccarelli and Rebucci (2003)) and stochastic volatility (Harvey et al.
(1994), Jacquier et al. (1995), Uhlig (1997), Chib et al. (2006)), to account for potential shifts
in the transmission mechanism and variance of the underlying disturbances. More recently, the
two features have been combined (Cogley and Sargent (2005), Primiceri (2005)) to produce a
class of fully time-varying VAR models.

With the events of the Great Recession, time-varying VARs have attracted renewed attention.
Part of the literature has focused on the heteroskedasticity of the exogenous shocks (Stock and
Watson (2012), Doh and Connolly (2013), Bijsterbosch and Falagiarda (2014), Gambetti and
Musso (2017)), primarily interpreting the Great Recession as an episode of sharp volatility of
the disturbances affecting the economy. Rather, other works have emphasized the changes in
the transmission mechanism (Baumeister and Benati (2010), Benati and Lubik (2014), Ellington
et al. (2017)), and view the Great Recession as a period of altered response of macroeconomic
variables to economic policy. In either case, there is strong evidence that accounting for time
variation is crucial to the accuracy of policy analysis and forecasts in a context of crisis. Conse-
quently, time-varying VARs should represent a benchmark tool to predict economic downturns
and their evolutions.

However, these models remain subject to limitations of both theoretical and methodological
order. On the theoretical side, the literature has widely adopted the random walk specification
for the laws of motion of the different dynamic parameters. Denoting for instance by 8; any one
of the dynamic parameters of the VAR model and by €; the shock on the process, a random walk
law of motion expresses as:

oo
0y =01+ ¢ or, equivalently 0; = Z €1—j (1)
§=0

While convenient and parsimonious, a random walk specification like (1) may be inadequate for
several reasons. First, it implies that the range of values taken by 6, increases over time and
becomes eventually unbounded, resulting in explosive behaviour in the limit. This is at odd
with both empirical observations and economic theory which suggest that in the long run, the
behaviour of an economy should reach some equilibrium. In other words, a formulation like
(1) is unlikely to constitute a good representation of the underlying data generating process.
Second, and perhaps more importantly, a random walk specification may prove inadequate for
forecasting purposes. As made clear by the right-hand side of (1), the random walk grants equal
weight to all past shocks. Yet, time-varying models are typically intended for capturing the
latest developments on some dynamic process. This supposes to account primarily for the effects
of the most recent disturbances on the process, while granting less weight to past shocks.



A number of attempts have been made to restrict the undesirable properties of the random walk
(Ciccarelli and Rebucci (2002), Koop and Korobilis (2010), Nakajima and West (2015), Eisenstat
et al. (2016)). These approaches typically address the first issue, but not the second one. They
also involve the estimation of a large number of additional parameters, which may generate
parsimony issues and substantially complicate the estimation procedure. For these reasons, it is
preferable to simply replace (1) by a stationary formulation of the kind:

0 = (1 —7)0 + 401 + ¢ or, equivalently 0, =6+ Z ’yjet_j (2)
=0

with 0 < v < 1 and @ respectively denoting the autoregressive coefficient and mean terms of
the process. Formulation (2) addresses both issues related to the random walk, while remaining
conceptually simple. A final issue related with the random walk specification is the homogeneity
assumption it sets de facto, as it implies that all the dynamic parameters follow a similar unit-root
process. There is yet no legitimate reason to assume that the dynamic parameters of different
variables evolve homogeneously. In fact, it is quite likely that different economic variables are
characterised by different behaviours of their dynamic coefficients and residual volatilities. For
this reason, an equation-by-equation approach seems preferable for the dynamic processes. This
leads to reformulate (2) as:

o
Oir=(1— 'yi)éi +7viit—1 + €4  or, equivalently 0, = 0; + Z’Yijfi,t—j i=1,...,n (3)
j=0

where 0; ; represents the component of ¢; for equation ¢ of the model, and ~; and 0; respectively
denote the equation-specific autoregressive coefficient and mean terms. This specification is suf-
ficiently flexible to capture the essential specificities of the behaviours of the different variables
included in the model. It creates however new challenges as it becomes crucial to determine the
values of ; and 6; properly. This question has attracted considerable attention in the univariate
ARCH literature (Jacquier et al. (1994), Kim et al. (1998), Chib et al. (2002), Jacquier et al.
(2004)), while contributions on the multivariate side have been more limited. Ciccarelli and Re-
bucci (2003), Prado and West (2010) and Lubik and Matthes (2015) propose a general stationary
formulation for the law of motion of their time-varying VAR models, but retain the random walk
for estimation. Clark and Ravazzolo (2015) test for a stationary stochastic volatility specification
with inconclusive results compared to the random walk. Another option consists in estimating
the parameters endogenously. Yet limited work has been done in this direction. In a first attempt
to determine the mean of the structural shock volatility, Uhlig (1997) relies on a set of Beta prior
distributions. Primiceri (2005) questions the random walk assumption and tests for exogenous
estimation of the autoregressive coefficients on the dynamic processes. He concludes that no
relevant differences exist compared to the homogeneous random walk specification. Mumtaz and
Zanetti (2013) endogenously estimate the autoregressive coefficients on stochastic volatility, and
obtain coeflicients close to the random walk.

On the methodological side, time-varying VAR models have been criticised for their inefficiency
in terms of estimation. Aside from a limited number of contributions relying on non-Bayesian
methods (Delle Monache and Petrella (2016), Kapetanios et al. (2017), Gorgi et al. (2017)) and
quasi-Bayesian methods (Petrova (2018)), the Bayesian methodology has been widely adopted
by the literature for its flexibility. So far the benchmark methodology relies on the state-space



formulation proposed by Primiceri (2005) and amended by Del Negro and Primiceri (2015). This
approach builds on the algorithm developed by Carter and Kohn (1994), which uses a two-pass
procedure based on the Kalman filter. The procedure is rather sophisticated and unintuitive.
Also, the multiple loops through time and the building of the states in a recursive fashion may
considerably slow down the estimation. This is especially true for large models for which the
Primiceri (2005) approach becomes very inefficient. Yet the recent literature has emphasized
the importance of large information sets (Banbura et al. (2010), Carriero et al. (2015), Gian-
none et al. (2015), Kalli and Griffin (2018)), establishing that large systems perform better than
smaller systems in forecasting and structural analysis.

Different strategies have been adopted to overcome this inefficiency issue. Carriero et al. (2016)
propose to estimate their large Bayesian VAR model equation by equation rather than jointly.
Doing so considerably reduces the computational complexity of the estimation algorithm, render-
ing the estimation of large VARs feasible. Nevertheless, their model is only partially time-varying
as it involves stochastic volatility but leaves the residual covariance and VAR coefficient parts of
the model static. Hence, it is not yet established how much efficiency gains can be obtained from
their methodology once applied to a fully time-varying model of the kind of Primiceri (2005).
An alternative strategy has been proposed by Chan and Eisenstat (2018). The authors develop
a precision sampler which replaces the traditional Carter and Kohn (1994) algorithm with a full
sample formulation relying on sparse matrices. Significant efficiency gains are reported (of the
order of 15-30%). Nevertheless, the few papers using the methodology so far (Chan and Jeliazkov
(2009), Chan (2013)) have been limited to small dimensional parameters, and it is yet uncertain
how well the precision sampler performs in larger dimensions. As the two approaches are not
mutually exclusive, a natural strategy suggests to combine them in the hope of optimising the
efficiency of the estimation procedure.

Based on these considerations, this paper contributes to the literature in four directions. First, it
introduces a general, fully time-varying VAR model which is formulated on an equation by equa-
tion basis. For each dynamic parameter, the random walk assumption is relaxed and replaced
with a general autoregressive process with equation-specific mean values and autoregressive co-
efficients. Second, it proposes an optimal sampling algorithm for the model which combines the
equation by equation estimation procedure of Carriero et al. (2016) with the precision sampler
of Chan and Eisenstat (2018) and the traditional Carter and Kohn (1994) methodology!. It
shows that the procedure provides considerable efficiency gains, even on large models. Third,
it proposes extensions to endogenously estimate the mean terms and autoregressive coefficients
associated with the laws of motion of each dynamic parameter. The employed priors are infor-
mative and aim at getting closer to the underlying data generating process. Finally, the paper
conducts a case study on the Great Recession. The exercise is realised on a large time-varying
VAR comprising 12 variables, estimated for four major economies (Canada, the European Union,
Japan and the United States). It establishes that the random walk is unambiguously rejected as
a suitable formulation for forecasting purposes, and further shows that the extensions outper-

Note that the equation by equation formulation of the model on the one hand, and the equation by equation
estimation procedures of Carriero et al. (2016) on the other hand represent two complementary but distinct aspects
of the model. The former is related to the specification of the model and concerns forecast accuracy, while the
latter is related to the computational efficiency of the estimation algorithm. It is possible to include one of these
features in the model, but not the other. For instance, the dynamic parameters could be formulated equation
by equation but estimated jointly. Conversely, the dynamic parameters could be formulated homogeneously but
estimated equation by equation, as done in Carriero et al. (2016).



form the base stationary formulation in terms of forecast accuracy. Following, it suggests that
the crisis could have been better predicted with a proper use of time-varying VAR models.

The remaining of the paper is organised as follows: section 2 introduces the general time-varying
model and provides the details of the estimation procedures; section 3 discusses the efficiency
of different competing methodologies and introduce the optimal sampling algorithm; section
4 develops the extensions allowing for endogenous estimation of the autoregressive coefficients
(random inertia) and mean terms (random mean) of the dynamic parameters; section 5 presents
the results of the case study on the Great Recession and discusses the benefits of the general
time-varying model and its extensions in terms of forecast accuracy; section 6 concludes.

2 A general time-varying model

2.1 The model

Consider the general time-varying model:
v =Cze+ Ay + -+ Apyppp+e t=1,--- T | er ~ N(0, %) (4)

1t is a n X 1 vector of observed endogenous variables, z; is a m X 1 vector of observed exogenous
variables such as constant or trends, and &; is a n x 1 vector of reduced-form residuals. The resid-
uals are heteroskedastic disturbances following a normal distribution with variance-covariance
matrix ;. Cy, A1y, -+, Aps are matrices of time-varying VAR coeflicients comfortable with z;
and the lagged values of y;. Stacking in a vector (3 the set of VAR coefficients, (4) rewrites:

yr = Xy By + &4 (5)
with:
Xe=1,Q@x , w = (22 yé_l T ?Jé_p) , Be = U€C(Bt) , By = (Ct Al,t T Ap,t)/ (6)

Considering specifically row ¢ of (5), the equation for variable i of the model rewrites:

Yit = TePit + it (7)

where ;4 is the k x 1 vector obtained from column i of B;. Stacking (7) over the T' sample
periods yields a full sample formulation for equation ¢:

yi = XPBi +& (8)
with:
Vil . 0 - 0 Bin €41
Yi,2 ' : Bi2 Ei2
y= | x=|0 * C =TT, = (9)
: . .0 :
Vi, T 0 -~ 0 ar Bir EiT

The variance-covariance matrix >; for the reduced form residuals is decomposed into:

ATAL = Ay & Y= A7 AAY (10)



Ay (and A} ) are unit lower triangular matrix, while A; is a diagonal matrix with positive
diagonal entries, taking the form:

1 0 e 0 s1 exp(Aiy) 0 e 0
e e ! % explda) : (11)
: . . 0 : 0
Onit 0 Opn-1)e 1 0 e 0 spexp(Ang)

The triangular decomposition of the variance-covariance matrix ¥; implemented in (10) is com-
mon in time-series models.? A; represents the volatility components of ¥;, each s; being a
positive scaling term which represents the equilibrium value of the residual variance of equation
i of the model. On the other hand, A; can be interpreted as the (inverse) covariance compo-
nent of ¥;. Denoting by d; the vector of non-zero and non-one terms in row ¢ of A; so that
dit = (0i1g - 5i(i_1),t)’ , 0; + then represents the covariance between the residual of equation
1 of the model and the other shocks.

The dynamics of the model time-varying parameters is specified as follows:

Bit = (1= pi)bi + pifit—1+ & t=2,3,...,T & ~ N(0,€)

Bix = bi + & t=1 i1 ~ N (0,74)

Xit = YiNig—1 + Vig t=2,3,...,T vit ~ N(0,¢;)

il = Vi t=1 vig ~ N (0, i)

dit = (1 —oi)d; + idip—1 + mit t=23,...,T nie ~ N0, ¥;)
dix=di+mia t=1 nia ~ N(0,e ;) (12)

pi, Vi and «ay represent equation-specific autoregressive coefficients while b;, s; and d; represent
the equation-specific mean values of the processes. These are treated for now as exogenously
set hyperparameters, but the assumption will be relaxed in section 4. Clearly, each law of
motion nests the usual random walk as a special case setting the autoregressive coefficient to
1. For each process, the initial period is formulated consistently with the overall dynamics of
the parameters. The mean corresponds to the unconditional expectation of the process, while
the variance is scaled by the hyperparameters 7, u, e > 1 to account for the greater uncertainty
associated with the initial period. All the innovations in the model are assumed to be jointly
normally distributed with the following assumptions on the variance covariance matrix:

Et Et 0 0 0
St 10 @ 0 O

Var vl =10 0 ¢ o (13)
it 0 0 0

This concludes the description of the model. For ¢ = 1,...,n, the parameters of interest to be

estimated are: the dynamic VAR coefficients 3; ; the dynamic volatility terms )\;; the dynamic
covariance terms ¢;; and the associated variance-covariance parameters €2;, ¢; and ¥;. To these
six base parameters must be added the parameter r;; whose role will be clarified shortly.

2 As discussed by Carriero et al. (2016), the triangular decomposition employed in (10) is used only as an estimation
device and does not imply any structural identification. The triangular factorisation does however imply that
the ordering of the variables may affect the joint posterior distribution of the model. This is not a specificity of
this particular model, but rather a feature which is inherent to all models using the factorisation (10).



2.2 Bayes rule

Following most of the literature, Bayesian methods are used to evaluate the posterior distribu-
tions of the parameters of interest. Given the model, Bayes rule is given by:

7T(/87Q7 )\7 ¢’ 5’ ‘Ij,T’y) o8 f(y‘/67 )\7 57 T)

n n n n T
X (Hﬂ(ﬁi|9i)ﬂ(9i)> (HW()\H@)W(@)) (Hﬂ@@i)”(%)) (HHMW,O) (14)

i=2 i=1t=1

2.3 Likelihood function

Starting from (5) and rearranging, a first formulation of the likelihood function obtains as:

f(y|67 )\, 5, T’) = (27’[‘)771’11/2 (ﬁ S;T/?)

i=1

1 — ~
X exp (— Z {)\ng + (yi — Xﬁz +&; 51)/ Sz-_lAZ' (yz — Xﬁz +&; 52)}) (15)
2 i=1
with:
i 1 exp(—Ain1)
A, 1 - - - exp(—A;,
Ai = .2 Ipr=1. A, = diag(N\;) \i = ( 2)
>‘i7T 1 exp(—)\z T)
‘SLi,l 0 T 0 €1t 51‘,1
I : €2, 03,
o S 5= | (16)
: .. .. 0 . :
0 . 0 ¢ ,p Ei—1,t 0iT

(15) proves convenient for the estimation of ; and d;, but does not provide any conjugacy
for A; due to the presence of the exponential term A;. This is a well-known issue of models
with stochastic volatility and the most efficient solution is the so-called normal offset mixture
representation proposed by Kim et al. (1998). The procedure consists in reformulating the
likelihood function in terms of the transformed shock e; = (A, 1A% / )1, It is trivially shown
that e; is a vector of structural shock with e; ~ N(0, I,,). Considering specifically the shock e; ;
in the vector, squaring, taking logs and rearranging eventually yields:

éiy =1og(e7,) = iy — Ai Gi = log(s;  (eiy + 01 42-i0)%) (17)

é;+ follows a log chi-squared distribution which does not grant any conjugacy. Kim et al. (1998)
thus propose to approximate the shock as an offset mixture of normal distributions. The ap-
proximation is given by:

7
éi,t ~ Z ]]-(Ti,t = j) Zj s Zj ~ J\/(mj,vj) s P’I"(T@t = j) = qj (18)
j=1



The values for m;,v; and g; can be found in Table 4 of Kim et al. (1998). The constants m;
and v; respectively represent the mean and variance components of the normally distributed
random variable z;. 7;; is a categorical random variable taking discrete values j = 1,...,7, the
probability of obtaining each value being equal to g;. Finally, 1(r;; = j) is an indicator function
taking a value of 1 if 7;; = j, and a value of 0 otherwise. To draw from the log chi-squared
distribution, the mixture first randomly draws a value for r;; from its categorical distribution;
once 1;; is known, its value determines which component z; of the mixture is selected. é;; then
turns into a regular normal random variable with mean m; and variance v;. Given (17) and the
offset mixture (18), an approximation of the likelihood function obtains as:

1(ri, = 5) {(27ij)—1/2 exp (_1 (Git — Nip — mj)2> } 19)

2 ’Uj

n T 7
Fwls Ao =1111

i=1t=1 j=1

For the estimation of A;, a more convenient joint formulation can be adopted. Defining r; =
(rix ... mir), denoting by J any possible value for r;, by m; and v the resulting mean and
variance vectors, and defining V; = diag(vy), the likelihood function rewrites as a mixture of
multivariate normal distributions:

fylB, A, 6,7)

n

— H EJ: 1(r; = J) {(QW)_T/2|VJ|_1/26$]) <—;(Qi — X —my)' Vi (G — A — mJ)) } (20)

=1

~

with:
" L L/ 1 2
Gi = (Gi1 Ui --- Gir) =log(s;' Q;) Q= (ei+&i0i) (21)

2.4 Priors

The priors for the dynamic parameters 5;, \; and ¢; follow the precision sampler formulation of
Chan and Eisenstat (2018).% Consider first the VAR coefficients 3;. Starting from (12), the law
of motion can be expressed in compact form as:

I 0 0 Bin b; il
—o; I T : Bi2 (1 —pi)b; i
Ptk Tk U = . + (22)
: ' 0 : : :
0 - —pilp I;) \Bir (1 — pi)b; ST
or:
10 -0 b; it
- —p; 1 o . (1= pi)bi &i2
(F;0Iy) fi=bi+& F= p bi = . SGi=| . (23)
L : :
0 - —p; 1 (1 — pi)b; &ir

3The alternative methodology of Carter and Kohn (1994) does not require an explicit derivation of the priors.



Also:

7% 0 - 0 0 - 0
vare)=| % eneq L= (24
0 - 0 0 -~ 0 1

(23) and (24) respectively imply 3; = (F; ® I,) " 'b; + (F; ® I,) 7' and & ~ N(0, I; ® Q;). From
this and rearranging, the prior distribution eventually obtains as:

7(Bil€%) ~ N (Bio , o) Bio = 17 ® b; Qo= (F I;' FFoo; )™t (25)
Using for A; and §; equivalent procedures and notations, it is straightforward to obtain:
m(Ailgi) ~ N (0, @) Dio = i(GiL'Gi) ™!

(04| W;) ~ N (i , Wio) dip = lr ® d; W= (H] I HioU;")™! (26)

For the priors of the variance-covariance parameters €2;, ¢; and ¥;, the choice is that of standard
inverse Wishart and inverse Gamma distributions. Precisely:

(@) ~ IW (Go, To) w(1) ~ 1G (5. 5)

55 (Vi) ~ IW (g0, O0) (27)

Finally, from (18), it is immediate that the prior distribution for r;, is categorical:

7(ris) ~ Cat(qu, .. . q7) (28)

2.5 Posteriors for the dynamic parameters

The joint posterior obtained from (14) is analytically intractable. Following standard practices,
the marginal posteriors are estimated from a Gibbs sampling algorithm relying on conditional
distributions. The conditional posteriors of the dynamic parameters are first derived in the con-
text of the precision sampler of Chan and Eisenstat (2018).

For B;, Bayes rule (14) implies 7(8i|y, \B:) < f(y|B, A, 6, 7)m(B:]Q;).* From the likelihood (15),
the prior (25) and rearranging, it follows that:

7(Bily, \B:) ~ N (Bi, Q) with:
Q=" X'NX+F I Feoo )™

For \;, Bayes rule (14) implies 7(\;|y, \A\i) o< f(y|B, A, d,7)m(Ai|¢;). From the approximate
likelihood (20), the prior (26) and rearranging, it follows that:

m(Aily, \\i) ~ N(j\i, i)i) with:
O = (Vi + 6, G G)™ A= 0V g — muy)) (30)

4For 0; any parameter, 7(6;|\0;) is used to denote the density of ; conditional on all the model parameters except
0;.



For §;, Bayes rule (14) implies 7(d;]y, \d:i) o f(y|B, A, 0,7)7(d;|¥;). From the likelihood (15),
the prior (26) and rearranging, it follows that:

m(8ily, \6i) ~ N'(8i, ;) with:

U, = (s ELNEAH T HHo U7 5 = Uy(—s7 L Mgy + HIT_ Hilr @ U7'd;) (31)
For incoming developments, it is worth mentioning that as an alternative to the precision sampler,
the conditional posteriors for the dynamic parameters can be derived from the algorithm of Carter

and Kohn (1994). The algorithm is standard and the details are deferred to Appendix A in order
to save space.

2.6 Posteriors for the other parameters

For €;, Bayes rule (14) implies 7(€2;]y, \€%) o< 7(8;]€%)7(€2;). From the priors (25) and (27)

then rearranging, it follows that:

m(Qly, \Qi) ~ IW((, Ty) with: (=T+ Yi=Bi+ Yo

Bi=(B; - 1p®b;) (F I;' F)(B; — 17 @ b;)f Bi=(Bix Biz -+ Bir) (32)

For ¢;, Bayes rule (14) implies 7(¢;|y, \¢i) o< m(\i|¢i)m(¢;). From the priors (26) and (27) then

rearranging, it follows that:

T+ ko L AQ(G;[}IIGZ))W—FWQ
2 Y 2

For U;, Bayes rule (14) implies w(¥;|y, \W;) o 7(;|¥;)m(¥;). From the priors (26) and (27)

then rearranging, it follows that:

m(¢ily, \¢i) ~ IG(R,@;) with: k= (33)

m(Wily, \¥;) ~ IW (9, 0;) with: e=T+ o 0, = D; + 0
D; = (D; — 1y @ d;)(H] I« H;)(D; — 1} ® d;)’ D;= (61 b2 - i) (34)

Finally, for r; ;, Bayes rule (14) implies 7(7; ¢|y, \ri+) o< f(y|B, A, 6, 7)m(r; ). From the approxi-
mate likelihood (19) and the prior (28), it follows immediately that:

: _ _ 1 (§ip — Aig —my)°
(rigly, \ria) ~ Cat(qy,....qr)  with:  g; = (2mv;)"exp (—2“” - 2 )qj (35)
J

2.7 MCMC algorithm

A preliminary, naive version of the MCMC algorithm for the general time-varying model is now
introduced. This version fully relies on the precision sampler procedure, and its performance is

discussed in the incoming section. The algorithm consists in a 7-step procedure, as follows:
Algorithm 1: MCMC algorithm for the general time-varying model:
1. Fori=1,...,n, sample )\; equation by equation from: m(\;|y, \\i) ~ N (s, ®;).
2. For i =1,...,n, sample 3; equation by equation from: 7(B;|y, \Bi) ~ N(Bs, ).

3. For i = 2,...,n, sample &; equation by equation from: (8;|y, \&;) ~ N(6;, V).



4. For i =1,...,n, sample ; equation by equation from: m(Q|y, \) ~ IW ((, XT5).

5. For i = 1,...,n, sample ¢; equation by equation from: 7(¢;|y, \¢;) ~ IG(E, ;).

6. For i = 2,...,n, sample ¥; equation by equation from: 7(¥;|y, \W¥;) ~ IW (g, 6;).
7.Fori=1,...,nand t =1,...,T, sample r;; from: 7(r;¢|y, \1i+) ~ Cat(q,...,qr).

Observe that the ordering of the steps in the algorithm differs from the one used for the presen-
tation of the model. It introduces A; first, then the other model parameters, and eventually the
offset mixture parameters 7;;. This specific ordering is necessary to recover the correct poste-
rior distribution whenever the normal offset mixture is used to provide an approximation of the
likelihood function. See Del Negro and Primiceri (2015) for details.

3 Efficiency

3.1 Preliminary comparison

As a preliminary exercise, this section discusses the computational efficiency of the MCMC al-
gorithm developed in the previous section for the general time-varying model against a number
of competing methodologies and different scales of models. The exercise is based on a quarterly
macroeconomic model for the US economy, the details of which are introduced in section 5°.
Three versions of the model are considered. The first is a “small” version of the model which
corresponds to the small US economy model of Primiceri (2005) and includes three variables,
two lags and a constant. The second “medium” model comprises six variables and three lags.
The final “large” model expands the setting to twelve variables and four lags®. The three models
are estimated on a quarterly sample of size T" = 160.

The exercise compares four competing estimation methodologies. The benchmark methodology,
labelled as method 1, consists in the general time-varying model introduced in the previous sec-
tion, and estimated with Algorithm 1. Again, this procedure combines the equation by equation
approach of Carriero et al. (2016) with the precision sampler of Chan and Eisenstat (2018).
Following, a natural candidate for comparison consists in a similar model, but estimated jointly
rather than equation by equation, and relying on the standard Kalman filter approach rather than
on the precision sampler. This corresponds to the standard Primiceri (2005) approach, labelled
as method 4. Two other in-between methodologies are considered for the sake of highlighting the
respective contributions of the precision sampler and equation by equation approaches. Similarly
to Carriero et al. (2016), method 2 adopts an equation by equation procedure but relies on the
Kalman filter approach rather than on the precision sampler. At the opposite, in line with Chan
and Eisenstat (2018), method 3 uses the precision sampler but estimates the model jointly rather

5The reader is thus referred to section 5 for a complete presentation of the model, its calibration and a description
of the set of variables included along with their transformations.

SNote that a fully time-varying VAR with 12 variables effectively represents a large model. The literature has
produced a number of arguably larger time-varying settings, for instance Banbura et al. (2010) (26 variables) or
Carriero et al. (2016) (125 variables). These models however include considerably smaller time-varying compo-
nents: 3 and 125 parameters per sample period respectively for Banbura et al. (2010) and Carriero et al. (2016),
against 666 coefficients per sample period for the large model developed here. Other large time-varying models
like Koop and Korobilis (2013) (25 variables) or Koop et al. (2018) (129 variables) rely on some simplifying device
to keep estimation feasible, and are thus not comparable with the present approach.
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than equation by equation. The results for 10000 repetitions of the algorithm are reported in
Table 17.

Method 1 Method 2 (Carriero et al.)  Method 3 (Chan et al.)  Method 4 (Primiceri)
equation by equation equation by equation jointly estimated jointly estimated
precision sampler Kalman filter precision sampler Kalman filter
Small model 1m 2s 3m 52s (x 3.74) 3m 34s (x 3.45) 4m 47s (x 4.62)
Medium model 14m 14m 1h 12m 50s (x 5.20) 33m 40s (x 2.40)
Large model 2h 37m (x 2.08) 1h 16m 80d 1h (x 1523) 1d 1h (x 20.09)

Bold entry: best methodology; multipliers between brackets are computed respective to the best methodology.
Model variables: Small: UR, HICP, STR; Medium: UR, HICP, STR, GDP, LTR, REER; Large: all variables

Table 1: Estimation performances for the different methodologies (for 10000 iterations)

Two main conclusions derive from Table 1. First, estimation of the model equation by equation
does improve significantly the computational performance. The gains are variable across esti-
mation methodologies and model dimensions, but are always sizable. Smaller dimensions seem
to produce the smallest computational benefits, with a bit more than 20% gain in the case of
the small model (comparing methods 4 and 2) and around 70% gain in the case of the precision
sampler (comparing methods 3 and 1). This is because small models maintain the dimensions of
the dynamic parameters low anyway, even when they are estimated jointly. As a consequence,
the dimensional issues traditionally arising with the selected algorithms are not too marked and
the benefits remain moderate. At high dimensions however, the conclusions are quite different.
For the large model the gains become very large, reaching 95% when comparing methods 2 and
4 and exceeding 99.8% when comparing methods 1 and 3. This confirms the lower relative com-
putational efficiency of the estimation algorithms at high dimensions, and hence the relevance
of the Carriero et al. (2016) approach to reduce the dimensionality of the dynamic parameters
in the estimation process.

The second conclusion is that, perhaps surprisingly, the precision sampler of Chan and Eisenstat
(2018) does not necessarily improve the computational efficiency of the procedure. Its efficiency
seems to be in fact highly related to the dimension of the model. At small dimensions the
precision sampler is fully efficient. In the case of the small model, it always represents the best
option and is associated with considerable computational gains (almost 75% comparing methods
1 and 2, still more than 25% comparing methods 3 and 4). At medium dimensions the precision
sampler plays at par with the Kalman filter when using the equation by equation approach
(methods 1 and 2), but is already dominated with a joint estimation approach. At the highest
dimension, the precision sampler becomes strictly dominated by the Kalman filter approach,
and in the case of a joint estimation (methods 3 and 4) completely breaks down: a simple run
of 10000 iterations with the Chan and Eisenstat (2018) methodology would take more than 80
days, rendering the estimation practically infeasible.

TAll the estimations were conducted on a computer equipped with a 2 GHz Intel Core processor and 4 Go of
RAM, for a Windows performance rating of 5.1/10, i.e., a fairly average computer. While the absolute numerical
performances depend on the technical capacities of every machine, the ratio of the relative performance on
estimating different models remains invariant to the computer used.
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3.2 Optimal sampling algorithm

Following the conclusions of the previous section it is worth investigating further the properties
of the precision sampler, which requires some understanding of the computational details. As
discussed in Chan (2013), obtaining a draw from the precision sampler essentially consists in
estimating the Cholesky factor of a sparse and banded precision matrix, and then run a back-
ward /forward substitution with this Cholesky factor. What Chan (2013) fails to notice is that
for a bandwidth of h in the precision matrix, the number of operations involved for the Cholesky
factorisation and the backward/forward substitutions is of the order of O(h?T') (Boyd and Van-
denberghe (2004), p510). When h is very small, the computational cost is essentially determined
by the sample size T'. But as h increases, the flop count becomes quickly dominated by the
bandwidth h, and the number of computations can escalate at a very fast rate®. For the general
time-varying VAR model developed in section 2, the bandwidth of the matrices involved in the
precision sampler methodology corresponds to the dimension of the dynamic parameters at each
sample period. This is equal to k for the VAR coefficients 3;, and to a maximum of n — 1 for the
residual covariances §;. Because these values can be large, the precision sampler may become
inefficient.

To make this point formal, the respective performances of the precision sampler and the Kalman
filter are tested for different dimensions of the parameters 8; and J;. A; being always scalar-
valued, the comparison is only realised for dimension one. The results are reported in Figure 1:

(a) VAR coefficients ﬁi (b) Residual covariance § ; (¢) Residual variance )\i
300 150 8r
Precision sampler
Kalman filter ®

[
(=3
(=]

100

(=3
(=}

50

time (seconds)

0 4 8 12 16 20 0 4 8 12 16 20 0 1 2
dimension dimension dimension

Figure 1: Approximate estimation time (in seconds) for 10000 repetitions of the MCMC algorithm
at different dimensions

The characteristic quadratic shapes of the precision sampler curves in panels (a) and (b) confirm
that the computational cost of the precision sampler grows at some quadratic rate. By contrast,
the computational cost of the Kalman filter methodology looks more linear. At small dimen-
sions, the comparison is clearly in favor of the precision sampler. At dimension 2 for instance, the
precision sampler proves more than 15 times faster than the Kalman filter. The difference gets
smaller as the dimension increases, the quadratic inefficiency of the precision sampler eventually
outweighing the linear cost of the Kalman filter. A very important result is that the breaking

8Chan (2013) considers a pure stochastic volatility model where h = 1. In this case, the computational cost of

the precision sampler becomes purely linear in 7' and involves only O(T) operations, as correctly reported by
the author. The problem comes from the fact that the subsequent papers written by the author based on the
precision sampler methodology, in particular Chan and Eisenstat (2018) neglect the bandwidth h, even though
the parameters are not restricted anymore to the special case h = 1.
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point occurs for both 5; and §; at dimension 16. At any dimension smaller than or equal to this
value, the precision sampler remains more efficient than the Kalman filter though the gains may
vary considerably. At any value above 16 the Kalman filter becomes strictly more efficient, and
the precision sampler gets inefficient at a fast rate.

Panel (c) looks surprising. Even though J; is of dimension 1, the most efficient procedure to
sample it happens to be the Kalman filter and not the precision sampler. The difference is neat,
the Kalman filter procedure being more than five times faster than its precision sampler coun-
terpart. There are two explanations for this puzzling result. First, panels (a) and (b) clearly
show that dimension 1 constitutes a special case for which the difference between the Kalman
filter and the precision sampler is considerably less than for other small dimensions. Second, \;
represents a special case in the sense than its state-space formulation in the Kalman filter (see
Appendix A, Table 6) is considerably simpler than that of ; and §;. As the complexity of the
formulation represents the main source of inefficiency in the Kalman filter procedure, simplifying
the formulation results in considerable efficiency gains. Some gains also apply to the precision
sampler, but they are much less given that the underlying state-space formulation is already
efficiently vectorised in the procedure.

Based on these considerations, it is possible to propose the following optimal sampling algorithm:

Algorithm 2: Optimal sampling algorithm for the general time-varying model:
1. For i =1,...,n, sample \; equation by equation, using the Kalman filter procedure.

2. For ¢ =1,...,n, sample 3; equation by equation: o
If k < 16, use the precision sampler and sample from 7 (5;|y, \3;) ~ N (Bi, ;).
If k > 16, use the Kalman filter procedure.

3. For i = 2,...,n, sample §; equation by equation: o
If n — 1 < 16, use only the precision sampler and sample from 7(d;|y, \d;) ~ N (;, ¥;).
If n — 1 > 16, use first the precision sampler for ¢ = 1,--- ;17 and sample from

7(0i|y, \0;) ~ N(;, ¥;); then use the Kalman filter for i = 18,--- ,n.

4. For i =1,...,n, sample ; equation by equation from: m(Q;|y, \C) ~ IW((, X5).
5. For i = 1,...,n, sample ¢; equation by equation from: 7(¢;|y, \¢;) ~ IG(E, ;).

6. For i = 2,...,n, sample ¥; equation by equation from: 7(¥;|y, \¥;) ~ IW (5, 6;).
7.Fori=1,...,nand t =1,...,T, sample r;; from: 7(r; 4|y, \1i+) ~ Cat(qu,...,qr).

The performance of the optimal sampling algorithm is now compared with the competing
methodologies. The results are presented in Table 2 (method 3 by Chan and Eisenstat (2018) is
omitted to save space as it never constitutes the best methodology).
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Method 1 Method 2 (Carriero et al.) Method 4 (Primicert) Method 5

equation by equation equation by equation jointly estimated (optimal sampling
precision sampler Kalman filter Kalman filter algorithm)
Small model 1m 2s (x 1.03) 3m 52s (x 3.86) 4m 47s (x 4.78) 1m
Medium model 14m (x 1.31) 14m (x 1.31) 33m 40s (x 3.15) 10m 40s
Large model 2h 37m (x 2.52) 1h 16m (x 1.21) 1d 1h (x 24.39) 1h 2m

Bold entry: best methodology; multipliers between brackets are computed respective to the best methodology.
Model variables: Small: UR, HICP, STR; Medium: UR, HICP, STR, GDP, LTR, REER; Large: all variables

Table 2: Estimation performances for the different methodologies (for 10000 iterations)

As expected, the optimal sampling algorithm represents the most efficient methodology in all
cases. The gains are minimal at the smallest dimension and hardly reach 3% compared to method
1. This is because the two methodologies are very similar, the only difference residing in the fact
that method 5 replaces the precision sampler by the Kalman filter to sample A\;. The gains become
more sizable for the medium and large model where they respectively exceed 30% and 20%
compared to the best alternative. In the case of a large model with many iterations, the benefit
of the optimal sampling algorithm becomes considerable, even compared to the efficient equation
by equation methodology of Carriero et al. (2016) (method 2). For instance, producing 100000
iterations of the MCMC algorithm for the large model (a fairly common number of iterations
for a time-varying model) would take 2 hours and 20 minutes less with the optimal sampling
algorithm than with the methodology of Carriero et al. (2016). This is because the optimal
sampling algorithm uses the precision sampler to draw the low-dimensional d; parameters, when
Carriero et al. (2016) indiscriminately use the Kalman filter for all the parameters. Eventually,
the optimal sampling algorithm qualifies both the approach of Chan and Eisenstat (2018) and
Carriero et al. (2016). The former fail to notice that the precision sampler can become very
inefficient at high dimensions, while the latter neglect the substantial gains it can generate at
low dimensions. The optimal sampling algorithm, by contrast, ensures that the most suitable
methodology is always applied. Finally, it is also worth noting that at high dimensions the
optimal sampling algorithm is more than 24 times faster than the Primiceri (2005) methodology,
which remains widely used.

4 Extensions

In the base version of the general time-varying model, the autoregressive coefficients p;,~; and
a; and the mean terms b;, s; and d; associated with the dynamic processes in (12) are treated
as exogenous hyperparameters. These hyperparameters are key determinants of the model as
they determine the posteriors and hence the quality of the forecasts. The traditional choice in
the literature consist in setting p; = v; = «; = 1 while ignoring b;, s; and d;, which corresponds
to the random walk assumption. As a first improvement, it is possible to propose a simple
calibration. For instance, one may set p; = 7 = o = 0.9 and determine b;, s; and d; from
their static OLS counterparts b,,, $; and d While this choice is reasonable, it is not necessarily
optimal. For this reason, this section proposes simple procedures to estimate endogenously the
autoregressive coefficients p;,y; and a; and the mean terms b;, s; and d;.
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4.1 Random inertia

Random inertia consists in estimating endogenously the autoregressive coefficients p;,y; and «;.
Regarding the prior, the Beta distribution has sometimes been favoured by the literature for its
support producing values between zero and one (Kim et al. (1998)). The Beta is however not
conjugate with the normal distribution, which leads to an inefficient Metropolis-Hastings step
in the estimation. On the multivariate side, a simpler alternative has consisted in using normal
distributions (Primiceri (2005), Mumtaz and Zanetti (2013)). A diffuse prior is used to let the
data speak and produce posteriors centered on OLS estimates. While simple, this strategy is
unadvisable for two reasons. First, as the support of the normal distribution is unrestricted, part
of the posterior distribution may lie outside of the zero-one interval, which is not meaningful from
an economic point of view. Second, the use of a diffuse prior is suboptimal as relevant information
can be introduced at the prior stage. For these reasons, the prior is chosen here to be a truncated
normal distributions with informative hyperparameters. Considering for instance p; in (12), the
prior distribution is a normal distribution with mean p;o and variance 7, truncated over the
[0, 1] interval:

7(pi) ~ Np,1)(pios mio) (36)

An informative prior belief consists in assuming that with 95% probability an autoregressive
coefficient value should be comprised between 0.6 and 1. This is obtained by setting a mean
value of p;0 = 0.8 and a standard deviation of 0.1, yielding a variance of m;g = 0.01. This way,
the prior is sufficiently loose to allow for significant differences in the posterior distributions of
the different p;’s, but also sufficiently restrictive to avoid posteriors that would be too far away
from the prior and implausible. Finally, the truncation operated at the prior stage ensures that
the posterior distribution is restricted over the same range [0, 1], thus ruling out irrelevant parts
of the support. A similar strategy is applied to the other autoregressive coefficients in (12):

(i) ~ N[o,u (7i0, Sio) () ~ N[o,l](az‘o, Li0) (37)

The mean and variance parameters are set to ;o = ayo = 0.8 and ¢;0 = ;0 = 0.01. To account
for the additional parameters, Bayes rule must be slightly amended:

77(67 Qa P >‘7 (baf}/a 57 ‘117 a, T’|y) X f(y|B7 )‘a 5,T) <H7T(BZ|QI7PZ)7T(QZ)7T(/)1)>

- n T
(Hw (Nil s, vi)m ) (Hw (6|03, o) (W5 (ai)> (HHw(n,t)> (38)

Consider the posteriors. For p;, Bayes rule (38) implies m(p;|y, \pi) o< 7(5i|Q4, pi)7(p;). From
the priors (25) and (36) and some rearrangement, it follows that:

m(pily, \pi) ~ N po,1)(pis i) with:
ﬁ-i = (ﬁ'zt lﬁit 1 + ﬂ-z?]l)il ﬁz = 7_1'1;(B£7t_15i,t + 7T7I)1pi0)
6” — vec ( 1/2/(@ o—b; - Bir— bi)) (39)

For ~;, Bayes rule (38) implies 7(y;|y, \7i) o< 7(Xi|éi,vi)m(7:). From the priors (26) and (37)
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and some rearrangement, it follows that:

7(vilys \vi) ~ N o,y (%, Gi) with:
G = ()‘;,t—l)‘i,tfl + %‘61)71 Yi = fi()\;t_l)\i,t + §2-61%0)
Neo =0, Nia o M) (40)

Finally for «;, Bayes rule (38) implies m(o;|y, \a;) o m(6;|V;, oi)m (). From the priors (26)
and (37) and some rearrangement, it follows that:

m(ily, \ai) ~ N[0,1](07u Li) with:
I = (Big—1"0i0—1 + 1i0) " & =505 1"0is 4 139 cvio)
5@71& = Uec(\y;l/w(éi’z — di e 5i,T — dl)) (41)

The MCMC algorithm for the model with random inertia is similar to Algorithm 2, except that
3 additional steps must be inserted between steps 6 and 7:

Algorithm 3: additional steps of the MCMC algorithm for the model with random
inertia:

1. For i = 1,...,n, sample p; equation by equation, from 7(p;|y, \pi) ~ No1)(ps, 7).
2. For i =1,...,n, sample ; equation by equation, from m(v;|y, \vi) ~ No11(%, G)-

3. For i = 2,...,n, sample ; equation by equation, from 7(c|y, \a;) ~ N 1(@, ;).

4.2 Random mean

The base version of the general time-varying model treats the mean parameters b;, s; and d; in
(11) and (12) as exogenously supplied hyperparameters. Though convenient, this assumption
may be overly restrictive. For instance, the parameter s; represents the long-run value of the
residual volatility. As such, it determines the share of data variation endorsed by the noise
component of the model, and the share explained by the time-varying responses. Determining
s; correctly is thus of paramount importance, and endogenous estimation comes as a natural
extension. While the univariate ARCH literature has paid some attention to this question in the
context of stochastic volatility processes (Jacquier et al. (1994), Kim et al. (1998)), the subject
has been almost completely neglected in multivariate models. One notable exception is the con-
tribution of Chiu et al. (2015) who integrate a (period-specific) mean component to the dynamic
variance of the residuals. This section fills the gap by proposing simple estimation procedures
for the mean components of the dynamic processes.

Consider first the priors. For b;, the choice is that of a simple multivariate normal distribution
with mean b;y and variance-covariance matrix =;q:

m(bi) ~ N (bio, Eio) (42)

Because the static OLS estimate BZ represents a reasonable starting point for b;, the prior mean
bio is set to (; while the prior standard deviation is set to a fraction w; of this value, resulting
in 20 = diag((w;£;)?). Small values of w; generate a tight and hence informative prior around
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Bi while larger values can be used to achieve diffuse and uninformative priors. Given the lack of
economic theory concerning the equilibrium value of the time-varying coefficients, the prior is set
to be informative but somewhat looser than usual in order to leave sufficient weight to the data.
This is achieved by setting w; = 0.25, implying that b; lies within 50% of 3; with 95% confidence.

Similar strategies are applied for s; and d;. For the s; which are positive scaling terms, the inverse
Gamma represents a natural candidate. Specifically, the prior for each s; is inverse Gamma with
shape x;0 and scale ¥;:

n(si) ~ IG <X2’0 195“) (43)

The hyperparameter values y;o and ;9 are then chosen to imply a prior mean of §;, the OLS
estimate used for the general time-varying model, and a prior standard deviation equal to a frac-
tion 1; of this value®. As a base case, 1; is set to 0.25 in order to generate, again, an informative
but sufficiently loose prior.

Finally, the prior for each d; is multivariate normal with mean d;y and variance-covariance matrix
Ziol

m(ds) ~ N(dio, Zio) (44)

The prior mean is set as d;g = (L, with a?l the static OLS estimatg. The prior standard deviation
is set to a fraction g; of this value, resulting in Z;y = diag((0;d;)?). An informative but loose
prior is achieved by setting g; = 0.25. With random mean, Bayes rule becomes:

(Hw Ailpi) ) <H7r sl> (Hw 8i| Wy, di)m ) (HHMH) (45)

i=1t=1

For b;, Bayes rule (45) implies m(b;|y, \b;) o 7(5;|€, pi)m(b;). From the priors (25) and (42) and
some rearrangement, it follows that:

m(bily, \bi) ~ N (bi, =i

&
2
&+
=

Ei= (R + 51—01)—1 bi == (01 (5i ® Ii) Bi + Eip'bio)
F=m A (1 =p)H T =1 pi= (" =A=p)pi A=p)* - (1=p)* (1—p))

(46)

For s;, Bayes rule (45) implies 7m(s;|y, \si) < f(y|B8, A, s,9,7)7(s;). From the likelihood function
(15), the prior (43) and some rearrangement, it follows that:

m(sily, \si) ~ IG()Zi,’lgi) with:
T+Xxi o N Qi
= 4‘2X 0 0; = 1Q2+0 (47)

9This is conveniently achieved by exploiting the fact that the inverse Gamma distribution defines a unique corre-
spondence between any pair of mean/variance values and shape/scale parameters.
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Finally for d;, Bayes rule (45) implies 7(d;|y, \d;) o< 7(0;|V;, d;)m(d;). From the priors (26) and
(44) and some rearrangement, it follows that:

Zi= @V +25")"  di=Z (v (az®L 18 + Zig' dio)

G=c +1-a)(T-1) aG=("-(l-a)a Q1-a)? - 1-a) (1-a)
(48)

The MCMC algorithm for the model with random mean is similar to Algorithm 2, except that
3 additional steps must be inserted between steps 6 and 7:

Algorithm 4: additional steps of the MCMC algorithm for the model with random
mean:

1. For i = 1,...,n, sample b; equation by equation, from 7(b;|y, \b;) ~ N(b;, Z;).
2. Fori=1,...,n, sample s; equation by equation, from 7(s;|y, \s;) ~ IG(Xs, J;).

3. For i = 2,...,n, sample d; equation by equation, from 7 (d;|y, \d;) ~ N(d;, Z;).

5 A case study on the Great Recession

5.1 Setup

To conclude this work, a short case study on the Great Recession is proposed. The study focuses
on four major economies which have been severely impacted by the crisis: Canada, the Euro
area, Japan, and the United States. The experiment is conducted on a large 12-variable macroe-
conomic model comprising four blocks of variables: a general macroeconomic block with real
gross domestic product (GDP), unemployment rate (UR) and consumer price index (HICP);
a monetary policy block with short-term interest rate (STR), long-term interest rate (LTR)
and real effective exchange rate (REER); a production block with industrial production (IP),
capacity utilization (CU) and total industry employment (TIE); and, for the needs of the ex-
ercise, a crisis block with housing starts (HS), a financial stock index (FSI) and the OECD
leading composite indicator (LCI) which acts as an overall business cycle indicator. Any series
displaying persistence is turned to growth rate to obtain stationarity. The data is quarterly,
the sample depending on data availability for each country. It respectively starts in 1971ql for
Canada, 1981q1 for the Euro Area, 1975q2 for Japan and 1971ql for the United States. The full
dataset ends at the end of 2018, but the estimation samples are typically shorter (see below).
The data comes primarily from the OECD for Canada, Japan and the United States. For the
Euro Area, it is obtained from the Area Wide Model Database of Fagan et al. (2001) which has
become the standard for academic research. Financial stock index series come from Bloomberg!”

The aim of the exercise consists in assessing the forecast performances of different models for
key phases of the crisis. Figure 2 displays the growth rate of GDP for the four economies over
the Great Recession periods. For each country, two critical periods of the crisis are considered.
The first is the recession period, the period at which the country enters into negative growth.

10A complete description of the series, their transformations and their sources along with the dates of the estimation
samples can be found in Appendix B.
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For Canada, the Euro area, Japan and the United States, this respectively occurs in 2009q1,
2008q4, 2008q2 and 2008g4. The second period considered is the recovery period. It represents
the period at which GDP growth starts increasing again, after having reached its minimum. This
respectively happens in 2009q4, 2009q2, 20092 and 2009q3. These two periods are of special
importance for policy makers as they correspond to the beginning of the phases where the crisis
initiates and reverts. It is crucial to anticipate them correctly in order to provide an adequate
answer to the rapidly changing economic conditions.
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Figure 2: Year-on-year GDP growth for the four major economies

The forecasting exercise focuses on predictions from one to eight periods ahead. It is performed
in pseudo real time, that is, it does not use information which is not available at the time the
forecast is made!!. For this reason, for each country and each considered period of the crisis
the model is estimated up to the period preceding the beginning of the forecast exercise. To
evaluate the performance, two criteria are considered. The first criterion is the classical Root
Mean Squared Error (RMSE) which considers the accuracy of point forecasts. Denoting by ¢4
the h-step ahead prediction and by .+, the realised value, it is defined as:

1&, .
RMSE; ), = \/hz; (Ue+n — Yern)? (49)

The second criterion is the Continuous Ranked Probability Score (CRPS) of Gneiting and Raftery
(2007) which evaluates density forecasts. As pointed by those authors, this criterion presents
advantages over alternative density scores such as the log score as it rewards more density
points close to the realised value and is less sensitive to outliers. Denoting by F' the cumulative

H1deally such a forecast exercise should use vintage data, that is, data as it was available at the period for which
the forecast is realised. This is not the case for the present experiment due to the scarcity of the available data,
in particular for the Euro Area.
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distribution function of the h-step ahead forecast density and by ¢4, and g, 4, independent
random draws from this density, the CRPS is defined as:

o0

. 1 . .
CRPSyp = / (F(z) — Lz > yiyn))?de = E |Je4n — Yesn| — 3 E |Jen — iyl (50)

—00

For both criteria, a lower score indicates a better performance.

5.2 Calibration

The forecast exercise considers five competing models. The benchmark is the general time-
varying model introduced in section 2 specified with stationary autoregressive processes (Sar)
for all the dynamic parameters. Precisely, the dynamic parameters are calibrated by setting
pi = vi = a; = 0.9 and by using static OLS estimates for the mean terms. The second model
considered is the homogenous random walk (Hrw) specification of Primiceri (2005), which obtains
from the general time-varying model by setting the autoregressive coefficients of the dynamic
processes to one. The third and fourth models respectively consist in the general time-varying
model augmented by the random inertia (Ri) and random mean (Rm) extensions developed in
section 4. The final model combines the two extensions, thus adding both random inertia and
random mean (Rim) to the general time-varying model.

Unlike Primiceri (2005), the priors are not calibrated from a training sample as this strategy
wastes a considerable amount of sample information. Rather, simple values are used. For the
inverse Wishart priors on the variance-covariance hyperparameters €2; and ¥;, the degrees of
freedom are set to a small value of 5 additional to the parameter dimension, namely (s = k + 5
and @9 = (i — 1) + 5. The scale parameters are set to Yo = 0.011; and ©¢9 = 0.01/;_;.
Similarly, the shape and scale parameters of the inverse Gamma prior distribution on ¢; are set
to kg = 5 and wg = 0.01. These priors are mildly informative, being sufficiently loose to allow
for a significant degree of time variation in the dynamic parameters, but sufficiently restrictive
to avoid implausible behaviours. Finally, the initial period variance scaling terms are set to
T = pu = € = 5 in order to obtain a variance over the initial periods which is roughly equivalent
to that prevailing for the rest of the sample. Estimations are run from 10000 iterations of the
MCMC algorithm, discarding the initial 5000 iterations as burn-in sample!2.

5.3 Results

With four countries, twelve variables, eight forecast periods and two crisis phases, the full fore-
casting exercise consists in 768 forecasts, each of them produced for five competing models.
Tables 3 and 4 summarize the results of the experiment!®. Table 3 displays the average RMSE
and CRPS values for the forecast exercise, while table 4 reports the ratio of these criteria to
the benchmark stationary autoregressive formulation. Additionally, Table 4 indicates whether
a forecast evaluation criterion is statistically larger (+ entries, for the Hrw model) or smaller
(% entries, for the Ri, Rm and Rim models) than the benchmark Sar model. The forecast per-
formance is analysed both overall and according to a number of sub-criteria (country, variable,
forecast horizon and crisis phase).

12For the sake of illustration, Appendix C displays the stochastic volatility estimates and one-period ahead impulse
response functions obtained for the United States with the stationary autoregressive model.
3 The full set of tables for the raw results can be found in Appendix D.
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RMSE CRPS

Hrw  Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Overall (N=768)

Overall 5.03 335 290 3.28 2.86 14.39 5.00 283 4.66 2.76
By country (N=192)
CA 4.00 3.04 231 287 224 883 3.78 193 296 1.92
EA 4.64 290 2.57 250 2.33 14.69 4.92 277 410 2.67
JP 6.64 4.23 339 424 345 16.75 5.13 299 498 3.10
US 483 3.22 334 350 341 1727 6.19 3.63 6.60 3.36
By variable (N=64)
GDP 4.18 240 2.00 2.80 2.18 13.13 434 231 417 230
UR 144 078 0.71 0.71 0.71 7.84 207 095 196 0.99
HICP 3.46 2.80 2.68 241 242 8.02 333 212 278 2.03
STR 2.18 247 238 2.05 2.27 11.26 4.11 236 3.68 2.38
LTR 1.70 1.36 1.19 1.12 1.21 8.68 290 144 2.69 1.49
REER 347 318 237 263 2.23 991 3.69 194 3.08 1.90
IP 14.31 891 7.46 10.04 8.09 34.17 1246 7.46 12.51 7.49
CU 5.41 352 3.04 411 3.26 15.21 5.15 2.88 5.29 3.07
TIE 3.84 251 236 236 2.26 12.37 456 255 4.16 243
HS 3.63 235 228 234 216 10.26  3.35 198 3.00 1.97
FSI 11.32 7.25 6.20 6.37 5.67 2423 896 5.38 8.09 4.72
LCI 5.39 263 219 238 1.85 1755 5.13 2.60 454 241
By forecast horizon (N=96)
1qg ahead 1.68 148 1.39 1.48 1.40 1.40 1.11 1.04 1.13 1.05
2q ahead 2,66 2.17 2.06 2.29 2.12 250 199 179 203 1.84
3q ahead  3.53 2.86 2.58 293 2.67 3.89 269 225 273 232
4q ahead  4.35 3.40 3.07 345 3.12 6.36 3.88 295 3.81 2.99
5q ahead  5.01 3.76 3.32 3.72 3.29 9.98 494 3.23 4,59 3.07

6q ahead 590 4.06 3.52 3.95 3.37 16.40 6.36 3.55 5.67 3.31
7q ahead  7.25 435 3.62 4.09 3.39 2745 813 370 734 345

8q ahead 9.84 4.70 3.67 4.31 3.49 47.10 10.94 4.13 10.00 4.07
By crisis phase (N=384)

Recession 4.49 3.19 2.90 3.10 2.82 10.58 4.09 255 3.98 248

Recovery 557 3.50 291 345 290 18.19 592 311 535 3.05

Table 3: Mean RMSE and CRPS for the five competing models
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RMSE CRPS

Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim
Overall (N=768)
Overall 1.50tt+ - 0.87"* 0.98 (.85 287+ - 057 0.93 0.55***
By country (N=192)
CA 1.31t++ - 0.76*** 0.94 0.73*** 2.34F++ - 0.51** 0.78** (0.51***
EA 1.60t*t - 0.89 0.86* 0.81** 2,98+ttt - 0.56%"* (0.83**  0.54***
JP .57+t - 0.80* 1.00 0.82 327 - 0.58%*  0.97 0.61***
UsS 1.507+t - 1.04 1.09 1.06 2,79t - 0.59%*  1.07 0.54***
By variable (N=64)
GDP 1747+ - 083* 117 091 3.03FT - 0.53*** 0.96 0.53***
UR 1.84t++ - 0091 0.90 0.90 3797+ - 0.46"* 0.95 0.48***
HICP 1.241+ - 0.96 0.86* 0.87* 241+t - 0.64*** 0.84* 0.61***
STR 0.88 - 0.96 0.83* 0.92 274t - 057 0.90 0.58***
LTR 1.25 - 0.87 0.82 0.89 2,99t~ 0.50"** 0.93 0.51***
REER 1.09 - 0.75*  0.83* 0.70*** 2.68TFT - 0.53*** (.83* 0.51***
1P .61ttt - 0.84* 1.13  0.91 274 - 0.60** 1.00 0.60***
CU 1.547++ - 0.87 1.17  0.93 2,96ttt - 0.56"** 1.03 0.60***
TIE 1.53+t++ - 0.94 0.94 0.90 2.71T++ - 0.56*** 0.91 0.53***
HS 1.547+ - 097 1.00 0.92 3.067FT - 0.59*** (.89 0.59***
FSI 1.567++ - 0.85* 0.88* 0.78*** 2,717 - 0.60"**  0.90 0.53***
LCI 2.057++ - 0.83* 0.91  0.70** 342+ - 051" 0.89 0.47***
By forecast horizon (N=96)
1q ahead 1.14 - 0.94 1.00 0.95 1.26 - 0.93 1.02 0.95
2q ahead 1.23 - 095 1.06  0.98 1.26 - 0.90 1.02 0.92
3q ahead 1.23 - 0.9 1.03 0.93 1.45T7++ - 0.84* 1.01 0.86
4q ahead  1.28% - 0.9 1.01  0.92 164+ - 0.76* 0.98 0.77**
5q ahead 1.33TT - 0.88 0.99 0.87 2.02t+FF - 0.65"* 0.93 0.62***
6q ahead 1.45+++ - 0.87 097 0.83* 2.581t++ - 0.56*** 0.89 0.52%**
7q ahead 1.67tt+ . (.83* 0.94  0.78*** 3.38t++ - 046" 0.90 0.42%**
8q ahead 2.09TFT - 0.78* 092 0.74*** 4317 - 0.38*  0.91 0.37***
By crisis phase (N=384)

Recession 1.417++ - 0.91* 0.97 0.88** 2,59t - 0.62** 0.97 0.61***
Recovery 1.59T++ - 0.83*** 099 0.83*** 3.07 - 0.52%*  (0.90* 0.51***

Note:
+, ++, +++ : mean RMSE (CRPS) > mean RMSE (CRPS) of Sar model at 10%, 5% and 1% significance level.
%, % %, % % % : mean RMSE (CRPS) < mean RMSE (CRPS) of Sar model at 10%, 5% and 1% significance level.

Table 4: RMSE and CRPS ratios: Hrw, Ri, Rm and Rim / Sar
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A number of conclusions stand. First, the results unambiguously disqualify the homogenous ran-
dom walk as the best formulation regarding forecast accuracy. Considering the exercise overall,
the Hrw specification produces RMSE which are on average 1.5 times larger than the benchmark
Sar model, and CRPS which are on average almost 3 times larger. This indicates that the Sar
model represents a considerable improvement over the random walk formulation, the magnitude
of the difference being quite large. The difference is also statistically significant at the 1% level,
which clears any doubt about the solidity of the conclusion. As additional evidence, the results
display similar magnitudes of difference for all the considered sub-specifications, and a vast ma-
jority of the differences are statistically significant at the 1% level. This is encouraging as it
suggests that the forecast performance is not conditioned on some specific part of the dataset.
Finally, note that the Hrw model performs worse in terms of CRPS than in terms of RMSE.
This implies that while the random walk performs already poorly in terms of point forecasts, it
performs even worse in terms of forecast distributions. In other words, it tends to produce cred-
ibility bands which are excessively large compared to the benchmark Sar model, an undesirable
feature for any forecast exercise.

Second, the Ri and Rim extensions improve significantly the forecast performances compared to
the benchmark Sar model. The achievements of the two extensions prove in fact very close. For
the exercise considered overall, they produce a 15% improvement in terms of RMSE, and a 45%
improvement in terms of CRPS. The difference is significant at the 1% significance level for both
criteria. The gain compared to the benchmark is again quite substantial and provides strong
support in favor of the Ri and Rim extensions. It clearly suggests that to optimise forecast
performance, it is not sufficient to simply replace the random walk with a stationary specifica-
tion. It is further necessary to approach the data generating process underlying the behaviour
of the dynamic parameters, which is what is typically achieved by the extensions. Considering
the sub-specifications, the Ri and Rim models remain significantly better than the Sar model in
terms of CRPS, but not so often in terms of RMSE. Part of the explanation lies in the shorter
samples of the sub-specifications, and part in the greater variance of the RMSE criteria. In
other words, there remains some variability in the performance of the Ri and Rim in terms of
point forecasts compared to the Sar model. In terms of forecast distributions however, these
extensions perform consistently better than the Sar benchmark, implying that they typically
produce tighter confidence bands.

Third, the Rm model does not perform significantly better than the Sar benchmark. Its per-
formances both in terms of RMSE and CRPS look fairly equivalent to those of the Sar model,
and prove actually worse on a number of occasions. Also, the difference with the Sar model
is hardly ever significant. One likely explanation for this is parsimony. Estimating the mean
parameters generates a trade-off between the additional flexibility granted by the extension and
the loss of precision implied by the use of additional degrees of freedom. The number of param-
eters estimated by the random mean extension can be large (k parameters for each b;, and i — 1
parameters for each d;), and it seems that consequently the benefit of the extensions remains
moderate. By contrast, the random inertia extension is quite cheap in terms of degree of freedom
(one additional parameter per equation only), which may explain its significantly better results.

Note that the mediocre performance of the Rm model does not question the use of the random

mean methodology altogether. On the contrary, the results of the experiment clearly indicate that
the best model overall is the one which combines the two extensions. It thus appears that when
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used together, the gain from approaching the true data generating process exceeds the increased
imprecision due to the estimation of the additional parameters. To illustrate this point, Table
5 provides the posterior estimates of key random inertia and random mean parameters for the
United States'*:

GDP UR HICP STR LTR REER IP CU TIE HS FSI LCI

pi 048 050 048 049 050 049 058 0.55 055 0.52 0.61 0.52
v 099 089 098 099 099 099 088 0.79 0.83 099 0.79 0.87
oy - 078 079 084 o077 077 078 0.73 0.78 0.78 0.84 0.71

s; 030 002 020 028 007 023 041 001 047 033 1.16 0.03
8 052 003 037 049 010 040 059 0.01 068 0.52 1.63 0.05

Table 5: Random inertia and random mean estimates for the United States

The first three rows of Table 5 report the posterior estimates for p;, v; and «;. It appears
that the estimates for p; and «; are considerably smaller than one, about respectively 0.5 and
0.8. The ~; estimates are more ambiguous, taking values comprised between 0.8 and 1. Clearly,
a random walk proves inappropriate as it leads to considerably overestimate the amplitude of
most autoregressive coefficients. The stationary autoregressive model using p; = v; = o; = 0.9
represents some improvement, but still creates a considerable gap with the values supported
by the data. The results also confirm the relevance of a formulation equation by equation as
considerable differences arise between different variables. For instance, the ~; coefficients on
GDP, STR, LTR and REER are at 0.99 against much lower values of 0.79 for CU and FSI. The
last two rows of Table 5 respectively present the random mean posterior estimates s;, and for
the sake of comparison the OLS estimates §; used as hyperparameters in the stationary autore-
gressive model. Remember that these coefficients represent the long-run equilibrium value for
the residual volatility of the model, and that a random walk formulation amounts to assuming
s; = 1. Again, it is not difficult to see that a random walk leads to considerably overestimate the
amplitude of the stochastic volatility component. The OLS estimates used for the Sar model are
already significantly lower and thus represent an improvement, but the s; values endogenously
estimated by random mean turn out to be even lower.

The fourth and final conclusion about the crisis experiment is that the best forecasting model
between the Ri and Rim specifications depends on the forecast horizon. At short horizon (one
to four quarters), the pure Ri model performs slightly but consistently better than its Rim
counterpart. At longer horizon (five to eight quarters) the relation is reversed and the Rim
model becomes the leading model. This comes as another illustration of the trade-off between
greater flexibility and increased imprecision. At short forecast horizons, the Rim model is too
costly in terms of parameters and the simple, more parsimonious Ri model performs better.
At longer horizons, it becomes crucial to approach the true data generating process to produce
accurate predictions and the more flexible Rim model dominates.

The estimates for the other countries are very similar.
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6 Conclusion

This paper introduces a new general time-varying VAR model which adopts a full equation-
specific approach. It provides general autoregressive formulations for the dynamic parameters,
in contrast to the random walk assumption used by the canonical approach of Primiceri (2005).
On the methodological side, it shows that the efficiency of the precision sampler developed by
Chan and Eisenstat (2018) crucially depends on the dimension of the dynamic parameter con-
sidered. Based on this conclusion, it proposes an optimal sampling algorithm which maximizes
the efficiency of the estimation procedure.

From a case study on four countries during the Great Recession, overwhelming evidence is found
against the homogenous random walk formulation of Primiceri (2005). In general, it is shown that
forecast accuracy can be significantly improved by adopting the random inertia model (at short
forecast horizons) or a combination of random inertia and random mean (at longer forecast
horizons). This confirms that a dynamic model which approaches the true data generating
process performs typically better than a model relying on excessively simple formulations.
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Appendix A The Carter-Kohn algorithm

This appendix derives the posterior distributions for the dynamic parameters from the method-
ology of Carter and Kohn (1994). A general linear Gaussian dynamic model can be written in
state-space form as:

Observation equation: v; = Az + vy v ~ N(0,Ty)
Transition equation: z = Bywy + Crzi—1 + Ky ke ~ N(0, Ky) (51)

where y; denotes the observed variable, z; the state or unobserved variable, and w; the exogenous
observed variable. A;, B; and C; denote matrices of coefficients. v; and k; are shocks with
respective variance-covariance matrices Ty and K. For the dynamic parameters (5;, \; and &;, it
can be shown that the state-space representation is given by:

Yt 2t wy Ay By Ci Ty Ky
Bi  Yix+ 0,5 i Bi (1 — pi)b; Ty 1 pPi s; exp(Ni) Q;
i Uit — My it - 1 - Vi vy o
0; Eit it (1—y)d; —52-7,5 1 o si exp(Nit) 0,

Table 6: State-space representation for the dynamic parameters

Given this state-space representation, note that the joint posterior 7(z|y) can rewrite as:

T-1

w(2ly) = 7 (zrlyr) [ = (zlzis1, v0) (52)
t=1

Therefore, if one can sample zp from 7(zp|yr), it is then possible to draw the values zp_1, ..., 21

recursively from 7(z¢|z¢41, y:), assuming the densities are known. The problem thus consists in
determining m(zp|yr) and the series of densities m(z¢|z¢11,¥¢). To do so, introduce first the
following notations:

Yrs = E(yelyr, - 5 Ys) zy)s = E(2tlyr, - 5 ys) Tys = var(yelys, -, ys)
Kt|8 = UQT(Zt‘yly Tt 7ys) 2t|8 = E(zt|257y17 Tt 7yt) Kt‘s = UGT(Zt|257y17 Tt 7yt)

This implies that: B
m(2tlyr, - Ys) ~ N(Zt|s7 Kt|s) m(2e|2s, Y1, Ye) ~ N(gt\sa Kt\s)

Carter and Kohn (1994) then propose the following procedure:
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Algorithm A.1: Carter-Kohn algorithm for general dynamic parameters:

1. Fort =1,---,T, apply the Kalman filter recursively (forward pass)'®:

step 1. state, prediction: 2yj—1 = Brwy + Crzg_14—1
step 2. state, prediction error: K1 = CiKy 11O + Ky
step 3. observed, prediction: Yeje—1 = AtZeji—1

step 4. observed, prediction error: Typ—1 = AtKﬂt_lA; + Ty
step 5. state, correction: 2zt = Zeje—1 + Loy — Yej—1)
step 6. state, prediction error correction: Ky = Kyjp—1 — <I>tTt|t,1<I>2
with: &, = Kﬂt,lA;T;g_l

2. Sample zr from 7(2rlyr) ~ N (27, K1)

3. Fort =T —1,---,1, apply the following steps recursively (backward pass):
step 1. state, correction: Zojer1 = 2 + Ee(Ze41 — Ze41)t)
step 2. state, prediction error correction: Rt\t—i—l = Ky, — ZCi Ky,

: L= 1 —1
Wlth =t = Kt‘tCth_l'_]_‘t .
step 3. sampling: (2t 215 Yt) ~ N (Zgjegrs Kyjern)-

This simple algorithm can then be used to sample 3;, A; and J;, using the state-space formulations
defined in Table 6.

'For the initial period ¢ = 1, the first two steps are slightly different; they become 210 = Biw; and Kyo = K1,
respectively.
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Appendix B Data sources and transformations

Code  Series Transformation
GDP  real gross domestic product 100 in(y/yi—a)
UR unemployment rate none

HICP  harmonised consumer price index 100 In(y:/y:—4)
STR short-term interest rate none

LTR long-term interest rate none

REER real effective exchange rate 20 In(ye/yi—a)
P industrial production 100 In(ye/yi—a)
CU capacity utilization 100 In(ye/yi—a)
TIE total industry employment 100 In(ye/yi—a)
HS housing starts 10 In(ye/yi—a)
FSI financial stock index 100 In(ye/yi—a)
LCI leading composite indicator 100 In(y:/ye—a)

Table 7: Dataset description and transformations

Country recession sample recovery sample full dataset

Ca 1971q1-2008¢q4 (T=149) 1971q1-2009¢q3 (T=152) 1971q1-2018¢2 (T=187)
Ea 1981¢q1-2008¢3 (T=108) 1981q1-2009ql (T=110) 1981q1-2016q4 (T=141)
Jp 197592-2008q1 (T=129) 1975¢q2-2009ql (T=133) 1975q2-2018¢2 (T=170)
Us 1971q1-2008¢q3 (T=148) 1971q1-2009q2 (T=151) 1971ql-2018¢2 (T=187)

Table 8: Estimation samples

Sources:!6

GDP:

Ca: OECD, volume estimates, seasonally adjusted (millions of Canadian dollars).

Ea: Area Wide Model database, volume estimates, seasonally adjusted (millions of Euros).
Jp: OECD, volume estimates, seasonally adjusted (millions of Yens).

Us: OECD, volume estimates, seasonally adjusted (millions of US dollars).

UR:

Ca: OECD, harmonised unemployment rate, seasonally adjusted.

Ea: Area Wide Model database, harmonised unemployment rate, seasonally adjusted.
Jp: OECD, harmonised unemployment rate, seasonally adjusted.

Us: OECD, harmonised unemployment rate, seasonally adjusted.

16The author is grateful to Jonathan Benchimol from Bank of Israel for providing part of this dataset.
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HICP:

Ca: OECD, consumer price index, all items, index 2015=100.

Ea: Area Wide Model database, harmonised consumer price index, all items, index 2015=100.
Jp: OECD, consumer price index, all items, index 2015=100.

Us: OECD, consumer price index, all items, index 2015=100.

STR:

Ca: OECD, 3 month interbank rate.

Ea: Area Wide Model database, short-term interest rate (Euribor 3-month).
Jp: OECD Economic Outlook, short-term interest rate.

Us: OECD, 3 month interbank rate.

LTR:

Ca: OECD, 10 year government bond yield.

Ea: OECD, 10 year government bond yield.

Jp: OECD Economic Outlook, long-term interest rate on government bonds.
Us: OECD, 10 year government bond yield.

REER:

Ca: OECD, real effective exchange rate, index 2015=100.
Ea: OECD, real effective exchange rate, index 2015=100.
Jp: OECD, real effective exchange rate, index 2015=100.
Us: OECD, real effective exchange rate, index 2015=100.

Ca: OECD, industrial production, seasonally adjusted, index 2015=100.
Ea: OECD, industrial production, seasonally adjusted, index 2015=100.
Jp: OECD, industrial production, seasonally adjusted, index 2015=100.
Us: OECD, industrial production, seasonally adjusted, index 2015=100.

CU:

Ca: Statistics Canada, industrial capacity utilization rate (archived and regular series), total
industry.

Ea: Eurostats, current capacity utilization rate, seasonally adjusted.

Jp: Federal Reserve Bank of Saint Louis Database (FRED), capacity utilization rate, seasonally
adjusted.

Us: Federal Reserve Bank of Saint Louis Database (FRED), capacity utilization rate, seasonally
adjusted.

TIE:

Ca: OECD, total industry employment (including construction), thousands of persons.
Ea: OECD, total industry employment (including construction), thousands of persons.
Jp: OECD, total industry employment (including construction), thousands of persons.
Us: OECD, total industry employment (including construction), thousands of persons.
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HS:

Ca: Federal Reserve Bank of Saint Louis Database (FRED), total dwellings and residential build-
ings by stage of construction started for Canada, number of permits, seasonally adjusted.

Ea: Federal Reserve Bank of Saint Louis Archival Database (ALFRED), dwellings and residen-
tial buildings permits issued for construction for the Euro Area.

Jp: Federal Reserve Bank of Saint Louis Database (FRED), total dwellings and residential build-
ings by stage of construction started for Japan, number of permits, seasonally adjusted.

Us: Federal Reserve Bank of Saint Louis Database (FRED), total new privately owned housing
units started (thousands of units), Seasonally Adjusted.

FSI:

Ca: Bloomberg, S&P/TSX Composite Index.

Ea: Bloomberg, Deutsche Boerse AG German Stock Index DAX (until 1986) and EURO STOXX
50 (from 1986 on).

Jp: Bloomberg, Nikkei 225 Index.

Us: Bloomberg, S&P 500 Index.

LCI:

Ca: OECD, composite leading indicator, index 2015=100.
Ea: OECD, composite leading indicator, index 2015=100.
Jp: OECD, composite leading indicator, index 2015=100.
Us: OECD, composite leading indicator, index 2015=100.

33



Appendix C Model estimates for the United States
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Figure 3: Stochastic volatility estimates with 70% credibility intervals,
United States, stationary autoregressive model, full dataset
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Figure 4: One-quarter ahead impulse response functions (Cholesky factorisation) with 70% credibility intervals,
United States, stationary autoregressive model, full dataset
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Figure 5: One-quarter ahead impulse response functions (Cholesky factorisation) with 70% credibility intervals,
United States, stationary autoregressive model, full dataset



Appendix D Tables of results for the crisis experiment

RMSE CRPS
Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca-GDP 048 1.11 1.19 1.06 1.18 0.42 0.67 080 0.62 0.78
Ca- UR 0.61 0.30 0.20 0.26 0.24 0.41 0.23 0.16 0.22 0.18
Ca-HICP 0.83 045 0.79 047 0.70 0.54 0.34 047 0.33 0.42
Ca - STR 046 0.52 0.61 0.39 045 0.44 034 036 0.34 0.29
Ca - LTR 0.66 0.16 0.13 0.03 0.05 045 0.23 0.14 0.22 0.15
Ca-REER 3.12 260 1.75 213 1.57 223 198 1.26 1.52 1.11
Ca - IP 1.98 245 191 214 1.83 1.16 1.56 1.22 1.32 1.13
Ca- CU 345 257 217 236 1.92 240 1.68 148 1.52 1.29
Ca - TIE 412 2.69 233 3.18 2.50 293 182 1.60 235 1.76
Ca - HS 3.02 381 3.70 3.47 3.60 1.95 278 297 253 281
Ca - FSI 3.92 319 267 279 261 252 212 178 1.79 1.73
Ca - LCI 0.78 0.59 0.41 0.69 0.49 0.52 0.36 0.25 0.41 0.30

Ea - GDP 0.65 0.69 0.68 0.77 0.76 0.39 042 041 0.46 0.46
Ea - UR 0.14 0.14 0.18 0.17 0.16 0.20 0.15 0.14 0.15 0.14
Ea-HICP 1.84 194 195 196 1.91 1.36 156 1.60 1.58 1.57
Ea - STR 0.30 0.25 0.17 0.24 0.20 0.26 0.22 0.17 0.21 0.18
Ea - LTR 0.07 0.18 0.16 0.15 0.14 0.22 0.19 0.17 0.19 0.16
Ea-REER 180 1.74 182 1.82 1.80 1.23 120 135 1.29 1.34
Ea - IP 3.56 3.72 3.64 3.83 3.60 275 296 3.00 3.10 294
Ea - CU 0.34 049 055 0.48 048 0.28 0.30 033 0.31 0.29
Ea - TIE 0.32 0.19 0.18 0.23 0.19 0.25 0.17 0.15 0.18 0.16
Ea - HS 1.09 0.65 045 0.18 0.27 0.65 0.42 032 0.28 0.29
Ea - FSI 294 293 266 3.82 3.18 1.88 191 1.77 2.63 2.05
Ea - LCI 0.07 0.15 0.23 0.19 0.19 0.23 0.17 0.17 0.19 0.17

Jp - GDP 047 0.12 0.21 0.01 0.02 0.41 0.23 022 0.26 0.23
Jp - UR 0.22 0.01 0.11 0.01 0.10 0.27r 0.13 0.10 0.13 0.10
Jp-HICP 098 094 099 095 1.01 0.58 0.57 0.71 0.60 0.72
Jp - STR 0.16 0.21 0.19 0.13 0.18 0.28 0.20 0.14 0.18 0.13
Jp - LTR 0.28 0.11 0.12 0.09 0.11 0.30 0.18 0.12 0.16 0.13
Jp-REER 1.72 1.11 1.09 1.14 0.78 1.05 0.66 0.64 0.69 0.47
Jp - 1P 0.79 154 183 1.53 1.74 0.66 0.92 1.12 091 1.08
Jp-CU 0.14 025 0.35 0.08 0.21 0.33 0.23 0.22 020 0.18
Jp - TIE 0.76 0.70 0.68 0.86 0.86 0.54 0.44 042 0.51 0.50
Jp - HS 0.10 0.16 0.08 0.01 0.20 0.46 0.36 031 0.27 0.26
Jp - FSI 1.53 1.76 1.79 1.26 1.38 1.00 1.03 1.05 0.77 0.85
Jp - LCI 0.05 0.04 0.04 0.00 0.02 0.32 0.17 0.11 0.16 0.12

Us - GDP 1.67 1.78 1.62 1.88 1.81 1.07 1.21 122 134 1.38
Us - UR 0.05 0.05 0.09 0.03 0.13 0.24 0.15 0.11 0.14 0.13
Us-HICP 438 394 386 3.77 3.73 3.68 3.40 3.44 3.27 3.29
Us - STR 0.64 1.03 1.02 1.08 1.12 0.45 0.61 0.65 0.64 0.70
Us - LTR 0.01 0.25 032 0.12 0.34 0.28 0.22 0.20 0.20 0.22
Us- REER 1.65 1.44 155 1.64 1.54 1.01 092 110 1.13 1.10
Us - IP 1.54 052 025 083 1.14 0.93 0.40 0.27 0.51 0.69
Us-CU 0.61 0.16 0.11 0.55 0.40 0.41 0.21 0.16 034 0.25
Us - TIE 4.08 3.42 319 348 3.23 3.07 2.65 2.60 2.77 2.65
Us - HS 2.04 1.68 1.81 1.88 1.99 1.32 1.09 1.39 1.30 1.47
Us - FSI 6.52 7.14 T7.15 749 7.25 526 5.71 6.16 6.50 6.41
Us - LCI 095 1.27 150 1.24 1.61 0.58 0.89 1.19 0.83 1.25

Table 9: RMSE and CRPS: Recession phase, 1 quarter ahead
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RMSE CRPS
Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca-GDP 087 137 149 120 1.39 1.11 097 1.08 0.83 0.95
Ca- UR 0.55 0.30 0.21 0.20 0.18 0.86 0.42 0.27 0.42 0.27
Ca-HICP 198 045 159 1.22 1.35 1.60 1.04 138 1.01 1.11
Ca - STR 0.33 0.52 043 0.33 0.42 1.03 0.56 0.35 0.61 0.40
Ca - LTR 0.63 0.16 0.32 0.32 0.38 0.93 0.51 034 0.52 0.40
Ca- REER 4.35 260 255 3.15 223 3.34 389 223 264 181
Ca - IP 433 245 4.01 430 4.03 3.50 4.38 3.89 3.83 3.79
Ca- CU 559 2.69 3.04 3.14 2.66 4.49 292 251 233 202
Ca - TIE 5.29 3.81 252 391 2.77 4.07 212 1.69 3.01 1.89
Ca - HS 235 3.81 2.88 254 2.79 1.30 1.00 1.03 0.82 0.96
Ca - FSI 8.01 3.19 498 544 4.73 7.07 6.15 4.68 4.85 4.32
Ca - LCI 2.07 059 125 1.88 145 1.93 145 1.01 1.54 1.20

Ea - GDP 1.85 1.94 190 209 2.05 1.54 1.73 1.88 1.93 1.98
Ea - UR 042 045 0.51 0.49 047 0.58 0.43 043 045 041
Ea - HICP 2.74 278 275 2.74 2.69 234 259 276 256 2.62
Ea - STR 1.21 1.12 097 1.20 0.97 1.04 092 0.84 097 0.82
Ea - LTR 0.59 0.28 0.27 0.29 0.30 0.74 0.48 037 0.46 0.38
Ea- REER 2.07 1.92 212 204 210 1.39 1.23 158 1.39 1.55
Ea - IP 712 7.65 T.67 7.72 7.46 6.65 7.97 852 7.96 8.11
Ea- CU 1.67 1.62 150 1.66 1.54 141 143 138 145 144
Ea - TIE 0.79 0.59 0.52 0.68 0.53 0.79 0.54 046 0.59 047
Ea - HS 1.09 054 0.34 028 0.26 0.85 0.58 042 0.53 047
Ea - FSI 221 224 198 3.68 2.68 1.51 126 1.04 2.07 1.47
Ea - LCI 0.66 041 0.19 0.27 0.22 1.01 0.65 0.45 0.62 0.54

Jp - GDP 1.34 095 096 0.82 0.70 1.18 0.81 0.80 0.74 0.61
Jp - UR 0.22 0.04 0.16 0.04 0.14 0.51 0.24 0.16 0.24 0.16
Jp-HICP 192 185 190 185 1.95 1.53 1.67 2.02 1.68 1.96
Jp - STR 046 0.54 0.61 0.45 0.62 0.64 0.50 049 0.43 0.51
Jp - LTR 037 0.29 031 0.24 0.19 0.54 0.35 0.27 0.32 0.23
Jp-REER 190 127 126 136 0.82 1.27 0.89 0.84 0.95 0.60
Jp - IP 290 1.75 154 2.08 1.51 248 124 084 149 0.86
Jp-CU 0.35 0.26 0.44 0.09 0.25 0.67 0.43 037 035 0.29
Jp - TIE 1.13 1.04 1.01 120 1.20 0.88 0.77 0.75 0.88 0.87
Jp - HS 342 3.10 3.03 3.24 3.00 3.39 330 340 3.72 347
Jp - FSI 1.59 1.28 1.28 1.50 1.16 1.48 090 0.75 1.13 0.83
Jp - LCI 0.58 0.54 0.59 0.50 0.46 1.07 0.61 0.52 0.57 0.45

Us - GDP 1.67 1.57 1.55 1.69 1.80 1.03 0.82 0.90 0.88 1.16
Us - UR 0.28 047 0.62 0.44 0.69 0.67 0.47 0.52 0.46 0.57
Us- HICP 489 4.73 458 4.49 449 3.97 426 437 412 4.28
Us - STR 046 0.93 0.81 0.98 0.84 0.89 0.73 046 0.73 0.49
Us - LTR 0.10 0.38 0.57 0.12 0.72 0.84 0.53 048 0.55 0.61
Us-REER 184 135 146 1.54 148 1.25 0.82 0.81 0.90 0.85
Us - IP 3.11 245 256 3.04 3.78 243 213 250 2.78 4.01
Us-CU 1.08 1.01 1.15 183 1.61 145 095 097 154 1.34
Us - TIE 524 486 4.56 4.56 4.96 3.82 424 428 345 440
Us - HS 3.23 292 341 2.88 3.63 246 255 3.50 227 3.56
Us - FSI 724 8.76 9.09 8.49 897 483 7.12 850 6.22 8.10
Us - LCI 1.39 231 294 201 3.07 1.37 1.86 293 150 2.95

Table 10: RMSE and CRPS: Recession phase, 2 quarters ahead
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RMSE CRPS

Hrw  Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 095 1.21 138 1.00 1.20 212 111 0.77 1.00 0.70
Ca- UR 046 0.76 0.69 0.66 0.57 1.66 094 0.69 090 0.63
Ca-HICP 229 190 223 180 1.85 2.03 1.74 203 1.53 1.55
Ca - STR 048 0.88 1.10 1.07 1.15 209 126 1.08 132 1.16
Ca- LTR 0.72 0.64 0.85 0.75 0.88 1.75 1.00 0.85 0.97 0.87
Ca-REER 527 539 291 376 2438 416 4.76 227 3.03 1.78
Ca - IP 541 528 4.26 4.55 4.27 4.65 3.56 286 3.01 2.79
Ca - CU 6.43 344 274 272 229 5.02 2.08 137 1.66 1.25
Ca - TIE 4.97 255 208 3.39 226 280 1.31 090 1.49 0.92
Ca - HS 1.97 242 235 221 228 231 1.27 0.75 1.40 0.80
Ca - FSI 11.82 9.62 6.74 7.69 6.41 1037 9.56 6.56 7.11 5.93
Ca - LCI 3.29 3.09 199 3.15 237 4.08 2.82 1.7 286 2.12

Ea - GDP 164 176 1.77 2.04 194 144 1.05 095 1.24 1.09
Ea - UR 045 0.52 0.60 0.57 0.57 1.10 0.66 0.51 0.68 0.54
Ea- HICP 338 332 326 326 3.16 268 2.86 3.17 2.88 296
Ea - STR 1.19 1.04 092 1.19 0.90 1.49 1.01 0.68 1.03 0.71
Ea - LTR 1.16 0.69 0.65 0.63 0.65 1.58 1.00 0.74 091 0.76
Ea-REER 1.75 165 194 178 1.91 1.29 098 092 091 0.90
Ea - IP 6.63 7.40 7.64 7.66 7.38 411 4.03 4.73 4.48 4.38
Ea - CU 259 261 249 269 251 229 236 250 239 247
Ea - TIE 1.07 0.78 0.66 0.95 0.69 1.52 092 0.66 096 0.70
Ea - HS 1.59 098 084 030 045 1.73 120 091 0.88 0.79
Ea - FSI 3.00 247 233 3.04 224 3.46 252 210 2.04 1.95
Ea - LCI 219 162 111 133 1.14 288 1.89 129 1.67 1.42

Jp - GDP 3.29 256 249 237 218 3.18 2.64 3.00 2.53 2.58
Jp-UR 0.25 0.04 0.17 0.03 0.14 0.82 0.35 0.21 0.36 0.20
Jp - HICP 1.67 170 178 1.63 1.83 0.96 0.84 095 0.69 0.94
Jp - STR 0.65 0.79 0.84 0.62 092 1.01 077 0.72 0.63 0.80
Jp - LTR 043 0.29 035 027 0.18 0.90 0.49 032 044 0.30
Jp-REER 3.67 338 338 343 3.15 3.53  3.81 429 3.96 3.92

Jp- 1P 819 6.45 5.89 7.23 592 844 7.49 750 878 7.69
Jp-CU 142 084 068 1.15 0.75 1.65 095 0.64 120 0.76
Jp - TIE 1.18 1.03 096 1.14 1.09 1.03 0.68 0.53 0.67 0.53
Jp - HS 3.17 270 2.60 287 2.58 1.63 097 0.82 1.16 0.82
Jp - FSI 5.84 534 537 632 5.89 5.86 6.14 6.79 7.75 7.65

Jp - LCI 1.68 1.65 1.89 1.68 1.69 227 171 208 1.69 1.82

Us - GDP 173 1.71 2.03 1.60 233 1.60 132 1.67 1.17 1.89
Us - UR 040 0.78 111 0.70 1.16 1.42 086 1.04 081 1.08
Us-HICP 523 511 491 499 4382 3.68 4.09 436 424 4.26
Us - STR 042 1.14 080 147 0.70 216 144 086 1.73 0.96
Us - LTR 049 045 048 092 0.60 1.96 1.08 0.66 145 0.76
Us- REER 251 164 160 185 1.61 225 138 1.11 1.52 1.13

Us - IP 3.29 3,56 441 3.53 5.75 3.57  3.07 4.24 287 5.58
Us-CU 097 131 191 232 268 296 1.65 1.73 223 244
Us - TIE 5.52 5.61 547 4.59 5.59 443 4.03 434 3.23 397
Us - HS 341 3.61 436 3.28 4.38 2.62 283 4.28 237 3.88

Us - FSI 713 9.81 10.27 8.42 9.26 5.87 6.95 813 534 6.30
Us - LCI 1.19 277 398 195 381 276 219 3.58 1.66 3.19

Table 11: RMSE and CRPS: Recession phase, 3 quarters ahead
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RMSE CRPS
Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 1.04 143 131 137 1.29 3.72 198 099 189 117
Ca- UR 042 137 1.09 1.09 0.95 292 163 110 143 1.02
Ca-HICP 225 181 201 1.60 1.61 265 170 095 1.24 0.80
Ca - STR 0.62 1.73 205 179 201 3.61 227 219 214 212
Ca - LTR .21 092 120 088 1.18 299 150 118 130 1.12
Ca-REER 6.11 6.83 3.57 479 3.10 584 651 337 450 289
Ca - IP 523 460 3.69 395 3.70 6.39 293 155 256 1.74
Ca- CU 585 344 298 3.09 282 6.08 3.14 225 299 252
Ca - TIE 448 272 245 293 233 3.52 268 206 187 1.79
Ca - HS 1.81 293 219 284 228 3.93 265 128 270 1.53
Ca - FSI 16.25 13.65 9.09 10.79 8.65 15.83 14.69 10.03 11.07 9.16
Ca - LCI 446 406 234 417 2091 704 391 199 394 252

Ea - GDP 1.50 154 154 179 1.70 2.73 156 1.00 1.46 1.18
Ea - UR 041 049 060 059 0.57 2.08 1.00 0.59 0.98 0.68
Ea- HICP 3.87 3.69 3.62 3.66 3.51 311 291 330 297 3.04
Ea - STR 1.03 091 081 1.04 0.78 275 166 094 149 1.02
Ea - LTR 1.60 1.06 090 0.84 0.90 274 161 1.08 140 113
Ea-REER 165 146 168 155 1.66 233 142 080 1.14 084

Ea - IP 590 642 6.73 6.70 6.50 6.91 396 267 3.79 3.17
Ea- CU 259 272 265 285 267 290 210 1.83 212 1.88
Ea - TIE 1.25 0.87 0.68 1.14 0.77 277 142 0.84 140 094
Ea - HS 1.67 119 1.04 0.29 0.52 276 177 115 131 111

Ea - FSI 593 459 420 288 290 747 520 454 321 342
Ea - LCI 434 313 241 261 215 599 369 264 321 261

Jp - GDP 5.77 508 5.09 505 484 6.16 6.59 7.71 6.87 7.37
Jp - UR 037 021 021 025 0.20 1.35 051  0.27 052 0.28
Jp - HICP 146 147 156 142 1.60 132 0.71 043 062 046
Jp - STR 0.62 082 086 0.61 097 1.53 0.89 058 0.69 0.67
Jp - LTR 039 033 045 031 0.22 141 0.72 047 0.61 0.44
Jp-REER 411 4.08 4.16 4.06 3.92 3.27 360 430 3.66 3.98

Jp - IP 19.72 17.64 17.14 18.62 17.30 26.74 28.04 29.41 30.41 29.76
Jp-CU 443 374 356 418 3.6 537 498 546 6.05 5.83
Jp - TIE 1.33  1.05 093 115 1.03 1.55 083 0.57 081 0.59
Jp - HS 276 248 245 2.60 248 143 1.02 117 092 1.35
Jp - FSI 6.66 631 6.47 733 7.09 5.57 538 6.36 645 7.18
Jp - LCI 262 279 3.08 275 287 3.58 283 3.64 286 3.37
Us - GDP 1.54 1.69 243 138 248 296 198 202 191 1.81

Us - UR 034 091 146 0.73 147 268 124 130 1.16 1.26
Us-HICP 539 513 4838 519 483 3.69 320 337 3.66 3.26
Us - STR 0.81 1.57 0.87 2.00 0.82 424 254 133 279 145
Us - LTR 1.03 0.74 042 137 0.76 3.57 188 098 235 1.06
Us- REER 269 166 145 189 1.41 322 170 092 1.82 0.86

Us - IP 310 336 5.09 310 6.08 8.19 431 419 518 447
Us-CU 149 114 2.06 2.03 3.09 544 228 1.67 2.68 247
Us - TIE 5.00 6.00 6.22 426 5.62 741 490 485 446 3.52
Us - HS 3.04 369 462 313 4.23 3.89 256 339 231 233

Us - FSI 6.28 994 1044 7.58 8.38 1037 756 645 7.08 3.32
Us - LCI 1.80 2.77 444 171  3.82 6.04 292 330 275 238

Table 12: RMSE and CRPS: Recession phase, 4 quarters ahead
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RMSE CRPS
Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 221 244 179 236 197 6.50 354 192 316 221
Ca- UR 044 186 138 141 1.22 475 231 133 194 1.26
Ca-HICP 212 166 180 144 1.51 396 236 1.04 162 1.15
Ca - STR 0.70 244 276 217 2.68 5.86 3.38 285 275 266
Ca - LTR 147 117 153 091 141 4.66 210 149 163 134
Ca-REER 6.30 7.66 3.84 539 343 8.10 643 297 458 2.76
Ca - IP 476 494 407 447 4.04 10.00 531 347 473 349
Ca- CU 6.03 597 511 554 5.03 983 718 6.20 6.67 5.88
Ca - TIE 421 408 345 287 3.15 548 498 3.61 290 3.18
Ca - HS 3.62 422 261 416 2.89 727 459 232 449 274
Ca - FSI 18.90 15.38 937 11.88 8.95 19.62 1295 6.66 9.71  6.28
Ca - LCI 6.16 432 217 4.63 292 11.29 462 1.68 439 223

Ea - GDP 237 1.8 1.65 1.73 1.59 520 271 1.67 225 177
Ea - UR 0.37 044 055 057 0.54 3.67 148 071 139 0.87
Ea- HICP 398 3.68 3.62 3.69 349 3.50 229 226 227 2.09
Ea - STR 113 1.13 098 096 0.85 5.03 282 153 231 1.60
Ea - LTR 203 140 1.11 1.08 1.04 457 239 146 207 151
Ea-REER 251 188 172 17 1.75 449 253 140 197 148

Ea - IP 831 6.66 6.39 644 6.06 14.37 735 424 6.23 4.78
Ea - CU 232 252 250 269 256 4.85 269 168 251 1.92
Ea - TIE 1.30 087 0.63 1.20 0.78 4.77 207 1.06 189 1.22
Ea - HS 1.50 1.14 1.02 031 047 4.80 248 132 190 1.43

Ea - FSI 1076 767 7.13 445 5.02 13.97 916 866 577 5.99
Ea - LCI 6.83 442 346 3.76 285 1043 540 3.71 471 349

Jp - GDP 587 535 538 537 5.15 4.62 382 461 4.08 441
Jp - UR 0.61 044 040 050 0.42 221 077 049 0.77 0.51
Jp - HICP 143 138 141 138 145 218 1.03 050 0.94 0.57
Jp - STR 0.56 0.76 0.80 0.55 0.92 237 109 054 085 0.62
Jp - LTR 038 035 051 033 0.24 229 097 055 0.76 0.52
Jp-REER 4.00 4.14 426 4.06 4.00 329 260 296 248 2.69

Jp - IP 2247 2017 19.76 21.36 19.97 19.10 20.82 23.75 23.85 24.30
Jp-CU 551 4.74 459 529 4.69 534 470 547 580 5.79
Jp - TIE 244 186 1.79 205 1.85 3.02 218 233 245 242
Jp - HS 265 263 271 270 273 241 194 248 1.89 268
Jp - FSI 6.31 624 653 717 T7.14 6.17 3.70 420 3.79 4.65
Jp - LCI 272 318 350 311  3.29 4.75 272 319 256 297
Us - GDP 177 156 231 196 222 594 319 193 349 1.50

Us - UR 054 1.05 1.82 0.68 1.74 500 1.82 1.69 1.77 1.50
Us-HICP 497 461 438 4.75 4.36 4.72 206 097 205 124
Us - STR 1.87 2.07 102 247 1.33 781 3.8 1.82 415 2.06
Us - LTR 1.56 1.11 043 159 1.14 632 285 130 337 1.59
Us-REER 280 154 131 179 131 527 220 1.04 245 1.12

Us - IP 532 311 567 444 573 1839 873 598 10.77 5.07
Us-CU 268 1.04 209 210 3.01 9.71 320 193 434 239
Us - TIE 450 623 710 395 544 12.87 6.85 585 6.79 349
Us - HS 2.80 3.60 458 2.87 3.91 6.87 3.02 263 3.09 1.58

Us - FSI 701 898 944 7.05 790 19.64 9.61 5.07 10.74 3.97
Us - LCI 426 249 432 249 342 11.94 463 293 507 1.97

Table 13: RMSE and CRPS: Recession phase, 5 quarters ahead
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RMSE CRPS
Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 3.81 3.03 192 291 218 10.67 455 1.85 3.84 216
Ca- UR 0.58 222 152 163 1.35 766 3.02 137 242 138
Ca-HICP 198 161 165 131 148 6.15 334 132 213 147
Ca - STR 1.07 312 339 237 324 9.27 469 336 340 3.19
Ca - LTR 143 137 180 089 1.59 729 279 1.70 201 154
Ca- REER 6.62 7.93 3.78 5.58 343 1254 591 214 414 210
Ca - IP 6.61 6.03 495 584 492 16.69 8.01 493 7.28 5.06
Ca- CU 9.76 832 6.60 758 6.38 1733 980 704 875 6.54
Ca - TIE 4.66 519 3.87 3.08 3.62 886 6.59 3.54 3.99 3.52
Ca - HS 5.00 476 265 4.77 3.04 1099 493 198 474 234
Ca - FSI 20.72 1521 8.63 11.62 8.29 27.73 10.05 294 755 3.18
Ca - LCI 836 4.06 215 4.64 267 1762 542 213 4.65 2.06

Ea - GDP 448 283 250 236 184 9.54 438 3.04 3.55 2.56
Ea - UR 0.35 041 050 053 0.51 6.51 205 0.88 1.89 1.08
Ea- HICP 3.80 354 348 3.59 3.36 512 222 160 215 1.62
Ea - STR 1.57 160 1.31 1.02 1.05 8.85 424 216 335 224
Ea - LTR 276 179 134 132 1.09 789 346 1.87 286 193
Ea-REER 336 221 182 191 184 739 332 1.70 247 174

Ea - IP 1593 940 818 855 7.32 28.13 12.75 8.66 11.15 8.07
Ea- CU 3.56 262 251 270 245 9.12 408 232 3.61 243
Ea - TIE 1.24 080 059 116 0.74 8.16 292 137 246 1.54
Ea - HS 140 116 110 034 043 858 354 1.79 252 1.85

Ea - FSI 1530 10.11 9.10 593 6.49 21.29 1144 9.74 783 7.06
Ea - LCI 9.54 514 395 457 3.05 1711 6.75 391 589 3.82

Jp - GDP 5.73 528 534 536 511 593 3.08 327 322 320
Jp - UR 0.90 061 058 0.70 0.61 3,55 1.01 065 097 0.69
Jp - HICP 158 154 148 1.63 1.51 345 163 1.09 156 1.07
Jp - STR 0.51 070 073 051 0.87 3.78 142 060 1.03 0.70
Jp - LTR 039 038 056 035 0.24 3.65 126 0.64 096 0.59
Jp-REER 4.06 422 439 415 4.07 487 289 311 269 2.72

Jp - IP 22.35 20.17 19.85 21.35 20.10 14.55 12.53 15.61 14.78 16.04
Jp-CU 575 510 5.01 5.63 5.06 5.62 392 451 450 4.67
Jp - TIE 3.03 247 239 273 248 4.06 260 284 297 3.08
Jp - HS 267 292 3.06 293 3.07 3.79 249 317 246 3.37
Jp - FSI 5.78 575 6.06 6.58 6.62 891 281 193 231 194

Jp - LCI 249 299 336 294 3.15 722 229 155 173 142

Us - GDP 3.04 156 218 263 2.20 11.18 5.01 2,55 534 210
Us - UR 1.58 1.08 2.08 062 1.84 930 263 184 274 149
Us-HICP 460 422 4.01 435 3.99 853 316 134 2.78 1.38
Us - STR 3.28 277 119 293 1.52 14.35 564 237 6.17 243
Us - LTR 310 170 0.60 1.96 1.39 11.39 418 1.67 5.18 1.99
Us- REER 3.10 165 126 198 1.24 9.52 319 131 394 147

Us - IP 10.16 294 551 7.61 5.52 35.81 1542 8.23 18.64 6.34
Us-CU 442 132 192 279 281 17.04 489 226 6.88 271
Us - TIE 6.85 578 716 387 498 23.88 9.09 540 10.44 3.46
Us - HS 3.81 329 421 273 3.8 1260 391 1.80 4.88 1.55

Us - FSI 1094 829 867 T7.73 845 35.50 13.89 6.46 17.08 6.58
Us - LCI 817 252 399 3.78 344 2228 722 326 799 286

Table 14: RMSE and CRPS: Recession phase, 6 quarters ahead
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RMSE CRPS

Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 589 318 1.78 3.17  2.06 1718 545 1.76 439 1.89
Ca- UR 138 244 150 1.72 135 12.02 375 127 284 1.35
Ca-HICP 185 151 164 125 1.62 9.66 448 1.74 269 1.93
Ca - STR 1.45 3.68 3.84 247 3.66 1464 6.13 3.62 411 3.53
Ca- LTR 147 145 189 0.83 1.65 11.38 354 1.60 244 151
Ca-REER 814 7.86 3.60 5.55 3.28 20.25 5.89 1.64 389 1.60
Ca - IP 8.95 632 482 6.58 4.94 26.17 9.46 3.75 821 4.14
Ca- CU 15.09 944 6.68 854 6.44 2744 1029 4.60 854 4.58
Ca - TIE 511 524 359 298 3.39 13.58 7.54 2.84 4.60 297
Ca - HS 6.49 482 245 489 282 17.15 523 1.63 449 1.76
Ca - FSI 23.32 14.55 8.07 11.14 7.69 4244 1034 325 7.61  3.16
Ca - LCI 1245 376 278 453  2.68 28.68 6.94 328 531 2.62

Ea - GDP 6.63 3.51 295 3.01 2.02 16.07  5.61 3.34 4.68 3.01
Ea - UR 0.40 041 046 052 049 1111 282 110 247 1.33
Ea- HICP  3.57 336 330 345 3.21 8.65 265 133 240 1.53
Ea - STR 218 203 1.72 121 1.23 1553 581 276 459 280
Ea - LTR 4.01 209 142 150 1.06 13.68 4.69 214 374 232
Ea-REER 362 213 175 183 1.75 11.84 398 1.73 294 1.77
Ea - IP 23.62 11.55 9.42 10.52 7.97 46.35 16.22 9.44 14.19 8.96
Ea- CU 6.99 375 329 3.77 2.89 16.95 6.44 390 581 3.6
Ea - TIE 1.16 0.75 064 1.09 0.69 14.07 4.08 1.72 323 192
Ea - HS 1.58 1.07 1.03 0.33 0.57 14.85 4.76 2.08 337 232
Ea - FSI 18.93 1145 9.69 6.62 6.75 31.57 1227 7.61 9.06 6.47
Ea - LCI 1280 557 392 5.03 293 28.46 824 360 725 4.18

Jp - GDP 532 491 497 499 476 8.66 243 1.09 1.80 1.07
Jp - UR 1.02 065 0.61 0.75 0.66 559 120 054 1.06 0.57
Jp - HICP 1.60 1.65 154 1.78 1.53 526 194 113 1.63 1.09
Jp - STR 0.56 065 0.68 047 0.82 6.11 189 071 1.27 0.81
Jp - LTR 0.51 038 059 036 0.22 571 158 071 117 0.66
Jp-REER 376 392 4.07 385 3.77 7.07 220 1.04 1.59 097

Jp - 1P 20.71 18.75 1848 19.86 18.71 15.88 522 324 396 3.20
Jp-CU 546 494 491 543 493 743 3.03 255 257 247
Jp - TIE 3.17 263 256 293 2.67 547 220 2.09 229 226
Jp - HS 248 279 293 278 297 555 147 128 117 135

Jp - FSI 6.65 581 594 6.57 6.44 14.80 442 311 415 3.09
Jp - LCI 297 281 312 275 293 11.84 276 1.03 1.89 1.04

Us - GDP 488 1.8 203 326 2.26 20.70 7.56 322 810 2.64
Us - UR 335 101 222 0.69 183 1733 391 192 418 148
Us- HICP 445 391 3.72 4.04 3.77 1552 459 1.71 413 2.03
Us - STR 731 4.00 138 420 1.58 2744 847 296 10.01 2.88
Us - LTR 5.09 267 074 262 131 2099 6.20 206 823 222
Us- REER 340 181 1.38 218 147 1754 463 1.76 6.07 2.17

Us - IP 1849 411 5.16 11.15 6.84 65.91 24.24 11.10 28.80 9.32
Us- CU 512 173 1.85 3.12 344 30.98 7.19 297 1048 4.24
Us - TIE 13.64 565 684 526 4.62 45.69 13.38 5.55 17.10 4.34
Us - HS 5.68 3.06 393 275 333 23.15 580 224 790 2.01

Us - FSI 18.63 847 820 890 8.23 65.41 19.89 812 26.89 6.02
Us - LCI 13.77 285 3.70 4.62 3.54 40.04 10.36 4.06 11.90 3.55

Table 15: RMSE and CRPS: Recession phase, 7 quarters ahead
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RMSE CRPS
Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 930 317 178 335 1.93 27.88 6.65 210 5.09 2.02
Ca - UR 286 263 145 188 1.36 19.17 475 1.34 355 149
Ca-HICP 1.75 142 181 127 1.92 1537 595 225 340 250
Ca- STR 3.06 4.03 4.08 251 3.88 23.74 775 3.62 4.87  3.64
Ca- LTR 1.45 155 1.95 0.77 1.67 18.40 454 1.68 3.03 1.61
Ca- REER 1213 7.80 3.46 5.51 3.12 33.73 691 173 418 1.57
Ca - IP 11.84 6.16 452 6.99 4.65 4139 1173 3.72 936 394
Ca- CU 20.67 9.80 6.28 895 6.09 41.90 11.34 3.37 882 3.77
Ca - TIE 6.58 5.03 3.56 298 3.21 22.06 948 354 574 3.29
Ca - HS 942 475 237 484 267 28.22  6.23 199 494 2.00
Ca - FSI 31.35 1394 7.69 1093 7.20 70.14 1256 3.71  9.28  3.29
Ca - LCI 1971 3.53 332 454 278 4788 879 3.76 638 295

Ea - GDP 934 399 3.10 347  2.09 2749 719 336 597  3.57
Ea - UR 038 039 046 049 046 1878 3.73 134 332 1.62
Ea- HICP 336 3.17 313 335 3.06 14.97 337 137 3.00 1.67
Ea - STR 3.84 251 207 142 134 26.61 774 334 6.11 3.27
Ea - LTR 572 225 141 1.58 0.99 23.37  6.19 240 495 2.73
Ea- REER 3.67 204 165 177 1.65 20.52 522 194 384 2.09
Ea - IP 32.87 1285 9.61 11.62 7.98 76.81 19.91 847 17.09 9.38
Ea - CU 10.70  4.82  3.79 483 3.23 29.11 835 414 752 413
Ea - TIE 1.67 072 0.69 1.03 0.65 24.64 555 2.03 426 2.26
Ea - HS 1.62 1.01 096 051 0.54 25.99 6.43 247 441 274
Ea - FSI 21.73 1223 9.62 6.75 6.78 51.38 1446 6.56 11.17 7.35
Ea - LCI 16.19 578 3.69 545 6.78 4848 1035 3.71 939 497

Jp - GDP 539 488 491 493 471 1444 376 273 295 2.71
Jp - UR 1.06 0.64 0.61 0.78 0.67 9.02 148 0.50 1.24 0.53
Jp - HICP 1.50 1.8 147 1.71 145 8.31 2.15 085 143 0.81
Jp - STR 0.68 061 064 044 0.79 9.81 244 083 157 094
Jp - LTR 1.00 036 058 035 0.21 9.43 2.02 074 146 0.75
Jp-REER 357 3.67 3.82 3.61 3.55 11.58 272 113 192 1.18
Jp- 1P 21.24 19.08 18.70 19.99 18.91 28.13 12,99 14.55 13.53 15.19
Jp-CU 542 478 471 522 473 12.23 342 182 241 1.86
Jp - TIE 3.07 264 255 293 268 8.31 220 149 1.89 1.61
Jp - HS 255 261 275 260 278 8.94 147 0.61 1.03 0.52

Jp - FSI 8.7 632 6.29 6.85 6.66 2431 620 5.09 546 4.96
Jp - LCI 427 294 313 284 297 19.57 3.75 196 2.66 1.95

Us - GDP 820 279 190 424 214 37.81 11.16 3.98 12.87 3.00
Us - UR 558 096 228 090 1.78 31.61 576 210 6.56 1.68
Us- HICP 464 3.67 348 3.79 3.66 2846 6.82 218 6.41 256
Us - STR 13.33 544 1.61 599 1.56 51.57 12.79 3.68 16.22 3.54
Us - LTR 8.60 3.74 077 3.60 1.28 40.22  9.13 249 1313 283
Us- REER 343 181 154 209 193 32.65 6.76 222 9.08 3.00

Us - IP 33.40 6.67 483 1392 749 123.39 35.21 14.01 44.02 10.56
Us- CU 499 186 1.82 3.02 3.88 58.24 1091 3.81 16.39 5.28
Us - TIE 25,57 6.76  6.45 7.77 433 87.22 1994 6.49 2787 5.37
Us - HS 9.96 290 3.72 278 3.21 43.67 854 288 1241 2.70

Us - FSI 30.52 10.00 7.85 11.25 7.70 123.04 29.25 10.01 43.19 6.59
Us - LCI 21.39 3.75 346 529 3.32 7446 15.07 5.12 1835 3.87

Table 16: RMSE and CRPS: Recession phase, 8 quarters ahead
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RMSE CRPS
Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 0.16 018 0.16 0.16 0.14 040 037 028 035 0.28
Ca- UR 0.57 035 028 040 0.31 044 030 024 031 0.26
Ca-HICP 0.64 243 229 220 222 0.50 169 1.65 1.52 1.60
Ca - STR 019 003 025 012 0.16 046 034 029 037 0.29
Ca - LTR 045 0.11 0.06 024 0.09 044 031 024 030 0.24

Ca- REER 1.66 2.07 1.87 248 2.01 099 135 122 1.77 140
Ca - IP 1.86 196 1.70 095 141 1.10 117 1.01 070 0.84
Ca- CU 124 137 114 076 0.71 0.80 085 070 056 0.53
Ca - TIE 203 150 115 1.81 1.51 .21 090 0.70 1.08 0.90
Ca - HS 039 061 068 046 1.38 0.59 059 050 055 0.82

Ca - FSI 498 338 3.01 3.67 3.09 340 215 1.89 247 205
Ca - LCI 039 032 0.09 060 0.26 044 031 023 040 0.26

Ea - GDP 238 210 193 207 1.80 148 137 133 136 1.18
Ea - UR 0.69 054 038 051 043 051 036 029 036 031
Ea-HICP 024 0.02 028 0.14 0.30 044 032 029 033 031
Ea - STR 1.70 1.68 1.57 140 1.60 1.05 1.06 1.02 086 1.03
Ea - LTR 049 034 022 031 024 048 035 028 034 0.29
Ea-REER 1.05 0.78 055 0.82 0.46 0.70 052 040 0.54 0.39
Ea - IP 443 468 3.80 391 3.32 3.04 358 286 2.80 227
Ea- CU 0.05 066 091 0.61 0.94 048 047 054 045 0.56
Ea - TIE 0.04 0.02 0.02 0.01 0.00 040 027 024 028 0.25
Ea - HS 240 142 138 1.07 097 146 085 0.83 0.66 0.60
Ea - FSI 293 179 161 1.66 1.07 1.76 111 1.00 1.04 0.80
Ea - LCI 0.32 0.00 015 0.12 0.16 0.47 030 025 030 0.27

Jp - GDP 7.50 437 3.00 438 273 558 3.00 1.98 3.03 1.69
Jp - UR 0.60 0.20 0.01 0.11 0.01 0.60 036 027 035 0.26
Jp - HICP 097 219 202 189 1.88 0.78 134 128 1.15 1.18
Jp - STR 0.82 057 072 026 052 0.68 051 046 044 040
Jp - LTR 0.09 014 011 0.17 0.11 059 042 031 042 0.32
Jp-REER 036 189 219 154 234 089 1.15 132 098 140

Jp - IP 21.71 1771 1449 18.62 16.14 18.36 15.33 12.52 16.09 13.66
Jp-CU 6.37 583 509 625 535 7.88 471 418 5.07 4.35
Jp - TIE 270 182 159 158 1.38 218 110 094 0.99 0.83
Jp - HS 1.50 052 150 140 1.64 238 067 091 097 1.03

Jp - FSI 0.01 184 211 206 281 4.05 123 128 133 1.66
Jp - LCI 0.20 028 041 0.01 0.12 3.04 044 036 043 034

Us - GDP 0.60 0.01 0.06 027 0.16 0.56 041 033 041 0.36
Us - UR 0.02 0.02 004 004 0.11 037 027 023 029 0.25
Us-HICP 439 1.03 1.03 091 0.65 3.25 061 0.62 0.58 0.46
Us - STR 0.90 086 149 0.75 1.40 0.66 060 090 0.54 0.83
Us - LTR 0.79 090 096 0.81 0.96 0.56 0.55 0.57 0.50 0.58
Us- REER 038 048 036 028 0.14 0.55 046 037 041 0.36

Us - IP 3.05 3.09 344 328 3.58 1.92 2.05 250 225 257
Us-CU 142 151 176 1.78 1.67 0.85 092 118 1.11 1.05
Us - TIE 037 076 1.08 112 1.65 0.68 059 0.67 0.72 0.98
Us - HS 1.59 1.69 1.62 1.68 1.71 095 099 1.01 1.02 1.07

Us - FSI 491 204 180 231 1.85 323 131 110 138 1.10
Us - LCI 1.16 037 036 091 045 0.75 036 031 056 0.36

Table 17: RMSE and CRPS: Recovery phase, 1 quarter ahead

45



RMSE CRPS
Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 047 043 028 021 0.34 1.00 0.77 0.52 0.68 0.54
Ca- UR 098 059 054 058 0.59 1.01  0.65 048 0.64 0.52
Ca-HICP 045 3.07 274 251 2.66 081 229 210 1.68 1.95
Ca - STR 071 0.73 044 1.02 0.67 1.09 0.89 058 098 0.67
Ca - LTR 0.67 0.15 0.05 045 0.22 098 069 043 0.64 044
Ca-REER 240 246 200 3.21 232 1.79  1.68 128 241 1.58
Ca - IP 295 3.00 252 200 228 245 224 180 1.70 1.76
Ca- CU 276 295 242 232 188 235 233 194 195 1.57
Ca - TIE 274 180 135 209 1.79 201 138 101 144 121

Ca - HS 1.36 0.66 0.50 1.16 0.98 1.48 098 0.69 1.17 0.74
Ca - FSI 587 262 215 3.76 244 396 149 1.04 228 1.25
Ca - LCI 0.73 048 013 130 0.31 1.55 098 0.65 1.20 0.68
Ea - GDP 260 216 1.87 219 1.79 181 137 110 140 1.11
Ea - UR 1.24 098 0.77 098 0.81 1.34 089 0.66 087 0.72

Ea-HICP 046 0.28 027 0.13 0.26 1.15 0.78 054 075 0.57
Ea - STR 333 320 286 254 296 264 262 249 198 254
Ea - LTR 0.78 028 029 026 0.34 1.35 088 0.61 081 0.67
Ea-REER 125 056 041 0.65 0.36 1.50 095 066 086 0.73

Ea - IP 5.77 6.02 454 525 4.35 443 427 316 3.78 3.11
Ea- CU 1.26 051  0.73 048 0.77 1.49 081 0.60 082 0.66
Ea - TIE 011 019 0.16 0.08 0.09 1.24 078 0.56 0.75 0.60
Ea - HS 207 113 1.09 0.77 0.69 1.58 1.00 0.75 0.89 0.69

Ea - FSI 726 542 5.67 530 4.60 581 440 490 441 3.89
Ea - LCI 1.35 037 021 016 041 209 119 083 110 0.87

Jp - GDP 995 484 270 562 292 734 312 150 410 1.88
Jp - UR 1.35 036 0.05 031 0.05 1.81 092 054 088 0.53
Jp - HICP 1.87 2.65 211 215 201 205 189 130 1.58 1.33
Jp - STR 1.38 044 0.61 039 037 191 122 0.72 113 0.77
Jp - LTR 071 127 072 1.18 095 1.65 131 076 122 0.92
Jp-REER 095 552 527 4.00 4.89 237 465 485 3.28 4.19

Jp - 1P 33.60 23.05 16.50 25.67 19.65 31.94 21.27 14.04 24.49 16.90
Jp-CU 9.68 7.57 5.69 839 6.38 788 6.09 444 729 525
Jp - TIE 256 138 141 123 1.22 218 121 097 119 097
Jp - HS 1.81 138 286 242 3.00 238 154 231 200 239
Jp - FSI 1.62 3.80 352 285 4.28 4.05 324 275 265 3.20
Jp - LCI 1.81 136 133 046 0.59 3.04 180 132 163 1.15
Us - GDP 197 166 181 216 2.15 170 144 155 1.87 1.86

Us - UR 0.05 0.18 0.06 0.03 0.08 097 066 047 0.70 0.50
Us-HICP 7.14 373 395 336 3.14 6.43 324 389 293 281
Us - STR 0.67 297 395 217 3.85 1.62 238 346 195 3.20
Us - LTR 141 1.85 189 132 210 1.50 149 148 124 1.66
Us- REER 027 094 073 053 035 111 1.07 079 085 0.71

Us - IP 5.29 457 523 571 5.61 410 352 446 480 4.92
Us-CU 226 210 264 333 259 227 172 199 263 1.96
Us - TIE 043 071 120 127 202 1.62 1.15 105 1.26 1.52
Us - HS 277 147 137 171 1.57 219 107 083 124 1.01

Us - FSI 854 546 490 6.18 5.32 715 448 418 534 470
Us - LCI 263 070 0.68 2.05 0.96 245 117 090 1.71 1.05

Table 18: RMSE and CRPS: Recovery phase, 2 quarters ahead
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RMSE CRPS
Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 039 039 040 027 0.32 196 128 082 1.15 0.75
Ca- UR 1.20 0.78 0.83 0.66 0.80 1.58 096 0.74 0.88 0.73
Ca-HICP 0.89 316 2.67 237 2.59 145 197 151 133 145
Ca - STR 1.07 129 098 1.62 130 1.86 1.55 1.09 155 1.24
Ca - LTR 0.79 023 0.09 053 0.34 1.54 1.05 0.54 086 0.57
Ca-REER 264 240 173 3.18 211 232 161 0.8 188 1.04
Ca - IP 431 385 296 371 323 456 331 234 352 271
Ca- CU 397 377 278 380 256 431 318 215 351 232
Ca - TIE 294 209 182 189 205 252 200 1.60 1.57 1.62
Ca - HS 1.59 085 041 201 0.83 254 170 1.08 2.04 1.16
Ca - FSI 585 235 275 337 218 435 245 236 237 1.72
Ca - LCI 099 049 042 1.87 0.26 3.13 189 117 199 1.12

Ea - GDP 224 206 182 234 193 325 201 146 208 1.63
Ea - UR 177 138 1.07 135 1.16 257 147 099 144 113
Ea-HICP 069 059 032 032 0.32 231 138 081 1.26 0.90
Ea - STR 4.50 472 4.06 3.3 4.22 427 394 369 294 3.73
Ea - LTR 1.08 023 075 047 0.92 274 160 112 151 1.25
Ea-REER 1.74 046 034 094 0.36 3.00 173 1.03 153 1.17

Ea - IP 596 699 554 6.74 6.03 9.20 6.51 494 6.64 5.30
Ea- CU 1.59 055 1.14 045 1.00 3.06 170 132 1.66 134
Ea - TIE 042 051 036 029 0.21 275 155 097 140 1.01
Ea - HS 2.07 117 1.08 169 1.28 294 180 1.21 192 143

Ea - FSI 12.22  9.53 10.32 9.51 893 11.11 887 10.22 877 8.53
Ea - LCI 336 139 027 029 040 533 279 170 240 1.61

Jp - GDP 11.88 483 244 6.63 3.33 941 377 195 512 278
Jp - UR 260 087 027 0.70 0.36 382 169 079 1.62 0.82
Jp - HICP 336 3.15 215 256 2.23 428 290 1.60 253 1.83
Jp - STR 226 060 0.50 0.78 0.55 392 223 112 207 131
Jp - LTR 1.79 247 152 211 1.53 3.54 260 149 225 154
Jp-REER 119 720 6.02 440 5.04 4.82 582 443 373 3.25

Jp - IP 43.94 2420 15.33 29.36 20.25 36.15 16.00 7.63 23.39 13.17
Jp-CU 1224 792 521 9.68 6.51 9.79 519 251 726 4.05
Jp - TIE 248 149 147 126 1.16 3.61 199 130 189 1.24
Jp - HS 3.14 230 3.8 317 3.74 473 261 314 283 291

Jp - FSI 483 392 292 239 3.58 931 463 275 4.01 290
Jp - LCI 487 291 247 136 0.93 795 4.08 2.64 3.70 219

Us - GDP 271 197 208 270 259 290 216 1.79 256 2.19
Us - UR 0.20 034 0.08 023 0.07 199 118 0.72 1.23 0.80
Us-HICP 750 485 542 432 4.16 494 392 503 346 3.37
Us - STR 097 429 550 276 545 427 4.07 472 3.65 4.66
Us - LTR 174 277 281 173 319 293 268 243 231 278
Us-REER 136 086 085 1.04 1.11 217 147  1.03 139 1.26

Us - IP 765 638 7.08 854 793 720 549 591 734 691
Us-CU 293 280 355 487 343 464 3.03 296 451 298
Us - TIE 269 140 2.05 234 3.32 470 293 244 311 3.25
Us - HS 3.86 131 116 197 1.40 354 166 1.09 1.82 1.29

Us - FSI 1045 7.08 6.19 7.86 7.04 842 597 481 633 5.81
Us - LCI 342 087 068 289 1.19 452 229 151 279 1.72

Table 19: RMSE and CRPS: Recovery phase, 3 quarters ahead
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RMSE CRPS
Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 048 040 075 047 045 3.27 202 127 165 1.04
Ca- UR 1.25 094 112 066 1.01 229 127 1.05 110 094
Ca-HICP 099 323 265 230 2.57 206 226 158 1.56 1.52
Ca - STR 113 1.62 155 181 1.73 274 211 158 1.8 1.59
Ca - LTR 0.86 037 037 0.63 0.57 224 136 072 1.03 0.76
Ca- REER 247 215 152 287 1.84 3.01 159 082 123 0.74
Ca - IP 529 384 265 471 317 715 410 226 4.57 243
Ca- CU 494 381 252 485 259 6.64 3.74 201 448 245
Ca - TIE 283 267 3.06 170 272 3.66 3.04 312 215 252
Ca - HS 1.90 1.03 047 232 0.72 393 234 130 236 1.35
Ca - FSI 6.23 220 3.2 3.25 212 6.27 334 285 290 2.02
Ca - LCI 148 0.8 039 232 0.23 4.88 282 146 256 1.40

Ea - GDP 197 188 1.89 249 235 6.61 327 221 327 244
Ea - UR 2.00 157 126 1.59 147 439 200 122 197 145
Ea-HICP 069 086 037 035 0.34 3.86 208 1.05 1.83 1.18
Ea - STR 515 562 493 4.05 514 6.81 486 4.15 3.70 431
Ea - LTR 1.39 033 117 065 145 499 253 168 230 1.85
Ea-REER 210 0.76 042 1.06 0.40 5.06 266 145 2.08 1.61

Ea - IP 543 701 637 7.68 713 1877 990 7.01 1034 7.09
Ea- CU 1.66 048 1.01 053 0.91 639 326 194 311 2.00
Ea - TIE 0.89 1.01 062 056 0.33 5.31 257 147 222 143
Ea - HS 354 162 1.22 238 1.72 592 291 1.74 280 194

Ea - FSI 1577 1296 13.96 12.44 11.66 15.80 12.30 13.65 11.35 10.65
Ea - LCI 536 3.17 138 1.00 0.8 10.10 511 286 3.95 244

Jp - GDP 1255 4.86 251 7.62 4.50 14.24 582 298 7.08 4.38
Jp - UR 3.75 108 028 1.02 046 6.71 241 094 239 1.03
Jp - HICP 565 338 206 288 229 772 380 1.77 343 220
Jp - STR 3.04 130 0.85 159 0.99 6.85 3655 1.62 320 1.94
Jp - LTR 331 359 199 276 1.83 6.47 390 1.89 323 1.84
Jp-REER 3.57 867 6.15 4.65 4.81 9.19 747 399 493 3.09

Jp - 1P 50.15 23.50 14.28 32.40 21.07 41.19 1546 7.71 23.94 14.22
Jp-CU 13.66 7.62 4.63 1046 6.53 13.07 570 2.63 7.64 4.11
Jp - TIE 276 134 129 114 1.03 6.04 260 137 254 411
Jp - HS 486 3.12 415 3.68 3.89 797 364 3.04 347 267

Jp - FSI 11.88 4.09 277 214 3.27 1975 734 394 6.40 4.06
Jp - LCI 8.78 469 330 214 1.24 1549 6.73 3.65 6.23 3.10

Us - GDP 3.05 197 197 291 264 488 345 245 381 273
Us - UR 027 039 012 036 0.08 3.61 177 097 1.89 1.06
Us-HICP 7.60 5.23 6.09 442 438 5.79 4.08 4.65 324 3.23
Us - STR 1.89 544 6.85 3.50 6.60 8.07 592 583 551 5.70
Us - LTR 1.82 347 3,58 208 3.94 477 3776 3.22 337 343
Us- REER 241 137 158 190 1.99 3.86 224 1.75 227 211

Us - IP 9.56 802 835 1039 9.75 13.03 854 7.07 9.8 8.32
Us-CU 331 320 4.02 582 399 779 429 337 577 3.54
Us - TIE 4.69 227 284 374 446 879 541 395 548 4.68
Us - HS 398 124 149 179 133 455 246 1.80 217 1.76

Us - FSI 11.23 759 636 802 747 1093 755 524 695 5.58
Us - LCI 347 077 0.69 3.03 1.07 750 3.64 227 371 230

Table 20: RMSE and CRPS: Recovery phase, 4 quarters ahead
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RMSE CRPS

Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 1.40 098 0.73 1.19 042 5.09 280 143 231 1.19
Ca- UR 112 088 1.19 059 1.02 3.26 149 098 1.28 0.86
Ca-HICP 091 332 269 232 257 296 267 1.7 187 1.63
Ca - STR 1.01 1.82 193 186 197 3.92 267 190 2.04 1.77
Ca- LTR 0.87 038 049 0.66 0.70 3.17 163 081 121 083
Ca-REER 221 196 138 258 1.64 430 183 089 114 0.76
Ca - IP 6.80 4.03 243 592 3.09 10.87 5.68 279 592 273
Ca- CU 6.28 4.08 239 588 277 9.86 492 241 554 2.89
Ca - TIE 269 252 349 167 279 5.52 355 3.07 276 240
Ca - HS 1.99 159 048 242 0.80 5.68 291 139 242 149
Ca - FSI 6.51 219 293 359 1.99 874 396 204 356 194
Ca - LCI 210 189 094 271 0.78 707 374 178 292 1.64

Ea - GDP 231 181 169 234 222 11.74 498 280 454 2.66
Ea - UR 201 162 130 162 1.63 751 255 136 248 1.65
Ea-HICP 071 093 037 031 031 6.67 273 127 233 144
Ea - STR 5.02 597 538 4.09 548 11.19 581 419 450 4.35
Ea - LTR 1.76 031 126 069 1.64 871 373 208 318 228
Ea-REER 231 155 081 097 0.36 855 376 194 275 1.99

Ea - IP 496 627 579 7.53 6.56 33.60 14.43 7.89 13.96 7.47
Ea- CU 1.51 056 092 097 1.05 12.05 521 2.83 4.82 281
Ea - TIE 1.78 1.68 097 083 0.51 9.60 383 199 313 1.85
Ea - HS 717 3.01 215 343 260 1142 485 288 416 3.03

Ea - FSI 17.22 14.81 15.15 13.14 12.01 21.30 12,99 11.57 10.79 8.27
Ea - LCI 6.51 489 284 162 211 16.27  7.57 427 541  3.57

Jp - GDP 11.26 438 226 7.10 4.36 2359 7.79 335 799 3.97
Jp - UR 461 1.08 026 1.07 045 1093 3.08 1.05 3.07 1.19
Jp - HICP 754 3.05 1.88 265 2.05 11.87 450 197 397 228
Jp - STR 3.70 229 135 221 142 11.54 5.09 216 4.28 247
Jp - LTR 4.72 425 211 321 188 10.73 484 199 417 1.95
Jp-REER 729 948 586 4.52 441 16.21 816 345 6.15 3.19

Jp - 1P 46.08 21.82 14.30 29.49 18.85 53.65 19.15 10.48 18.71 9.20
Jp-CU 1271 690 4.78 9.65 5.84 19.51 754 418 744  3.56
Jp - TIE 3.38 123 151 1.02 1.19 9.88 358 197 342 1.92
Jp - HS 6.77 382 4.03 4.00 3.73 1254 448 223 4.00 217

Jp - FSI 22.34 494 257 344 294 34.99 1048 4.75 9.66 4.79
Jp - LCI 1177 561  3.59 297 147 25.02 8.70 4.01 849 3.77

Us - GDP 3.09 189 177 3.07 256 844 511 329 553 3.22
Us - UR 0.67 035 017 048 0.11 6.32 254 123 264 137
Us-HICP 724 541 6.43 4.23 447 8.04 497 469 3.70 3.50
Us - STR 267 621 806 476 7.35 13.51 753 7.05 7.80 6.24
Us - LTR 1.72 3.77 413 221 4.16 8.06 455 3.69 440 3.34
Us- REER 295 217 225 238 267 6.06 3.15 235 288 2.9

Us - IP 11.00 893 842 11.01 10.34 23.87 13.58 9.14 14.04 9.59
Us- CU 3.66 328 391 6.08 4.12 1283 551 316 6.72  3.63
Us - TIE 5.55 270 3.15 480 4.78 14.39 811 512 7.69 5.05
Us - HS 3.85 159 249 1.71 181 716 355 296 288 246

Us - FSI 10.55 761 6.10 7.67 7.19 17.44 10.84 6.82 9.07 545
Us - LCI 3.60 069 127 283 0.96 13.03 552 340 521 3.14

Table 21: RMSE and CRPS: Recovery phase, 5 quarters ahead
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RMSE CRPS
Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 264 191 o077 186 0.51 771 380 159 289 133
Ca- UR 1.05 080 119 054 097 477 191 096 150 0.88
Ca-HICP 1.06 341 278 241 261 448 327 204 224 179
Ca - STR 094 191 216 1.82 2.06 582 321 208 226 1.82
Ca - LTR 0.84 035 048 0.63 0.68 486 204 086 138 0.80
Ca-REER 205 181 127 236 1.50 645 213 090 137 081
Ca - IP 828 504 279 6.93 3.34 1548 763 353 694 3.34
Ca- CU 765 408 286 6.74 3.56 13.94 646 322 635 3.80
Ca - TIE 419 252 319 283 257 896 482 245 4.07 215
Ca - HS 216 159 1.00 238 1.19 828 366 1.74 254 1.82
Ca - FSI 6.51 219 3.02 3.80 246 11.88 5.01 2.62 3.84 272
Ca - LCI 242 189 191 275 135 9.96 4.68 259 3.00 1.98

Ea - GDP 223 184 1.72 221 204 20.13 7.01 349 576 3.15
Ea - UR 191 154 128 1.63 1.68 13.04 338 1.60 3.17 1.82
Ea-HICP 169 092 036 039 0.46 11.50 3.59 146 3.00 1.75
Ea - STR 4.66 588 548 394 551 1875 714 429 567 4.56
Ea - LTR 1.86 057 1.17 0.63 1.67 14.43 520 253 415 2.69
Ea-REER 332 177 085 113 0.72 14.75 506 229 3.73 246

Ea - IP 730 6.08 586 7.30 6.22 58.00 20.32 9.93 17.90 9.02
Ea - CU 1.63 132 119 1.05 1.01 21.25 7.35 3.67 643 3.35
Ea - TIE 294 219 138 096 0.75 16.50 527 254 413 227
Ea - HS 9.61 3.81 254 3.69 291 18.15 6.35 3.28 4.65 3.23

Ea - FSI 18.52 16.37 15.10 12.84 11.44 33.88 1537 9.30 11.35 7.03
Ea - LCI 595 550 425 1.69 3.17 26.37 9.50 556 692 4.60

Jp - GDP 10.71  4.02 215 6.69 4.30 40.58 10.10 3.83 10.23 4.55
Jp - UR 548 1.04 024 1.05 043 1733 382 115 3.88 1.36
Jp - HICP 872 3.07 224 247 198 1750 6.01 278 5.05 2.66
Jp - STR 461 3.00 168 259 1.61 19.17 6.65 251 516  2.90
Jp - LTR 5.74 451 2.09 347 187 16.93 564 2.06 5.12 216
Jp-REER 921 899 535 413 4.04 25.62 812 320 748 342
Jp - IP 4298 2449 16.21 27.25 17.65 94.02 29.98 15.02 25.20 11.80
Jp-CU 11.67 778 578 884 5.50 33.88 1143 6.14 9.89 4.63
Jp - TIE 415 154 190 1.00 1.30 16.56 5.00 2.57 4.63 227
Jp - HS 8.04 3.67 3.68 3.77 340 1931 449 159 410 1.73
Jp - FSI 28.68 4.76 243 448 270 51.95 13.03 542 1298 542
Jp - LCI 11.71 527 341 290 154 3774 992 384 1029 4.02

Us - GDP 329 173 1.70 310 234 1535 717 414 7.70  3.70
Us - UR 1.35 032 031 050 0.16 1091 364 162 3.80 1.76
Us-HICP 692 564 6.77 4.06 4.69 13.21 642 5.03 518 4.21
Us - STR 250 6.84 913 580 7.62 2298 9.52 7.89 10.55 6.57
Us - LTR 1.60 4.06 479 243 4.23 13.67 588 435 6.18 3.66
Us- REER 3.07 280 283 262 3.14 10.07 430 2.81 3.61 295

Us - IP 12.73 9.60 814 11.36 10.21 43.63 21.07 12.70 20.41 11.62
Us-CU 511 338 3.64 595 4.05 21.96 7.31 347 6.72 4.12
Us - TIE 6.57 3.65 3.56 597 4.87 24.79 11.53 6.61 7.69 5.85
Us - HS 3.77 149 3.04 181 1.87 1240 474 331 288 289

Us - FSI 10.24 8.10 6.12 7.44 6.90 31.44 1584 896 9.07 6.20
Us - LCI 384 096 148 2.62 0.90 2274 819 449 521 4.09

Table 22: RMSE and CRPS: Recovery phase, 6 quarters ahead
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RMSE CRPS

Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim
Ca - GDP 3.92 297 133 221 0.84 11.52 499 207 3.16 1.57
Ca - UR 1.18 0.81 1.12 054 0.91 7.20 241 089 1.81 0.88
Ca - HICP 1.54 3.65 298 253 2.76 6.83 4.22 251 266 221
Ca-STR 1.28 1.86 222 1.78 2.03 8.94 3.94 205 262 183
Ca - LTR 0.79 035 0.47 0.64 0.66 7.36 2.57 097 1.67 0.89
Ca- REER 1.95 1.69 1.18 2.20 1.39 9.24 2.66 0.99 1.64 0.87
Ca - IP 9.30 6.25 3.51 7.17  3.57 21.90 958 439 6.80 3.59

Ca- CU 827 6.08 3.55 6.74 4.05 19.65 7.87 4.01 594 4.02
Ca - TIE 5.28 3.76 3.17 283 270 13.17  6.40 293 452 2.66
Ca - HS 241 298 183 235 1.58 1213 461 253 3.04 219
Ca - FSI 6.38 3.65 3.29 3.67 2.72 17.09 6.056 3.07 412 279
Ca - LCI 254 349 249 2,60 1.55 14.84 551 287 333 198

Ea - GDP 391 1.7 204 223 200 34.71  9.63 446 7.65 3.90
Ea - UR 210 142 122 159 1.68 2241 476 1.80 4.18 2.05
Ea- HICP 484 107 039 039 0.61 20.17  5.01 174 4.00 2.06
Ea - STR 496 562 539 3.74 538 32.62 934 458 734 5.01
Ea - LTR 1.80 053 110 059 1.71 24.70 707 296 544 3.22
Ea-REER 6.20 164 083 160 1.36 25,52 691 273 496 3.15
Ea - IP 2392 569 649 770 6.27 104.41 2779 12.08 23.42 10.60
Ea - CU 486 134 202 124 134 36.06 9.69 4.57 834 4.08
Ea - TIE 3.80 247 172 098 1.00 28.47 705 3.03 551 275
Ea - HS 10.54 420 275 3.60 3.14 28.83 814 381 564 3.61
Ea - FSI 21.13 17.71 14.68 12.21 10.65 57.45 19.24 846 1433 7.07
Ea - LCI 754 512 522 158 3.71 4752 12.09 6.17 890 5.11

Jp - GDP 9.93 374 199 640 4.01 67.65 12.53 4.04 12.69 4.42
Jp - UR 6.02 1.04 023 1.00 042 28.33 490 130 484 1.53
Jp - HICP 9.53 3.63 255 242 1.98 28.16 8.02 3.13 628 297
Jp - STR 536 334 179 273 1.64 3147 831 274 633 321
Jp - LTR 6.20 434 194 344 180 2740 646 210 597 232
Jp-REER 931 860 523 453 3.96 41.06 1021 4.11  9.65 3.90

Jp- 1P 42.30 25.78 16.78 25.89 17.09 159.51 35.38 14.73 3298 13.75
Jp-CU 11.09 847 6.34 856 548 56.26 14.23 6.39 13.13 5.55
Jp - TIE 553 194 215 122 1.38 2791 684 289 6.08 261
Jp - HS 824 340 354 351 318 3140 548 210 494 2.03

Jp - FSI 28.68 5.27 3.16 4.17  2.60 78.75 16.97 6.28 15.53 6.05
Jp - LCI 11.94 556 3.23 290 144 61.72 1276 4.00 12.25 4.13

Us - GDP 440 166 1.73 294 226 27.47 10.15 4.89 10.98 4.52
Us - UR 244 052 044 069 0.17 19.23 527 216 561 221
Us-HICP 735 6.06 7.11 4.07 5.07 23.09 872 569 7.64 531
Us - STR 261 751 985 627 7.88 39.47 13.01 844 1419 7.59
Us - LTR 1.50 445 535 264 4.44 23.41 815 512 874 4.66
Us- REER 298 327 315 262 3.29 1740 576 2.88 4.78 285

Us - IP 15.85 10.54 7.78 1145 9.84 75.29 3045 16.37 28.61 13.42
Us- CU 5.11 350 338 5.78 3.83 38.06 9.98 438 1221 4.69
Us - TIE 6.57 422 3.64 6.58 4.79 43.48 16.03 7.98 14.54 6.87
Us - HS 3.77 143 322 210 1.77 22.94 699 3.72 6.23 3.93

Us - FSI 10.24 884 641 7.51 6.65 53.64 21.39 10.89 17.57 7.05
Us - LCI 3.84 155 145 244 091 39.93 11.76 570 10.54 4.97

Table 23: RMSE and CRPS: Recovery phase, 7 quarters ahead
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RMSE CRPS
Hrw Sar Ri Rm Rim Hrw Sar Ri Rm Rim

Ca - GDP 530 395 216 246 1.39 17.04 638 1.27 3.74 216
Ca - UR 1.49 090 1.05 052 0.8 11.10 3.04 1.05 213 0091
Ca-HICP 1.83 3.90 3.10 250 2.84 10.25 518 1.58 2.86 2.25
Ca- STR 1.89  1.74 216 1.70 194 13.65 499 1.58 3.09 1.87
Ca- LTR 0.78 032 054 079 0.70 10.81 329 0.72 209 1.07

Ca-REER 197 159 1.10 212 1.30 13.63 342 082 1.99 0.95
Ca - IP 11.69 836 526 7.46 449 33.23 1281 226 826 5.29
Ca- CU 933 733 492 7.09 493 29.39 10.20 2.01 6.84 5.41
Ca - TIE 6.22 494 371 357 3.01 19.16 815 3.12 484 3.20
Ca - HS 3.02 338 238 233 1.83 1837 557 130 354 231

Ca - FSI 6.75 3.66 3.27 3.45 2.66 26.29 730 285 483 244
Ca - LCI 295 375 261 244 1.52 22.57 6.60 146 392 1.86

Ea - GDP 11.29 200 232 245 197 61.97 13.51 5.30 10.35 4.70
Ea - UR 329 133 114 154 1.62 3945  6.71 212 556 241
Ea-HICP 756 133 043 0.38 0.72 3449 691 208 536 233
Ea - STR 6.33 541 517 3.60 5.22 57.20 12.66 499 9.69 5.59
Ea - LTR 253 060 1.06 0.64 181 44.32  9.75 354 699 3.89
Ea-REER 853 184 109 204 195 4412 930 331 6.51  3.88
Ea - IP 4994 769 717 9.73 6.28 186.92 38.69 14.28 31.72 12.34
Ea - CU 1275 173 253 232  1.56 64.68 1342 519 1145 4.74
Ea - TIE 4.08 258 200 1.00 1.23 49.25 9.52 358 723 3.23
Ea - HS 9.87 423 280 338 3.10 4850 10.65 4.25 7.13 391
Ea - FSI 26.23 1847 13.88 11.52 10.00 98.86 23.95 836 18.77 8.50
Ea - LCI 13.90 501 555 1.96 3.97 82.09 16.70 6.58 11.94 5.66

Jp - GDP 1452 461 1.8 6.35 3.76 113.48 16.54 4.40 15.74 4.76
Jp - UR 735 116 022 096 047 4715 6.34 150 6.06 1.74
Jp - HICP 9.52 3.64 267 238 194 46.17 1018 3.32 794 3.30
Jp - STR 6.64 327 1.71 2.64 1.58 53.80 10.52 2.89 7.82 3.57
Jp - LTR 592 4.07 184 325 170 45.59 7.98 234 736 251
Jp-REER 9.14 9.66 541 554 397 68.42 14.27 4.84 12.08 4.32
Jp- 1P 39.61 24.28 1590 24.35 16.40 267.37 41.48 1297 40.61 14.24
Jp-CU 1171 799 6.04 805 5.22 92.17 16.69 541 16.01 5.61
Jp - TIE 538 2.08 215 1.26 1.38 45.71 856 292 778 285
Jp - HS 776 335 357 333  3.05 5230 742 274 617 234
Jp - FSI 26.82 7.24 352 426 249 129.55 22.55 6.58 19.50 6.65
Jp - LCI 25.89 813 344 455 145 109.88 19.00 4.75 16.18 4.53

Us - GDP 548 1.65 177 275 221 46.87 14.39 6.00 15.55 5.56
Us - UR 470 062 056 0.80 0.32 33.87 757 273 814 276
Us-HICP 864 6.66 7.58 4.17 5.60 40.57 1238 6.76 11.29 6.59
Us - STR 247 857 1040 6.85 843 71.10 18.65 9.30 20.80 9.38
Us - LTR 1.61 507 573 273 4.65 4213 1175 5.65 12.57 548
Us- REER 289 345 314 246 3.19 3043 772 271 691 2.76

Us - IP 22.56 11.66 7.38 11.47 9.20 129.78 42.05 19.80 39.65 15.28
Us- CU 9.97 354 316 541 9.20 65.89 14.43 5.68 17.82 5.74
Us - TIE 12.44 513 3,51 6.97 4.66 75.65 22.99 9.67 2043 8.60
Us - HS 5.56 2.03 319 226 1.69 40.29 10.66 4.71  9.04 5.07

Us - FSI 10.84 944 6.78 7.56  6.39 91.74 29.14 12.70 25.39 8.44
Us - LCI 796 228 137 233 1.22 69.77 16.74 6.91 14.80 6.03

Table 24: RMSE and CRPS: Recovery phase, 8 quarters ahead
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