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1. Introduction

The study of multi-point boundary value problems for linear second-order ordinary differential equations was initiated
by II'in and Moiseev [1,2]. Motivated by the study of II'in and Moiseev [1,2], Gupta [3] studied certain three-point boundary
value problems for nonlinear ordinary differential equations. Since then, by applying the cone theory techniques, more
general nonlinear multi-point boundary value problems have been studied by several authors. We refer the reader to
[4-15] and references therein.

The study of dynamic equations on time scales goes back to its founder Hilger [16] and is a rapidly expanding area of
research. A result for a dynamic equation contains simultaneously a corresponding result for a differential equation, one
for a difference equation, as well as results for other dynamic equations in arbitrary time scales. Some basic definitions and
theorems on time scales can be found in the books [17,18]. There are many authors studied the existence of solutions and
positive solutions to m-point boundary value problems on time scales. We refer the reader to [ 19-25]. However, to the best
of the author’s knowledge, there are no results for positive solutions of higher order m-point boundary value problems on
time scales. The aim of this paper is to fill the gap in the relevant literature.

Motivated by Yaslan [26], in this paper, we are concerned with the existence of single and multiple positive solutions to
the following nonlinear higher order m-point boundary value problem (BVP) on time scales:

(=" () =f(t. y(t), teltitn] CT, n€N

m—1
2i+1 2i 2i+1 2i+1
Yt =0, ey () + By () =Dy (W),
k=2

(1)

wherea > 0and 8 > m — 2 are given constants, t; < tp < -+ < tpy—1 < tp,m > 3and 0 < i < n — 1. We assume that
f : [t1, tm] x [0, 00) — [0, 00) is continuous. Throughout this paper we suppose T is any time scale and [t, t;;,] is a subset
of Tsuchthat [ty, tn] ={t€T:t; <t < ty}.
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In this paper, we can write f(t, y(o (t))) instead of f (t, y(t)) in (1). The presence of the sigma operator in f (t, y(o (t)))
does not affect the result.

In this paper, existence results of solutions of BVP (1) are first established as a result of Schauder fixed-point theorem.
Second, we establish criteria for the existence of a positive solution of BVP (1) by using Krasnosel’skii fixed-point theorem.
Third, we use a result from the theory of fixed point index to show the existence of one or two positive solutions for BVP (1).
Fourth, conditions for the existence of at least two positive solutions to BVP (1) are discussed by using Avery-Henderson
fixed-point theorem. Finally, we apply the Leggett-Williams fixed-point theorem to prove the existence of at least three
positive solutions to BVP (1). The results are even new for the difference equations and differential equations as well as for
dynamic equations on general time scales.

2. Preliminaries

We will need the following lemmas, to state the main results of this paper.
Lemma 2.1. If o # 0, then Green’s function for the boundary value problem

2
-y () =0, telty,tl,

m—1
YAt =0,  ay(tm) + By (tm) = Y_y*(t), m=3

k=2
is given by
Hi(t,s), tp <s=<o(s) <ty
Hz(tas)7 t2 5 N S U(s) 5 t37
G(t,5) = 1{: (2)
Hm—Z(L 5)» 2 <SS < U(S) < tm-1,
Hp_1(t,s), tmo1 <S$=<0(S) < tp,
where
—-m+j+1
fm+57]—f, o(s) <t,
H(t,s) = /S—mofl-j—kl
th+ ——— —5s, (s,

o
forallj=1,2,...,m—1.
Proof. It is easy to see that if h € C[ty, ty,], then the following boundary value problem

¥ (O =ht), teltrtal,
m—1

YA =0, aytm) + By (tm) = Y_y*(t), m=3
k=2

has the unique solution

tm ‘3 1 m—1 o (ty) t
y(t) = f <tm —s+ 7) h(s)As — — Z/ h(s)As+f (s — H)h(s)As
t o ®i=Ju f

tm m-2 __ . t t
= f (tm — s+ é) h(s)As — Z w /1+1 h(s)As +/ (s — t)h(s)As.
t1 (o4 [o4 t t

j=1 lj

(i) Lettj <s < o(s) <ty forj=1,2,...,m—2and o(s) < t.Then we have
m—j—1 Cmaian
G(t’s):<tm_5+é)—;+(s—t):tm+u_t'
o o a

(ii) Lettj <s<o(s) <ty forj=1,2,...,m—2and t <s.Then we obtain

o o o

(iii) Assume thatt, 1 <s <o(s) <ty and o(s) < t.Then we get

G(t’s):<tm_5+é)+($—t)=tm+é—t.
a o
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(iv) Assume thatt, 1 <s <o(s) <tyandt <s.Then we have

G(t,s) =tm — S+ E
o

Hence, we obtain (2). O

Lemma 2.2. If « > Oand B > m — 2, then Green’s function G(t, s) in (2) satisfies the following inequality

t—t
G, 5) = ——-Gltm, )

m — 41

fOr (ta S) € [tlv tm] X [th tm]
Proof. (i) Lets € [ty, tp] and o (s) < t. Then we have

G(t,s)  tm+ EmHEL ¢ Lo =t _t-n
G(tm,s) ~ Ammutl " (ST
(ii) Fors € [t, ty] and t < s, we obtain
G(t,s t—t
( ) ) -1 z 1 )
G(tm, S) tm — 6

Lemma 2.3. Let « > O and 8 > m — 2. Then Green’s function G(t, s) in (2) satisfies
0 < G(t,s) <G(s,s)

for (t,s) € [t1, t] X [t1, ti].

Proof. Since @ > 0and 8 > m — 2, Hj(t,s) > Oforallj =1, 2,...,m — 1.Then G(t, s) > 0 from (2).
Now, we will show that G(t, s) < G(s, s).

(i) Lets € [t1, t] and o (s) < t.Since G(t, s) is decreasing in t, G(t, s) < G(s, S).

(ii) Fors € [t1, ty] and t < s, it is obvious that G(t, s) = G(s,s). O

Lemma 2.4. Assume that « > 0, 8 > m — 2 and s € [ty, t;,]. Then Green’s function G(t, s) in (2) satisfies

min ]G(t,S) > K|IG(., 9) I,

teltm—1,tm
where
— 2
K= p-m+ (3)
altn —tp)+B—m+2

and |||l is defined by ||x|| = maXcee,, ¢, [X(0)]-

Proof. Since Green’s function G(t, s) in (2) is nonincreasing in t, we get min;e,, ;4,1 G(t, s) = G(tm, s). Moreover, from
Lemma 2.3 we obtain ||G(., )| = G(s, s) for s € [tq, t;,]. Then we have

G(tm, 5) = KG(s, s)
from the branches of Green'’s function G(t, s). O
If we let G1(t, s) := G(t, s) for G as in (2), then we can recursively define
tm
Gi(t,s) = / Gj—1(t, 1)G(r, s)Ar
f
for 2 <j < nand G,(t, s) is Green’s function for the homogeneous problem
DA () =0, t ety tl,
A2i+l

m—1

2i+1 2i 2i+1
Y) =0, ay* (tn) + By )=y
k=2

(),

wherem > 3and0 <i<n-—1.

Lemma 2.5. Let « > 0, B > m — 2. Green’s function G,(t, s) satisfies the following inequalities

0 < Ga(t,s) <L G, 9)l,  (t,s) € [t1, tm] X [t1, tm]
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and
Gu(t,$) = K"M" UG(, 8)ll,  (t,S) € [tmots tm] X [t1, tm]

where K is given in (3),

tm
L:/ IG(., s)|As > 0 (4)
f
and
tm
M= / IG(., s)||As > O. 5)
tm—1

Proof. Use inductiononn and Lemma2.4. O

Lemma 2.5 has a very important role in the paper and therefore we will assume that > 0 and 8 > m — 2 throughout
the paper.
(1) is equivalent to the nonlinear integral equation

tm
y0 = [ Gt 9r .y s (6)
f
Let 8 denote the Banach space C[t;, t,] with the norm ||y|| = maXe(t, ¢, [y(t)|. Define the cone P C 8B by
) KﬂMn—l
P = {y €B:y(t) =0, min y(t) = —— IIyII} (7)
teltm—1,tm] L

where K, L, M are given in (3)-(5), respectively. We can define the operator A : P — B by

tm
a©) = [ Gt 6.y, ®)
5|
where y € P. Therefore solving (6) in P is equivalent to finding fixed points of the operator A.
Ify € P, then Ay(t) > 0 on [ty, t,] and by Lemma 2.5 we get

min Ay(t) = /m min ]Gn(f,S)f(SJ(S))AS

t€ltm—1.tm] t€ltm—1.tm

KnMn71 tm
Z o f Jmax [Gn(t, $)|f (5, y(s)) As
t1 €[t1,tm]
npgn—1
= ?HAHL

Thus Ay € P and therefore AP C P.

Theorem 2.6 (Arzela-Ascoli Theorem). A set X C Cla, b] is relatively compact if and only if the following two conditions are

satisfied.

(a) The set X is bounded in C[a, b], that is ||y|| < c forally € X.

(b) For any given ¢ > 0, there exists § > 0 depending only on ¢ such that foranyy € X and t1, t; € [a, b] with |t; — t5| < 6,
ly(t1) —y()| < e

It can be shown that A : P — P is a completely continuous operator by a standard application of the Arzela-Ascoli
theorem.

In order to follow the main results of this paper easily, now we state the fixed point theorems which we applied to prove
main theorems.

Theorem 2.7 (Schauder Fixed Point Theorem). Let B be a Banach space and § a nonempty bounded, convex, and closed subset
of B.Assume that A : B8 — B is a completely continuous operator. If the operator A leaves the set $ invariant, i.e. if A(8) C 4,
then A has at least one fixed point in 4.

Theorem 2.8 (/27] Krasnosel'skii Fixed Point Theorem). Let E be a Banach space, and let K C E be a cone. Assume that £2; and
§2, are open bounded subsets of E with 0 € $21, 21 C £2,, and let

A:KN(2,\£27) - K

be a completely continuous operator such that either
(1) lAull < [lul for u € K N 3£2y, ||Aul| > |lu]l for u € K N 852;;
or
(i) ||Aul| = flu|| foru € K N 982y, ||Au|| < |lu|| for u € K N 382, hold. Then A has a fixed point in K N (£2; \ £21).
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Definition 2.9. Remember that a subset K #  of X is called a retract of X if there is a continuous mapR : X — K, a
retraction, such that Rx = x on K. Let X be a Banach space, K C X retract, 2 C K open and f : £2 — K compact and such
that Fix(f) N 052 = (. Then we can define an integer ix (f, §2) which has the following properties.

(a) ix(f, 2) = 1forf(2) € £2.

(b) Let f : 2 — K be a continuous function and assume that Fix(f) is a compact subset of £2. Let £2; and §2; be disjoint
open subsets of 2 such that Fix(f) C §2; U £2,. Then we obtain ix (f, £2) = ix(f, £21) + ik (f, £22).

(c) Let G be an open subset of K x [0, 1] and F : G — K be a continuous map. Assume that Fix(F) is a compact subset of G.
IfG = {x: (x,t) € G} and F; = F(., t), then we have ix (Fy, Go) = ix(F1, Gy).

(d) If Ky C K is aretract of K and F(2) C Ky, then i (F, 2) = ix, (F, £2 N Ko).

We will apply the following well-known result of the fixed point theorems to prove the existence of one or two positive
solutions to (1).

Lemma 2.10 ([27,28]). Let P be a cone in a Banach space B, and let D be an open, bounded subset of B withDp :==DNP # §
and Dp # P. Assume that A : Dp — P is a compact map such that y # Ay for y € dDp. The following results hold.

(1) If lAyll < llyll for y € 9Dp, thenip(A, Dp) = 1.
(i) Ifthere existsa b € P\ {0} such that y # Ay + Ab forally € dDp and all A > O, then ip(A, Dp) = 0. B
(iii) Let U be open in P such that Up C Dp. If ip(A, Dp) = 1 and ip(A, Up) = O, then A has a fixed point in Dp \ Up. The same
result holds if ip(A, Dp) = 0 and ip(A, Up) = 1.

Theorem 2.11 ([29] Avery-Henderson Fixed Point Theorem). Let P be a cone in a real Banach space E. Set

P(¢p,r) ={ueP:p) <r}.

Assume that there exist positive numbers r and M, nonnegative increasing continuous functionals 1, ¢ on P, and a nonnegative
continuous functional 6 on P with 6(0) = 0 such that

¢) <0@w) <n() and |lul <Me¢(u)
forallu € P(¢, r). Suppose that there exist positive numbers p < q < r such that
O(Au) < AB(u), forall0 <A <1landu e dP(0,q).

If A: P(¢, r) — Pisacompletely continuous operator satisfying

(i) ¢(Au) > r forallu € oP(¢, 1),
(ii) 6(Au) < qforallu € oP(0, q),
(iii) P(n, p) # ¥ and n(Au) > p forallu € oP(n, p),

then A has at least two fixed points uy and u, such that
p <n(uy) withf(uy) <qandq < 6(uy) withg(uy) <r.

Theorem 2.12 ([30] Leggett-Williams Fixed Point Theorem). Let P be a cone in a real Banach space E. Set
P:={xeP:|x| <r}
P(Y,a,b) :={xeP:a=<y®, x| <b}

Suppose A : P, — P, be a completely continuous operator and ¥ be a nonnegative continuous concave functional on P with
Y (u) < ||u|| forallu € P,. If there exist 0 < p < q < | < r such that the following conditions hold:

() {ueP@®,q,D): ¥ > qt #Vand ¥ (Au) > qforallu € P(¥, q, 1);
(i) |Aull < pfor |lull < p;
(iii) ¥ (Au) > qforu € P(yr, q, r) with ||Au|| > 1,
then A has at least three fixed points uy, u, and us in P, satisfying

lurll{p, ¥ (u2))q, p < llusll with ¥ (u3) < g.

3. Main results

Theorem 3.1. Assume o > 0, 8 > m — 2. Let there exist a number R > 0 such that NL" < R, where N > maxy <z If (¢, y(t))],
for t € [tq, tm] and Lis as in (4). Then BVP (1) has at least one solution y(t).

Proof. Using the Schauder fixed point theorem, the proofis very similar to the proof of Theorem 1in [26] and is omitted. O
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Theorem 3.2. Assume o > 0, 8 > m — 2. In addition, let there exist numbers 0 < r < R < oo such that

1 .
ft,y) < 4 fo<y<r

and
n—1

ft.y) >

for t € [ty, tm], where K, L, M are as in (3)-(5), respectively. Then BVP (1) has at least one positive solution.

o), FR=y<o
Proof. Let us now set

={yeP:lyl <r}
Ify € P N 0£24, then from Lemma 2.5 we obtain

tm
Ay (o) / Galt, ) (5. Y(5)) As

t
tm

1
— Gu(t, $)y(s)As
“u ) n(t, $)y(s)

1 tm
< Znyn/ 1GC, 5)llAs
5]

= |yl

fort € [ty, ty]. Thus, we get ||Ay|| < |ly|| fory € P N 9£2;.
If we let

Ln—l
2, = {y eP: |yl < R}

Knpmn—1
then fory € P with |y|| = K"M” 1R we have
npgn—1
YO =z —5 lyll =R

fort € [ti, ty]. Therefore from Lemma 2.5, we have

Ay(t)

tm
/ Galt, $)f 5. y(5)) As

|
Lnfl

tm
> W/ Gn(t,s)y(S)AS

tm—1

tlTl
o WY1 / Galt, $)As

Iyl

Hence, ||Ay|| ||y|| fory € P N 3£2,. Thus, by (i) of Theorem 2.8, A has a fixed point in P N (£, \ £2;), such that
r<|yl < R. Therefore, BVP (1) has at least one positive solution. O

%

ann Mn—1
Now we will investigate the existence of one or two positive solutions for BVP (1) by using Lemma 2.10.
For the cone P given in (7) and any positive real number r, define the convex set

Po={yeP:|yll <r}

and the set
2, ={yeP: [mm y(t) < er}
tm—1,tm]
where
I(T!Mn—]
e=——¢€(0,1 (9)

Ln—l
and K, L, and M are defined in (3)-(5), respectively. The following results are proved in [28].
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Lemma 3.3. The set $2, has the following properties.

(i) £2; is open relative to P.

(ii) Per C £2: CP;
(iil) y € 082, if and only if minge(r, 6, Y(t) = er.
(iv) If y € 082, thener <y(t) <rfort € [tm_1, tm].

For convenience, we introduce the following notations. Let

t,
= min{ min [y 1y € [er, r]}
teltm—1.tml
t
fy = max{ max ey :yelo, r]}
telty,tm] T
f&,y

f%:=limsup max
y—a teltitm] Yy

t,
f o= liminf min 0¥

y—=>a  teltm—1,tml y

(a:=0", 00).

In the next two lemmas, we give conditions on f guaranteeing that ip(A, P,) = 1 orip(A, £2;) = 0.

Lemma 3.4. Let « > 0and B > m — 2. For L in (4), if the conditions

1
fo = onoand y#Ay fory e op,
hold, thenip(A, P;) = 1.

Proof. Ify € dP,, then using Lemma 2.5, we have

tm
Ay(t) = / Gn(t, $)f (s, y(s)) As

f

IA

||f(~,y)||L’H/m IGC.. 5)[[As

5]

r n
L—nL =r =yl
It follows that ||Ay|| < ||y|| fory € dP,. By Lemma 2.10(i), we get ip(A, P;) = 1.

Lemma 3.5. leto > 0, 8 > m — 2 and

tm -1
N = / min  Gu(t, s)As .
tm—1 teltm—1,tml

If the conditions
fi, = Ne and y#Ayfory e dg,
hold, then ip (A, $2;) = 0.

O

745

(10)

Proof. Let b(t) = 1fort € [ty, ty], then b € 0P;. Assume that there exist yo € 02, and 1o > 0 such that yo = Ayg + Aob.

Then for t € [t;;,_1, t;y] we have

tm
Yo(t) = Ayo(t) + Agb(t) > f Gn(t, $)f (s, Yo (s)) As + Ag
tm—1

tm
> Ner / min  G,(t,s)As+ Ag
tm—1

teltm—1.tm]

= er + Ag.

But this implies that er > er + X, a contradiction. Hence, yg # Ayo + Aob for yy € 92, and A¢ > 0, so by Lemma 2.10(ii),

we getip(A, £2,) =0. O

Theorem 3.6. Assume that « > 0and 8 > m — 2. Let L, e, and N be as in (4), (9), (10), respectively. Suppose that one of the

following conditions holds.
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(C1) There exist constants c1, ¢5, c3 € Rwith0 < ¢; < ¢ < ec3 such that

1
9 fS > Ne, f,? fL—n, and y # Ay fory € 9P,,.

eci’Jecy =
(C2) There exist constants cy, ¢, c3 € Rwith0 < ¢; < ecy and ¢, < c3 such that

1
L f? < —,f2 >Ne, and y#Ayforye ds2,.

= n ec; —

Then (1) has two positive solutions. Additionally, if in (C2) the condltzonf
positive solution in P,.

is replaced by f then (1) has a third

= Ln Lnr
Proof. Assume that (C1) holds. We show that either A has a fixed point in 92, orin P, \ﬁcl. Ify # Ay fory € 052, then
by Lemma 3.5, we have ip(4, £2;,) = 0. Since foc2 < Lin andy # Ay fory € 9P, from Lemma 3.4 we get ip(A, P;,) = 1.
By Lemma 3.3(ii) and ¢; < ¢, we have §c1 - ﬁq C P,. From Lemma 2.10(iii), A has a fixed point in P, \ ﬁq. Ify # Ay
fory € 082, then ip(A, £2;;) = O from Lemma 3.5. By Lemma 3.3(ii) and ¢, < ec3, we get Ez C Pe; C $§2¢,. From
Lemma 2.10(iii), A has a fixed point in £2., \ Ez. The proof is similar when (C2) holds and we omit it here. O

Corollary 3.7. Assume that « > 0and B > m — 2. Let there exist a constant ¢ > 0 such that one of the following conditions
holds.

(HD) N < fo.foo < o, f§ < frandy # Ay for y € P
(H2) 0 <f% f> < ¢ > Ne,andy # Ay for y € 352,.

L”' ec —

Then (1) has two positive solutions.
Proof. Since (H1) implies (C1) and (H2) implies (C2), the result follows. O

As a special case of Theorem 3.6 and Corollary 3.7, we have the following two results.

Theorem 3.8. Let « > O and 8 > m — 2. Assume that one of the following conditions holds.
(C3) There exist constants ¢y, ¢; € Rwith 0 < ¢; < ¢, such that

f@d = Ne and f;* <

=
(C4) There exist constants ¢y, c; € Rwith 0 < ¢; < ec; such that

€1 1 c
f! < o and f,2 > Ne.

Then (1) has a positive solution.

Corollary 3.9. Let « > 0 and § > m — 2. Assume that one of the following conditions holds.
(H3) 0 <f® < randN < f < oc.

(H4) 0 <f° < r andN < fy, < oo.

Then (1) has a positive solution.

Now we will give the sufficient conditions to have at least two positive solutions for BVP (1). The Avery-Henderson fixed
point theorem will be used to prove the result.

Theorem 3.10. Assume o > 0, 8 > m — 2. Suppose there exist numbers 0 < p < q < r such that the function f satisfies the
following conditions:

(i) f(t,y) > gy for t € [tm—1, tn]landy € [r, §
(i) f(t,y) < {k for t € [ty, ty] andy € [0, 1];
(iii) f(t,y) > g for t € [tm_1, tm] and y € [ep, p],
where K, L, M, and e are defined in (3)-(5) and (9), respectively. Then BVP (1) has at least two positive solutions y; and y, such
that

p < max y(t) wzth max y1(t) <q
telty,tm] tm—1,tml

g< max y,(t) wzth min yz(t) <r.
teltm—1.tm] teltm—1.tml
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Proof. Define the cone P as in (7). From Lemma 2.5, AP C P and A is completely continuous. Let the nonnegative increasing
continuous functionals ¢, 6 and n be defined on the cone P by

oWy = mint Iy(t), 0y) = max y(t) nQy) = max y(©).

teltm—1.tm €ltm—1.tm] [t1,tm]

For eachy € P, we have

oY) <0y <ny)
and from (7)
Wl < 26).
e

Moreover, 6(0) = 0and forally € P, A € [0, 1] we get O(Ay) = A6 (Y).
We now verify that the remaining conditions of Theorem 2.11 hold. O

Claim 1. If y € 0P(¢, r), then ¢(Ay) > r: Sincey € dP(¢, r), we have r = mineery, ;6,1 V(&) < Yl < gfort € [tm-1, tm]-
Then, using hypothesis (i) and Lemma 2.5 we obtain

m—1.tm

$(Ay) = / T min Gl 9. Y6 A

tm

> I<”M”“/ IGC., )1 f (s, y(s))As
tm—

> T. 1

Claim2. If y € 0P(6, q), then (Ay) < q:sincey € 9P(0,q),0 < y() < |yl < gfort € [ty, tm]. Thus, by hypo-
thesis (ii) and Lemma 2.5 we have

tm
0(Ay) = / cnax, | Gu(t, $)f (s, ¥(s)) As
3]

Eltm—1.tm]

< / " 1G9 F (5, y(s)) As

t

< (.

Claim 3. P(n,p) # @ and n(Ay) > pforally € oP(n, p): since% € Pandp > 0,P(n,p) # @.If y € dP(n, p), we get
ep < y(t) < |yl =pfort € [tm_1, tm]. Hence, using hypothesis (iii) and Lemma 2.5 we obtain

\%

tm
n(Ay) _/ Gn(t, $)f (s, y(s)) As

3]

v

tm
K / 1GC. )If (5. () As
t

m—1

> p.
Since the conditions of Theorem 2.11 are satisfied, BVP (1) has at least two positive solutions y; and y, such that

p< r[nax y1(t) with [max y1(t) <q

te[ty,tm] tm—1,tm]
g< max y(t) with min y,(t) <r. O
teltm—1,tml t€ltm—1.tm]

Now, we will apply the Leggett-Williams fixed point theorem to prove the following theorem.

Theorem 3.11. Let ¢ > 0, 8 > m — 2. Suppose that there exist numbers0 < p < q < g < r such that the function f satisfies
the following conditions:

(i) f(t,y) < wfort €[tr,tulandy € [0, 1],

(ii) f(t,y) > g for t € [tm—1, tnl and y € [q, 1],
(iii) f(t,y) < L%fort € [t1, tm] andy € [0, p],
where K, L, M, and e are as defined in (3)-(5) and (9), respectively. Then (1) has at least three positive solutions y1, y, and y3
satisfying

max y1(t) <Dp, g< min y,(t), p< ter[rtlaf]y3(t) with e[mm y3(t) <q.

telty,tml €ltm—1,tm] 1.tm tm—1,tm]
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Proof. Define the nonnegative continuous concave functional ¥ : P — [0, 00) to be ¥ (y) := minse(t,, ;4,1 Y(t) and the

cone P as in (7). Forally € P, we have ¢/(y) < |ly|l.Ify € P,,then0 < y < rand f(t,y) < LLH from hypothesis (i). Then
we get

tm
Ayl = / max G,(t, s)f (s, y(s)) As
¢ teltrim]

IA

tm
UH/ IGC, )N f(s,y(s)As

5]
<r

by Lemma 2.5. This proves that A : P, — P;.
SinceK < 1and ¥ < 1,y(t) = ¢ € P(y,q, ) and ¥(!) > q. Then{y € P(¥,q, %) : ¥(y) > q} # 0. Forall
yePW,q, g), we have g < minge, ;6,1 Y(®) < Yl < g fort € [tym—_1, tm]. Using hypothesis (ii) and Lemma 2.5, we find

tm
¥ (Ay) =f te[miﬂ ]Gn(t,s)f(s,y(s))As

t tm—1,tm

tm

> Ko f 1GC. )11 £ (5, y(s)) As
tm—

> (. 1

Hence, condition (i) of Theorem 2.12 holds.
If |yl < p,thenf(t,y) < J fort € [t1, t,] from hypothesis (iii). We obtain

tm
Ayl = / max Gu(t, )F (5. y(5)As
tE[[],fmJ

t

tm
< f 1GC, )11 £ (5, y(s)) As

t

< p.

Consequently, condition (ii) of Theorem 2.12 is satisfied.
For condition (iii) of Theorem 2.12, we suppose thaty € P(y, q, r) with ||Ay|| > % Then, from Lemma 2.5 we obtain

npgn—1
Ay) = in A >—IA .
v (Ay) in y(t) = T Ayl > q
This completes the proof. O
Using the ideas in the proof of the above problem, we can establish the existence of an arbitrary odd number of positive
solutions of (1).
Theorem 3.12. Let @ > 0, 8 > m — 2. Suppose that there exist numbers

0<p1<q1<qf1§pz<qz<qf2§p3<~~§pn, ne2s3, ...
e e

such that the function f satisfies the following conditions:

(i) f(t,y) < & for t € [ty, tn] and y € [0, pi],

(ii) f(t,y) > iz for t € [tm_1, tm]l and y € [q;, %],

where K, L, M, and e are as defined in (3)-(5) and (9), respectively. Then m-point BVP (1) has at least 2n — 1 positive solutions.

Proof. Use inductiononn. 0O

Example 3.13. Let T = {(%)" :n € No} U {0}. Consider the following boundary value problem on T:

4 2(y +5)2
yA (r)=7y4+4, te[o,uc'fr1 1
A _ A _ A AN
y7(0)=0, y(1)+3y°(1) =y (27>+y <9>,

WOy =0 y¥1)+3y¥ 1) =y~ () +y (1> :
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2
wheret; =0,t, = 5,5 =5,4=1=a,f=3,n=2,m=4andf(t,y) = 2;{,%54). Green’s function G(t, s) is

Hi(t,s), 0<s=<o(s) <

- 27
1 1
G(t,s) = { Ha(t, s), Essso(s)fg,
Hs(t, s), %5550(5)51,
where
Hi(t,s) = 3:; ta(fs)f L
Hy(t,s) = ;:g f(_j)ft’
and
Hyts) =1y o O

Then we obtainK = §,L =12, M =4ande = 35.
Ifwetakep = 1,g = 1.5andr = 3,then 0 < p < q < r and conditions (i)-(iii) of Theorem 3.10 are satisfied. Hence,

the BVP has at least two positive solutions y; and y, satisfying

p < max y;(t) with max y;(t) <gq
te[0,1] te[%,l]

g < max y,(t) with min y,(t) <r.
te[$.11 tel§.1]

If wetakep = 0.5, = 1landr = 5.5,then0 < p < q < g < r and conditions (i)-(iii) of Theorem 3.11 are satisfied.
Hence, the BVP has at least three positive solutions y1, y, and y3 satisfying

max y;(t) < p, g < min y,(t), p < max y3(t) with min ys3(t) < q.
te[0,1] te[%,l] te[0,1] te[%,l]

If we take p; = 0.01,q; = 0.02,p, = 0.098,q, = 0.1,p3 = 0.48,q3 = 0.5and p, = 5.5then0 < p; < q; < %1 <

P2 < < %2 <p3<qs< "?3 < p4 and conditions (i), (ii) of Theorem 3.12 are satisfied. Thus, the BVP has at least seven

positive solutions.
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