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The pa per pres ents an es ti ma tion pro ce dure for the mea sure ment of the
ther mal diffusivity of ther mal bar rier coat ings de pos ited on ther mal con -
duc tive sub strates us ing the la ser flash method when the ther mal con tact
re sis tance be tween the coat ing and sub strate is un known. The pro ce dure
is based on the ap pli ca tion of the op ti mal parameterization tech nique and
Gauss minimization al go rithm. It has been ap plied on the ex per i men tal
data ob tained by us ing two dif fer ent sam ples, one made of PTFE
(polytetrafluoroethylene) coat ing de pos ited on a stain less steel sub strate
and the other made of PVC (polyvinylchloride) de pos ited on a cop per sub -
strate.
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Introduction

The la ser flash method, orig i nally es tab lished by Parker et al. [1], is the stan dard
tech nique for ther mal diffusivity mea sure ments of solid ma te ri als. In this method, one
side of a small disk-shaped sam ple is ex posed to a sin gle pulse la ser beam and the tem per -
a ture change due to the heat dif fu sion through the sam ple is de tected from the other sam -
ple side. Re lated data re duc tion im plies the con sid er ation of sev eral spe cific points of a
mea sured tem per a ture sig nal and the cor rec tion of dif fer ent phys i cal ef fects such as the
heat loss and fi nite pulse time (see refs. [2] and [3], for ex am ple).

Al though the la ser flash method is not stan dard ized for ther mal diffusivity mea -
sure ments of multi-layer ma te ri als or thin films and coat ings, there are many pa pers in lit -
er a ture pro pos ing it for such us ing. In that sense, Larson and Koyama [4] and Bulmer and
Tay lor [5] an a lyzed one-di men sional tran sient heat con duc tion through a dou ble-layer
sam ple, tak ing in con sid er ation fi nite pulse ef fects and var i ous pulse shapes, but ne glect -
ing the in flu ence of ther mal con tact re sis tance be tween the lay ers. On the other hand,
Chistyakov [6] and Hartmann et al. [7] con sid ered the pres ence of pre vi ously mea sured
ther mal con tact re sis tance, but ig nored heat ex change be tween sam ple and en vi ron ment.
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Lee et al. [8] con trib uted to ther mal diffusivity mea sure ments of multi-lay ered struc tures
with the par tic u lar anal y sis of the ther mal be hav ior of lay ers, while Shoe maker [9] de -
scribed dif fer ent lim i ta tions of the la ser flash method and pro posed the us ing of a two-di -
men sional model of heat dif fu sion for mea sur ing ther mal diffusivity of such struc tures.
Also, Degiovanni [10] pro posed and ap plied par tic u lar trans fer func tions or qua dru ples
for mod el ing tran sient heat con duc tion through multi-lay ered sys tems, while Miloševi}
et al. [11] gave the ex act an a lyt i cal so lu tion for the tran sient tem per a ture of the rear sam -
ple side im ply ing both heat loss and pulse du ra tion ef fects, as well as the in flu ence of a fi -
nite ther mal con tact re sis tance.

In the case when the ther mal con tact re sis tance be tween the coat ing and sub -
strate is un known, an ex trac tion of re li able in for ma tion on ther mal diffusivity of coat ing
can be dif fi cult. A pro por tional in flu ence of ther mal diffusivity and ther mal con tact re sis -
tance on mea sured data re stricts se ri ously si mul ta neous es ti ma tion of these two prop er -
ties. Some ex per i men tal so lu tions have been pro posed for the mea sure ment of the ther -
mal diffusivity of di elec tric films de pos ited on con duct ing sub strates and re lated ther mal
con tact re sis tance (for ex am ple, pulsed electrothermal tech nique by Hobbie and De
Reggi [12] or two-di men sional la ser flash method by Miloševi} et al. [13]), but, they do
not pos sess some im por tant ad van tages of the clas si cal la ser flash method, such as mea -
sure ment on high tem per a tures, small and sim ple sam ples, etc.

The prob lem of si mul ta neous de ter mi na tion of ther mal diffusivity of coat ings
and ther mal con tact re sis tance be tween coat ing and sub strate us ing the la ser flash method 
can be over come by the ap pli ca tion of an op ti mal parameterization, which is based on a
re cently pro posed tech nique by Martinsons [14]. In this ap proach, in stead of es ti mat ing a
set of orig i nal un known prop er ties, a new group of un known pa ram e ters whose sen si tiv -
ity co ef fi cients are lin early in de pend ent is to be com puted in each step of the es ti ma tion
pro ce dure. New pa ram e ters are dimensionless and rep re sent a par tic u lar com bi na tion of
re lated orig i nal prop er ties. In such a way, un der cer tain ex per i men tal con di tions, like that 
of a high sig nal-noise ra tio, the si mul ta neous es ti ma tion of ther mal diffusivity of coatings 
and thermal contact resistance can be performed successfully.

Statement of the problem

Mathematical model

In the la ser flash method the mea sur ing sig nal rep re sents the tem per a ture evo lu -
tion of the rear sam ple side af ter the la ser pulse ab sorp tion at the front sam ple side. The
form of the sam ple and re lated phys i cal prop er ties con sid ered in this re search are given in 
fig. 1. Both sub strate and coat ing ma te ri als are de scribed by ther mal diffusivity, heat ca -
pac ity, and den sity, the con tact be tween them by ther mal con tact re sis tance, while the
heat loss rate by heat trans fer co ef fi cients. The la ser pulse is de scribed by du ra tion t,
while the en ergy ab sorbed at the front sur face by pa ram e ter Q.

The an a lyt i cal so lu tion of the tran sient tem per a ture of the coat ing sur face T can
be ob tained by us ing dif fer ent an a lyt i cal meth ods, such as the sep a ra tion of vari ables

138

THERMAL  SCIENCE: Vol. 11 (2007), No. 1, pp. 137-156 



tech nique, for ex am ple. For the par tic u lar case given in fig. 1 and as sum ing the la ser
pulse of the qua dratic form, the ex plicit so lu tion can be writ ten as:
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and parameters k1 and k2 are related thermal conductivity (k = rca). Positive numbers bn

represent the solutions of following transcendental equation:
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Figure 1. The form of the sample and related parameters
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How ever, in stead of re solv ing eq. (2) bn num bers can be found by the ef fi cient
and re li able “sign-count” method pro posed by Mikhailov and Vulchanov [15]. Ac cord -
ing to that pro ce dure, the num ber of eigenvalues N(bs, S) be low an ar bi trary value bs is
equal to:
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d d
d

1
1

1 1 1 2
1

1 1
1

1 11 1
º + º + -

k

a
h

k

a R

k

a
s s s s

c

sj j j j
j

cot , cot
sin

cot , cot

j

j j j

1

2

3
2

2 2

2
2 4

2
2

1 1

s

s s
c c

s
k

b R R

k

b

æ

è
ç

ö

ø
÷

º + - ºd
d

d j
j

j
2 2

3

2 2

2

2
1

s
s

s

h
k

b
+ -

æ

è
ç

ö

ø
÷

d sin

If one var ies the value bs by us ing eq. (3) and the prin ci ple of di chot omy, the de ter mi -
na tion of eigenvalues bn is straight for ward. Num ber of eigenvalues bn needed for the
com pu ta tion of se ries in eq. (1) de pends on the so lu tion con ver gence and the re quired ac -
cu racy.

Sensitivity analysis

Ac cord ing to the math e mat i cal model, there are 13 phys i cal pa ram e ters: a, b, a1, a2,
c1, c2, r1,  r2, h1, h2, Rc, t, and Q. Among them, three pa ram e ters have been con sid ered as
un known in this re search: ther mal diffusivity of coat ing, a2, ther mal con tact re sis tance,
Rc, and ab sorbed en ergy per unit of sur face, Q. Other 10 pa ram e ters have been taken as
known with neg li gi ble un cer tain ties.

Let de fine a col umn-vec tor z that rep re sents three un known pa ram e ters and a
sca lar sT that cor re sponds to the stan dard un cer tainty of the mea sured tem per a ture re -
sponse which is assumed con stant through the whole mea sure ment range. Then, the ma -
trix of sen si tiv ity co ef fi cients, Xz, has di men sion [n ´3], where n is the num ber of mea -
sured data. If one as sumes that there is no cor re la tion be tween mea sured data, the
covariance ma trix of mea sured data W is the iden tity ma trix mul ti plied with the vari ance 
sT

2  or W I=sT
2 .

For the best si mul ta neous es ti ma tion of two or more pa ram e ters, the de ter mi nant 
of the covariance ma trix of re lated pa ram e ters, Wz, should be min i mal [16]. If there is no
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in for ma tion a pri ori, the covariance ma trix of pa ram e ters for es ti ma tion is equal to 
sT

T- -2 1(X Xz z )  and its di ag o nal el e ments rep re sent the vari ances of the Cramér-Rao
bound of each pa ram e ter for es ti ma tion, while those ex tra-di ag o nal the covariances be -
tween the same pa ram e ters. In other words, un known pa ram e ters are si mul ta neously es ti -
ma ble if the ex tra-di ag o nal el e ments of Wz tend to zero and those di ag o nal are kept as
small as pos si ble. For sat is fy ing these con di tions the sen si tiv ity co ef fi cients from X z
must be lin early in de pend ent and their re duced forms (which rep re sent the sen si tiv ity co -
ef fi cients mul ti plied by re lated pa ram e ters) must be above the level of the stan dard un cer -
tainty sT in the range of con sid er ation.

In the prob lem of this re search, the sen si tiv ity co ef fi cients of the ther mal diffusivity
of coat ing and ther mal con tact re sis tance are lin early de pend ent in gen eral. As an ex am ple,
tak ing the para met ric val ues from the ex per i men tal part of this re search, i. e., from tab. 1
(spec i men II), tab. 2, and tab. 3 (com bi na tion 3-V), the re duced sen si tiv ity co ef fi cients of
three un known pa ram e ters and the level of the stan dard mea sure ment un cer tainty is pre -
sented in fig. 2. Ac cord ing to that, it can be seen a strong lin ear de pend ence be tween the sen -
si tiv ity co ef fi cients of ther mal diffusivity and ther mal con tact re sis tance, X a2

*  and X Rc

* .
In ad di tion to the lin ear de pend ence, for high val ues of ther mal diffusivity of

coat ing their re duced sen si tiv ity co ef fi cients may be be low the level of stan dard de vi a -
tion and the es ti ma tion of this pa ram e ter be comes im pos si ble. How ever, while the level
of the stan dard mea sure ment un cer tainty can be min i mized by re duc ing the mea sure ment
noise, the lin ear de pend ence be tween the sen si tiv ity co ef fi cients can be changed only by
us ing the op ti mal parameterization.

Applied estimation procedure

If there is no in for ma tion a pri ori of pa ram e ters for es ti ma tion, one should ap ply
the max i mum like li hood (ML) es ti ma tor. Ac cord ing to this es ti ma tor, as sum ing the
Gauss dis tri bu tion of er rors, the it er a tive equa tion for min i miz ing the dif fer ence be tween
mea sured and com puted val ues is:

z z J X W Y T zz z
( ) ( ) ( ) ( ) ( ) ( )[ ] { [ ]}k k k k k k+ - -= + -1 1 1t (4)

where Y and T are the column-vectors of n measured and computed values, respectively,
and Jz is the Fisher information matrix equal to:

J X W Xz z z
( ) ( ) ( )k k k= -t 1 (5)

The di ag o nal el e ments of the in verse Fisher in for ma tion ma trix are the vari ances 
of pa ram e ters for es ti ma tion, while the ex tra-di ag o nal cor re spond to the covariances be -
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tween them. While the first ones are re spon si ble for the pre ci sion of es ti mated pa ram e -
ters, the ex tra-di ag o nal el e ments de scribe the pos si bil i ties of si mul ta neous es ti ma tion of
two re lated pa ram e ters. In that sense, the pa ram e ters are op ti mal for the es ti ma tion when
all ex tra-di ag o nal el e ments of the ma trix J z

-1are as ymp tot i cally equal to zero. In other
words, in or der to find a set of op ti mal pa ram e ters p, a di ag o nal of the in verse Fisher in -
for ma tion ma trix needs to be ex tracted.

Diagonalization of any square ma trix means to find its eigenvalues and
eigenvectors, but it has no sense if pa ram e ters for es ti ma tion have any phys i cal di men -
sion [14]. From that rea son, one must sub sti tute all re lated pa ram e ters with phys i cal di -
men sion with their dimensionless coun ter parts. In this case, dimensionless pa ram e ters
that cor re spond to ther mal diffusivity of coat ing a2, ther mal con tact re sis tance Rc, and ab -
sorbed en ergy Q can be de fined as*:

q
a

1 2 2º
t
a (6)

q
c

a
Rc2

1 1 1º
r a

(7)

q
c a

Q3
1 1

1
º
r

(8)

Each of them is a prod uct of only one un known and sev eral known pa ram e ters
with phys i cal di men sion. In above def i ni tions, only known prop er ties which re late to the
sub strate are used be cause they are better known in prac tice than those which cor re spond
to the coating.

Hav ing the col umn-vec tor of dimensionless pa ram e ters q, a fol low ing non-lin -
ear com bi na tion can be cre ated:

p qj m
r

m

jmº Õ
=1

3
(9)

where j = 1, 2, and 3 and the numbers rjm are to be found from the process of
diagonalization. Applying the logarithmic transformation of both sides of eq. (9), one
obtains:

log logp rj jm m
m

º å
=

q
1

3
(10)

or log p = R log q in the matrix notation where R is the matrix of rjm elements. Having the
matrix of sensitivity coefficients of logarithmic parameters with a typical element:
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*  This set of dimensionless pa ram e ters is a re sult of the, so called, p-the o rem, de scribed in [14]. How ever, only un -
known pa ram e ters have been sub sti tute with the hew para met ric set.
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the inverse Fisher information matrix of logarithmic parameters log q becomes:
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Once the ma trix Jlogq is cre ated, the diagonalization of its in verse can be ap plied
as:

J U VUqlog
- =1 t (13)

where the eigenvalues are diagonal elements of the diagonal matrix V, while the
eigenvectors are the columns of the transformation matrix U. The matrix U is orthogonal,
i. e., Ut = U–1. Because the eigenvectors are linearly independent, substituting the matrix
R from eq. (10) by the matrix Ut, the vector p becomes the optimal set of parameters with
the typical element:

p qj m
m

jmº Õ
=

( )U t

1

3
(14)

The eigenvalues of the di ag o nal ma trix V rep re sent the vari ances of log a rith mic
pa ram e ters or the square of the rel a tive stan dard de vi a tion of pa ram e ters p, i. e.:
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These val ues in di cate which op ti mal pa ram e ter can be es ti mated pre cisely.
Namely, only pa ram e ters with small log a rith mic vari ances are used for the cor rec tion in
the it er a tive procedure.

Af ter the diagonalization of the ma trix Jlogq the ma trix of re duced sen si tiv ity co -
ef fi cients of the op ti mal pa ram e ters p can be com puted us ing the sim ple for mula:

X X Up q
* *= t (16)

The usual ma trix of sen si tiv ity co ef fi cients of the op ti mal pa ram e ters Xp is ob -
tained by di vid ing each col umn of the ma trix Xp

* with the re lated pa ram e ter p.
Chang ing the vec tor and ma trix z and X z in eq.  (4) by p and Xp, re spec tively,

the Gauss it er a tive equa tion be comes:

p p X W X X W Y T pp p p
( ) ( ) ( ) ( ) ( ) ( )[ ] { [ (k k k k k k+ - - -= + -1 1 1 1t t (k ) )]} (17)
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As stated above, pa ram e ters with a large re lated value from the ma trix V can not
be es ti mated pre cisely, so they should be fixed in the cur rent it er a tion. Ob vi ously, a new
op ti mal set of pa ram e ters needs to be cre ated for each it er a tion step.

There are three con di tions which must be sat is fied for reach ing the con ver gence
as de scribed in [14]: the cost func tion should be min i mal, the cor rec tion of p from eq.
(17) must tend to zero, and the or thogo nal ma trix U from eq. (13) must tend to iden tity
ma trix. If the cri te rion of con ver gence is sat is fied, the fi nal val ues of the ini tial pa ram e -
ters q are ex tracted from the set of op ti mal pa ram e ters p from the last it er a tion. Us ing eq.
(14) and the fact that the ma trix U is or thogo nal one ob tains:

q p pj m
m

m
m

jm jm= Õ = Õ
-

= =

( )U (U)t 1

1

3

1

3
(18)

On the other hand, the fi nal un cer tain ties of the pa ram e ters q can be de rived
from the in verse of the Fisher in for ma tion ma trix from the fi nal it er a tion

[J X W Xp p p
final t final) (final)] [ ](- -=1 1 (19)

which are equivalent to the diagonal elements of the matrix Vfinal.

Experiments

In or der to dem on strate the ap pli ca tion of pro posed es ti ma tion pro ce dure, two
sam ples have been taken for the ex per i ment. The first, made of a coat ing of the
polytetrafluoroethylene (PTFE) doped with car bon and de pos ited on a stain less steel sub -
strate, and the sec ond, made of with a polyvinylchloride (PVC) coat ing on a copper
substrate.

Sample 1: PTFE+C – coating, stainless steel – substrate 

The coat ing de po si tion is a com mon pro cess in the in dus try of kitchen tools, es -
pe cially pans. The coat ing of poly mer is use ful for the pro tec tion of me tal lic body and its
ther mal iso la tion. For the pur pose of this re search, a com mer cially avail able pan of the
pro ducer SITRAM® has been se lected for the specimen preparation.

Specimens and measurements

The bot tom of the pan was made of a thick stain less steel base coated by a thin
layer of PTFE doped with 30% of car bon fi bers. The cen tral part of the pan’s bot tom was
about 200 mm in di am e ter and about 3 mm in thick ness. Two spec i mens in the form of
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disk were man u fac tured from that part of the pan: one of the steel base ment only, and
other with the orig i nal poly mer coat ing. The first spec i men was used for clas si cal ther mal 
diffusivity mea sure ments of the steel base ment, while the sec ond for the mea sure ments
of ther mal diffusivity of coat ing. Data ob tained from the first spec i men were nec es sary
for the mea sure ments performed on the second sample.

Tem per a ture re sponses were re corded us ing the la ser flash ap pa ra tus of fol low -
ing prop er ties: the ruby pulse la ser beam of about 15 mm in di am e ter, 30 J of max i mum
out put en ergy, and 1 ms of pulse du ra tion. The spec i mens were held in a spe cially de -
signed vac uum cham ber which has two win dows, al low ing the pulse heat ing of front and
the tem per a ture de tec tion of the rear spec i men side. Tran sient tem per a ture re sponse was
mea sured by a sen si tive InSb IR de tec tor and re corded by a high-pre ci sion data-ac qui si -
tion sys tem. All the measurements were performed at room temperature.

All the val ues of pa ram e ters re lated to spec i men di men sions, pulse du ra tion, and 
av er age noise of tem per a ture re sponses are pre sented in tab. 1. Data on spec i men di am e -
ters D are only in for ma tive as far as they are not in volved in the phys i cal model and es ti -
ma tion pro ce dure from above. The rel a tive noise of mea sured tran sient tem per a tures was
dif fer ent for two spec i mens due to dif fer ent emissivities of two re lated sur faces.

Thermophysical properties of substrate and coating

In or der to de ter mine the heat ca pac ity of the sub strate stain less steel, a chem i cal 
anal y sis with the mass spec tros copy method was car ried out. Ac cord ing to that, the used
stain less steel had the fol low ing com po si tion in weight per cent: 84.1% Fe, 14.4% Cr,
0.8% Mo, 0.3% Ni, 0.17% Si, 0.06 Mg and Mn, 0.05 V, 0.04 Cu, and 0.01 Zn. By ap ply -
ing the Kopp-Neumann rule and ref er ence data taken from Touloukian and Buyco [17],
the value of 450 J/kgK for the heat ca pac ity of the sub strate ma te rial was ob tained. How -
ever, in or der to ver ify this value, the heat ca pac ity was also de ter mined ex per i men tally
by the bal lis tic cal o rim e try method*. Re sults of those mea sure ments sug gested a value of
460 J/kgK, which was only about 2.5% higher than the com puted one.

The den sity of the steel was mea sured di rectly by us ing the di men sions and mass 
of spec i men I, and the value was 7449 kg/m3.
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Table 1. Specimen dimensions, pulse duration, and average relative
standard measurement uncertainty for sample 1

Spec i men a [mm] b [mm] D [mm] t [ms] sT [%]

I 2.01 –
10 1

1.1

II 2.07 80 0.6

* This for mula is valid when the tem per a ture dif fer ence be tween the sur face and en vi ron ment is small ans the heat ex -
change by con vec tion is neg li gi ble, which is the case when the ex per i ments are per formed at the room tem per a ture
and un der the vac uum con di tions.   



The ther mal diffusivity of steel was de ter mined by the stan dard la ser flash
method and, in to tal, 8 tem per a ture re sponses were re corded from spec i men I. The fi nal
value of 12.5 ×10–6 m2/s was ob tained for this prop erty.

Re gard ing the sam ple coat ing, the val ues of its heat ca pac ity and den sity were
taken from the da ta base www.matweb.com as 1100 J/kgK and 2100, re spec tively, for
the PTFE with 30 to 50% of car bon fill ing. On the other hand, be ing one of three pa ram -
e ters for es ti ma tion, the value of the coat ing ther mal diffusivity was used only as the
ini tial value in the first step of the it er a tive eq. (4). In that sense, eight a pri ori val ues in
the range from 0.06 ×10–6 to 40 ×10–6 m2/s were taken for the es ti ma tion pro ce dure. The
range was cho sen by con sid er ing the ref er ence value for pure PTFE, which was about
1.12 ×10–6 m2/s [19].

The same logic was ap plied for the ther mal con tact re sis tance where, in to tal, nine
val ues from 0.6 ×10–6 to 800 ×10–6 m2K/W were used for the first step of the es ti ma tion pro ce -
dure. At the same mo ment, how ever, due to very good es ti ma tion pos si bil i ties for the ab -
sorbed en ergy Q, only one a pri ori value of this prop erty was taken and it was 50 J/m2.

Fi nally, the val ues of heat trans fer co ef fi cients for sur faces of both ma te ri als
were com puted us ing the ap prox i mate for mula*, h Tsb» 4 3s e ref  where  ssb is
Stefan-Boltzmann con stant (5.67 ×10–8 W/m2K4),        e emissivity of re lated sur face, and Tref

spec i men ref er en tial tem per a ture. Tak ing the emissivity of the steel sur face as 0.5 [18]
and as sum ing the emissivity of the coat ing sur face as 0.8, the heat trans fer co ef fi cients h1

and h2 for the ref er en tial tem per a ture of 24 °C are equal to 3.0 and 4.8 W/m2K, re spec -
tively.

All the value s of known thermophysical prop er ties of sub strate and coat ing are
given in tab. 2, while the a pri ori val ues of pa ram e ters for es ti ma tion in tab. 3 Each a pri ori
value of the ther mal diffusivity of coat ing and ther mal con tact re sis tance has been nu mer -
ated in or der to an a lyze con ve niently es ti ma tion pos si bil i ties and dis cuss fol low ing re sults.

Sensitivity analysis

Hav ing the val ues of all known and a pri ori pa ram e ters, the com pu ta tion of re lated
sen si tiv ity co ef fi cients and anal y sis of the es ti ma tion pos si bil i ties could be per formed.
As a re sult, the re duced sen si tiv ity co ef fi cients of three orig i nal pa ram e ters for es ti ma tion 
from tab. 3 (3-V com bi na tion of a pri ori pa ram e ters) and the level of stan dard mea sure -
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Table 2. Known thermophysical properties of the substrate and coating of sample 1

Spec i men
r1

[kg/m3]
r2

[kg/m3]
c1

[J/kgK]
c2

[J/kgK]
a1

[10–6 m2/s]
h1

[W/m2K]
h2

[W/m2K]

II 7449 2100 460 1100 12.5 3.0 4.8

*
This for mula is valid when the tem per a ture dif fer ence be tween the sur face and en vi ron ment is small ans the heat ex -
change by con vec tion is neg li gi ble, which is the case when the ex per i ments are per formed at the room tem per a ture
and un der the vac uum con di tions.   



ment un cer tainty are al ready pre sented in fig. 2. How ever, if one sub sti tutes the orig i nal
pa ram e ters from tab. 3 with those from eqs. (6) to (8) and per forms the op ti mi za tion as
de scribed in sec tion 3, one ob tains a new set of pa ram e ters. Thus, for ex am ple, for com bi -
na tion 3-V, the trans for ma tion ma trix U and the ma trix of eigenvalues V are equal to:

U =

× × - ×

× - ×

- - -

-

3603 10 9328 10 1835 10

9328 10 3603

1 1 5

1

. . .

. . 10 4880 10

4559 10 174110 1

1 3

3 3

- -

- -

- ×

× - ×

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

.

. .

(20)

V =

é

ë

ê
ê
ê

ù

û

ú
ú
ú

345

0915

0012

.

.

.

(21)
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Figure 2. An example of the reduced sensitivity
coefficients of three original unknown parameters

                    Table 3. a priori values of unknown parameters of sample 1

Spec i men
a2 ap

[10–6 m2/s]
Rc ap

[10–6 m2K/W]
Qap

[J/m2]

II

0.06 
  0.1 
0.4
0.8
  2
  6
10
40

(estim. 1)
(estim. 2)
(estim. 3)
(estim. 4)
(estim. 5)
(estim. 6)
(estim. 7)
(estim. 8)

 0.6
     1
    4
    8
  20
  60
100
400
800

(estim. I)
(estim. II)
(estim. III)
(estim. IV)
(estim. V)
(estim. VI)
(estim. VII)
(estim. VIII)
(estim. IX)

50



The re duced sen si tiv ity co ef fi cients of the pa ram e ters cre ated from eqs. (14) and 
(20) are given in fig. 3. It can be seen that all the sen si tiv ity co ef fi cients are lin early in de -
pend ent, so the si mul ta neous es ti ma tion of re lated pa ram e ters is the o ret i cally pos si ble.
How ever, be cause the re duced sen si tiv ity co ef fi cient of the op ti mal pa ram e ter p1 is be -
low the level of stan dard mea sure ment un cer tainty, this pa ram e ter can not be es ti mated
and should be fixed dur ing the ac tual it er a tion step.

By com par ing fig. 2 and fig. 3, the ben e fit of the op ti mal parameterization in this 
case is that the sen si tiv ity co ef fi cients of new pa ram e ters are lin early in de pend ent mak -
ing thus pos si ble their si mul ta neous es ti ma tion. How ever, due to a rel a tively high level of 
mea sure ment un cer tainty, the iden ti fi ca tion of cer tain op ti mal pa ram e ters is im pos si ble.
In such a case, the op ti mal parameterization helps to choose which pa ram e ters should be
es ti mated and which fixed in each step of iterative eq. (17).

Experimental results

There were 4 tran sient tem per a ture re sponses mea sured from the back sur face of 
spec i men II. Ac cord ing to the a pri ori val ues from tab. 3 and the val ues of known pa ram -
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Figure 3. Reduced sensitivity coefficients of three optimal parameters of sample 1



e ters from tab. 1 and tab. 2, 72 op ti mal es ti ma tions have been per formed for each re -
sponse, 288 to tally. The value of the cost func tion was used as a cri te rion of the es ti ma -
tion qual ity. As a re sult, two sets of fi nal val ues have been ob tained: first, when the ther -
mal con tact re sis tance is lower than 100 ×10–6 m2K/W and sec ond, when the same
pa ram e ter is equal or higher than that value.

All the re sults of ther mal diffusivity and ther mal con tact re sis tance, their mean
val ues and ex panded un cer tain ties (cov er age fac tor 2) of the mean val ues are pre sented in 
tab. 4. Ac cord ing to them, the ther mal diffusivity has been de ter mined suc cess fully to -
gether with the ther mal con tact re sis tance only by not as sum ing a very low thermal con -
tact re sis tance a pri ori value, i. e., be low 8 ×10–6 m2K/W.

On the other side, by ap ply ing the es ti ma tion with the orig i nal pa ram e ters, in
most cases of the a pri ori val ues the it er a tive pro ce dure di verges for ei ther ther mal
diffusivity or ther mal con tact re sis tance or both of them, which is the con se quence of the
mu tual lin ear ity of re lated sen si tiv ity co ef fi cients. The fix a tion of pa ram e ters could help
in this case only if one has the re sults of the op ti mal es ti ma tion.

In com par i son with the lit er a ture value of 1.12 ×10–6 m2/s [19], which cor re sponds to
the pure PTFE, the pres ent re sults on ther mal diffusivity is higher, which is prob a bly due to
the car bon fill ing of the PTFE coat ing. Also, it should be men tioned that the pres ent re sults
were ob tained as sum ing the per fect knowl edge of known prop er ties. If one con sid ered the
un cer tain ties of known pa ram e ters, the re sults would have had larger con fi dence re gion.

Sample 2: PVC – coating, copper – substrate 

The ap pli ca tion of poly mer tapes for join ing and iso la tion of elec tri cal con duc -
tors is very com mon. How ever, poly mer tapes rep re sent a ther mal bar rier for heat trans fer 
be tween the con duc tor and en vi ron ment and in some cases such ther mal iso la tion needs
to be quan ti fied, which means a knowl edge of ther mal trans port prop er ties of ap plied
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Table 4. Final results on thermal diffusivity of the coating and thermal contact resistance
of sample 1

Response
No.

a priori value
[m2K/W]

a2

[10–6 m2/s]
a2 av

[10–6 m2/s]
Ua2av[%] Rc

[10–6 m2K/W]
Rc av

[10–6 m2K/W]

URcav
[%]

1

Rc ap  ³ 8×10–6

0.243

0.235 6.2

86.8

83.9 5.7
2 0.242 80.2

3 0.229 83.8

4 0.227 84.9

1

Rc ap < 8×10–6 Di verged – –

Same as
re lated
a pri ori
value

–
2

3

4



tapes. In this ex am ple, there fore, the de ter mi na tion of the ther mal diffusivity of a com -
mon PVC tape with the com mer cial name Scotch® has been performed.

Sample and measurements

The ad he sive side of a black Scotch® iso la tion tape was man u ally pressed to one 
sur face of a thin cop per disk. The cop per sur face was en tirely cov ered by the tape and the
sur plus of the tape was re moved from the edges of the sur face by a thin blade. All di men -
sions of the cop per disk as well as the thick ness of the tape were mea sured be fore the ad -
he sion. Tem per a ture re sponses were re corded at room tem per a ture us ing the same ap pa -
ra tus as in the pre vi ous ex am ple. Sam ple di men sions, pulse du ra tion, and the stan dard
un cer tainty of tem per a ture re sponses are given in tab. 5.

                       Table 5. Specimen dimensions, pulse duration, and
                      average relative standard measurement uncertainty for sample 2

a [mm] b [mm] D [mm] t [ms] sT [%]

1.49 120 10 1 0.6

Thermophysical properties of substrate and coating

In or der to mea sure pre cisely the tape den sity, 25 dif fer ent parts with reg u lar
di men sions have been cut from the tape and the av er age value of about 1360 kg/m3

was ob tained. Con sid er ing the heat ca pac ity of the tape ma te rial, it was as sumed to be
1100 J/kgK us ing the ref er ence [20].

Re gard ing the cop per sub strate, its den sity was mea sured di rectly from the disk,
while the val ues of heat ca pac ity and ther mal diffusivity were taken from the Touloukian
and Buyco [17] and Magli} and Miloševi} [21], re spec tively.

On the same man ner as in the pre vi ous ex am ple, the heat trans fer co ef fi cients
were com puted us ing the given ap prox i mate for mula. The emissivity of the free cop per
sur face was taken to be 0.03 [18], while that of the coat ing was as sumed to be 0.8.

Fi nally, eight a pri ori val ues of the ther mal diffusivity, three of the ther mal con -
tact re sis tance, and one of the ab sorbed en ergy were taken for the es ti ma tion pro ce dure.
All the val ues of thermophysical prop er ties are pre sented in tab. 6 (known pa ram e ters)
and tab. 7 (pa ram e ters for es ti ma tion).

       Table 6. Known thermophysical properties of the substrate and coating of
       sample 2

r1

[kg/m3]
r2

[kg/m3]
c1

[J/kgK]
c2

[J/kgK]
a1

[10–6 m2/s]
h1

[W/m2K]
h2

[W/m2K]

8930 1361 386.5 1100 121 0.2 4.4
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 Sensitivity analysis

The re duced sen si tiv ity co ef fi cients
of three pa ram e ters for es ti ma tion from
tab. 7 for the com bi na tions of a pri ori
val ues 3-I and 3-III are pre sented in fig.
4, to gether with the level of stan dard
mea sure ment un cer tainty. Ac cord ing to
that, ther mal diffusivity can be es ti mated
si mul ta neously with ther mal con tact re -
sis tance only in cases when the lat ter pa -
ram e ter has a high value. Oth er wise, re -
lated sen si tiv ity co ef fi cients are lin early
de pend ent and one needs to ap ply the op -
ti mal parameterization.

Per form ing de scribed op ti mi za tion pro ce dure, two op ti mal sets of pa ram e ters
for com bi na tions 3-I and 3-III with re lated trans for ma tion ma trix U have been ob tained.
Their re duced sen si tiv ity co ef fi cients are given in fig. 5 where one can find that all of
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Table 7. A priori values of unknown
parameters of sample 2

a2,ap

[10–6 m2/s]
Rc,ap

[10–6 m2K/W]

Qap

[J/m2]

0.06 (estim. 1)

  0.1 (estim. 2)     1 (estim. I)

0.16 (estim. 3)    10 (estim. II) 50

  0.2 (estim. 4)   100 (estim.III)

  0.6 (estim. 5) 1000 (estim. IV)

     1 (estim. 6)

Figure 4. Reduced sensitivity coefficients of three original unknown parameters of sample 2



them are lin early in de pend ent for corresponding com bi na tion of a pri ori val ues. On the
other hand, the re duced sen si tiv ity co ef fi cient of the pa ram e ter p1 from es ti ma tion 3-I is
com pletely cov ered by the stan dard mea sure ment un cer tainty, so it must be fixed in ac -
tual step of the it er a tive pro ce dure. Also, as the pa ram e ter p1 from es ti ma tion 3-I is mostly 
re lated to dimensionless ther mal con tact re sis tance q2, one can con clude in this case that
the pa ram e ter Rc can not be de ter mined if its value is very low as was the case in the pre vi -
ous ex am ple.

Experimental results

To tally, four tran sient tem per a ture re sponses were mea sured from the coat ing
sur face of sam ple 2 and 12 es ti ma tion pro ce dures, 3 for each re sponse. Fi nal re sults of
ther mal diffusivity and ther mal con tact re sis tance, their mean val ues and ex panded un -
cer tain ties (cov er age fac tor 2) are pre sented in tab. 8.

The op ti mal es ti ma tion pro ce dure ap plied in this par tic u lar case has given the re -
sults as ex pected: ther mal diffusivity and ther mal con tact re sis tance have been de ter -
mined si mul ta neously with suc cess, but only when the a pri ori value of the ther mal con -
tact re sis tance have been equal or greater than 10 ×10–6 m2K/W.
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Figure 5. Reduced sensitivity coefficients of three optimal parameters of sample 2



Table 8. Final results on thermal diffusivity of the coating and thermal contact resistance of
sample 2

Response
No.

a priori
value

[m2K/W]

a2

[10–6 m2/s]
a2 av

[10–6 m2/s]

Ua2av

[%]

Rc

[10–6 m2K/W]
Rc av

[10–6 m2K/W]

URcav
[%]

1

Rc ap ³ 10×10–6

0.296

0.273 15.1

496

542 12.8
2 0.268 539

3 0.280 556

4 0.247 578

1

Rc ap < 10×10–6 Di verged – –

Same as
re lated
a pri ori
value

– –
2

3

4

In com par i son to lit er a ture data taken from, for ex am ple, Touloukian et al. [19]
(1.19 ×10–7 m2/s at room tem per a ture), the ac tual ther mal diffusivity value is more than
twice higher, but rea sons for such a dif fer ence can be found in ma te rial spe cific prep a ra -
tion and struc ture. Also, the con fi dence re gion of the re sults would have been larger if the 
un cer tain ties of known pa ram e ters had been con sid ered. On the other hand, the value of
the ther mal con tact re sis tance is dif fi cult to com pare with other cor re spond ing lit er a ture
data since it de pends on many other phys i cal pa ram e ters such as the type of ap plied ad he -
sive, its den sity or thick ness. 

Conclusion

A si mul ta neous es ti ma tion of ther mal diffusivity of coat ings and ther mal con tact 
re sis tance be tween the coat ing and sub strate is not pos si ble us ing the la ser flash method
due to the lin ear de pend ence be tween re lated sen si tiv ity co ef fi cients. In or der to over -
come this prob lem for the case of ther mal bar rier coat ings, a par tic u lar op ti mal
parameterization is pro posed. By us ing the new set of op ti mal pa ram e ters whose sen si tiv -
ity co ef fi cients are lin early in de pend ent and by con sid er ing the level of mea sur ing un cer -
tainty, the stan dard Gauss es ti ma tion pro ce dure can be ap plied with suc cess. The pro -
posed method has been ap plied in prac tice on two dif fer ent sub strate-coat ing struc tures
and obtained results are in agreement with theoretical considerations.

Nomenclature

a –  thickness of the substrate, [mm]
b –  thickness of the coating, [mm]
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c1,2 –  specific heat of the substrate or coating, [Jkg–1K–1]
D –  diameter of the sample, [mm]
d1,2,3,4 –  functional elements, [Wm–2K–1]
h1,2 –  radiative heat transfer coefficients, [Wm–2K–1]
I –  identity matrix
i –  estimation number; estimation index
Jp –  Fisher information matrix of parameters p
Jz –  Fisher information matrix of unknown parameters
Jlogq –  Fisher information matrix of logarithmic parameters q
j –  estimation index
k –  iteration index
k1,2 –  thermal conductivity of the substrate or coating, [Wm–1K–1]
m –  estimation index
N –  number of negative elements of the set S
Nn –  function of the solution
n –  solution index
p1,2,3 –  non-linear combinations of dimensionless parameters
p –  column-vector of parameters p1,2,3

Q –  energy per square meter absorbed by the sample, [Jm–2]
q1,2,3 –  dimensionless parameters, [–]
q –  column-vector of dimensionless parameters
R –  matrix of rjm elements
Rc –  thermal contact resistance, [m2KW–1]
rjm –  auxiliary numbers
S –  set of functional elements
s1,2 –  functions of the solution
T –  transient temperature computed from the model, [K]
T –  column-vector of the transient temperature computed from the model
t –  time, [s]
U –  expanded uncertainty of the coverage factor 2, [%]
U –  transformation matrix
V –  diagonal matrix of eigenvalues
W –  variance-covariance matrix of measured data
Wz –  variance-covariance matrix of unknown parameters
Xlogq –  sensitivity coefficients matrix of logarithmic parameters q1,2,3

Xp –  sensitivity coefficients matrix of parameters p1,2,3

Xz –  sensitivity coefficients matrix of unknown parameters
Xq –  sensitivity coefficients matrix of parameters q1,2,3

X* –  normalized sensitivity coefficient, [mK]
Y –  column-vector of measured data
z –  column-vector of unknown parameters

Greek symbols

a1,2 –  thermal diffusivity of the substrate or coating, [m2s–1]
bn –  roots of the transcendental equation
bs –  arbitrary value
j1,2 –  functions of the solution
r1,2 –  density of the substrate or coating, [kgm–3]
slog p –  standard deviation of the parameter p
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sT –  standard deviation of measured data, [%]
t –  laser pulse duration, [ms]

Subscripts

ap –  a priori value
av –  average value

Superscripts

final –  final iteration
t –  transport operator
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