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1 Introduction

Over the past few years, the state estimation or filtering problems have been widely dis-
cussed owing to its practical applications in various fields, such as in navigation system,
dynamic positioning, tracking of objects in computer vision, and so on [1-7]. In partic-
ular, based on a series of observed measurements over time, the Kalman filtering known
as a linear optimal estimation algorithm can provide the globally optimal estimation for
linear stochastic systems [8]. Regarding the complex dynamics systems with higher per-
formance requirements, the traditional Kalman filtering method might not achieve sat-
isfactory accuracy especially when the systems are contaminated with the nonlinear dis-
turbances. Thus, a large number of filtering approaches under different performance con-
straints have been given, such as Kalman filtering [9], extended Kalman filtering [10-12],
variance-constrained filtering [13—15], unscented Kalman filtering [16], Hy filtering [17,
18], and security-guaranteed filtering [4, 5]. More specifically, some security-guaranteed
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filtering methods have been presented in [4, 5] for complex systems under different perfor-
mance indices. In [17], a robust H, filtering algorithm has been designed to cope with the
effects of the randomly occurring nonlinearities, parameter uncertainties and signal quan-
tization. In [10, 11], the robust extended Kalman filtering methods have been proposed
for time-varying nonlinear systems, and the related performance analyses concerning the
boundedness of the filtering errors have been provided. In recent years, the variance-
constrained method has been presented in [13, 14] to handle the filtering problems for
time-varying nonlinear networked systems with missing measurements under determin-
istic/uncertain occurrence probabilities, where the authors have obtained the optimized
upper bounds of estimation error covariance and proposed the expression forms of the
time-varying filter gains via the stochastic analysis technique. Subsequently, the variance-
constrained state estimation problem has been discussed in [15] for time-varying complex
networks and a new time-varying estimation algorithm has been given based on the re-
sults in [13, 14].

As it is well known, the existence of the uncertainties would deteriorate the whole per-
formance of addressed systems [19-22]. Accordingly, it is necessary to propose appropri-
ate means to reduce the influence from uncertainties onto the filtering algorithm perfor-
mance [23, 24]. Up to now, a variety of results have been reported concerning the filtering
problems for uncertain time-varying systems [25-27]. To mention a few, a robust recur-
sive filter has been designed in [25] for uncertain systems with missing measurements,
where a sufficient criterion has been given such that the exponential mean-square stabil-
ity of filtering error has been ensured. In the networked environment, the uncertainties
might emerge in a random way with certain probability [28]. For example, the state esti-
mation scheme has been proposed in [28] for discrete time-invariant networked systems
subject to distributed sensor delays and randomly occurring uncertainties, under which
the sufficient criterion has been given such that the stability of the resulted estimation er-
ror dynamics has been guaranteed. It is worthwhile to point out that it is necessary to com-
pensate the negative effects caused by randomly occurring uncertainties for time-varying
systems and propose more efficient filtering scheme with improved algorithm accuracy.

In a networked setting, the signals before transmission might be quantized due to the
limited data-processing capacity of the transmission channels [29], hence the quantiza-
tion errors should be properly addressed in order to reduce the resulted effects on the fil-
tering algorithm performance [13]. Generally, the logarithmic quantization and uniform
quantization are commonly discussed [29, 30]. So far, a large amount of efforts have been
made to discuss the filtering/control problems subject to signal quantization; see e.g. [13,
17, 29, 31, 32]. Accordingly, a great deal of attention has been given with respect to the
quantization errors. For instance, the sector-bound approach has been employed in [33]
to convert the quantization errors into the sector-bound uncertainties, and such a method
has been widely utilized when handling the control and filtering problems for networked
systems with quantization effects. For example, a robust H,, filtering algorithm under
variance constraint has been proposed in [31] for nonlinear time-varying systems with
randomly varying gain perturbations as well as quantized measurements, where the pre-
defined estimation error variance constraint and Hy, performance have been discussed by
proposing the sufficient condition. In [34], an H filtering problem has been addressed
for time-varying systems and a new algorithm has been given to handle the effects of sig-
nal measurements and non-Gaussian noises, moreover, the applicability of the proposed
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filtering scheme has been illustrated by means of a mobile robot localization scenario. So
far, most of available filtering methods can be applied to tackle the deterministic quanti-
zation effects only. However, there is a need to take the randomly occurring quantization
effects into account in order to further reflect the unreliable networked environments with
communication constraints. Hence, new filtering approach is desirable for addressing the
filtering problem of time-varying systems in the simultaneous presence of randomly oc-
curring uncertainties and quantized measurements under variance constraint. Accord-
ingly, it is very necessary to provide efficient analysis criterion to evaluate the proposed
filtering algorithm. As such, the objective of this paper is to shorten the gap by proposing
a robust variance-constrained filtering method under certain optimization criterion and
conducting the desired algorithm performance analysis issue.

In this paper, we aim to design the robust variance-constrained optimal filtering algo-
rithm for time-varying networked systems with randomly occurring uncertainties and
quantized measurements. Both the randomly occurring uncertainties and the quantized
measurements are modeled by Bernoulli distributed random variables. Owing to the exis-
tence of the randomly occurring uncertainties, signal quantization and stochastic nonlin-
earity, it is difficult to obtain the accurate value of the estimation error covariance. There-
fore, we aim to propose a new robust variance-constrained filtering method under cer-
tain optimization criterion. In particular, we need to find a locally optimal upper bound
of estimation error covariance and design proper filter gain at each sampling step. The
main contributions of this paper lie in: (1) a new variance-constrained filtering algorithm
is given for addressed networked systems with stochastic nonlinearity, randomly occur-
ring uncertainties and signal quantization; (2) the obtained upper bound of resulting fil-
tering error covariance can be minimized by properly designing the filtering gain, under
which the stochastic analysis techniques are used; and (3) the detailed boundedness anal-
ysis of filtering error is discussed and a sufficient condition is given. Finally, we utilize the
simulations to illustrate the validity of main results.

Notations The notations in this paper are standard. R” and R”"*”, denote the n-
dimensional Euclidean space and the set of # x m matrices, respectively. E{x} represents
the expectation of the random variable x. PT and P! stand for the transpose and inverse
of matrix P. We use P > 0 (P > 0) to depict that P is symmetric positive semi-definite (sym-
metric positive definite). The diag{Y3, Y>,...,Y,,} represents a block-diagonal matrix with
Y1,Ys,..., Y, in the diagonal. I represents an identity matrix with appropriate dimension.
o is the Hadamard product.

2 Problem formulation and preliminaries
In this paper, we consider the following class of discrete time-varying systems with ran-
domly occurring uncertainties and stochastic nonlinearity:

Xrs1 = (A + o AAR)xk + f (xk, Ek) + By, (1)
Vi = Crxx + Vi (2)
where x; € R” is the system state vector to be estimated and its initial value x has mean
%o and covariance Pgo > 0, yx € R™ denotes the measurement output, & € R is a zero-

mean Gaussian white noise, w; € R and v; € R” are the zero-mean noises with covariance

Qi > 0 and Ry > 0, respectively. A, Bx and Cj are known and bounded matrices.
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The uncertain matrix AAy has the following form:
AAj = HiFeMi ®3)
where Hy and M are known matrices, and uncertain matrix Fj satisfies FkT F. <1
The Bernoulli distributed random variable o € R, which is used to model the phe-
nomenon of the randomly occurring uncertainties, takes the values of 0 or 1 with

PI‘Ob{Olk = 1} = E{O[k} = C_(/(, PI'Ob{O[k = 0} =1- 5[1(, (4-)

where @y € [0,1] is a known scalar. The function f(x, &) represents the stochastic nonlin-

earity with f(0, &) = 0 and has the following statistical properties for all x;:

E{f (%, &)%) =0, (5)
E{f (v, &0 (x5, §) i} = 0,k # ), Q)
E{f Gorr &) T (6 1) 0} = Z Mix{ Ty, (7)

i=1

where s > 0 is a known integer, I1; and I; (i = 1,2,...,s) are known matrices with suitable

dimensions.

Remark 1 In fact, it is not always possible to obtain the accurate system model during
the system modeling, hence there is a need to address the modeling errors and discuss
their effects on the desired performance. On the other hand, it could be the case that the
modeling errors undergo the random changes, thus the randomly occurring uncertainties
are characterized by introducing the random variable «x with known occurrence prob-
ability as in (4), which is used to cater the practical feature especially in the networked

environment.

Remark 2 The stochastic nonlinearity f(-) satisfying the statistical features (5)—(7) could
cover many known nonlinearities addressed in the literature. For example, it could de-
scribe the functions in some linear systems with the state-multiplicative noises x&, where
&, is a zero-mean noise with bounded second moment; and the nonlinearities in some
nonlinear systems with random disturbances (e.g. sgn(v (xx))xx&x with sgn representing
the signum function). In this paper, the effects induced by the stochastic nonlinearity will
be examined later and the available information (e.g. I7; and I7;) will be reflected in the

main results.
Owing to the limited bandwidth and the unreliable link of the network communication,

the signal quantizations maybe occur in a random way. Firstly, the map of the quantization

process is expressed by

T
100 = (00D w0D - abd)]
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For each gi(-) (j = 1,2,...,m), the following set of quantization levels are considered:

Uy = {+ul,u? = (x)ul,i=0,+1,+2,...)

u {0}, 0<X(j) < l,ug> >0,

where x ) (j = 1,2,...,m) characterizes the quantization density. According to [33, 35], we
use the following logarithmic quantizer:

0] 0 i 0
U’ %(s,”i <3//<51_L5,”i )
qi()/k) =10, y’k =0,
_qj(_)/k)» )/k <0,
where §; = i:—j((g; It is not difficult to verify that qj%) =1+ A,(f))yj( with |A,({)| < §;. Letting

Fi= AT 7L, T = diag{61,8s,...,8,) and Ay = diag{A,(:), A?,...,A,ﬁm)}, we can know that
Fx is an unknown real-valued matrix satisfying 74 F = F{ Fi <I.

The following model is introduced to describe the real measurement signals received
by the remoter filter side:

Vi = Ay + I — A)gi), (8)

where Ay := diag{Ax1, Ak2,---» Am} and Ag; (i = 1,2,...,m) are random variables satisfy-

ing
Prob{is; = 1} = E{Ar;} = Aiy  Prob{ig; =0} = 1 — g, )

with Az ; being known scalars. Meanwhile, suppose that &, ax, i, A, vk as well as x, are
all mutually independent.
In this paper, the following time-varying filter is designed:

K1k = Arkkiio (10)

Krer1jkr1 = ek + Kirn Okeer — Aker CronrXrer1ji)s (11)

where Xy is the state estimate of x4 at time k, Xx,1x is the one-step prediction at time &,
Ags1 = E{A,1}, and Ki,1 is the filter gain to be determined.

The purpose of this paper mainly has three aspects. Firstly, we seek the upper bound of
the filtering error covariance by using inequality technique. Secondly, we design the filter
gain Ky, so as to minimize the upper bound. In addition, we will propose a sufficient
condition to guarantee the exponential boundedness of the filtering error in the mean-
square sense.

For later derivations, the following lemmas are introduced.
Lemma 1 Forp, q € R" and scalar ¢ > 0, the inequality
pq" +aqp’ <epp’ +e7'qq" (12)

holds.
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Lemma 2 ([36]) For matrices A, B, C, D (CCT < I), if the matrix X > 0 and scalar i > 0
satisfy

w1 - DXDT >0,
one has
(A+BCD)X(A + BCD)" <A(X™" - MDTD)_lAT +u'BBT. (13)

Lemma 3 ([37]) For a real-valued matrix A = |a;l,x, and a stochastic matrix B =
diag{b;, by, ..., b,}, we have

E(}) Elbiby) - Elbib,)

E{b,b E{b? -« E{byb,
pipagt) - | BT SR Bl

E(bubr) Elbuby) -+ E(B2)

with o being the Hadamard product.

3 Design of optimal filtering algorithm
In this section, an optimized upper bound of the filtering error covariance is obtained
based on the matrix theory and stochastic analysis technique. Moreover, we derive the
desired filter gain based on the solutions to recursive matrix equations.

Firstly, let us calculate the one-step prediction error and filtering error. Define Xi.1x =
Kier1 — X1k and Xpp1jkr1 = Xir1 — Xke1jk+1, respectively. Subtracting (10) from (1) yields

Xke1lk = ArXigk + Ok AArxk + o AArxk + f (%, &) + Brok, (14)
where oy = oy — ag. Similarly, we have

Jck+1\k+l = (1 _I<k+1/ik+lck+l)5ck+1|k - I(k+1/{k+1Ck+1xk+l _I<k+1Ak+l
X (I + Agi1) CrrXaer +I<k+1/ik+1(1 + A1) Cra1Xie1
— Kio1 A1 Ak1Viest + Kiea1 Aia1 As1 Vit — Ko Vi, (15)
where /ik+1 = Ags1 - /ik+1 and Ak+1 =1- /ik+1-

Now, the following theorems provide the desired recursions of the one-step prediction
error covariance and filtering error covariance via the above definitions.

Theorem 1 The covariance Py,1x of the one-step prediction error satisfies
Pk+1\k = AkPkV(A]Zw + &kAAk]E{xka}AAZ + BkaB]Z" + O_lkAkE{;Ck‘kx/{}

x AAT + a AAE{ &l AL + Z 0t (Ef{oex 1 1) (16)

i=1

Proof According to (14) and the independent properties of random variables, we can get
(16) easily. O
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Theorem 2 The recursion of the filtering error covariance Py,1jk+1 can be given by

Prsipest = (I = Kir1 A1 Crat) Prs kI = Kis1 A1 Crsn) ™ + Kies1 Riean
x Ky + My + M + Ko Ajn (I + A1) Cren B f s, 1}
x Cly( + Ak) T Ak KLy + Mo + M3+ Kieo1 Agsr At
X R AL Ak K + Kk+1{ék+1 o [CrnEfant,, }Cha
+I+ Ak+1)Ck+1E{xk+1ka+1}CkTH(I + A1) T + Ag1Resn

X Djyy + Ms + MK, (17)
where

M = K R A Ak K,
M;s = —Ck+1E{xk+1xZ+1}C]Z:.1(1 + Ak+1)T;
MZ = _(1 - 1<k+1/ik+lCI(+1)E{5Ck+1|/<xZ+1}Clz;l(l + A](+1)TA](+1I(](I;1,

Bkt = diag{Ara1,1(1 = Apa1,0) Arr2(L = Aps1,2)s oo Aka (1 = Ak |-

Proof In terms of (15) and Lemma 3, it is easy to see that

Prestpprt = (= Kier1 Aks1 Crr1) Prsa ik = Kier1 Aks1 Crr) T+ Kies1 R
x KLy + My + MY+ Ko Agn (I + Agy) Crn B x|
x Cio (I + A1) T Ak KLy + Mo + M + K1 A At
X Rt Ay Ak Ky + Kt { Ert 0 [Cent E{wan, JCFLy

+ (I + Ak+1)Ck+1E{xk+1x1{+1}C]Z;.l(l + AkJrl)T + Ak+1Rk+1

18
x A/Zu + Ms+ M?)T]}KkTﬂ + Z(M +MT)’

=1

where

M = =E{(I = K1 A Crs )& 116801 Clor A1 K1 |

Ny = B{(I = K1 Akt Ces ) Frs 1k Cln T+ A1) Ak K1
N; = —E{(l—Kk+1/]/<+1Ck+1)5ck+1\kva+1A/{+1Ak+1KkT+1},

Na = B{(I = Kior Aps1 G ooy AT Ak KL

Ns = =E{(I = K1 A1 Crs )& 1k V1 K |

Ns = B{ K1 A1 Croria1p Clon (I + Aget) T Agi K

N7 = E{Kie1 Aot Conrr1 Vg Afoy A K4 |

Ns = ~E{Kis1 Aps1 Conrdi1 Vi Af o Ak KL )

-/\/9 = ]E{Kk+1/ik+1Ck+lxk+1V/£rlI<1£1 },
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Nio = —E{Ki1 Aga (I + A1) o1 X1, Cly (I + Ak+1)T/ik+1KkT+1},
Nt = B Koy Apr I+ Agest) Cron %1 Vg Afy Ak K ),

M = ~E{Kis1 Ak (I + Ap) CrriXiesi Vi Af Ak KL )

Niz = E{Kip1 Ak (I + Aga1) Crsi®ies1 v K b

N = E{Kis1 Ap1 (I + A1) Crsrdii Vg Al Ak KG1

Nis = E{Kis1 Ag1 (I + A1) i1 Vi Af Ak KL )

Me = —E{Ki1 A (I + M) Crardi v Ky )

Ni7 = ~B{Kie1 Akt A1V Vi Af 1 Ak K )

x T T
Nis = ~E{Kie1 Agr1 A1 Vi v Kl -

Notice that vi,1 and Ag,; are mutually independent and the expectation of Aky1 is a zero
matrix, then we know that V; (i = 1,2,..., 18) are zero terms. Consequently, the result in
(17) can be obtained easily. g

Remark 3 Generally, it could be better if a global optimal filtering method can be given.
Unfortunately, it is impossible to attain this objective due to the existence of the parame-
ter uncertainties, nonlinearity and randomly occurring quantized measurements. In view
of these obstacles, we decide to derive an upper bound of filtering error covariance and
minimize this upper bound by designing proper filtering gain matrix at each time step,

which is acceptable with certain admissible estimation accuracy.

So far, we have provided the recursions of the one-step prediction error covariance and
the filtering error covariance. Next, we are ready to obtain the desired upper bound of

filtering error covariance and choose the filter gain properly.

Theorem 3 Let yy,1,1 ande; (i = 1,2,...,6) be positive scalars. If the following two recursive

matrix equations:

Zraapk = (1 + axe1) Ak ZipAL + 2 + BeQieB{

+ (1 + o7t )a tr(My LML ) He HY (18)
and

Zpetks1 = (L + e5) I = Kiey1 Aks1 Crar) Zieriied = Kier1 A1 Cresn) ™
+ (1 + eq) Ky R K + (1 + 8;1) tr(Ck+11_7k+1 C,(TH)
X K Ak [ = Ve a Y1) + v ] A K + K

X W1 Ky + (14 63" (Y Rt 1K1 AL K, (19)

under the constraint Vk_+11,11 - 17 >0 and initial condition X = Poj > 0, have solutions

stk > 0 and Zii1jke1 > 0, then Priijke1 < Zke1jks1. Moreover, if we choose the following
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form of the filter gain matrix Ki,1:

I<k+l = (1 + 85)2k+1\kaT;.1/ik+1{(1 + 84)Rk+1 + (]- + 8;1) tI‘(Ck+11?k+1
x C/<T+1)Ak+1[(1 Ve a VYY) Vk111,11]/1k+1 + (1 + &5) Ags1Crat

n _ -1
X Tk Clg Ak + (L+ 65" ) t(Y Rea VAL + Wi}, (20)

it is shown that tr(Xi,1)k41) can be minimized, where
S
2 = Zni tr(L I7),
i=1
1_7/(+1 = (1 + 83)Ek+1|k + (1 + 8§1)9AC1<+1|/<5€/Z+1|/(,
W1 = 0 {(1 + 851) tY(Ck+11:1k+1CkTH)[(1 — Ve YY)+ )/1;11,11] (21)
+ (YR ) + (1 + £6) Crr1 11 Ly |,
ﬁ_k =(1+ SZ)Eklk + (1 + ggl)kklk‘;clzk‘
Proof To prove this theorem, we resort to the mathematical induction method. By con-
sidering (16) and Lemma 1, we can deduce that
A AkE{Zrpxf J AAL + ax AAE{ k] JAL

< are1ArPrkAL + areT AAE{mix] J AAL, (22)

where ¢ is a positive scalar. So, we can get

s
Prap < (1 + &kgl)AkPldkA/{ + Z I1; tr(]E{xkx,{}Fl) + (1 + 81_1)&/(AA/<
i=1
x Efwia }AAL" + BrQiBy. (23)

Next, we get

]E{xka} < IE{(I + ez)fck‘kic,ak +(1+ sz’l)ﬁk\kfc,gk}

= (L +&)Pipi + (1+ &3k = Lo (24)

where ¢, is a positive scalar. Noticing the norm-bounded parameter uncertainties defined
in (3), the following term can be tackled:

AAE{wx] JAA] < (M LML) HHY (25)

Finally, it follows from (23)—(25) that

S
Pk+1\k <1+ 0_61(81)AkPkV(AIZw + Z I1; tI‘(,CkF,') + (1 + 8;1)6{/( tr(MkﬁkMkT)
i=1

x HyHE + BrQiBY . (26)
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Secondly, it is easy to see that
]E'{karlkaH} <1+ 83)Pk+1\k + (1 + 851)&k+1|k5€{+1|k =iy, (27)

where g3 > 0 is a scalar. Next, we tackle the uncertain terms in (17). According to Lemma 1
and (27), we can arrive at

M+ M < KR Ky + 5" Kirt Akt ARt AL A KE 1,
My + M3 < e5(I = Kip1 Ag1 Cies1)Prs1 I = Kiey1 A1 Crn) ™ + 651

X Kir1 Akt (I + A1) Coot i1 Cfy (L + Agean) " A K, (28)
M+ M < e6Cis1 M1 CL,y + 65 I+ Aies1) Cron i1 CFLy

X (L+ M),
where ¢; >0 (i = 4,5, 6) are scalars. Based on (28), one has

Pritkst < (L +5)(I = Kis1 Aks1 Cros1) Prsie( = Kis1 Aks1Cresn) ™
+ (1 + £4) Ky 1 Rics1 Ky + (1+ 8;1)Kk+1Ak+1(1 + Ake1) Crat
X M1 CLy I+ M) " Ak Ky + (1 + €57 Kot Ak Aot
X Rt A Ak Ky + Kk+1{ék+1 o [(1 +&6)Chs1 Tk Cfyy
+ (1 + 5" )T+ Ae) Coot T CFy (T + Agn)”
+ ARt AL | JKL - (29)

Noting A1 = Finn T (]—'k+1fkT+1 < 1), together with Lemma 2 and the property of trace,

we have
(I + Aks1)Crs1 i1 CF (T + Agesr) T

< t0(Cont i1 Cot ) [T = Ve YY) + v I (30)

ApaRia Afy (YR T, (31)
where yx,1,1 is a positive scalar. Taking (30)—(31) into account, we arrive at

Pritjient < (1+ &5)(I = Kiey1 A1 Cier1) P = Kies1 A1 )™
+ (1 + 8)Kies1 Ris1 Ky + (1 + 65") tr(Croa1 a1 Clp ) Kt
X Aps1 [ = Vi1 1 7)™+ v 1T Ak Ky + Kt { B
o {(1+e5") tr(Crr1 Mis1 CL) [0 = Visra YY)+ v ] ]
+ (YR VI + (1 + 86) Cro1 st CLy N 1K + (1 + 657)

X tr(Y Ri1 VK1 A2, KL . (32)

Then it follows from (18), (19), (26) and (32) that Pr,1jk+1 < Zks1jke1-

Page 10 of 21
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Finally, we aim to minimize the trace of the upper bound Xy, jx,1 and determine the
corresponding filter gain. Firstly, calculating the partial derivative of the trace of (19) with
respect to Ki,; leads to

0 tr(2k+1|k+1)
8I(k+1

= —2(1 + &5)(I = Kiey1 Akr1Cr1) D1k Ciloy Akr1 + 2(1 + £2) Ky 1 Rics1
+2(1 + &5") tr(Cra1 M1 CF ) Kkt Ak [T = isna 7)™ + v

x Aga1 +2(1 +&5") (Y Res1 V)Kis1 Ay g + 2Kie1 Wi, (33)

where IT;,1 and ¥, are defined in (21). Let the derivative in (33) be zero, we can obtain
the following optimal filter gain Ky, ;:

Ki1 = (1 +85) Dia1k Ca Ars1 { (1 + ) Rear + (1 + 657) tr(Cron [t
X C;z,l)Ak+1[(1 Ve a YY)+ J//<_+11,11]Ak+1 + (1 + &5) Ags1Crat

= _ -1
X Tk Cio Akat + (L + 6 ) t(Y R V)AL + P} (34)
which is the same as in (20). Therefore, the proof is complete. O

Remark 4 As shown in Theorem 3, the obtained upper bound of filtering error covari-
ance can be minimized by the filter gain Kj,; in (34) at each sampling instant. It is worth
pointing out that the value of yx,1,1 can be chosen firstly according to the constraint con-
dition Vk_+11,11 — 77 > 0. Then we can adjust the value of yx,1,; to improve the solvability
of the new filtering scheme under certain estimation accuracy requirement. Besides, the
randomly occurring uncertainties, quantized measurements as well as the stochastic non-
linearity are all examined, and the corresponding information is reflected in main results.
In particular, the scalar &; and the matrices Hy, My correspond to the randomly occur-
ring uncertainties, the matrices I7; and I; reflect the variance information of the stochastic
nonlinearity f(xx, &) in (1), and the scalar A;; as well as matrix 7" refer to the randomly
occurring quantized measurements addressed in the paper. Moreover, it is worthwhile to
note that the newly proposed robust variance-constrained filtering scheme has the recur-
sive feature, which is suitable for online applications particularly in the networked envi-

ronments.

Summarizing the result in Theorem 3, the robust variance-constrained filtering (RVCF)
algorithm can be provided as follows:

Algorithm RVCF
Step 1: Set k = 0 and select the initial values.
Step 2: Compute the one-step prediction X1 x based on (10).
Step 3: Calculate the value of Xy, 1« by (18).
Step 4: Solve the estimator gain matrix Ki,1 by (20).
Step 5: Compute the filtering update equation X, 1jx+1 by (11).
Step 6: Obtain Xy, qx+1 by (19).
Step 7: Set k =k + 1, and go to Step 2.
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4 Boundedness analysis

In this section, the desired boundedness analysis concerning the filtering error is con-
ducted. Before proceeding, the concept of exponential boundedness of stochastic process
is firstly given.

Definition 1 ([38]) If there exist real numbers p >0, v >0, and 0 < ¥ < 1 such that

E{l¢l?} < pllgoll*0* +v, (35)

holds for every k > 0, then the stochastic process {x is said to be exponentially mean-
square bounded.

In order to conduct the boundedness analysis about the filtering error, we need the fol-
lowing assumption.

Assumption 1 For every 1 <i < m and k > 0, there exist positive numbers 4, ¢, ¢, h, m,
I, sz, by, b1, , @, D, A, A such that

lAkll < a, | Hyll < A, |Mg|l < m, c< |Gl <c, A< Api <A,
w(Ly) <h, () <f,  t(Tx)<lb,  bl<BiBl <bl,

ol < Q= al, Ry =vI.

Furthermore, the inequality

62
E(l + —2> <1 (36)
(4
holds.

Theorem 4 Counsider the time-varying systems (1)—(2) and the filter (10)—(11). Under the
Assumption 1, the filtering error Xy is exponentially mean-square bounded.

Proof Substituting (14) into (15) leads to

Xkr1lks1l = A1 Xk + Thal + Zka1s (37)
where

Aga1 = BenAr,

Eri =1 = Kiy1 Aki1 G,

ko1 = Ok g1 AAgxk — Kot A1 (T + Age1) Cra1 X1

Ziks1 = Qi Fra1 AAgxk + Grarf Ok &) + Err1 Brok — Kie1 A Crarisn
= Kps1Vis1 + 1<k+1/ik+1(1 + Api1) Cor1%k1 — K A g Mg

X Vg1 + 1<k+1Ak+1 Ak+1‘)k+1'
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Based on (20) and Assumption 1, it is not difficult to obtain

- - - 141
I Kesall < H(l + 85)2k+1|kcg+1Ak+1[(1 + ES)Ak+1Ck+1Zk+l\kC](T+1Ak+l] ”
c

7 =k

=

(L9

and

I Ekell < Hl -1+ 85)2k+1\kaT+1/ik+1[(1 +&5) Aks1Crn1 Zrik Ciy
_ 1 - &
X Ak+l] A/(+1Ck+1 || <1+ o) = ?1'
c

Then we have
k1 ll = 1Bk Akl < 1Bkl Akl < 51 = a1,
According to Lemma 1 and Assumption 1, the following inequality holds:

E{rl,irea} < E{Q +on)apef AAL B B Awar + (1 + o7 ), CLy
x (I + Ak+1)TA/<+1[<]Z;11<I<+1Ak+1(I + Al<+-1)Cl<+1xk+1}
< (1 +o)a@@h il + (1+07) (1 - D1+ 820k T

}—,2

where o7 is a positive scalar and § = max{§i,8s,...,8,}. Similarly, we can show

Elzf, 2k} < Blaga) AL S8 B A + T (00 6) By Brn
X f(xx, &) + 0l BFEL B Brox + (1 + o)xl, | CL | A
x K1 Kiert Aks1 Crordrsn + (1 + 03) v K Kier1 Vit
+ (1405 )i Al Ak K Ko Akt Aga1vien
+ (1405l O U+ Aket)T Kb K, Ko A
X (I + A1) it + Vi AL Ak K Kia A
X Ak+1vk+1}
< (ax- 6[,%)#?%%221 +Cf +Cibo + (1 + o)k 52,
+(1+ o)k mv + (1+ 03‘1)?(1 -1)*8*mv + (1+05")
x (1+ 8)2%2)225222 + mEzin

=7,

where o as well as o3 are positive scalars and A = max{1 — A, }.

Next, we consider the following iterative matrix equation with respect to ©O:

. - .
Oki1 = Ak OkAp, + BrQiBy,

(38)
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with the initial condition ®y = ByQoB{ . It is not difficult to find that
1Okl < 1Ok Akirl* + | BeQuBE | < @116 + @b

By iteration, we obtain
k-1
—2k —7 —2i
16k <@ 16l + @by Y _ay.
i=0

From (36), we have 0 < @7 < 1 and then we arrive at

oo 7 —
— 9 blw
1Ol < 160l + @by Y a3 = |Ooll + ——;. (39)
i=0 1-a;
Due to the positive definite property of Oy, it is obvious that
Oks1 > BiQB{ > bywl. (40)
k=9

In view of (39) and (40), it follows that there exist § > 0 and 6 > 0 satisfying 61 < O < 61
for every k > 0.

According to (38) and the matrix inversion lemma, we have
AI{H@I;IIA/HI - @1:1
= AL (A kAL, + BiQuBl) " At - 67
= (Ok + AL BlQuBL ALL) ™ - o
= -6 A [(BeeB]) ™ + Ao A A e
= —[AL (BQBl) Ak O+ 1] 6!

< 20 +1 _1@*1
— QIQ k

_27
Let ng = [Z;—Z +1]7  and Vi(Rxp) = kl(le@lzlich. Then it is not difficult to see that 5 € (0, 1),
and there exists 8 > 0 satisfying n = (1 — 79)(1 + B) < 1. Thus, it follows from (12) and (37)
that

E{ Vier Grsrie) 6} = (1 + B) Vi (Fi)
= B{& 151 Ok Fas ko Fak ) — (1+ B) VilEape)
= E{(Ak+15€k\k +7ke1 + 2k01) T OLL (A1 + i + Zies1) 1Rk |
= (1 + B) Vi(xkie)
<E{1+ ﬂ)icﬂkﬁ,il O ApFir — (1 + ﬂ)iﬁk@glfck\klick\k}
+ (1 + ﬂil)E{’"1<T+1@/;+11Vk+l|5ck\k} + E{Z1<T+1@1;+112k+1|5€k\k}

=(1+ ,B)IE{&Z‘,([A,{H@,;}IA,(H — O &kl Ere ) + B{ 2t Okt 2k 1k}

Page 14 of 21
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+ (1 + ﬁ_l)E{VkTH@,:&lrkHVCk‘k}

< -no(1 + B) Vilxai) + 7,

12,22
where 7 = %. Accordingly, we know that

]E{Vk+1(55k+1|k+1)|55k|k} = nd(gcklk) +T.

By iteration and %I <O < %I , the following inequality holds:

o -
. _ .0 70
1Boolln* +76 3 0’ = 2 o0 + Tp—

i=0 -

E{|%ukl*} < 1

1D DI

under 0 < 5 < 1. Then it follows from Definition 1 that the stochastic process ¥ is expo-
nentially mean-square bounded. O

Remark 5 By utilizing the stochastic analysis technique, a new sufficient condition under
certain assumption has been given in Theorem 4 to testify the exponentially mean-square
boundedness of the filtering error, which provides a helpful method to evaluate the per-
formance of the proposed optimal variance-constrained filtering scheme.

Remark 6 Note that some effective filtering methods have been presented in [39, 40] for
networked systems with energy bounded noises, where the envelope-constrained Hy, fil-
tering and distributed event-triggered set-membership filtering schemes have been given.
Compared with the results in [39, 40], we have developed a new RVCF algorithm with
performance evaluation under variance-constrained index for addressed uncertain time-
varying nonlinear systems subject to randomly occurring quantized measurements and
stochastic noises with known statistical properties. In particular, it should be noted that
the advantages of the proposed filtering lie in its local optimality in the minimum vari-
ance sense and the online implementations. Moreover, it could be possible to extend the
proposed method to handle the mean-square consensus problem for time-varying multi-
agent systems as in [41], which could be expected in a near future.

5 Anillustrative example
In this section, we use numerical simulations to demonstrate the usefulness of the pro-
posed variance-constrained filtering algorithm.

The system parameters in (1)—(2) are given by

A = 0.6 — 0.6 cos(k) -0.35 B - 0.1
k= 0.5 — sin(k) cos(k)  0.65 + 0.4cos(k) |’ k= 0.1-1.5sin(k) |’
T
F=sin(5k),  Hi=[001 002],

Mk:[0.0S 0.01], Ck=[0.9 0.85].

The state vector is x; = [x1 4 %24]7. The noises wy and vy are zero-mean noises with co-
variances 0.05 and 0.075, respectively.
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Figure 1 y; without and with randomly occurring signal quantization
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Figure 2 State x; 4 and its estimation X xx

The stochastic nonlinearity f(xx, §) is given as follows:

0.3 . .
S, &) = 0.2 [0.2 sign(xy )1 k81 + 0.3 sign(xa o)x 2k ],

where &, (i = 1,2) are zero-mean noises with unity covariances. It is easy to check that
fxx, &) satisfies (5)—(7) with

[o.09 006 004 0
"“10.06 004]| 1o 009
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Figure 3 State x4 and its estimation X2k
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Time(k)

Figure 4 log(MSE1) and its upper bound

The parameters of the logarithmic quantizer are chosen u} = 0.5 and x ! = 0.01. Other
parameters are given by 1 =0.01, &, = 1, £3 = 0.1, g4 = 0.01, &5 = 0.01, g6 = 1, Yk41,1 = 0.68,
@ = 0.59 and Ay = 0.35. From (18)—(19), we can obtain the filter gain at each sampling
step and plot the relevant simulation results in Figs. 1-5 with the initial conditions xy =
Xoj0 = [1.8 2.5]7 and Xojo = 2.5, where MSEi (i = 1,2) denote the mean-square errors for
the estimations of the states x; (i = 1,2).

In the simulations, Fig. 1 plots the measurement outputs with and without randomly
occurring signal quantization. In order to propose the comparison with existing method,
the states are plotted and the state estimations are also provided in Figs. 2—3 based on the
developed recursive variance-constrained filtering method and Kalman filter (KF) strat-
egy. The obtained upper bound and log(MSEi) (i = 1,2) are described in Figs. 4-5, which
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Figure 5 log(MSE2) and its upper bound
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Figure 6 log(MSET1) in different methods

confirm that the upper bound is indeed above the mean-square errors. The log(MSEi)
(i = 1,2) caused by the robust variance-constrained filtering algorithm in this paper and
the KF strategy are shown in Figs. 6-7, in which we can see that the filtering algorithm
presented in this paper possesses smaller error than the conventional KF method.

In addition, for the purpose of illustration of the effects from the randomly occurring
quantization effects, the traces of the upper bounds are depicted in Fig. 8 under different
occurrence probabilities Ax =0.35, A; = 0.85, Ay = 0.95and Ay = 1. From the simulations,
we can see that the filtering algorithm performance can be improved if less quantized
measurements are used in the filter side, i.e., more original measurements are transmitted

to the remote filter and the filtering algorithm accuracy is better.
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Figure 7 log(MSE2) in different methods
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Figure 8 log(trace(Xy)) under different occurrence probabilities

6 Conclusions

In this paper, we have investigated the robust variance-constrained filtering problem for
networked time-varying systems subject to stochastic nonlinearity, randomly occurring
uncertainties and quantized measurements. The phenomena of the randomly occurring
uncertainties and signal quantization have been modeled by a set of mutually independent
Bernoulli random variables. A recursive variance-constrained filtering algorithm has been
proposed, where the filter gain has been designed to minimize the obtained upper bound
of the filtering error covariance. Moreover, we have given a sufficient condition to ensure
the exponential mean-square boundedness of the filtering error. Finally, we have provided
the simulations to demonstrate the validity and feasibility of the obtained filtering algo-
rithm. It should be noted that the effects induced by the stochastic nonlinearity has been
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examined in the conducted topic. When the other types of nonlinearities (e.g. continu-
ous differentiable nonlinearities or Lipschitz nonlinearities) exist in the system model, the
proposed filtering method can also be applicable as long as the Taylor expansion or ma-
trix inequality technique are utilized. Accordingly, the desirable filtering algorithm can be
given along the same lines as provided in this paper.
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