
 

1 
 

Anisotropy in Sand-Fibre Composites and Undrained Stress-Strain Implications  1 

Ghadr, S.1, *, Bahadori, H.2, Assadi-Langroudi, A3  2 

1 * PhD Graduate, Civil Engineering Department, 15 Km Sero Way, Urmia University, Iran  3 

    [* Corresponding Author] 4 

    E. soheil.ghadr25@gmail.com 5 

2 Associate Professor, Civil Engineering Department, 15 Km Sero Way, Urmia University, Iran    6 

3 Senior Lecturer, Civil Engineering group, University of East London, London, England, UK  7 

    E16 2RD, England  8 

    E. A.AssadiLangroudi@uel.ac.uk 9 

Abstract: Among the plethora of studies on anisotropy in fibre reinforced sands, there exists 10 

conflicting views on effects on the steady-state deformations of initial packing. These conflicting views 11 

are further confused by strictly limited experimental evidence on flow in complex loading 12 

environments, where the principal stresses rotate whereby shearing and torsional stresses combine, 13 

and when extension in soil relives the compressive stresses. In the heuristic of intrinsically anisotropic 14 

nature of the soil and in recognition of the inability of placement methods to overcome such 15 

anisotropy, this paper aims to use the orientation if principal stress and soil initial packing state 16 

combined as proxy parameters to further the knowledge of plastic behaviour in fibre-reinforced 17 

sands. This study furthers the knowledge of the dependency of steady states on anisotropy in 18 

composite geomaterials. In doing so, the direction of principal stress orientation is varied from 15° to 19 

60° (from vertical axis), taking an intermediate principal stress ratio of 0.5 and 1.0 and two initial 20 

confining pressures. Twenty-four undrained torsional shear tests are conducted using a Hollow 21 

Cylindrical Torsional shear Apparatus (HCTA). Under compression and plain strain conditions, 22 

torsional stresses limit the improvements in soils’ undrained shear strength upon fibre reinforcement. 23 

Extension in soil remarkably increase fibres’ contribution to betterment of undrained strength. Fibres 24 
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are least effective under low isotropic confining pressures and also for certain ranges of torsional 25 

stresses. 26 

Keywords:  Anisotropy, fibre, reinforced, sand, shear strength, stress path, torsion 27 

1. Introduction 28 

Undrained stressing of sand can pose a number of geotechnical complications, mostly in form of 29 

liquefaction [1-4] and flow upon static or monotonic loading [5]. Static loading has a significant role in 30 

commencement of liquefaction as well as post-liquefaction flow slide [6-7]. Use of short thin fibres in 31 

sand to relax the flow complications is fairly well established; The technique however has never been 32 

fully adopted in ground engineering practice. Placement of discrete thin inclusions (e.g. fibre) into sand 33 

can enhance soil’s tensile strength. Practical examples include reinforced earth transport infrastructure 34 

embankments and offshore turbine foundations [8]. Inclusions generally work in tension and improve 35 

the shear strength of composite soils they lay in. The stressing response of composites however is 36 

complicated and in mediums with rotating principal stresses has remained a matter of dispute.   37 

Sand is a stratified earth material of, by-and-large, inherent anisotropic properties. Stress-strain 38 

behaviour of sand depends on orientation of principal stresses with reference to the depositional plane. 39 

Placement of fibres in sand can generate higher degrees of anisotropy and further confuses the analysis 40 

of flow failure.  41 

Fibres in soil have a close interdependent relationship with soil particles’ packing state, shape and form, 42 

as well as fibres’ spatial arrangement (distribution, orientation, and packing). The implications of fibres’ 43 

arrangement in soil widely vary. Early studies include the seminal works of Waldron [9] on the effect of 44 

plant rootlet systems in stabilisation of soil slopes. For a single fibre in soil, Gray and Ohashi [10] and 45 

Maher and Gray [11] proposed a suite of soil-fibre interaction models based on statistical theory of 46 

strength for composites and discussed the significance of size distribution and shape of sand, and fibre 47 

aspect ratio in composites’ stress-strain behaviour. Michalowski and Zhao [12] and Michalowski and 48 
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Cermák [13] furthered the understanding of soil-fibre composites; they however assumed that fibres 49 

distribute evenly in soil and form an isotropic medium. Michalowski [14] contended the idea and 50 

showed that conventional groundworks involving in mixing-rolling-compaction yields a disperse 51 

laminated structure of preferred orientations, whereby anisotropy increases. More recently, Diambra 52 

et al. [15] and Ibraim et al. [16] showed a tendency for non-uniform distribution of fibres in soil when 53 

fibres are mixed with wet soil and compacted using conventional field roller plants. Loading and 54 

geometrical anisotropy play a key role. Early attempts in geometrical anisotropy drew on findings from 55 

direct shear experiments [17-18], and collectively illustrated the fundamental dependency of the 56 

strength of fibre-reinforced soils on the fibre orientation. Among early attempts in loading anisotropy, 57 

Symes [19] conducted a suite of drained triaxial shear tests on the medium loose sand at α = 45° and b 58 

= 0, 0.14, 0.5 and 1.0. They showed that sand reaches maximum strength and stiffness when sheared 59 

at close to plain strain conditions (b = 0.3 to 0.5), whilst lowest strength is typically gained at b = 1.0. 60 

Sayao and Vaid [20] made similar observations for medium loose Ottawa sand. Recent findings of Li 61 

[21], Diambra et al. [22], Ibraim et al. [16] and Mandolini et al. [23] confirm the existence of anisotropy 62 

and debate the enhancement of tensile strength upon fibre reinforcement. These findings generally 63 

highlight the substantial impact of placement method on packing state and isotropy in reinforced soils. 64 

In the heuristic of intrinsically anisotropic nature of the soil and in recognition of the inability of 65 

placement methods to overcome such anisotropy, this paper aims to use the orientation of principal 66 

stress and soil initial packing state combined as proxy parameters to further the knowledge of plastic 67 

behaviour in fibre-reinforced sands.  68 

Throughout the divergent shear test techniques is the Hollow Cylinder Torsional Apparatus (HCTA) that 69 

allows an independent control of the magnitude and direction of principal stress axes in conjunction 70 

with a measurement of volumetric and pore pressure variations. HCTA facilitates stress path testing by 71 

allowing free rotation of principal stress directions (α) and the intermediate principal stress ratio (b), 72 

where α is the orientation of the σ1 axis to the vertical, the ratio b is (σ2- σ3)/( σ1- σ3), and σ1,  σ2, and 73 

σ3 are the major, intermediate and minor principal stresses, respectively. The stress-strain behaviour 74 
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of soil varies with variation in α and b-ratio values. The majority of the previous experimental works 75 

with HCTA have made use of reconstituted clay, sand and often sand-clay specimens [19, 24-27]. Many 76 

studies have found strong links between soil strength-stiffness and the direction of the major principal 77 

stresses, varied in experiments from 0 to 90° [6, 28-29]. A subset of studies has concluded that sand 78 

tends to behave softer as α and b increase under undrained conditions [30]. Many studies have referred 79 

to the contractive behaviour of sand with an increase in α and b-ratio values [31-35]. Findings are often 80 

conflicting and in cases are further confused by strictly limited experimental evidence concerning flow 81 

rule for reinforced granular materials (i.e. sand in particular) that defines the plastic mechanisms under 82 

rotating principal axes. In particular, a consensus on the implications of initial packing state is yet to be 83 

reached. This study offers fresh insights drawn from 24 undrained torsional shear tests on well-sorted 84 

angular silica sand in unreinforced and reinforced forms (with 1.5% microsynthetic fibres). In doing so, 85 

the direction of principal stress is varied from 15° to 60°, for an intermediate principal stress ratio of 86 

0.5 and 1.0 and varied initial confining pressure. 87 

2. Materials and Methods   88 

2.1 Testing Materials   89 

Sharp, bimodal, moderately well sorted fine Firoozkuh 161 (F161) silica sand is used as base material of 90 

testing specimens. F161 sand is predominantly siliceous (SiO2 > 96%, Fe2O3 = 0.2-0.7%, Al2O3 = 0.5-1.6%, 91 

CaO = 0.2-0.5%, Na2O = 0.03-0.08%, K2O = 0.03-0.10%). Fig. 1a illustrates the particle size distribution 92 

for F161 sand. Fig. 1b shows the shape and texture of base F161 sand in a scanning electron microscopy 93 

image.  94 

Commercially available thermoplastic polymeric micro synthetic fibres (MEX200TM) with a ribbed linear 95 

texture (to improve the adhesion with surrounding soil) and wave-shape cross-section (Fig. 2) are 96 

adopted as the reinforcement component. MEX200 fibres are commonly used in concrete industry as 97 

tension resistant elements (offering 450 MPa tensile resistance). Fibres used in this study are 0.2 mm 98 

in equivalent diameter (Df) and 15 mm in length (lf), yielding a mean aspect ratio (ARF=lf/Df) of 75 that 99 
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is consistent with commonly practiced fibre aspect ratio for reinforced systems in groundworks and 100 

also previous studies. Typical aspect ratios range between lower-bound 10 to ensure a reasonable 101 

interaction between soil and fibre reinforcements [36] and upper-bound 100 [37]. Table 1 summarizes 102 

the geometrical, physical and mechanical properties of constituting sand and fibre used in this study. 103 

2.2 Specimen Preparation   104 

Several methods exist for remoulding granular soils sample at laboratory-scale. The base soil can be 105 

moist, dry or saturated; it can be placed using dry deposition, water sedimentation, pouring or spooning 106 

techniques; and can be compacted by tapping, tamping, or vibration [38-40]. In this work, the hollow 107 

cylinder specimens were synthesised through spooning of randomly mixed sand-fibre assemblages, 108 

mixed with water to a low 10% moisture content (i.e. higher than hygroscopic moisture content), into 109 

moulds. Spooned wet mixtures were then packed by controlled vibration before saturation. Vibration 110 

minimises the chance of wet sand deposition in layers and hence formation of unwelcomed weak 111 

planes [41], and also allows the initially metastable loose packing to adopt a denser random packing 112 

state.  The advantage of this method is the ease of its adoption in field conditions.  113 

Measures were put in place to maintain the uniformity of fibre distribution, to limit the unwelcomed 114 

effects of segregation of specimens’ constituents. Sample preparation followed two phases. In the first 115 

phase, base sand and fibres were manually mixed at predetermined mass proportions. Small amounts 116 

of fibres were gradually and ‘randomly’ added to the mix until, by visual examination, even distribution 117 

of fibres throughout the soil mass was ensured (Fig. 3). Water content was raised to 10% through 118 

spraying distilled deionised water whilst fibres were gradually added to the mix. To ensure the 119 

homogeneity, thoroughly mixed combinations of sand-fibre were spooned into the annulus space 120 

between the inner membrane (that surrounds the inner mould) and outer membrane (that covers the 121 

outer mould from the inner surface) in five layers to minimise segregation of the fibres (consistent with 122 

procedures followed in earlier attempts including Ibraim and Fourmont [42]). The adhesion between 123 

sand and fibres at low 10% water content is deemed enough to retain the original random packing 124 
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during the placement of mix into triaxial mould, although the angularity of sand is broadly believed to 125 

induce some degrees of cross-anisotropy. Visual inspection of specimens verified the reasonably 126 

uniform structure of sand-fibre mixtures. Specimens were prepared to a height (L) of 120 mm, inner 127 

and outer diameters of 120 mm and 200 mm (ro=100 mm, ri=60 mm), respectively. The mould was 128 

vigorously vibrated (using a tamping rod) in a similar manner practised in Ibraim et al. [16] and 129 

Mandolini et al. [23] and was repeatedly weighed up to achieve the desired placement unit weight. Test 130 

specimens were jacketed between two membranes, outer and inner, and sandwiched between two 131 

Porous discs at the bottom and on the top. Gaseous CO2 and de-aired water were gently percolated 132 

through the bottom drainage and passed upwards through specimens. A 0.96 and above Skempton's 133 

B-value was deemed to represent a fully saturated condition. Following saturation, specimens were 134 

isotopic consolidated to 200 kPa and 400 kPa confining pressures, roughly, representing typical stress 135 

conditions at base of 10 to 20 mm high fills and earth embankments. Adopted confining pressures also 136 

allow findings here to be studied in conjunction with previous similar studies. In the majority of previous 137 

fibre-reinforced soils studies, test specimens are synthesised to either a desired relative density or void 138 

ratio (e.g. Michalowski and Cermak [13]); the latter is adopted here. Void ratio for each test specimen 139 

was measured at the end of each triaxial test through measuring specimens’ [saturated] water content 140 

and specific gravity, considering a unit degree of saturation and using phase relationships. The post- 141 

consolidation void ratio, ec, fell within the range 0.795 to 0.800 for all test specimens. The extremely 142 

low standard deviation of ec (0.0025 to 0.0035) lends evidence to efficiency the adopted remoulding 143 

techniques in ensuring the homogeneity across all test specimens.  Specimens were sheared under two 144 

initial confining pressure values (𝑃′𝑐 - initial effective mean principal stress) of 200 and 400 kPa. 145 

2.3 Testing Apparatus and Methods   146 

Soil behaviour is fundamentally stress path dependent. The stress path for geotechnical structures can 147 

appear in form of principal stresses, rotating about three axes. Unlike the conventional triaxial shear 148 

apparatus, Hollow Cylinder Torsional Shear (HCTS) apparatus allows simultaneous application of axial 149 
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load, torque, internal and external pressures; hence incorporates a control on both principal stress 150 

direction and intermediate principal stress into the stress path approach. As such, HCTS offers the 151 

chance to simulate soil’s inherent anisotropy and study its implications on stress-strain [post-peak] 152 

behaviour. Fig. 4 illustrates the HCTS apparatus used together with test specimen during undrained 153 

test. 154 

Twenty-four consolidated undrained (CU) shear tests were conducted on reinforced (1.5% fibre content 155 

by mass) and unreinforced sand specimens by varying α and b-ratio values. Testing variables include 156 

the inclination angle of the maximum principal stress with respect to the depositional direction (α), 157 

initial mean effective stress, intermediate principal stress ratio, void ratio after consolidation and fibre 158 

content. Table 2 summarizes the testing variables. CU tests were conducted under two values of initial 159 

effective confining pressure (i.e. 200 and 400 kPa), at 0.5 and 1.0 intermediate principal stress ratio (b). 160 

Findings are presented in form of effective stress path and stress-strain envelopes. 161 

To apply the inner and outer cell pressures, four Electrical/Pneumatic transducers in addition to the 162 

axial and torsional loads pneumatic actuators were utilised. In total, eleven transducers were used. To 163 

capture the post-peak soil behaviour, a step motor for torsional strain tests was utilised. The rate of the 164 

cylinder twist was 0.5 degree/min; which is the lowest possible torque rate offered by the apparatus. 165 

The principal stress direction (α) and intermediate principal stress ratio (b) were kept constant 166 

throughout the torsional shear tests (Fig. 5). The inner chamber is isolated from the outer confining 167 

chamber, allowing the variation of stress at the inner boundary of the test specimen to be completely 168 

independent of that of the outer boundary.  169 

The principal stresses are formulated in Equations 1 and 2: 𝜎1 is the major principal stress (that is 170 

rotated in this work to simulate a suite of anisotropic loading scenarios), 𝜎2 is intermediate principal 171 

stress (equal to the radial stress 𝜎𝑟), and 𝜎3 is minor principal stress. 172 

𝜎1 =
𝜎𝑧 + 𝜎𝜃
2

+ √(
𝜎𝑧 − 𝜎𝜃
2

)
2

+ 𝜏𝑧𝜃2                                                                                                (1) 173 
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𝜎3 =
𝜎𝑧 + 𝜎𝜃
2

− √(
𝜎𝑧 − 𝜎𝜃
2

)
2

+ 𝜏𝑧𝜃2                                                                                                (2) 174 

In Eq. 1 and 2, 𝜎𝜃 is the circumferential normal stress, 𝜎𝑧 is the vertical normal stress (i.e. deviator 175 

stress), 𝜎𝑟 is the radial normal stress and 𝜏𝑧𝜃 is the torsional shear stress that applies to the specimen. 176 

Equations 3 to 5 formulate 𝜎𝑧, 𝜎𝑟, 𝜏𝑧𝜃 [19], where 𝑟𝑖 and 𝑟0 are inner and outer radii of the sample and 177 

T is monotonic torque. 𝜎𝑧 is formulated as a function of circumferential and radial stresses in Equation 178 

6 and 7 [19]. 179 

𝜎𝜃 = 𝜎𝑧 −
2𝜏𝑧𝜃
𝑡𝑎𝑛2𝛼

                                                                                                                                   (3) 180 

𝜎𝑟 = 𝜎𝑧 −
𝜏𝑧𝜃(𝐶𝑜𝑠2𝛼 − 2𝑏 + 1)

𝑠𝑖𝑛2𝛼
                                                                                                      (4) 181 

𝜏𝑧𝜃 =
1

2
{

3𝑇

2𝜋(𝑟03 − 𝑟𝑖3)
+

𝑇

𝜋(𝑟02 + 𝑟𝑖2)(𝑟0 − 𝑟𝑖)
}                                                                           (5) 182 

𝜎𝑧 =
𝐹𝑣 + 𝜋(𝑃0𝑟0

2 − 𝑃𝑖𝑟𝑖
2) − 𝐴𝑟𝑃0

𝐴𝑠
                                                                                                  (6) 183 

{
 
 

 
 𝑃𝑖 =

𝜎𝑟(𝑟0 + 𝑟𝑖) − 𝜎𝜃(𝑟0 − 𝑟𝑖)

2𝑟𝑖

𝑃0 =
𝜎𝑟(𝑟0 + 𝑟𝑖) − 𝜎𝜃(𝑟0 − 𝑟𝑖)

2𝑟𝜃

                                                                                                        (7) 184 

where 𝐹𝑣 is the surface tractions-vertical force, and 𝐴𝑟 and 𝐴𝑠 are cross-section areas for axial rod and 185 

the specimen, respectively. HCTS load and stress conditions are graphically illustrated in Fig. 6, and a 186 

photograph of a typical specimen before and after testing is shown in Fig. 7. 187 

3. Results and Discussions  188 

3.1 Phase Transformation   189 
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The stress-dependent transition in sand, from an initial compressive to dilative state, takes place along 190 

a ‘phase transformation’ line under undrained condition. The location of the phase transformation line 191 

is dependent on minor and intermediate principal stresses, so too sand’s relative density [43]. On the 192 

q-p' space, phase transformation occurs on the effective stress path; when the stress path changes in 193 

direction for effective mean normal stress (p') to reaches its minimum (Fig. 8a). Taking ‘steady state’ as 194 

the state of deformation under constant stress components [44-47], the point of phase transformation 195 

can be regarded as a ‘steady state’; this state is broadly referred to as the quasi steady state (QSS), 196 

where post-peak deformations appear under constant effective mean stress p'. The QSS is followed by 197 

the ultimate steady state (USS). Unlike dense sands, in loose sands under low confinement levels, the 198 

QSS at the point of phase transformation occurs at minimum shear stress (Fig. 8b - also see Yoshimine 199 

and Ishihara [46]). A course of strain hardening will normally follow the QSS, unless sand is at reasonably 200 

large levels of initial effective confining pressures (or at a very loose state whereby confining pressure 201 

turns out to be relatively large), in which case no post-peak hardening develops, and the minimum 202 

stress state evolves into the critical steady state (CSS). 203 

3.2 Steady State for Base Sand   204 

The first phase of tests encompassed 12 torsional compression CU experiments on unreinforced (base) 205 

loose sand specimens. The deviatoric stress-strain response (t - εq) and (t – p’) are plotted in Fig. 9, 206 

where 𝑡 is half the deviatoric stress (equivalent to the undrained shear strength, εq is half the deviatoric 207 

strain, and p’ is the initial effective mean principal stress. Figs. 9a to 9l demonstrate the effect on the 208 

undrained behaviour of anisotropic loading, for a range of principal stress orientations, two levels of 209 

confinement and b-ratios (a measure of difference between minor and intermediate stress and 210 

therefore balance between the compression and extension during the shearing of test specimens). 211 

Strain softening and flow (static liquefaction) was found to be limited to α = 60° (for all b-ratio values) 212 

and α = 30° for sand consolidated under high confining pressure (i.e. relatively denser state ahead of 213 

shearing) and b = 1, indicating a stress condition that encompass torsion and extension (Figs. 9a, c and 214 
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g). Flow upon shearing appeared to be most pronounced in sands under low 200 kPa confining pressure 215 

and combined torsion extension (α = 60° and b = 1, see Fig. 7a).   216 

Immediate observations suggest that upon anisotropic loading (i.e. increasing principal stress 217 

direction), flow begins to appear at deep sequences as α reaches 30° (Fig. 9g); and then extends to 218 

sands at shallower depths as α reaches 60°. Flow under the moderate α = 30° is probably underpinned 219 

by dilative behaviour of dense sand, which deteriorates upon application of torsional actions. No flow 220 

was detected at α = 15°. Base sand demonstrates a non-flow (NF) deformation with strain hardening 221 

(HS) throughout undrained shearing towards the USS. 222 

The undrained shear strength (also the Critical Stress Ratio CSR) and Ultimate Steady State (USS) are 223 

inversely proportional with b-ratio, with an exception of H400f0-1-60 and H400f0-0.5-60 (Fig. 9c), 224 

where the effective stress paths converge to reach a common USS. Sand begins to exhibit a softer 225 

response and the pure compressive effort applying on soil moderates as the b-ratio increases from an 226 

initial 0 to 1: This is in part due to appearance of tensile stresses in soil, the immediate consequence of 227 

which is a degree of stress relief in form of combined compression and extension (Figs. 9a, e, i and 9c, 228 

g, j). In conventional geotechnical design, a 0.3 to 0.5 b-ratio generally is indicative of plain strain 229 

conditions. This suggests that adopting the conventional design approach may over-estimate the 230 

undrained shear strength and CSR where a pair of design planes intersect into a boundary line, 231 

examples of which occur in design of support of excavation top-down systems for deep basements and 232 

access shafts. For α = 60°, sand specimens consolidated under the relatively greater 400 kPa pressure 233 

reached the Quasi Steady State (Phase Transformation, QSS PT) and Critical Stress Ratio (CSR) at 234 

relatively greater effective deviatory pressure. For these specimens, the control of b-ratio appears to 235 

be negligible at QSS; suggesting that latter shortfall in conventional design approaches would have a 236 

limited impact on deviatory load at the point of phase transformation (Figs 9c-d).   237 

Findings here are generally in agreement with previous findings of Shibuya and Hight [48] and Shibuya 238 

et al. [49]. Studying the interactions between b-ratio and undrained shear response for medium loose 239 
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HRS sand, they varied the α between 0° and 90° and adopted three b-ratio values of 0.0, 0.5 and 1.0. 240 

They concluded that increasing intermediate principal stress (b-ratio) from 0 to 0.5 has no significant 241 

effect on sand’s response, whereas larger b-ratio values lead to the formation of weaker, soften and 242 

more brittle undrained behaviour. Yoshimine et al. [47] presented similar set of results for loose angular 243 

Toyoura Sand (D50 = 0.17 mm, emin = 0.597, emax = 0.977). The earlier studies of Poulos [50] and Poulos 244 

et al. [51] suggest the independency of stress path from sand’s inherent anisotropy at large strains and 245 

as sand approaches the ultimate steady state. This is not consistent with findings here: the USS appears 246 

to be generally inversely proportional with the direction of principal stress axes and intermediate 247 

principal stress ratio.  248 

3.3 Steady State for Fibre-reinforced Sand   249 

The random distribution of fibres through the loose sand medium and the governing undrained 250 

conditions are believed here to have allowed fibres rest along multi-directional planes during the course 251 

of shearing. Isotropic consolidation under high confining stresses (to a closer packing) ensures that this 252 

initial random distribution of fibres remains through subsequent shearing phase. Confinement level 253 

matters and is discussed in more details in Section 3.4.  254 

Contribution of the fibres to shear strength and plastic behaviour of fibre-reinforced sands is generally 255 

complicated, particularly when the intrinsically anisotropic sand-fibre mediums are subjected to 256 

anisotropic loading.  Unreinforced and reinforced sand specimens were remoulded to a high initial void 257 

ratio in the range of 0.795 to 0.800. The stress-strain response of composite materials (i.e. sand 258 

reinforced with 1.5% fibre) is illustrated in Fig. 10. 259 

Base sand shows a dilative response upon anisotropic shearing under relatively low α values (Figs. 9e, 260 

9i, 9g and 9k). The dilative behaviour changes into a contractive strain softening response as α increases 261 

to 60° (Figs. 9a, 9c). Upon reinforcement with fibres, the dilative behaviour continues to be dominant 262 

at high α levels (Figs. 10a, 10c).  263 
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Figs. 10d, 10h and 10i demonstrate the difference between the 𝑡𝑃𝑇 in base and reinforced sand 264 

specimens (∆𝑡𝑃𝑇), where 𝑡𝑃𝑇 is 𝑡 at phase transformation. At b = 0.5 (almost full compression, plain 265 

strain), ∆𝑡𝑃𝑇 sharply decrease with an increase in α from 15° to 30°. This suggests that in a compressive 266 

environment and plain strain conditions, torsional stresses decrease the contribution of fibres to 267 

undrained strength enhancement. The strain softening for base sand as P’ reaches the phase 268 

transformation leads to a CSS state (Fig. 9d). At b=1 (counterbalancing extension), ∆𝑡𝑃𝑇 show marginal 269 

improvements with a rise in α from 15° to 30°, followed by substantial improvements as α grows to 60°. 270 

For when compressive stresses are counterbalanced with extension, torsional stresses appear to fully 271 

mobilise the tensile capacity of fibre inclusions, thereby a remarkable increase in the contribution of 272 

fibres to undrained strength enhancement takes place. This is an important new finding with many 273 

practical implications: The use of fibre-reinforced sands as subgrade for shallow footings or reinforced 274 

earth slopes is generally beneficial unless the system is expected to carry anisotropic loading. The 275 

composite system however appears to be useful as shallow subgrades housing a system of short micro- 276 

piles, underpinning a superstructure that applies transient loading or is expected to bear dynamic 277 

excitations.  278 

Figure 11a illustrates the variation of ∆𝑞𝑈𝑆𝑆 (the difference of deviatoric stress at ultimate steady state 279 

USS between the reinforced and base sand at a reference deviatoric strain of 10%) with the principal 280 

stress direction, α. Fibres become more effective as principal stress direction increase. When torsional 281 

stresses combine with extension (b = 1), composite materials make the most benefit from the fibre 282 

inclusions to attain their maximum possible undrained strength. 283 

Figs. 11b and 11c illustrate the variation of anisotropy ratio (AR) with inclination angle α, where AR is 284 

the maximum deviator stress divided by deviator stress at 10% strain at α = 60° (maximum torsion), as 285 

a measure of scale. In this, AR here is a measure of undrained strength for a range of loading scenarios 286 

(of varied level of loading anisotropy) with respect to the strength under maximum testing torsion. For 287 

sand-fibre composites, the variation of undrained strength with α (a measure of torsion) is little when 288 
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the composite system is sheared under conditions at which the compressive actions are partially 289 

counterbalanced with imposed extension. Fibres begin, even early stages of torsion (small α values), to 290 

mobilise upon extension and reach deviatory stresses close to the maximum attainable under full 291 

torsion. This lends further evidence to the significance of intrinsic anisotropy in reinforced sands. 292 

Therefore, fibre reinforcement decrease the unwelcomed anisotropy in samples which is desirable.  AR 293 

at low α values and for sand-fibre composites gain lower values under high 400 kPa isotropic confining 294 

pressure. Examining this finding in conjunction with the established significance of inherent anisotropy, 295 

it appears that isotropic consolidation under higher confining stresses (to a closer packing) ensures that 296 

the initial randomly-distributed fibre layout continues over the shearing phase. The undrained strength 297 

and plastic behaviour of fibre-reinforced sand is dependent on system’s inherent anisotropy. 298 

3.4 Fibre Shape and Assembly Packing Quality  299 

Findings here build on recent findings reported in Mandolini et al. [23]. The undrained shear strength 300 

and plastic behaviour of fibre-sand composites is fundamentally controlled by anisotropy. Mandolini et 301 

al. [23] used standard European Houston RF S28 siliceous angular to sub-angular sand (D50=0.32 mm, 302 

Cu=1.70, Cc=1.1, Gs=2.65, emin=1.000, emax=0.630) together with 0.5% polypropylene fibres and 303 

conducted a series of CD torsional triaxial tests (b = 0, 0.07, 0.25, 0.50, 0.75, 1.00; α = 0°, 15°, 30°, 45°, 304 

60°, 90°). In contrast with findings of this work, Mandolini et al. [23] presented experimental evidence 305 

for inverse relationship between the principal stress direction inclination and drained shear strength in 306 

fibre-reinforced sands. Assuming that the slightly different fibre content in the two studies has minimal 307 

effect, there appears to be links between confinement-induced ‘self-organisation’ of fibres and initial 308 

packing state; thereby a consensus on the implications of initial packing state is needed to be reached. 309 

A high 0.931-0.956 void ratio (post isotropic consolidation) was adopted [23], inferring a very loose 310 

initial state. These are higher, by and large, than the post isotropic consolidation void ratios achieved 311 

in the present work (0.795-0.800). Upon application of anisotropic stresses to loose assemblies of 312 

particles (sand grains mixed with highly eccentric rod-shape fibres), the fibres begin to adopt a vertical 313 
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orientation and gradually align with vertical walls of sand particles. This structural evolution disturbs 314 

the multidirectional alignment of fibres; fibres move relative to one another and take a parallel and 315 

vertical orientation. This arrangement forms a suite of internal weakness planes (laminated structures). 316 

This limits the potential benefits of soil inherent anisotropy under torsion as fibres only partially fall in 317 

extension, restricting the soil’s mobilised tensile resistance. Findings are consistent with earlier 318 

discussions in Gray and Ohashi [10] where a direct relationship was established between inclinations of 319 

principal stresses and shear strength for dense reinforced sand.  320 

3.5 Dimensionless State Indices  321 

Two state index parameters are proposed. Flow potential, 𝑢𝑓 is defined as a measure of flow (strain 322 

softening) and formulated in Equation 8 (see Yoshimine and Ishihara [46]). Flow potential is controlled 323 

by stress conditions in sand during both initial and shearing stages, so too the intermediate principal 324 

stress and direction of principal stresses. In Equation 8, 𝑃′𝑃𝑇 is the mean effective pressure at the point 325 

of phase transformation and 𝑃′𝑐 is the mean isotropic confining pressure.   326 

𝑢𝑓 = 1 − 𝑃
′
𝑃𝑇 𝑃′𝑐⁄                                                                                                                                               (8) 327 

Peak strength index,  𝑞𝑝𝑒𝑎𝑘/𝑃′𝑐, is effectively normalised peak undrained shear strength with confining 328 

pressure as measure of scale.  329 

In Figs 12a and b, the dimensionless 𝑢𝑓 is plotted against the angle of principal stress orientation. Strain 330 

softening is less pronounced when test soils are subjected to a degree of extension upon increasing b- 331 

ratio. When reinforced (with fibres), strain softening fully disappear in such torsional extension loading 332 

environment. Findings here are in agreement with earlier discussions. Figs 12c-d shows the variation of 333 

the peak strength index with principal stress inclination angle. For reinforced sand, the normalised 334 

strength sharply decrease under moderate torsional efforts (α = 30°), irrespective of the balance 335 

between applied compressive-tensile stresses. Reinforced soil systems are likely to experience 336 
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instability as torsional stresses increase; implying that maximum torsion is not necessarily a worst-case 337 

scenario in design. 338 

4. Conclusions  339 

Contribution of the fibres to shear strength and plastic behaviour of fibre-reinforced sands is generally 340 

complicated, particularly when the intrinsically anisotropic sand-fibre mediums are subjected to 341 

anisotropic loading. This study aimed to use the orientation of principal stress and soil initial packing 342 

state combined as a proxy parameter to explore and explain the plastic behaviour of fibre-reinforced 343 

sands. Observations suggest that:  344 

1. Loose sand exhibits a dilative response upon anisotropic shearing under relatively low α values. 345 

The dilative behaviour changes into contractive strain softening as α increases to 60°.  346 

2. Sand rapidly develops a strain softening response as b-ratio increases; such conditions take 347 

place when soil fall under combined extension and torsion. Under such circumstances, flow 348 

upon shearing appears to be most pronounced in sands under low confining pressures.  349 

3. Upon reinforcement with fibres, the dilative behaviour at high α values continues to be 350 

dominant: In a compressive environment and plain strain conditions, torsional stresses lower 351 

the contribution of fibres to undrained strength enhancement. For when compressive stresses 352 

are counterbalanced with extension, torsional stresses appear to fully mobilise the tensile 353 

capacity of fibre inclusions and improving their contribution to undrained strength.  354 

4. Fibres become more effective as principal stress direction increase. When torsional stresses 355 

are combined with extension (b = 1), composite materials make the most benefit from presence 356 

of fibres and attain maximum possible undrained strength. 357 

5.  Strain softening is generally less pronounced when soils are subjected to a degree of extension 358 

(increasing b-ratio). When sand is reinforced (with fibres), strain softening fully disappears in 359 

torsional extension loading environment.  360 
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6. Reinforced soil systems are likely to experience instability as torsional stresses increase; 361 

implying that maximum torsion is not necessarily a worst-case scenario in design.  362 

 363 
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 523 

 524 

Table 1 525 

Material Property Value Unit Measurement methods  

Sand 

Grain diameter at 10% passing (D10)  132.3 µm ASTM D6913 [52] 
ASTM D6913 [52] 
ASTM D6913 [52] 
ASTM D6913 [52] 
ASTM D6913 [52] 

Grain diameter at 50% passing (D50) 235.3 µm 
Grain diameter at 90% passing (D90) 437.7 µm 
Coefficient of uniformity (Cu) 0.97 - 
Coefficient of curvature (CC) 1.78 - 
Specific gravity (Gs) 2.68 - ASTM D854 [53] 
Minimum void ratio (emin) 0.548 - ASTM D4254 – 16 [54] 
Maximum void ratio (emax) 0.874 - ASTM D4253 – 16 [55] 
Roundness ratio 𝑅 0.42 -  
Sphericity ratio 𝑆 0.60 -  

 Fines content (FC) % 0.00 - ASTM D6913 [52] 

Fibre 

Fibre length (lf) 15.0 mm  
Fibre diameter (Df) 0.2 mm  
Fibre aspect ratio (ARF) 55.55 -  
Young’s modulus (E)  3.6 GPa Provided by supplier 
Tensile resistance (Ty) 450 MPa Provided by supplier 

 526 

 527 

 528 

 529 

 530 

 531 

 532 
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 533 

 534 

 535 

 536 

Table 2  537 

Test No. Loading type 𝑤𝑓 (%) † P'c (kPa) α (º) b ec
* 

H200f0-0.5-15 Compression 0.0 200 15 0.5 0.793 

H200f0-0.5-30 Compression + Torsion 0.0 200 30 0.5 0.794 

H200f0-0.5-60 Torsion 0.0 200 60 0.5 0.800 

H200f0-1-15 Compression 0.0 200 15 1.0 0.797 

H200f0-1-30 Compression + Torsion 0.0 200 30 1.0 0.796 

H200f0-1-60 Torsion 0.0 200 60 1.0 0.800 

H200f1.5-0.5-15 Compression 1.5 200 15 0.5 0.795 

H200f1.5-0.5-30 Compression + Torsion 1.5 200 30 0.5 0.796 

H200f1.5-0.5-60 Torsion 1.5 200 60 0.5 0.799 

H200f1.5-1-15 Compression 1.5 200 15 1.0 0.800 

H200f1.5-1-30 Compression + Torsion 1.5 200 30 1.0 0.798 

H200f1.5-1-60 Torsion 1.5 200 60 1.0 0.797 

H400f0-0.5-15 Compression 0.0 400 15 0.5 0.800 

H400f0-0.5-30 Compression + Torsion 0.0 400 30 0.5 0.798 

H400f0-0.5-60 Torsion 0.0 400 60 0.5 0.795 

H400f0-1-15 Compression 0.0 400 15 1.0 0.800 

H400f0-1-30 Compression + Torsion 0.0 400 30 1.0 0.795 

H400f0-1-60 Torsion 0.0 400 60 1.0 0.800 

H400f1.5-0.5-15 Compression 1.5 400 15 0.5 0.796 

H400f1.5-0.5-30 Compression + Torsion 1.5 400 30 0.5 0.797 

H400f1.5-0.5-60 Torsion 1.5 400 60 0.5 0.796 

H400f1.5-1-15 Compression 1.5 400 15 1.0 0.797 

H400f1.5-1-30 Compression + Torsion 1.5 400 30 1.0 0.799 

H400f1.5-1-60 Torsion 1.5 400 60 1.0 0.798 

 538 

 539 

 540 



 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

0

20

40

60

80

100

0.01 0.1 1 10

P
er

ce
n

ta
ge

 f
in

er
 b

y 
w

ei
gh

t:
 %

Particle size: mm



 

 

 

 

 

 



valve

Bearing

Cell

Outer cell
pressure

Sample

Rubber sea

Vertical rod

Porous Stone

O-ring

Cell water drain
Inner cell
pressure Back pressure



 

  



 

 

 

 

 

 

 

 



 

)σ -σ)/( σ -σb=( 

2
σ 

σ 

Ʈ 

1
σ 

2
σ 

3
σ 

1
σ 

3
σ 

α 



6 cm

10 cm

Fv

T

Po Pi

σ3

σɵ

σ1
α

σz

σzɵ

σ1=σr12
 c

m



  

 

 

 

 

 

 

 

 



ESP

TSP

USS

CSS

QSS

USS

USS

USS

USS

QSS

CSS

Ρ′

Ρ′

Very loose sand

Loose sand

Dense sand

Ρ′min

Ρ′=(σ′1+ 2σ′3 )/3Ρ′=(σ′1+ 2σ′3 )/3

1
3

Umax

q=(σ′1
_ )σ′

3

q=(σ′1
_ )σ′

3a b

Øpl



0

30

60

90

120

150

180

0 100 200 300 400 500

t:
 k

P
a

P' : kPa

0

20

40

60

80

100

120

140

0 100 200 300 400 500

t:
 k

P
a

P': kPa

ESP

PT

0

20

40

60

80

100

0 50 100 150 200 250

t:
 k

P
a

P': kPa

.

.

t:
 k

P
a

0

20

40

60

80

100

0 5 10 15

t:
 k

P
a

ɛq/2: %

0

30

60

90

120

150

180

0 5 10 15

t:
 k

P
a

ɛq/2: %

0

30

60

90

120

150

180

0 100 200 300
P': kPa

0

20

40

60

80

100

120

140

0 5 10 15

t:
 k

P
a

ɛq/2: %

QSS

ESP
ESP b da c

CSS

0

30

60

90

120

150

180

0 5 10

t:
 k

P
a

ɛq/2: %

e gf hESP

ESP

PT

0

50

100

150

200

0 2 4 6 8

t:
 k

P
a

ɛq/2: %

0

40

80

120

160

200

0 2 4 6 8

t:
 k

P
a

ɛq/2 : %

i k
USS

USS

USS

USS

0

40

80

120

160

200

0 100 200 300 400 500

t:
 k

P
a

P': kPa

0

50

100

150

200

0 100 200 300 400

t:
 k

P
a

P': kPa

j l

PTESP

ESP

ESP

PT

H200f0-1-60

H200f0-0.5-60

H200f0-1-60

H200f0-0.5-60

H400f0-1-60

H400f0-0.5-60

H400f0-1-60

H400f0-0.5-60

H200f0-1-30

H200f0-0.5-30

H200f0-1-30

H200f0-0.5-30

H400f0-1-30

H400f0-0.5-30

H400f0-1-30

H400f0-0.5-30

H200f0-1-15

H200f0-0.5-15

H200f0-1-15

H200f0-0.5-15

H400f0-1-15

H400f0-0.5-15

H400f0-1-15

H400f0-0.5-15



0

20

40

60

80

100

120

0 50 100 150 200 250

t:
 k

P
a

P': kPa

0

50

100

150

200

0 100 200 300

t:
 k

P
a

P': kPa

0

50

100

150

200

250

0 2 4 6 8

t:
 k

P
a

ɛq/2: %

0

50

100

150

200

0 4 8 12

t:
 k

P
a

ɛq/2: %

0

50

100

150

200

250

0 4 8 12

t:
 k

P
a

ɛq/2: %

0

50

100

150

200

250

0 4 8 12

t:
 k

P
a

ɛq/2: %

0

40

80

120

160

200

0 100 200 300

t:
 k

P
a

P': kPa

0

50

100

150

200

0 200 400 600

t:
 k

P
a

P' : kPa

0

20

40

60

80

100

120

0 5 10 15

t:
 k

P
a

ɛq/2: %

0

50

100

150

200

0 5 10 15

t:
 k

P
a

ɛq/2: %

b da c

e g h

i j l

ESP
ESP ESP

ESP

0

50

100

150

200

250

0 200 400 600

t:
 k

P
a

P' : kPa

0

50

100

150

200

250

0 200 400 600

t:
 k

P
a

P' : kPa

f

k

H200f0-1-60

H200f0-0.5-60

H200f1.5-1-60

H200f1.5-0.5-60

H400f0-1-60

H400f0-0.5-60

H400f1.5-1-60

H400f1.5-0.5-60

H200f0-1-30

H200f0-0.5-30

H200f1.5-1-30

H200f1.5-0.5-30

H400f0-1-30

H400f0-0.5-30

H400f1.5-1-30

H400f1.5-0.5-30

H200f0-1-15

H200f0-0.5-15

H200f1.5-1-15

H200f1.5-0.5-15

H400f0-1-15

H400f0-0.5-15

H400f1.5-1-15

H400f1.5-0.5-15



H200f0-0.5-15|30|60

H200f0-1-15|30|60

H200f1.5-0.5-15|30|60

H200f1.5-1-15|30|60

50

40

30

20

10

0

1.5

2.0

2.5

∆
𝑞
𝑈
𝑆
𝑆
:𝑘
𝑃
𝑎

A
n

is
o

tr
o

p
y 

ra
ti

o
 [

A
R

]

7515 30 45 60
Inclination angle α:˚ 

A
n

is
o

tr
o

p
y 

ra
ti

o
 [

A
R

]

1.5

2.0

2.5

Inclination angle α:˚ 

H400f0-0.5-15|30|60

H400f0-1-15|30|60

H400f1.5-0.5-15|30|60

H400f1.5-1-15|30|60

P’=200 kPa; b=0.5

P’=200 kPa; b=1.0

P’=400 kPa; b=0.5

P’=400 kPa; b=1.0

1.0

a

b

c



7515 30 45 60

7530 45 6015

7515 30 45 60

7530 45 6015

Fl
o

w
 p

o
te

n
ti

al
 in

d
ex

P
ea

k 
st

re
n

gt
h

 in
d

ex
Inclination angle α:˚ Inclination angle α:˚ 

0.8

0.6

0.4

0.2

0.4

0.6

0.8

0.6

0.4

0.2

0.4

0.6

H400f0-0.5-15|30|60

H400f0-1-15|30|60

H400f1.5-0.5-15|30|60

H400f1.5-1-15|30|60

H400f0-0.5-15|30|60

H400f0-1-15|30|60

H400f1.5-0.5-15|30|60

H400f1.5-1-15|30|60

H200f0-0.5-15|30|60

H200f0-1-15|30|60

H200f1.5-0.5-15|30|60

H200f1.5-1-15|30|60

H200f0-0.5-15|30|60

H200f0-1-15|30|60

H200f1.5-0.5-15|30|60

H200f1.5-1-15|30|60

a b

c d


	Anisotropy in Sand-Fibre Composites and Undrained Stress-Strain Implications 
	Fig 1
	Fig 2
	Fig 4a
	Fig 3
	Fig 4b
	Fig 5
	Fig 6
	Fig 7
	Fig 8
	Fig 9
	Fig 10
	Fig 11
	Fig 12

