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LIST OF SYMBOLS

Symbol Meaning

Xy Yy 2 Cartesian coordinates, x, y in plane of plate

Ty €0z cylinderical coordinates, r, € in plane of plate

Ps b, w cylinderical coordinates in plane, P, b in plane
of plate

U, v, w displacements in x, Y, z directions recpectively,
or Cartesian coordinates in 3 plane, u, v in plane
of plate

= complex planes

Ex, Ey, Exy direct and shear strain in plane z = const.

ox, Ty, T}y direct and shear stresses in plane z = const.

Nx’ N, NX direct and shear forces per unit lencth in plane

yuoxy of plate with thermal effects
Qg Qy transverse shear forces per unit length
Mx’ M, s M, bending and twisting moments per unit length with
Y Y thermal effects

MT’ NT thermal bendirg mement and direct force per unit
lenglh in plane of plate

N_, N, N direct and shear forces per unit length in rlane

x Yo Xy of plate withcut thermal effects

E, G Yeung's modulus and shear modulus

y Pession's ratio

h plate thicknezs

D flexural rigidily of the plate, &3/ [12(1—\@)_)




particular integral

general functicn

time

tangent te boundary, or temperature CR
normal to boundary

transverce loading per unit area

force

22 a2

two dimensional Laplacian
ax? ay

4 s—

2
constant tnermal lcading, FVQMT/(l-\))]
"the imaginary part of"

"the real part of"

radius

real or complex constants of Taylor's series
real or complex constants of Taylor's series

complex censtants of integration

constant describing an ellipse, major plus minor

axis

constant describing an ellipse, major minus mincr

axlis

constant, 25/48b where b is width of square plate

constant, -1/26

coefficient of thermal expansion
thermal diffusivity

inner platle boundary

cuter plzle boundary




Z, ‘ﬁf%@ complex potential functions

a variable J on the boundary of unit circle
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CHAPTER 1
INTRODUCTION

The first application of complex variables to elasticity
dates with the teginning of this century. 1In 1902, L. N. G. Filon
published a paper in which he developed the rudements of the problem
of plane theory of elasticity in complex variables. In 1909 G. V.
Kolosov derived the equations of plane theory of elasticity in complex
form and effected solutions to some boundary value problems. The
major work relating complex variables and the theory of elasticity
was given by N. I. Muskhelishvili whose published works began in 1919.
Muskhelishvil i's [lﬂ outstanding contribution is his brilliant
monograph "Some Basic Probiems in the Mathematical Theory of Elas-
ticity", published in 1933. This outstanding work was the catalyst
necessary tec initiate further research in the theory of elasticity
and other related fields; however, it was not until 1953 that it
was trenslated into English by J. R. M. Radok. In 1940, A. C.~
Stevenson independently develcped the technique given by Muskhelish-
vili but his work was ncot published until 1945.

Muskhelishvili's work is.very precise, ccmplete, and lengthy.
I. S. Sokolnikeff Dfﬂ published in 1946 his bock in which a porticn
is devoted to the abbreviation and extension of the Muskhelishvili

m2thoe.



Extension of these results in the theory of elasticity to
the theory of plates was effected by S. G. Lekhnitsky, I. N. Vekua, '
and Lur'e as outlined in [14]. The general solution of a plate
loaded uniformly over its entire surface is given by L. I. Deveral
[7]'in 2 brief work which serves as a guide to solution of the plate

|
prgblem using complex variables. Mansfield [9] gives a more complete
stédy of this problem with a detailed discussion of the plate
equations expressed in complex form. Both Deveral and Mansfield
apply the material to specific problems.

Plates subjected to mechanical lecading over a partial region
have been treated using the complex variable approach by Bassali []],
Bassali and Hanna [2], and Bassali and Nassif [3]. These papers use
contfnuity equaticns between the loaded and unlcaded regions to
support the bcundary conditions in developing solutions ef the two
field equations defining the deflection in the two regicns. The
plate bcundary conditions insure proper deflection and slcpe patterns
at the outer edges while the continuity equaticns insure that the
~deflecticn, slope, radii of curvature, and shear match on the commen
boundary of the loaded and unloaded regions.

. Nowacki [13] applied the technique of Green functions to
determine the deflections of @ plate lcaded cver a partial region by
thermal effects. In this work Nowacki used an assumed sclution in
the form of a double Fourier sine series.

The objective of this thesis is to datermine the deflections

of thin, hemocenecus, %sothropic plate cenfiguratiens thermally



loaded over partial regions. These plate configurations will be of
constant thickness and loaded over an inner circular region. The
outer region will be unloaded with the beoundaries clamped. The
calculations will be confined to small deflection theory in which

the stresses remain entirely elastic. The temperature function in
the loaded region will be confined to a particular case in which

the Laplacion of the thermal moment is a constant. This type of
problem, solved by the complex variable technique, could not be found
in a review of published literature. However, parallel solutions have
been effected for plates which are mechanically loaded. The general
outline of the solution is as follows: The differential equations
defining the deflection of the two regions are established in the
compiex plane. The solutions of these equations are written in terms
of the particular soluticn of the differential equations plus two
complex potentials. The particular solution being known leaves the
solution of these complex potentials as the sclution of the plate de-
flection problem. These complex potentials are established by
assuming a solution of the deflection in the outer region and eval-
uating the necescary constants using the boundary conditions. The
continuity equations are then used to establish the deflection of the
inner loaded regions from the deflections in the outer region. The
solutions established in this thesis will be compared to Bassali's
[3] vwerk wherever possible. In the other cases the answers will be
compared to approximate solutions determined by the finiie-difference

technique.



The Muskhelishvili method in theory of elasticity is a very
powerful technique and it has found applicaticns in other areas as
well as in the theory of plates. Savin [E5] has applied the complex
variable method to the calculation of stress concentrations around
holes. His work not only deals with simply connected plates but also
with those which are multiply connected. Novozhilov [12] has applied
this approach to the theory of shells. This work in the curvilinear
coordinate system exemplifies the versatility of this process. Savin
and Novozhilov are but two examples of the widening scope of this
technique which points out its importance in the area of solid

mechanics.
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CHAPTER 1I
PLATE DEFLECTICN THEORY

A plate is a body in which two dimensions are large in
comparison to the third. In this thesis the plates considered will
be of uniform thickness h having a "mid-plane" that occurs at an
equal distance of h/2 from each face. A rectangular Cartesian
coordinate system x, y, z will be chosen such that the x, y plane
corresponds to the plate mid-plare and the positive z axis is down-
ward forming a right handed system. (See figure 2.1) The deflection
of a point p (x, y, z) is represented by the compcnents of its
displacement u, v, and w in the x, y, and z directions respectively.

The basic assumptions in the formulation of the plate prcblem
are:

(1) The plate is considered thin; i.e., the h dimension

be corsidered small as ccmpared to the plate length or
widtih.

(2) The plate material is homcgenous, isotrepic and elastic.

(3) 211 strain components are small as compared to unity.

(4) The stress in the z directicn ozz is negligible.

(5) Kirchoff's hypcthasis of linear elements holde; i.e., a

line element perpsndicular to the plate mid-plane befcre
deformaticn remains rergendicular to the plate mid-

surface zfter deflection and dces not change in length.
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Figure 2.1. Orientation of Coordinate System in a Plate



(6) The deflection w is small as cempared to the dimension h.
(7) The deflection components u and v of any point p
(xy y, z = 0) are considered negligibly small.
(8) The slope of any point p (x, y, z = 0) after deflection
is small when compared tc unity.
Consider the cross-section of the deflected plate in figure

2.2, The components of deflection of point p are
u=0,v=0, and w = f (x,y). (229

The deflection ccmporent u of point p' is a functicn of the angle and

the distance z. Because ¥ is assumed small, u (p') may be written

u (p') =-2sinf = -z tan¥ é-z_;’__‘;i

similiarly

v (p') = - 2 -%%
Thus the deflection compornents of any point in the plate can

be given by
u=-22%  yv=-g¢ m‘;’l.', and v = f (x,y)- 2.9

Making use of the strain-displacement relaticns from Boresi
[5] 2nd the equations (2.2) one cbtains the strain-displacement
equations for a plate as
2

gx — .'E..I = - Z .a—“. . (2.38)
it 2 NG
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Figure 2,2, Cross Section of Deflected Plate
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3
E".I" = -EI'-! =-z 'z—_g 1 (233b)
¥ by,
3 u Qv ad 2w
and BXY Erwest shmae = - Dy et % (2.3c)
Y QX 9X7y

The thermoelastic stress - strain relations from Boley and

Wiener [47] are

°‘x='1‘_E\)9_ Yix+viy-(1+\7)<ﬂ1, (2.4a)
oy = 'l—tg:;“ﬁ [E.y + Vix - (1 +9 )=t T] ! (2.4b)
and Txy =G ‘crxy (2.4c)

where <4, T, E, G, and 3 are the coefficient of thermal expansion,
temperature, moxulus of elasticity, modulus of shear, and Poisson's
ratio respectively.

The substitution of equations (2.3) into equations (2.4)
yields the stresses in terms of deflection w which is a function of

the coordinates x and y; i.e.,

2o 2
ox=—E [ (22 +322) -0+ )w] . (2.52)
x © 2y 7
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w =k ¥ 2 2
oy = s z(——-—g+ v —3—-‘2!>- (1+v)xT]| , (2.5b)
1 =% QY dx :
=y E 92w
and }; e — ; 2
Y (1 +v) axady (.50}

Let us consider a plate which is in equilibrium subjected to
mechanical loading and temperature distribution. Take an in-
finitesimal element from this plate which is dx wide, dy long,
and h deep. The external load qdxdy and internal stress resultants
acting upon this element are shown in figure 2.3. These internal
stresses are the shears per unit length Q, and Qy, the normal stresses
per unit length Ny, Ny and ny, and the moments per unit length
My s My and Mxy’ The moments are represented by double headed arrows
which comply with the right hand screw rule. These stress resultants

and stress couples are related to the stresses by the following

equations

[}}II =l FT/ az (2.63)

q, = Ty 92 (2.6b)
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qdydx
a dex
X Qxdy (l: A dX —
dy
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Figure 2.3. Plate Element in Equilibrium
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h/2
Ju " ;
Np = dE S Tdz (2.63)

-h/2

h/?2
-“-T = 0{E 5 Tzdz (2-6"()
-h/2

As the infinitesimal element of figure 2.3 is taken from
a plate in equilibrium, the element itself must be in equilibrium.
Thus, the vector sum of all the forces and moments must vanish. The

sum of the vertical ccmponents of all the forces yields

2 Qx J QY
q *ﬂ + '-g'y' =0 . (272

Summing moments abcut the x axis yields

] M
R a My =0 =
Ry DA Qy (2.8)

Summing moments about the y axis gives

M M N
aMyx . 2x _q =0 . (2.9)
2 - X

2 Y

Solving equations (2.7), {2.8), and (2.9) simultaneously we cet

2Al1. 2;‘-' . 2“'1
e S T s Qw"%_ =g - (2.10)
2 .Xd J oy 9 y‘_

218123 goTH DAKOTA STATE UNIVERSITY LIBRARY
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Solving equations (2.6 f, g, h) using equations (2.5) and sub-

stituting the results into equation (2.10) yields

4 =1 V2MT\
VW"D L e ' (2.11)
where V2=._a..—2+.9—2 . v4:v2v2:_9__j_1+2 34 34 ;
9 X R 2 X 9x29y ay4
E h3
and D =
12 (1 -v?)

From the element shown in figure 2.3 the equation

N N
a Ny + 2 Nyx _ 0 (2.12)
Jd X 2 Y

is obtained by summing forces on the plate mid-plane in the x

direction.

Similiarly for the y direction

N N
o

Y + -.9 XY = O - (2-13)
° Yy J X

Consider now the section of the mid-surface of a deflected

plate in the xz plane shown in figure 2.4. The force Nydy and the
N

force (Nx + X dx) dy have components in the z direction. Summing
d X

these components and neglecting the higher order terms yields



'S

g N XU
Nxdy
dw
ks . 5
2% T +-§—-‘i dx
2x2
N
N x
[ x *t ———_ax dX]dy
ZyW

Figure 2,4, Mid-Surface of Deflécted Plate in xz Plane
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= w .
Fonx = N, 5 dydx + ——— === dxdy. (2‘14).

. 3 . N
Similiarly, Nydx and (Ny + €3—1 dy) dx have components in
Y

the z direction. Summing these components yields

2y oNy  aw
zNy ) i

dxdy + —— === dxdy. (27F5)
Y d Yy 2Y¥
The in-plane shears Ny, and Nyy also cause a force in the z

direction which are expressed as

92y Xy I w
= dxdy + — dxd 2.16
zNxy ny IXIy xcy X 2V / ( )

F

2, N )
= 2 o AR b ;‘Id d (2L 12
and Fz Nyx — Nyx Ix 0y B il xdy . J

The total vertical force exerted on the plate by the in-plane stress

resultants and shears is found by adding equations (2.14), (2.1%9),

(2.16), and (2.17) and neglecting the terms of higher order. We get
% 2% 92w

Fp = Ny = + N, =5 + 2N, I

: . (2.18)
2 X Y oy

This vertical force acting on the plate is of the same

character as the load q. Thus by adding (2.18) to equation (2.11)
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and solving Ny, Ny, and N,, using equations (2.5) and equations

Y

(2.6¢c, d, e, and j) one obtains

2
; M N
4.1 2% 2% 22 - VT T2,
V w=-6 qtn, -—-—2-+ny ks 2nxy " i s (2:19]
2% Iy Ixgy 1 =¥ i

f Equation (2.19) along with equations (2.12) and (2.13) are
thé differential equations of equilibrium of a plate subjected to
any combination of mechanical loads and thermal effects so long as
.these loads stay within the bounds of small deflection theory. The
term q(x, y) is the normal pressure exerted over the surface of the
plate. The terms ny, Nys and Nyy are the mechanical stresses applied
to the plate mid-plane. My and Ny are the thermal moment and thermal
stress resuliants respectively. Equation (2.19) will be applied

to a plate which is enly thermally loaded. Thus,
g=n,=n,=n = 0, (2.20)

which identically satisfies the equilibrium eguations (2.12) and
(2.13) leaving equaticn (2.19) defining the deflection throughout

the rest of this thesis. The thermal loading will also be re-
stricted to cases which cause Np to be zero. Referring to equation
(2.63), N- would be zerc if the temperature T is an odd function with

respect to the z axis. That is, if

ili (Xe Yo Z) == T (Xs Yy T z) e -(2°21)
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Equation (2.19) with the restrictions (2.20) and (2.21) has the form

4 C - .

This equation defines the deflection of a plate which is
thermally loaded in & manner such that the in-plane stresses caused
by Nt disappear. That is, the average temperature through the plate
thickness approaches the ambient temperature (To).

Equation (2.22) will be modified such that the Laplacian of
the thermal moment (‘72MT) will be limited to constant values. In
order to accomplish this along with the restriction (2.20) and (2.21)
the temperature gradient through the plate must be restricted to

the form

iz T, +z [9 (x, y) + h (t)] §2223)

where T, g (x, y) and h (t) are the ambient temperature, a function
of x and y, and a function cf time respectively. Substituting

equation (2.23) inio equation (2.6k) and integrating, one gets

h/2

T z 3
° v fo ) #n u)]
M. =< E — o — PREE (
T o 3 Lg s Y
-h/2
ot B h3 [g (X, \‘,’) + h (t)] 3 (2'24)
or MT T - - :
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From equation (2.24) it is seen that in order for the
Laplacian of the thermal moment tc be constant, the Laplacian of
the function g (x, y) must also be a constant.

The temperature distribution in a bedy for the unsteady

state condition is given by Fourier's general law of heat conduction,

which is

2 ) @
..9_1:-/3 971, 271 9 1) (2.25)
It d X ay 922

where/? and t are diffusivity and time respectively. For the steady

state condition equations (2.25) reduced to

= 0. (2.26)

Thus, in order for the temperature function (2.23) to satisfy the
steady state conditions (2.26), the Laplacian of the thermal moment
(MT) must be zero, yielding a plate deflection of zero from equation
(2.22). The plate stresses are established directly from equations
(2.5). Also, function h (t) cf equatien (2.23) is therefore limited

to
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5 A
VM aEn3 2°s (x, y) N 39 (x5 y)
1-Y 3121 -v) §% e

=B (2.28)

where B is a constant.
The final form of equation (2.19) with the restrictions

imposed in this thesis is

w

V4' =B, (2.29)

Lo

This equation will be applied to plates which have the inner
regiocn thermally lcaded and the outer region unloadec with the entire
plate clamped at the outer boundary of the unloaded region. Thus,
the deflection of the entire plate will be defined by two differential
equations. The deflection of the loaded inner region by equation

(2.29) and the deflection of the unloaded outer region by

de =0 (2.30)

which is the biharmonic equation.

Thesa equations will be expressed in terms of complex

varisbles and their sclutien attempted in the next chapter.



CHAPTER III
EQUATICONS GOVERNING FLATE DEFLECTICN

IN COMPLEX FORM

Let z be a ccmplex number x + iy whcse conjugate z is x - iy,
where x and y are real as shown in figure 3.1. Let a complex or z
plane be established such that the ebscissa cf & point z be x and
the ordinate be iy, where

12:—10

This cocrdinate eyctem shown in figure 3,1 may also be =2siablished
for the variables r and © using Fulers formule
Ieie'= T [Eos-% 1+ 1 sin %J .

Substitute the z plane feor the xy plene corresponding to
the plate mid-plzne as established in Chapnter two. Neow any peint of
the plate mid-plene may be lccated by the complex varieble z or z.
Thus, the deflection v is a functicn of z and z- and the tctal
derivative dw is

(3.1)

dw = — dz + -
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y
X z = x+iy ret®
|
I
L | iy
ra ¥ |
‘ I
I X
P
- |
I
__________ z = x-iy re” %
X

Figure 3.1, Complex Plane
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Jz _3Ix dz _ Ix

2X " 2x51 2x 2ax -1 o

28 . 2y _ ., 2z _ . 2y _

ay 'y 1 »oand Sy- - igy=~1i & (3.2)

By taking the partial derivative of the deflection w with

respect to x, one gets

a
=

R,
27 2

Nt

Jd W
3 2

|

+

1
QJ.I(U

¢
Nt
b

\5)
%

from which one obtains the operator

AR (3.3)

Similiarly, from

dw Iw gz . dw jaz
2y Jz gy 9z 9y
one obtains the operator
o - i ( s O ) D (3.4)

&Y Jz 22
The inverse of eguaticns (3.23) and (3.4) is

(= -} a ) -(3.52)

W )
b
VL
<
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L. - L 2. . . c2
95 "o SR ;y) ; (3.5b)

Combining equations (3.5a) and (3.5b) one obtains

2 2 < 2
49 __d J

=S et (3.6)
2z 3z 3Ix Y

Equation (3.6) immediately yields the biharmonic operator in complex

form; i.e.,

4 2 _2 16 34
= = —t . &7

Referring to equation (2.29), it is seen that the differential

equation defining the deflecticn of a thermally loaded plate is

4 B
W — = e
VT g

which, from equation (3.7), has the complex form

4
,._~SZ.EL_. - B i (3.8)

922932 16D
Equation (3.8) is the differential equation defining the

deflection w of the region of a plate which is thermally 1loaded.

This equation becomes

4
2 Vi (3.9)
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for unloaded regions. The solution of equation (3.8) is given by

w = wp + w. (3.10)

-~

where w_ is the general solution satisfying

a W g

=0 (3.11)
2 _2 .
2z 93

and W is the particular solution satisfying
P

2 %o -B
e i . BT Z)
9 2° 33 16 D

The particular soluticn is found easily by integrating
equation (3.12) four times as,

-B 22 22

o
P e (3.13)

The constants of integraticn will be included in the general
solution.

The general solution may alsc be feound by integrating equation
(3.11) four times. This was done by Goursat [lﬂ . However, it was
necessary to assume that w is real in order to reach a conclusion
and the fact that the complex potentials derived in the sclution must
necessarily b2 analytic is not evident. Muskhelishvili [ll] gives

the mcre concise derivaticn which followe.
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Consider the function U (x, y) which satisfies the bi-

harmonic equation

V4 U =0. (3.14)

Also let a variable P (x, y) be defined such that

2
v u=P.

4 2
Thus, { U=V P =0 which indicates that P is harmonic in the
domain being considered. Let Q (x, y) Be the harmonic congugate -
function to P. Thus, Q and P must satisy the Cauchy-Riemann con-

ditions; i.e.,-

P__20Q

0

o
é}i E g and
®

¥

0

X

LTREY

Now the complex function defined
f (z) =P (x, y) +1Q (x,y)

is necessarily analytic vithin the demain considered.

Furthermore define

V(z) =p + iq=+ g {f (z) 6z = (3.19)

Thus ﬂ(z) = -a-Q + 1 -.9...(1 = ~‘_,j:~ i (z> =
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analytic, as per Churchill [6]. So equation (3.1%5) is analytic

and must conferm te the Cauchy-Riemann conditions from which it

is seen
aP _ 249 P JP 249 Q
: = and =—— F o— —— = = e,
9 x 3y 4 2y 3 X 4

It can be shown that
2
V (u-px-gq )=o0. (G lieh

Hence, U = px + qy + r where r is a harmonic function in the reagien
considered. Let § (z) be the function whose real part is r. Thus

(3.16) may be written
U =R [2 Az) + § (z)] (3.17)

where R denctes " the real part of ". Equation (3.17) is the
solution of the biharmonic equation (3.14) and S (z) and @ (z) axe
called complex pctentials which are harmonic, thus, necessarily
analytic within the domain being censidered.

From equation {3.17) it is seen that the form cf the general
solution is

wo=32 Yiz) vz P(2) + X(2) + X(z) (3.18)

are cemplex potentials. Thus, the solution to

~er

vhere Y(z) and X(z

ns (3.13) and (3.18)3i.e.,
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2 =2 .

w=E P(2) +z Pz) + X(z) + X(z)iilumnZ (3.19)
64 D

If the region involved is free of thermal loading then B equals

zero and equation (3.19) becomes

w=7z P(z) + z P(z) + X(z) +7(_2) a (3.20)

"The restrictions which must be placed on the complex potentials in
equations (3.19) and (3.20) are easily illustrated by substituting
¥*(z) + A + 1B + icz for f(z) and X*(z) - Az - iBz + iD for Y (z2)

into either equation. For example, equation (3.20) would yield

W=7 Pr(z) + 2 Px(z) + Xx(z) + E*(z)

which is exactly the same equation as before the substitution eorly
using different complex potentials. This cendition, hcwever, cannot
be allowed tc exist in that the deflections of a simply connected
plate are single valued. Thus ¥ (z) ard X (z) must be unique. In

-order to eliminate the pessibility of multiple valued deflections,

it is necessary that
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where < denotes " the imaginary part of ".
The clamped edge has twio boundary conditions. First, there can not '

be any deflection of the edge, so
w=20 (3.27)

on the boundary. Second, the slope of plate at the boundary is zero.

So

on the plate boundary. flso, because the plate is flat in the

undeformed shape

(3. 2E)

dw .
dT .
where N end T are ihe distances measured aleng the normal and tengent

to the boundary respectively. Squaring and adding equations

(3.23) and (3.24) yields

—~
LEE LS
==
~—”
N
+
~—
D
— s
S~—r
N
H

wvhich is &@nalogus tc

Y N
ol ) + (Y )T=0
d X 27

; : erpendi ar.
en the bcundary because like N and T, X and y are perpendicular
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Substituting the operators (3.3) for 2/9 x and (3.4) for 9/d vy

gives boundary equation (3.23) in the form

2w
P

<

Iv _ 0

4 =
P

N
(3t}

In that z and Z are directly related, one can not be zero without
the other being zero; so the final form of boundary conditions (3.23)

is
Se—= 0 5 63..25%
Z

Substituting into the two boundary conditions (3.22) and
(3.25) the expression for the deflection (3.20), one obtains the
two boundary conditions for a clamped plate in terms of the complex

potentials Y(z) and X(z); i.e.,

z P(z) +z $(z) + X(z) + X(z) =0 (3.26)

and  Yf(z) +z Y'(z) + X'(z) =0 . (3.27)

Consider a function f( 3 ) such that
z=f (%) or z=1 (3) (3.28)

Will map all points of the plate in the z plane to points inside the
unit circle in the ¥ plane. If the function f (J) is analytic,
and its derivative with respect to the stated parameter is not

“€ro, then the transformation is conformal. The operation of

€onformal mapping of the outer boundary of the plate onto the unit
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circle greatly simplifies the determination of the complex potentials
Y(z) and Y(z). The purpose of this transformation is two fold.
First, an irregular shaped plate in the z plane is mapped to a

circle of radius one and all of the points within that unit circle
are mapped from points on the irregular shaped plate. Thus, if the
complex potentials are analytic at all points of the plate in the

z plane, they are also analytic at all points within a circle of

unit radius in the ¥ plane. Thus, the form of Y ( J) and ¥(7Y)

in the 1;ﬂane can be assumed as Taylor's series with a radius of
convergence of one. Using the restrictions (3.21) the form of (1)

and ¥ (J) may be assumed

Y($)= & o 2" (3.29)
n=1
and Y(T)= & g 4" (3.30)
=0 N

where 9% and dl are real and the rest of the coefficients are
complex. These series will converge as per Churchill [6]. Second,
the boundary conditions (3.26) and (3.27) can be expressed in terms

of one variable " in the ¥ plane. Take any point J on the outer

boundary of the unit circle in the 3§ plane. This can be written
T- peil - oib - eil - & (3.31a)

(3.31b)

[o}]

=

(CL,

L—-{‘
i
AN
it
]
=2
-~
I
—

]
-~
|

0o

t

[
=
-
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because f9 equals one on the boundary. Thus, by transforming the
boundary conditions (3.26) and (3.27) to the J plane by the use
of the conformal transformation (3.28), these boundary conditions
can then be expressed in terms of one variable o .

Using the twe ideas expressed above, it is seen that the
complex potentials of the boundary conditions (3.26) and (3.27) may
be expressed in series form as in equations (3.29) and (3.3C) and
these series may be expressed in terms of the one variable o .
Then, by equating coefficients of the power series, it is possible

to determine g;, g5, +-+- 9y and dg, d}, dy ..., d, thus de-

n,
termining the complex potentials Y (3 ) and X(J).
To transform the boundary condition (3.26) from the z plane

to the Y plane is a simple matter of substituting in the conformal

transformation (3.28) which yields

f () ) + (r)? +)£<r)+7<_> (%52

To transform the boundary condition (3.27) it is necessary to note that

Prigy = A0E - 275 27 X0 (3.33)
27 T2y a4 1 (7

Using (3.33) the boundary condition (3.27) becomes

yi=)
W)+ (o) ,il_fl_ P = 0 . (3.34)

f'(_ 1 f'(;_‘l')

=)
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Equations (3.32) and (3.34) are the boundary conditions of
a clamped plate in the J plane. Using these two equations it is
possible to determine the complex potentials Y(J ) and X(J) and

thus effect a solution.
8 Let ¥ be the outer boundary of a thin elastic plate which

is divided into two regions as chown in figure 3.2. The boundary

between region 1 and region 2 will be designated . Region 1 of

N

the plate is thermally loaded and region 2 is unloaded.

Recall that the differential equation of a thermally loaded

plate is

4

B
le:—b'

This equation holds in region 1. Also, the defining equation of

region 2 is

4

‘7Wé =0

In that there are two separate differential equaticns de-
fining the deflection of the plate in figure 3.2, there will be two
soluticns made up of the complex potentials q&(z), ?&(z),

qz(z) and 'X2(z). These two solutions rust yield values of plate

deflection such that on the boundary [N there will be no discontinuity.

Take 2 peint z which is located en [. ‘iove an infinitesimal

ard pergendicular tec the boundary " into racion

distance away from z,

AT T . =11 ihat
1. Call this point z,. Similiarly, move inte regien 2 and (EEIREEE



y
' Boundary
/ ["Boundary
/‘v
|I’I’
Region 2
P 1 (z)
’Xl( Z ) |‘ 1 »nN

Region 1

Figure 3.2. General Plate Plan View
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point z,. Now points zy and z.,, are separated by an infintesimal -
distance; hoviever, the plate characteristics at the two points

are governed by different equations. Because there is neo physical
discontinuity in the plate con the boundary [ﬁ, the deflection at

z) and z, should be equal. Similiarly, the slope of the plate, the
moment, and shear forces are ecual at 2} and z,. From these four

considerations it is seen that on the beoundary f1
2
[ ] 1 9w |1 2 w |1 2 el
w = — = | — = == =0 3235
2 9z ]2 Jdzdz 2 3223 7|2 ( )

1
where [v] =w =-wv_ =0, etc.
2 2

Equations (3.35) are the continuity equaticns of the boundaryAP
which, when satisfied, will ensure the centinuity of deflection,
slope, radius of curvature, or shear between recions 1 and 2.

Recall ricw equations (3.19) and (3.20) and apply these to the

plate of figure 3.2, which yields

2 22
e Bz z
wo=2 f(2) 4z F(x)+ X(2) = ¥ () - =g (3.36)
and . ¥y = z %;(z) + z ?é(z) + 12(7) + 12(2) : (3.37)

Substituting (3.36) and (3.37) intc the continuity equations (3.3%)

) - 5 PPy e 3 rras of the ceomplirex
one ObtalnS the C(‘»ﬂtlrl'&]lt)/ €g!dgﬂk19ﬂ:: in terms ot th (FTAl

poientials; j.e.,
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— 2 .2
[z 1) +2 T + Mo+ Wy | =B 2 (3.382),
2 ep !
_ 2
z Y2+ f2) + X)) =BzZ ,,
[Z ‘ z ]2 2 4 (3.3¢b)
' 7 -—. 1 - Bz ;
[‘f (z) + (z)] e, (3.38¢)
X 1 Bz
e [Lf (Z)] 2 1ep O (3.38d)

The solution of these equations gives the difference in the complex

potentials acress the boundary [ , which will have the form

1 -
[Lr(z)] - g(z)

and {X(Z)] ; = h(z)

When these continuity solutions have been obtained, one can find the

+

complex potentials in region 2 knowing those in region 1 and vise
versa.

The form of equations (3.3%) and the sclutions of thece
equations are dependent ornly upon the shape of the boundary [" and
are not affected by the outside boundary ¥ . For example, the
solution of the continuity equations of a square plate lcaded over

a central circle are the same &s those for an elliptic plate loaded

over a central circle.



CHAPTER 1V
DERIVATICNS CF PLATE DEFLECTICN EQUATIONS

{ This chapter contains the development of the equations of

/!
deflection of three plate configurations. These will be arranged

in the order cf;

(A) A circular plate lcaded over a circular region.

(B) An elliptic plate loaded over a circular region.

(C) + round-cornered square plate leaded over a circular

region.
This is more or less the order of difficulty even though the method
of solution is csimilar.

The soluticn ef the circular plate lozded over the circular
region is helpful irn checking the solution cf an elliptic plate
loaded over a circular reaion, in that the circular plate is a special
case of an elliptic plate. The round-cornered square plate loaded
over a circular region is nol a <pecial case of either of the other
preblems.

In order tc conserve reading time and ﬁreseﬂt a centinuous
flow of material, the calculations in this chapter are given in
condensed form. The complete set of mathematical calculations is
given in Appendix I for those who wish to see the development in_

Imore detail.



Circular Plate Loaded over a Circular Region

Consider the circular plate of radius b thermally loaded
over the region enclosed by a concentric circle of radius a as
shown in figure 4.1. Let the boundary between loaded region 1 and
the unloaded region 2 be r‘and the cuter boundary of region 2 be ¥

which is clamped.

38

The continuity equations cf the boundary r‘expressed in terms

of the complex potentials were established previously by eqguaticn

£8:38) as

2
— 1 -
Bz =
| + L] . e e
P (2) ), "%
[ ]] B 7
and rv(s e
fer(z2) Ty

In order to sclve lhese continuity equations the boundary [
must be transfermed to the cuter bouncary [% of the unit circle
in the ¥ plene. The transformaticn necessary to conformally map [

to " % is
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YoV

/ ;r\
/_1 x’u
. Region 1
Region 2
b
"

Figure #.1. Circular Plate Loaded over a Circular Region
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z=a7 (a.1a) .

where

Giving
dz

and S_

dz

As the
formed

make t

and Z

into t

:
:

and

From e

a is the radius of the inner region.

z=a’> , (4.1b)
= a2l 3 (4.1c)
. 1l4d

=4 (4.1d)

continuity equations are valid only on [‘, and f,is trans-
to the outer boundary of the unit circle in the p) plane, we

he substitution

=al =ae

a3 =ag !

he continuity equations. This gives

e S 1 B a":i
$(z) +2 Y(z)+ X(z2) + X(z) :{2 = , (4.2a)

A 3
Prz) + Y(z)+ I'(z)]; - *5329—[;; ' (4.2b)

S 2
(“f'(z) + Lf'(z)]l—Ba , (4.2¢)

eyt L Bal (4.2d)
[(P (Z)L 16 De

quation (4.2d) we see using (4.1d) that
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1 d 1 1
1
T = l— @) =|- & Y =B s
i 1] B 2 |® 97 2 16 Do
which may be rewritten
d ?'( ) 1 B 22
do z 2 16 Do
Integrating with respect to ¢ yields
1
ey =42 logo + K (4.3)
2 16 D 1

where Ky is the complex constant of integration of which the real

part may be determined by substituting (4.3) into (4.2c) yielding

B a2
32 D

Kl = + iK? ]

1
Ve now. have a solution for &%'(Z)]Q which may be again integrated

eiving
1 3 a3
Lf(7) = E—i— g lcgo - E—“—- o + K3 + iaK2<7‘ (4.4)
2 16 D 32D

where Ky again is the complex censtant of integration.

Substituting (4.4) and (4.2) into the cecond cortinuity

€quation (4.2b) and again carrying cut the integration process
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!x {1 B a9 2 2
Z) = 1 - + Ot + '
( 2 3 p og o a g K3 1 = K2 K4 (4.5)

is developed with another complex constant of integration Ky We

have now established the forms of [f(z)]é and [jy(z{]; . Using

the final equation at our disposal (4.2a) it is shown that

R[K]:5BalJ
. 128 D

where R denotes '"the real part of." The imaginary portions of

K2, K3, and K4 do not contribute to the deflection. They can not be
determined and are not necessary, so they are disregarded. This

leaves the solution of the continuity equations in the J plane as
Y(2) ' _ Bad Ba®
2 16 D 32 D

4
32 D 123 D

Transforming these back to the z plane using the inverse transforma-

|
g
:
|

1

tion to (4.1la)

3= 2/a

one has

22 -
Lf(z) } = i z log =l = 2 (4.6a)
2 16 D -
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R Ba 9 .
and [X(Z)] = m— [log 4 5_].. (4.6b)
2" 390D a 4

The equations (4.6) give the change in the complex potentials
from region 1 to region 2. Thus, they somewhat indicate the form of
the complex potentials in region 2. In Chapter III it was seen that
the complex potentials must be analytic throughout the region being

considered and that

Lf =0,
and < X'(0) =0
Using the transformation

z=b7
which conformally maps the outer boundary of the plate in the z plane
onto the unit circle in the J plane and the censiderations stated

above the form of the ccmplex potentials for region 2 in the y ¥ plane

may be assumed as

fo(7) = 2 2 [d]j‘, - bT 1o 7] (4.7a)
philS3gp
4 -
Ba . ¥
where d. and g, are constants
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These two complex potentials must satisfy the clamped boundary

conditions of region 2 which are

z fz(z) + z 7-5;(;:) + 22‘(2) + ')(2(2) =) (4.8a)
ana ¥ (2) +2f,(2) + 2,'(z) =0 . (4.8b)

Substituting (4.7a) and (4.7b) into boundary equation (4.8a)
and setting J equal to o, cne finds that the logarithic termg

cancel and the Ba2/16D terms drop out, leaving

2 _
2bd) + a% gy = 0. (4.9)

Substituting the assumed values of ?2(jf) and Zé(:f) into
boundary condition (4.8b) we find that again the logarithmic terms
cancel, leaving the coefficients of the powers ofo ; i.e.,

2d, - b - 32 =0 (4.10)
1 2b . :

To substantiate the acssumed form of ?;( ¥) and 25( ¥) it is
necessary that we develop two independent equations with which to
determine the tvio acsumed consztants dl and ag- This condition has
been fulfilled by equaticn (4.9) and (4.10).

Using (4.9) and (4.10), the solutions of d; and gy will
esiablish the complex potentials f(Y) and X(JF) in the S plane.

n2 threuch the inverse trans-

]
Ty
-
o8]

Transfeorming these back to the

formation
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$-z
b
gives
2 2
Ba 1 a z
(10 z) s —— |(— t 2 — z log = 4.11a
o) = =— (= . ) : (4.11a)
2
Ba b 1 z
and K (z2) = —— |- —= - — - 10g=2]. 4.11b

Recalling that the sclutions to the centinuity equations are

1
fﬂzﬂgr f (2) - $(2)
1
and [X(z)]2 = l’l(z) - x2(2)

Thus, (4.11 ) and (4.6) give

Ba2 b ace
q&(z) Ti— 2 10g — + == (4.12a)
16 D C
4 , 2
and X (z) =2 |1 2+ E P (4.12b)
1 32 D a a4 2

With the solution of l)01(2>, 702(25)a Yl(z) and )12(2) we have

establiched the deflecticn w, and wo.
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Referring to equations (3.36) and (3.37) and recalling that z % = 2

one sees that

2 2 2
_ Ba 2 .2 2 . a2l r 2 2 1
w = 21‘ =S zb - a + —— - 2 + 2 —
2HEs D[j =; (a -} 185 3 (4.13a)
d =l b + R + (a® + 212 e
an w = — o e— a + I 3 — . 4.
1 == 2 a2 )iog - (4.13b)

These are the equatiens of deflection of a circular plate.

.loaded over a circular region.

Elliotic Plate Loaded over a Circular Region

Congsider the thin elliptic plate shown is figure 4.2 wvhose
outer boundary ¥ is clamped and whose major axis is a and minor
axis is b. Thig plate is loacded over a central circle of radius c
which will be called region 1 and unloaded in region 2 with the
boundary ketween region 1 and region 2 designated [ . The equations
defining the deflection in terms of the complex potentials are given
by (3.3&) and (3.37).

The continuity equaticns (4.€) hold for the plate shown in
figure 4.2, These equaticns are valid for any simply connected
plate thermally loacded cver a circular regicn whose center corresponds

with the origin of the ccordinate system. These continuity equations

are



Region
1

Region 2

(¥
N

Figure 4,2, Elliptic Plate Loaded over a Circular Region
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1 B 2 . i
ff’(z)]2 = %E }:z log -‘C'l -%:J (4.142)
a4
and [X(z)]é = E; < [109

The transfermation necessary to map the outer boundary ¢

(4.14b)

oOlN
+

INTS)

| S

onto the unit circle in the ) plane is

1 -1
2 =7 b] + J'
2 (m n ) (4.15a)
= 1 7 7-1
e 2z = 5 ( md +nJ ) 4 (4.15b)
where m = a +b and n = a - b.

We now assume the form of the complex potentials VQ(:f) and

XQ(,I) based on equations (4.14), (4.15) and (3.21). These are

2
qz( j) = 52—5 - (m3+n7 —l) logj + dlj + d2:f—lj (4.16a)
Bc’ -2
and X,(3) = =— |- 1ogT + g0 + ;5 | . (4.16b)

The constarts dy, dp, Gpo and g; will be determined from the
boundary conditicns of region 2 which are given by equaticns (3.32)
and (3.34), Substituting the assumed solutions of the complex
Potentials Y,(J) and X,5( %) into equatien (3.32) on2 sees that

the constant Bc2/16D cancels and the legarithmic terms drop out,

leaving
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mdl nd] > md2 -2 nd2

—_—— et —=T 4 —=0 —_ m n = m 2 n
) 5 5 +2+2d1+2dl°_ +2d2¢7" +2d2
2 2 -2 2 2
P 2c 9p t ¢g; t¢cgyT =0 ,
/
j
Equating coefficients of like powers of o gives
nd, + md, + 2c2gl =9 5 (4.17a)
2
mdy + ndy, +2c ¢y =0 , (4.17b)

2
and md2 S ndl + 2¢ 9 =0 ,

yielding two independent equations for determining the constants.
Substituting the ascumed complex potentials (4.16) into the
second boundary condition (3.34) cone again sees that the constants

cancel and logarithmic terms drep out, leaving

dm 2 2m2 m2

: 2 4c m
2 4 4c . m + o+ I

(él +m+ - + — 9, t+ (?d2 = d1 5 mt = ds
s 2¢° + 4c°m B d 2d + n° +m o+ n

T + [m-=-d,7 5 D) )

’ n2 g 1 4271 n2 N
E i, + m dn + 2mc + 4c’n’ g 5 0.
2732 2 !
n .n e m™

Equating ccefficients cof like powers of o~ cone obtains three

equations:
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dl +m + —n.. + --n— gl = 0 o (4.188)
2 2 2
1 2,2 4c m 2; 2

3 2 2.2 2
m , m m 4c“n , 2m 2mce _
and (ﬁ + —3) d2 - <l + > )dl + 3 g, +2m + =—— + =0 '
(4.18c)

which, along with the two equations (4.17) make five equations

from which four unknevnn constants dl’ d2,'gl, and gy are desired.
Thus, our system of equaticns appcars to be in over determinate.
However, equation (4.18c) is not independent. If we multiply equation
(4.18b) by m/B and add eguation (4.17a) knowing the solution of 9

is —mn/QC2 from (4.17a) and (4.18a) we can davelop equetion (4.1&c)
which proves it is net independent. Thus, there are fcur independant

equations with which to determine the four unknown constants,

yielding
—mr .
!1 = _.-_2: : (4-198)
2c
2 _.3 _~ne?
i, @E8Ssntanect (4.195)
2 (m2 + n“)
0
4. = 3m? + m3 4 2me (4.19¢)
! 2 (m2 + nQ) :
- Lr?ﬁh R ma (;‘qq %T%l C2 (4.194)
139 "O — 2 /_E_ :\



The solution of these constants gives Lio2( Y) and 2’2(5) which,

coupled with the inverse transformaticn of (4.15)

- _z__t___f._- _mn

m

or I-l= z - 22 - m

and the solutions to the continuity equations (4.14) give the

solutions to llo2(z), )/-2(2) and thus LPl(z) and Xl(z) which follow

2 2 0 /d] d dy o
J (z) = Be [—22 log e \/2 L &(m-—l + v%) z + -—i} 22 -mn

S

2 32 D m
- fg JQ? -mn] (4.20a)
n
4 + -m 9 2 =
XQ(.:) = Be — log % 2 =000 9 * = (2z° -2z Vz" -mn -mn)
n
(4.20b)

gi ;2 2 ‘,,,..\] . (4.204)
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These equations coupled with the equations of deflection

(3.36) and (3.37) describe the deflection of the plate in figure (4.2).

Round Cernered Sauare Plate Loaded over a Circular Region

This section deals with a round cernered square plate
whose outer boundary ¥ 1is clamped and whose inner region 1 bounded
byﬁ[ﬂ is thermally loaded. The radius of the inner boundary { is
¢ and the plate itself is b square as in fioure 4.3.

The soluticn of the ceontinuity equation between regions 1

and 2 are as in the previous sections (4.6); i.e.,

1 Bc2 z s
f%(z) ] 2 16D [; be8 - 5]

1 BcY z 5
— -_— -
and [Y(z)]z N [log = T

The transformaticen necessary to map the boundary ¥ onto the

I

unit circle in the S plane is

N
I
g
Sy
_.+
>
o

or
where L = 22 b and A = - 1/25

Based cn this transformation, the soluticns to the continuity

equations, the restrictions (3.21), and the fact that ¥ {(z) and X(z)
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-
N

Region 1

Region 2

Figure 4,3, Reund Cornered Square Plate Loaded over a Circular

Region
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must be analytic, we assume the form of the functiens ?2( j) and

XQ(S) as

% (3’)-—Bc2 L (T+33%) 10037 49,3 + S

2 o [_ og dy) +dg¥ (4.21a)
804 1

and X,(3) = l:log PR 9, * gdf“] , (4.21b)
32 D

where the constants dl’ d5, go, and g4 are real or complex.

These constants will now be determined by substituting the
assumed complex potentials (4.21) intc the boundary conditions of a
clamped plate (3.33) and (3.34) and equating coefficients. If the
number of equations derived by this method equals the number of
constants assumed, then in all likelyhood, the forms of ?5( Y) and

12( Y ) are correct.

Substituting equations (4.21) into (3.33) develops the

equation
-4 -4 4 2
2d)L + 1 A dlo—[‘ + Ldgo " + 2L Adg +1L A dyo "+ Ldgo t g,a
2 £
a - g,a
4 94 a 4+ 4 0‘4 =0
2 2

Equating coefficients of like poviers of O gives three equations of

which
2
2Ldl + 2L A d5 + a%g_ =0

8nd 2L A d; + 2Ldg + 2g, = O
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are independent.  The substitution of equations (4.18) into

boundary conditions (3.34) yields the infinite ceriecs
5
(d5 + dl)\ LX) g +[5 Adg + (2 - 51 2) d, + RNC o1 o 32/2,_]0-

+ [(5 - 250 2) dg + (2513 - 5X)d, +4LA- 20 Ly 3+ 5a2) /2L

=7

;
+ 2a294/1.]0‘—3 + (125X %9, - 10a°A g, - 2510 4 4 LL)o

+ (...)Zr-ll + ... =0.

Equating coefficients of like powers of o~ develops an infinite
number of equations. A closer examination, however, reveals that by
multiplying the coefficients of a3 by -5A one obtains the co-

efficients of o',

Similiarly, by multiplying (4.22b) by 4/L,

and adding the coefficients of o times -5 plus the coefficients of
5 3

‘" one can develcp the equation for the coefficients of o 3, Thus,

two more independent equations

_ 4.23
dg +dh - LA =0 (4.23a)

2) dl + 4L A 2 - L - 82/?L =0 (4.23b)

(&)
>

and 5 4+ (2 -
5

are developed, civirg us four equaticns with which to develop the

four unknowns; i.e.,

212 - yar2 A 24 a2, (4.24a)
dl T, SO A
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g =2Ah1Z -2 A S-afho (4.24b)
° aL - 20L A 2
g ==2%+ 16120 %2 A%y (A2 122, (4.24c)
0 a2 (2 - 10 A 2)
2 2,3 22 2 . 4 e
and g, =LA + O AT - NG+ pT Nk (M=) FA2
2
I (4.244d)

These equations (4.24), when substituted into the assumed
forms of 7&( 3) and 2%“ 3) (4.18), yield the complex potentials in
region 2 which, with the solutions to the continuity equations (4.6),
yield the complex potentials of region 1. These equations will, frem
necessity, be written in terms of 35, vihere z = LS'+Iu\f5 because
the inverse of this trensformation cannot be written. Thus, the
complex potentials defining the deflection of the plate chcwn in

figure 4.3 are (4.2la and b) and

\el ( :S = Bc? [L (% +)\'55 io £_+___ * ((f]_ - L—)S
16 D 2
+ (dy v)‘)j ] (£.25a)




CHAPTER V

CALCULATION OF THE PLATE DEFLECTICN

Devel opment of Heat Equation

The temperature field within the inner circular region of
the plate configurations must satisfy Fourier's general law of heat
conduction and be so constructed that the Laplacian of the thermal
moment MT is a constant over the entire heated region. The
temperature function must yield an average temperature equal to the
ambient temperature so that the inner region will not expand on the
average. This is necessary in order for the inner boundary be-
tween the heated and unheated region to be free from in-plane stresses
HT.
In order for the Laplacian of the thermal moment to be a
constant it is seen from equations (2.25) and (2.28) that the
Laplacian of the temperature function (2.23) must also be a2 constant.

When this is the case, Fourier's general law of heat conductions

(2.25) takes the form of Pciscon's equation. i.e.,

2

2 2 .
Cl g 12 g g =2 g =127 = constant, (5.1)
3 x Ay az" B at
or in cylinderical coordinates,
32‘ 2 ] B ng Lo
s L) + = 20 === 2= = constant. (5.2)
are 17 98 r ar 9z P ot
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Equation (5.1) is the particular case in which the tem-
perature varies linearly with time or when there is a heat source
or sink within the plate itself.

The temperature function in the outer region, that is,
region 2 of the plates, is a constanl equel to the ambient tem-
perature. From the assumned form of the temperature function (2.23)
it is seen that the mid-plane of the heated region also remains at
the ambient temperature. 1In order for equation (5.1) along with
the conditions (2.21) to be satisfied, it is necessary for the
temperature to vary linearly with z as in (2.23). The temperature
field will also be considered independent of €& and vary only as

a function of r, thus, the heat equation (2.23) has the form
T:To+z[ﬂﬁ+h(ﬂ] : (5.3)
and equation (5.2) has the form

3:r2 r ar B 9t

)
9°T Ll o7 ) 9T (5.4)

Substituting (%.3) into (5.4) ¢ives

2 2
(x| ldgdng (5.5)
d12 1 dr';I

where C is 2 constant equal to h'(t)/g .

Equation (5.5) is an ordinary differentia) equation whose solution is

2
g (r) = ot C, Inr + Cye
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The constants C; and Cy may be determined from the boundary

conditions, which are

when r = a, g(r) =0

when r = a, :5; g(r) =0 .

These boundary conditions correspond to the temperature being

ambient on the inner boundary and the slope zero at that boundary.

It is seen that

ﬂr)=% PQ-J] +%?1n

H o

The temperature function (5.3) becomes

T=T, +z [g (r2 - a2) + h(t)] . (5.6)

The function h(t) (2.27) is linear with respect to time.
Thus, the heating function (5.6) will continue to increase in
magnitude indefinitely, which of course, is impossible. Therefore,
a limit must be placed upon the time interval such that the temperature
build up does not cause the material to exceed its elastic properties.
It is also apparent that the deflection is dependent upon the rate
of heating; thus, a heating rate is picked such that the de-
flections do not exceed the small deflection theory presented here.
The rate of heating h'(t) is 22.443 R9/hr which when applied to a

steel plate .25 inches thick gives

2 3 2 ,
VT _ etpn 279 .1 29} _ 55715102 = B - (5.7)
(1-v) ~ 12(1-v) gr2 T 2

from equation (2.28) vhere
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h = .25 inches,

30 x 10% psi,

m
I

= ,06 in/in,

and V= .3 .

Circular Plate Loaded over a Circular Region

The equations of deflection of a circular plate loaded

over a circular region are given by equations (4.13). i.e.,

2 2.2
Ba
2r2 - 2p2 - 22 + 21

32 D b

- 2(a% + 2r2) log %

16D | 4 22 432 a

and wj =-EEE— EEE —-b2 + a2r2 - —Ij + (a2 + 2r2) log b] .

These equations of deflection were solved using the digital
computor to determine the deflections at various points on the plate.
These positions were selected in a manner =uch that the boundary and
continuity conditions cculd be checked aleng with the general de-
flection pattern.

The plate considered was mace of steel and of the dimensions,

a = 2.5 inches,

b = 5.0 inches,

B = 8.274 x 102,

and D = 4.285 x 104.

ni i e i i 4 mp t functien
This plate was heated on the inner Iregictn by the temperature &

; vatien {5 ne
(5.6) with a rate of hezting expresced by equatien (5.7). The
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deflections derived from the above equations are shown in figure
5.1. The computecr program used to develop these deflections is
given in Appendix II.

The equations of deflection (4.13) civen above were obtained
from the complex potentials (4.11) and (4.12). These complex
poténtials are analytic in the region involved and conform to the

restriction (3.21) and thus fulfill all of the necessary conditions

established previously.

Elliptic Plate Loaded over a Circular Recion

The equations cf deflection of an elliptic plate lcaded
over a circular region are given by the substitution of the complex
botentials (4.20) into the deflection formulas (3.36) and (3.37).

These equations are

2 AR N el | TR
e 7= E (c? + 2:2 + 2y%) 10g X2 Y L 2 + 4% - mn +(~ -y
m

16 D Y
d d — — - =
1 2\( 2 2 4 2 2 2 2
(x2 + y2) 4»(—_.+'—- x o+ 2x2y +y - mn(x® - y") +c S, + iﬁ— 9
m n
= 2 a2 - 2%
(2x2 - 2y2 -mn - 2 ¢24 - 6x2y2 +y - mn(x -vYy ) (5.82a)

2 2

2 2 c { an(x” + vy )

and w_ = BC - (c2 4 Z{xz +2y°) leg e (1 LN Ll A 2> 2 4

16 © M \ x t2xy +ty



Figure 5.1,

-.120 -.108 -.079 -.042

Deflection of a Round Plate
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5 S

m n

s\ 2 [/d; d 2 2 dy” do) 3 22
+(90+z)c +(;n-l+ -)(x +y) +| = = =|/x" + 2xy

— 1 2 =
d 2 2 c 2
fyt - - )+ (2x w 2y% < on - 2 Yol XY e
2]
n
2 2y
- mn(x -y )) - ——% (x4 + 2x2y2 + ydi] . (5.8b)
4c

The above egquations (5.8) give the deflection of the unloaded
and loaded regions of the elliptic plate respectively. In that the
circular plate is a special case of an elliptic plate in which the
major and minor axis are equal, these sclutions may be compared to
the equations (4.13) cf a circular plate. V'hen the major axis is

equal to the minor axis, then a equals b, and

(5.9a)

m = 2a
n=20 (5.9b)
from equations (4.15). Substituting equations (5.9) into the

equations (4.19) one developes the constants of equatiens (5.8) for

rticular case o circular e loaded cover concentric
the part 1 a f a lar plate loaded o a ent

circle; i.e.,

9, = 0, (5.10a)
6, =0, (5.10b)
2z
B = a v il (5.10¢)
2a
2
and ¢ = - £_ _ 1 (5.104)
D CZ 2 * 4. A"
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The substituticn of (5.9) and (5.10) into the deflection equations,

(5.8) gives

2 2 2
s BC - 2 2 T 2 ¢ r 2 2
Wy =R 2(c + 2r°) log Z + 252 + & X_ _ 2a¢ . ]
- Bl " [— - -~ & (5,11a)
2 2.2 4
and = - 2 2 2.3 9 cr
e W, ?g-ﬁ (c© + 2r¢) log £ — a%4 2 C + —;—7 - 5—5 e (5.11b)
a 4c
where r? = x2 + y2 5

The equations (5.11) compare exactly with the equations (4.13) which
were derived in Chapter IV. Thus, the particular case of the elliptic
plate deflections described above satisfies identically the de-
flections of a circular plate similiarly loaded. This check indicates
.that the deflection formulas (5.8) are correct when the outer ellipse
is reduced to a circle.

The equaticns (5.8), because of the large number of radicals,
are difficult to solve on the digital computlor so these equaticens
are transformed back to the J plane where only a few radicals appear

in the formula. These equations are written in terms of u and v

where 7 =u + iv = iO; ice.,
2 2 2
2 17 =V By 2 2 2
m (u + v~ ) + 2mn <r'§) +5 24- 2c”[log Yu© + v
32 D uZ +v u + v
u2 2 nd2
+ md1 (u + v ) + (md + ndl) ———s 4 — + 2gocC
u + v u v
2 2
2 Ut -y (5.12a)

e —

¥ 291(:

N§

4 ) 4
u + 2u v o+ v
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2
.. Bc
Bad ey = m2(u2 + v2) + 2mn u2 - v2 + n? + 2¢2
U2 + v2

)y A
h i 2
J(2C 202 ¢ 402/04 S1n 2¢ + dl 2) m(u + V2)

2 2
uc - vy 2 2
+ n( ) + (a - D> uc - v n
2, 2 2 U e 1 | + 2.5¢2
LI 2 u? + 2 (W2 + v2)

2 2 2 _ 2
29 .c“ + 2g ¢ u v 1 m? 4
d © ud + 20242 + v4> <;c2 16 (u® +2uve + v

4 8 4 2 4 4 4

3
+I0 (2 2y m’n?  fud - 6u22 + v")+ m2n? +(mn3>
2
u + 20°vT + v

+ 2u22 + v 16 (u4 + 2usv? + v4)

Examining the logarithm term of equation (5.12b) one sees
that at the point /2 = O the deflection becomes infinite. This
singularity in the deflection is due to the singularity in the complex
potentials (4.20c and d). This singularity is also evident in the
complex potentials (4.20a and b) but does not affect them in that
they are only valid in the outer region, thus analytic over the region
invelved. The complex poientials ?l(z) and xl(z) sre, however, not
analytic at the origin thus invaljdating their solution. Upon
€Xamination it is seen that this singularity is introduced in the
transformation z = mJ3 + n7 -l which is not conformal at the origin.
The solution presented here is an attempt at using a no%-
conformal transformation to sclve this type of problem. This pro-

€€dure is not invalid as shown by Bassali and Hanna [3]; however,
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it does present difficulties. The theory presented in this work '
makes no niention of the requiremént that the transfermation must
be confcrmal. It does, however, state that the complex potentials
must be analytic which is difficult but not impossible to obtain
using nonconformal transfermations. The procedure used is to select
the proper form of the complex petentials in the outer region sc
that combining them with the solutions tc the continuity equations
presents analytic complex potentials in the inner region. This type
of analysis was attempted; however, an exact function could not be
formulated. The sclution presented here is thus only valid for one
particular case cf the elliptic plate and that is when it is circular,
Equations (5.12) were sclved using the temperature function
(5.7) applied to 2 steel plate whcse major axis is six inches and

whose minor axis is three inches. Thus,

h = .25 inches,
a = 6. inches,
b = 3. inches,

¢ = 1.5 inches,

B = 8.274 x 10°,

and D 4,285 x 10

. . .- r ":4A
The deflecticns were cbtained by uce of the digital

7 "o N < .',:;
results are given in figure 6.5 of Chapter VI where the pairs o

e B . Pos +h 1
numbers indicate the plate.deflection at that point with the Lop

. i ard tih ottom number the
number being the acproximate scluticen anc he bottom numb 1

). The computor pr

N

Besults of eguaticns (5.1

in the Appendix IT.
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Round Corpered Sguare Plate Lcaded over a Circular Region

The equations of deflection of a round cornered square
plate are derived by the substitution of the complex potentials
(4.25) and the constants (4.24) intc the deflection formulas (3.36)
and (3.37); i.e.,

wo = 16 D { 2 - 212(u? +v2) - aNL2(u0- 5uAV2 - 5u2v8 + 16

4

= 2L° %.2(u10 e o Gl 10098 + 5028 + vlo)} log u2ige o

+c2g + 2Ld; (u? + v®) + (2Ldg + 2LXdp) (u® - sutv? - s5udv? + V6)
* 2L )\ds(u10 + 5u8v% + 10084 + 10u%8 + 5u2v8 + vlo)
+ 0294(utJ - 6uv? 4 \'4)} ; (5.13a)

4 2 2
CQ + 2L2 (u2 + v2) + 4L2)\(u6 - 50 v© - su“vd + v6)

and w, = Bc
1 160D

6 2 8 10
+ 2L2 Az (ulo + 5u8v2 + lOuov4 + lOudv6 + 5 v + v )] log

(Lﬂ_)\ (u4 + 2u2v2 + v['))‘<
c

4 2 2 4 6 2142
+(2L/\dl+2d5-2I,2)\)(u6—5u ve = 5uvT 4+ V) + (LA + 2L A dg)

<)

Ao

+ 90362 + (2d, L-L2)(u2 + v

4
. Le
o) 10 4 22 4
ful0 + 5482 + j0ubv? + 10u? VO + BB 4+ P0) - 402 (U + 20V +v)
4 4 2 10 2
L ¢ 4 26 . .8, LU\ 12 -
e *;%L (u8 - 4u6v2 - 10uv = 4V +v) - 0c2 (" - 2a W
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c: 15u8v4 + 84u6v6 + 15u4v8 = 26u2vlo + vl2) = Efilf (u12 T 6ulov2
2
8.4 6.6 4.8 2.10 40
+15u%v® + 20000 4 15udv8 4 6u2010 4 y12) L AT (16 _ 50,12 4
=%
' .10_6 8.8 6,10 4A4
- &4 _ _ " 4.12 16 L
fu v 90u®v 64u”v 20u”v + vi°) - 3 5 (u20 + 10u18v2
[ C
' 16,4
+ a5u Ov® + 120048 4 2100128 4 252410010 4 510,014 4 45,4,16
218 1
+ 10uvi8 + v20) + c2g4 (ul1 - 6ulv? + va)} . (5.13b)

These equations are from necessity written in terms of ¥
where 3 = u + iv :/96. i¢. This is due to the fact that the trans-
formation z = L ¥ +-L.;5 S which maps the cuter boundary of the plate
in the z plane onto the unit circle in the )] plane does not have an
inverse with which to transform the equations back to the z plane.
Thus, the deflection equations will be written in terms of u and v
and deflections of various points in the ¥ plane will be established.
These particular points will be determined ac follows:

From the transformation

z=L3+ L)
it is seen that
)

.

X +iy =1L (u+ iv) + )\ L(u5 + i5ufv = ilOu2v3 - 10u3v2 + 5uv4+ iv

EqUating the real and imaginary parts gives

X = Lu + ALe® - 10N Lu3v? + 5\ Luv? (5.14a)
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and y = Lv + 5ALu?v - 10A Lu2v3 +ALVO (5:14b)

]

In that u and v must be equal to or less than one and the

term A is small with respect to L equations (5.14) may be approximated

< ol

. {5.¥5a)

[
=)
Q.
<
I1e

. (5.15b)

The second approximation is developed by solving equations

(5.14) for u and v as follows:

o« X 2
: 5 3 4
U = == Ay +10Au Tyt - shu v T, (5.16a)
.y 4 2 2 3 5
and vy, T I - 5A u1 v1 + lOAu1 vl - xvl s (5.16b)

and substituting into theses equations the solutions (5.15). Neow
u, and v, may be again substituted into equations (5.16) for a
further approximation.

Equations (5.13) were prcgrammed and solved for a ten inch
square steel plate thermally loaded over circle of radius 2.5
inches. Thus, the terms of equations (5.13) are

8.274 x lO2 '

B

h = .25 inches,

3
D=—-Eh—2 = 4.284 x 10%
12 (1 -v°7)
c = 2.5 inches,

10 inches.

and b
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These, when substituted into equations (5.13), yield the solutiohs
shown in figure 6.6. The computor program used is given in Appendix

II.



[

CHAPTER VI
APPROXIMATE SCLUTIONS TO THE PLATE PROBLEMS

This chapter will present the soluticns of the elliiptic plate
and round ccrnered square plate by the finite-difference technique.
These solutions will then be compared to the solutions given in
Chapter V.

Consider the two dimensional curve shown in figure 6.1 in
which the absissa and ordinates of points on the curve are given

by x;, ¥;3 Xj41s Y3413 €tc. Let a constant X\ be defined such that

A=:xi - Xg.p T X4 - X3 - etc. (6.1)

As the function y = f (x) is assumed continucus one may expand it
at the point (xi, yi) by the Taylor's series

2
(x-x3) (x-x3)
Yo, ¥, FY by,

o 6.2
i-1 i i, i o ’ (6-2)

where the prime indicates differentiaticn. Equation (6.2) can be

written

s ooy )2 v (2 3
: PR AT A A1 T P (6.3)
i-1 1 11 - X 3!

< .




e

Yi.2 Yia1

¥z Yi+1 Yi+2

y = f(x)

Yiss

Figure 6.1, Orientation of Finite-Difference System in Two

Coordinates
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Similiarly one gets

1 . [ ] . 2 110 . 3
Yoo =y 4+ LIS YO SN0 V. NS S D ¥ .
1+l i 21 3!

Subtracting equation (6.3) from equation (6.4) yields

[ A ] 3 V 5
. 2y < A\ 2y .
o -_—2 . + 21 lA oo o
Vi T Vi T 3! S
Solving for y'i yields
K 2 \Y 4
VLR, £ T T 4 T U e S Ao
! 2\ 3! 51

i 2\

Similiarly adding equations (6.3) and (6.4) gives

osYin T %Yy Y
A2

For derivatives of aigher crder (differentiate) equation (6.5) on

both sides, which gives

|v‘ :T Y i+1 - y i-l

! 2\

Y

with the help of equation (6.5) this cen be expressed as

73

(6.4)

(6.5)

(6.6)
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yv'' (Yi+2—y ) - (Yi-Yi-Q)
1

(2\) (21)
: : v 2 Yi+2 ~ 2Y' + Yi-2
which yields vy ; = Fl 1 . (6.7)
a4 )<

Similiarly, y''', & Yi42 = 2¥541 * 2¥5.) * ¥i.p
1

2 )3
Voo Yi42 ~ 4yi4) T 6y5 - dyioy) T yioo
and 1‘.,I = i it+) i i-1 i (6.8)
XA
The differential equation defining the deflection of a
plate in the region which is thermally loaded is
-B
‘7ﬂw = —
D
4 4 4
-B
or 9 :l + 2 32W 5 + 2 ‘: = -‘6 . (6.9)
dx dx 3y oY

This differential equation is two dimensional so a pertion
of the x y plane is subdivicded into a grid-work composed of N by A
squares as shown in figure 6.2. Select an intersection point (xi’yj)
of the grid. Using this as a reference point one may write first

derivatives on the basis of equation (6.5) where Witl, 3 is the
deflection of the point (xi+l,yj). Similar meaning is given to

the other symbols as is clear from figure 6.2. Thus



Figure 6,2.

YoV

Orientation of Finite-Difference System in
Three Coordinates
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(.9__) e Wit1,3 T Wie1,3
d

at the point (Xi’yj)

Similiarly, dw/ )y at the point (xi,yj) is

PCetermining the derivatives of higher order as shown previously, one

obtains

o - Ay, .k . . = 4w, A .
94w . wi+2,j 4V1+11J 6w113 wl-:l,J “1‘244
p) - i ) (6.10)
x ’ . |
9 1,] A
4 W - 4w + 6w, | - 4w | v,
and (.?_‘.’i e _i,]+2 L 5. S T Lado) Ja022 Wl (g 1)
Y /1,3 it

In order to evaluate the 92w/ 9x 3y at (xi,yj) it is necessary to

write the equation in the form

() 63 x Wy I
8oyl _Tfﬂ 2\

i)

which yields
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2 w, . - w .
<9 - ') o (M41,54 7 Mio1,50) (M50 T ¥ie),ge1)
X dy./ | (2A) (2X)

1,)

le

2 "
g . . - W, . = i
or ( : W) O N I ST B TSI M. (0
IX Ay i3 4 )\2

J
4 2(32"")
. 1%2 ). .
Similiarly, -é-ﬂ,——_b- = 9 \0X7 /.5
o p 2
dx 3y i,j Y
which yields
4 Vie iy aaq = 2W.,, <+ v, o= 2(w, . - 2w, .
” d w = itl,j+l itl,J i+l,j-1 i,j-1 Mol
2 2
2 4
RS A
w, . ..) w - 2w + w
0%, il i-1,j-1 i-1,] i-1,j+1
> . ) ’ 2. (6.12)

a4

By substituting equaions (6.10), (6.11) and (6.12) into equation
(6.9) the differential equation defining the deflection of point
(Xi,yj) may be expressed approximately in terms of the deflecticns eof
the adjacent intersections and the censtant distance A . If the
deflection of each grid point cn the plate is eimiliarly expressead,
ene would have n equations with which tc determine the deflectieon

at the n intersections, thus effecting a solutien. The finite-

2 mclecule

(i}

difference equation at a point (X§:Yj) is erprescec a
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which is a physical representation of multiplication factors with
which the deflecticn at the intersections neighboring this point
influence the deflection equation vritten for this point. This

molecule is written as

4
R . % =7 (6.13)

The terms Q; ; and Di . are the transverse pressure and flexural
9 9

1,

rigidity at the point (Xi’yj)' Wi is the deflection at (Xi’yj)
whose multiplication factor is 20 from the molecule (6.13). The grid
spacing will be established such that the constant A is unity.

When applying this molecule to an intersection near the cuter
boundary of the plate it beccmes necessary to establish points outside
the physical boundaries of the plate. In order to develep this
mathematical mcdel ve must apply the boundary conditions of a clamped

plate. MWe know that 2w/ pn = O on the boundary. Thus, assuming

a vertical edge as the boundary, this becomes

(ﬁ_> - 0 —sitlad S0l (6.14)
p d = i, 2\

Solving for the deflections yields
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(6.15)

“i+1,5 © "i-1,3
where the point (xi,yj) is on the boundary. Thus, the boundary
conditions are satisfied if the deflection of the intersection qut-
side the plate boundary is equal to that of the intersection inside
the élate boundary. That is, a mirror image exists at a clamped
plage boundary.

Consider the plates shown in figures 6.3 and 6.4. The
deflection of the elliptic plate in figure 6.3 is symetrical about
the x and y axes. Using this symmetry, the deflections at inter-
sections in three quadrants can be given in terms of the deflections
established in the first quadrant. The round ccrnered square has
four axes cf symmetry. This means that the deflection throughout
the plate can be civen in terms of the deflection of a half quadrant.

When the molecule (6.13) is applied to each of the fifteen
grid intersections chown in figure 5.3, fifteen cimultaneous in-
dependent linear algebraic equations are develcped in terms of the

fifteen unknown deflecticns. These equations are:

Wi s B ; Wa = 6.16a
1 21ﬁ1 8w2 + vy + dwg 0 ( a)

2 -8uy + 20w, - Buy + v, - loug + dwg =0 (6.16b)

/ w w v S + 4w+ 2w_ =0 (6.16
3 Wl = 8w2 + ZOW3 - 8n4 + Vi + 4v8 16w9 10 v, ( c)

4 V"72 ‘.. 8'.',-':3 + 201/.’4 - 8'4’.’5 + '\/6 o 4'49 x léV-’lO * 4'4‘/11 T 2“""13 = O
(6.16d)
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W7 Wg |w3 wg w7
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Figure 6.3.

Elliptic Plate Laid out for Finite-Difference
Solution
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Figure 6.4, Round Cornered Square Plate Laid out for Finite-
Difference Solution
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Wiy - 8w4 + 2lw5 - 8w6 + 4w10 - 16wll + 4w12 + 2w14 = -.01931

2w4 - 16w5 + 20w, + 8w - 16w12 + 2w = -,01931

6 11 15

+

w, + 21w7 + 2w _ - 8w 2w - 8w w =0

3 8 9 10 13 7 ¥4
2W1 L) 8\\]2 + 2W3 = 2VJ7 + 21W8 L 8V.'9 + Wlo = O

-+ w1y + 2w13

2w, - 8w, + 2w4 - 8w7

2 3 BWS + 21\’{ - 8w

9 10

2w3 - 8w4 + 2w5 + 2w7 + wg = 8w9 + 21w10 - 8w11 + ¥ o

8wl3 + 2w14 =0

+ 2wl

2wy - 8w5 + 2w6 + vig = 8w10 + 2?wll - 8w12 3" 8w14

+ 2w, = -.01931

15

4w5 - 8w6 + 2w10 - 16wll + 21v12 + 4w14 - 8w15 = -,01931

- r - Bw 5 + 21w - 8w + w =0
W, = B+ 2wy - Byt 2wy "13 14 15
' - 8w . =-8u _ =0
W5 + v, + 2w10 - 8w11 + 2“12 8h13 + 22u.l4 »15
w, + 4w, = 8w . + 2w, - low 7 2lw15 =0
6 11 12 13 14

(6.16e)

(6.16f)

(6.16¢)

(6.16h)

=0

(6.163)

(6.16k)

(6.161)

(6.16m)

(6.16n)

(6.16p)

(6.1€6q)
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Applying the molecule (6.13) to the: thirteen intersections

of the round cornered square plate of figure 6.4 yields the following

thirteen equations:

1 2lwl - 8w2 + vig = 16w6 + 4w, + 2“10 =0 (6. 1%a)
- 8w + 20w - 8w + + 4w - o+ i+ 2 = .17
2 8N1 Ov2 8A3 Vi, Wy 16w7 ig Y4 0 (6.17b)
3 W =8w +29% =-8w +w + 4w - 16w + 4w + 2w = -.01931
(6.17¢)
4 wy - 8Buy + 25w, - 8vg + bug - lbvg = -.01931 (6.17d)
w Sv = - . 7
5 4wy - 32w, + 20wy + Bug .01931 (6.17¢)
W / = ol
6 = 8w1 3 2w2 + 22w6 - 8w7 + wg - SHIO + 2“11 0 (6.171Y
7 2wy = Buy, + 2wy - Bug * 21wy - 8ug + wg + 2w - 8wy
_ (6.17g)
2Wl2 + V\13 O
X P » w = 8w + 3w - 8 = .01931
8 2w2 - 8w3 + 3w4 bovig - 8h7 + 23u8 8 9 3V11 le
(6.17h)
, . s = Q9 173
9 4w3 = 16w4 + 2\;15 + 2v,f7 - lo'.f'8 + 22V9 + 2“12 -01931 (e i)
lo .Y - Ru + w + 2'{‘:' = O -(6'17k)
Wy = 8w + 2w, F 2lv 0 = O 12 13
) o = B, = 8uyn = 0 6.171)
138 W, + 2w, - 8w7 + 3w8.— 810 T 2ovipy Sl ) 13 (
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12 2V.'3 + 4‘1\7 = lév.'8 + 2W9 + 2V\'lo e 16W11 + 2OVJ|2 + 2“’13 s O (6.170‘1)

13 2w7 + 4w - 16w + 2w

11 12 T 20w 53 =0

10

The equations (6.16) and (6.17) were solved by matrix
inversion. This process requires a large core space in the digital
computor which 1imits the number of equations. The solutions of
these equations are given in figures 6.5 and 6.6 where the upper
number is the finite-difference solution and the lower number is the
soluticn given by the complex variable method.

The solution of deflection of the elliptic plate given by the
complex variables method in figure 6.5 shows the effect of the
singularity in the irner region. The continuity conditions between
the two regions are not satisfied and the deflection of the inner
region is unrealistic. This singularity is discussed more fully in
Chapter V. The plate deflecticn in the outer region is well benhaved
and satisfies the boundary ccnditiens nicely.

The solution of deflection of the round cornered squars
plate matches well at the inner bcundary and conforms to the outer
boundary conditions. The deflection obtained frcm the ccmplex
variables methecd also compares favorably with the approximate colution

given by the finite-difference methcd.
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Figure 6.5.
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Comparison of Results for Elliptic Plate.
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-0108 -.016
1 + + +
-.015 -.,012 -.007 -.001

-.058 -.052 -.035 -.01u
1 + + +
-.050 -.0uu -.030 -.013
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+

-.031

'0052 -.016

- t

-.0u5 -,01u

-.058 -.019
-.133 ;.122 -.091 -.050 -.016

Figure 6.6. Comparison of Results for Round Cornered

Square Plate



CHAPTER VII
RESUME AND RECCMMENDATICNS

Resume

The plate problems presented in this thesis were solved using
the Muskhelishvili methed by applying complex variables to the theory
of plates. The solutions cbtained in this manner were compared to
existing data or to approximate solutions obtained by the finite-
difference technique.

The plates presented were deflected by a temperature field
which existed over a partial region of the plate. This heated regien
was in all cases circular with its center coincident with the origin
of the coordinate system. The temperature function of the heated
region was defined in a manner such that only the effects of the
thermal moment contributed tc the deflection. By comparing the
temperature function of this region to Fouriers ceneral law of
heat transfer it was discovered that a steady state temperature field
would not produce plate deflection. It was also found that the
temperature function should vary lirearly with time.

The general outline of the solution was based on the use of

continuity equaticns between the loaded and unlcaded regions cf the
Plate to supplement the bcundary conditions in satisfying the two

- . a o : ~+ 3 3 + g 8 3 25
differential equations which gecvern tre deflection in the twc regions

The plate deflection in the complex plane wes expressed in terms of
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four complex potentials, two in each recion, and the bcundary
conditions were expressed in terms of two of these complex
potentials. The solutions of the continuity equations were de-
veloped by transforming the inner boundary between the loaded and

the unloaded region on to a unit circle in another complex plane.
There the change in the complex potentials necessary to insure the
continuity of the plate deflection, slope, radii of curvature and
shear across the beoundary were developed. These changes in the
complex potentials from one region to another were then transformed
back to the original coordinate system where they were used to assume
the forms of the complex potentials in the outer region. Note that
the transformation used for the inner boundary must necessarily have
an inverse in order to develop the change of the complex potentials
in the original coordinate system. This change in the complex poten-
tials across the inner boundary gives an indication of the form of
the complex potentials in the outer region. Using this knowledge
coupled with the fact that the complex potentials must be analytic in
the regions considered and must satisfy the restrictions (3.21)
discussed in Chapter three, one assumes a general solution to the
complex potentials in the outer region. The assumed solutions
consisted of an algebraic polynominal and a trancendental function.
These assumed functions were then conformally transformed to a
complex plane in which the outer boundary of the plate corresponds

to the unit circle. The complex constants in the assumed forms of

the complex potentials are then determined using the boundary
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conditions and equating coefficients of like powers of the singie
variable o . The transformation used in this procedure need not
have an inverse in that the deflection can be determined in that
plane. Once the solution of the complex potentials in the outer
region is developed, the change in the complex potentials developed
from the continuity equations can be used to develop the complex
potentials in the inner region.

The particular type of temperature function used in this
thesis corresponds directly with the case of a plate loaded by a
uniform transverse pressure. Thus, the problems solved here can be
compared to work previously done by researchers working with trans-
verse loads. The solution (4.13a) and (4.13b) developed in this
thesis for the round plate loaded over a circular region compare
identically with those given by Bassali and Harna [3].

The solution of the elliptic plate loaded over a circular
region, was checked by two methods. The first was to compare the
particular case of the problem, that is, when the outer boundary of
the ellipse becomes circular, to the solution previously derived. This
was done and the comparison proved to be correct. The second check
was to compare the deflections developed by the finite-difference
technique with those developed by the complex variable methods. Upon
examination it was found that the complex variable solution to the
inner plate region contained a singularity. This caused the €eflection

‘at the origin to become infinite, thus invalid. This singularity
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was introduced in the mapping function and should be removable as
discussed in Chapter V. The solution given by this thesis for the
outer, unloaded, region does compare favorably with the finite-
difference scolution and the complex potentials in that region are
analytic.

It should be noted that it was not proven that the trans-
formations used must be conformal. It was seen, however, that con-
formal transformations do facilitate the procedure.

The round cornered square plate loaded over a circular
region was not found in the literature review. The solutions given
here were thus compared to the finite~difference solution. This
comparison was favorable. The solutions developed matched nicely
at the inner boundary and corresponded well to the outer boundary

conditions. It was therefore concluded that the solutions developed

were acceptable.

Recommendations

On the basis of the preceding analysis the following rec-
ommendations are made for further work in this field.

(1) Investigate ways of removing the singularity from the
solution of the inner region of the elliptic plate.

(2) revelop a technique which dees not require the inverse
of the conformal transformation of the inner boundary.

(3) Investigate the possibility of using the assumed forms of

Tg( 5) and )’2( Y) as Taylor's series without the use of transendental

functions.



93

(4) 1Investigate an approximation technique which would '
combine the Swartz-Christoffel transformation and the technique
present in this thesis to solve the deflections of complicated regions
for which no conformal transformation exists.

(5) Extend this technique to plates thermally loaded over
the outer region and unloaded over the inner region.

(6) Extend this technique to plates in which the thermal

loading is more general than in this thesis.
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APPENDIX I
CONTINUITY EQUATICNS CF A CIRCULAR REGION

The continuity equations of a circular region are

BOEER RS GRS BN -

4 D

1 Ba2

L; f'(z) + ??;) + X'(zﬂ =

N

- 32 Do .

] ‘c_ i _ Ba2
[“r (z) + f (4)]2 - :

16 D
] Be
and if"(z)} ) e
2 16 Dr

"

where J=¢ and z = aJ . From equation (4)

———

[d %'(z)] 1 _ Ba® . Integrating this equation with respect
2
16 D«

do
to o gives
2
] Ba
[‘f"(z)], = —— logo + K
2 16D ]

From equation (3).

2

Ba 2 Ba 2 ) J,-l bk = Ei__.

=== lego + K, + 7 leg TRy T

16 D 1 160D 2 16D

Thus,
2
:EE——--{»I} é
2 32D e



From equation (5)

.d_ (2) 1 . 883 883 .
do o = — = legot 2 D + iaK, . 1Integrating gives

16 D
[#e]} =

Substituting (5) and (6) into (2) yields

Ba3 Ba3 Ba3
glogo =——q¢ +—— ¢ + K. + iacK. .
16 D 16 D 32 D 3 “

Bal log Bas Bad -1 Ba3 - ) iaky
+ + logoe = - t Ky - lacK, +
16 D o 32De  16De 32D«
y 1 Ba3
+ ' 2 = — Ccr
[ ( )]2 3200
d 1 Ba“ Ba? Ba? -1 2
. - O - I - e 10QO" - - ia%!
[df X(Z)]Q Iope 16D (%97 T leDe ¢ Ky - 127Ky
. 2
1a
e ke

Which when integrated gives

) 2 2
l_Ba P _.li . ¥ o +
E!(Z{]Q = 55—6 lego - aa’K3 5 K2 + ia K2 logo K4 .

Substituting (6) and (7) intc (1) one finds

4
4 4 4 -1 Ba
Ba Ba 3 -1 .2 Ba 1og & o =S
E— logo - + B2—t 50 Ky + ia Ky # - 0g
e p < 16 T 320D 3 16 D 16 D
- 5 v ia2<r2K2

95

(&)

(7)

4

32 D



ol

e Ba® -1 -1 ia% 2Ky
+ ia K2 logo + K4+ logo - AT TK e e T
32D ; 3 2
pil
Ba
t K, = or
4 6ap '
I}
Ba 4
-1 .5B
[lcga-+logc~ :] = a +2K4=O.
8D 64 D
.4
_ 5Ba
So Kg = » and K, and K3 are neglected.
128
Thus
1 B 4
[71(2)]2 = B2 [109 Z . E]
2 D a 4
Pyt = 1og 2 - 1| vecause¥ =2 =0
2 a 2 a

SOLUTICN OF CIRCULAR PLATE CIRCULAR REGION

L]

Ha
' - ; S }

[9 - 1095’:{

Assume Lf’2( ) = l

and ):( 3

The first boundary condition of & clamped plate is

z lf(z) + 2z Y(z) + X(z) + Z(z) =0 .

2
ja K

96

2 loga‘

(8)

(9)

(10)

(11)
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Substituting into this equations (10) and (11) gives

2 2
-1 [Ba
bo ( ) (d,o - bo logo ) + bo-(Ba ) =i -1
16 D 1 P (dyo ™" - bo
1 Baﬂ &
logo™") + (gp - loge ) + -1
o i (g -1lege ") =0
32D 32p ° )
Which reduces to
2
2bd1 + a 9% =0. (12)

The second boundary condition of a clamped plate is

Y(z) +z P'(2) + X' (2) =0.
Substituting into this (10) and (11) one finds

833 -1
1"6—'5((11 - b logo - b)

2
Ba ) ‘ b,)
(16 s (dld'~ - belogeo) + -

a4
Ba 1) B
32D(b‘r‘o .

2
or 2d,¢ - be -2 ¢ =0.
1 2b
12
Equating coefficients gives 24 - b - 5 = 0. (13)
b E; b2 .
So (12) and (13) cive dl = P + o and g, == ;5 -5

Thus (10) and (11) yield
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Ba® rz a’z 2
% (z) = - +=—=-2log -
2 16 D 2 4b2 b (14)
4
Ba 2
andX(z)f—- ‘%"“b""‘lo—]
9 . 1S
2 32D | 2 b (15)
1
Because X(z) = -
[ ]2 }fl(z) )lz(z)
1
and Lf(z) = -
[ ]2 Lial(Z) l)02(2)
2 2
Ba b a‘z
= = P
\fl(Z) 16 D [; log 3 4b2.]
Ba? b b2
== -— + - = -
and yl(z) 2 D log 2 P 82J
from (14), (15), (8), and (9).
SOLUTION OF THE ELLIPTIC PLATE CIRCULAR REGION
Assume
$05) =B (2T +a31) 1097+ ayF + a3 7] (16)
2 32D
(%) = B 3 5
S st 1 +
and 2( ) 350 [ log 90 91 ] (17)
because 2z = mJ '+r15-l
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z Y(z) + 2z P(z) + X(z) +¥(z) =0 is a boundary condition which

with (16) and (17) gives

-k Bc?
m n = o
(-2-0' +§<J“) ( ) (-mo logo- no 1 logo + dla'+d20' 1)

32D

' 2
+ (B4 D (B_C_) N -1 -1 -1 =i
(20" 20" ) 32D ( ma log o + naclogd +dlr +d2‘7' )

y Ei (-loge+ g +90‘—2)+§C—4— (-loge"t +g +ga%)=0.
32 D o -l 32 D c 1

Multiplying gives

—-gflogr-%ﬁd"Q loge — -Z—nd? 1og¢—;—21090‘+m71+pg—1r2

+23_2°:2+’2'd2=2—2109cr_1—-'%0'2 1090'-1-22’—2 logo—-l_gz

log ¢fl + g—dl + %dlvfl + gd2°_2 + ng -c2 logo+ c2go + czgla'-z

§ 2,000, czgo . C2910,2 .

Equating coefficients of like powers of o

nd md2

2
(@9 e ag =0 (18)
2
(%) md, +nd * 2c°g, =0 o
= md
(°2) 72,0 +c%g =0
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W(z) +2 ¥ (2) + X (2) =0

is a boundary condition which combined with (16) and (17) gives

m n - — —
SRS
2 2 i ,
Lf(j)+( ) ‘f()") + ——-———X()’) =C . (20)

7 =2
2.2 m._n
2 2J’ 2 2.5

By dividing

m +n _
5T T 50 2 -3 3| =5
i S
m _n 2 n n
E 27
Similiarly
- -4 2 -6
2 __ 2, T e
n 2 3
m-ng n n
From (16)
Bc? -2 2,4 g a2
Lf'2()’):32'D [’mlogf-m+nd' logo - na 1 5
2
- Bc _ -1 2
so V'g(r) _5;:-[“‘.0‘ 2-m) loges = +dy -m+(n+d2)<r] -

Similiarly

i

' Bc - - -3

XZ(I)"_‘ [-o’l-‘:c(f J
' 320
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4
Bc 3
and X' (%) = -0 - 2. .
2 32D )

Now (20) gives

2 -1 -1 2
Bcc_ (-mo-lego - no "% logo + do +dyo ) + Be
32 D 32 D

FE (nT2 -m)d‘—l logf-l

- - -1 m 2 -3 - =3
n (dl 'm)O‘ + (n+d2) n o< - (nr -m)G‘ 1090‘ 1 =S (dl-m)q-
2 2 2
-1 _m -3 -1 -3
+ (n+d,)o o2 (ne -m)a ~ logoe - ;1"12. (d)-m)o
-1 3 2 -5 -1 <5
L o, m - - ; -(d, - 11
+ (n+d2) ;?cr - (n F -;3) (ne“-m)a log o (d1 m) (n + n3)0_
mo oo -3 B’ 2 -1 om 73 2m® -5
+(— —3> (n+d2)a- +] + (- o + 57 +F3—o’
" n 4 2D "N n
2 -3
4 4m -1 am o _ ) =0 .
+ eee = = - — g - -
n glr n2 91 n3 gl
Which in reduced form is
2_-1 dr -3 -3
dotdorl-Tar s T4 mt—=)r-do  +nc
K 2 n 1 n n
- - =
+(n+d)o—l-£?_3d‘r3+£‘_3_o‘3+(5’—-+—m d2)0‘
2 n2 1 . n n



$o v 2l pomg e -3 om0 +. 467 oy
n n n n
2
4c™m -1 4c m -3
2 gla_ +-__U- +ooa=Oq

Equating coefficients of like powers of o gives

m 4c2
a +m+ - + — =
(o) d *m+ld +=9 =0
-1 2 2 2 2
() 2dp - T dy + M 4+ M m 4 428 +4cm -
2- L9 "= n' 2% 3 9 0
-3 m2 m3 m3 m m3
(0'- ) "dl+m—-—2-dl+‘—2'+m+—2+"d2+ 3d2+
n n n n n
Ac2m2 - P
+ - g, =
3 -l
n
. m3 m2 mﬂ
"‘ - - _4___+.l—-+ . :O
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(21)
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The independent equations are (18), (19), (21), and22%.
Subtracting (21) from (18) one finds

2
nd. = mn-md_ - 4 c =0
1 " 2 9

'

2
nd +md_ + 2
1 m2 Cgl

2c29 - mn 4mc29 =0
1 1
-mn
Q==
1 202 (23)
(18) -
From (18 d =m-~4d_.
: 1 n 2
So (22) gives
2 2 2 2 2 2
m m m 2m 2c 2m
2*;2) d-p-tpdtm tnt - =0

2
<n+.m_.) 2d2+m2+n2+2c2-2m220

n
dy = nm2 = n3 - 2nc2 (24)
2(m2 + n2)
and
s = nm° - n3m - 2nmc?
1 -0 2 , 2
2n(m€ + n<)
T 3mn2 + w3 + 2mc? : (sl
| Pl =
2(m2 + n2)



- md, -
From (19) g & Lo
2
2c
or _g0 = 3m2n3 + m“n + 2}n2nc2 + n3m2 +n 4+ 2n3c2

- 4nc? (m2 + n2)

4m2n2 +m? + n4 + 2 (m2 + n2) C2

2

Y% =
- 4c (m2 + n2)

S : : .
2z =m§ +nf as shown previously whose inverse is

[ =
$-2 7 22 - mn and 1-1 -2 - ¢;2 =i
m n

2 > d d d &
! - °1 2
So ‘f2(2) BE C;_ - 2z log 2zt Nz -mn + (— + —) z + (_.]; = _g)
m

/7]

104

(26)

n

N D Bg.29
4 + -mn 91" 9% 9
and XQ(Z) 5 [— logZ + + —1 1

32D - m % n 2 2

from equations (16) and (17)

From the continuity equations of a round region (8) and (9) ore sees,

mn n

—
cz +c¢z2—mn dl d2 dl d2
+ 1] =z +
zm

2
_ B — -
Lf’l(z) = L [— z log— + + B -

)]



and )fl(z) =

7).

_SCLUTIMN OF

Assume

9.(3)

and 12(-;)

where 2=

2 P,(2) + 2 Py(2) + Xp(2) + y(2)

with (27) an

(L¢+I,X¢5

+ (Lcr'1 + L

105

ng _ cz+cdzz-mn "o = 91m 5 29122 29,2
32D m -0 n 4 2 2
n n
THE ROUND CORNERED SQUARE PLATE CIRCULAR REGICN
Ba” 5 5
— —L()’+)\S)1093'+d13’+d‘5 J (27]
16D 5
Pa4 % 4
=— |[=1log3 + +
35D [ log g, 9,3 ] (28)
LY +LASO .

1

C is a boundary cenditien which

d (28) gives

-2
) oo
16D

- 2 \
)\0-5) (::3_@__) [- (Lcr+L)«v~5) logaj+da’+d5¢5]
16D h

-

=1 5 &
) Ao~ 7) logo ~ + d1°"1 + dg @ 5]
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Multiplying thrcugh one finds

1202508 2, 4 2,2 - :
(-L°-LAc™® -L2A& -1202) 10og o Hd L + L)\dlq'4 +dLevd + deL A

2.2y =4 2. -4 2. 2 ;
(-L%-L°Ae™" -L%Ae™% -1%09) logatd L 40 L Ac- “+agle? + dsL A
2 a2 2 4 2 -] 2 20 aa
- logo+ % + —g—ia——— o "~ 2. o ———goa o 242 a
5 1og >~ *t 3 5 leg e i

Equating coefficients of like pecwers of o

2
4 942
+ + Z—— =
(o) L/\dl d5L > 0 (29)
0 Come N 2
(o ) 2Ld1 + QLACS ta’g =0 (30)
-4 gga”
(o= ) d L - LAd = 8=
5 1 2

Lf(z) + 2 7'?2) - X'(z) = 0 1is the second becundary condition

S '
or P(J) + '('L'qﬂ“_’\i-[) f'(3) - X ({_ = 0 in the J plane.

) o
(L+5L Ao ) (L+5L Ao~ )

By dividirg cne cbtains

7

0 : 2 3 -3 2 4
S+ (1-5A) +(25AT-5A )T TH(25A -125A o+ L,

T+ A

145 Ao~ 4

and
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1 -4 ;) 3 _
TR :.l__ﬂcr +25)‘ 0‘8_125)‘ 6-12+625)\4¢-1‘6
La+sAac?y L L L L i
From (27)
= - L logo -L-5LAc~" logo - L Ac? + 4
2(5) e [ 9 og ok & Aisdle
l
x -
1 .
SO "fg( = [(L+5L/\d‘ )chcrl +d1'L+(5d -LA)o ]

Similiarly

i

X'l(f) E—;_—D I:-O"-l +494cr3]

—

X (3) = B [~ 4g,0%].

32D

Now the boundary condition gives

o Ba
p— [— L(d‘—/\d"s) logo+ dld' + dgo- ] + ;6_D - (LAU‘5

+ 5L A2o~) logcr'1

«3, 7 -1
+(dl% -LA )0'5 + (5d5-1,x) \o~ - (Le-+5L No= ) logo

- - 2 - -
J (dl."L)o + (5dg-L N o 3, (SLA o + 25L 73073y 10907t

= _ =
- (5A2)(dl-L)cr—(5 A2y (54 ~(25A3) (Lo "+ SLASCT) lpge b

w
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+ (B A3)(0)-1) o4 (254%) (50, -1 ) 0 o 2 _~7\logo-1

=19
S5ALo 425L A“ o

T

7 -7 3 <=1k ol
S5A)(5ds-LA)e - (25N%Lg + 125LA T )ipg @

(5X)(d)-1) o3 ¢

2 -
+(252%)(0)-1) 0 4 2522 (5d; - LAz I ]

4
Ba

+

-3 =7 2 =7 2 =
-0 + 4940- + 5\ - 2094)\0‘ -25A "0 +100A 94(7‘ + ...]
32DL

= O .

Rewriting gives

-3
dyo +dg > +(d)\ LA ) O+(5 A dg-LA 2) ¢ +(d)-L)et(dg = N)T

3, -3 3 3, -3
—(5d1)\2- 5LA2)0-— (257«2d5 ~-5LAT)o T+ (25)“’1 - 25L A7)

- -3 gl
+ (125)\3d5 -25L)\-4)0’ [ (5A d, - 5AL) o ~ - (25 ?\ds - 5LA")a
2 3y -11 e
+(25)\2d1-25LA2)0-'7+(125>~d5-25LA yetl v, S S
2. 3
- 2 2A7 -7 50" 2%eq -1
+ 23 o ° 5a%) 3 _ l_ofﬁ‘i o - 25 )‘_ o 4 ol -,
3 * 7, L
L =4 2L L
+ l...: O.

Equating coefficients of like powers cf o
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5 .
(") dg +d; =LA =0 (31)
2 2 2
(o) 5Ndg + (2-5 A7) d; + 4LA -L-gz:o (32)
2a2
(aP) (5-25N%) a_#(252%-50) d) + =24 4 axp - 200A°
/
JJ 2
+5i = 0
2L
. 3
(o ") 125 A d5—25L)\4-25}\d5-5L)\2+...=O

Equaticens (29), (30), (31), and (32) are independent.

dg = LA - )\dl from (31).

(32) then becomes

2
2 2
5L AZ + (-10 A °+2) dy =L=-dLh +2 /2L

2 2

242
-(4L—20LA2) d1=2L - 18L°A° + a

2 2y 2 2
d=2L-18L>\ ke ; (33)
1
4L - 20L A
So
2
2NL2 - 18L A3 + a2\
4L - 20LA T



_2AL2 - 212)3 _ ;2
4L - 20LA 2

d5

From (30)

== 2L 2L
g — 5
° | 229179

[

I s
g, = ZALAY 36’22 - 21a° - a)%3 4 41309 4 op 02,2
a? (aL - 20L1 ?)

2 2
o _-2L" + l6L )\2+2L2)\4+()\2-1)a2_
0
a® (2 - 10 %)

From (29)

— _2LA

2L A
g, = - - £
4 22 9 32 95

- _ 41O & 36N - 212_A a2 - 4243 + a0t + 2022
2
a (4L - 20L X )
212h +or?A% - N2 4 1PAY 4 (A - 1) .50A a2

g, =
4
IO AZ

Using the continuity equaticns of & circular regicn gives,

2
_ Ba L+LATA L :
‘fl(.)') L= (LS +L A32) log - + (dy- 2)5’+(d5 + L;‘))'s]

4 ) 5
an Ba LTL)‘SV : 4
and )fl( I) = [lcg — -El + 9, 1'._94.5- ]

32D a o

110

(34)

(35)

(36)
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APPENDIX 11

CIRCULAR PLATE LOADED OVER A CIRCULAR REGION
DEFLECTION OF THE INNER REGION

22J08B 5
ZZFORX5
5 FORMAT(F10e35s3X +sF10e3+3X +sE1448)
6 FORMAT(4F)4e11)
T FORMAT(Z2F10e3)
READ 69BsAsLsB3B
30 READ 7sXsY
R=SQRTF (X#X+Y*Y)
S=2 ¢« ¥R UR+AXA

WONE=RBB*AXA/ (16e*¥D) ¥ (¢ TESXAXA-BAB+SHAXAXRXR/ (B*B) = o 25%¥R* ¥4/ (A*A) +5*

1*%LOGF(B/A)Y)
PUNCH 59 XsY sWONE

"GO TO 30
END

5«00 2500 004292
0e0 0000 -+12056310E+00
1.0 0.000 -.10946296E+00
2.0 0.000 -«79783909E-01
2¢5 0000 -«61089380E-01
0.0 1.000 -e10946296E+00
1.0 1.000 -e98966400E-01
2.0 1.000 -.71098015E-01
23 1.000 -.60784682E-01
2 1.500 -.61089380E-01
0.0 2..000 -e79783909€E-01
Ola ¢ 2. 50 -.61089380E-01
1i@ 2.000 -«71098015E-01
i o8 2000 ~e63327371E-01

«000082895

(E 8}



CIRCULAR PLATE LOADED OVER A CIRCULAR REGION
DEFLECTION OF THE OUTER REGICN

2ZJ0B 5
ZZFORX5
5 FORMAT(F1l0e393X sF10e393X sELl4.8)
6 FORMAT(4Fl4e11)
7 FORMAT(2F10e3)
READ 6939AsDsBB
30 READ T7sXsY
R=SQARTF (X% X+Y*Y)
S=2 ¢ ¥RU¥R+AXA

WTWO=BOXAXA/ (16e%¥D)* (R¥R-BXB+ S¥R¥R¥AXA/ (B*¥B) = 5*¥A¥A-S*¥LOGF (R/B))

PUNCH 59¢XsY sWTWO

GO TO 30
END
500 2500 «004292
25 0.G0O0 -.61089380E-01
3.0 0.000 -e42343171E-01
4o0 0.000 -¢11993894E-01
5.0 0000 «00000000E-99
23 1.000 —e60784697E-01
30 1.000 —¢36580766E-01
4.0 1,000 ~-e93441563E-02
49 1.000 «10169943E-07
240 1.500 -«61089380E-01
L <5 2.000 -«61089380E-01
2.0 2.000 =(e LNBI6151201.318 | EON;
3.0 2.000 =401 2522 97 REOE-0)
4.0 2000 =1 BIBI0IGITEREI0IE=0)2
4eb 2.000 =0 334 325518 E=0.5
00 2.500 -+.61089380E-01

.000082895

40!



ELLIPTIC PLATE LOADED OVER A CIRCULAR REGION
NDEFLECTION OF THE INNER REGION

272J06

5

7ZZFORX5

5
6
1

30

FORMAT(F10e393XsF10e393XsF106393X9F10e393X9E14468)
FORMAT (5F14411)

FORMAT (2F1043)

READ 69sAsi39CsDsBB

READ 7sUsV

E=A+8

F=A-B

Z=U%E+F*F

G=U*xU+V*V

R=U*U-V¥*V

S=R/(UKXL+2 ¢ ¥URUK VIV HVERL)

RO=SGRTF(G)

PI=ATANF (V/U)
T=e5%E/C+o5%F#¥COSF(2e%¥P1)/ (C*¥RO*¥RO)

W= e25%F#FXSINF (26 ¥P1)*¥SINF (26 %P1 )/ (CH¥CHRO*¥4)
X=e5%EHU+4H#F*U/G

Y=o 5%ExV=o5%F %V /G
D1=(3e¥FX*F+2 e #CXCH+EXE )/ (2e%¥E+2 e ¥F*F /E)
D2=F-F%*D1/C

GO=(-E¥D1=F%D2)/(2e*¥C¥*(C)
Gl=(=-F#D1=E*D2)/(2«%C*C)
H:U)(—*l;—(-).*U-)(—U*V*V+V**4

GG:U*'X-8+4 .9(-U**6*V*V+6 .*LJ*%A*V**Q-}-(;. *U*U*V**6+V**8
HH=H/GG

WONE=BB¥C*C/ (32 ¥D )% ( (FXEXG+2 e ¥E*F*¥R/G+F*F /G+2 ¢ ¥C*C) ¥LOGF (SQRTF( TH#x*

1T+HW) ) +H(D1=eB5FE) X (EXGHF#R/G)+(D2—e 5%¥F ) * (EXR/GHF/G) +2 e 5% C*C+2 o #GO* CH ¥
1C+2e ¥G1H¥S=(1a/ (2 %CHC) ) ¥ (EHXLHXGHG/ (160 ) +e 2 OHERKIHFHR: 125 EHEHFHF *%
I1H/ (GXG )+ e 25 HEHERF XF +o 25#EXFX%X3%R/ (GX*¥G)+F*%4/ (16%*¥G*G) ) )

PUNCH 59XsYsUsVsWONE

€OV @ 3.0

END

el



600 3.00 1.50 « 004292 «000082895

1500004 Oe0 «001 0.000 =~ 152N 67 2B+ 1 0
750,009 0e0 «002 0000 =+95455734E+08
5000173 0e0 «003 0.000 -.18849409E+08
375,018 0e0 «004 Ce000 -e59616156E+07
300022 Ce0 «005 0.000 —e24406728E+07
250027 NeN «006 0.000 -+11763530E+07
214.317 CeN <007 00000 -e63456129E+06
166707 0e0 «009 0.000 -+23187816E+06
1506045 De0 «010 0.000 -+15201073E+06
1366013 Ne0 <011 0,000 -e10373484E+06
125.054 00 «N12 0.000 -e73176160E+05
11%e443 0.0 1013 O-OOO -.53076166E+O6
100.067 0«0 «015 0.0C0 =2988 1 MHLEFOS
934822 0.0 «016 0.000 #le 2 3.05¥ 5B 5IEF0,5
886311 0«0 «017 0000 -+18071806E+05
83414 0.0 «018 0.000 =W 1438 T2RWET05
19.032 Ce0 SRR 0.000 = 1155428 7E+05
7154090 0.0 «0N20 0.000 -e93992847E+04
7 188,523 0«0 021 0.000 =N V2LBIDOE+0U
684280 0«0 e022 0.000 -.64031802E+04
65320 0«0 «023 0.000 ='s 9 352 9 I2EF 0L
62.608 0.0 024 0000 -.45087888E+04
30225 0«0 «050 0.000 1o 2292 W61V ER @3
204387 Qe 0 0075 0,000 -014'3152764[54'02
5% 4:5@ De0 .100 0000 _'13005072E+02

I 2 (68 0«0 e 1525 0.C00 =. 50929981 E+01
10675 0.0 s 150 0000 =e23637291E+01
97e8H 8 Ne0 41 7] 0.000 =81 2402715 EF0 1
B8eb 0«0 «200 0.000 =L T1566W45E+00
Wi&6 79 0.0 225 0.000 -e4464T70T70E+00
Hs 25 0e0 250 C.000 ERZ2ONNSI288IEF 00

B ook ok X ok 3k ok 3k ok ok 3k >k ok 3k ok sk ) ok ok 3k %k ok 3k ) ok 3k X% X X XX

X Xk Xk

pIiT



6692
64350
54550
5250
562
5292
Ne0
76950
5.9
E‘oﬂr)o
5329
5.134
56132
5e250
5elrtst
0«0
34450
4.650
44811
4e8

4.836

5131
53264
Ne0
1950
36207
3.850
o2
46455
447
44,960
56243
00
%2 872

_140 550
-7+4050
—-2550
=-1.050

—e 432
—el126
«Ohty
«150
«219
—606
—5.1
—-2.850
-10407
"-6
_0134
«150
333
o458
-3.650
-3.150
ot il
_1a150
"0450
026
«350
574
« 733
_10950
-1.729

«275
«500
«600
« 700
0.00C
«100
«200
«300
.400
.500
«600
« 100
«800
0.000
«100
«200
«300
QZ‘OO
«500
«600
« 700
«800
0000
.100
.200
«300
« 400
«500
«600
« 700
«800
0.00C0
«100

0.000
0.000
0.000
0.000
0000
0.000
«100
«100
«100
«100
«100
L) lOO
«100
«1C0
«100
«200
« 200
.200
« 200
"+ 200
«200
«200
.200
«200
« 300
«300
«300
«300
«300
«300
«30C0
« 300
« 300
« 400
e 400

-¢21070567E+00
-« 157270503 FEL00
=«75400051E-01
-.59576830E-01
-«62550873E-01
-« 76130671E-01
-«67557003E+01
-.15644718E+01
—+29168835E+00
-+«10905302E+00
—e66551282E-01
-«57373658E-01
-e61766693C-01
-+75732070E-01
-«99285704E-01

«54027174E+00

«29032050E+00

«77531996E-01
-«14054000E-01
-e40613861E-01
—e49167482E-01
~+5845@501E-00
-+ 74061942E-01
=198 514317 E=0'1

«25380496E+00

«18845663E+00

J8:8:58:29 @ 3ES O

«225Q1137E=0%
=ls 115 319 42 TANE = O
~e3614364WE-01L
=51 7T42963E-01E
=, TOAS00E8E~01]
-+96859167E-01
«B839898G6E-01
«72202564E-01

***-*‘*******************************

[

(> ¥}



w N

-
L

\

4
1
6

w
~ W\
o

4079
44430
4e 765
Hel
0«0
1026
1.93[}
24673
34203
3750
Lel 75
Le568
0eC
«85H
14650
2350
24953
3479
3950

10038‘_:’

0.0

« 750
le466
2N 2
2723
36263
34758
46221

_102
"06
e 075

« 336
e H46
e 876
1050
- 750
‘0634
e 3_’}'6
b4
« 750
l.020
l1e2736
o2
e 267
o[+5U
o
« 969
le224
104‘_)0
leb4l
1.007
1.050
l.168
1.339
1.534
Lo el
le914
2.078

«200
«3090
«400
«500
.600
« 700
« 300
0«00N
«100
«200
«300
<400
«500
«600
0«000
«100
«200
<400
«500
«600
« 700
0.000
«100
<200
«300
.400
«500
«600
« 700

« 400
« 400
« 400
« 400
« 400
« 400
« 400
«500
« 500
«500
«500
« 500
«500
« 500
«500
«600
«600
«600
«600
« 600
« 600
«600
« 700
« 700
« 700
« 700
« 700
« 700
« 700
« 700

«45520802E-01

«18593915€6-01
-e46041818E-02
—e24494471E-01
-.43322103E-01
-.65293620E-01
-e54522123E-01

«14558935E-01

«15366268E-01

«14673931F-01

«90185853E-02
-.17106576E-02
-.16700531€-01
-e35697698E-01
-.60081641E-01
-e86210112E-02
—e54318426E-02

«68154175E-03

«35138890E-02
-e40716092E-03
~.11698777E-01
-.30210078E-01
-e56487153E-01
-.10329552E-01
~e74129378E-02
=5 115 T TB 755~ 08

«32022026E-02

«13757167E-02
-.86307162E-02
=.275167T6E-01
- ¢55954272E-01

* %k %k %k Xk X X X

* X

st
X

>«

s
X

X Sk ok ok >k X %k ok X X

ot
b3

* ok sk Kk ok ok ok

911



FLLIPTIC PLATE LOADED OVER- A CIRCULAR REGION

DEFLECTION OF THE OUTER REGION

22J0B 5
LILFORXS
5 FORMAT(F10e393X9F1C0e39e3X9r10e393XsF1l0e393XsE14468)
6 FORMAT(SFl4aell)
{ FORMAT(Z2F10e3)
READ 69As3sCHrDeBBA
30 READ TellyeV
E=A+B
F=A-B
L=E¥E+E*E
G=UxU+Vvrv
R=U*xU=Vity
SER/Z(UFRFL42 ¢ URURVEVHVHKL)
= e HFEXU+eH*FAU/O
Y=o HHERV=—o %%V /G
D1I=(3e*F*F+2e%C*CHEXE )/ (2e¥E+2e%¥F*¥F/E)
DZ2=F-F%D1/E
GO=(=-E*D1-F*¥D2)/(2e*C*C)
Gl=(=F*¥D1-E*D2)/ (2 #C*C)
WTWO=BBXC*C/ (32 *¥D) ¥ (- (EXEXG+2 HE*¥FX¥R/G+F*¥F/G+2 ¥ C*¥C)*¥LOGF (SQRTF (G
1)) +EXD1I*GH(EXD2+F%¥D]1 ) *¥R/GHF*¥D2/G+2 ¢ #*GO*CHCH+2 o ¥G1 ¥ CHCHS)
PUNCH 59XsYsUsVeWTWO
GO TO 30
END
600 3,00 1.50 «004292 «000082895
6.0 OeC 1.000 0.000 «00000000E-99
I 153017 «900 e 435 o 17162916105 5 E=0 7
448 1.8 «800 «600 «00000000E-99
44199 26142 « 100 Soy «11950437E-07
3.6 264 «600 «800 «COONO0ON0OE=-99

3 Ny 30 RE R X R K

£XT



1.799 2.861 «300 «953 «95060301E-08

14199 2939 « 200 979 «67900215E-08
599 24985 . 100 «995 «54320172E-08
5969 «3 995 « 100 e 17654055E-07
5878 o6 979 «200 «20370064E-07
5¢71273 ) e953 «300 «13580043E-07
5e40Y 1e2 916 « 400 «67900215E-08
5e196 leb 866 « 500 «14938047E-07
44285 2.1 714 « 700 «12493639E-07
2615 2¢7 Y «900 «81480258E-08
(el 340 (e000 1.000 «00CCO0000FE=-99
54570 Oel e 990 C.000 -el2234260E-04
59773 0a0 0991 0.000 -e99075993E-05
54976 Gel e 992 0000 -.78288947E-05
54979 0e0 993 0000 —eH9928729E-0b5
54987 0.0 0594 04000 -e44012919E-C5
54985 0e0) 995 0000 -+30595836E-05
5.988 0e0 « 996 0000 -e19555261E-05
549291 0«0 997 0.000 -«11013414E-05
5¢994 NDe0 998 0.000 -e49023955E-06
54997 30 «999 0.000 -.12357839E-06
6ol 0e0 1.000 0.000 «000N00000E-99
64003 0el 1 ..001 0.000 -.12086238E-06
64006 O.e ) 1l <002 0.000 -.48888154E-06
6.009 Oel 1. B8 0.000 -.11013414E-05
& 9B 8 0e0 Lo 086 0000 -e43999339E-05
6021 8.0 1061 0.000 ~e59874409E-05
6.()2‘6 an 10008 OQOOO _078166727E-05
6.027 a0 1.009 0.000 -+98917033E-05
60030 [y 1 o @10 0000 -.12209816E-04
66350 De0 « 340 0.0C0 -.11588813F+00

% 5k Kk Kk Kk Kk %k %k X X X X X X

dk ok Xk %k ok 3k 3k ok Kk Kk >k 5 K X Xk X XK X X

* X
8I1



562

5292
5475
5.716
5.85(}
5329
5e134
5.132
5.250
5e4h46
5.696
Leb65HN
Le811
448

4 o836
44950
50131
5.364
56638
34207
36850
4.2

4eli55H
HLael

44960
5.2/03
5590
0e0

1 oBBi2
24

3150
36675
4,079
44430
44765

«600
« 700
«800
«9C0O
«300
«400
«»00
«600
« 700
«800
«900
«200
«300
« 400
«600
« 700
«800
«900
«200
«300
«400
«500
«600
« 700
«800
«500
0.000
«100
200
«300
«400
«500
«600
« 700

0.000
0000
0.C00
0000
[ ] lOO
«100
«100
«100
«100
«100
L ] 100
«200
«200
«200
«200
«200
«200
«200
«200
«300
° 300
«300
«300
«300
«300
.300
«300
« 400
« 400
L] QOO
.400
«400
« 400
.400
« 400

-.22882898E-01
-+11997913E-01
-¢50985565E-02
-.12404717E-02
-e56668242E-01
-e49634880E-01
-.33526554E-01
-.20387916E-01
-+10941425E-01
-el46543492E-02
-.10868108E-02

«20122361E+00

«21983259E-01
-e17459969E-01
-+¢20117227€E-01
-.14539862E-01
-.83235152E-02
-e35225735E-02
-e70429769E-03

«15319402E+00

c44938586E-01

«2804T7202E-02
-e84973954E-02
-.84853581E-02
-¢53120769E-02
-+21590598E-02
-e28172749E-03

«18333579E+00

«15162304E+00

87723195E-01

«35938979E=-01
8285136 7E-02
-e22537846E-02
-e41794415E-02
-.28321233E-02

s sk %k ok sk ok ok k %k k sk 5k 5k %k %k >k 3k %k %k %k >k %k >k k % & k X % ¥ k X kX * X

611



[@IS ;)

.1
b4 4]
.O
1.026
1934
2673
3,263
3.750
GolThH
44568
Ge 948
0e0

e 355
l.650
24350
2953
3479
3950
44385
Ce0

e 7150
le466
20125
247273
3263
J4758
44,221
0.0
«680
JQB’}I
1.966
2 5 20
3.092
366
0e0

1,050
l.181
_0750
- 634
-—e336
044
e 420
e 750
1.020
1236
lo’+07
l2
o267
« 450
o7
« 969
le224
lo/+50
l.641
1.007
1.050
l.168
1.339
1.534
1,731
1.914
2.078
1¥en/i245
1,753
1.835
1.956
2.1
2.251
2.4

. 20383

« 800
«900
0.00C
° }.O(J
«200
«3C0
«400
«500
«600C
« 700
« 800
0.000
«100
«200
«300
«400
«500
«600
« 700
0.000
«100
« 200
«300
« 400
«500
«600
« 700
0000
«100
«200
«300
400
«500
«600
0«000

« 400
« 400
«500
«500
« 500
« 500
« 500
«500
«500
« 500
«500
«500
«600
« 600
«600
«600
«600
«600
« 600
« 700
« 700
« 700
« 700
« 7C0O
« 700
« 700
« 700
«800
«8G0
«800
« 800
«800
« 800
«800
«900

-+99028253E-03
—e22298430E-04
«718540178E-01
«67948147E-01
«44158310E-01
«21262265E-01
«65583093E-02
-.14036875E-03
-e17952492E-02
-«12005219E-02
—e24890589E-03
«32565546E-01
«28756109E-01
«19703900E-01
«10157798E-01
e34118676E-02
«12284384E-03
-«66683035E-03
-¢31912870E-03
«12015941E-01
«10660688E-01
e 73614683E-02
«37614342E-02
«11767745E-02
-e¢54944853E-05
—»16265219E-03
-.48263472E-05
e 31423595 JE=9 2
«29989990E-02
¢ 19725892 E =02
«88811851E-03
o 19 1§38 31515 =013
=1 2011918 33 MBIE =04
«00000000E=-99
s P0682FR24GE~03

****_*******************************
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«632
16252
1.850
24418

2403
2.461
2550
2658

« 200
«30C
<400

«900
«900
«900
«500

«41998319E-03
«22251443E-03
«55632004E-04
«73060631E-06

* %k X X
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ROUND CORNERED SQUARE PLATE LOADED OVER A CIRCULAR REGION
DEFLECTION OF THE INNER REGION

22J0B 5
ZZFNORX5 o

5 FORMAT(F10e393X9F10e393XsF1l0e393XsF10e393XsE1448)

6 FORMAT(4F14611)

.17 FORMAT(2F1043)
READ 693+sCsDs88B

30 READ TaXsY
N=2He /48 e %13
R=—e0&
Ul=X/Q
vV1i=Y/Q
U2=X/Q-R¥V1#%#54+]10 4 *R¥UI*H* 3%y XY ] =5, %kR¥*Vy]**4%U]
V2=Y/Q-REY]1IHXXE54+]10 ¢ ¥R¥YLIXUYLFY 1 %#HK3=5 ¢ XHRAIULHX4L4%Y]
U3EX/Q-RXEV2EXHS4 )]0 e HRHEY2AHTRY2HY 2 =54 XRH¥Y2EKLXY2
V3=Y/Q-RHXY2¥ %5410 4 ¥R¥UKU2KV2 %% 3=5 4 kR¥Y2 X ¥ 4%\ 2
Ua=X/Q-RHEYIHEG L]0 4 HRHYBHABXYIHYZ=5,%R*Y3AXL¥Y3
V4=Y /Q-R¥VBEKS 4]0 e WRXUFIKUBHYIHXI =5 (¥ RX¥YBKAH4LFYT
US=X/Q=RHEVLHEHREH+] Qe ¥ RFULKXTRVYLFNVL =5 ¢ HR¥V L4 XX LRUL
VO=Y/Q=RHEVLFXRS +] Q¢ ¥RFYLFULRYLHIX D=5 (U RXULFHLH VG
UE=X/Q=R¥VEH*XSH] () ¥R¥YHHEHYSRYH=5H  KR¥VOXX4EYS
VO=Y/Q=-R¥YSFEXEH+]0 ¢ HRRUSKYDXYDHHER 35 g KRXYSHKHLHY S
UT=X/Q=REVEAXRE+] 0« ¥RFULKKIXRVEXKYE=H ¢ HRFVOEEFXLEYS
VT=Y/G=R¥VEH*%54+10 KR¥ULHULRVE¥%3—65  KkR¥UL**¥4%VE
UB=X/Q-R¥VYT*%B+])0 ¢k RFUYTERZAY TR T=54 ¥R¥YTHREL¥UT

8=Y/Q-R¥EYTH RS F] Q¢ ¥R¥UTHUTHVYTHRI-5 ¥kRAEYTRHELKVT

U9=X/Q-R*YBHEHXE54] 0 kRFUBEX3AYBEYE—H ¢ XR¥YBHXLEUS
VOzY/G=R¥VB*%5+]10e ¥R¥YBHUBHYBHX3=5, xR¥YBX*4%y8
U=u9
V=V9Y
E=U*uU+Vv*yv
FoUXXE—=5eXURNLGH I\ =g RUKUKYRXLLYH(KE
FRSURKL442  HURURYHFVHVHRHL

# A



G=FF

HzU%% 1 045 ¥UR X8RV RH D+ 10 o hURKERYRKL4+]0 o KUK AL RV RKEEE o KURUKV KR GHVXX] 0%
P=U%%4-6¢ #UXURVXV VARG o
D1=(2e*Q%¥Q=18e #¥Q¥Q¥R¥R+CXC) /(4o %¥Q=20e ¥Q*R*¥R)

DS=N#R=-R%D]1

GO=(=2e*Q*D1=2e¥Q¥RXDS) / (C%C)

Gh=(-2e ¥Q¥R%¥D1=24 2Q*D5) / (C*C)

S:U;&’.(—a—(‘ .3&[}%*6%V%V—1O .%&U%—%—Q*V**A—Q.*U-X—U*\/*%6+V*-)(-8

T=U¥x* 12—26.*U’k*10 VA V+1 5) o FUKX % 8%(-\/-)(—%4-}-8/4.-)(-U**()’.I-V**é-f-l 5.%U**Q%V**8—26*
1 e WU RVYXRELIOFVRH]2

WoUXH16=20e KURK] 2RV XN f—(4 ¢ KUK K] QYR K¥E=00  HUKKQRV KA B—(4 ¢ XURKEEYRX] 0%
1—20.%UX‘*'A*V**12+V~‘;'r-)(-16

A=UR K 20+1 Qe R UN¥1BRVYRY+45 4 KUKK 16 VEHL4+]120o KUK 4RVRHE42] 0o ¥UXK] 2 ¥V %%
1¥8+252 e KUXX¥ ] OXVEHK 1042100 K UKRBRYRK] D2+120e KUK KORVEH ] 4+45 KUK LHYEX] 63
1+10e#UXURYX*18+V*%20

REST=—Q**4XRE¥4/ (4o ¥C*C ) ¥A+CXCXGL*P

FE=URX 1246 #URK 1ORVRV+]5 R UKKBRVEHL 420 KUKKERVEKGH] 5o HUR K LRV HRGHE o %
]_)(—U%‘cu%\/’.( % lO+V-)(-')€ 12

WONE=BB*¥C*C/ (166*D) % ( (CXCH2 e QX QKE+4 o kQ¥QURXF+2 o X ¥ Q¥R*¥R*H ) ¥ LOGF ( ( *
1O+QUR¥G) /C)I+(1e25+G0) ¥CHCH+ (2 ¥D1#*Q=Q% Q) HE+ (2 e ¥QUR¥D1+2 ¢ ¥D5=2 o ¥Q*Q* 3¢
TRY%#F 4+ (Q*QHR¥R+2 ¢ ¥Q¥R¥DE ) XH-Q* %4/ (4o ¥CH*C ) ¥FF—Q*X4*¥R/ (C*C ) ¥S—Q¥ *¥ 4 ¥R * %
1R/ (2e#CHC)¥T-Q*¥¥4%R*¥R/ (CHC)XEE—Q#¥4%R% %3/ (C*C) ¥ W+REST)

PUNCH SsXsYsUsVsWONE

GO TO 30
END

10,00 2450 « 004292 «000082895
0«0 0.0 00000 0.000 -013384457E+00 *
1.0 0.0 «192 0.0CC -.12222606E+00 *
2.0 0.0 e384 0.000 -+90842735E-01 *
25 0.0 « 480 0.000 -.70795736E-01 *
060 le0 0.000 «192 -e12222484E+00 *
1.0 1.0 o ISt «191 -¢11135594E+00 2l
2.0 le.0 013183 o P -e82274957E=01 *
24291 l.0 «438 ol 18972 -e71740190E-01 *
2.0 55 «382 o 268 -+72390958E-01 *

ECT



e o

OO0 O0OD VD
e o o o
oo wnNODOWwm

— 0 O K+~ =N\
NN NN
[ ]

«382 287 -+72390958E-01
«288 «382 -e72320764E-01
«193 «439 -e71567413E-01
«NO1 «481 -+ 70574505E~-01
0.000 «384 -«90775762E-01
«192 «383 -.82188294E-01

ok ok
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ROUND CORNERED SQUARE PLATE LOADED OVER A CIRCULAR REGION
DEFILECTION OF THE OUTER REGION

22408 5
ZZFORXS5

FORMAT(Flo.393X’F10.393X§F100393XOF100393x9E14.8)
FORMAT(4F14611)

FORMAT(2F10e3)

READ HsBsC DB

30 READ T7sXsY

N=25e /48 o %8

R==e Q04

Ul=X/Q

V1i=Y/Q
U2=X/0=R¥V1%%*¥65+]10 ¢ ¥R¥UL**3HY 1%y 1=54%R*¥V1*%4%U1
V2=Y/Q=R¥VIXXS54 10 ¢ RR¥YL XU XY 1%X 25 xR¥Y] *¥4%Y ]
UB=X/O=R¥Y2XXEH1 0 XKRI¥YU2HHBAY XY D=5 ¢ kR*¥Y2H XL %2
V3=Y/Q-R¥V2XX¥54+]10 4 ¥R¥U2HU2HY2XXI=5 ¢ X RXY2 XX LY 2
UL4=X/Q=R¥VYIXXD+]0 ¢ ¥R¥YBUXIXY XY 3=5 4 %¥R¥Y3*H4%U3
V4=Y /O=R¥VIXXO+]0 ¢ ¥R¥UBHUIHYIRXI=5 g kR¥YBHXL*Y S
US=X/Q=R¥VEAXD+]10 e KRFULKHIXYLIYL=5 ¢ KRIV G4F R4 %Y
VE=Y/Q-R¥V4X %5410« ¥R¥ULHULKVLH%F=5 %R¥ULK KL%V Y
UB=X/Q=R¥Y5% %5410 ¢ kKR¥YUSH*# 3HYHHYS5=5 g ¥R¥Y 5% X4%US
VOHESY/Q=R¥VOEXE+]0 ¢ ¥REYHGXUBHVYEAAZ=H ¢ XRXYSAALHYS
U7=X/Q-R¥VE*¥%54104 ¥R¥ULXEXRIXRYEXVE—5He ¥R¥VEFXLHUL
VI=Y/Q-R¥VEXF*54+10 e *REULKUOHVEEXT=5  XRAYEHK K42V
UB=X/Q=R¥VT*%#¥54 10 ¥R¥UTHH XY TRY T=5 ¢ XR¥*\Y THXL4HUT
VB=Y/Q-R¥VTHX54+ 10 ¢ ¥R¥UTHUTHVTHX 35 #R*¥YTH*LHXYT
UO=X/QO=R¥VBEXRE+] () ¢ ¥R¥BHX3HVBRVE=F ¢ ¥R¥YBAX4%YR

VO=Y/Q-R*¥VBX*5+10 ¢ ¥*R¥UBHUBHYBAXI -5 #kR¥YBH*4%VE
U=u9

V=V9

E=UxU+V*V

FoU*#6=5ehURKLHYRY =5 xURUKVHXLYHXE
CHEURR] Q45 ¢ HURRBHY AR D +] Qe HUKHEUVYH ¥4 4] 0o KUKHLHYRXE+E5 HURURVYH KB+ X%] 0%

~owm

1A |



P=Uk*4-6¢ kUXURVIEV+VRHL

DI=(2#¥Q*¥Q=18 ¥Q*Q*¥R¥R+C*C) /(4 e*¥Q=20s ¥Q*¥R*R)

D5=Q*R-R*D1

GO=(=2%Q%N1-2.%¥Q%¥R%*¥D5) / (C%C)

Gh= (=2« ¥QARXD1=2.%¥Q%D5) / (C*C)

SzURK B4 ¢ HUKKERYHY =10 ¢ FUFKLIVERL -4 ¥ UYRYFVYHIEHYXHE

ToURR] =26 HUKKIOHVHV+1 5 ¢ ¥ UNKBRVHAL+BL  HUKXEHVHKE+] D o R UYRK LRV ERB -2 6%
leUkUYnyxx10+Vaxl12

WSU%H16=20 e KUKK | 2H VR K L4a 654 g HI XX | RV X XE=G0 ¢ KUK ARAVFXB=f4 KUK RHHIYXH] %
1-20e%Us*4%y%x]l2+V%x%16

AU E204+] Qe ¥ UK I BRIV 45 4 HURK 1HHYXRL+] D Qe ¥UKH ] {4RYHFOE+D ] Qe ¥UKH]D2HYHH
1%8+252 4 FUXKL0O¥VHR# ) 0+2 10 ¥ URKBRYEHR] 241206 KUKKLIVIH ] L+45 KUK LIYXR] 6%
1+10ekU*URYRX18+Y%x %20
S WTAHO=BBRCHC /(165 DY F(—(CH¥CH+2 « FQFQFE+4 ¢ ¥RAQFORF+2 ¢ KQ¥Q®RH¥RH*H ) ¥LOGF (*
1SORTFULENY+CHCHGO+D? ¢ ¥QFD I HXE+ (26 ¥ QX DO+ g K QEXRXD] ) *¥F 42 ¢ ¥QHRXDGH#H+CHCHGH*

14%p)

PUNMCH 59XsYsiUsVe¥'TWO

GO TO 30

END

10.00 2450 « 004292 «000082895

2.5 0.() 0480 O-OOO —070868197E_01 *
3.0 0.0 «576 0.000 =e50574226E-01 *
4.0 0«0 « 768 0000 -.16673796E-01 *
26291 l.0. e 438 «192 -.71410022E-01 *
3.0 1.0 «5773 «195 -«45005403E-01 *
14-00 loo 0760 0203 -014313015E—01 *
2e0 l1e5 382 287 -«71781642C-01 *
le5 2.0 «288 «382 =rIe T 7018197 60 *
2e0 2.0 «382 «382 -.58806170E-01 *
3.0 2.0 «567 384 -.30575678E-01 *
Qoo 2-0 0746 0395 -.82135196E—02 ¥*
l.0 2291 «193 439 -«71233068E-01 *
0«0 22 001 «481 =, 706 4 1818 E~00 *
0.0 3.0 «002 «578 -+50040426E-01 *
‘].-O 3-0 0197 0575 -.44393056[:-01 *

9cT
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[ ] [ ] [ ] L] [ ]
sRecReReReRo No)

WN=O &N
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«387 569 -.30105085E-01
«566 e 566 ~+13351988E-01
o« 134 e571 - 17741255E-02
«012 e 7179 -.15113513E-01
215 « 770 -e12757199E-01
404 «753 —e71197419E-02
NN o« 139 -e14171507E-02

ok ok ok ok ok X
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ROUND CORNERED SQUARE PLATE LOADED OVER A CIRCULAR REGION
DEFLECTION OF THFE OUTER REGION

22J08

5

ZZFORX5

5
6

7

30

FORMAT(F10e3353X9F10e393XsF10e6393XsF10e393XsEL1448)
FORMAT(4F14611)

FORMAT(2F10.3)

READ 6sB-,CsDs 8B

READ T7sUsV

Q=25 /48 4%8B

RP=—e0&

X=Q¥U+QHREUK X510 o ¥QRRIUKH¥3HYE¥ 2454 ¥QXR¥URVH* ¥4

Y=Q* V45 e FQURKUK K 4% =] 0 FR¥QHURH DK YR X I+QHR ¥V %5

E=uky+VvH*Vv

FoURKE=5 ¢ X1 JXH LAY R Y =5 4 HUKUKVYAXLFVXXE

H=U% % 10+5.‘,‘(UX‘*S'}%V%*Z-{.]_O.%U%*é*v*%q-}.lo.*U**Q*V**é{-s.*U*U*V**8+V**lo*
P=UxX4—6e ®UKUR VIV HVH R4

D1=(2e%Q%Q=18¢ ¥Q*¥Q*¥R*¥R+C*¥C) /(L4 e%Q=20 ¥Q*¥R*¥R)

D5=Q*%R-R*D1

GO=(-2e%¥Q¥D1=-2e%¥Q*¥R*¥D5) / (CxC)

G4=(=2e%*Q%¥R*D1=2e%Q*D5) / (CxC)

STUR KA =4 ¢ HUK KGNV =100 KUK LRV R KL= o ¥UXUK VXK G+ %X

ToUN%12-260 ¥URK I O¥VEV+1 5 KURKBRVRHL+B4 (¥ URREHVAKG+15 o HUKKLH V¥ ¥B=26%
leXUKURVEXLO+V¥%]2

WsURR]6—20 o ¥U¥# ] 2RVREL =G4 (X URK | QR VHHE—00 o # UK QXY XK B4 4 ¥ $,6 ¥\ ¥ ] 06
1-20e%yu**b4ryiux12+4Vy%%]l6

AzU*¥20+]1 0o ¥URK 1 BRHVIYVHL5 KURK ] 6FVH XL +]20e ¥URK]L4*VHXO+2] Qo ¥ URK] 2HV ¥ %
1*X8+252 ¥UKK] Q¥ VHK 1 0+2]1 00 HUNRBHVHX] D+]1206 XURKLHVHR ] 44+45 ¢ KURRLHIYHX] 6%
1410 ¥UXUkVit18+V%%20

WTWO=BB*¥CH*C/ (16 ¥ D) ¥ (= (CHC+2 e X¥Q¥QXE+4 e ¥R¥Q¥Q*F +2 0 ¥Q¥ QAR *¥R¥*H ) ¥ LOGF ( *

1SQRTF(E) )+ CHCXGO+2 e ¥*Q*¥D1I¥E+ (26 ¥Q¥DS5+2 ¢ XQ¥R*¥D 1) ¥F+2 o ¥ Q¥R *¥DS5#H+CHCHG*
14%pP)

PUNCH 59¢XoYsUsVesWTWO
GHEEON 1@
END

scl



10.00

5.0
44819
l+0374
3785
34140
2¢499
1899
le354
«865
« 420
44999
46991
46954
4.871
4e691
3e874
2108
0.0
44958
Le962
4,966
46970
4974
4,979
44983
4 e987
44991
44995
560
5004
5008
5.012

. 5016

5.020

2450
060
2.108
36140
3e874
Le3T4
he691
LelBT1
44958
44991
44999
e 420
e 80H
le354
1899
2e 499
3785
L4e819
50

G

l®)
-,
° L] L[] ] L]

CO0DQCODOODODDIDID ODDO
°
DO0OO0O0OO0OO0ODO0DODODDODODDDOO

« 004292
1.000
«900
« 800
« 700
«600
«500
« 400
«300
«200
«100C
«9G5
« 979
«953
«916
<866
0714
«435
0,000
«990
«991
«992
«9973
«994
«995
« 996
« 997
«998
- 999
1.000
1.001
1.002
NIl 00
1.004
1,005

«000082895
0.000 «98078091E-08
435 «56885293E-07
714 c6lB64642E-07
« 800 «11316702E-07
e 866 «59601301E-07
U116 «e31988546C~07
953 «60204859E-07
« 979 «52056833E-07
995 «54320173E-07
« 100 «54320173E-07
200 «52056833E-07
«300 «60355748E-07
« 400 «32290325E-07
«500 «59601301E-07
« 700 61864642E-07
«900 «58167852E-07
1.000 «98078091E-08
0000 -e32361998E-04
0.000 -e26212501E-04
0.000 -«20711075E-04
0.000 -.15853191E-04
0.000 -e11645641E-04
Ce000 -.80838981E-05
0.000 -+¢51755054E-05
0 OO0 -+¢29083926E-05
0000 -e12968941E-05
0000 -+32139436E-06
0.C00 «58078091E-08
0.000 -+.31913102E-06
0.000 -.12802963E-05
0.000 -e29053748E-05
0.000 -e51656976E~05
0.000 -.80838981E-05

B ok %k sk ok ok ok ok Xk dk ok )k Xk ok X Xk 3k X Xk X X R Xk

d 3k >k ok k X X X X X X
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5024
5029
5032
e 037
56041
le561
2.081
26597
34108
34610
44098
4564
16562
2.082
2e6

36113
3617
44108
46579
1e041
14563
2085
2607
36125
3.638
4.623
le041
10564
2.089
2.616
3 ol ity
36669
LelB7
466973

L]
DO OO OO0

o o o o
2

OCD\DDDC)DOOO(D

l.041
le041
1.038
1.032
1.020

« 999

« 966

«718
1 o563
le564
l.562
Lo DIB6
1.541
L 504
le469
1 402

1.006
1.007
l.008
1.009
1.010
e300
«4C0
«5NN
600
« 700
« 800
.900
«300
«400
«500
«600
« 700
« 800
«90N
« 200
«300
<400
«500
0600
« 700
«800
«900
«200
.300
.400
«500
«600
e 100
« 800

e 00 L

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0«C00
0.0C00
0.000
0.000
0.000
<100
«100
«100
« 100
«100
«100
«100
« 200
« 200
«200
« 200
« 200
«200
«200
<200
« 300
«300
« 300
«300
«300
«300
«300
3530)(0]

-.11639606E-04
-«15849419E-04
-.20699004E-04
-e26205711E-04
-¢32355208E-04
-.10574026E+00
-e87614954E-01
-e66592678E-01
-e45697535E-01
e27114170F-01
«12526125€E-01
«32082022E-02
«10324275E+00
«85221736E-01
«64605081E-01
e 44169485E-01
«26026703E-01
«11839844E-01
«28835637E-02
«10840118E+00
«95606908E-01
«78240017E-01
«58856553E-01
«39763084E-01
«22905559E-01
-e98962891E-02
«20109283E-02
«95606908E-01
-.83188087E-01
-.67353598E-01
-+.49984081E-01
-+¢32999994E-01
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