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ADAPTIVE ESTIMATION IN AUTOREGRESSION OR
G-MIXING REGRESSION VIA MODEL SELECTION

By Y. BArauD, F. COMTE, G. VIENNET

Ecole Normale Supérieure, DMA, Université Paris VI and
Université Paris VII

We study the problem of estimating some unknown regression func-
tion in a [-mixing dependent framework. To this end, we consider some
collection of models which are finite dimensional spaces. A penalized least-
squares estimator (PLSE) is built on a data driven selected model among
this collection. We state non asymptotic risk bounds for this PLSE and
give several examples where the procedure can be applied (autoregression,
regression with arithmetically 8-mixing design points, regression with mix-
ing errors, estimation in additive frameworks, estimation of the order of
the autoregression ...). In addition we show that under a weak moment
condition on the errors, our estimator is adaptive in the minimax sense
simultaneously over some family of Besov balls.

1. Introduction We consider the problem of estimating the unknown func-
tion f, from RF into R, based on the observation of n (possibly) dependent data
(V;, X;), 1 <i < n, arising from the model

(L1) Y, = (X)) +

We assume that ()?i)lgign is a stationary sequence of random vectors in R¥ and
we denote by p the common law of the X,’s. The ¢;’s are unobservable identically
distributed centered random variables admitting a finite variance denoted by o3.
Throughout the paper we assume that o3 is a known quantity (or that a bound on
it is known). In this introduction, we assume that the £;’s are independent random
variables. As an example of model (1.1), consider the case of a random design set
X, = X, with values in [0,1] with a regression function f assumed to satisfy some
Holderian regularity condition

sup

=f] < 400
o<z<y<t (Y —x)* 1

for some « € (0, 1]. Another possible illustration is a linear autoregressive model

k/
(1.3) Xi=) BiXij+e
j=1
where k' is an integer smaller than k. This means that Y; = X;, XZ =

(Xi—1,.., Xi—g) and f(uy,...,ux) = 25;1 Bjuj. Such models have been ex-
tensively studied in the past under the conditions that o or k¥’ are known. There
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have been some generalizations to the cases of unknown « and k', but then the
results are typically given in an asymptotic form (as n — +00).

In this paper, the aim is to introduce an estimation procedure for Model (1.1)
which, when applied to some Holderian function f satisfying (1.2) with unknown
values of o and |f |(°‘), will perform almost as well as a procedure based on the
knowledge of those two parameters. This is what is usually called adaptation. In the
same way, our procedure will result in estimation of Model (1.3) with an unknown
value of ¥’ (K < k, k known) which is almost as good as if k' were known. Moreover,
the results will be given in the form of non asymptotic bounds for the risk of our
estimators. Many other examples can be treated by the same method. One could,
for instance, replace the regularity conditions (1.2) by more sophisticated ones and
Model (1.3) by a nonlinear analogue.

In order to explain the main idea underlying the approach, let us turn back
to the two previous examples. Model (1.3) says that f belongs to some specific
k’-dimensional linear space S of functions from R* to R. When k' is known, a
classical estimator of f is the least squares estimator over Sys. Dealing with an
unknown k’ therefore amounts to choosing a “good” value k of k¥’ from the data.
By “good”, we mean here that the estimation procedure based on k should perform
almost as well as the procedure based on the true value of &'

The treatment of Model (1.1) when f satisfies a condition of type (1.2) is ac-
tually quite similar. Let us expand f in some suitable orthonormal basis {¢;};>1
of L2([0,1],dx) (the Haar basis for instance). Then (1.1) can be written as Y; =
Z;il B;¢;(X;) + €; and a classical procedure for estimating f is as follows: define
S to be the J-dimensional linear space generated by ¢1,...,¢; and fJ to be the
least squares estimator on Sy, that is the least squares estimator for Model (1.1)
when f is supposed to belong to S;. The problem is to determine from the data set
some J in such a way that the least squares estimator f ; performs almost as well
as the best least-squares estimator of f, i.e. the one which achieves the minimum
of the risk.

In order to give a further explanation of the procedure, we need to be precise as
to the “risk” we are dealing with. Throughout the paper we consider least-squares
estimators of f, obtained by minimizing over a finite dimensional linear subspace
S C L2(R*, dx) the (least squares) contrast function v, defined by

Zn: D — 1(X)))?

A minimizer of ~, in 5, fs, always exists but might not be unique. Indeed, in
common situations the minimization of -y, over S leads to an affine space of possible
solutions and then it becomes impossible to consider the L2(R¥, dx)-quadratic risk
of “the least-squares estimator” of f in S. In contrast, the (random) R™-vector
(fs(X1),.... fs(Xn))" is always uniquely defined; this is the reason we consider the
risk of fs based on the design points, i.e.

E li > (1% - fso?i))?] =E[If - fsl3].

i=1

(1.4) vt € L2(R*, dx), ~n(t

:M—‘
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In addition, under suitable assumptions on the design set and the ¢;’s, the risk of
fs can be decomposed in a classical way into a bias and a variance term. More
precisely, we have

(1.5) E[If — fsl2) < 2(1.5) + 03 )

where for t,s € L?(R¥, ), d%(s,t) denotes E[(¢t(X1) — s(X1))?] and d?(f,S) =
infseg di( f,s). The inequality (1.5) is usually sharp; note that equality occurs when
the XfS and the ¢;’s are independent for instance.

Coming back to Model (1.1) we see that the quadratic risk E[||f — f||2] is of
order

J

for Sy generated by the Haar basis (¢;)i<j<s as above. Then (1.2) standardly
implies that d,(f,S;) < C|f|(®)J~* whatever u. When « and |f|(*) are known,
it is possible to determine the value of .J that minimizes (1.6). If a and |f|(®) are
unknown, the problem of adaptation, that is doing almost as well as if they were
known, clearly amounts to choosing an estimation procedure J based on the data,
such that the estimator based on J is almost as good as the estimator based on the
optimal value of J. The analogy with the study of Model (1.3) then becomes obvious
and we have shown that the problem of adaptation to some unknown smoothness
for Holderian regression functions amounts to what is generally called a problem
of model selection, that is finding a procedure solely based on the data to choose
one statistical model among a (possibly large) family of such models, the aim being
to choose automatically a model which is close to optimal in the family for the
problem at hand. Let us now describe this procedure.

We start with a finite collection of possible models {S,,, m € M,,} for f, each S,
being a finite-dimensional linear subspace of L?(R¥). The family of models usually
depends on n and the function f may or may not belong to one of them. Let us
denote by fm the least squares estimator for Model (1.1) based on the model class
Sm- We look for a model selection procedure m with values in M,,, based solely on
the data and not on any prior assumption on f, such that the risk of the resulting
procedure fm is almost as good as the risk of the best least squares estimator in the
family. Therefore an ideal selection procedure m should look for an optimal trade-
off between the bias term d(f, Sp,) and the variance term o3dim(S,,)/n. Our aim
is to find m such that

A . dim(.S,,
(1.7 BlIf ~ Falll < C iy {2075 + o3 L)

which means that, up to the constant C, our estimator chooses an optimal model.

It is important to notice that an estimator which satisfies (1.7) has many inter-
esting properties provided that the family of models S;, has been suitably chosen.
In particular this estimator is adaptive in the minimax sense with respect to many
well-known classes of smoothness. The connections between adaptation and model
selection and the nice properties of any estimator fm satisfying (1.7) have been
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developed at length in Barron, Birgé and Massart (1999) Chapter 5 and many il-
lustrations of potential applications of our results can be found there and in Birgé
and Massart (1997). We shall content ourselves in the sequel with a limited number
of applications and we refer the interested reader to those papers.

Our model selection criterion is closely related to the classical C), criterion of
Mallows (1973). For each model m we compute the normalized residual sum of
squares: Y, (fm) =n" " [V — fn(X:)]? and we choose 7 in order to minimize
among all models m € M,, the penalized residual sum of squares v, () + pen(m).
Mallows’ C), criterion corresponds to pen(m) = 203dim(S,,)/n. In this paper, we
want to see how one needs to modify Mallows’ C), when the errors or the covariates
are correlated.

There have been many studies concerning model selection based on Mallows’ C),
or related penalized criteria like Akaike’s or the BIC criterion for regressive and
autoregressive models (see Akaike (1973; 1974), Shibata (1976; 1981), Li (1987),
Polyak and Tsybakov (1992), among many others ...). A common characteristic
of these results is their asymptotic character. Extensions of these penalized criteria
for data-driven model selection procedures have been done in Barron (1991; 1993),
Barron and Cover (1991) and Rissanen (1984). More recently, a general approach
to model selection for various statistical frameworks including density estimation
and regression has been developed in Birgé and Massart (1997) and Barron, Birgé
and Massart (1999), with many applications to adaptive estimation. An original
characteristic of their viewpoint is its non asymptotic feature. Unfortunately, their
general approach imposes restrictions on the regression model (1.1), (e.g. the re-
gression function needs to be bounded by some known quantity) which makes it
unattractive for practical issues. We relax such restrictions and also obtain non
asymptotic results. Our approach is inspired from Baraud’s (2000) work. Although
there have been many results concerning adaptation for the classical regression
model with independent variables, not much is known to our knowledge concern-
ing general adaptation methods for regression involving dependent variables. It is
not within the scope of this paper to make an historical review for the case of
independent variables.

Concerning dependent variables, it is worth mentioning the work of Modha and
Masry (1996) which deals with Model (1.1) when the process (X;, Y;)icz is strongly
mixing and when the function f satisfies some Fourier-transform-type representa-
tion. In Modha and Masry (1998), the problem of one step ahead prediction of
real valued stationary exponentially strongly mixing processes is considered. Min-
imum complexity regression estimators based on Legendre polynomials are used
to estimate both the model memory and the predictor function. In the particular
case of an autoregressive model their approach does not lead to optimal rates of
convergence. In the case of a one dimensional first order autoregressive model, Neu-
mann and Kreiss (1998) and Hoffmann (1999) study the behavior of nonparametric
adaptive estimators (local polynomials and wavelet thresholding estimators) by ap-
proximating an AR(1) autoregression experiment by a regression experiment with
independent variables.
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Our estimation procedure is the same as that proposed by Baraud (2000) in the
case of a regression framework with deterministic design points and i.i.d. errors.
Thus, we show that the procedure is robust (to a certain extent) to possible de-
pendency between the data ()_('i, Y;)’s. More precisely, we assume that the data are
(-mixing (for a precise definition of S-mixing, see Kolmogorov and Rozanov (1960))
and we show that under an adequate condition on the decay of the S-mixing coeffi-
cients (for instance arithmetical or geometrical decay) the estimation procedure is
still relevant. Of course, this robustness with respect to dependency is obvious when
the sequences of )?i’s and ¢;’s are independent and when the ¢;’s are i.i.d.. Indeed,
the result can merely be obtained by arguing as follows. We start from Inequality
(11) in Baraud (2000, Corollary 3.1) which gives the result conditionally to the vari-
ables X;’s. Then, by integrating with respect to those, one gets (1.7). We emphasize
that the result holds under mild assumptions on the statistical framework (an ad-
equate moment condition on the i.i.d. errors and stationarity of the distribution of
the Xi’s). Consequently, we shall only consider either the case where the sequences
of )?i’s and ¢;’s are dependent or the case where the ¢;’s are dependent.

The case of f-mixing data is natural in the autoregression context, where, in
addition, the above condition on the (-mixing coefficients is usually met. This
makes the procedure of particular interest in this case.

Our techniques of proof are based on the work of Baraud (2000). Unfortunately,
the possible dependency of the )?i’s prevents us from directly using classical in-
equalities on product measures like Talagrand (1996) ’s concentration inequalities.
Taking advantage of the §-mixing assumptions, we instead use coupling techniques
derived from Berbee’s Lemma (1979) and inspired from Viennet’s (1997) work in
order to approximate the original sequence (ii)lgiﬁn by a new sequence built on
independent blocks.

Lastly, we mention that the results presented in this paper can be extended
to the case where the variance o3 of the errors is unknown, which is the practi-
cal case, by estimating it by residual least-squares. For further details we refer to
Baraud’s (1998) PhD thesis, where a previous version of this work is available.

The paper is organized as follows: the estimation procedure and the main as-
sumptions are given in Section 2. We apply the procedure to various statistical
frameworks in Section 3. In each of these frameworks, we state non asymptotic
risk bounds, the proofs of those results being delayed to Section 6. Section 4 is
devoted to the main result (treating the case of independent errors), Section 5 to
an extension to the case of dependent errors. The proof of those results are given
in Sections 7 to 10.

2. The estimation procedure and the assumptions We observe pairs
(E,f(}),i = 1,...,n arising from Model (1.1) and our aim is to estimate the un-
known function f from R¥ into R, on some (compact) subset A C R*.

Our estimation procedure is the following one. We consider a finite family of
linear subspaces { Sy, }mem,, of (L2(A,dz),] ||). We assume that the S,,’s are finite
dimensional linear spaces consisting of A-compactly supported functions. Hereafter,
D,, denotes the dimension of S, and f,, the L2(R¥, u)-projection of f onto S,,.
We associate to each S, a least-squares estimator fm of f which minimizes among
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t € S, the empirical least-squares contrast function -, defined by (1.4). Note that
such a minimizer might not be unique as an element of S, but the R™-vector
(fm(X1), .., fm(X20)) is uniquely defined. We select our estimator f among the
family of least-squares estimators { fm}me M,, in the following way: given a nonneg-
ative penalty function pen(-) on M,,, we define 7 as the minimizer among M,, of
the penalized criterion

'Yn(fM) + pen(m)

and we set f = fm € Sy,. The choice of the penalty function is the main concern
of this paper.

The main assumptions used in the paper are listed below. Assumptions (H.)
and (Hx ) will be weakened in Section 5:

(Hx) The sequence (Xi)izo is identically distributed with common law u
admitting a density hx w.r.t. the Lebesgue measure which is bounded from
below and above, i.e.

0<h0§hx<u)§h1 Yu € A.

(H.) The sequence ¢;’s are i.i.d. centered random variables admitting a finite
variance denoted by o3.

(Hx,y) The sequence of the ()?i, Y;)’s is S-mixing.
(Hx,) For all ¢ € {1, ...,n}, ¢; is independent of the sequence (Xj)jgi.

(Hs) There exists a constant ®, such that for any pair (m,m’) € M2, and
any t € Sy, + Sy

(2.8) [tlloc < Pov/dim(Spm + S )|[2]]-

COMMENTS. Assumption (Hy y) is equivalent to the S-mixing of the sequence of
the ()Z}, €;)’s, which is the property which is used in the proof. As mentioned in the
introduction, if the sequences (Xi)lgign and (g;)1<i<n are independent and the ;’s
are i.i.d., then the result can be obtained under milder conditions. In particular,
except stationarity, no other assumption on the distribution of the X i’s is required.
Condition (Hg) is most easily fulfilled when the collection of models is nested, i.e.
is an increasing sequence (for inclusion) of linear spaces and when there exists some

®( such that for each m € M,,

(2.9) [t]co < Bor/dm(Sm)l[t]l, ¥t € Sum.

This connection between the sup-norm and the L?( A4, dx)-norm is satisfied for num-
bers of collections of models of interest. Birgé and Massart (1998), Lemma 6, have
shown that for any L?(A, dr)-orthonormal basis (éx)aeA(m) Of Sp:

1/2

(2.10) Z gf)i = sup ”ﬁ!w

AEA(m) tESm ,t#0
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Hence (2.9) holds if and only if there exists an orthonormal basis (¢x)xea(m) Of Sim
such that
1/2

(2.11) Y Al < ®oy/dim(Sy),

AEA(M)

and then the result is true for any orthonormal basis of S,,.

3. Examples In the section we apply our estimation procedure to various
statistical frameworks. In each framework, we give an example of a collection of
models {S,,, m € M, } and for some x > 1, choose the penalty term to be equal
to

Dy,
pen(m) = 2*~"02, Ym € M,,
n

except in Section 3.3 where the penalty term is chosen in a different way. In each
case, we give sufficient conditions for f = fm to achieve the best trade-off (up to a
constant) between the bias and the variance term among the collection of estimators
{fm, m € My,}. Namely, we show that for any p in |1, z[

2
; T+p - 2 3 Dm R
3.12E[1—2}< F LA = fll? + 2032 -
G2E[I7La - FI] < (222) in {1700 = fllf + 200 2003 | 4
for some constant R = R(p) to be specified. With no loss of generality we shall
assume that A = [0, 1]. Those results, proved in Section 6, derive from our main
theorems which are to be found in Sections 4 and Section 5.

3.1. Autoregression framework We deal with a particular feature of the regres-
sion framework (1.1), the autoregression framework of order 1 given by

(313) m:X’L :f(Xz—1)+€1a 1= 177”
The process is initialized with some real valued random variable Xj.

We assume the following:

(H4g1): The random variable X is independent of the &;’s. The ¢;’s are
i.i.d. centered random variables admitting a density, h., with respect to the
Lebesgue measure and satisfying 03 = E[|e1]?] < oo. The density h. is a
positive bounded and continuous function and the function f satisfies for
some 0<a<1landbeR

(3.14) Vu e R, |f(u)] < alu| +b.
The sequence of the random variables X;’s is stationary of common law pu.

The existence of a stationary law p derives from the assumptions on the ¢;’s and f.
To estimate f we use the collection of models given below.

Collection of piecewise polynomials: Let r be some positive integer and m(n) the
largest integer such that r27(") < n/In®(n) i.e. m(n) = int[In(n/In’(n))/(r In(2))]
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(int[u] denotes the integer part of u). Let M,, be the set of integers {0,...,m(n)},
for each m € M, we define S, as the linear span of piecewise polynomials of
degree less than r based on the dyadic grid {j/2™, j =0,...,2™ — 1} C [0, 1].

The result on f is the following one.

PROPOSITION 1. Consider the autoregression framework (3.13) and assume
that (Hag1) holds. If ob = El|e;|P] < 0o for some p > 6 then (3.12) holds for some
constant R that depends on p,a:,p,hg,ag,r, 1 f1a — [ fladz|co-

To obtain results in probability on ||f14 — f||fl, it is actually enough to assume
E[le;|P] < oo for some p > 2, we refer to (4.29) and the comment given there.

3.2. Regression framework We give an illustration of Theorem 1 in case of re-
gression with arithmetically S-mixing design points. Of course the case of autore-
gression with arithmetically G-mixing X;’s can be treated similarly. Let us consider
the regression model

(3.15) Vi=f(X)+e i=1,..n.

In this section, we consider a sequence ¢; for i € Z and we take the X;’s to be
generated by a standard time series model:

—+oo
(3.16) X; = Z AKEi—1—2k-
k=0

Then we make the following assumption

(Hpeg): The €;’s are i.i.d. Gaussian random variables. The a;’s are such that
ap =1, ijog ajz% # 0 for all z with |z| < 1 and for all j > 1, |a;| < Cj~¢
for some constants C' > 0 and d > 17.

The value 17 as bound for d is certainly not sharp. The model (3.16) for the X;’s
together with the assumptions on the coefficients a; aim at ensuring that (Hx y)
is fulfilled with arithmetically (-mixing variables. Of course, any other model
implying the same property would suit.

We introduce the following collection of models.

Collection of wavelets: For any integer J, let A(j) = {(j,k)/ k = 1,...,27} and
let

+oo
{D0,: (Jos k) € A(Jo)} U{pjk, (4, k) € U A(J)}
J=Jo

be an LL2([0, 1], dr)-orthonormal system of compactly supported wavelets of reg-
ularity r built by Cohen, Daubechies and Vial (1993). For some positive integer
Jn > Jo, let S, be the space spanned by the ¢, x’s for (Jo, k) € A(Jy) and by
the {¢;1’s for (j,k) € Uﬁ":}iA(J)}. The integer J,, is chosen in such a way that
dim(S,,) = 27~ is of order n*/>/In(n). We set M,, = {Jo, ..., J, — 1} and for each
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m € M,, we define S, as the linear span of the ¢, 1’s for (Jo, k) € A(Jy) and the
wjk’s for (j, k) € UT_; A(J).

For a precise description and use of these wavelet systems, see Donoho and
Johnstone (1998). These new functions derive from Daubechies’ wavelets (1992) at
the interior of [0, 1] and are boundary corrected at the “edges”.

PROPOSITION 2.  Assume that ||fIallcc < 00 and that for all m € M, the
constant functions belong to Sp,. If (Hpgey) is satisfied, then (8.12) holds true for
some constant R depending on x, p, ho, h1,03,C.d, || f1a — [ fIadz| .

3.3. Regression with dependent errors We consider the regression framework

(3.17) {Yi = f(Xi) + &, i=1.,n
gi=agi—1+u, 1=1,..,n.

We observe the pairs (V;, X;) for i = 1, ..., n.
We assume that

(Hgq): The real number a satisfies 0 < a < 1, and the u;’s are i.i.d. centered
random variables admitting a common finite variance. The law of the ¢;’s is
assumed to be stationary admitting a finite variance o3. The sequence of the
X,’s is geometrically S-mixing (i.e. satisfying (6.31)) and the sequences of the
)?i’s and the ¢;’s are independent.

Geometrically [-mixing X,;’s can be generated by an autoregressive model with a
regression function g and errors 7; satisfying an assumption of the same kind as
(H4g1) in Section 3.1.

The main difference between this framework and the previous one lies in the
dependency between the g;’s. To deal with it, we need to modify the penalty term:

PROPOSITION 3.  Assume that || f14llco < 00, that (Hx) and (Hgq) hold and
that E[|e1|P] < oo for some p > 6. Let © > 1, if the penalty term pen satisfies

—a

3.18 Vm € M,, pen(m)>a®(1+ 2a &02,
1 n 2

then by using the collection of piecewise polynomials described in Section 3.1 and
applying the estimation procedure given in Section 2 we have that the estimator f
satisfies for any p €]1, x|,

Iy T+ p
(3.19) E [HfIA flln] = (xp

where R depends on a,p,op, || f1a — [ f1adz|,z,p, ho,h1,T,0.

2
R
i 2
) Jinf (1 La = faull2 + 2pen(m)] + -,

In contrast with the results of the previous examples, we cannot give a choice of
a penalty term which would work for any value of a. An unknown lower bound for
the choice of the penalty term seems to be the price to pay when the £;’s are no
longer independent. This example shows how this lower bound varies with respect
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to unknown number a, this number quantifying in some sense a discrepancy to
independence (the independence corresponds to a = 0). We also see that a choice
of the penalty term of the form
pen(m) = H%ag
n

with x large is safer than a choice of k close to 1. This should be kept in mind every
time the independence of the ¢;’s is debatable (we refer the reader to the comments
following Theorem 2).

3.4. Additive models We consider the additive regression models, widely used
in Economics, described by

(3.20) Yi=er+ AXN) 4+ (XD + . 4 (XD 1 g

where the ¢;’s are i.i.d. and ey denotes a constant. Model (3.20) follows from
Model (1.1) with X; = (Xi(l),Xl-(Z)7 e ,Xi(k))’ and the additive function f:
fz1,..,zk) = ef + fi(z1) + ... + fu(zg). For identifiability, we assume that
f[0,1] fi(x)dx =0, for i = 1, ..., k. Such a model assumes that the effects on Y of the
variables X ) are additive. Our aim is to estimate f on A = [0, 1]*. The estimation
method allows to build estimators of f1,..., fx in different spaces.

Let ¢ be some integer. We define S, é” as the linear space of piecewise polynomials
t of degree less that r, 7 > 1, based on the dyadic grid {j/2¢,j =0,...,2°} C [0,1],
satisfying f[O,l] t(z) de = 0 and Sf) as the linear span of the functions
Yoj_1(x) = V2cos(2mjz) and voj(z) = V2sin(2rjz) for j = 1,..,2° Now
we set mqi(n) (me(n) respectively) the largest integers ¢ such that dim(Sél))
(dim(SéQ)) respectively) is smaller than \/n/In®(n). Lastly M and M denote
respectively the sets of integer {0,...,m1(n)} and {0,...,m2(n)}.
We propose to estimate the f;’s either by piecewise or trigonometric polynomials.
To do so, we introduce the choice function g from {1, ..., k} into {1,2} and consider
the following collections of models.

Mized additive collection of models: We set My, = My, = {m = (k,mq,...,mg), m; €
MY and for each m = (k,my, ..., my) € M,, we define

k k
S = {t(a:l, o Xp) =a+ Zti(mi), (ayt1, ..., tg) E R x HS}%“”} .

i=1 i=1

The performance of f is given by the following result

PROPOSITION 4.  Assume that || f14|lcc < 00, that the sequence of the ()Z;,Yz)
is geometrically B-mixing, i.e. satisfies (6.31) and that (Hx), (H:) and (Hx ) are
fulfilled. Consider the additive regression framework (8.20) with the above collection
of models. If ob = E[le|’] < oo for some p > 6, then f satisfies (8.12) for some
constant R depending on k,p,op, || f1a — [ f1adz| s, 2, ho, k1, T, 6.
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We can deduce from Proposition 4 that our procedure is adaptive in the minimax
sense. The point of interest is that the additive framework avoids the curse of dimen-
sionality in the rate of convergence i.e. we can derive similar rates of convergence
for k> 2 as for k = 1.

Let o > 0 and [ > 2, we recall that a function f from [0, 1] into R belongs to the
Besov space B, 1,0 if it satisfies

|f|a,l = Su%yiawd(fa y)l < +OO, d= [a] + 13
y>

where wq(f,y); denotes the modulus of smoothness. For a precise definition of those
notions we refer to DeVore and Lorentz (1993), Chapter 2, Section 7. Since for [ > 2,
Ba,i,co C Ba,2,00, We now restrict ourselves to the case where [ = 2. In the sequel,
for any L > 0 By 2,00(L) denotes the set of functions which belong to B 2 oo and
satisfy |f|a,2 < L. Then the following result holds.

PROPOSITION 5. Consider Model (3.20) with k > 2. Let L > 0, assume that
1f1alloc < L and that for all i = 1,...k, fi € Ba,2,00(L) for some a; > 1/2.
Assume that for all i = 1,...,k such that g(i) =1, a; < r. Set « = min{ay, ..., o},

if El|le1|P] < oo for some p > 6 then under the assumptions of Proposition 4,

(3.21) E[I/1a = JI2] < C(k, Lo, Ryn~ 7%,

COMMENTS.

e In the case where kK = 1, by using the collection of piecewise polynomials
described in Section 3.1, (3.21) holds under the weaker assumption that o > 0,
we refer the reader to the proof of Proposition 5.

o A result of the same flavor can be established in probability, this would require
a weaker moment condition on the ¢;’s. Namely, using (4.29) we show similarly
that for any n > 0, there exists a positive constant C(7) (also depending on
k, L, and R) such that

HfIA - an < C(U)N_ﬁJ“H

with probability greater or equal to 1 — 7, as soon as E[|e1]|P] < oo for some
p> 2.

3.5. Estimation of the order of an additive autoregression Consider an additive
autoregression framework,

(3.22) X; = er + fl(Xi—l) + fQ(Xi_Q) + ...+ fk(Xi—k) +&;

where the ¢;’s are i.i.d. and ey denotes a constant. Under suitable assumptions en-
suring that the X; = (Xi-1,...,Xi—k)"’s are stationary and geometrically S-mixing,
the estimation of fi,..., fx can be handled in the same way as in the previous section.
The aim of this section is to provide an estimator of the order of autoregression, i.e.
an estimator of the integer ko (ko < k, k being known) satisfying fi, # 0 and f; =0
for all i > kg. To do so, let M,, = U?:o M, (we use the notations introduced in
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Section 3.4) and consider the collection of models {S,,, m € M, }. We estimate kg
by ko = ko(x) defined as the first coordinate of 7, 72 being given by

N . ; 3m o

m = arg min x’—0c

gmGMn 'Vn(fm) + n 2

We measure the performance of ko via that of f = f, the latter being known,
under the assumptions of Theorem 1, to achieve the best trade-off (up to a constant)
between the bias term and the variance term among the collections of least-squares
estimators {f,, m € M,}.

4. The main result In this section, we give our main result concerning the
estimation of a regression function from dependent data. Although this result con-
siders the case of particular collections of models, extension including very general
collections are to be found in the comments following the theorem.

4.1. The main theorem Let S, be some finite dimensional linear subspace of
A-supported functions of L2(R¥,dz). Let {#x}rea, be an orthonormal basis of
S, C L?2(A,dr) and set D,, = |A,| = dim(S,,). We assume that there exists some
positive constant ®; > 1 such that for all A € A,,

(Hs,) [Ioalloo < @1v/ Dy and X/ [loxdalloc # 0} < 1.

The second condition means that for each A, the supports of ¢ and ¢y, are disjoint
except for at most ®; functions ¢,.’s. We shall see in Section 10 that those condi-
tions imply that (2.9) holds with ®3 = ®3. In addition we assume some constraint
on the dimension of S,

(Hp, ) (w,») There exists an increasing function ¥ mapping R into R satis-
fying for some K > 0 and b €]0,1/4]

Vu>1, In(u)Vv1<U(u) < Kul,
such that

(4.23) D, < S TOrTOLR

THEOREM 1.  Let us consider Model (1.1) with f an unknown function from
R* into R such that || f14]|e < 0o and where Conditions (Hx), (H.) and (Hx )
are fulfilled. Consider a family {Sm}mem, of linear subspaces of S,,. Assume that
{Sm}tmenm, satisfies (Hg) and that S, satisfies (Hs,) and (Hp, )w ). Suppose
that (Hx y) is fulfilled for a sequence of B-mizing coefficients satisfying
3

)

(4.24) Vg>1, By <M [¥ ' (Bg)|~

for some M > 0 and for some constant B (given by (7.46)). For any x > 1, let pen
be a penalty function such that

m 2

D
Vm € M, pen(m)>z*~""o3.
n
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Let p €]1, x|, for any p €]0,1], if there exists p > po = 2(1 + 2p)/(1 — 4b) such
that o = Elle1|P] < oo, we have that the PLSE f defined by

(425) = argmi {0 () + pentm) with 7(0) = 23" [vi— (%]

satisfies
(& [1r1a— 7))

(4.26) < (”C“’
r—p

where C is a constant depending on p, x, p, p, Po, ho, h1, M, K and R,, is given by
M| |1fLal28

n(1/4=5)(p—p0) o2

2
n A — R
€. 2 + n
> ml /\f;[n [‘f' fm”u 2pen(m)] _|_C’7

(4.27) RP = o2 l > DRy
meM,

COMMENTS.

1. The functions ¥ of particular interest are either of the form ¥(u) = In(u)
or ¥(u) = u® with 0 < ¢ < 1/4. In the first case, (4.24) is equivalent to a
geometric decay of the S-mixing coefficients (then, we say that the variables
are geometrically [-mixing), in the second case (4.24) is equivalent to an
arithmetic decay (the sequence is then arithmetically S-mixing).

2. A choice of D,, small in front of n allows to deal with stronger dependency
between the (Y;, Xi)’s. In return, choosing D,, too small may lead to a serious
drawback with regard to the performance of the PLSE. Indeed, in the case of
nested models, the smaller D,, the smaller the collection of models and the
poorer the performance of f.

3. Assumption (Hg,) is fulfilled when S, is generated by piecewise polynomials
of degree r on [0,1] (in that case ®; = 2(r 4+ 1) suits) or by wavelets as those
described in Section 3.2 (a suitable basis is obtained by rescaling the father
wavelets ¢, 1’S).

4. We shall see in Section 10 that the result of Theorem 1 holds for a larger class
of linear spaces S,, (i.e. for S,’s which do not verify (Hg,)), provided that
(4.23) is replaced by

(4.28) D} S i

5. Take p = 1, the main term involved in the right-hand side of (4.26) is usually
; 2
int (17T = fl2 + 2pen(m)]

It is worth noticing that the constant in front of this term, i.e.

cmam(x+pf

T —p
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only depends on x and p, and not on unpleasant quantities such as hg, hy. If
Theorem 1 gives no precise recommendation on the choice of z to optimize the
performance of the PLSE, it suggests, in contrast, that a choice of x close to
1 is certainly not a good choice since it makes the constant Cy(x, p) blow up
(we recall that p must belong to |1, z[). Fix p, we see that C;(z, p) decreases
to 1 as = becomes large; the negative effect of choosing = large being that it
increases the value of the penalty term.

. Why does Theorem 1 give a result for values of p # 17 By using Markov’s

inequality, we can derive from (4.26) a result in probability saying that for
any 7 > 0,

!
(178 71 > 7 (int, (184~ fnll o+ 2pen)] + 22 )| < 5
(4.29)
where C" depends on z,p,p,C. If E[le1[’] < oo for some p > 2 and if
it is possible to choose ¥(u) of order a power of In(u) (this is the case
when the (Y;, X;)’s are geometrically S-mixing) then one can choose both
bin (Hp,)(wp and p small enough to ensure that p > 2(1 + 2p)/(1 — 4b).
Consequently we get that (4.29) holds true under the weak assumption that
E[le1/P] < oo for some p > 2. Lastly we mention that an analogue of (4.29)
where || f14 — f]|2 is replaced by ||f14— f”i can be obtained. This can be de-
rived from the fact that, under the assumptions of Theorem 1, the (semi)norms
| ||, and || || are equivalent on S,, on a set of probability close to 1 (we refer
to the proof of Theorem 1 and for further details to Baraud (2001)).

. For adequate collection of models, the quantity R,, remains bounded by some

number R not depending on n. In addition, if for all m € M,,, the constants
belong to S, then the quantity || fI4l/c involved in R, can be replaced by
the smaller one || fI14 — | f14] -

5. Generalization of Theorem 1 In this Section we give an extension of

Theorem 1 by relaxing the independence of the €;’s and by weakening Assumption
(Hx ). In particular, the next result shows that the procedure is robust to possible
dependency (to some extent) of the €;’s.

We assume that

(H’.) The ¢;’s satisfy for some positive number ¢

(5.30) sup E (isﬁ(fﬂ) < qv
i=1

tlltl. <1

for any 1 < g <mn.

In addition Assumption (Hy .) is replaced by the milder one

(H’x.) For all i € {1,...,n}, X; and &; are independent.

Then the following result holds
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THEOREM 2.  Consider the assumptions of Theorem 1 and replace (H.) by
(H’.) and (Hx ) by (H’x ). For any x > 1, let pen be a penalty function such
that

Ym € M,,, pen(m)> x?’%ﬁ.
n

Then, the result (4.26) of Theorem 1 holds for a constant C that also depends on 0.

COMMENTS.

e In the case of i.i.d. ¢;’s and under Assumption (Hx ) (which clearly implies
(H’x .)), it is straightforward that (5.30) holds with ¥ = 3. Indeed under
Condition (Hx ), for all t € L2(R*, )

q

B (Zfit@)) ~ S B[] +0 = a2,
=1

i=1

Then, we recover Theorem 1.

—

e Assume that the sequences (X;)i=1,. ., and (&;)i=1,.n» are independent
(which clearly implies (H’x .)) and that the e;’s are S-mixing. Then, we
know from Viennet (1997) that there exists a function dg depending on the
[-mixing coefficients of the ¢;’s such that for all t € L2(R¥, p)

E (Zsit(fi)> < qE [elda(er)] 1t
=1

which amounts to taking ¢ = 9(8) = E [e3ds(e1)] in (5.30). Roughly speaking
() is close to o3 when the B-mixing coefficients of the €;’s are close to 0
which corresponds to the independence of the ¢;’s. Thus, in this context the
result of Theorem 2 can be understood as a result of robustness, since ¥(53)
is unknown. Indeed, the penalized procedure described in Theorem 1 with a
penalty term satisfying, for some x > 1,

m 2

D
Ym € M, pen(m)>k—o0j3,
n

still works if () < ko3. This also means that if the independence of the ¢;’s
is debatable, it is safer to increase the value of the penalty term.

6. Proof of the propositions of Section 3

6.1. Proof of Proposition 1. The result is a consequence of Theorem 1. Let us
show that under (Hag;) the assumptions of Theorem 1 are fulfilled. Condition
(H.) is direct. Under (3.14) it is clear that || fIjo 1)||cc < o0 holds true. We now set
Sn = Sm(n) and ¥(z) = In®(z). Since

m(Sn) n? (n)
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(Hp, ) (w,p) holds for any b > 0 and for some constant K = K (b). As to Conditions
(Hs) and (Hs, ), they hold with ®; = r (we refer to Birgé and Massart (1998)).
Under Condition (3.14), we know from Duflo (1997) that the process (X;);en admits
a stationary law p. Furthermore, we know that if the ;’s admit a positive bounded
continuous density with respect to the Lebesgue measure then so does p. This can
easily be deduced from the connection between hx and h. given by

hx) = [ hely— f@)hs(@)ds ¥y < R

Then we can derive the existence of positive numbers h; and hg bounding the
density hx from above and below on [0, 1] and thus (Hy) is true. In addition we
know from Doukhan (1994) that under (3.14) the X;’s are geometrically S-mixing
i.e. there exist two positive constant I', § such that

(6.31) B, <Te % Vg>1.

Since ¥~!(u) = exp(y/u), clearly there exists some constant M = M (T',#) > 0 such
that

B, <Te % < Me™3VPI g >1.

Lastly, the ¢;’s being independent of the sequence (X;);<;, (Hx,) is true and
we know that the S-mixing coefficients of both sequences (X;_1,€;)i=1,..n and
(Xi—1)i=1,...n are the same. Consequently, Condition (Hx y) holds and (4.24) is
fulfilled. By choosing p = 1, Theorem 1 can be applied if E[|;|P?] < oo for some
p > 6/(1 — 4b). This is true for b small enough and then (3.12) follows from (4.26)
with

2
_ 2 —p/2+1 (M| 1/ X011 115
Ry = o, [ zf\; D+ (/A6 (p—6/ (=) T o2
meMy
+o00 2
_ In(n) lf X0, 1l
2 m\—2 5 o]
<0y [Z (r2")=" + SUP /a—bp—o/(—a) T 52
m=0 = p
Take R = CR' where C is the constant involved in (4.26) to finish the proof of
Proposition 1. O

6.2. Proof of Proposition 2. Conditions (Hg) and (Hg,) are fulfilled (we refer
to Birgé and Massart (1998)). Next we check that (Hx y) holds true and more
precisely that the sequence (¢;, X;)1<i<n is arithmetically S-mixing with §-mixing
coeflicients satisfying

(6.32) Vg e {1,..,n}, B, <Tq"
for some constants I' > 0 and 6 > 15. For that purpose, simply write (g4, X;)' =
Z;io Aje(t — j) with e(t — j) = (e4—2j,61-1-2;), for j > 0, Ay is the 2 x 2-

00 > Then Pham and Tran’s (1985) Theorem 2.1

identity matrix and A4; = < 0 a
j
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implies under (Hgeg), that (g4, X;) is absolutely regular with coefficients 5, <
Ky (Z,@. |ak|> < (KC)/((d—1)(d — 2))n~%+2. This implies (6.32) with ¢ =
d — 2 > 15. In addition, it can be proved that if a; = j~% then 3, > C(d)n~¢,
which shows that we do not reach the geometrical rate of mixing.

Clearly the other assumptions of Theorem 1 are satisfied and it remains to apply it
with p = 30 (a moment of order 30 exists since the £;’s are gaussian), ¥(u) = u'/5
and p = 1. An upper bound for R,, which is does not depend on n can be established
in the same way as in the proof of Proposition 1. O

6.3. Proof of Proposition 3. The line of proof is similar to that of Proposition 1,
the difference lying in the fact that we need to check the assumptions of Theorem 2.
Most of them are clearly fulfilled, we only check (Hx y) and (H’.). We note that
the pairs (X;,Y;)’s are geometrically f-mixing (which shows that (Hx y) holds
true) since both sequences X;’s and ¢;’s are geometrically S-mixing (since the €;’s
are drawn from a “nice” autoregression model, we refer to Section 3.1) and are
independent. Next we show that (H’.) holds true with ¥ = (1+2a/(1 —a))o3. This
will end the proof of Proposition 3. For all ¢ € L2(R*, 1),

q 2 q
E (Zato@)) <" 202 + 23 Efese, JER(R ()]

i<j
For ¢ < j,
Eleig;] = E [gi(uj + ... + dPuj_p + oo + 0?7 g + a7 ley)]
— 0+ a2,
thus

q 2
E (Z at(}é)) < qltlfos +2) o/ EH(X)HX;)]o3

i<j

<la+2 D o7 |t}
1<i<j<q

by Cauchy-Schwarz’s inequality. Therefore, we obtain

2
q
= 2a
E (Zsﬁ(Xﬁ) <q <1 + la) 1£11203,
i=1
which gives the result. (]

6.4. Proof of Proposition 4. Proposition is a consequence of Theorem 1. It is
enough to apply it with p = 1. In the sequel, we check that the assumptions of
the theorem are fulfilled and we bound R,, (given by (4.27)) by some constant that
does not depend on n. To bound the S-mixing coefficients of the sequence of the
(Y, X;)’s, we argue as in the proof of Proposition 1, with S,, = S

Mg1)(n),-.sMgr)(n))>
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dim(Sim, (1 (n)...imy (n)) < VR/ In®(n) and ¥(n) = In®*(n). Inequality (4.28) is
verified (thus condition (Hg,) can be omitted). Let us now check (Hg). Since for
all mym’ € M,, Spm + Sp and S,, belong to the collection of models {S,,, m €
M.}, the assumption (Hg) holds true if we prove that (2.9) is satisfied for any
Sm, m € M,. Now note that for each m € M,,, the following decomposition in
12([0, 1]*, dz1...dzy,) holds

1 1 1
Sp=RI®SY @ . &k

where S = {t € Sy, t(w1, ..., 1) = ti(x;)} and T denotes the constant function
on [0, 1]*. Clearly, S satisfies (2.9) if and only if Sfﬂi(’)) does, which is true. Now
the fact that the S,,’s satisfy (2.9) is a consequence of this lemma

LEMMA 1. Let SW ..., S®) be k linear spaces which are piecewise orthogonal
in L2([0,1)%,dxy ... dxy). If for each i = 1,...,k, S satisfies (2.9), then so does
S=8W 4 480k,

PROOF. The result follows from a Cauchy Schwarz argument: for all t; € S,
1=1,...,k,

k k k

1D tilloe <D litilloo < @0 (Z dim<S<f>>||ti||>
1=1 =1 1=1

1/2

k 1/2 k &
< (Zdim(s(i))> <Z||ti||2> :<I>0\/M||Zti||.

O

To finish the proof of Proposition 4 we bound R,, by some constant R which does
not depend on n. Note that |M,,| is of order a power of In(n) so the point is to
show that >\ D2 (we recall that p = 1 and p > 6) remains bounded by some
quantity which does not depend on n. Now for each m = (k,myq,...,my) € M,, we
have that D,, is of order 2™ + ... 4 2" thus by using the convexity inequality
E~Y(ay + ... +a) > (a1...ax)"* which holds for any positive numbers a1, ..., aj, we
obtain that >, D;% is bounded (up to a constant) by

i i (2m1 + ..+ ka)_2 < i io: 2*2(m1+.»-+mk)/k
m1=0 mp=0 mi=0  m=0
oo k
= Z 27%/k | =R < .
7=0
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6.5. Proof of Proposition 5. Let k > 2. We start from (3.12) and bound the bias
term. Let f,, the L2([0, 1], dz) projection of f onto S,,, we have that || fT4— f? <
1fLa = foull}y < hallf = £l by (Hx) and for each m = (k,m, ..., mx),

’ k ’ 2
I =10 =3 [, (5= fri@)

where f,, ; denotes the L?([0,1],dz) projection of f; onto S,(ffi(l)). Lastly we
use standard results of approximation theory (see Barron, Birgé and Mas-
sart (1999), Lemma 213 or DeVore and Lorentz (1993)) which ensure that
f[O,l] (fz(x) —f;“(x)) de < C(a;, L)D,2 (if g(i) = 1, this holds true in
the case of piecewise polynomials since r > «;). We obtain (3.21) by taking for
eacht=1,....k, m; € Mﬁf) such that D,,, is of order nt/(eit1) which is possible
since a; > 1/2 and therefore n!'/(?®+1) < D, (at least for n large enough). In
the one dimensional case, by considering the piecewise polynomials described in
Section 3.1, D,, is of order n/In*(n) (such a choice is possible in this case) and
then a choice of m among M,, such that D,, is of order n'/(**1 is possible for
any o > 0. g

’

7. Proofs of Theorems 1 and 2 The proof of Theorem 2 is clear from the
proof of Theorem 1. Indeed the assumptions (Hx ) and (H.) are only needed in
(8.53) and (8.56). For the rest of the proof assuming (H’x .) is enough. It remains
to notice that an analogue of (8.53) and (8.56) is easily obtained from Assumption
(H.).

Now we prove Theorem 1. The proof is divided in consecutive claims.

CLamM 1. Vm e M,,

n

(7:33) /L4 = fII < 1FTa = finll7 + % >_eilf = fm)(X:) + pen(m) — pen(in).

i=1

PROOF OF CLAIM 1. By definition of f we know that for all m € M, and
te S,

Tn (f) + pen(m) <Tn (t) + pen(m).

In particular this holds for ¢ = f,, and algebraic computations lead to
72 2, 2% 7 v 5
(734) |If = FI% < U = fmlla + = D ei(F = fin) (X3) + pen(m) — pen(ihn).
i=1

Note that the relation

1f =I5 = 11FLa = tl5 + [1f = fLall?

is satisfied for any A-supported function t. Applying this identity respectively to
t = f and t = f,, (those functions being A-supported as elements of {J,,,,c v, Sm/),
we derive (7.33) from (7.34). O
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CLAIM 2. Let gy, gn,1 be integers such that 0 < gn1 < ¢5/2, g, > 1. Set u; =
(€4, X;), i = 1,...,n, then there exist random variables uf = (ef, X}), i =1,..,n
satisfying the following properties:

e Fort=1,...4, = [n/q,], the random vectors

/
- - / Fx * *
Ui = (“(é—l)qn+1v ~~~v“(€—1)qn+qn,1) and Uy ) = (u(f—l)qn+1’ ---vu(e—1)qn+qn,1)

have the same distribution, and so have the random vectors
. / o * « )
UZ,2 = (u(f—l)Qn+Qn,1+17 "'vufqn) and UE,Q = (u(ﬁ—l)qn—&-qn’l—o—l? ""ufqn) .

o fort=1,....0,,
(7.35) P [T # U] < Bgumgun) and P [Ors # U] < B

e For each 6 € {1,2}, the random vectors le*,é, o (_jg‘mé are independent.

PROOF OF CLAIM 2. The claim is a corollary of Berbee’s coupling lemma (1979)
(see Doukhan et al. (1995)) together with (Hx,y). For further details about the
construction of the u}’s we refer to Viennet (1997), see Proposition 5.1 and its
proof p. 484. O

We set

(7.36) Ao = hig(1—1/p)?/(80®1ha),

and we choose ¢, = int[Ao¥(n)/4] + 1 > 1 (int[u] denotes the integer part of u)
and qn,1 = q’ﬂ,l(x) to satisfy \/Qn,l/Qn + \/1 - (Zn,l/Qn < ﬁa namely qn,1 of order
((x —1)2 A1)g,/2 works. For the sake of simplicity, we assume ¢, to divide n i.e.
n = {,q, and we introduce the sets Q2* and €2, defined as follows:

O = {@i,)é) = (e, X1/ i=1, n}

and for p > 1,

Qp = ltl7 <pltlz, vee |J  Sm+ S

m,m’EM,,

We denote by Q2 the set 2" N 2,. From now on, the index m denotes a minimizer
of the quantity || fT4 — fu||2 4+ pen(m’) for m’ € M,,. Therefore, m is fixed and,
for the sake of simplicity, the index m is omitted in the three following notations.
Let B(m/', ) be the unit ball in S(m’) = S, + Sy, with respect to || ||, i.e.

B(m/, ) = {t € S + S/ IILII = %E liﬁ(}?i)] < 1} .

For each m' € M,,, we set D(m') = dim(S(m’)).
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CLAM 3. Let x, p be numbers satisfying x > p > 1. If pen is chosen to satisfy

Dy o
027

(7.37) pen(m’) > 3
then
1FLa— FI2Ta:

z(z + p)

—2 ~
Wy, ,
. ()

(7.38) < Ci(x, p) [IIfLa — fll5 + 2pen(m)] +

where W, (m') is defined by

n 2
W, (m') = sup Zaft()zf) —2*nD(m)o3 |
teEB(m’, ) i=1
+

for m’ € M,, and where Cy(x,p) = (z + p)?/(x — p)* > 1.

Proor or CLAIM 3. The following inequalities hold on 7. Starting from
(7.33) we get

L= FI2 < 10— fl 21— il 3 Z-Wmn(m)—pen(m)
i=1 milp

< fLa— full? + *Ilf foull_sup Zat *) + pen(m) — pen(in).

B(m,u)z 1

Using the elementary inequality 2ab < xa? 4+ 7~ 'b2, which holds for any positive

numbers a, b, we have
2
|14 — f”i <[ fIa— me?z —|—3371||f - fm”i +n % < sup Ze t(X )
teB(m,pn) j—1
+pen(m) — pen(rn).
On Q% C Q,, we know that for all t € J,,ic g, Sm + Smr, It < pl[t]|7, hence
2
1fLa = flls < 1FTa = fonlls + 27 0l f = finll7 40722 [ sup Ze t(
teB(,pn) ;1

+pen(im) — pen()
< 78a— Fall2 + 20 (17 = FLalla + 16T~ Fula)’
n 2
+n"%x ( sup ZEZ‘t(Xf)) + pen(m) — pen(mn),

teEB(h,n) ;1

by the triangular inequality. Since for all y > 0 (y is chosen at the end of the proof)

<||f_ fIAHn + ”fIA - fm||n)2 < (1 +y)||f_ fIAH?z + (1 +y_1)||fIA - fm”ia
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we obtain
; l+y
114 = FI20 - p—)

2
1+y! - 5
<N fIa — fnll2(1 + pTy) +n %z ( 5up Ze t( > + pen(m) — pen(1h)

< f1a = falla (1 +p

2
—pen(m) + 2 ( sup Z ert(X ) —2?nD(m)os |
+
using that D(m) < Dy, + Dy, Since the penalty function pen satisfies (7.37) for all
m’ € M,,, we obtain that on Q5

- l+y 1+y~!
1f1a = fl2(1 —p— )= fla- fmlz(1 tp——

which gives the claim by choosing y = (z — p)/(z + p). O

) + 2pen(m) + zn "W, (),

CLAIM 4. Forp > 2(1+ 2p)/(1 — 4b) we have,
E[If1a — fI2 1o,

< C(x,p) [I1fLa — ful + 2pen(m)]”

C -1/2\? op —p/2+p D M|
top ((I)oho ) Tp Z./:\/l Dy +(2K) (1—2b)(p—2(1+2p)/(1-40)) |
m’eM,,

where C' is a constant that depends on x, p, p, p.

ProOF OF CLAIM 4. By taking the power p < 1 of the right- and left-hand
side of (7.38) we obtain

1L — 12 To,

< 0o ) 1714 = ol + 2penm))” + ((SELL) wzcn)

< O(z.p) [||f1A—fm||i+2pen<m>]‘°+(””(“”)) S Wm).

n?(x — p) e,

By taking the expectation on both sides of the inequality and using Jensen’s in-
equality we obtain that

E[I1/1a = fII21g;

(139) < Cllanp) [111a = Fulls + 2pentm] "+ 5EE2) 3 8w
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We now use the following result,

PROPOSITION 6.  Under the assumptions of Theorem 1,

2
qn’1> nD(m')o3
qn

n 2
5)~ P dn,1

< C(p,p)~" Z E < sup Zeit(Xi)> —gg<\/q+\/1_
meM, teB(m/,n) ;21 n

/3 (173 _ 1\ P p -1/2\7 2p —p/2+p ah| M., |
<z (:c 1) n (<I>0h0 ) o, ,GZM D, +np(p72)/[4(p71)]717 .

The proof of the second inequality is delayed to Section 8, the first one is a
straightforward consequence of our choice of g, 1.
Using Proposition 6 we derive from (7.39) that

E[II/1a = fI# 0, ] < CT(@,p) (114 = fn]2 + 2pen(m)]”

C(l’,p,p) —1/2 P 2p —p/2+p qg‘Mn‘
(7.40) +— (q’oho )"p ;A Do ) G- D15

Since Ag <1 and 1 < ¥(n) < Kn® we have

gh < 2°W(n)” < (2K)Pn’?
hence by using that p(p — 2)/[4(p — 1)] > (p — 2)/4 we get
| M| M|

np(p—2)/[4(p—1)]-p n(1/4=b)(p—2(1+2p)/(1-4b)) *

(7.41) < (2K)”

Note that the power of n, (1/4 — b)(p — 2(1 + 2p)/(1 — 4b)) is positive for p >
2(1+ 2p)/(1 — 4b). The result follows by gathering (7.40) and (7.41). O

CLAM 5. Under the assumptions of Theorem 1, we have
(7.42) P[] < 2(M + /402
and
(7.43) B[ L~ I Aay] < (2 + 1400 =207 (| {1412 + 027) 7.
PRrROOF OF CrAM 5. For the proof of (7.43) we refer to Baraud (2000) (see
proof of Theorem 6.1, (49) with ¢ = p and 8 = 2) noticing that p > 2(1+ 2p)/(1 —
4b) > 4p/(2 — p) (p < 1). By examining the proof, it is easy to check that if the

constants belong to the S,,’s then || fI14l/s can be replaced by || fI4 — [ f14] -
To prove (7.42) we use the following Proposition, which is proved in Section 9:

| IS

iST]
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PROPOSITION 7.  Under the assumptions of Theorem 1, for all p > 1,

(7.44) P[] < 2n”exp {_Ao‘ll(n)ln(n)] +2nfq, ;-

n

Since ¢, = int[AgW¥(n)/4] +1 < Ag¥(n)/4 4+ 1 we have

92 exp {AOW} < 2n% exp {4 In(n) (1 + AO\I/(4n)—|—4ﬂ

(7.45) < %elﬁ/AO,
U(n) being larger than In(n). Now, set
(7.46) B =[Ao((z = 1) A1)/8]7" = [h§((z — 1) A1)(1 — 1/p)* /(64085 Ry )]~

Since ¢, > Ag¥(n)/4, under Condition (4.24) we have

(
(4
2B, | gmM{ 1( B;]")] -

-3 _ 2M

(7.47) <2nM [ (¥(n))] —

n
Claim 5 is proved by gathering (7.45) and (7.47). O
The proof of Theorem 1 is completed by combining Claim 4 and Claim 5.

8. Proof of Proposition 6 We decompose the proof into two steps:

STEP 1. For all m’ € M,,,

#| (o, S i) veme

+

(8.48) < C(p)o, [np“ (‘I’oha1/2)pQﬁD(m’)p/Znﬁ/[“(p*l)]}.

ProoF. Using the result of Claim 2, we have the following decomposition:

n Zn
SoatXn=>"| 3 X+ > euXy)
=1 =1 \ier” eIl

where for £ =1, ..., ¢, Ilgl) ={(l—1)gp+1,....(¢ —1)gy, + gn,1} and If) ={(l -
Dgn+qni+1,. Eqn = (l=1)¢n+Gqn.1+Gn—qn1}- Denoting Ef = \/4,,q, 1 D(m/)o2
and E5 = \/E — @n,1)D(m’)o2 we have

n p lrn
EK sup Zeztf:)mm) ]sWE ap 3OS (X B

teB(m/, - teB(m/, _
( ©) i=1 + ( ©) /=1 ielél)

p

+
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L

+ 2P71E sup Z Z eXt(XF) — E

teB(m/, —
(m) g=1 el

Since the two terms can be bounded in the same way, we only show how to bound

the first one. To do so, we use a moment inequality proved in Baraud (2000,

Theorem 5.2 p. 478): consider the sequence of independent random vectors of

(R X Rk)q"’l, (jﬂ....,(jé*n defined by (jé* = (E;k,)?;‘);e[(l) for { =1,....¢,, and con-
14

qn,1

sider G,y = {gi/ t € B(m/, 1)} the set of functions g; mapping (R x R¥)""" into R

defined by
Gt ((61’51)7 e (eQ7L.17an,1)) = Zelt(fl)
i=1

By applying the moment inequality with the (jg”s and the class of functions G,
we find for all p > 2

p
29
C(p)™'E sup Y Y ert(X)) —Ej
teB(m/,p) y—1 iEIlSl)
+

P
Ln Ln

<E| sup Z Z eft(X))| |+EP/? sup Z Z eSt(XF
teB(m/,p) y—1 te€B(m/,p) y—

ierfV iery”
(8.49) =V, + V/*
provided that
én
(8.50) E| sup > Y et(X))| SEf = \/lugn1D(m')os.
teB(m/,u) =1 ielé”

Throughout this section, we denote by Gy(t) the random process

Ge(t) = Y et(X})
ier(™
which is repeatedly involved in our computations. It is worth noticing that it is
linear with respect to the argument t¢.

We first show that (8.50) is true. Let ¢;, j = 1, ..., D(m’) be an orthonormal basis
of S+ Sms C L2(A, ). For each t € B(m/, i) we have the following decomposition

D(m') D(m)

(8.51) t= > ajp;, Y al<L
J Jj=1

—
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By Cauchy-Schwarz’s inequality we know that

Ly D(m”) D(m) [ Ly
ZGE(t = Z aj <ZG4 ¥i ) = Z (ZGE(%O

(=1 Jj=1

07 1/2

Thus, by using Jensen’s inequality we obtain

‘. [Dm') /4, 2 1/2
E sup ZGZ(t)] < Z E (ZGZ(SDj))
teB(m/,pu) y—1 j=1 (=1
D(m') ¢, 12
(8.52) = | > D EG(¢))]
j=1 (=1

the random variables (G¢(y;))e=1,....¢, being independent and centered for each
j=1,...,D(m’). Now, for each £ = 1,...,£,, we know that the laws of the vectors
(sl*,X ) 1 and (61,X1) ¢y are the same, therefore under Condition Hx )

4

2

BB E[GH(p)] =E || > api(Xi) | | < Y EEME] (X)) = gnao3,

iEI[(l) ielél)

which together with (8.52) proves (8.50).

Let us now bound V), and V5 respectively.

The connection between ||.|o and .||, over Sy, + S, allows to write that for
all t € B(m/, p),

(8.54) [tllse < Pohg /2\/D(m’) x 1.

Thus,

p
Ln

Vo =E sup Z Z eft(X))

teB(m/,u) )
( 1)571 ie]él)

<VPTE | sup ZZk: 71X

teB(m',u) =y ier®

< (‘1) hy 1/2 D(m’))ZF2 sup Z Z lex[Pt?(X

teB(m’,p) 421 ier®

Using (8.51) and Cauchy-Schwarz’s inequality we get

£n D(m")

—92 3 .
v, <ai (®ohg VD)) E S lerPed(X

=1 j=1 ;e
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< @7 Y (@ohy )P 20D (m' P 20,

recalling that £,,¢,.1 < £,q, < n. Since for p > 2, p?/[4(p — 1)] > 1 one also has
(8.55) V, < @2 (®ohy /2Pt D(m! )P 2pp" /M-I,

We now bound V5. A symmetrization argument (see Giné and Zinn (1984)) gives

L

sup G(t)
teB(m/’,u) é:zl

Vo =E

Ln
< sup ZIE[G%(t)] + 4E | sup ngG@
teB(m/,1) y— teB(m/,p) |y—1

(8.56) <noi+4E| sup

teB(m/,u)

Z&Gg ] :

where the random variables &,’s are i.i.d. centered random variables independent
of the X'i*’s and the e}’s, satisfying P[§; = £1] = 1/2. It remains to bound the last
term in the right-hand side of (8.56). To do so, we use a truncation argument. We
set My, = max. lex|. For any ¢ > 0, we have

ier)

sup
teB(m',p)

Z&GZ sup Z@Ge () Ta,<c
=1 teEB(m/,p) | y—
(8.57) +E| sup er(t)IMpc}-
teB(m/,u)

We apply a comparison theorem (Theorem 4.12 p. 112 in Ledoux and Tala-
grand (1991)) to bound the first term of the right-hand side of (8.57): we know
that for each ¢ € B(m/,u) the random variables G¢(t)In,<.’s are bounded by
B = qml(I)ohal/z D(m/)c (using (8.54)) and are independent of the &’s. The
function z +— z? defined on the set [~ B, B] being Lipschitz with Lipschitz constant
smaller than 2B, we obtain (E; denotes the conditional expectation with respect
to the €}’s and the X}’s)

ln I Ly
Ee | sup |D &G Ia<c|| <4BEe | sup Y &G(t) I <c
t€B(m/,p) | )—1 _tEB(m’,/L) —1

2 1/2

[D(m) /¢,
< 4BE; Z <Z§zGe %)IMe<c>

j=1 \e¢=1

D(m' ¢, 12

<4B| > D Gile
j=1 ¢=1
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We now decondition with respect to the random variables €;’s and )?:‘ and using

(8.53) we get

L

E sup

teB(m/’,p)

=1
(8.58)

i:ffG?(t)IMzSC

] < 4qn’1¢>0hal/2D(m’)02\/ﬁc

< Aq;  B5hy ' D(m)opy/nc,

noticing that ¢, 1, <I’0h51/2 are both greater than 1.
Now, we bound the second term of the right-hand side of (8.57). We have

é’!‘L

Z &Gi (t) IMz>c

(=1

E sup

teB(m’,p)

B en

sup Z G () 1ar,>e

LtEB(M/ 1) y—1

<E

[(D(m') ¢,

<E G o) Ias,>c
j=1 ¢=1

using (2.11). Lastly, since M} < Ziejél) leX|P we get

ln
(859)  E| sup Y &Gi(t)Iy,sc|| < g7 Fhe 'nD(m )b P,
tEB(’m’,u) /=1
By gathering (8.58) and (8.59) we obtain that for all ¢ > 0
L
E| sup Z&G%(t) < 4ql 1 ®3hg Lo, D(m/ )V (e + Vnob T TP
teB(m/’,p) —1 ’
We choose ¢ = a,n'/?P=2)and thus from (8.56) we get
éﬂ,
(860)Va=E | sup |> &G3(t)|| < no3 +8¢2®3hg o2 D(m/)nt/RE=D],
teB(m/,p) | )—

which straightforwardly proves STEP 1 by combining (8.49), (8.55) and (8.60). O
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STEP 2. For all z > 1, m' € M,,, p < 2p

n 2
n PE sup Z HX) | —x (\/q" ! \/1 - %1) nD(m')o3
teB(m',u) 7 dn

< C(p, z)(®ohg )pap [D(m/)—(p/2—ﬁ) + qﬁnﬁ_p(p_g)/(p_l)} i

p

PROOF.  We set Z,, (') = SUDse p(ms ) 2oiet € *t(Xr) >0 and

i=1%1

- (541 52) it v,

Since = > 1, there exists 7 > 0 such that = (14 n)? (i.e. n = 2'/3 — 1). Thus for
all >0

P[Z2(m') > (14+0)° (B + 7] <P|Z2(m) > ((””)E* - (1+Tnl)) ]
<P [2um) =B 200+ [
<P _Zn(m’) - E* > \/772@@’")2 + (1_|_77—1):|

T

—p/2
1+77 =) Bl - B

< (e
(x1/3 - 1) E [(Zn(m') —E*)"]

((x1/3 — 1)z'/3nD(m')o2 + T)p/27

IA

using Markov’s inequality. Now, for each p such that 2p < p, the integration with
respect to the variable 7 leads to

| (220m) - @)7)’

+oo
:/ P | Z20) — @ (B = 7| dr
0

#1783 \P/? . +o00 51
< (1/31> E[(Zn(m') - E m/ £ AT
e = o ((&¥3 =1)z/3nD(m')od + 7)

p (@33 1) E[(Za(m!) —E*)?]
p—2p (LUI/3 _]_)p (TLD( ) )P/2 P

and using STEP 1, we get

B | (220m) -2 ("))’ |

)
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L P 1)
=y

P
_ (321/3(331/3 _ 1))
<O nEy
since D(m') = dim (S,,, + Sp/) < n. The constant C' depends on p and p. O

(q;ohal/?)pagﬁ—Pagnﬁ (D(m/)—(p/2—ﬁ) + q£D<m/)ﬁn—p(p—2)/[4(p—1)])

(@0h51/2)pagﬁnf’ (D(m/)*(p/%ﬁ) + qgnﬁfp(pﬁ)/[‘l(p*l)]) ;

It is now easy to prove Proposition 6 by summing up over m’ in M,,.

9. Proof of Proposition 7 Since P(Q2}¢) = P(Q25 N Q%) + P(2*°) and since it
is clear from Claim 2 that

(961) ]P)(Q*C) S En (6(11717(171,,1) + 6‘]7;,1) S 2nﬁQn,1’

the result holds if we prove

U(n)l
(9.62) P(Q5 N Q%) < 2n”exp (—Ao(n)n(”)> )
qn
In fact, we prove a more general result, namely:
h3(1—1/p)* n
9.63 P(QSNQ*) < 2D2 -0
(9.63) (@ ne) < 2Dt exp (-

where L(¢) is a quantity specific to the orthonormal basis (¢x)xea, , defined as
follows.
Let (¢x)rea, be a L?(dx)-orthonormal basis of S,, and as in Baraud (2001) define

the quantities:

V= <\// ¢§($)¢§/($)d$> » B = (lloadalloo) s yven, xa, »
A

AN EAL X Ap

n?

and for any symmetric matrix A = (A \/),

plA) = sup > laxllax|[Axx]-
{ax}, Xy aX=1x

We set
(9.64) L(6) = max{7(V), 5(B)}.
Then, to finish the proof of Proposition 7, it remains to check that
n
9.65 L(¢) < K'———
(9.65) (0) < K gt

for some constant K’ independent of n (we shall show the result for K’ = ®%).
Under (Hg, ), Lemma 2 in Section 10 ensures that

which together with (4.23) leads to (9.65).
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Now we prove Inequality (9.63). First note that if p > 1,

tl — vy, (2 1
sup [ ||2_p sup ( Vn( ))21_’

tes, /{0y IElIA tes, /{0y \ Il p

where v, (u) = (1/n) Y i (u (X)) —E (1)) denotes the centered empirical process.
Then for p > 1,

2
1
P* sup Il <P sup v () =1 — =
teS,/{0} ||t||n te Bl (0,1) p

where we denote by P*(A) the probability P(A N Q*), and by B;(0,1) = {t €
Sy [t < 13
Fort € BL(0,1), t =3 ycp, axér with >y a2 < hy', and we have

sup  |vu(t3)| < sup Ayt Z axaxvn(Prdx)

teBk(0,1) 3aaist AN EA2
< sup hgt Y laallan|lva(dadn )l
>aa3st AN EAZ

Let = h3(1 — 1/p)?/(16h1L(¢)). Then on the set {V(\,X) € A2 /v, (dron) <
2VA7)\/\/2h1I + 23)»«1}, we have

sup v (t?)] < 2Ryt ( 2h12p(V) + xﬁ(B))

teBL(0,1)
P2\'? ho(1=1/p) p(B)
“‘”’”(w( Z8) L((b))

<a-un () <a-1/.

The proof of Inequality (9.63) is then achieved by using the following claim.

CLAIM 6. Let (¢x)aen, be an L2(A,dz) basis of S,. Then, for all x > 0 and
all integer q, 1 < g < n,

B (30 X) € A2/lva(0aa)| > 2V /21 + 2By ) < 2D2 exp (T)
This implies that

hg(1—1/p)* n
P(Q° N Q*) < 2D? -9
(@0 < "exp( 167, an(¢>>>’

and thus Inequality (9.63) holds true. O

PROOF OF CLAIM 6.  Let v (oada) = vy 1 (dadar) + v o(drdar) be defined by
-1

1
v(O30x) = = > Zi(oaon), k=12
0

noZ
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where for 0 <1< ¥, — 1,

Zinordn) = — 57 (63(Z)on (X0) — Bulordn)), k=1,2.
q

" iez™
We have
P (|Vn(¢A¢A’)| > 2Vy vV 2hix + QBA,A/CC)

< P* (|V:’1(¢)\¢)\/)| > Wavv2hiz + B)\,)\Im) +P (|VZ)2(¢,\¢)\I>| > Vv v2hiz + B,\’)\/l‘)
=P, + Ps.

Now, we bound P; and Py by using Bernstein’s inequality (see Lemma 8 p.366 in
Birgé and Massart (1998)) applied to the independent variables Z['y» which sat-
isfy [|Z]xllc < Bxn and ]El/z[(Zl*,k)z] < v/h1Vin. Then we obtain Py + Py <
2 exp(—x¥,,), which proves the claim 6. O

10. Constraints on the dimension of S,, Most elements of the following
proof can be found in Baraud (2001), but we recall them for the paper to be self-
contained.

Let S,, be the linear subspace defined at the beginning of Section 4. We recall
that S,, is generated by an orthonormal basis (¢x)xea, and that D, = |A,|. In the
previous section the conditions on S, (given by (Hs,)) and D,, (given by (4.23))
are used to prove (9.65). To obtain (9.65) we proceed into two steps: first, under
some particular characteristics of the basis (¢))xea, (in the case of Theorem 1 these
characteristics are given by (Hs,)), we state an upper bound on L(¢) depending
on ®; (or ®g) and D,,. Secondly, starting from this bound we specify a constraint on
D,, for (9.65) to hold. In the next lemma we consider various cases of linear spaces
Sy, (including those considered in Theorem 1) and provide upper bounds on L(¢)
according to the characteristics of one of their orthonormal basis.

LEMMA 2.  Let L(¢) be the quantity defined by (9.64).
1. If S, satisfies (2.9) then L(¢) < ®2D?2.

2. Under (Hs,), L(¢) < ®1D,,. Moreover, (2.9) holds true with ®3 = ®3.

We obtain from 1. and 2. that the constraints on D,, given by (4.28) and (4.23)
lead to (9.65).

PRrROOF OF 1. On the one hand, by Cauchy-Schwarz’s inequality we have that

pe Y [ade z/(z ¢§>¢>§/

AN EA, NeEA, AEA,

<IY Gl Y [ ok <2k

AEA, NeEA,
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using (2.11). On the other hand, by (2.9) we know that ||¢x]lcc < Pov/ Dy, x 1. Thus,
using similar arguments one gets

p(B) < &G0y,

which leads to L(¢) < ®2D2. O

PROOF OF 2.. We now prove that (2.9) holds true in the case 2. Note that for
all x,

> A(@) < BiflallZ, < PID,.

A€EA,
thus, (2.11) holds true with ®2 = ®3.
Under (Hs, ), A(N) ={N € A,, / ¢adx # 0} satisfies |[A(N)| < 7 and
VA €Ay, YN € A(N), /qﬁd)i, < ®ID,,.

Therefore,

pV)=  sup > > |aallax] ( / ¢§¢§/>1/2

{(ax)n, X a3=1} X7 yvea(n

<4/®2D, sup Z|aA| Z lax|

{(ax)x, Xy a3=1} 7 NMeA(N)

= /92D, W,,.

Besides, VA € A,,, VX € A(N), [|¢r0dx|loo < ®2D,, and thus

p(B) = sup |axrllax|[|@rdx oo < (I)%ann-

al\l

Lastly,

Wi sy S X Jad > Y 4

Eaai=lyen, \nvea(n Z ax*I AEAL N EA(N)
=®; sup g g a3, = su E |AN)|a3,
Saai=lyrea, AEA(N) E* akil A'€An
< 2.

In other words, p(V) < ®21/D,, and p(B) < ®$D,,, which gives the bound L(¢) <
<I>‘11Dn since ®; > 1. |
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