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Abstract

The beginning of this thesis provides a brief guide to the notation we are going
to use. After that, we present the Randall-Sundrum model and we outline the
way it solves the hierarchy problem. To analyze the solutions, the Lagrangian
is perturbed up to second order. We then examine the possibility for a massive
graviton, in the context of the Randall-Sundrum models. In particular, we ex-
amine the existence of the scalar modes of the metric decomposition. We present
the de-Sitter, brane-world solutions corresponding to a dS five dimensional space.
Moreover, we discuss the swampland and focus on the Weak Gravity conjecture as
well as on the AdS instability conjecture which follows from the former. We give
the motivation and arguments supporting the Weak Gravity conjecture, derived
from black hole physics. Then, we review the application of the AdS instability
conjecture on Standard Model compactifications, and we retrieve recent results
that support Dirac neutrinos and the normal hierarchy of the neutrino masses.
We proceed by applying the same conjecture to the five-dimensional, brane-world
models. For the purposes of the present thesis, we limit the analysis to relatively
simple cases, involving only a small number of particles in the five-dimensional
bulk. We examine the constraints set on the masses of the fermionic/bosonic de-
grees of freedom, as well as on the five-dimensional cosmological constant, in order
to avoid AdS minima. Finally, we discuss the Scalar Weak Gravity Conjecture and

a recent modification of it.
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Introduction

The physics landscape has changed significantly over the last century. Both General
Relativity and Quantum Physics revolutionized the way we interpret nature. General
Relativity and the Standard Model of particle physics, are both, two very successful
theories, describing astrophysical processes, taking place at astronomical scales and
fundamental scale interactions.

A very interesting concept arising in the context of General Relativity is that of
black holes. Schwarzschild’s solution of Einstein’s equations provided the first example
of such an object. An intereresting feature of black hole solutions is the existence of
singularities, not associated with the coordinate system, but rather with the spacetime
itself. Such singularities are of course a non-desirable characteristic of physical theories
and indicate that General Relativity does not provide the full picture, a statement that
is also supported by the fact that General Relativity is non-renormalizable. On the
other hand the Standard Model of particle physics has been very accurate in describing
interactions of fundamental particles up to the TeV scale, and it was basically completed
with the discovery of the Higgs boson a few years ago. The Standard Model no matter
how successful it has proven to be, fails to integrate gravity into the picture.

Among the many unsolved mysteries found in the high energy physics area, dark
energy and dark matter are particularly important to our understanding of nature.
Despite filling most of our universe, we know very little about their origin and properties.
We know that dark matter interacts through gravity and that dark energy, which we
describe through the term of the cosmological constant is crucial in order to retrieve
the cosmological results that we have from observations. With the discovery of the
accelerating expansion of our universe among others, the quest for the true nature of
the cosmological constant has never been more exciting. Another crucial issue that has
not yet been explained to a satisfactory -experimentally consistent- degree, is that of the
Hierarchy. Why is the scale experienced in particle interactions so much lower than that
at which gravitational effects start becoming important, namely why M, ~ 10" GeV is
so large when, Hy ~ 1TeV is so much smaller.

To answer that last question models have been developed during the last twenty
years, which employ extra spatial dimensions with the goal of finding a naturally occur-
ring hierarchy. One of those models is the ADD model [1, 2], proposed by Arkani-Hamed,
Dimopoulos and Dvali. In that model the electroweak scale is considered to be the only
fundamental scale. This should also include gravitational effects, so in order to achieve
that, one consideres a number n of extra spatial dimensions. Then the gravitational
scale M, that we experience is just the effective value of M;(—Z:L-n) ~ mpw ~ 1TeV.
The effective value of the Planck scale is associated with the (4 + n) dimensional one
through the extra dimensions scale, i.e. Mg ~ R"Mj(zin). By requiring that R is
smaller than the distances that could be experimentally tested at the time, it was found
that n > 2. In this thesis however, we are not going to examine that model but we will

focus on the Randall-Sundrum models which make use of an extra spatial dimension,



that is compactified (RS1) or extends to infinity (RS2).

String theory is a candidate for a theory of quantum gravity, that will manage to
unify all the fundamental interactions. The fact remains however that string theory
possibilities are vast and complicated. Actually, almost any theory one can come up
with in order to describe physics in the infrared (IR), is possible to arise in string the-
ory. At the same time, string theory cannot be tested experimentally due to the high
energy scale that is required in order to witness it unfold. In [12] it was argued for the
first time, that not all effectively consistent theories, that arise from string theory are
compatible with a quantum theory of gravity. These theories belong in the swampland
which is defined as follows [12]:

The semi-classical consistent effective field theories which are actually inconsistent are

called the swampland.

As it turns out, the swampland is much more vast than the string landscape where all the
truly consistent effective field theories belong. The swampland arguments stem among
others from finiteness criteria like the finiteness of the volume of scalar fields and of the
rank of the gauge fields. There are many conjectures, strongly tied to gravity, that are
used to separate between the consistent and the inconsistent effective field theories. To
begin with, the global symmetries conjecture says that quantum gravity should not have
any global symmetries. In this thesis we will focus on the Weak Gravity conjecture which
states that gravity should be the weakest force experienced. Originating form the Weak
Gravity conjecture the AdS Instability conjecture says that in non-supersymmetric the-
ories, AdS space must exhibit instabilities. Additionally, the distance conjecture states
that in a moduli space parametrized by the expectation values of some fields ¢, starting
from any point of the space, there exists another point in space so that the geodesic

distance between the two points is infinite.

H Physics ‘ Scale (GeV) H
A411/4 10-12
Neutrinos 10~ 11
Electron 1073
Electroweak 103
Supersymmetry 104
String Theory 108

Table 1: Energy scales in physics.



1 Basics

In this first section we will include most of the differential geometry terms that we are

going to use throughout this thesis. Since the models that we are examining are in

many cases five dimensional, we use capital letters for the five-dimensional parts, lower

case letters for the four-dimensional parts and the letters i or j when we refer to the

three-dimensional part of the theory.

1.1

1.

Notation in five dimensions

The signature for the metric elements we are going to use is (— + + + +). The

Minkowskian metric in five dimensions is nyy = diag(—1,1,1,1,1).
The line element is defined as
ds? = gy deMda?,
where M, N = 0,1,2,3,4 and Gj;n is the symmetric, metric tensor satisfying

gMN = gNM-

We define the Christoffel Symbols as follows:

1
I'Sp = §QCD(9AD,B +9DB,A — 9AB,D)- (1)

Notice that the Christoffel symbols are symmetric under the exchange of the two

. . . C _ C
lower indices, i.e. I'jz =T%4.

The Riemann tensor is:
ROcp= FQB,C +T8pI54 — (C + B). (2)

The Riemann tensor Rpacp, is antisymmetric under the exchange of the first two
or the last two indices and symmetric under the exchange of the two outter or
inner indices, i.e. Rpac = —Rapc = —Rpapc = Reacp = Rpcap. It also
satisfies the identity Rapcp + Rapsc + Racps = 0.

. The Ricci tensor is given by:

Rap = RScp = FgB,C +TEplEa — FgC,B —TGplEa. (3)

. The Ricci scalar is given by:

R = g*P Ry, (4)

and it is symmetric under exchange of its indices, i.e. Ragp = Rpa.



7. We define the covariant derivative according to the following expression:

VRAPS " = ORAYY  + T ARY - + TR AVE -
—TRpARS  —TEgABR . (5)

1.2 Einstein equations

In order to derive the Einstein equations in the general case, we start from the Einstein-

Hilbert action in five dimensions:

S:/|: R —2A5+£]\/[ \/—gd5$, (6)
2/43(5)

where

e R is the Ricci scalar
e A; is the cosmological constant in five dimensions.
e L) is the Lagrangian describing the matter in our theory.

e (5 is the determinant of the metric tensor.

We then minimize the action with respect to metric variations

08

If we take into account that:

SRypy = V(6T Nar) = VN(OTEp),

R:gNINRMN :>6R:RMN§QMN+9MN5RMN,

Veg"N =0

LG 1
V=9 09" " 2
If we define the energy-momentum tensor to be
-2 6(\/—g£]y[>
Tun = , 7
M V=9  dgun @

then the Einstein equations read:

)

gMN -

Gun —29unAs = ks Tun- (8)



2 Basics of the Randall-Sundrum Model

The Randall-Sundrum model managed to solve the hierarchy problem, by introducing
a spatial extra dimension compactified and extending between two 3-branes, once of
which corresponds to the TeV scale universe. Later the model was modified so that the

extra dimension extends to infinity and is not bound by the TeV brane.

2.1 Compactified extra dimension

Let’s start by writing down the Einstein-Hilbert action for d-flat compact extra dimen-

sions:
Spr = M* / d*y d*z\/=g(a1a) Ria+a) 9)
where:
Md+2 — 1
2k (d-+a)
Planck Brane SM Brane
5D Bulk /

y2 =1L

/

Figure 1: Depiction of the 5D Bulk in between of the Planck and the TeV branes.

¥

We consider an extra space dimension y taking values between y = —L and y = +L.
This extra dimension is compactified on an S' circle possessing a Zo symmetry, where
Zs corresponds to the multiplicative group {—1,1} and thus identifying points {z*,y}
with the ones {z#, —y}. In other words we will work in a S'/Z? orbifold. The factor
M(4+2) ensures that the action is dimensionless. Let’s actually make a quick check of
the dimensions in eq. (9). Taking a look in the expressions defining the Ricci scalar we

see that:

[R] ~ [g"™] - [Ran] ~ 1+ [DnT? ~ (9" [00)? - lgnaw]? ~ 1+ [L]72 -1 = [L] 72

Of course [g] ~ 1, in cartesian coordinates, because it is the determinant of the matrix

(9mn) and:

[d%y d*a] ~ [L]**°[T]



which means that
(M2 ~ ] - (L)@ (1] 72
Since [S] ~ [E] - [T] = [m] - [L]? - [T]~!. Effectively, in 4-D we know that:

:% QZL 2 714 =4 . [71-3. T2 071 -2
by = o = My = 2 = (M ~ [L) (T4 (1] ) [T = (] -[1] - [T]

So we see that for d = 0 we get the desired 4D result.

+L
S = /d4:v/L dyv/=g (M§5)R(5) —2A(5)> -y /d4x\/—% ;. (10)

i=1,2

Regarding the extra dimension y, we are imposing:
e periodicity: y — y + 2L
e symmetry: y — —y

o tension: The constants A; determine the tension on the 3-branes 1 (Planck) and
2 (Standard Model).

e metric determinants: y; = g(z",y = ;)

3-brane (1) is located at y = 0, while 3-brane (2) is located at y = L.

S]_ R

N e

y1 =20 Y2 = T

Figure 2: Depiction of the orbifold.

2.1.1 Randall-Sundrum Metric

The four-dimensional part of the five-dimensional metric should be flat and static. A

way to achieve that is if we impose the following 5D metric:

ds® = F(y)nuda’ds” + dy?, F(y) = e20)



where p,v = 0,1,2,3. The warp factor F(y) becomes a constant if we fix the fifth
dimension, so with a rescaling, we end up with the usual Minkowski spacetime if y =

constant. We can get this in a slightly different form:
ds* = gyndz™da?Y (11)
where
JgMN = 6_2"('”)77,“, +65,0% , gMN = e2e W 4 oMol (12)
For this metric the Einstein Tensor components are:

Guy = — (30”(11) - 60’(y)2) e Wy, Gy =60"(y)".

Now we need to find the energy-momentum tensor corresponding to this case. In our
case the S, in the 5D bulk is:

S = / /=g (~2A(s) — M(y) — Aadly — L)).

The energy momentum tensor is given by:

2 6(v/—gL
Tyun = BNE ( 69151\,1\/[) = —29unAi) — N (Ad(y) + A2d(y — L))0h, 0%

We now see, that the (44) component of the Einstein equations gives:

Ag)
———Tyy = O'/(y)2 = — 3 > 0.
6M(5)

That means that the 5D cosmological constant is negative resulting in a 5D anti-de
Sitter spacetime (AdSs). So,

Ay <0=0'(y) = £k = a(y) = klyl,

where k =\ /—A5)/6M (35). In the expression above the y — —y invariance has been

considered. We now need to consider the rest of the field equations. Taking into account

the above relation for o we find from all the other equations that:

1
30" = —W(/\ﬁ(y) +A20(y — L)).
(5)

So we need to evaluate the second derivative of ¢. That is,

o' =k(O(y) —O(~y)) = 0" = 2k(5(y) — d(y — L)).

In order for the equations to be satisfied we demand that:



A= —Ag = 12kM,. (13)

2.1.2 Hierarchy

In this subsection we will see how physical “lengths” in 4D, in the second brane depend
on the ones in the first brane. To do that we will consider two different actions, one
describing gravity and the other one describing particle masses. Let’s find the effective

4-dimensional gravity action, starting from the 5D one:

S = /d5x\/—g(5)M€’5)R(5).

We can write the 5D metric determinant as:

g = e W gD % 465,63 = g = —8e”W g, (14)

Now, we can write:

S = M(35) /d5x (ef4k‘y|\/ *9(4)) Rs).

So, we need to think how R(s) is related to R(4. In the effective action we are interested
in the term involving R4y, which is the 4D part of the Ricci scalar constructed only
by the gl(fu) part of the metric. In our model, gffly) = Nuv, 50 we will consider small

perturbations around the 4D part of me metric:

4D Part
5O = =2kl (gg;) n h,w) 54, 6% 403,63, |h| < 1. (15)
—
Creates R(4)

In order to see how these translates to R(4) we need to see how a few things change
under small variations, first. To do that, let’s rewrite the perturbed metric given by

expression (15), in a slightly different way:

95\3)1\, - gj(\i)N + iLMN, iLMN = 6_2k‘y|hw,5§\i/[(5;/v. (16)
We also need the inverse metric.
Mathematical Statement 1. gé‘g)N = gé\g)N — hMN
Proof. If gg‘g)N :g?g)N — hMN then
i RM, har O(h?)
——
~MP ~(5) Mp _(5)

5 MP7Y (5) 7PN _ 7MN7]
95y 9pN = 9(5) 9pn T 95 hen —gyph” " =R T hyn

So if M, = h,N, we end up with the desired result:

~MP~(5) . M
95y 9pN = on



O

Let’s see what is happening with the Christoffel symbols under this perturbation.
Now remember that we are interested in finding the part of R(5) corresponding to R4
so we are interested in what the 4D part of (15) contributes, and we do not care about
the terms arising from differentiation with respect to y either. So, we will calculate

quantities with small indices going from 1 to 4.
Mathematical Statement 2. T3y O g(f) (hupw + hpvu — huv,p) 655,05
Proof.

Thn = §§KP(§MP,N +gpN,m — GMN,P)-

Looking at (15) and (17), we also have that:
G720 (gt 4 he) oK 6F
and

~ —2k W Sp UV
dupn D e 2kWlp, 6k 50.6%:,

so, the 4D part of the Christoffel symbols we are interested in derives from:

1
Ty D 56%“1‘ (g&”) * hw) 5555(37%@%#%1/ + 672k|y|hw>,u - 672k‘y|huv,p)5%5;51</v

or

T3 D 900 Pupw + hpw s = ) 1 0308 +O0(h2) D 970 (Bup + hpu s = hyuwp) 65 010K

O
Mathematical Statement 3. R) D eZk‘y|R(4)

Proof. The above result means that:

Tin DT, 650k 0%

We also see that since the Ricci tensor will involve only derivatives of T', it will be:
Ry O Rk 6%,
Since we are not interested in terms of order O(h?) we can neglect terms O(I'?) in the

expression giving the Ricci tensor. Remembering once more that:

Gt o 2yl (gff) + h“f’) 5P,



as well as the fact that Ry ny ~ O(h) we can write:

R(s) D €2k|y|g€f4p)Rf$) = €2|k|yR(4)_

Thus,

Sefr D M(35)/d5$6_2k‘y|\/—g(4)R(4)

So, if we perform the integration of the 5th dimension:
MG,
Seff D) T( _QkL /d4 T/ —9(4) R(4 (17)

Therefore, we see that the suppression of the Planck mass which we identify as

3

M
M2, = ]:”) (1 — e 2kL), (18)

is small if kL is large enough. We see, that gravity crosses “easily” from one 3-brane to
the other through the fifth dimension. If, on the other hand, we consider the Higgs field
living in the second 3-brane, described by the following 4-D action:

SHiggs = / d*z/=72 [V (D, HY) (D, H) — NH'H — v*)?], (19)

but
5
it = ghin (v = y2)5)" 6l
which means that:
8kL wv —2kL

Y2 = g€ and 4" = 9(1)€ , SO

Stiggs = | d'z/=g@e ™ gl e (D HY) (D, H) — AHTH = v?)2],
If now, we rescale the field as H = e *H and & = e *“v we end up with:

SHiggs = / d'e /=g |9t (DTN (D) = NATH - 52)2]. (20)

We see, therefore, that the effective vacuum expectation value of the Higgs field is
suppressed as
v— 0 =e o, (21)

Summing up, we saw that even though gravity remains independent of the extra dimen-

10



sion provided that kL > 1, the weak interaction is exponentially suppressed.

2.2 Graviton modes

As discussed in [4] the radius of the extra dimension can be taken to be infinite. However,

it is important to examine if the effective 4-dimensional graviton modes are experimen-

tally consistent. To determine the graviton modes we will assume perturbations in gfﬁ,)

of the following form:
IMN — e_Qk‘y‘(an + hp.u)(s#M(S]UV + 5]5\45?\] (22)

By making a simple change of variable, this metric can take a conformally flat form. To

do that notice that the length element for the unperturbed metric can be written as:

ds? = e 2kl (N + d2?) . (23)

where
dy? = e 2l d2? = |z| = eFY + constant,

and we choose the constant so z = 0 when y = 0, thus,

k|z| = eFlWl — 1.

In our case

— e—%ly\ng\f})

N>

dMN

where 775\3)]\, = diag(—1,1,1,1,1). Or in terms of z:

_ L (5)
gMN (1+k|z|)2nMN7

for the element given in (23). Now,

o(z) =In(1+k|z|)

and so
L ksign(z)  K[(O() — O~ L)~ (O(-z) —O(—= + L))
@) =T T 1+ k|| -
o () 8- L) R
&) == %] AT+ k)2
0" (2) =2k(8(2) — 6(z — L.))e™° — o' (24)

In our analysis the perturbed metric elements are gy;ny = Ny + hary- Let us first

calculate G MN:

11



Mathematical Statement 4. f‘ﬁ,N ~ %nzp(hMp,N +hpna — hyvn,p)

Proof.

- 1.
F%[N = *gzp(

N N - 1
5 dMpP.N+IPN.M — GMN,P) = i(nzp — h¥P)(hapn +hpyar — hunp) =

1
Tyn = inzp(hMP,N +hpnpm — huw,p)

Mathematical Statement 5. R}, py ~ 307" (hapvn — harpan — han,vp)

Proof. The expression giving the Riemann tensor will simplify:

Ripn = _F%IP,N + 1—‘JE\/IN,P +O(h?),

because by looking at mathematical statement 5 we can see that I'2 ~ O(h?). Thus by

using that result:

1
Ryrpy = —5772A(hMA,PN +hapvn —harpan —haa,np—hanmp+hanap)+O(h?),
or,
1
Ripy = _inzA(hAP,MN — harpan — hanaip) + O(h?)
O
Mathematical Statement 6. Gy = —%(hEE)MN - hMZ’EN — hEN)ME + hMN)EE —

hEZ,NNnMN)

Proof. We want to find the Einstein tensor components to first order with respect to h.

The Ricci tensor will be

_ ~ 1
Run = Rysy = _5772P(hP2,MN — hys.pv — hpn, s + huw,ps)
1
= _i(hEZ,MN - hME,ZN - hZN,MZ + hMN,E =)

and

L 1

R = Ryng"" = *i(hZE,MN - hME,EN - hZN,ME + hMN,Z ) (M 4+ BMYY

1
= _i(hzz,NN - hNE, N - hEN,NE + hNN, $) = _hEE,NN'

So, now,

12



. ~ 1
Gun=Run— S IMN = *i(hzzz,MN - hME,ZN - hZN,ME + hMN,Z )

1
+ ihEE,NN(UMN +hun) =
1
= i(hEE,MN - hME,EN - hEN,ME + hMN,E 5~ hzz,NNUMN)

O

Now if these flactuations do not have a 5-D component and are transverse and

traceless:

hM4 = 07
WMy =0=n*, =0, (25)

oMY = 9, h" = 0.
We get a simple expression for the Einstein tensor:

~ 1
GMN ~ —iapaphuy.

Regarding the degrees of freedom we see that since hj;y symmetric

Eqgs (25) are 5+ 14+ 4 = 10 in total. Thus we are left with 5 d.o.f.. Let’s go back
to the big expression giving G, in terms of (?W. We want to calculate up to order
O(h) in D = 5, so the product of the Christoffel symbols can be ignored, as we end up
with O(I'?). Moreover the covariant derivative of a scalar function is simply the partial

derivative:

1 . - - ~ - ~
Gun =— iapﬁph,w +3 [VM(?NO' + O oONT — GuN (Vp(apd) — (30’)2)}
=— %apaph;w +3 [ékIéNU — TnOko + Onodyo

— (TN + hun) <3P8PJ +Th 080 - (50)2)} .
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Let’s evaluate this for our metric. To do so, note that the derivatives give zero if the

are not with respect to z, so:

1 - -
G = = 5000 by +3 [8M8N0 — 1%, n050 + Dyodno

_ (ﬁMN —+ hMN) ((95350' +F1€5350 — (550’)2):|
1 - . -
= — 50p0 hy +3 [aMaNa T8, 50 + Brody
— (MmN + hun) (U” +T80" — U'QH .

We are interested in the 4D part of the einstein tensor. Taking into account mathemat-
ical statement 4 and Eqs (25)

hays =0,
~ 1
F?\/IN = ih;uja
P 1~PE~ 1 Py 1 M
I'ps = BX hps s = 5(77 hps)s = ih ms =0,
1 P 3., . I 2
G = —53138 h“V+§hMVU — 30N + haw) (0 — ') (26)

Now we need to calculate the components of the energy-momentum tensor. To do that,

let’s write the general expression for the energy momentum tensor which is:

-2 6(v/—9Lw) 9 0L

Tun = =- +9unLum
J—g 6gMN S5gMN ,

(27)

which gives

1
s=[v=s (2,%) Ry + cM),
Gun = ki) Tun-

We want to calculate the Einstein tensor for the metric containing (¢, 7,0, ¢, z). Expres-
sion (10) is referring to 2™ = (t,7,0,¢,y). We need to be careful with ; as now the
metric we use (23) has a different total determinant. Let me write once again that:

A = 6_20(%)954”). (28)
In the previous section we had that

1
=~
gs55 Vi = 9(5)(1’“72/ =¥i)- (29)

14



Now the metric we use is conformally flat, so

6720(2)
—~—~
gs5 Vi = gy (2!, 2 = ;). (30)
In our case the action reads:
S = /d5 rv=g | M Ry —20) — > Mie?Fd(z - z) | (31)
i=1,2
L

So, if we use (24) we derive instantly:

Tun =— (2M + e7@N6(2) + 7P No(2 — L)) gun
= — 20+ e"PIN6(2) + "D Nob(z — L2))e D (qarn + harw)
=— (2Ae_2"(z) +e 7@ [6(2) — 0(z — Lz)]) (MmN + haw)
= [12M36" — 6 M3 (0" + 0®)] (nun + harw)
=6M° (0" — 0") (nun + hun),

where I have used that 0’2 = k?¢=29, A = —6M>k and equations (13) and (24). In 4D:

nsz =3 (0’2 — J") (Muw + hpw) - (32)

So, now, the 4D equations read:

1 3
5apaph,w - 5hjwa’ =0. (33)

In order to solve the equation above we can first transform to conformal coordinates:

}Al;w = eigg(z)h,uv, (34)
so that the equation now reads
. 1 .
*h — (20” — 450'2> B, = 0. (35)

Earlier we have calculated ¢’ and ¢’ so if we make use of the expressions we derived in
(24) we find:

or [ 3kd(2)  15K? s
O Py {1 +Elz| (14 k|z])? o = 0. (36)

Then we can perform a Kaluza-Klein reduction to four dimensions

]A”LMV(‘T,Z) =ePT(z) where p? =m?, (37)
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and solve with respect to the function ¢(z), but that is something we will omitt in this
thesis. There have been many reviews over the years, summarizing and expanding the
results of the Randall-Sundrum models. Here, instead, we will proceed by giving a brief
analysis of how one could treat a massive graviton five-dimensional theory, since this
will be of interest later on.

2.3 Expanding the Lagrangian

In this subsection we will examine perturbations in the background metric Lagranigian
in the presence of a graviton mass term. The goal in the end for this particular thesis,
is to derive the graviton massless scalar modes. Including a bulk mass term, the action

now reads:

S = /d5x\/—g [M?’R — 20 — MPRgo)N g{o (@ hasahns +bhaynhap)| . (38)

We will once again take variations of the background metric. Our metric choice is the

same, but we will consider it here in a slightly different notation:

ds* = a(y)2(77;wdl"“d1?” + dy2), (39)

thus,

gun = a(y)?dun = e Gun. (40)

In our case

J=gR =e34/2, /5 [R +452BY AV 5 A

—SgAB@AA@BA} :
but also

A (673A/2) _ 2673A/2@AA@AA _ ;673A/2@A@AA7

thus
4312 AU = _;@A@A <€—3A/2) T 63427 L AVAA.

So if we neglect the total derivative we are left with
J—gR = e=34/2,/=5 {R+3QAB@AA@BA] (41)
We want to find S, so we need v/—¢ to second order as well as every following term.

Mathematical Statement 7. QMN = nMN — pMN 4 iLMPinN

16



Proof. Let’s suppose that

gMN — MN | \MN

where AMN = )\é\f)N + )\f\g)N, and A(p) ~ O(h), A2) ~ O(h?). Let’s now demand

O0N =gnpg™™M = 0N = (e + hap) "M + AT+ AG)) =

0=hy +hnpAR) +hnpAG 3N @) + AN (2)- (42)
o(h?) o)

If we keep up to O(h) we have

If we substitute this to (42) and keep up to O(h?) we get:

Indeed,
GMN — MN _ pMN  pMPf
O
It is true that [11]:
1- 1/~ ~ 1-
V-g=1+-h— = haynh™N — ~n?
g T3 1 ( MN 5 ;
where h = ﬁ% Looking at (38) we recognize the bulk mass term:
Lar = —V/=gM°K2g(5" g(o7 (aharabn g + bharnhap). (43)

At this point let us underline that gg\g)N raises indices of hysn and gMY of hain. So,

Lo = —e A2 /—aM3k? (a hag ah™MA + b h2).
Mathematical Statement 8. gé\g)N =eA gé‘g)N and hMN = ¢ARMN

= chMN

Proof. To prove this, we set them to be proportional, i.e. hMN and g%[)N =

C?]g\g)N. Of course in our case gé‘g)f\’ = nMN_ We start with:

hyn = €7A}~1MN = hEP = eng(Ig)]ngB])V}NLMN =

chBP = e A2REY = ¢ = A,

17



But this means that

Bagah™MN = hpahMA, (44)
Also by using the result of mathematical statement 8, we see that:
h? = h?. (45)
2.4 Lagrangian to 1st Order
First let’s find S . The £ term is of second order in the first place. We also have:
') = —Ah. (46)

So, the contribution to the equations of motion is:

ot
aiLKA = —A’I7KA
And
R
N T 3. ~ = 5 A5
Ly = =P h+5hP9a A0 A+ 3hP O, Adp A, (47)
So,
oLy 3 5y A

2.5 Lagrangian to 2nd Order

If we keep up to O(h?), we find:

L3 = —e A2 (aharah™ A + bR2). (48)
The bulk mass term will give the following contribution if we variate with respect to
iLKz;Z

oLy . -

aiuAfA = —2e "2 M3k (aha + bnwah), (49)
because

9 (-0 0) FMNTPSY _ of,
OREA <9MP9Mzh h ) = 2hka,
and
0 0 (0) ~(0) T MN7 ~
s )= e (R 0%) i

Let’s move on to the contribution from A:
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La=—20/—g=—2Ae"%4/2 /3. (50)

Keeping only second order terms we find:

1 S 1-
£ = iAe*SA/2 (hMNhMN — 2h2) . (51)
So,
or? - 1 -
8?11?/\ = Ae™%4/2 (hKA - QWKAh> . (52)

2.6 Modes decomposition

In this subsection we will decompose the metric into tensor, vector and scalar compo-
nents.

IgMN = gﬁ% + hary = & (nurn + harw).- (53)

We will follow the same process as the authors of [11] did. The metric can be expressed

as
ds* = a® [(1 4 2¢)dy” + 24, dy dz" + (nuy + by )dat dz”] (54)
where,
7 hy Ay 5 <5 5 s B os5 uosv
by = 0| = 20 63,05 + AudisOh + Aydh 05 + by 0k 6% (55)

In order to derive the equations we will need to solve eventually, we follow the technique

of [11] and we make use of the null vector k,, taking the basis (k::,k;,kz), where

i =1,2. These vectors are defined through the following relationships:

ket = ky,

ky k=1,

by k™ =0, (56)
ki kT = ik =0,

ki kIt = 5%,

Along a null basis, vector and tensor expansions take the following form:
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Ay =kfAT +E AT+ > kLA (57)

i=1,2
— Attt + .= +— —p—p——
T = kRS T+ 2k ko T + ke kT
+ > 2k KT Y 2k KT Y 2k, kT (58)
i=1,2 i=1,2 i,j=1,2

The gauge that is fixed in [11] and which we are also fixing is the following

A=A, 9,A" =0

huw = B + 20000, BY, =81, 9" = 20"y (59)
oy 1
TT __ 7 r
hiw = > kLK) (hijQ(sith),
i,j=1,2
T __ i AL
AL =3 kLA
i=1,2

Now, the (ur) components of the Einstein equation read:

!/
By + 3=y + Oy = 2079 by + 0,050 +20,0,6 = 207 [a0,4,)]'
1z 7\ 2
@ g <a>
a a

+ apaah,,(,} — 42 MK (ahy, + Brh) = 0. (60)

li /
Moo {h” 73%h’ —Oh-— 2D¢>+6%¢>’ +6 +2a73(a30, A"

We want to find the massless scalar modes so we will take (¢ = [Jyp = 0. In the fixed
gauge the equations take the form

122 a/ / _ /
hyw + SEhZVT +0,0,(20 + 40) — 2072 [a®0(, A, — 4> MPEPahl )

a’ a 2
(2]
a a

—4a® MK (200 + ﬁﬁ)} =0 (61)

- ‘1/ 0,7/,
+ N § —69 18aw+6a¢+6

In the null basis, the first line from above gives

(™) v

. / - . b b
k! kL (h;’j + 3%% - 4a2M‘5k204hij> — 2kl ka3 (a®Ay) + kM k(4 4+ ¢) = 0. (62)

Then we have the following equations:
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/
W 4 3L 40 MR ahTT = 0, (63)
a
(a®AT) =0, (64)
b+21 =0, (65)

v o (2
a a

In a similar manner, from the (uy) and yy components of the Einstein equations we
find:

/ / -
3"+ 9%y — 2% — 3 6+ 42 M3E*(200) + BR) = 0. (66)
a a

a/

Zo- W =0, (67)
(%)
a a

But, a = 1/(1+ky) = o' = —ka?, a” = 2k?a®, so if we substitute (65) and (67) in (68)

we find:

12%/1// -3 ¢+ 20> M3E*[2(oc + B)p + 881] = 0. (68)

12k2%a%p — 3(2k%a® + 2k%a*) ¢ + 2a* M3k (o — B)p = 0 = o = f3, (69)

a results which is inconsistent with the physically meaningful Fierz-Pauli choice o = —f.

Therefore, the massless scalar modes are zero, ¢ = ¥ = 0.
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3 de-Sitter brane world theory

In the previous section, we explored the brane world model described by Randall and
Sundrum, corresponding to an AdS five-dimensional bulk. A similar model has been
explored, where now As > 0 [5, 6, 7]. in this model there exists a d.S4 brane, which can
describe our universe. Considering this to correspond to our universe we can examine
the accelerating expansion of our universe in the context of this five-dimensional model.
That is in contrast to the Randall-Sundrum model, since there the four-dimensional
brane was Minkowski. For further work done with respect to models with extra dimen-

sions that describe our expanding universe see [8, 9].

3.1 Framework

The theory contains one brane located at y = 0 and the action that describes in is given
by

S = / @ wy/=g (M) Res) — 20(3)) - / d* /=7 \. (70)
The metric that we are going to work with has the form
ds* = F?(y) (—dt* + A(t)dz?) + dy?. (71)
The energy-momentum tensor is

2 5(\/ _g‘C’M) v
TMN = _\/jg 5gMN = —QQMNA(5) — ’ywj )\(5(2/)5]“”5]\; (72)

3.2 Equations

Now, the components of the Einstein tensor read:

L\ 2 .\ 2
A 1 A “
Goo = 3 () —2F" 5, Gi11 = Gay =Gs3 = 1 <A> —4A + 6AF"

3AF? — FA

Gu=-22 — 72
M 9T A2

(73)

where dot and prime denote differentiation with respect to ¢ and y respectively. The

Einstein equations read:
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A? F" F?  X\(y) As

4A2F2  F  F?  6M3F ' 3MPF’ (74)
F" F7? A A? M(y A
7 T 2+ 2p2 ~ (3)_ 2 g (75)
F ' F?2 3AF? " 124%F 6M3F  3M3F
F"” A A

= (76)

F2  4AF? T 6M3

From a cosmological perspective, since our universe is expanding and the cosmological
constant has been measured to be non-zero and positive, we would like to explore the

scenario of an expanding 3-brane. Adding the first two equations we get

AA =A% = A(t) = 28, (77)

where H > 0. Then the Einstein equations reduce to:

2 2
% - % - _GA]\;g. (78)
Even though we are not going to solve this here, let us state, as it turns out, that in
the case of a positive bulk cosmological constant, a solution to the hierarchy problem
requires fine tuning. Despite not being able to solve the hierarchy problem, the dS five
dimensional setup, might find applications in dS/CFT correspondence problems and is

therefore still interesting.
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4 Swampland and the Weak Gravity Conjecture

In [12] it was argued that despite the apparent consistent appearance, many effective
theories of the string theory landscape of vacua, are actually inconsistent. Many low
energy gravitational theories turn out to be UV incomplete belonging therefore in the

swampland. A review that was used throughout this thesis is [20].

Effective Field Theories

Swampland . .

String Landscape T

Figure 3: Depiction of the theory space, including the swampland and the string land-
scape.

4.1 Weak Gravity Conjecture

One of the Swampland constraints is the Weak Gravity Conjecture and it states that
gravity is the weakest force. Using basic black hole physics this corresponds to the
statement that the mass of a charged particle should be less than or equal to the charge
it would carry if it was an extremal black hole, namely m = . According to the
conjecture for a theory coupled to gravity, there exists an electrically charged object of

charge () and tension T so that:

—s < Q27 (79)

where that object could correspond to a brane. In the simplest form, for a particle, the

inequality above reduces to the following:

2
m
(Mp> < Q2 (80)
For a U(1) charged particle Q% = 2gq. It is believed that a theory of quantum gravity
should not obey any global symmetries. Even though, arguments in favor of that stem
among others from string theory and holography, we will focus only on the black hole
argument. According to that, if we feed a black hole by throwing U(1) globally charged
particles in it, then the mass of the black hole increases. Due to the fact that there is no
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field arising from the symmetry, there is no way to realize the charge of the black hole.
Therefore, there is an infinite number of charged states for a black hole with a particular
mass. This is problematic with respect to calculations of the black hole entropy. On
the other hand, if we have a gauge U(1) theory, we can write the metric for the charged

black hole geometry as follows:

2GM 2 2G M 2 -1
d52=—<1— oM, <% )dt2—|—<1— oM, ¢ ) dr? +r?dQ* (81)

c2r Amegctr? c2r 4mregcir?

For this geometry two horizons arise at radii

re =M £/ M? = Q2 (82)

where we set [G] = [c] = 1 and we absorbed some factors inside Q. In order to satisfy
the cosmic censorship conjecture which states that no naked singularities are allowed,

the mass and the charge of the black hole must satisfy:

M>Q. (83)

For black holes the attractive force of gravity wins over their electromagnetic repulsion
and gravity is stronger. For that to be true despite us throwing U(1) particles in the
black hole, the latter must discharge from the extremality limit. Since there is a gauge
field it is possible for the black hole to emit charged particles with m < g, whereas for
the remaining black hole we have M > @, as shown in figure 4.

M=Q

M >Q
Non extremal
Black Hole

<

Om<q

Extremal Black Hole Charged particle

Figure 4: Black hole discharging. Extremal black holes emit charged particles that
satisfy the Weak Gravity Conjecture.

In work done more recently by Ooguri and Vafa [16] the conjecture was sharpened,
and it was conjectured that the equality in the above inequality is satisfied in the case of
a supersymmetric theory. This modification of the Weak Gravity Conjecture provides
an interesting result for an AdS geometry. Considering an AdS,;2 geometry which is
supported by a (p+ 2)-flux there exists, a p-brane solution which is nucleating outwards
to the AdS boundary. This contributes to what is called AdS fragmentation [21], as it
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leaves behind a p-brane and an AdS geometry with units of flux reduced by one. The
tension of the brane tries to contract it, in contradiction to the charge that wants to
expand it. According to the non-supersymmetric Weak Gravity Conjecture howerver,
charge will exceed the tension and subsequently, there always exists a nucleating brane.

In this section we will make use of this conjecture which can be stated as follows:

AdS Instability Conjecture:

Anti-de Sitter space must exhibit instabilities in the case of non-supersymmetric setups.

A very interesting application has to do with compactifying the Standard model on a

circle, as we review in the following subsection.

4.2 Standard Model compactification

In this subsection we will look through the constraints on the mass of the lightest
neutrino, upon compactification of the SM on a circle of radius R. The Casimir energy

density is given by:

i 2m* Ky(2rRmn) (84)

)2 (2rRmn)?

This can be expanded in the case of mR < 1. The potential reads:

V(R) = (2nR) (5 ) {Amznzpz } (85)

where —(+) is used for bosons (fermions). We can now check for the existence or not
of vacua, which would indicate a problem with our theory. Whenever neutrino masses

come into play we shall consider both normal and inverted hierarchy:

Normal Hierarchy: m; < ma, my =~ 8.6 x 1072V and ms ~ 4.9 x 107 %eV (86)
Inverted Hierarchy: m; ~my ~ 4.9 x 10~ 2%V (87)

4.2.1 Non-zero cosmological constant Ay # 0

By varying the mass of the lightest neutrino while keeping the value of the c.c. fixed at
Ay = 2.6x107%7 GeV?, we see that those vacuua exist both for normal and inverted hier-
archy (figures 5 and 6). This applies to the case of both Dirac and Majorana neutrinos.
From (85) we get:

V(R) = (Gev) ) {A4 oy (R) — “2} 7 (88)

(27 R)? 144072 R4

where in the last term we include 242 degrees of freedom for the photon and the graviton.
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Figure 5: Potential as a function of R in the case of Dirac neutrinos for normal and
inverted hierarchy.

We see that in the case of the Dirac neutrinos an AdS minimum might appear as
the mass of the lightest neutrinos increases, while it is also possible to have dS minima.
On the other hand, if we consider the neutrinos to be Majorana, even when the lightest
neutrino is massless, an AdS minimum always appears. This could stand as an indication
in favor of Dirac neutrinos.

Examining figures 5 and 6 we see that only Dirac neutrinos are in agreement with
the observable value for A4. In the case of normal hierarchy the mass of the lightest

neutrino should satisfy the constraint m,, < 1.26 x 10~2eV, while for inverted hierarchy
we find m,,, < 3.16 x 107 3eV.
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Figure 6: Potential as a function of R in the case of Majorana neutrinos for normal
and inverted hierarchy.

4.2.2 Limit where the cosmological constant is zero Ay — 0
As a first scenario we will examine the assumptions under which the potential exhibits

AdS vacua, if Ay = 0. The massless degrees of freedom that contribute are 2+2=4

(graviton and photon), therefore:

e -3
V() = g (2 o) +2- o (B) = mpp ()} (59)

We find that AdS-minima are always present as you can see in figure 9:

The same applies to the inverted hierarchy scenario.
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Figure 7: Bounds on the value of A4 with respect to the lightest neutrino mass, in the
case of Dirac neutrinos for normal and inverted hierarchy.

4.3 Weak Gravity Conjecture in 5D brane world theories

In this subsection, we will consider compactification on a circle of the brane world theo-
ries that were presented in the previous sections. As we saw earlier, Randall-Sundrum 1
and 2 models describes a theory with an AdS bulk and therefore belongs already in the
Swampland. We will see that regardless of the positive contributions to the potential,
it never rises above zero and can only exhibit AdS minima if any. In the compactified
potential we will include the contributions of the Casimir energy in five dimensions, in

addition to the bulk cosmological constant term. We will employ the following metric
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Figure 8: Bounds on the value of A4 with respect to the lightest neutrino mass, in the
case of Majorana neutrinos for normal and inverted hierarchy

decomposition

2
ds(s) = % ds(yy + F(y)A(t) R*dg® + graviphoton, (90)

where, ds{,) = F(y) {—dt* + A(t)dZ3p } + dy?. The effective potential now, reads:

V(R) = (FA)2(2rR) (1) (A +nsps(R) — mapn(R)} (91)
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Figure 9: Potential as a function of R in the case of Dirac neutrinos for normal hierar-
chy.

For simplicity we define

21
V(R) = g {As +nspr(R) —mppp(R)} and o= (FA)l/Q, (92)
so that

V(R) = a V(R). (93)

The existence or not of minima is determined by V(R), since the factor o contributes
merely as a scale factor that blows up at R = 0, which is way far from the position

we expect the minima to appear at. We see that the existence or not of AdS minima
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depends on the factor in the brackets and is therefore irrelevant to the value employed
by y.
4.3.1 Casimir energy in five dimensions

As reviewed in [17] upon considering the contributions to the vacuum Casimir energy,

the Casimir energy density in the general case and in d-dimensions reads:

i me Kg(2rRmn)
= (2m)¥2 (2rRmn)¥/2

(94)

This can be expanded in the case of small mR. In the 4D case we find:
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where v & 0.577 is the Euler gamma. We see that [p]lap = [m]*. In 5D
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and [p]sp = [m]°.

4.3.2 Small mR approximation

We will now examine the case where except for the massless photon, we include (at least

at first) massive bosonic degrees of freedom as well.

7T7"4
VIR) =27 {As + oy (B) — mupu(R)}

27 P
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The expansion for small mR yields
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where ny f =3, n?’f and sz,f => n?’fmf. Then at the minimum we should have:
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In order for this to be a minimum and not a maximum we demand:
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At that point the potential employs the value:

(101)

4.3.3 The dS-bulk brane world scenario

We are interested in examining the presence of AdS vacua in the case of A5 > 0.
Following the analysis of the previous subsection, and using eq. (101), we see that
provided the existence of a minimum, we should check the value of As in order to
determine whether or not we end up with an AdS vacuum. Firstly, let’s ignore fermionic
contributions to the potential, and consider only the contributions from the massless

photon and graviton. The potential now reads
4 3¢(5)
VR:FA1/22R<£) As — (3)—22L L 102
(R) = (FA)2(2n) (1) 4 As = () Porms (102)
At small R the v + g term is dominant and goes to minus infinity, whereas at large R

the potential has a runaway form. A maximum appears at R,,,, which is given by

71¢(5) 1°
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The value that R acquires at the maximum describes a mass scale that is therefore given
by:

1 71¢(5) 1%

" R [38437135] ‘ (104)
We will now vary the value of the cosmological constant in five dimensions, and examine
the possible constraints on the femionic masses and degrees of freedom that will not
allow for the appearance of an AdS vacuum. We will take the graviton to be massless
and therefore n, = 8. We will scan the parameter space for a very large set of A5. We
will then move on to discuss about the potential phenomenological constraints. In the
previous section we derived eq. (100), which tells us that if ny < ny+3 then we can not
have a minimum. If we look at eq. (99) we can further investigate the possible cases. In
the massless graviton scenario we have My = 0 and n, = 5. If the contributing fermionic
degrees of freedom are massless, then we just have ny < ny + 3 for the equation to be
satisfied. But this contradicts the condition above and therefore we can not have an

AdS minimum in this case.

e Two or less fermions: In this case ny < 8 and therefore eq. (100) is not satisfied.

No AdS minimum is found in this scenario.

e Three fermions: In this case it is possible to end up with AdS minima. What
follows is a plot, presented in figure 10, revealing the regions that allow for the
existence of minima and the ones that do not. We variate the cosmological constant
from a value of 107%° GeV to 10?° GeV.

e More than three fermions: Further increasing the fermionic degrees of freedom will
increase the mass limit at which AdS minima start appearing. To see that we can

make use of eq. (99):

2¢(5) 325 A5
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M3 = (ny —8)
We can also see that in figure 10.

e If the graviton is massive, then in five dimensions it will have nine degrees of
freedom. In this scenario for three fermions, we will have ny = n,. Then from

(99), the condition for AdS minima to appear is:

327T5A5
(M — M?)R: = -~ "R} (106)
b f 0 4(3) 0
For a positive cosmological constant, this requires
M, > My = 3m2 +9m2 > Y nim?. (107)

K3
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5D Dirac Fermions, ny = 12
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Figure 10: (Top) Bounds on the values of A5 with respect to the fermionic masses
contributing to the potential. For this figure we consider twelve fermionic degrees of
freedom, which translates to three Dirac fermions. (Bottom) Bounds on the values of
As with respect to the fermionic masses contributing to the potential for ny > 8.
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But even in this scenario, only a maximum can be retrieved and no minimum.

To summarize:

2 _ 2¢(5) 3275 A5 3
' 1. M7= (ny— 8)ﬂ2<(3)35 + % R3
Massless graviton

2. (ng—12) 50 > Ay

Massive graviton No AdS minimum

Table 2: Swampland conditions for massless and massive graviton and ny/4 massive
fermions in the dS brane world scenario.

4.3.4 Randall-Sundrum Models

As we saw on previous sections, the five-dimensional cosmological constant in these
models is negative, creating an AdS five-dimensional bulk. If we look at eq. (99), and

we take the scenario of a massless graviton, then we can rewrite it as

2(5) | 321°As
m™((3)  ((3)

Provided that the second term is always negative, we realize that for ny < 8 and thus less

M}Rj = (ny —8) Ry > 0. (108)

than two fermions, no AdS minima occur. However, the potential goes to minus infinity
and therefore we will not examine it in the context of the AdS-instability conjecture.
If now, ny > 8 then AdS minima always occur because there is no way to uplift the
potential by picking a more positive cosmological constant for an AdS bulk. So, once

again we will not examine constraints set by the AdS-instability conjecture.

36



5 Scalar Weak Gravity Conjecture in 5D gravity mod-

els

As we saw, the Weak Gravity Conjecture demands the existence of particles who ex-
perience gravity as the weakest force. In our discussion so far the forces were the
gravitational and the elctromagnetic force. The conjecture, however should apply even

in the scenario of scalar interactions, mediated by a scalar particle ¢.

5.1 Scalar Weak Gravity Conjecture

In that case the conjecture needs to be modified in order to take into account the extra
scalar force. To write the new relationship, we need first to figure out what is the
the strength of the interaction. We consider a three point interaction given by the

Lagrangian

1
Lr=3; (2mu Ao +m3;) |H|*. (109)
N—————

m2
The constant A is the coupling constant of the scalar interactions. We see now that for

the new effective mass m, we can write

om?

2]

so if we take the vacuum expectation value of the scalar field ¢ to be (¢) = 0, then

= 2mpA = A = ——Qym, (110)
my

(m) = mp, and therefore

A= (Dym). (111)
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Figure 11: Feynman diagrams of the the tree level scalar interactions between the par-
ticles in our theory.

If we look at figure 11, the Feynman diagram in the middle represents the interaction
mediated by the scalar field. This interaction gives rise to an attractive potential ~ ”72
As in the electric Weak Gravity Conjecture that we saw before, the Strong Scalar Weak

Gravity Conjecture can be stated as follows:

m < AMp,. (112)
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5.2 Strong Scalar Weak Gravity Conjecture

Palti’s formulation, however, does not apply to any scalar field. It applies to WGC
scalars that experience scalar interactions mediated by ¢, and the Weak Gravity Con-
jecture does not apply to ¢ itself. In [22], the conjecture is generalized so that it includes
any scalars in the theory. Now, we also need to consider the four-point interaction be-

tween the scalars. In figure 12 we see the scalar interactions we must take into account:

Figure 12: Feynman diagram of the four point interaction between scalars ¢.

The Strong Weak Gravity Conjecture is expressed through the following inequality:

(V//)2

S Q(V///)Q _ ‘///‘/////7 (113)
My

or we can define a new variable according to [22]

v W
~ 2
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so then the condition that needs to be satisfied is x > 1. The first term on the right,

represents the attractive force coming from the three-point interaction diagram, whereas
the second term on the right, represents a repulsive force. The factors are chosen so that
nice results in the case of an axion potential are retrieved. In the case of compactification
of one of the dimensions, the radius R of the compactification itself corresponds to a

scalar field ¢ through the relationship

R =rexp [M(f 5

R
] = ¢=My_g)ln <r> , (115)
where we will set 7 = 1GeV, as we did earlier. Also, the (4 — d)-dimensional Planck
mass is related to the 4-dimensional Planck mass through the compactification relation
My_g) = (277R)M5. In [22] the strong Scalar Weak Gravity Conjecture is used in order
to examine again the Standard Model compactification. According to this conjecture,
the inverse hierarchy scenario belongs in the swampland. It will be interesting to check
the results that this conjecture will give in the five-dimensional models but this is beyond

the scope of this thesis.
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Conclusions

In this thesis we discussed the basics of the Randall-Sundrum models. We saw how
they solve the hierarchy problem and we examined metric perturbations. Additionally,
we examined the scenario of massive gravity in five dimensions, by including a graviton
mass term in the action and we considered perturbations of the metric to second order.
Our goal was to examine the massless scalar modes, using the method given in [11] to
examine the results retreived in [10]. We found that for the Fierz-Pauli choice of the
mass term parameters, the massless scalar modes are zero.

We then discussed a seemingly different topic. That of swampland, and some con-
jectures, which distinguish between consistent and inconsistent with quantum gravity,
effective field theories. We used the AdS-Instability Conjecture to see how it constraints
neutrino masses after compactifying the Standard Model on a circle, like it was done in
[19] and we verified the results derived there. Those results are in favor of Dirac instead
of Majorana neutrinos, and normal instead of inverted neutrino mass hierarchy.

Consequently, we discussed the constraints on fermionic masses and degrees of free-
dom, set due to the AdS-Instability Conjecture, on de-Sitter brane-world models. We
showed that for massless graviton and photon, unless the fermionic degrees of freedom
are n > 8, no AdS minima occur and we graphically represented the allowed region in
terms of cosmological constant and fermionic masses for different choices of n;.

Finally, we briefly talked about the Scalar Weake Gravity Conjecture and a recent
modification of it, namely the Strong Scalar Weak Gravity Conjecture. Deriving con-
straints on brane-world models, by using this conjecture is a project that we plan to
work on. Apart from that, more scenarios need to be tested that are more interesting

phenomenologically and that is something we intend to examine.
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