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1. Introduction and preliminaries

In a recent paper by Cvijovi¢ and Srivastava [1] it was shown that numerous (known or new) results involving various
special functions, such as the Hurwitz zeta function, Lerch zeta function and Legendre chi function, could be established in
a more general context. The main objective of this sequel is to consider, in a general and unified manner, other seemingly
disparate and widely scattered results of this type [2-9], like, for instance, the Wang and Williams-Zhang generalizations
of the classical Eisenstein summation formula. In doing so, we have obtained several new results.

The Bernoulli polynomials and numbers, B, (x) and B, are defined by (|5, p. 59]; for generalizations, see [10,11]):

tx

te > t"
— = Bn(x)—‘ (Jt| <2w) and B,:=B,(0) (neNy:=NUO; N:={1,2,3,...}).
el — n!

n=0

The Hurwitz and Riemann zeta functions are given by [5, p. 88 et seq.]:

s(s,a) =Y ﬁ and () =¢(s, 1) (@g€Zy ={0,—-1,-2,-3,...}; %) > 1). (1.1)
n=0
We also use the Lerch (or periodic) zeta function [5, p. 89]:
o0 2nwig
6(8) = Z . (i=+/—-1; EeR;N(s) > 1) (1.2)
n=1 n
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and the Legendre chi x(z) (see, for instance, [12]):

o0 2n+1
maw=g;é;;5;0ﬂslﬂm>>n. (1.3)

It should be kept in mind that the functions given by (1.1)-(1.3) may be extended by analytic continuation on s. The
Hurwitz and Riemann zeta functions, ¢ (s, a) and ¢ (s), are meromorphic in s € C, with a sole simple pole at s = 1. If £ is not
an integer, £(£) is an entire function in s € C, and for an integer & it reduces to ¢ (s). Similarly, the Legendre chi function
Xs(z) is meromorphic with simple pole ats = 1.

2. Statement of main results

Note that, throughout the text, we set an empty sum to be zero and it is assumed that n, p, g and r are positive integers.
Our main results are as follows.

Theorem 1. In terms of the Bernoulli polynomials and the Lerch zeta function, B, (x) and £5(§), we have:

1 p 1< r\ _2zinp
-q" 1an(q):qZ£1—n<q>e q p=1...,9, (2.1)

r=1

and

G, (q): n1] ZB ( ) = r=1.....09). 2.2)

Corollary 1A. We have:

1 p 1w [1 Tr
— —qB; (7>= e ¢ [—— 4 —cot| — p=1,...,9 (2.3)
2 q ; 2 2 q

1 i Tr 2ripr p
———cot| — ) = e 9 B[ - r=1,...,q—1). 24
2 2 <q> 2 1(q> ( = (24)

p=1

and

Corollary 1B. If n > 2, then, in terms of the Bernoulli polynomials and the derivatives of the cotangent function, we have:

1 p i a1 2mrp dn_1
—|B,—q"B <>:| e cot(n&)‘ p=1,...,9), (2.5)
n|: " "\q 2(2i)n— 1; dgn-1 é=r/q
and
i dr-1 1 2ripr p
—_— cot(né)‘ —q" - e 4 B <7) r=1,...,q—1). (2.6)
2(2mi)n1 dgn-1 /g n; "\q

Remark 1 (Eisenstein Summation Formula). Observe that, since B;(x) = x — % the formula (2.3) is equivalent to

q—1

27T r
Zsin (Lp> cot (ﬂ—> = —2qB; <B> =q—-2p (p=1,...,9), (2.3%)
— q q q

which is the classical Eisenstein summation formula (see, for instance, [6, p. 360, Eq. (1.8)]), so that the sums in (2.1) as well
as in (2.5) can be seen as its generalization.

Remark 2 (Wang Sums). The formula (2.1), by means of (3.5) in conjunction with £,(1) = ¢ (s), could be rewritten as follows:

27z1rp 1 n p
Za() b—w()}m=nwm (2.1%)
n q
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In addition, in view of the fact that B, 1 = 0, it is clear that (2.5) could be written in the form:

q-1 2n—1 2n—1
2xrp\ d (271) n p .
E cos( . ) T cot(né)‘ = (=1)"="—"— | ¢*"Byy, a) Bo| (p=1,...,9 (2.5*%a)
r=1 =r/q
and

q—1 2n 2n

([ 2mwrp\ d _12Q2m) p X
E sin ( p ) g2 COt(JTé;')‘ =n" 1mq2n+132n+] a p=1...,9-1). (2.5"b)

=r/q

Observe that our formulae (2.1), (2.3) and (2.5), in the form given by (2.1*), (2.3*), (2.5%a) and (2.5*b), were established by
Wang [3, p. 12, Theorems D and Cl.

Theorem 2. In terms of the Bernoulli polynomials and the Legendre chi function, B, (x) and xs(z), we have:

1 2p—1 1< Zir\ _ xir2p=1)
~ (29)" ]53"< >=52xl_n(eq)e =10, (27)
r=1

and

xl_n(e%") —Q" - ZB (zp_l) =1, (2.8)

Corollary 2. In terms of the Bernoulli polynomials and the derivatives of the cosecant function, we have:

1 1 Zp_l mr(2p n d' 1
~|B.|-)—0d"B csc p=1,...,9), 29
n |: n <2> q bn ( 2q >] 2(27.[1)11 1 Z dgn Hen—1 (JT%')’ e q) ( )
and
i " w11 me-nr o (2p—1
- = g = e d B r=1,...,q—1). 2.10
2(2i)n—1 dgn-1 e T 1; n ( 2 ) ( qg—1) (2.10)

Remark 3 (Trigonometric Derivative Formulae). Observe that the derivative formulae given in (2.6) and (2.10) above were
recently derived by Cvijovic¢ (see [8, Theorem] and [9, Theorem 1 and Remark 1]). The formula (2.6) could be written in the
form below:

d?1 cot(r §) (=D)"Qqmr)*" 1 & p 2prr
W = — ZBZ” (5) cos ( p > (2.6%a)
§=r/q p=1
and
dZn t -1 n—12 2 2n 4 2
d7cotxd) | _ (DT 2Qem)T Z et (2 ) sin (2221 (2.6%b)
dg2n £=r/q 2n+1 — q
Similarly, starting from (2.10), we obtain:
d®1csc(n&) (—D)"Q2qm)?>" 1 & 2p—1 ar(2p — 1)
W = — ZBZ" ( 2 ) cos ( . ) (2.10*a)
&=r/q p=1
and

2n _1\n—1 2n 4 _ _
d(n@\ = RO Y b (P Jsin (TR, (2.10D)
r/q p=1

2n+1 q

Remark 4 (New Sums). Clearly, the formulae contained in our Theorem 2 and Corollary 2 may be seen as companions to
those in Theorem 1 and Corollaries 1A and 1B. Thus, the following finite sum

= zir\ _mirgpen 2" 1 we (2p—1
> xl_n<e4)e T = B\ 5 ) —aBn p=1....09, (2.7%)
prt n 2 2q
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which is obtained from (2.7) by making use of (3.5), (1.1) and xs(1) = (1 — 27°)¢(s), as well as

L (rr@ep-1Y) & n(2n)2n "o (201 1
;COS( q ) d%-anl CSC(72-5)‘$—r/q ( 1) |:q an ( 2q > _an <2>:|

p=1...,9 (2.9%a)

and

S ar(2p—1)\ d* n12Qm)* 2p—1
Bon
; ( )@%mWQ’W BT 2“<2q>

P=1...,q9-1) (2.9%b)

are the previously unknown companions to the Wang sums (see Remark 2).
3. Proof of the results
Proof of Theorems 1 and 2. Our proofs of Theorems 1 and 2 are based on the following two discrete Fourier transform pairs

valid for any complex s with s # 1.
The first pair is given by

q 27ir]
;(s,§>:12qszs<g>ef T p=1,...,9 (3.1)

q r=1

and

r 1 p\ 2zipr
Lil-)=— , — =1,...,9, 3.2
<Q> qSZC(S Q>e ' 4 ? 52

where ¢ (s, a) and £,(£) are the Hurwitz and Lerch zeta functions, while the Legendre chi function xs(z) and ¢ (s, a) constitute
the second pair

2p—1 1< mir\ _ 27iQRr—1)p
C(s, )=Z(2q)5x5<eQ)e T (p=1....9 (33)
2(] q r=1
and
xir 2p—1 27ip—1yr
Xs(eQ) §(s, )e q r=1,...,9. (3.4)
(2q)5 ;

We first show that (3.1)-(3.4) holds true for the case when 9 (s) > 1. Indeed, for %(s) > 1, from (1.3) we obtain

. <T) B o0 @27i(k+1)p/q q— 1§: e2mikp @2mi(r+1)p/q
’ okt 1 =gkt T+ D/

so that, in view of the definition of the Hurwitz zeta function in (1.1), we have (3.2). Similarly, when % (s) > 1, the formula
(3.4) follows immediately from (1.3). Next, we establish the formulae (3.1) and (3.3) by employing the Fourier inversion
theorem.

Second we shall show that the above-given formulae remain valid %(s) < 1, s # 1.Todo so, observe that (3.1)-(3.4) may
be extended by analytic continuation on s as far as possible. It is well known that the Hurwitz and Riemann zeta functions,
£ (s, a) and ¢ (s), are meromorphicin s € C, with a sole simple pole at s = 1. If £ is not an integer, () is an entire function
ins € C, and for an integer & it reduces to ¢ (s). Similarly, the Legendre chi function y;(z) is meromorphic with simple pole
ats = 1. We thus conclude that the formulae (3.1)-(3.4) hold true for any complexs, s # 1.

Finally, in view of the known relation [5, p. 85, Eq. (17)]

(-0 =—B@ (e, (3.5)

the proposed formulae (2.1) and (2.2) as well as (2.5) and (2.6) follow upon noting that (3.1)-(3.4) are valid fors = 1—n(n €
N). O
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Proof of Corollaries 1A, 1B and 2. First, note that (2.1) and (2.7) could be rewritten in the form given by (2.1*) and (2.7*).
Next, we shall show that

1 i T
(o) = =5 + 5 OUE).  Lial®) = 3o oy COTE) (€ €R\Z; ne N\ (1) (3.6)
and
H n—1
Xion(e™€) = —— csc(mE) (£ €R\Z: neN). (3.7)

2(7-“)11 I (7iyn—1 d%—n den—1
To prove (3.6) note that

d
EZS(S) =2mils_1(§), (3.8)

which, in turn, follows from (1.2) for 9(s) > 2 and by analytic continuation for all s. The definition in (1.2) also yields
£1(8) = —log(1 — e*™ &) (¢ € R\ Z) and we from this obtain £y (&) by (3.8). Using (3.8) repeatedly with initial value £, (&)
leads to the expression in (3.6) for £1_,(&).

Likewise, we have (3.7) by making use of

d
Exs(e’“s) = mixs_1(e™)

and

m(e’“f)— Sosc(g) (§ eR\D).

Lastly, upon substltutmg the obtained formula for £1_,(£¢) (£0(£)) given by (3.6) into (2.1*) and (2.2) we arrive at the
proposed assertions of Corollary 1A (Corollary 1B). In similar manner, by (3.7), (2.7*) and (2.8), we prove Corollary 2. 0O

4. Additional results
We begin this section by listing several first values of £_,(§).

Examples 1. In view of (3.6) we have (cf. [2, p. 227]):
@) =~ [1+ o )]
b)) =2 [2 cot(w§) + 2 cot’ (w§)],
0_5(8) = le [2 + 8 cot* (&) + 6 cot*(m§)],
0_4(8) = 5 [16 cot(rr&) + 40 cot’ (&) + 24 cot® (§)]
0_5() = 14 [16 + 136 cot* (&) + 240 cot*(r&) + 120 cot®(m§)]
0_g(€) = —ﬁ [272 cot(r&) + 1232 cot? (&) + 1680 cot® (7€) + 720 cot’ ()] ,
0_5(8) = ;6 [272 — 3968 cot®(r&) — 12096 cot* (&) — 13440 cot® (&) — 5040 cot® ()],

0_g(&) = —ﬁ [7936 cot(r&) + 56 320 cot> (&) + 129 024 cot® (7w €) + 120 960 cot’ (;w &) + 40 320 cot (nS)]

Remark 5 (Williams-Zhang Sums). It is easily seen that, upon examining Examples 1, the left-hand side of the Wang sums
(2.1*) with values of ¢1_,(&), n > 2, from Examples 1 takes two different forms depending on parity of n: in the case of
even n it becomes a linear combination of Cy,(q, p)(k = 0, ..., |[n/2]), while for odd n,n > 3, it is a linear combination of
Sa+1(q, p)(k =0, ..., n/2]), where Cy(q, p) and Syx+1(q, p) are the following sums

q—1
2rmp rmw
C(q,p) = E cos (T) cot* <?> (4.1)
r=1
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and
ik 2rap rw
Sokr1(q, p) = Z sin (T) cot+1 <?> . (4.2)
r=1

Williams and Zhang ([4]; see also [7]) generalized the Eisenstein sum (2.3*) by summing the trigonometric sums in (4.1)
and (4.2), Cok(q, p), k > 1,and Sok11(q, p), k > 0.1t follows from this analysis that the Williams-Zhang sums can be recovered
from the Wang sums (2.1*) in conjunction with (3.6). All that is needed is to know that Co(q, p) = —1 and that S;(g, p) is
the Eisenstein sum given in (2.3*). Thus, we obtain:

2 p
G(q,p) = = +2¢°B, () ,
3 q
p 4 p
S3(q, p) = 2qB; <7> + -¢’B; <7>
q 3 q
26 8 p 2 p
Cig,p)=—-"—=—=¢B, (=)= Z¢*Bs( ),
4(q,p) 5 37 2<q) 34 4<q)
p 20 p 4 p
S5(q, p) = —2qB, (*) — —¢’Bs (*) - —¢Bs (*) ,
q q 15 q

9
502 46 p\ 4 p 4 p
Co(@.p) =+ —¢B (=) +=qBa| =) +—=0Bs | = ),
q 3 q 45 q
p 392 p 28
S7(q.p) =2qB1 (= ) + —¢’Bs | =
q 135 q
7102 352 p\ 88 p 32 p 2 p
Gs(q,p) = — 2 PB () - =g*Ba () - =B () — ——gBBs ).
8. ) 14175 1051 2<q> 457 4<q> 13517 ) T30 g

Examples 2. In view of (3.7) we have:

. 1
x-1(e™%) = —3 cot(m&) csc(ré),
Koz (e7E) = —% [csc(m€) + 2 cot (m§) esc(né)]

. 1
y_3(e™) = 3 [5 cot(r&) esc(é) + 6 cot’ (&) csc(mé)],

K_a(e™E) = % [5 csc(é) + 28 cot® (§) esc(m§) + 24 cot* (&) esc(mé) ],
K5 (e™E) = —% [61 cot(rw&) csc(r&) + 180 cot® (&) csc(rr&) + 120 cot(w€)® esc(wé)]

K_g(e™) = _% [61csc(r&) + 662 cot® (&) csc(mé) + 1320 cot(m&)* esc(§) + 720 cot® () cse(né)] .

Remark 6 (New Sums).By analysis analogous to that in Remark 5, by making use of (2.7*) and (3.7), we arrive at the following
(presumably) new summation formulae

2p—1
$0(q, p) = —2qB; ,
2q
1 3 2p—1
C1(q,p) = —2B> | = ) +2¢°B; ,
2 2q
2p—1 4, 2p—1
5 N = B - B )
2(q, p) CI1< 2 >+3q 3( 2 )
5 /1 2 /1 5 2p—1 2 2p—1
C3(q,p) =By =) +=Bs( =) - >¢°B - 2q"B ,
3(q, p) 32<2 +34(2> 3q 2( 2 ) 3‘] 4< 2 )

3 2p—1 14, (2p—1 4 . (2p—1
84(q,p) = —=qB — —¢°B — —¢°B
4(q, p) 4q1< 2 ) g 3( 2 578 2
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89 1 1 4 1 89 2p—1 2p—1 4 2p—1
Cs(q.p)=——By (=) —Bs[=)— —=Bs| =)+ —=¢°B +q*B + —q¢°B ,
5(0.p) = — 5552 2) 4(2) 456(2) 60" 2( 2q ) d 4( 2q ) 45175\ g
2p—1

setap) = Sap (20 4 B0p, (o1 L Rsp (1) 8 oy
6. P) = 3451\ T4 27077\ T 4575\ g 3157 77\ T2g

where

q-1 _
$(q,p) = Z sin (m(Zqu)) cot? (%) csc (rn) (4.3)

r=1 q

and

q—1
rm(2p — 1 r r
Caut1(q,p) = Z cos <7n( i )> cot?k+1 (—ﬂ> csc (—n) . (4.4)
r=1 q q

q
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