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Abstract: The Bayesian FFT method has gained attention in operational modal analysis of civil
engineering structures. Not only the most probable value (MPV) of modal parameters can be
computed efficiently, but also the identification uncertainty can be rigorously quantified in terms
of posterior covariance matrix. A recently developed fast algorithm for general multiple (possibly
close) modes was found to work well in most cases, but convergence could be slow or even fail in
challenging situations. The algorithm is also tedious to computer-code. Aiming at resolving these
issues, an expectation-maximization (EM) algorithm is developed by viewing the modal response
as a latent variable. The parameter-expansion EM and the parabolic-extrapolation EM are further
adopted, allowing mode shape norm constraints to be incorporated and accelerating convergence,
respectively. A robust implementation is provided based on the QR and Cholesky decompositions,
so that the computation can be done efficiently and reliably. Empirical studies verify the
performance of the proposed EM algorithm. It offers a more efficient and robust (in terms of
convergence) alternative that can be especially useful when the existing algorithm has difficulty
to converge. In addition, it opens a way to compute the MPV in the Bayesian FFT method for other
unexplored cases, e.g., multi-mode multi-setup problem.

Key words: Operational modal analysis; Bayesian inference; Expectation Maximization; Closely-
spaced modes

1 Introduction
Operational modal analysis (OMA) [1-3] aims at identifying structural modal parameters (e.g.,
modal frequencies, damping ratios and mode shapes) by using only the measured structural
response. The identified modal parameters play an important role in structural design verification
and retrofits [4,5], vibration control [6,7] and health monitoring [8,9]. Since OMA does not require
specific knowledge of the input force, it has gained popularity in the dynamic testing of civil
engineering structures, where artificial excitation is costly or in many cases impractical.

In OMA, the input force is unknown and usually modeled as a wideband stochastic process.
As a result, the identification process is more sophisticated compared to the input-output
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identification, and proper means must be devised to extract modal information from the stochastic
response data in the absence of loading information. During the past decades, a large variety of
methods have been developed in literature. Early methods such as random decrement [10] and
peak-picking [11] are simple to use but they can only provide a rough estimate of the modal
parameters. During the 1990s, two important techniques became available: the stochastic subspace
identification [12] and the frequency-domain decomposition [13]. They are able to estimate modal
parameters with good accuracy in most conditions. Various algorithms [14—16] have been recently
proposed to quantify the identification uncertainty in a frequentist sense by means of perturbation.
For a more thorough overview of OMA methods, the reader is referred to Refs. [1-3]

Uncertainty quantification is central to Bayesian OMA methods [17], which addresses
simultaneously estimation and uncertainty quantification via Bayes' Theorem for given measured
data and modeling assumptions. It views modal identification as an inference problem, where
identification result is encapsulated in the posterior probability density function (PDF) of modal
parameters for given data and modeling assumptions. Based on different models and assumptions,
several Bayesian OMA methods have been proposed, e.g., [18-20] in the time domain and [21-
27] in the frequency domain. Balancing robustness in modeling assumptions and computational
efficiency, the Bayesian FFT (Fast Fourier Transform) method [22—-26] provides a feasible strategy
for Bayesian analysis of modal parameters. The fast algorithm developed in [25] is applicable for
general multiple (possibly close) modes. Compared to the algorithm for well-separated modes
[23], the theory behind and the resulting programing effort were significantly more involved. It
was based on heuristic grouping of parameters and iterative updating until convergence. It was
found to work well in most applications, but the convergence can be an issue in challenging
situations, e.g., when there are three or more modes in the selected frequency band. This paper
presents an expectation-maximization (EM) algorithm, which does not involve heuristic grouping
and offers a more robust (in terms of convergence) alternative for efficiently computing the most
probable value (MPV) for general multiple (possibly close) modes.

The EM algorithm [28] is a popular tool for the maximum likelihood or maximum a posteriori
estimation of statistical models in science and engineering. An up-to-date treatment of the theory
and applications of this algorithm can be found in [29]. In the context of OMA, it has been applied
in [30,31] to identify the state-space model. The EM algorithm is simple to implement and
converges monotonically in terms of the loglikelihood or log-posterior of the latent-variable model
[32] under mild conditions [28,33]. However, the EM algorithm is known to converge slowly in
some situations. This important aspect has received much attention recently and many algorithms
have been proposed to accelerate convergence while preserving algorithmic simplicity. Two such
acceleration methods are incorporated in this work, namely, the parameter-expansion EM [34] and
the parabolic extrapolation EM [35].

This paper is outlined as follow. The Bayesian FFT method is first reviewed, including the
modeling assumptions and the Bayesian formulation. The EM algorithm and its variants are then
briefly introduced and tailored to the Bayesian FFT method for fast computation. The closed-form
update of the E step and M step are derived, and a robust implementation is provided. Finally,
empirical studies based on synthetic, laboratory and field test data are presented to illustrate the
performance of the proposed algorithm.



2 Bayesian FFT method

This section reviews the Bayesian formulation for OMA using the scaled FFT of ambient vibration
data. This involves stating the modeling assumptions, the parameters to be identified and deriving
the likelihood function, which is practically the posterior PDF of parameters.

Let the time history data measured at n degrees of freedom (DoFs) of a structure under
ambient vibration be {§; € R™:j =0,1,..,N — 1} and abbreviated as {;}, where N is the
number of samples per data channel and n is the number of data channels. Modeled as a stationary
stochastic process, its scaled FFT is defined as

N-1
Fi = At/N Z ) yje2mikiN (1)
]:

where At (sec) is the sampling interval and i is the imaginary unit. For k < N, F . corresponds to
the frequency f, = k/NAt (Hz), where N, = int[N/2] (int[-] denotes the integer part) is the
index at the Nyquist frequency. The FFT in Eqgn. (1) is scaled by the factor \/At/N so that the
expectation of F,F}, (‘** denotes conjugate transpose) is equal to the two-sided power spectral
density (PSD) matrix of the data process.

In practice, only the FFTs on a selected frequency band with Ny FFT points, denoted by {(F},
containing the mode(s) of interest are used for identification. This trades off between the
information used for identification (the wider the better) and modeling error risk (the narrower the
better) [36]. Within the selected band, it is assumed that

j\:k:?k-l_gk (2)

where F, and &, denote respectively the scaled FFT of the theoretical structural dynamic response
and the prediction error (e.g., data noise). Suppose the selected frequency band is dominated by m
vibration modes, referred as mode 1,2, ...,m, then F, = &n, where @ = [, P,, ..., ] €
R™ ™ js the partial mode shape matrix confined to measured DoFs, and n,, € C™*! is the scaled
FFT of modal response at frequency f,. Let p,, € C™** be the scaled FFT of the modal excitation
at frequency f,. Then i, = h,p; and

—~

Fi = @hyp + & (3)

where h;, = diag(h, hak, -, himi) 1S @ diagonal matrix with frequency response functions
(FRFs) as its diagonal elements. The FRF, for mode i, is given by

0, acceleration data
Bir = % qg=11, velocity data 4)
k 2, displacement data
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h, =
ik = (1-p2)-i(2¢iBu)

where f; (Hz) and ¢; are respectively the ith natural frequency and damping ratio. In deriving these
equations, we assume a linear time-invariant dynamic system with the classical damping. As it is
widely recognized, the damping mechanism is generally complex and hard to model exactly. The
classical damping assumption provides a mathematically simple damping model, that has been
used conventionally for analysis and design of civil engineering structures.



In OMA, the physical excitation is not measured. The modal excitation p; is therefore
unknown but modeled statistically. Assuming zero-mean stationary modal excitation and long data
(Nf > 1), pi has a (circularly symmetric) complex Gaussian distribution and independent at
different frequencies [37]. Its covariance (i.e., PSD of the process) is assumed to be a constant
matrix § € C™™ in the selected band, i.e., p,~CN (0, S). The prediction errors &, at different
channels are also assumed to be complex Gaussian distributed with zero mean and covariance
matrix S.I,, (I,, € R™" denotes the identity matrix) within the selected band, which can be
justified based on the principle of maximum entropy [38]. Further assuming statistical
independence between the modal excitation and prediction errors yields a jointly independent
complex Gaussian distribution for {F,} with zero mean and each with a covariance matrix (or
theoretical PSD of data) given by

E, = ®H, ®" + 5,1, (5)

where H,, = h, Sh;, and *-T° denotes real transpose. The covariance matrix E is central to OMA
because it is the only channel through which the likelihood function is affected by the unknown

parameters @ = {f,{,®,S,S,} where f = [f.,for ., finlT € R™ and ¢ =[{1, 0o s GnlT €
Rmxl_

The complex Gaussian distribution for {F,} is supported by the theoretical result that the
scaled FFTs of a stationary process are asymptotically independent complex Gaussian distributed
for long data [37]. This result is robust by virtue of the Central Limit Theorem and the fact that the
FFT, response, modal force, physical force are successively linear combinations of the next [3].
The above frequency-domain model only makes use of the FFT information in the selected band,
which significantly simplifies the identification model. The PSD of the modal excitation and
prediction error need only be flat within the selected band, relaxing the conventional white noise
assumption and making the method more robust than time-domain methods. Other bands with
irrelevant information or which are difficult to model are legitimately ignored, therefore avoiding
modeling error. This does not require any signal pre-processing such as filtering or averaging.

Using the above result for the likelihood function and adopting a uniform prior distribution,
the posterior distribution of @ is given by

n.—nN

- ~ s ~ _
P(ol0) < p(B0l0) = f |- Y Bk,
k

(6)

where || denotes the matrix determinant and E}, is given in Egn. (5).

Note that the problem is not identifiable because the external excitation is not measured and
thus the mode shape matrix @ can be arbitrarily normalized. A conventional treatment is to
introduce the norm constraints ¢} ¢p; = 1 for i = 1,2, ..., m, which makes the problem locally
identifiable as the sign of ¢b; can be positive or negative but is otherwise immaterial. A second
order Taylor approximation of the log posterior PDF at the local maximum (referred as MPV
hereafter) leads to a Gaussian approximation of the posterior PDF:



p(8](F)) = (2r) "0 2 T2 exp| -5 (6~ 8) T (0 - B)] @)

where 8 is the MPV, C is the covariance matrix, equal to the negative inverse of the Hessian of
the log posterior PDF at the MPV, ng = (m + 1)? + mn is the number of parameters in 8. Both
0 and C depends on the FFT data {F,} and can be calculated when they are given.

The computation of the MPV 8@ and the covariance matrix C is not a trivial task. Brute-force
numerical optimization is computationally prohibitive, primarily because the number of modal
parameters ngy can be large. In addition, the computation is vulnerable to ill-conditioning problems
because the matrix Ej, in Egn. (5) is almost rank-deficient when the signal-to-noise ratio is high
(i.e., small S,) and the number of modes m is less than that of the measured DoFs n. In view of
the computational problems, efficient algorithms have been proposed in [23,24] for well-separated
modes and [25,26] for general multiple (possibly close) modes, which allow the MPV and
posterior covariance matrix to be computed typically in a matter of seconds. Since these algorithms
directly optimize the posterior distribution of @ shown in Eqgn. (6), they are referred as the “direct
method” hereafter. They have been found to work well in most applications, but convergence can
sometimes become an issue in challenging situations, e.g., when there are three or more modes in
the selected frequency band. In view of this, an EM algorithm is developed in this work to compute
the MPV. With the premise of its monotonic convergence, it can provide an alternative means
when the existing method fails to converge. Its simplicity can also significantly relieve computer
programming effort.

3 Expectation maximization and its variants

Before applying to develop the proposed algorithm, we first give a brief introduction to the EM
algorithm and its variants that will be used in the paper. The EM algorithm [28] is widely used to
infer the statistical model that can be formulated as a latent variable model [32]. In the context of
Bayesian FFT method, the measurement {F,} is the observed variable and the modal response
{n.} can be regarded as the latent variable. Suppose that we have derived the conditional joint
distribution of {Fy, 7} given 6, i.e., p({Fy, 1, }|@). The EM algorithm computes the MPV 8 by
iteratively proceeding, given a starting value 8, between the expectation (E) step and the
maximization (M) step:

E step. Compute the expected complete-data log-likelihood

0(616©) = Ey 7000 L(O{Fimic})] ®
where L(0|{?k, nk}) = logp({f'k, nk}|0) and ‘E{nkﬂ{j‘}k}’a(t) [-] is the expectation operation with

respect to (w.r.t.) the conditional distribution of {n,} given {F,} and 8®; and
M step. Maximize Q(6]0®) to obtain

o+ = arg max Q(616™) 9)



The preceding steps are repeatedly implemented until convergence is achieved. Wu [33] provides
conditions under which {O(t)} converges to the target optimum @, which can be either a saddle
point or a local maximum. The EM algorithm takes advantage of the model structure to decouple
the optimization problem into more manageable pieces. This divide-and-conquer strategy gives a
conceptual clarity and simplicity of the algorithm. It is particularly useful when the likelihood
belongs to the exponential family [39]: the E step becomes the sum of expectations of sufficient
statistics, and the M step involves maximizing a linear function. In such a case, it is usually possible
to derive a closed-form update for each step.

While simple to implement and stable in its convergence, depending on the problem nature
and the choice of latent variables, the EM algorithm can converge slowly. Many variants of the
ordinary EM algorithm have been proposed in order to overcome shortcomings that are sometimes
seen in implementations of the ordinary method. In this paper, we adopt two acceleration methods:
the parameter-expansion EM (PX-EM) [34] and the parabolic-extrapolation EM (P-EM) [35]. The
PX-EM is applied here to deal with the norm constraints on mode shapes, which forbids the closed-
form update of mode shapes in the ordinary EM. By introducing an auxiliary variable, the efficient
update of mode shapes becomes possible during PX-EM iterations. The P-EM is then employed
to further accelerate the PX-EM algorithm.

The PX-EM algorithm is essentially an EM algorithm but it performs inference on a larger
full model. This model is obtained by introducing extra parameters into the complete-data model
p({F1, m,}|@) while preserving the observed-data sampling model p({F}|0). Suppose that the
EM complete-data model can be embedded in a larger model p, ({?k,nk} 0., y) with the
expanded parameter set {6.,y}, where 8, plays the same role as @ in p({Fy,1,}|0) and y is the
auxiliary parameter whose value is fix at y, in the original model. If there exists a reduction

function @ = R(0,,y) and 8 = R(6,y,), the MPV can be computed via
PX-E step. Compute

Q(6.,v169,y,) = E 10,697 [logp. ({Fr, m}|60..7)] (10)

PX-M step. Find

{0£t+1)’ y(t+1)} = ar% max Q(B*, y|09, Yo) (11)
4

and update 8(t+D = R(9UFY D)y,

Since it is the ordinary EM applied to the parameter expanded complete-data model, PX-EM
shares with EM its simplicity and stability. Liu et al. [34] established theoretical results to show
that PX-EM can converge no slower than EM. In practice, it is observed that PX-EM converges
much faster than EM. PX-EM may give better results for a fixed number of iterations because it
converges faster. Different from the usual application of PX-EM to accelerate the ordinary EM,
PX-EM is introduced here to handle the norm constraints on mode shapes by regarding the
auxiliary parameters as vector norms.

Unlike the PX-EM algorithm that takes advantage of the particular structure of the statistical
model, the P-EM algorithm utilizes the generated sequence {8} in the EM algorithm to make a

6



parabolic extrapolation to generate 8¢+, From the perspective of fixed-point iteration, the EM
algorithm, as well as the PX-EM algorithm, implicitly defines a mapping F from the parameter
space onto itself such that

0t = F(e®),t >0 (12)

and we have the property that

£(0¢V) > £(9W),t =0 (13)

where L(0) = logp(0|{§-"k}). Under usual assumptions, the last property ensures that the

sequence {8} is convergent to some 8. In order to find another sequence built from 8 by
means of F and £ with a faster rate of convergence than {8}, the P-EM algorithm approximates
the local curvature of the surface (0,1:(0)) by a parabola controlled by three successively
generated values of 6. The pseudo-code of the P-EM algorithm is given in Algorithm 1. Since the
EM algorithm generally can move quickly its iterates to a neighborhood of a stationary point, the
P-EM algorithm begins with a few iterations of EM from some starting point 8. Tailored to our
problem, empirical procedures are proposed in Section 4.1 to determine the initial value 8°) and
the number of initial iterations n,. In the extrapolation step, two parameters a and b need to be
tuned. Good reference values of a = 1.5 and b = 0.1 are proposed in [35], and they are used in
this paper.

For globally convex problems (i.e., unique optimum) that is the case for the OMA problem
considered in this paper, P-EM and EM converge to the same result. The P-EM algorithm keeps
the desired convergence properties of the original algorithm (stability and monotonic increase of
likelihood). A remarkable gain in efficiency has been observed in a broad variety of situations
where EM converges slowly [35]. In the following, we focus on developing the PX-EM algorithm
for the Bayesian FFT method. The application of the P-EM algorithm is critical to improving
convergence speed and it can be incorporated easily to build the final algorithm.



Algorithm 1. Pseudo-code of P-EM
1. Initialization

Compute n,, iterates 8, ..., 8) of EM or PX-EM from the starting value 8 and set
5 = giny).

2. Iterations
Iter = 0; Ly1qg = L(8©); 8V = F(8©); 8@ = F(@W);
while Iter < Itermax % authorized maximum number of iterations
Iter = Iter + 1; Bpe = 0@; Ly,ps, = L(8P);
i=0;c=1+a'b; % aand b are extrapolation parameters, chosen by the user
Orew = (1—0)209 +2¢(1— )W + c20P; L, = L(01ew);
while L,,01, > Lpest
abest = anew; Lpest = Luew:
i=i+1l,c=1+a'pb;
Opew = (1 —0)20© +2¢(1 =)0V + ¢26@;
Lpew = L(anew);

endwhile
If (Lpest — Lota)/ Lpest + Loia) < € % authorized convergence criterion
STOP; % convergence achieved
endif
6 = 5(1); oW = 5(2); 6® = F(F(Ebest)); Loia = Lpests
endwhile

4  Expectation Maximization for Bayesian FFT method

4.1 EM for most probable value computation

Suppose we have measurement {F, }. In this section we show how the EM algorithm can be
applied to compute the MPV 8 given the probabilistic model shown in Egns. (5) and (6).
Following the procedure of EM, the key quantity in need is the Q-function, i.e., the expectation of
complete-data log-likelihood, which requires the conditional joint distribution of F,, and n,, given
0 and the conditional distribution of n,, given F, and 8. The derivation of these distributions is
straightforward because of the property of the complex Gaussian distribution [40]. Based on the
assumption of p,~CN (0, ), the latent variable i, = h,py is also complex Gaussian distributed
with zero-mean and a covariance matrix H, = h,Sh, . Accordingly, the conditional joint
distribution of F,, and n, given 0, i.e., p(F;,n,|0), is again a zero-mean complex Gaussian
distribution with the covariance matrix

®H, dT + S,I, @®H,
H, T H,

Taking into account the statistical independence at different frequencies, the complete-data log-
likelihood is therefore

Xy = (14)



L(GH?‘,(, nk}) = logp({?k,nk}w) = —2nN; logm — nNy log S,

=S L[ F — o] [Fi — @mi] + 2,7 loglHE - L, micHi
In this paper, all useful formulas in matrix theory are summarized in Appendix A. The derivation
of Eqgn. (15) can be found in Appendix B. One can show (as provided in Appendix B) that the
conditional distribution p(nk|§-"k,9) is a complex Gaussian with the following mean and
covariance:

(15)

Ey7.0lMc] = Py @TF, (16)

Covnkﬁk,e[nk] = SePI;1 (17)
where we have defined P, = S H;;' + @,

Based on the above results, one can evaluate the Q-function by taking the expectation of Eqn.
(15). However, if we proceed to the M step with the current Q-function, it is difficult to obtain
closed-form solution for updating the mode shape & because they are further subject to norm
constraints. In order to resolve this issue, we apply the PX-EM algorithm by introducing the
auxiliary parameter y = diag(y1,v2, -, ¥m) (vi € R, real positive) to obtain the augmented
model

—~

Fi =D,yhipy + & (18)

where p,~CN(0,S.,), £,~CN(0,S,.I,,), and ¢pL.¢,; = 1 fori = 1,2, ..., m. By comparing the
original and the augmented models, it is easy to find the following many-to-one mapping

0 =1{f{®5S.}=R0O.7V)={f.8, P,¥5.¥" Sc.} (19)
Moreover, the original model corresponds to the augmented model when the value of y is an
(m x m) identity matrix, i.e., y, = I,,,. The above observations together justify why we can apply
the PX-EM algorithm to infer the unknown parameters 6.
For the augmented model, we can derive the Q-function following similar steps for the
original model to obtain

Q(6.,716,y,) = —2nN; logm — nN; log S. — Sa.1Q, (., ¥10©, v,) +

20
QZ(f*; (*: S*le(t)' YO) ( )
where
Q1(®..7169,y,) = Z];gil FiF —2tr [fb*yz,fil Re(W1k¢1*c)] +
N (21)
tr [d)*yRe (Zk£1 WZk) yTtbf]

® _ vNr -1y _ Ny p—1

Q2(f 8., 5.109,70) = L7, loglHic | - tr |7, Hi'wy] (22)

Wik = E, 12,00, [m,] and wyy, = B 706® 70 [mxm] , which are the first and second
conditional moments of n;, given F,,, 8 and y,; and they can be simply calculated from Eqns.

9



(16) and (17). Since they are evaluated at parameter values in the previous iteration, they are
constant in the M-step. Note that Ql(d)*,yw@,yo) only depends on mode shapes @, and the
auxiliary parameter y, while Qz(f*,(*,s*w(”,yo) involves only the remaining unknown

parameters except S,.. This implies that the unknown parameters can be optimized in different
groups.

Once the Q-function is derived, we can then proceed to the PX-M step, i.e., to maximize
Q(O*,yw(t),yo) w.r.t. 8, and y. Since @, and y in Q; (and hence Q) always appear together, we
can combine them into @' = @,y so that it is free from norm constraints. After @’ has been
updated, @, and y can be readily recovered by noting that the diagonal elements of y are simply
the norm of columns of @’ and @, = @'y~1. To obtain the optimal value of &', taking the partial
derivative of Q(8.,7|0®,y,) in Eqn. (20) w.r.t. @’ gives

ad 9*, B(t), _ N —~ " , N
2o.r100r) _ g |23, Re(Fiwiy ) — 20 5, Re(wy)| (23)

Setting it to zero and solving for @’ yields

@ = 30 Re(Fowiy) [Z0, Re(wzi)] (24)

As can be seen, the introduction of auxiliary parameter y in the PX-EM algorithm allows an
analytical update of mode shape matrix, which can bring great saving in mathematical derivation
and numerical computation compared to the Lagrange method used for the identification of
closely-spaced modes [25], where the numerical optimization method has to be used. For the case
of well-separated modes, since the analytical update of mode shape vector exists in the Lagrange
method [23], no apparent advantage is given by the PX-EM algorithm, except that it provides a
conceptually consistent solution for both cases.

Similarly, we can derive the analytical update for S,, from Q in Egn. (20) and S, from Q, in
Eqgn. (22) as

1 N a x ! N !
Sor = ot [Tl Re(Fei) = @' B, Re(wi) @] (25)

S. = NifZZil hi'wochy” (26)
and the detailed derivation is given in Appendix B.

For f, and {,, an analytical update has not been found (as is typical), and one has to rely on
numerical optimization. Since the dimension (2m) is not high, the MATLAB function
‘fminsearch’ [41] can provide an efficient solution using the simplex search method [42].

As a remark, if the algorithm is developed using p, instead of n; as the latent variable, the

only change to the updating procedure is that w; is replaced by thpkm,e(t)'yO [pi] and wyy, is
replaced by hE, gz o0, [Pkpilhi , where E, 2z oo [Pi]= h;'P1®dTF, and

E, 17,00y, PiPi] = Schi'P;;*h;* should be calculated based on parameter values in the

10



previous iteration. The difference therefore only lies in the amount of information used in the
previous iteration to update the parameters in the present iteration. In particular, when py is used
as the latent variable the values of natural frequencies and damping ratios in the current iteration
also affect the updated values of mode shapes through the term hy. The reverse is true for the
modal force PSD matrix, however, whose value no longer depends on the values of frequencies or
damping ratios in the current iteration. Intuitively, it is more preferred to use i, as the latent
variable because modal force PSD is more related with damping ratios than mode shapes.
Numerical experiments reveal that performance is somewhat similar and so that case is not further
pursued.

The other issue remaining is the selection of appropriate parameter values to initialize the
iteration. This is crucial for the EM algorithm, because it is a local optimization algorithm in nature.
In this paper, we generally follow the initialization procedure proposed in [25] for f,, ., @., and
S.. using high signal-to-noise (s/n) asymptotics results. In addition, when the s/n is high, P, =
S.H;' + @Td~dTd, from which the second moment w,, can be calculated directly from &.
Eqn. (26) is then used to provide an initial guess for §,.

Though closed-form updates of modal parameters (except modal frequencies and damping
ratios) are available in the PX-EM algorithm, experience during development of algorithm reveals
that it can take a large number of iterations to converge in challenging situations, e.g., closely-
spaced modes, which motivates us to further apply the P-EM algorithm to the derived PX-EM
algorithm, resulting in the final algorithm denoted as P2X-EM. As indicated in Algorithm 1, the
PX-EM algorithm should run n, steps to initiate. To adaptively select the parameter n;, the
convergence of the prediction error PSD S, is checked in each iteration. This is motivated from
the observation that S, often converges quickly and can be used as an index for preliminary
convergence.

4.2 Robust implementation
As an iterative algorithm, the EM algorithm is subject to accumulated numerical errors, which
could destroy the monotonic convergence of the algorithm. For instance, the covariance matrices
in Eqgn. (17) calculated in the E step must be kept symmetric and positive semidefinite. Therefore,
a robust and efficient implementation is desired to improve the performance of the proposed
algorithm. For this purpose, an implementation of the PX-EM algorithm is introduced here based
on the QR and Cholesky decompositions.

In the initialization, we require the square-root of a symmetric and positive semi-definite
matrix, e.g.,

S = 51/25*/2’ d)Td) — (DT/Zd)l/Z (27)

which can be done by the Cholesky decomposition. Then, we apply the QR decomposition for the
PX-E step,

/2 @7l 2¢T?kl _ 5 lizu ﬁlzl (28)

JSeS7V2hi 0.1 0, Ry
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Taking advantage of the unitary nature of Q, one can verify that

E[n|Fr, 0©] = Ri{R1z, Covl[ne|Fy, 6V] = SRR, (29)
For the PX-M step, we perform the Cholesky decomposition
H JT 11 Omxn LL L21 0
(7 ‘I’le 21 L22 nxm Tle OTle (30)
0m  Omxn 0,11 L33 0,11 L§3

where

_1wN 1N =~
H =N %, L Re(wyy), I = Nt 2,1, Re(Fywiy),

31)
- N T - N - —%
K =NY, L Re(FiF;), 8§ = N1 X, L hitwyhy,
By equating submatrices, we have
@' =Ly L1}, Se. = n7Mtr[Ly1L3,], S, = Ly3L3; (32)

The above QR and Cholesky decompositions provide an efficient and robust way to perform
the PX-EM algorithm. The main procedures are summarized in Algorithm 2.

Algorithm 2. The robust PX-EM algorithm for MPV computation in Bayesian FFT method
1. Initialization

Set (@, ¢© s @O s andy, =1,,

@1/20) = chol(@@TPp():; §-1/2.(0) = chol(§@~1),
2. PX-EM iteration

t=0;

while t < Itermax1 (authorized maximum number of iterations)

2.1 Robust PX-E step

fork = 1to Ny
~ @L/2(0 &~ 1/20pOTE,
R=qr
JsOsoRO o,
R = 72{11[ s, :Telz];

Wi, =R (,end); wy, = R'RT
endfor
2.2 Robust PX-M step
/A 0,,
L=chol| | g K  Opml |
0p O S

@D = L L ¢ = diag (@] ); @Y = @0y
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Se(iﬂ) = n"Mtr[Ly Ly, ]; 5:1/2’(”1) = L33;
obtain £ and ¢ using simplex search method;
t+1 t+1), t+1 t+1).
D = fi ); gD = (i )’ Se( ) Sé* ),
P+ — ¢£f+1); PL/2(t+1) — Chol(¢(t+1),Td)(t+1));
5_1/2‘(1_-4.1) — y£t+1),—1s*—1/2,(t+1); Yo =1,
t=t+1,
if [ — sV /(s 4 s¢1y < ¢, (authorized convergence criterion)

STOP; (convergence achieved)
endif
endwhile

5 Empirical Studies

In order to validate the performance of the proposed EM algorithm for the MPV estimation in the
Bayesian FFT method, empirical studies are presented here with synthetic, laboratory, and field
test data. The synthetic data example is used to evaluate the consistency of algorithm. The second
(laboratory) and the third (field) examples illustrate performance in controlled and operation
condition, respectively. In addition to the EM algorithm, the results calculated by the direct method
[23,25] are also provided for comparison. Since we do not develop the EM algorithm to compute
posterior covariance matrix, all the uncertainty information is calculated based on the direct
differentiation algorithm proposed in Ref. [26].

5.1 Synthetic data
Consider synthetic data generated with three closely-spaced modes and three measurement
channels. The data are generated at 100 Hz by

¥ = ¢17i1(t;) + P27 (L)) + Psiis(t)) + e(t)) (33)
where 7j; (t) (i = 1,2,3) is the modal acceleration response, satisfying the governing equation

7 (t) + 2§w;m; (t) + win(t) = pi(t) (34)
with natural frequencies w; = 2nf; rad/sec, f; = 098 Hz, f, = 1.00 Hz, and f; = 1.02 Hz;
and damping ratios {; = 0.8%, {, = 1.0%, and {3 = 1.2%; The modal excitations p;(t) (i =
1,2,3) are modeled as stationary Gaussian white noises with PSD S;; = S,, = S33 = 1 (ug)?/Hz
(1 ug = 9.81 x 107° m/sec?), cross PSD S, = 0.5ei™/* (ug)?/Hz and zeros elsewhere;

@1 =[1,2,2]"/3, ¢, = [21,-2]"/3, 5 = [1,-2,2]"/3 (35)
e(t) represents the measurement error, modeled by a stationary Gaussian white noise process with
PSD S.I; and S, = 10 (ug)?/Hz. The resulting modal signal-to-noise (s/n) ratio, defined as the
PSD ratio of response to noise at the natural frequency, is around y; = S;;/4S,{? = 250 for all
modes. This quality of data can be readily achieved in typical ambient vibration tests. The PSD
and singular value (SV) spectrum calculated using 5000 sec of data is shown in Figure 1. The SV
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spectrum plots the eigenvalues of the PSD matrix, giving a rough idea of natural frequencies and
the quality of data.
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Figure 1: PSD and SV spectrum, synthetic data.
Bracket: frequency band used for modal identification.

By observing the SV spectrum of Figure 1, the frequency band is selected to be [0.87,1.15] Hz
where the top SV spectrum line (which reflects modal response) almost meets the second top line
in the flat region (which reflects prediction error). See also Examples 12.2 and 12.3 on p.378-381
of [3] for investigation on the choice of bandwidth on results. Both the EM and direct methods are
applied to identify the modal parameters. The results are summarized in Table 1 for the data
duration of 5000 sec. As can be seen, the identified parameters are close to their exact values. The
modal frequencies have a coefficient of variation (c.0.v.) of only about 0.07%. The damping ratios
have a c.0.v. of about 7%, which is similar to the c.o.v. of the modal force PSDs. Since the MPVs
of S,5 and S5, are small, large c.o.v. values are yielded. The most probable and the exact mode
shapes are close, evidenced by the modal assurance criterion (MAC) = 1. The mode shape c.0.v.,
defined as the trace of posterior covariance matrix [43], is of the same order of magnitude. The
EM and direct method give identical results, counter-checking each other. Since we applied a strict
criterion to determine the convergence of the algorithms, i.e., the maximal relative change of modal
parameters in two successive iterations is less than 107>, the two methods yield the same values
up to the third decimal place.

Table 1: Modal identification results, synthetic data

Parameter Mode 1 Mode 2 Mode 3
Frequency f; [Hz] Exact 0.980 1.000 1.020
EM 0.980 (0.056) 1.000 (0.066) 1.020 (0.069)
Direct 0.980 (0.056) 1.000 (0.066) 1.020 (0.069)
Damping ratio {; [%] Exact 0.800 1.000 1.200
EM 0.828 (7.1) 1.038 (6.4) 1.156 (6.6)
Direct 0.828 (7.1) 1.038 (6.4) 1.156 (6.6)
Mode shape MAC EM 1.000 (3.3) 0.999 (4.7) 1.000 (3.6)
Direct 1.000 (3.3) 0.999 (4.7) 1.000 (3.6)
Modal force PSD S; | Exact 1.000 1.000 1.000
[(ng)?/Hz] EM 0.985 (5.2) 1.015 (6.1) 1.006 (5.5)
Direct 0.985 (5.2) 1.015 (6.1) 1.006 (5.5)
Exact 0.350 0.000 0.000
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Cross PSD, real part of | EM 0.349 (2.7) 0.084 (46) 0.011 (839)
S12, 23, S31 [(49)?/HZ] [ Direct 0.349 (2.7) 0.084 (46) 0.011 (839)
Cross PSD, imaginary | Exact 0.350 0.000 0.000
part of S;, , S,z , S31 | EM 0.347 (0.67) 0.044 (44) -0.057 (27)
[(ug)?/Hz] Direct 0.347 (0.67) 0.044 (44) -0.057 (27)
Prediction error PSD S, | Exact 10.00
[(1ug)?/Hz] EM 10.36 (6.2)

Direct 10.36 (6.2)

Note: MPV with c.o.v. (coefficient of variation) in parenthesis (units: %) are used; the MAC (modal assurance
criterion) is calculated based on the MPV of identified mode shapes and the exact ones.
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Figure 2: Performance comparison of the EM and direct methods, synthetic data

The iteration process and computation time of two variants of EM algorithms and the direct
method are provided in Figure 2 for a further comparison. For this example, the P>X-EM algorithm
takes 93 iterations to converge, which is more than the direct method (25 iterations). However, it
is computationally faster than the direct method, because closed-form expressions are available in
updating unknown parameters except frequencies and damping ratios. P>X-EM and the direct
method spend respectively 20.4 sec and 133.8 sec averaged over 100 successive trials on a
Digital Storm laptop with Intel® Core™ i7 CPU @2.50 GHz and RAM 16.0 GB. The PX-EM
algorithm takes 337 iterations and 47.0 sec to converge. A large saving has been achieved both
in the number of iterations and computation, demonstrating the benefit of the P2X-EM algorithm.

To illustrate the consistency of the algorithm, as an example, the identified results of the first
mode are shown in Figure 3 for different data lengths. The dashed line denotes the exact value of
the modal parameter that generated the data. The identified result for each data length is shown
with a dot at the posterior MPV and an error bar covering two posterior standard deviations. It is
seen that as the data length increases the error bar generally narrows. There is no evidence of bias,
as reflected by the fact that the error bar covers the exact value regardless of data length.
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Figure 3: Identified first modal parameters, synthetic data.
Dot: MPV; error bar: +two standard deviations; dashed line: actual value.

5.2 Laboratory data

An example with laboratory data is next presented to illustrate the performance of the proposed
algorithm on identifying closely-spaced modes with experimental data. Ambient vibration data
was collected from a three-story aluminium frame with an added mass that models the presence of
the tuned mass damper (TMD), shown in Figure 4a. The main frame measures 30 cm X 30 cm
in plan with a uniform story height of 25 cm. The height of the TMD is 27 cm. Due to the similar
layout of mass and stiffness in the two horizontal directions and the existence of TMD, multiple
closely-space modes are expected. The four corners of each floor and the bottom of TMD were
instrumented with a biaxial piezoelectric accelerometer measuring the horizontal x- and y-
directions. The TMD was instrumented with a triaxial piezoelectric accelerometer measuring the
vibration in the x-, y- and z- directions, giving a total of 29 measured DoFs (Figure 4b). Ambient
data was recorded for 3600 sec at 2048 Hz and then decimated to 256 Hz for analysis. The
measured time history at DoFs 1 and 2 are shown in Figure 5a. The PSD and SV spectra of data
are shown in Figure 5b, which also depicts the selected bands, initial guess of frequencies and
number of modes in case where more than 1 mode is recognized. By reading peaks in the spectra,
six frequency bands are selected for frequencies less than 35 Hz, including 2 bands with 3 modes,
1 band with 2 modes and 3 bands with a single mode, yielding 11 modes in total.
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29

x direction

b) Measured DoFs
Figure 4: Laboratory shear frame.

In the modal analysis, we first separated the full-length data into 6 non-overlapping segments
of equal length, i.e., each with a duration of 600 sec. This is more than 2000 cycles of fundamental
mode, typically long enough for a reliable estimation. The identified 11 modes by the EM
algorithm are listed in Table 2 for the first data set. The MPVs of identified mode shapes are plotted
in Figure 6 and named according to their nature, e.g., TX1 for the first translational mode along
the x-direction; R1 for the first torsional mode. Based on lumped mass structural dynamics, the
main frame theoretically has nine modes, comprising three translational modes in the x- and y-
direction, and three rotational modes. The bending of the TMD in the x- and y-direction introduces
two new modes, whose frequencies are close to the first and the third pairs of translational modes,
respectively. The frequency is associated with small posterior uncertainty, indicating a reliable
estimation. The posterior c.0.v. tends to decrease with the mode number. This is partly because the
effective data length (data duration/natural period) is longer for higher modes with higher
frequencies. All damping ratios except for the 10th mode are less than 0.5%, and their posterior
c.0.v.s are all around or less than 10%. The MPVs of the modal force of the first three modes are
much larger than the remaining ones. The MPV of prediction error PSD tends to decrease with the
mode number. This is consistent with the spectra in Figure 5b. By observing the mode shapes, the
translation of TMD is much larger than that of the main frame for modes TX1/TX2 and TY3/TY4,
which is typical. We have not shown the results identified by the direct method, because it gives
almost identical values as the EM algorithm.
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Figure 5: Measured data, laboratory shear frame.

Table 2: Modal identification results, laboratory shear frame.

Mode Frequency Damping ratio Modal force PSD  Prediction error PSD Mode shape
MPV  cowv. MPV  c.oowv. MPV C.0.V. MPV COV.  ~poracteristics S0V
[Hz]  [%]  [%] [%]  [(ng)?/Hz] [%] [(ug)*/Hz] [%] [%]
1 3.734 0.54 0.418 55 14.25 4.1 7.88 0.65 TX1 11
2 3926 056 0.427 8.9 3.47 6.8 7.88 0.65 TY1 6.9
3 3995 055 0425 5.7 16.68 6.3 7.88 0.65 TX2 1.8
4 6.947 045 0.462 10 0.77 5.3 471 0.85 R1 11
5 11.141 034 0.448 7.8 0.81 3.0 2.59 0.51 TX3 2.1
6 11.308 0.28 0.310 9.3 0.53 3.0 2.59 0.51 TY2 6.4
7 16.995 0.27 0421 6.7 0.13 3.6 1.85 0.52 TX4 2.1
8 17222 025 0.358 7.3 0.10 3.5 1.85 0.52 TY3 2.7
9 17739 022  0.261 8.4 0.08 33 1.85 0.52 TY4 15
10 19612 0.38 0.850 5.2 0.17 3.6 1.68 0.51 R2 1.2
11 29920 021  0.420 5.5 0.02 3.4 1.05 0.47 R3 15
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Figure 6: Identified modal shapes, laboratory shear frame.

The posterior c.o0.v. tells the identification uncertainty of parameters given each data set but it
does not tell the potential variability of results over different data sets, which can be due to change
in the structure, environment, or merely modeling error. In order to investigate the variability of
identified modal parameters for different data sets, we provide the results for modes 2 and 3 as an
example, shown in Figure 7. The frequency, damping ratio and prediction error PSD show small
variability. Their MPVs do not change much and the posterior uncertainties are basically the same.
The modal force PSD of the 3rd mode fluctuates over different sets, indicating the change of
excitation with time.
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Figure 7: Identified modal parameters for different data sets, laboratory shear frame.
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5.3 Field data
The third example is the Guangzhou New TV Tower (GNTVT), which is a structural health

monitoring benchmark building for high-rise structures [44,45]. In the benchmark study, 24-hour
field measurements of the structural acceleration time histories and the corresponding ambient
conditions (temperature and wind) were provided. Twenty uni-axial accelerometers were installed
along the tower, to measure the structural dynamic response. Figure 8 shows two typical time
series measured from 2:00 to 3:00 on Jan. 20, 2010, as well as the corresponding PSD and SV
spectrum. The selected frequency bands are also marked in the SV spectra, including one three-
mode band, one two-mode band and seven single-mode band. Various methods have been applied
to identify the modal parameters of GNTVT in the literature, e.g., stochastic subspace
identification method [46,47], enhanced frequency domain decomposition [46,47], Bayesian
spectral density approach [48] and Bayesian FFT method [49]. For the objectives in this paper, we
do not intend to compare our method with these approaches, so their results are not provided in
this paper. Generally speaking, our results are consistent with these previous studies. Interested
readers may refer to the cited papers. As for the difference with the study in [49], multi-mode
frequency bands are used in the current analysis, while only single-mode bands are applied in [49].
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Figure 8: Measured data, Guangzhou New TV Tower (Jan-20-2010).

Before the analysis, we first divide each one-hour data into non-overlapping time windows at
20-min intervals, which is about 1300 cycles of fundamental mode, and found to be long enough
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for a good estimation. Though longer durations could reduce the posterior uncertainty of identified
parameters, it also increases the risk of violating the stationary assumption. Regardless of whether
this is explicitly recognized or not, this risk applies to many OMA methods as the assumption is
quite common.

Table 3 shows the modal parameters of the first twelve modes, identified by the EM algorithm,
for the first 20-min of the data given in Figure 8a, i.e., 2:00-2:20. The fundamental mode is less
than 0.1Hz, representing a highly flexible structure, because the GNTVT is as high as 610m.
Again, the frequency is identified with a good precision, reflected by the small posterior c.o.v..
Damping ratios are all less than 1%, which may be due to the small amplitude in the ambient
vibration condition. The posterior uncertainties associated with damping ratios are much larger
than those of frequencies, implying that damping ratios are more difficult to identify precisely.
The modal force PSD represents the modal participation of external forces. MPVs of of the first
two modes are significantly greater than the remaining ones. The prediction error includes the
measurement error and possibly modeling error due to the truncation of neighbored modes in band
selection. The decreasing trend of the MPV of prediction error PSD is consistent with the SV
spectrum shown in Figure 8b. In addition, the mode shapes with their characteristics are provided
in Figure 9 in terms of their projections in the x- and y-direction. Ten translatonal modes and two
rotational modes are recognized, and the rotational mode shapes have relatively larger posterior
c.0.v.s. Similar to the last example, the results identified by the direct method are not given,
because they are identical to the values in the EM algorithm.

Table 3: Modal identification results, Guangzhou New TV Tower.

Mode Frequency Damping ratio Modal force PSD  Prediction error PSD Mode shape
MPV  c.o.v. MPV  c.o.v. MPV C.0.V. MPV C.0.v. Characteristics C.0.V.
[Hz]  [%]  [%] [%]  [(ng)?/Hz] [%] [(ng)?/Hz] [%] [%]
1 0.094 25 0.441 75 131.01 27 276.57 6.1 TY1 3.0
2 0.139 2.6 0.618 45 106.36 24 173.22 5.3 TX1 2.5
3 0.366 14 0.439 34 6.54 20 52.37 4.2 TY2 2.9
4 0.423 14 0.480 36 2.69 29 65.09 5.3 TX2 5.0
5 0.475 065 0.141 40 20.48 11 34.57 3.0 TY3 0.77
6 0.506 0.82  0.246 35 1.36 14 34.57 3.0 R1 7.9
7 0.523 087 0.272 25 5.40 13 34.57 3.0 TX3 2.9
8 0.796 0.68  0.244 30 2.54 16 32.74 35 TY4 1.8
9 0.965 049  0.156 33 0.91 15 22.86 35 TX4 1.8
10 1.152 0.34  0.096 36 0.69 12 17.36 2.8 TY5 1.5
11 1.192 041 0.131 31 0.44 13 17.36 2.8 TX5 2.5
12 1.251 051 0.181 41 0.13 38 24.18 4.9 R2 4.9

To investigate the temporal variability of modal parameters, the EM algorithm was applied to
all 72 data sets. The identification results are plotted in Figure 10, with solid line representing the
MPV and shaded area covering two standard deviations. The frequencies change slightly with time,
while the damping ratios have a larger variation but still are in the same order of magnitude. The
negative values of damping ratios in the plot is immaterial, merely due to the Gausssian distribution
approximation and the large c.o.v.. By comparing the sample c.o.v. and the posterior c.0.v. (median
of c.o.v. of all 72 data sets) in Table 4, the posterior uncertainty is consistent with the ensemble
variability of their MPVs and therefore the Bayesian and frequentist perspectives roughly agree
[50]. In addition, the posterior c.0.v. tends to be smaller than the sample c.o.v., because the sample
c.0.v. has incorporated the uncertainties due to the environmal effects, e.g., temperature, wind.
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(10) TYS




0.096 0.14 0.368 0426
— 0.094 I~ I~ I~
N N N N 0.424
z L 0138 T 0.366 z
« 0.092 S w7 N
0.364 0.422
0.09 0.136
0 6 12 18 24 0 6 12 18 24 0 6 12 18 24 0 6 12 18 24
Time [hour] Time [hour] Time [hour] Time [hour]
0.51
0.476
_ __ 0.508 _ 0524
N N N
RS 0474 A 0.506 RS 0.522
o w© >
0.504 0.52
0.472
0 6 12 18 24 0 6 12 18 24 0 6 12 18 24 0 6 12 18 24
Time [hour] Time [hour] Time [hour] Time [hour]
0.97 1.154
— ~ 1.152
N N
L 0965 hS
o S 115
0.96 1.148

6 12 18 24 0 6 12 18 24 0 6 12 18 24 .0 6 12 18 24
Time [hour] Time [hour] Time [hour] Time [hour]

o

a) Frequency

1.5
0 6 12 18 24 0 6 12 18 12 18 12 18
Time [hour] Time [hour] Time [hour] Time [hour]

¢, 1%]

N
=
o
[}
N
=
o
[}
N
=

e

0 6 12 18 12 18 12 18 6 12 18
Time [hour] Time [hour] Time [hour] Time [hour]

N
i
o
[}
N
=
o
[}
N
N
o
N
i

0 6 12 18 24 0o 6 12 18 24 0o 6 12 18 24 0o 6 12 18 24
Time [hour] Time [hour] Time [hour] Time [hour]
b) Damping ratio
Figure 10: Identified modal parameters for different time, Guangzhou New TV Tower.
Solid line: MPV, shaded area: £two standard deviations.
23



Table 4: Time variability of modal parameters, Guangzhou New TV Tower.

Mode 1 2 3 4 5 6 7 8 9 10 11 12

Frequency c.o.v. Sample 44 27 19 12 09 12 10 14 14 061 048 11
[%0] Posterior 31 23 11 091 063 078 085 0.71 0.68 041 0.39 0.45
Damping ratio Sample 67 55 39 51 54 48 51 34 39 41 38 42
C.0.v. [%] Posterior 57 52 39 46 45 39 33 33 29 32 32 31

Note: posterior c.0.v. represnts the median of c.0.v.s of all 72 data sets.

6 Conclusions

This paper has presented an EM algorithm for the MPV computation in the Bayesian FFT method.
Regarding the modal response as a latent variable, the Bayesian FFT model is formulated as a
latent variable model, where the EM algorithm can be applied to maximize the log-posterior. In
order to free up the norm constraints on mode shapes, the PX-EM is introduced, allowing the
closed-form analytical update of all parameters except the frequency and damping ratio. The P-
EM algorithm is further adopted to accelerate the convergence when there are two or more modes
in the selected band. Further robustness for accurate computation is introduced based on the QR
and Cholesky decompositions. The proposed EM algorithm has been verified and applied with
synthetic, laboratory and field test data.

The EM algorithm gives almost identical results as the direct method for all the examples
considered. Though more iterations are needed, it takes less computation time to achieve the same
MPV, because, except for frequencies and damping ratios, all modal parameters can be updated
analytically. For the same reason, the derivation is more systematic and elegant than the direct
method. The algorithm offers a more efficient and robust (in terms of convergence) alternative that
can be especially useful when the direct method has difficulty to converge. It should be mentioned
that the EM algorithm does not provide a convenient way to compute the posterior covariance
matrix, which can be seen as a drawback of the proposed approach. Application of the EM
algorithm to other cases, e.g., multi-modes multi-setups and complex modes, is being explored.
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8 Appendix A. Useful results in matrix theory
This appendix summarizes the results in linear algebra that are useful in the development of the
paper. A good reference can be found in [51].

1. Matrix inversion lemma
For any complex matrices A, C, U, and V of appropriate size, with 4 and C invertible,
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A+ucn)t=A4"1-Aa"u(c*+valu)"lva? (A. 1)

(A+UCV)'UC=A"U(Cr+VAlU)? (A.2)

2. Matrix determinant theorem
For any complex matrices A4, C, U, and V of appropriate size, with 4 and C invertible,

|A+UcV| = |A||C||C™ + VA 1U| (A. 3)

3. Derivatives of trace
For any complex matrices 4, B and C of appropriate size,

— BT, T
T (A)tr(AB) B e (A)tr(AB)—lB (A.4)

tr(ABA*C) = CAB + CTABT, ——1tr(ABA*C) = —i(CAB — CTAB™) (A.5)

dRe (A)
When A and B are both Hermitian

J0lm (A)

SRe (A) tr(AB) = 2ReB —ReB o I, —— (A) ——1tr(AB) = 2ImB (A. 6)
where ‘o’ represents matrix elements product.
3. Derivatives of log determinant
For any complex matrix 4,
s A-T

e (A) log|A| = (A) ——log|A| = iA (A.7)

Especially, when 4 is Hermitian,
1 -1 -
T (A) log|A| = 2ReA™ —ReA™" o I, o (A)logIAI = 2ImA~! (A.8)

9 Appendix B. Proof of equations
In this appendix, we will provide proofs for various equations which appear in Section 0.

1. Proof of Egn. (15)

Recall F, = &n, + £, . Given 0 and 5, , the first term &, is deterministic and so the
uncertainty of F, comes from the noise term &,. Since the modal force and noise are assumed to
be independent, knowing n,, does not provide additional information for &, beyond that by 6.
Consequently, & is still complex Gaussian with zero mean and covariance matrix S,1I,,, and so

E#, im0l Fr] = Pk (B.1)

Cova, .0l Fi] = Seln (8.2)
Knowing 5, |0~CN (0, H},), we can compute the complete-data log-likelihood

L(6[{Frmi}) = ogp({Fi mi}]60) = 2,2, 1og p(Fi 1| 0) (B. 3)
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N PN N PN N
= Zkil lOg[p(Tklnk; H)P(nkle)] = Zkil logp(?klnkr 0) + Zkillogp("kle)
1 wNf 4 T A N -
= —2nN¢logm — nN¢log S, — S 1Zk£1[Tk — o | [Fr — o] + Zk£1108|Hk1| —
Ne o wpp—1
Zk=1 N Hy "1y
2. Proof of Egns. (16) and (17)
Given @ and F,,, it is clear that the distribution of i, is still complex Gaussian. Its conditional
mean and covariance matrix can be obtained by using standard results in multivariate complex
Gaussian distribution. In particular, let X; and X, be two zero mean jointly complex Gaussian

vectors. Given X, the conditional mean and covariance matrix of X, are respectively C,;C71X;
and C,, — €5, C71Cy;, Where C;; denotes the (i, j)-partition of the covariance matrix of {X;, X, }.

Applying this result with X, = F, and X, = 1, and using their covariance matrix in Eqn. (14),
the conditional mean and covariance matrix of n,, are given by

Ep70(Mc] = H @ [®H @ + Seln ) *Fy

_ A (B. 4)
= S;YH + S, 10T D) 1dTF, = (S,Hi! + &TD) 1dTF,
where we have used the property of Egn. (A. 2) in deriving the second equation;
Covyyz,00Mc] = Hi — H®T[@HPT + S 1,17 @H), (B.5)

=(H'+S;'0Td) 1 =S, (S,Ht + dTp)!
where the matrix inversion lemma Eqgn. (A. 1) has been applied in deriving the second equation.
3. Proof of Eqgn. (20)

Similar to the proof of Eqn. (15), we have Fi|(@k, 0., ¥)~CN (®. YN, Se.1,,) and
17,10.~CN (0, H},) for the augmented model. The complete-data log-likelihood is then given as

L(8.,7|{Frni}) = logp({Fr mi}|6..7)

= 3L logp(Fi|me 0.,7) + XL, log p(116.)

= —2nN;logm — nN; logS,. — Sat XL [Fie — @y [Fr — .vme] +
Yol loglHgt = X0 niHi

Taking the expectation of the above equation w.r.t. the distribution of 1, conditioning on %, 8,
and y,, one can evaluate the Q-function as

(B. 6)

Q(0.,716,¥0) = Eqy37,100.5, [L(00 ¥ [{Fico 1 })]

_ N P *
= —2nN; 10g11vr — nN; log S,., —Nse*l Sl B 700y, ([ Fk — @oyme] [Fr —
o.ym]} + X Ly loglHi | = 2L By 200 [MicHi 1]

_1¢N v A
= —2nN;logm — nN;logS,, — S;2 X~ B, 17060y, (FkFr = Fre®@ymy —

k=1
* o a * N - N * -
ey OIF + iy el yn ) + 3L loglH = X LB, 2 000, [tr(mnicHi D]

(B.7)
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= _anf IOgT[ - an IOg Se* - Se_*lQl(d)*r Y|0(t)i YO) + QZ(f*; (*; S*le(t)' YO)
where

Q1(¢*: Y|0(t)i YO) = Zgili:zi:k —2tr [¢*YZZ£1 Re(wlki'l*()] +

N (B.8)

tr [d’*)’Re (Zk£1 WZk) de)'I]
S.109,y,) =YV loglHF| —tr |2 H7! B.9
Qz(f*» {*r *l JYO) 2k=1 Ogl k | tr Zk=1 Kk Wak ( . )
Wik = E, 12,605, (], war = E 17060 v, (M1 ] (B. 10)

4. Proof of Eqgn. (25)
To obtain the optimal value of S,,,, taking the partial derivative of Q(8.,y|0®,y,) in Eqn. (20)
w.r.t. S5, gives

9Q(6.¥16W.yo) _
aS‘

NfSe* Q1(¢*I Y|0(t): YO) (B 11)

Setting it to zero and solving for S, yields

o = n%\,le(%yIB“),yo) (B.12)
Substituting Eqgn. (24) into Eqn. (21) gives
Q1(‘D*, Y|0(t)l YO) =1tr [Zgil Re(?k‘rﬁ;;)] -
P _1 P
2t S, Re(Bwie) [, Rewo) | B, Re(wniFy)| +
— _1 P
tr [Z:ﬁl Re(?kwik) [Z:ﬁl Re(WZk)] 2221 Re(W1kTZ)] (B. 13)
P P P _1 P
=tr [21121 Re(?k?;)] —tr [21:21 Re(Fwiy) [ZZ; Re(WZR)] Z;Zil Re(wlkT;)]
= tr|,L, Re(FiFr) — @' 3,0, Re(wy) @
Therefore,
Sew = a0 [ 2Ly Re(FiFy) — @' 5,1, Re(war) @] (B.14)

4. Proof of Eqn. (26)
Before proceeding to the derivation, we first rewrite Egn. (22) as

N - —% — — N — —%
Qz(f*; (*:S*w(t);}’o) = Zkilloglhklhk | + Ny log|S:t| —tr (5* 1Zk£1 hk1W2khk ) (B. 15)

Using Eqgns. (A. 6) and (A. 8), we have the partial derivative
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a0(o., B(t), N _ —%
20(6-1160v0) _  [2Re(S.) — Re(S.) o I] — [2Re (Zkilhklekhk ) _

aRe(s; (B. 16)
N _ —x '
Re (Zk];l hk1W2khk ) o I]
and setting it to zero gives
N - —%
Re(S.) = NifRe (2L, it waichi”) (B. 17)
Similarly, we can derive
N - —%
Im(S,) = Niflm (2L, it waichi”) (B. 18)
and combining Eqn. (B. 17) yields
1 «N - —x
S. = 57 Ziy i warhi (B. 19)
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