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Power Flow Efficiency of Linear

and Nonlinear Physical Systems

Roberto Zanasi, Davide Tebaldi

Abstract— In this paper, an analytical procedure to derive the
efficiency of linear and nonlinear physical systems is presented.
This procedure allows to compute the efficiency map both on
the plane of the input power variables and on the plane of
the output power variables. Additionally, the paper highlights
the parameters to be adjusted in order to enlarge the high-
efficiency region of the system. The presented procedure can
also be used in conjunction with a least square algorithm in
order to estimate the unknown parameters of the considered
physical system. The effectiveness of the procedure has been
tested in Matlab/Simulink to estimate the parameters of an
actual PMSM electric motor. The obtained results show a very
good matching between the actual and the estimated efficiency
maps.

I. INTRODUCTION

The concept of efficiency is much appreciated in the
world of industry as it is intuitive and allows the user to
determine the cost, in terms of dissipated power, related to
the introduction of a specific physical element within the
overall system. Industries typically use simplified methods
to derive the average efficiency of a physical system, and
usually the computed efficiency refers only to a particular
operating point. In this paper, the problem of the power
flow-based efficiency of a physical system is addressed as
a general case, and the analysis is applied to both linear
and nonlinear systems. The presented procedure shows the
most efficient operating regions for the considered physical
system, thus providing an insight of how the overall per-
formance of the system can be improved. In the paper, the
presented procedure is applied to three practical case studies:
a DC electric motor, a mechanical gear transmission system
and a Permanent Magnet Synchronous Motor (PMSM). The
presented analysis can also be used to identify the unknown
parameters of the considered system if its efficiency map
on the output plane is given. This identification method has
been applied in this paper to the PMSM case study. The same
problem has been addressed, for example, in [1] and in [2].
In [1] the authors propose a technique to identify the motor
parameters by trying to adaptively minimize the current
vector error between the considered model and the actual
system. In [2] the authors estimate the motor parameters by
using a 2"%-order Extended Kalman Filter. In this paper, a
new method which allows to identify the motor parameters
by trying to minimize the mean squared error between the
efficiency points on the actual and estimated efficiency maps
is presented. Finally, the presented method has been used to
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estimate the unknown parameters of an industrial three-phase
electric motor: the obtained good matching between the
actual and estimated efficiency maps shows the effectiveness
of the proposed method.

II. EFFICIENCY OF LINEAR SYSTEMS

Let us consider a linear dissipative system H(s) charac-
tetized by two power sections, see Fig. 1. Let (y1,u1) and
(y2,uz2) denote the power variables of the input and output
sections, and let us suppose the positive directions of the

YL e | o Y2 .
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Fig. 1. Linear system H(s) characterized by two power sections.

power vatiables to be chosen in such a way that the power
flow Py = uqy; is positive if it is entering the system and
power flow Po = ugys is positive if it is exiting the system.
The POG (standing for Power-Oriented Graphs, see [3]) state
space equations of the considered linear system are:

{L)’(:Ax+Bu [ul] [yl
, ¥y =
Y2

y = Cx + Du -
The transfer matrix H(s) can be determined as follows:
H(s) =C(Ls—A)'B+D.

In steady-state condition, matrix H(s) can be replaced with
the static gain matrix Hy:

U2

Hy = H(s)|,_, = ~CA'B+D. )
Let vectors y, u and matrix Hy be denoted as follows:
| _|a b Uy
-l L] e
—_—— ~—

y Hy u
When det(Hp) # 0, relation (2) can be graphically repre-
sented as shown in Fig. 2. System H(s) is dissipative if the
total power flow Pj, entering the system is positive:

Py =P — Py = w1y1 — ugy2 = [u1 —uz | [Zyjj >0 (3)
By using (2) and (3), power P;, can be expressed in the

following way:

P :[u1u2][ u

@ b} [ul} =u"H,u>0
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Graphical representation of relation (2) when det(Hg) # 0.
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Fig. 2.

One can easily prove that power P;, is positive if:

a>0, d>0, det(Hp) =ad+bc>0. (4

When det(H,) = 0, power P, is equal to zero and
the system exhibits internal steady-state conditions without
dissipations.

A. Definition of power flow efficiency

Definition. The “power flow efficiency” E(t) of a system
having the structure shown in Fig. 1 is defined as follows:

~ua(t) ya(t)
B0 = o ®

Relation (2) can also be expressed as follows:

d 1 a 1
e I e 2 I A B e B
] =less ][] )=l 0

From (5) and (6), one can observe that the efficiency of
the system only depends on coefficients a, b, ¢, d which ate
present within the static gain matrix Hy, see (2). From this
observation, the following important property that applies to
all physical systems can be derived.

Property 1: The efficiency of a physical system is not
affected by the dynamic elements present within matrix L.

By substituting (6) in (5), one obtains the following two
equivalent ways of expressing efficiency F(t):

2

_ C™ U2 Y2
E(y2, uz) = ust ) [(@d+ bz +ays
By uy) = Z0atydllad+boum —dy] o

b2 ur 1
From (7) and (8), it follows that E(t) can be given in two dif-
ferent equivalent ways: by plotting function F(ya, u2) on the
plane of the output variables (y2,u2), ot by plotting function
E(y1,u1) on the plane of the input variables (y1, u1).

B. Efficiency of linear systems on input and output planes.

Property 2: The efficiency E(t) of a linear system is
constant along straight lines exiting from the origin of the
output plane (ya, uz):

Uz =y Y2, v € [0, od] ©)

and reaches its maximum value E* for:

a

dadren (19

’y:

Efficiency map on the plane (y2, u2)

Output variable ug

Fig. 3. Efficiency map shown on the plane of the output variables (y2, u2).

Proof. By substituting (9) in (7), it is possible to express
E(t) as a function of parameter 7:
2y

E®) = G i D d+097 14

Efficiency E(7) in (11) can also be rewritten as follows:

{B =2ad+cbh
where (12)

=E()  ay

02
E(y)= 1

a4+ By+ 592 d=d(ad+cb)

By deriving E(7y) with respect to , one obtains:
OB(y) _ _*a=07%)
oy (at+By+697)%

85727) = 0, that is when

Efficiency E(7) is maximized when
v = \/%. By using J from (12), one ditectly obtains relation

(10). O
By means of (11), one obtains the maximum efficiency E* =
E(y):
02 a 2
E'=E() = ki

5 - C
at B30 (\/5) 2Vai+p
By exploiting (12), E* can also be expressed as follows:
2

c
~ 2/ad(ad+cb) +2ad + cb
:c(\/adJrc *\/@):C(\/l""%i—l) (13)
b(\/m—kx/@) b( /1_1_@073_;'_1)

Moreovet, by using (4) one can easily prove that E* in (13) is
always less than 1, thatis: £* < 1. Fig. 3 shows an example,

*

where the efficiency of a linear system H(s) characterized
by parameters a = 0.2, b = 0.6, ¢ = 0.8, d = 0.1 and
Praz = 100W is reported on the output plane (Yo, uz) .
The values of v* and E* are: v* = 2 and E* = 0.8889.

Property 3: The efficiency E(t) of a linear system is
constant along straight lines exiting from the origin of the
input plane (y1,u1):

ur = ayi, a € [0, oo (14)
and reaches its maximum value E* for:
S B—— (15)
o= =«
alad+bc)
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Efficiency map on the plane (y1, u1)
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Fig. 4. Efficiency map shown on the plane of the input variables (y1, u1).

Proof. By substituting (14) in (8), it is possible to express
E(t) as a function of parameter a:

(1—aa)[(c2;i+bc)a—d} (16)

Efficiency E(«a) in (16) can also be rewritten as follows:

E(t) = E(a)

—d —na? =2ad+cb
E(a)= M where 17 17
b2« n=alad+bc)
By deriving F(«) with respect to «, one obtains:
OE(a)  (d—na?)b?
oa  (b2)?

Efficiency E(«) is maximized when 6%_((;4) = 0, that is when
o= %l. By using 1 from (17), one directly obtains relation
(15). O

By means of (16), the maximum efficiency E* = E(a*) is:

ey VWD 5o
E* =FE(a") = b2\/g = b2
n

By using (17), E* = E(a*) can also be expressed as:

. 2ad+cb—2\/ad(ad+cb)
B = b2

:c(\/ad+c —\/EZ)ZC(\/1+§_Z_1) (18)
b(\/er\/@) b( /1+;_(b1+1)

Obviously, the maximum efficiency value E* obtained in
(18) coincides with the maximum efficiency value E* ob-
tained in (13). Moreover, slopes o and 7 are related as
follows:

dy+1 aa — 1 (19)
a=——— =
(ad+be)yy+a’ K d—alad+bc)
Fig. 4 shows the efficiency of the same linear system H(s)
considered in Fig. 3 reported on the input plane (y1, u1) .
In this case, it is: * =1 and E* = 0.8889.

IITI. EFFICIENCY OF NONLINEAR SYSTEMS

Two different cases will be considered: A) a linear system
H(s) with additional nonlinear terms; B) a full nonlinear
system x = f(x, u).

Fig. 5. Linear system H(s) with additional nonlinear friction terms.

Efficiency map on the plane (y2, u2)

Output variable us

Ou!tput szriable qu

Fig. 6. Efficiency map on plane (y2, u2) in presence of nonlinearities.

A. Linear system H(s) with additional nonlinear terms

The block scheme shown in Fig. 5 describes a linear
system H(s) with additional nonlinear friction terms. The
structure of nonlinear functions f1(y1) and fa(y2) is sup-
posed to be the following:

fi(y1) = besgn(yi)+bar yi,  fo(y2) = beasgn(yo)+baz -

The efficiency of the overall nonlinear system, having
(y1,u1) and (y2,u2) as input and output power sections,
can be expressed as follows:

1) Efficiency on the output plane (Yo, us):

E(yg u2) _ U2 Y2 _ U2 Y2
’ uryr (U + filyr))

where
_ 1

{m} _ <

| ad+be a

Y1 = 2

2) Efficiency on the input plane (y1,u1):

+ ol

] [W} Uy = uz + fa(y2).  (20)
Y2

Uz Yo uz — f2(Y2)) y2
By, uy) = 222 _ (2 — fa(y2)) y
Ui Y1 U1 Y1
where
2 b b 1 _
= d+bc. d |: :|, Ulzul_fl(yl)'
Y2 %,—3 Y1

By teferring to the linear system H(s) defined in Sec. II-
B and introducing nonlinear friction coefficients b,y = 0.6,
beo = 0.9, bgg = 0.02 and bge = 0.03, one obtains the
efficiency maps on planes (y2, u2) and (y1, u1) shown in
Fig. 6 and Fig. 7, respectively.
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Efficiency map on the plane (y1, u1)
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Fig. 7. Efficiency map on plane (y1, u1) in presence of nonlinearities.
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Fig. 8. Nonlinear system x = f(x, u) with nonlinear friction terms.

B. A full nonlinear system x = f(x,u).

The block scheme shown in Fig. 8 describes a nonlinear
system in presence of additional nonlinear friction terms.
In steady-state condition, the considered nonlinear system is
described by the following nonlinear static equations:

0= f(Xssa ﬂla ﬁ2)

|: yl :| = g(xssvﬁ17ﬂ2)
Y2

e

The first equation 0 = f(Xs, U1, U2) must be solved with
respect to the internal state space vector Xgs = (@, ).
By using X, the output nonlinear equation of system (21)
can be expressed as follows:

{yl ] = g(f' (a1, u2), Uy, Uz).
Y2

This system consists of two nonlinear static equations which
are function of the four power variables 41, Y1, Uz and ys.
By solving this nonlinear system with respect to (1 ,y1) and
(t2 ,y2) one obtains, respectively, the following solutions:

{ﬁl] _|p1(a2,y2) |:@_L2:| 2@, y1) 22
g a1 (2, y2) | Y2 q2(u1,y1)

The efficiency of the overall nonlinear system can be ex-
pressed in the following ways:

1) Efficiency on the output plane (Y2, u2):

U292 _ U2 Y2

uwryr (U + fi(y))

where @ =p1 (U2, y2), y1=q1(U2,y2) and Uz =uz + f2(y2).
Functions p1 (@2, y2) and ¢1 (U2, y2) are defined in (22).

E(y27u2) =

2) Efficiency on the input plane (y1,u1):

(a2 — f2(y2)) yo
U1 Y1

u
sl = 22

where U =pa (U1, Y1), Y2 =q2(01,y1) and t =u1 — f1(y1).
Functions pa(@1,y1) and ¢a(l1,y1) are defined in (22).

IV. SIMULATION RESULTS

A. Efficiency of an electric DC motor.

Consider the POG block scheme of an electric DC motor
shown in Fig. 9. The parameters of the system have the
following meaning: L is the stator inductance, R is the stator
resistance, J is the rotor moment of inertia, B is the rotor
linear friction coefficient and K is the torque constant of
motor. The POG state space equations of the system are the

P n
| E\ | |
1% K e 1 > W
| | | |
| | | |
| | | |
\ 1 \ \ 1 \
| | | |
| R+ Ls | | B+ Js |
| | | _ |
| | | |
| | | |
le Y o |
I > K 'i' &
Fig. 9. POG block scheme of an electric DC motor.
following:
L I1 [-R-K][I L[roqf[v
J w| | K -B w 0-1 T
—— . e — T
L x A x B u
10 00
—— ——
C D

Matrix Hy, for the considered electric DC motor, is:

B K
RB+K? RB+K? @ b
0_ =
K —R c —d
RB+K? RB+ K?
Parameters a, b, ¢, d defined in (2) are the following:
B K R
a/:i, :720, dzi
R B+ K? RB+ K? R B+ K?

In this case, the maximum efficiency E*, see (18), is:

* (V”*Kl) (VITa-1) K®

E*= = where ¢ = ——.

( 1+K2+1) (VI+a+1)

RB

Efficiency E*(q) of the electric DC motor as a function of
parameter q is shown in Fig. 10. From the figure, it is evident
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Efficiency E*(g) of the electric DC motor
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Fig. 10. DC motor efficiency E*(g) as a functions of parameter g.

Efficiency map on plane (w, T)

Output variable 7

6utput variable w

Fig. 11. Efficiency map of the DC motor on the output plane (w, 7).
that:
E*(q) >0.8 if ¢>81.6 <« K?2?>81.6RB
E*(q) >0.85 if ¢>152 <& K?>152RB
E*(q) >09 if ¢>36l6 < K? > 361.6 RB
E*(q) > 095 if ¢>1522 & K? > 1522 RB

From (10), it is known that on the plane of the output
variables (w, 7), the maximum efficiency E*(q) is obtained
for the following slope:

B(RB+ K?) e
e JPEBERT _p i B BTt
g R *RB ta

Consequently, for constant ¢ (i.e. constant maximum effi-
ciency E*), the optimal slope y* is proportional to coefficient
B: DC motors characterized by a large value of B are
suitable for working in high torque-low speed operating
regions, whereas DC motors characterized by a low value
of B are suitable for working in low torque-high speed
operating regions. The efficiency map of the DC motor on
the plane of the output variables (w, 7) is shown in Fig. 11.

B. Efficiency of a mechanical gear transmission.

Let us consider the POG block scheme shown in Fig. 12
describing the dynamics of a mechanical gear transmission
system. The parameters of the system have the following
meaning: Ji, by and R; are the moment of inertia, the
linear friction coefficient and the radius of the first gear,
respectively. Equivalentdy, Ja, ba and Ry are the moment
of inertia, the linear fricion coefficient and the radius of
the second gear, respectively. Finally, K is the stiffness of
the spring acting in between the two gears. The state space

Py Py
— —
ey
| | | | | |
| | | | | |
\ 1 \ K| \ 1 \
bt Jis] s b2t 2] |
| | | | | |
| | I I | |
w1 i Y > R1 ‘RQ << A > w2
Fig. 12.  POG block scheme of a mechanical gear transmission system.

Efficiency map on the plane (w2, T2)

Output variable 7o
s s s s s s s

Omutput variable wa

Fig. 13. Efficiency map of the gear transmission on output plane (w2, 72).

equations of the considered gear transmission system are the
following:

J1 u')}_ _—bl —R1 0 w1

10
K'Fl=|R 0 —Ry||F|+1]00 [ﬂ
2

JQ (,2)2 0 R2 —bQ w2 0-1
—— - ~Y——— ~~—— u
Lx A x B (23)

——
y

w] [100 00
[wQ = 001]"*{0 o]“
— —— ~——
C D

Matrix Hg of the considered system, see (1) and (2), is:

1 __=r
bi+bar2  bi+bar? a b
H, = - 24)
r _7,2 c —
bi+bar2  bi+byr2

whetre r = %- For the gear transmission system, see (18),

the maximum efficiency E* is equal to 1:

o CAR ) BN Y

E*:b(@ﬂ): WiTe1) =

On the plane of the output variables (w2, 72), the maximum
efficiency E* =1 is obtained for 7* = 0o when w = 0:

. a . (b1 + b27‘2)2 —
T d(ad+cb)  \[ r2(r2 —r2)

The efficiency map of the gear transmission system on the
output plane (ws, T2) is shown in Fig. 13. When K — oo,
the dynamic equation of the reduced system is:

(Jl + 7‘2J2)ob1 = —(b1 + T2b2)wl + [ 1 —T] u (25)
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One can easily verify that mattix Hy of the reduced sys-
tem (25) is exactly equal to the one obtained in (24) for
the original system (23), meaning that the efficiency of a
mechanical gear transmission does not depend on the value
of the dynamic element K. This result agrees with what is
stated in Prop. 1.

C. Efficiency of a electric PMSM.

The steady-state equations of a Permanent Magnet Syn-
chronous Motor (PMSM) in the rotating frame 3, see [4],
have the following structure:

pR; _p2mese 0 w1 “Vy 0
pQWmLse pRS qu L‘[q - w‘/q = 9 (26)
0 - qu ‘ bm Wm —Te 0
f(xss5,u) =0

The meaning of the system parameters is reported in Tab. 1.

p Number of polar expansions;
R Stator phase resistance (p = 1);
Lse Ls + %MSO;

L Stator phase self inductance coefficient (p = 1);
Mo | Maximum value of mutual inductance between stator phases;
b Rotor linear friction coefficient;
Wm Motor angular velocity;
“ K4 | Motor torque constant;

“Vy Direct component of the motor input voltage vector;

“Vy | In-quadrature component of the motor input voltage vector;

“I; | Direct component of the motor output current vector;

@I In-quadrature component of the motor output current vector;
Te External load torque applied to the motor;
TABLE I

PARAMETERS OF SYSTEM (26).

1) Controlled PMSM: if voltage “Vj is chosen in otder to
impose the condition “Ig = 0, the nonlinear static equations
(26) simplify as follows:

de _p2 Wm Lse
W‘/q = p R

—Te —“K,

0
w WI
) [2]

b, ) Lo

27)

By solving with respect to “I;, “Vg and “V,, one obtains:

bm wm Jr TG

wr qu
q 2 Win Lge (b wm + T,
oy, | = b v keUEKL m e) 28)
w q
Va wm“’Kg—i—RsTep—FRsbmpwm
qu

Without the first equation, system (27) can be rewritten as:
A R ]
U2 Te qu b Wm

u y

By solving with respect to y, it results:

b K,
[yl] :[“’Iq}: pRSbLn—i—ng pRsby,+ @ K2 [“’Vq}
Y2 Wm K, . p R Te
\y"’ PRsbm+“KZ  pRbyn+ K7 |~
Hp

The obtained matrix Hy has the structure defined in (2),
where parameters a, b, ¢, d ate:

bﬂ b= " K, = =P Ry
A’ A A
where A = pRgb,, + ‘”K(?. For the considered PMSM, the
maximum efficiency value E*, see (18), is:

EBE* = (7~1‘FC]—1> where q= “)7}'{3
(VIFtag+1) pRsbn

2) Electric PMSM: the general case: if the electric motor
is not controlled, both currents “I; and “I, are different

a =

¢ d (29)

30)

from zero. In this case, system (26) can be rewritten as

follows:
“J
0 —pR, p*wmLse 1 0 wjd
qu Wm |= _pQUJmLse —pR; 01 qu (31
Do+ Te 0 YKy, 0 0f[ 2
| | v,
b A
X
The solution of system (31) is:
PWm Lse(bm wm+Te)
“Kq Rs [e%
bm W +Te 0
x 0 + apR;
p(p°wi, L2 4R (bmwm+7e)+ “ Ko Rs wm ap?wim Lge
“K, Rs
ker(A)
X0
(32)

where o € R is an arbitrary real parameter. Solution (32)
can also be expressed as follows:

Tgo + Lo

Iq0 Igo | _
apR. where 0 | =Xo (33)
Voo +ap?wm Lse Vo
The power P = “V3®I 4 “V,“1, entering the system is
given by:

P = apRs(IdO + a) + IqO(‘/qO + Olp2 Wm Lse)-
The efficiency E(wp,, Te) = % of the PMSM on the output

plane can be expressed as follows:

W, Te
apRs(Igo+a)+Iy0(Voo+ap?wm Lse)
whete Py = w,, Te is the power exiting the system. Efficiency
E(wm, 7e) is a function of parameter «. The maximum
efficiency is obtained when the partial derivative of function

E(wm,Te)= (34)

E(wm, Te) with respect to « is equal to zero:

6E(Wm; Te) o —WmTe (pRs (Id0+2a) +Iq0p2mese) -0
Oa B (pRs(aIdO‘FO‘Q)+Iq0(‘/qO+O‘p2mese))2 B
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By solving with respect to «, one obtains:

_ —RgIg0 — Iq()pwm Le
2R,

By substituting (32) in (35), it results:

*

(07

(35)

o = — PWm Lse(bm W, + Te)
“Kq R
By substituting (36) in (33), one obtains:

= —lao (36)

0
bm wm + Te
2 K
x* = b wm Lse (bm wm + Te)
2 Ky
Wi “K§ 4+ Rs Te p+ Rs by pwm
qu
Note that the obtained solution X* is equal to the solution
obtained in (28) when the control strategy imposes the
condition “I; = 0.

(37)

D. Electric PMSM: parameters identification.

The analysis presented in the previous sections can be
used, for example, to estimate the parameters of a PMSM.
The efficiency map of electric PMSM is typically given on
the output plane (y2, u2) = (Wm, Te). For these systems,
Eq. (20) can be rewritten as follows:

Uz
)

_ d
B
WIq a di—b c
where a, b, ¢, d are the coefficients of matrix Hy defined
in (29) and inputs u; and ug are defined as follows:

ole ol

Ug =T, =To — be sign(wp,)
(38)
u =“Vy=1u1 + ququ2

Parameters b, and Rysq in (38) are, respectively, the am-
plitude of the Coulomb friction acting on the rotor, and
the dissipative coefficient accounting for the Joule losses
of the motor. The efficiency of the PMSM depends on
the values of the dissipative parameters by, bc, Rs, Rsq,
which are usually unknown. Nevertheless, their values can
be estimated if the efficiency map of the system on the
output plane (W, Te) in given. Let us consider, for example,
the normalized efficiency map of an industrial three-phase
synchronous electric motor shown in Fig. 14. From this
figure, one can read the efficiency of the system on a properly
chosen set of points. Then, a least square algorithm can be
used to minimize the mean squared error between the real
efficiency on the selected points and the efficiency of the
PMSM model on the same points. By applying this procedure
to the normalized efficiency map shown in Fig. 14, one
obtains the following estimated parameters for the considered
industrial PMSM: b, = 6.46 1073 [Nm/rad/)], b. = 1.97
[Nm], Rs = 2.8 [mQ2], Rsq = 3.52 [uV//A?]. Fig. 15 shows
the obtained estimated efficiency maps of the considered
industrial electric motor. Comparing Fig. 15 with Fig. 14
one can see a very good matching between the estimated

" wm [%]

Fig. 14. Normalized efficiency map of an industrial electric motor on plane
(wm, Te)-

o [%]

Fig. 15. Estimated efficiency map of an industrial electric motor on plane
(wm, Te).

and the actual efficiency maps, denoting the effectiveness of
the presented procedure.

V. CONCLUSIONS

In this paper, a theoretical analysis regarding the power
flow-based efficiency of linear and nonlinear systems has
been presented. This analysis highlights the main relations
affecting the efficiency of the analyzed physical system
and shows how to change the system parameters in order
to enlarge the high-efficiency region as much as possible.
Based on this analysis and using a least square algorithm, a
procedure allowing to estimate the parameters of a PMSM
has been presented and its effectiveness has been verified by
applying it to an actual PMSM.
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