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Abstract- The objective of this study is to present an offline control of highly non-linear inverted
pendulum system moving on a plane inclined at an angle of 10° from horizontal. The stabilisation was
achieved using three different soft-computing control techniques i.e. Proportional-integral-derivative
(PID), Fuzzy logic and Adaptive neuro fuzzy inference system (ANFIS). A Matlab-Simulink model of
the proposed system was initially developed which was further simulated using PID controllers based
on trial and error method. The ANFIS controller were trained using data sets generated from
simulation results of PID controller. The ANFIS controllers were designed using only three
membership functions. A fuzzy logic control of the proposed system is also shown using nine
membership functions. The study compares the three techniques in terms of settling time, maximum
overshoot and steady state error. The simulation results are shown with the help of graphs and tables
which validates the effectiveness of proposed techniques.

Index terms: PID, ANFIS, fuzzy logic, inverted pendulum, Matlab, simulink.
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L. INTRODUCTION

Inverted Pendulum are non-linear systems which are objects of theoretical investigation and
experimentation in the area of control engineering [1]. It comprises of a pole pivoted on a cart
which can be moved horizontally. It has inherently two equilibrium states i.e. a stable
equilibrium state and a unstable equilibrium state. In stable equilibrium the pendulum is oriented
vertically downwards whereas in unstable equilibrium, pendulum is oriented vertically upwards
and hence a counter force is required to keep it align to this position [2]. The control objective is
to bring the pole to upper unstable equilibrium position. The standard non-linear control
techniques were ineffective to control the Inverted pendulum system [3]. Various intelligent
control techniques have been developed for the control of these non-linear systems [4, 5, 6]. The
recent development in areas of soft-computing techniques like ANFIS [7], fuzzy logic [8],
Neural networks (NNs) [9], Genetic algorithm (GA) [10], Particle swarm optimisation (PSO)
[11], Linear quadratic regulator (LQR) [12], Proportional-integral-derivative (PID) [13] etc have
given novel solution to control of IP systems. The PID control provides the simplest and efficient
control of IP systems. It controls both transient and steady-state response of non-linear systems.
Past literature showed that researchers have shown keen interest in the control of IP system using
PID control. Yusuf and Magaji [14] considered PID controller optimized with GA for control of
inverted pendulum angle. The PID gains were tuned manually for obtaining an optimum
response. The results obtained showed the superiority of GA-PID controller over conventional
PID controller. Benrejeb and Boubaker [15] proposed a real time control of swinging pendulum
using Labview software. The control was achieved using Astrom-Furuta energy control strategy.
The validation test of the proposed system was achieved using Proteus software using virtual
simulation models.

Dastranj et al. [16] used combination of PSO algorithm and PID for control of non-linear
inverted pendulum. The simulation results showed the acceptability of proposed approach.
Omatu et al. [17] proposed a self-tuning neuro PID controller for stabilisation of an inverted
pendulum system. A single input and multi-output system is considered for control of single
stage and double stage inverted pendulums. The PID gains were tuned using two types of neural
networks. The simulation results proved the effectiveness of proposed approach. Prasad et al.
[18] presented an optimal control of non-linear inverted pendulum-cart dynamic system using
PID and LQR controller. The non-linear states are fed to LQR from state-space response.
Simulation results justify the advantage of LQR control. Dong et al. [19] discussed about the
problem of balancing first-order inverted pendulum using PID and fuzzy controllers. The
simulation results showed satisfying performance and different characteristics of proposed
schemes. Wang et al. [20] proposed a double loop PID control scheme for controlling unstable
inverted pendulum system with single-input and double-outputs. The simulation results proved
the superiority of double-loop PD-PD control scheme over other kinds of double-loop PID
control methods. Wang [21] applied PID controllers for tracking control and stabilisation of three
types of inverted pendulum. The paper illustrated step by step designing of PID controllers. The
Lagrange's and state equation models were used for analysing relationship between three types of
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inverted pendulum. Chakraborty et al. [22] presented various types of mathematical modelling
for inverted pendulum system. The PID controller was designed for the stabilisation and errors
were optimised using GA. Mousa et al. [23] used PID controller with a feed forward gain and
Reduced linear quadratic regulator (RLQR) for stabilising cart position and swinging up of
pendulum angle. The tuning of controller gains were achieved using PSO. The system was
subjected to disturbance with different amplitudes, the results proved the robustness of the
controller.

Mishra and Chandra [24] used fractional calculus to design a robust fractional-order PID
controller for stabilisation of Inverted pendulum system. PSO based tuning was used to design
two PID controllers. Jia et al. [25] designed an improved ANFIS controller based on fuzzy
controller for stabilisation of inverted pendulum on inclined rail. A neuro-fuzzy hybrid approach
was used for designing the fuzzy rule base based on sugeno model. Almeshal [26] developed a
hybrid fuzzy control strategy for two-wheeled robotic vehicle having a movable payload. The
system was designed to move in different environments and terrains. The Euler-Lagrange
approach was used for deriving model of the system. Furuta et al. [27] proposed a digital control
of double inverted pendulum on cart, where the cart is placed on an inclined plane. The
controller design was based on linear servo control theory which eliminates the effect of rail
incline. Almeshal et al. [28] developed a two-wheeled robotic vehicle with five degree of
freedom (DOF). The authors derived a mathematical model for incorporating a friction model
and plane inclination angle to provide vehicle stability in irregular and inclined terrains.
Nasrallah et al. [29] proposed a novel control scheme for an anti-tilting mobile robot moving on
an inclined plane. The paper highlights an internal feedback control structure, composed of two
imbricated loops and based on an intrinsic dynamical property of the system. Kausar et al. [30]
applied numerical methods for estimating the stability region of two-wheeled mobile robot. The
authors investigated the effects of inclined surface on the performance and stability region of the
robot. A Full state feedback (FSFB) controller based on optimal gains was designed to stabilise
the proposed system. This paper presents a PID based ANFIS control of inverted pendulum on
an inclined plane (IPIP). The mathematical equations of motion for the system were developed
using Newton's second law. The governing equations were further used to develop a Matlab-
simulink model of the proposed system. The study also considers a fuzzy logic approach for the
control of IPIP system. The three approaches were further compared in terms of settling time,
steady state error and maximum overshoot.

IIL. MATHEMATICAL MODELING OF IPIP

This study considers a variant of Inverted pendulum on cart by restricting the motion of
cart on an inclined plane. The system comprises of a pendulum of mass (m) and length (I)
pivoted on a cart of mass (M) and makes an angle (6) with the vertical axis. The cart is free to
move on an inclined plane, inclined at an angle (y) from the horizontal axis. The Simulink of
IPIP was built from governing equations derived using Newton's law of motion. A 3D view of
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inverted pendulum on inclined plane is shown in Figure 1, where, x and y denotes pendulum
position with reference to horizontal and vertical axis respectively. let, x; be the horizontal
distance from reference point to the ground and x; be the horizontal distance from ground to
pendulum axle. Therefore,

xX= X1+ X2 (D

Figure 1. 3D view of IPIP

The complete system was further divided into two sub-systems i.e. cart and pendulum for
studying the complete dynamics of the system. The free body diagrams (FBD) for pendulum and
cart system are shown in Figure 2 and Figure 3 respectively. Let 't' be the thickness and 'l;' be the
length of the cart in meter. Applying Newton's second law following equations of motion were
obtained.

a. Equation of motion for Pendulum

Figure 2. FBD for Pendulum system

Summation of forces along X-axis

Y Fy= mi )
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-Ry= mﬁ(x- l.cos 6) 3)
Ry = -m¥ + ml.f cos 8-ml.f°sin @ (4)

Summation of forces along Y-axis

3 Fy=my 5)
d2

-Ry-mg= mw(y +1.cos 0) (6)

R, + mg + my = ml.d sin 6 + ml.8* cos O (7

Summation of torque acting on Pendulum
Xt =16 ®)

Ry 1.sin@ -Ryl.cos =18 9)

b. Equation of motion for Cart

Figure 3. FBD for Cart system

Summation of forces along X-axis

-y Fx= MX (10)
d? t .

Fcosy - F.cosy + Ry MF (x-zsm)/) (11)

Fcosy - bx cosy + Ry =M¥X (12)
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Summation of forces along Y-axis
3 Fy= My (13)
-Fsiny + bxsiny + Ry, =My (14)

Summation of torque acting on Cart
Y1.=16 (15)
bx - Rysiny + Rycos y=0 (16)

Variable x and y depends mutually because the pendulum is always in contact with ground
surface. Thus deleting one of the two variable in order to work with a simpler system.

Xp=— (17)

siny

from equation nos. 1 we obtained,

XZX1+XQZX1+$ (18)

tany=< (19)
X1

y=xtany (20)

y=Xtany (21)

applying equation nos. 21 to equation nos. 7 and 14 we get,
R, + mg + mi tany = ml.f sin @ + ml.§° cos @ (22)
-Fsiny + bxsiny + Ry=MX tany (23)
Substituting eq". 4 and eq".22 in eq". 9 and solving we obtained,
6(1+ ml*) - mgl.sin @ = ¥ml.(cos 8 + tan y sin ) (24)

Substituting eq". 4 in eq". 12 we obtained,

Fcos y= (M+m)X + bx cos y + ml.°sin y- ml.6 cos 0 (25)

eq". 24 and eq". 25 were further used for building Matlab-Simulink model of IPIP subsystem
as shown in Figure 4.
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Figure 4. Matlab-Simulink model of IPIP subsystem

The values of input parameters considered for simulation are given in table.

Table 1: Values of input parameters

Parameter Value
Mass of cart (M) 0.2 Kg
Mass of Pendulum (m) 0.1 Kg
Acceleration due to gravity (g) | 9.81m/s”
Length of the pendulum (L) 0.1 m
Angle of inclination (y) 10°
Moment of inertia (I) 0.006 Kgm”

III. PID CONTROL OF IPIP

The PID is the most common form of feedback controllers used in control engineering. Most of
the practical feedback loops are based on PID control. The control signal in PID is sum of P-term
(which is proportional to the error), the I-term (which is proportional to the integral of the error)
and the D-term (which is proportional to derivative of the error). The general representation of
PID controller is given in equation 26 [14, 31].

u(=kye(t) + ki [ e(r)dr +ka (26)
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where u is the control signal and e is the control error (e=r-y). The controller parameters are
proportional gain K, integral gain K; and derivative gain Ky. In this study two different PID
controllers were separately designed for controlling cart position and pendulum angle. The gains
for PID controllers were obtained using trial and error method which makes the complete process
very tedious. The gains considered for cart and pendulum controllers are given in Table 2

Table 2: Values of PID gains for different controllers

Controller K, K; Kq
Cart 1 0 -1
Pendulum -40 -40 -20

The Matlab-Simulink model for IPIP using PID controllers is shown in Figure 5. The time
considered for simulation was set to 10sec.

Reference
Position

._ PID Cart
Reference
Angle
| FID Angle
> X Dot
Step 1

Saturati
aturation IPIP Subsystem

—= | —
i

i

il

Theta

Theta dot 1

Theta dot 2

Figure 5. Simulink of IPIP with PID controllers

The Simulation results using PID controllers are shown with the help of graphs and tables below.
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Figure 6. Simulation response for Cart velocity

Table 3: Simulation results for Cart velocity

Settling time (sec) Max. Overshoot (°) | Steady state error
5.2 sec 0.03° to -0.4° 0

Figure 7. Simulation response for Pendulum angle
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Table 4: Simulation results for Pendulum angle

Settling time (sec) Max. Overshoot (°) | Steady state error
6.5 sec 0.014° 0

Figure 8. Simulation response for Pendulum angular velocity
Table 5: Simulation results for Pendulum angular velocity

Settling time (sec) Max. Overshoot (°) | Steady state error
7.6 sec 0.018° 0

The simulation results showed that the PID controller smoothly controls the cart velocity with
one small overshoot. The settling time and maximum overshoot obtained for cart velocity were
5.2 sec and 0.03° to -0.4° respectively. The pendulum angle stabilises after one overshoot and
pendulum angular velocity after one minor overshoot and undershoot respectively. The settling
time obtained for pendulum angle and angular velocity were 6.5 sec and 7.6 sec respectively.
The steady state responses were negligible using PID controllers.

IV.  FUZZY CONTROL OF IPIP

Fuzzy logic theory was introduced by L.A. Zadeh, in 1965 [32] and is widely used when
conventional reasoning fails. It is a computational paradigm which is based on application of
linguistic variables whose values are words or sentences [33]. Fuzzy logic has found a wide
application in designing of certain complex industrial and management systems which cannot be
modeled precisely under various assumptions and approximations [34]. This paper considers
gbell membership functions (MFs) for designing of fuzzy logic controllers (FLCs) for the
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proposed system. A total of 7 gbell MFs were considered which gives 49 if-then fuzzy rules. A
view of input MFs for cart position and surface viewer for cart controller is shown in Figure 9
and Figure 10 respectively.

Hh_ MK NS FE PS5 P PL
1

1 1 1 1 1 1 1 1 1
-1 -0.8 -0.5 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
input variable "X™

Figure 9. Input MF's for Cart controller

FORCE

H__ ot -1 -

Figure 10. Surface viewer for Cart controller

The Matlab-Simulink model for IPIP using FLC is shown in Figure 11. The time considered for
simulation was set to 20sec.

Figure 11. Simulink of IPIP with Fuzzy controllers
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The Simulation results using Fuzzy controllers are shown with the help of graphs and tables
below.

Figure 12. Simulation response for Cart position

Table 6: Simulation results for Cart position

Settling time (sec) Max. Overshoot (°) | Steady state error
8.2 sec -13.7° 0

W “ v i W+

Figure 13. Simulation response for Cart velocity
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Table 7: Simulation results for Cart velocity

Settling time (sec) Max. Overshoot (°) | Steady state error
10 sec -54° 0

Figure 14. Simulation response for Pendulum angle
Table 8: Simulation results for Pendulum angle

Settling time (sec) Max. Overshoot (°) | Steady state error
10 sec 0.54° to -0.18° 0

Figure 15. Simulation response for Pendulum angular velocity
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Table 9: Simulation results for Pendulum angular velocity

Settling time (sec) Max. Overshoot (°) | Steady state error
8.2 sec 0.72° to -0.95° 0

The simulation results showed that the fuzzy controller stabilises the cart position and velocity in
8.2 sec and 10 sec respectively. The cart velocity was smoothly controlled after two undershoots
and one overshoot. The settling time obtained for pendulum angle and angular velocity were 10
sec and 8.2 sec respectively. Both the pendulum angle and angular velocity were smoothly
controlled after two overshoots and two undershoots.

V. ANFIS CONTROL OF IPIP

ANFIS are artificial neural network based on Takagi-Sugeno fuzzy inference system [35,36]
which combines the features of both FLC and Neural networks [37]. The data sets generated
after simulation results of PID controllers were used to train ANFIS controllers. A total of 455
data sets were collected and 3 gbell MFs were used for training. The training was done using
Hybrid learning algorithm [38] which is a combination of Back-propagation [39] and least
square method [40]. The Grid partition method was further used for building an initial FIS
structure. The values of error tolerance and epochs were set to 0 and 10 respectively. The error
obtained after training was 0.0052838 which is satisfactory. A view of loading, training and
ANFIS architecture is shown in Figure 16, Figure 17 and Figure 18 respectively.

Training Data (ooo)

Cutput

0 100 200 300 400 500

Figure 16. Loading of data in ANFIS
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Figure 18. ANFIS architecture

The Matlab-Simulink model for IPIP using ANFIS controller is shown in Figure 19. The time
considered for simulation was set to 15sec.

Reference
Position

Reference
Angle

.n

ANFIS Controller
X Dot

5

IPIP Subsystem

Theta

J.

Theta dot

Figure 19. Simulink of IPIP with ANFIS controller
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The Simulation results using ANFIS controllers are shown with the help of graphs and tables
below.

Figure 20. Simulation response for Cart velocity

Table 10: Simulation results for Cart velocity

Settling time (sec) Max. Overshoot (°) | Steady state error
5 sec 5.7x 1073° 0

Figure 21. Simulation response for Pendulum angle
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Table 11: Simulation results for Pendulum angle

Settling time (sec) Max. Overshoot (°) | Steady state error
7 sec 43° 0

i i
Figure 22. Simulation response for Pendulum angular velocity

Table 12: Simulation results for Pendulum angular velocity

Settling time (sec) Max. Overshoot (°) | Steady state error
7.5 sec 5.5°to -4.8° 0

The simulation results showed that the ANFIS controller smoothly stabilises the cart velocity
after one minor overshoot in 5 sec. The settling time obtained for pendulum angle and angular
velocity were 7 sec and 7.7 sec respectively. It is also observed that pendulum angle stabilises
after one overshoot and undershoot whereas the pendulum angular velocity is controlled after
two overshoots and one undershoot. The responses for steady state error is excellent using
ANFIS controller.

VL.  CONCLUSION

This paper presented the control and stabilisation of inverted pendulum moving on a
plane inclined at an angle of 10° from the horizontal. An offline control of the proposed system
has been illustrated. The control strategies considered for stabilisation were PID, fuzzy logic and
ANFIS. The three techniques were compared in terms of settling time, steady state error and
maximum overshoot. Initially a PID controller was developed using trial and error method. The
PID controller was further used to train an ANFIS controller. The results showed better
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performance of ANFIS controller over other two controllers. The error obtained after training of
ANFIS controller was 0.0052838 which is satisfactory. The number of MF's considered for
training were only three. The simulation results showed that the settling time and maximum
overshoot obtained using ANFIS approach were much better as compared to PID and fuzzy
controllers. It is also observed that all the controllers showed an excellent steady state response.
The fuzzy, PID and ANFIS controllers stabilises the IPIP system within 7.6 sec, 10 sec and 7.5
sec respectively. As an extension to future work a neural network controller based on PID and
fuzzy controllers is also being incorporated for control of non-linear IPIP systems.
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