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Abstract- Strain measurement and vibration analysis of a rotating blade are critical for the progress in
improvements of the performance of machines. Since traditional sensors and measurement methods
have difficulty measuring the rotor blade’s dynamic strain and vibration, the search for new
measurement methods has become an urgent task in rotor machine monitoring and diagnosis. This
paper presents a new method based on Fiber Briggs Gratings (FBG) for the measurement of strain
and estimation of vibrations in a rotating cantilever. The method is based on the fact that the
vibration displacement can be expressed in terms of an infinite number of vibration modes and be
related to the dynamic strains through strain-displacement relationship. By placing multiple sets of
FBG and utilizing an optic coupler, the rotating cantilever beam’s dynamic strain can be measured and
vibration can be estimated at the same time. From the results, it can be concluded that this new

monitoring method is applicable to the rotating blade.

Index terms: Measurement, vibration, strain, FBG, rotating cantilever beam.
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I. INTRODUCTION

Blades are a critical component in a rotor. Rotating blades always subjected to unexpected
excitations that may weaken a structure due to fatigue or cause catastrophic failure. Thus, strain
measurement and vibration analysis of rotor blades is a critical element for the improvement of
the performance of a rotating machine.

Rotating blades are commonly modeled as rotating beams, because the beam enables researchers
to simply the problem. In early 1920s, Southwell and Gough [1] started to investigate the natural
frequencies of a rotating beam. They suggested an explicit equation that relates the natural
frequency to the rotating frequency of a beam. This equation, which is frequently called the
Southwell Equation, has been widely used by many engineers since it is simple and easy to use.
Later, to obtain more accurate, natural frequencies, a linear, partial differential equation that
governs the bending vibration of a rotating beam was derived by Rubinstein [2]. Applying the
Ritz Method to the partial differential equation, more accurate coefficients for the analytical
model of the Southwell Equation were obtained. In the 1970s, owing to the fast progress of
computing technologies, a large number of papers in which numerical methods were employed
for the modal analysis of rotating structures were published. For instance, Putter and Manor [3]
applied the Assumed Mode Approximation Method for the modal analysis of a rotating beam.
Various other effects on the modal characteristics of rotating beams were also investigated. The
effect of tip mass was considered by Hoa [4] and Hodges [5], elastic foundation and cross-section
variation were considered by Kuo et al. [6], shear deformation was considered by Kokoyama [7]
and Yoo [8]. Using these methods, the modal characteristics of rotating beam could be effectively
analyzed.

However, we need some effective method to prove that the analysis is correct. Measuring the
actual strain/vibration value is significantly important. Current methods, such as the use of an
electrical strain gauge, have too many limitations to apply on the rotor blade. Developing a new
measurement has become a necessity.

FBG(Fiber Bragg Gratings) are sensor elements which are photo-etched into optical fiber using
intense ultraviolet laser beams. After almost two decades of development, FBG sensor
technology is now on the verge of maturity. Generally, FBG have been used for the measurement

of strain and strain-related quantities, such as stress, deformation, temperature and displacement
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[9,10], etc. The reported applications include monitoring of highways, bridges, and aerospace
components. However, the measurement of strain on a rotating blade using FBG is a great
challenge. In a rotating machine, the difficulty is transmitting signals from the rotor to the stator.
There are several general methods to achieve signal transmission: the slip ring, telemetry, and
FORIJ (Fiber Optic Rotary Joints). The slip ring enables the transfer of electrical signals to a
stationary part with bushings running in contact with a rotating ring. This method was used to
observe the dynamic strain of a gas turbine rotor blade [11]. Several difficulties remain. Physical
contact between the bushings and the rotating rings creates electrical noise. In regard to telemetry,
the signals transfer via an IP network or radio waves and more than 10 billion kilometers can be
covered, but limit the speed of measurement. In regard to FORJ (Fiber Optic Rotary Joints), the
signal is transferred between two fibers, one which is rotating, the other is static. Two fibers in a
thin tube are constrained to four degrees of freedom, which creates friction between the tube and
the fibers, thus limiting the speed to rates less than 10000 rpm. Author Kyungmok Kim [12]
proposed another method using five FBG sensors to measure the rotating blades’ dynamic strain.
In his experiment the speed was less than 2000rpm, but the method could overcome the above
difficulties.

FBG is a strain sensor in principle. An electrical strain gauge is another conventional strain
sensor. Generally, when strain sensors are used for evaluation of structural vibration, they can
only detect an approximate vibration in one dominant mode, but not high-precision vibration.
However, the vibration consists of an infinite number of vibration modes and each mode has its
own constant gain. Thus, we could utilize the point to sense the vibration with high accuracy.
Chen-Jung Li and A. Galip Ulsoy[13] used a two strain gauge approach to calculate a beam’s
vibration. In these approaches, the vibration displacement of the structure is represented by a
finite number of dominant modes and each mode has its own constant gain for converting the
displacement components into strain components in this mode. Pavic [14] employed strain
gauges to measure in-plane acceleration for plates and axial acceleration for beams. In this paper,
strain can expressed as spatial derivatives of displacement. By placing multiple sets of strain
gauges, we can measure the displacement vibration.

This paper used the same method in principle as Kyungmok Kim’s method for the measurement
of a beam’s dynamic strain using FBG. Based on the wavelength-strain-displacement relationship

and displacement having multiple modes, the paper developed a method that the vibration of a
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beam can be expressed as the change of FBGs’ wavelength. However, the effect of the higher-
order vibration modes on the overall vibration typically gets smaller and smaller. Therefore, only
the first few dominant modes often need to be considered for the vibration displacement
measurement. This paper presents such a FBG based method for the vibration/strain/stress

measurement of a cantilever.

II. THE PRINCIPLE OF SENSOR AND MEASUREMENT METHOD
A. The working principle of FBG sensor
An FBG is composed of periodic changes of the refractive index that are formed by exposure to
an intense UV interference pattern in the core of an optical fiber. When light from a broad band
source interact with the grating, a single wavelength, know as the Bragg wave length, is reflected
back while rest of the signal is transmitted. An FBG shows sensitivity to strain and temperature

changes. The Bragg condition is expressed as:
Ay =2nA (1)

Where z is the Bragg wavelength of FBG; "% is the effective refractive index of the fiber core,
and Ais the grating period.

If the grating is exposed to external perturbations, such as strain and temperature, the Bragg
wavelength will change. By measuring the wavelength changes accurately, physical properties,
such as strain and temperature, can be measured. The shift of a Bragg wavelength due to strain
and temperature and pressure can be expressed as:

e s 2)

=

Where K, is the wavelength sensitivity coefficient for strain; Ky is the wavelength sensitivity

coefficient for temperature, and K, is the wavelength sensitivity coefficient for pressure. With
the assumption of no pressure changes and no temperature changes, we can measure the strain

from wavelength shift as:

129,

&= o 4 3)

Where the P. is the strain-optic coefficient of the optical fiber.

B. The working principle of rotating cantilever beam dynamic strain measurement
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Figure 1 shows the working principle for measuring dynamic, rotating cantilever strain: the FBG
is mounted on a rotating beam, broadband light is emitted from a light source and propagated
along an optical fiber via a rotary optic coupler (the rotary optic coupler is comprised of two
parts,a rotor and a stator. The coupler enables the light to travel in parallel and allows optical
signal transmissions between the rotor and the stator), the FBG reflects a specific wavelength of
light that is checked by an interrogator. If the FBG is exposed to an external perturbation, such as
strain and/or temperature changes, the Bragg wavelength is changed, then, data about the rotating

beam is collected.

FBG-_[
PC i

stator  rotor axis

o
\ 1Y

[]

) Optical circulator
ooan FBG signal
> L |
FBG interrogator -

Figure 1. Illustration of the working principle of measuring the dynamic strain on a rotating,

cantilevered beam

C-lenses C-lenses
/ g - A\
- /] W
fiber stator rotor fiber

Figure 2. Working principle of rotary fiber coupler
Figure 2 shows the principle of fiber coupler, the fiber coupler consists of two C-lenses and the
two C-lenses have a 2mm air gap between them. One C-lens is axially installed at the center of
the shaft and the other is stationary and coaxially aligned with the first. The C-lenses change the

light in the fiber to a collimated beam of parallel light, and the collimation light is transmitted
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through the air gap, then, the optical signal can be transmitted between the stationary part and the
rotating part.

C. The rotating beam’s strain-displacement transformation relationship

Consider a rotating cantilever beam with the following assumptions: Firstly, the beam has
homogeneous and isotropic material properties. Secondly, the beam has a slender shape so that
shear and rotary inertia effects are ignored. Finally, the stretch and out-of-plane bending

deformations are only considered. Figure 3 shows the configuration of a cantilever beam fixed to

a rigid hub which rotates with constant angular speed Q about the axis of Z', X,Y,Z'

represent a Cartesian coordinate system, .., ,~ represent the united vectors fixed in the rigid hub.

The angular velocity of the rigid hub A and the velocity of point O can be expressed as follows:
C 4)
- . )
Where 7 denotes the radius of the rigid hub. Then the velocity of the generic point P can be

derived as follows:

(6)
Where X is the distance from point O to the generic point in the non-deformed configuration. In
the present work, the displacement of vibration at position x can be found as a summation of the

displacement of an infinite number of vibration modes and approximated as follows:

)@Z@@ (7)

ole
Rigid Hub

Figure 3. Rotating cantilever beam
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Where Y(x) and /f;(t) are the mode shape and time response of the ith mode, respectively. By

using Hooke’s law, the relationship of stress-moment for pure bending, we obtain:

(8)

Where €. and O, are the axial strain along the x-axis at position x and the distance r above the

neutral axis, M. is the moment about the z-axis.

Thus, a new method is developed to detect the vibration using equations (7) and (8). Considered
these three cases, the first: taking into account one mode, the second: two modes, the third: n
modes.

CASE A: The first mode in isolation

Taking into account only one mode, we can express the displacement as:
2ED=3CY/D )

Thus, assuming the first mode is dominant, the displacement at position X; can be expressed as

the following equation:
2EeD=ZOYIE (10)
The strain at the position %, can be approximated as:

ISP

% S (11)
Substituting Equation (11) into Equation (10), we obtain:
26D I
== M) 5 (12)
&

This is a coefficient ratio with no relation to time.

We can obtain the coefficient ratio by experimental modal testing or solving the eigenvalue

problem mentioned above for the first mode shape of the system, the displacement at position X4

can be calculated as the product of measured strain and coefficient ratio. That is:

@%ﬁg. T =
- - 1 (13)

=
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Where »(x,,t)is the measured displacement vibration. However, the actual measured strain is

contributed by an infinite number of vibration modes, the measurement error can be expressed by

: DieY
A D6 3)1@@%%
= (14)

30
32@17»% ,ﬂg’af(

From Equation (13), it can be seen that X; should be chosen away from the location where
@@@—E%i =€, for example , at X = L, thus, we can improve sensitivity .

CASE B: The first and second modes
To test the first and second modes, we put two sets of strain gauges atX;» X, , than, we can express

the displacement as:
B =2 = a5, S e L7 (15)
Thus, assuming the first and second mode is significant, the displacement at position *s can be

expressed as following equation:
MDD X (16)

the strain at the position X; can be approximated as:

@?@H@ig&é (17)

the strain at the position X, can be approximated as:

@% (18)

Then, we obtain:

o e

7;

T T =
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[K ] is the transformation matrix which converts f(?) to &(x,?)

Substituting Equation (19) into Equation (16), we obtain:

R =" N
i P Ll JESIREN i
T T )

1 280
Yo 4
1 29D
Yo 4,

the measurement error can be obtained by Equation (21):

P 369

CASE C : The first n modes

(20)

21)

Following the same procedures, the measurement method can extend to the first dominant n

vibration modes, where the real value of n depends on accuracy. In this case, n sets of FBG need

to be considered, the displacement measured at position X; can be obtained by:

fl(t)w
o)) ¥ ..
£0)]
[ ) )]
x x 4@8 £06,0)
raz)f(?a) raz)g()%) ) o
i) %) ... ) e | a RIS
X)) FY) ) 4651
L & o ¥ |
£05,0)
Do) ¥ . K E0
e
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The actual measurement error can be obtained by:

=~ DD
Gy
<D
D IO 50 —
o d = == | TSee Y
F F F

I11. SIMULATION AND EXPERIMENT
A. Simulation
This section presents the simulation result based on the ANSYS. As show the Figure 1, a
cantilevered beam fixed to a rigid hub, which rotates with constant angular speed € about axis
of Z. The cantilevered beam is assumed to be the same as same the one in section II.. In regard to
the different constant angular speeds, the cantilevered beam has a different natural frequency, but
the mode shapes are almost similar, as show in Figure 4. The blue line represents the second

strain mode at 2000rpm. The denotation * represents the second strain mode at 0 rpm.

Micro strain
= =]
o =]
B [=7]

% 60 120 180 240 300
The length of cantilever (mm)
Figure 4. The mode shapes of the cantilever beam

So, we chose the static cantilevered beam as a method of calibration to estimate measurement

error. A simply support cantilever beam is shown in Figure 5.
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~

Psin0t
| x

¥
Figure 5. A cantilever beam with an applied load Psin 6t
Its physical and mechanical properties are list in Table 1. The natural frequencies were obtained
by a simulation.

Table 1: The physical and mechanical properties of the beam

Physical properties Mechanical properties

Density 7850kg/m®  Young Modulus 2E+]11pa

Thicknes ~ 6mm Poisson Ratio 0.3

]

Length 305mm 1 and 2™ natural ~ 60.199Hz and
frequencies 375.52 Hz

Width 25mm 3rd natural 1045.6Hz
frequencies

Figures 6~8 show the first three displacement modes, Figures9~11 show the first three strain
modes. We can conclude from Figure 12 that the first FBG should be placed at * =0 the second

FBG should be placed at x=]$.3nz, the third FBG should be placed at x=g)41/l%’ SO

that we have the largest sensitivity for detecting the various strains.

e S = ™

Figure 6 The first mode shape Figure 7 The second mode shape
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Figure 8 The third mode shape Figure 9 The first strain mode shape

L 1

"y —
= ==

— — T
== =

Figure 10 The second strain mode shape Figure 11 The third strain mode shape
15

s . |
3. | o :. .: i .‘-.'I
VA0 o
O 50 100 150 200 250 300

The length of cantilever (mm)

Figure.12 The strain on cantilever (™™ the first strain mode shape,

“©" the third strain mode shape)

—%= The second strain mode shape,
B. Experiment
1. Experimental evaluation of FBG sensors and piezoelectric accelerator for monitoring
vibration
This section presents the experimental program for evaluation the performance of FBG-based
strain sensors and piezoelectric accelerator for beam’s vibration measurement. The experiments

were conducted in two and three modes in order to verify the proposed measurement

methodology.
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2. Experimental-1 set-up and result
The laboratory tests were performed on a simple support cantilever. The FBG-based strain
gauges, which were manufactured by the Wuhan University of Technology, China, had a gauge
length of Smm. The acceleration vibration was measured by a piezoelectric accelerometer (4508-
B, Bruel & Kjaer) in the frequency range 10~139 kHz. There are 3 measuring points of FBG and
1 acceleration sensors on the beam which were employed to record the beam’s surface train and
the displacement vibration simultaneously. The sensors’ position is shown in Figure 14. High
strength epoxy adhensive RS 159-3957 was used for bonding the strain measuring FBG sensor
for beam. Figure 13 show a close view of various sensors bonded on beam, Figure 14 shows the

location of FBGs on beam.

Figure. 13 An experimental rig for measuring strain

#FBG  20FBG  asFmG Acc proba
/ . ; 7
- { / /
N4 k¢ I f( / / /
- [9 [
° o | M
A

Figure.14 The beam and the FBGs’ positions
Figure 15 shows the experimental setup for measuring the response of the beam. The beam was
clamped rigidly at one end. An electric-driven shaker, used to generate external excitation to the
beam, is attached to the bottom of the beam at a position Smm from the left end as indicated in
the drawing. The strain measured by FBG sensors and the displacement measured by the

piezoelectric accelerometer were recorded simultaneously.
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piszoslectric accelaromater signal

3 | FEG signal
PC _l
-
SR [ P
alectricdriven shaker
e

mdcro-optic interregator

Figure 15. The whole experimental set-up
The FBG sensors were wired to an interrogator which was controlled using a personal computer.
In order to sense the first to the third vibration modes, four sets of FBG were mounted at

locations X =8mm , x=9)4mﬁ, x=1PFmr. 43pg x=2153nr’ respectively, to detect the
strain signals. The positions of sensors were determined by the method presented in section III. A.
Note that the first set was mounted at X =877 instead of X=0mm due to the dimensions of
gauges.
Assume that strain and deflection signals are composed of first-three modes, neglecting the
&*Y,(x,)

higher modes. The coefficient, listed in Table 2, is o’ , come from mode shape analysis, by

substituting these coefficient into Equation (22) , we obtain the estimated displacement for the
three modes.

Table 2 The physical and mechanical properties of the beam

1# POINT 2#POSITION  3#POSITION
First mode 0.01465 0.0098 -0.0053
Second mode 0.0892 -0.0284 0.0724
Third mode 0.2422 -0.1814 0.0292

For example, when the cantilevered beam was excited by a harmonic force of 30 Hz, the FBG’s
strain response was 72.53ue, 42.63ue, 23.63ue, respectively. The displacement of A point on
beam (Figure.14) is:
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| 1 1
[« A= =1k = - -~
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— O (B2 (> | 1 1
e, = S —
| - A 1671

—FEPr z

The measurement error of beam tip can be obtained by an accelerator:

— [ A=
‘ G-
3. Experimental-2 set-up

Figure 16 shows an experimental rig for rotating beam, the beam, with four FBG mounted, is as

same as section III.B. A motor drive a gearbox and the gearbox drive a shaft,the motor power is

45KW, the motor speed could change from 100 to 3000rpm from frequency control, the gearbox
ratio is 1:5 and the maximum speed is 15000rpm. The beam is fixed the end of rotating shaft; the

Figure 16 shows a close-up view of a rotary optical coupler using an optical circulator.

Figure 16. Experiment-2 set-up
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IV. RESULTS AND DISCUSSION
A. Results
This section presents the results of strain measurements and an evaluation of displacement
vibration of rotating a beam, by gradually increasing the rotational speed to 1200rpm andthe 3-
FBG’s wavelengths were simultaneously recorded at a sampling rate of 2kHz.

Figure 17 shows micro strain of the FBG sensor mounted at 8mm of beam in range of 10-1200
rpm. Rotational speed was controlled by a motor controller. Rotational speed started at10 rpm, at
10~15 second intervals, to 1200rpm at the end. From Figure 17, the dynamic strain shows
oscillating vibration around a mean value. The mean strain decreases with rotational speed, which
means the beam was stretched under centrifugal force. The oscillating vibration means that
experiment was carried out under an elastic strain condition.

Figurel8 shows he measured dynamic strain against time at constant rotational speeds
(approximately 325 rpm, with the same FBG sensor in Figure 17). The results of spectrum
analysis show that 7.26 Hz, 14.53Hz, 55Hz cycles existed (Figure. 19). These means are doubled
in frequency relating to rotating speed(7.26 Hz, 14.53Hz) and a frequency related to natural

frequency of a cantilevered beam(55Hz, the simulation results is 60.199 Hz in section Il , the

difference came from the boundary condition ).

40 30 ; 5 :
i i i

c " ' [
] o oY H[‘ |Hl!

0 @ VW \(y
= -0 Z ! I
-3 055 05 075 1
time (s) Time (s)
Figure 17 Strain on 1# FBG in range 0~900rpm Figure 18 Strain on 1# FBG at 325rpm
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Figure. 19 Spectrum analysis of Figure 17 Figure. 20 The vibration estimation of

the beam's tip
Figure 20 shows the vibration estimation of A point of beam at constant rotational speeds 325
rpm, blue line represent the case considering only the first three modes. From experimental-1, we
know that the measurement error approximately 8.86%
B. Discussion
The errors came from the following causes.
1) The clamping condition of rotating cantilever beam does not yield a perfect fixed boundary
condition.
2) The errors came from the FBG. Ideally, the sensors are moved to a more advantageous
position. However, due to size of the FBG, the signals from the FBG are average values of a
surface range. On the other hand, the sensitivity of the FBG is the source of the errors.
3) The relative error comes from the piezoelectric accelerometer which was used to calibrate the
displacement vibration. To achieve higher displacement measurement, a sensor with higher
sensitivity could be used.
4) 8.86% error is for consider only three. Due to measuring three modes there was an error of
8.86%. By taking more modes into account, errors will be reduced.

5) Since the location of the FBG is calculated based on analytical modes, it induced some errors.

V. CONCLUSIONS
The method of using an FBG to measure dynamic strain and estimate the displacement vibration
of a rotating, cantilevered beam has been validated. This method is based on the fact that the
vibration displacement can be expressed in terms of an infinite number of vibration modes and be
related to the dynamic strains through the strain-displacement relationship. From the results, it

can be concluded that this new monitoring method can be applied to a rotor blade.
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