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ABSTRACT. The aim of this paper is to study large deviations for the self-
similar solution of a Kac-type kinetic equation. Under the assumption that
the initial condition belongs to the domain of normal attraction of a stable law
of index a < 2 and under suitable assumptions on the collisional kernel, precise
asymptotic behavior of the large deviations probability is given.

1. Introduction. This paper deals with the probability of large deviations for the
solutions of a class of one dimensional Boltzmann-like equations. Specifically, given
an initial probability distribution pg on B(R), the Borel o-field of R, we consider a
time-dependent probability measure p; solution of the homogeneous kinetic equation

Opr + pr = Q+(Ptvpt)
Po = Po-

(1)

Following [3, 11], we assume that Q7 is the smoothing transformation defined by
Q*(p,p) = Law(LX + RX') (2)

where (L,R) is a given random vector of R? p is the law of X and X', and
(L,R), X, X’ are stochastically independent.

The first model of type (1)-(2) has been introduced by Kac [23], with collisional
parameters L = sinf and R = cos @ for a random angle 6 uniformly distributed on
[0,27). In the original Kac equation p; represents the probability distribution of
the velocity of a particle in a homogeneous gas. In addition to the Kac equation,
also some one dimensional dissipative Maxwell models for colliding molecules, see
e.g. [8, 27, 29], can be seen as special cases of (1)-(2). Moreover, equations (1)-(2)
have been used to describe socio-economical dynamics see, e.g., [5, 7, 15, 25, 28, 31]
and the references therein. In this last case particles are replaced by agents in a
market and velocities by some quantities of interest (money, wealth, information,...).
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Finally, it is worth recalling that, using results in [10, 11], it can be shown that the
isotropic solution of the multidimensional inelastic Boltzmann equation [9] can be
expressed in terms of the solution of equation (1) for a suitable choice of (L, R).

The generalized Kac-equation (1)-(2) has been extensively studied in many as-
pects. In particular, the asymptotic behavior of the solutions of (1)-(2) has been
treated in details in [2, 3, 11].

As for the speed of convergence to equilibrium, explicit rates with respect to suit-
able probability metrics have been derived in various papers. For the Kac equation
see [13, 14, 18], for the inelastic Kac equation see [4], for the solutions of the general
model (1)-(2) see [2, 3, 6].

Many of the above mentioned results are based on a probabilistic representation
of the solution p;. In point of fact, as we will briefly explain in Section 2.2, it can
be proved that the unique solution p; of (1)-(2) is the law of the random variable

V¢
Vi=> BiwnX; (3)
j=1

where 14 is a Yule process, [§;.,];n are suitable random weights and X are inde-
pendent identically distributed (i.i.d., for short) random variables with law py. In
other words, p;(A) = P{V; € A}, for every t > 0 and every Borel set A C R.

The aim of this paper is to study large deviations for the (eventually rescaled)
solution p; when the initial condition pg belongs to the domain of normal attraction
of an a-stable law. More precisely, we will study the large deviation probability for
e~ @)V, when, for a suitable wla), e~ @)V, converges in distribution to a scale
mixture of a-stable distributions. In the following we shall assume that a < 2, the
study of the case @ = 2 is postponed to a future work since it requires completely
different techniques.

In view of the probabilistic representation (3) it is not surprising that the study
of the large deviation probabilities for p; is strictly related to large deviations for
sums of i.i.d. random variables.

Let us briefly recall these classical results. If o € (0,1) U (1,2) and if (X,,)n>1
is a sequence of i.i.d. random variables in the domain of normal attraction of an
a-stable law, centered if @ > 1, then, n=1/* 3" | X; converges in distribution to
an a-stable random variable. Moreover, if z,, — 400, then

=1

where ¢ is a positive constant determined by the law of X; and, as usual, a,, ~ b,
means ap /b, — 1 for n — +oo0. See [19, 20, 21]. For more information on large
deviations for sums of i.i.d. random variables see, for example, [12, 30] and the
references therein.

Our main result, which is stated in Theorem 3.1, is reminiscent of (4). It can
be summarized by saying that if the initial distribution py belongs to the domain of
normal attraction of an a-stable law with o < 2 and the collision coefficients (L, R)
satisfy some additional assumptions, then

pt([_etu(a)mt7etu(a)xt]c) _ P{|e_t“(a)Vt| >z}~ % (5)
Ty

_1 Co
>xn} ~PnE max |X] > @) ~ o3 (4)

n

and
P{le™" Vi > 2} ~ Pe™™®) max |8, X;] > 21} (6)
J=4,..0
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as x; goes to +o0o. As in the ii.d. case, (6) can be interpreted by saying that
the main part of probability of large deviations for V; is generated by one large
summand comparable with the whole sum process V;.

It may be useful to give a sort of kinetic interpretation of this last statement. As
we shall see, the law p; of max;—1 _,, |8, X;| is the unique solution of the kinetic
equation

Oupe + pr = QT (pe, pr) (7)
po(-) = P{|Xy1] € -}
with X, distributed according to py and
Q* (p. p) = Law(max{|LX|, [RX']}), (8)

where p is the law of X and X', and (L, R) is the same random vector appearing
in (2). As before, (L, R), X and X’ are assumed stochastically independent.

Equations (5)-(6) state that the tail of the solution p; (when ¢t — +00) have the
same power law decay of the tail of the solution p; of the kinetic equation (7)-(8).
In this last equation, one considers post-collisional velocities given by a randomly
weighted maximum of the pre-collisional ones - see (8) - in place of the usual post-
collisional velocities that are random linear combinations of the pre-collisional ones,
see (2).

The paper is organized as follows. Section 2.1 is devoted to a brief review of some
known results on the self-similar asymptotics for the solutions of (1). Section 2.2
contains the detailed description of the probabilistic representation (3). In Section
2.3 we provide some results on the process H; = max;—1, . ., |le,th\. Section 3
contains the large deviation results for p;. Section 4 deals with the study of large
deviation probabilities for weighted sums of i.i.d. random variables. The proofs of
the results stated in Section 2 and 3 are collected in Section 5.

2. Self-similar asymptotics for the solutions. In the following, all the ran-
dom elements are defined on a given probability space (2, F, P) and E denotes the
expectation with respect to P.

Throughout the paper we assume that

L and R are non-negative random variables such that P{L > 0} + P{R > 0} > 1.

As for the initial probability distribution pg is concerned, we will assume that it
belongs to the domain of normal attraction of an a-stable law. It is well-known that,
provided « # 2, a probability measure pg belongs to the domain of normal attrac-
tion of an a-stable law if and only if its distribution function Fy(x) := po{(—o0, z]}
satisfies

lim 2%(1 — Fy(z)) = cd < +oo, Er_n |z|“Fo(z) = ¢g < +00. 9)

r——+00

Typically, one also requires that cg + c5 > 0. See for example Chapter 2 of [22].
Finally, let us introduce the convex function S : [0, 400) — [—1, +00] by

S(s) :=E[L* + R°] — 1,
with the convention that 0° = 0 and let

p(s) = @

be the so called spectral function of Q*, see [2] and [11].

(s >0)



248 FEDERICO BASSETTI AND LUCIA LADELLI

2.1. Convergence to self-similar solutions. In the study of the asymptotic
behavior of the solutions of (1), a fundamental role is played by the fixed point
equation for distributions

7 £ 05 (L7, + R* Z) (10)

where Z, 7y, Z5 are i.i.d. positive random variables, © is a random variable with
uniform distribution on (0,1), (Z, Z1, Z2), © and (L, R) are stochastically indepen-
dent.

As already recalled in the introduction, the unique solution p; to (1)-(2) is the
law of V; defined in (3). Further details on this probabilistic representation will be
given in Section 2.2. The next results, concerning the convergence in distribution
of a suitable rescaling of V; to the so-called self-similar solutions of (1), are proved
in [2].

It is worth recalling that a sequence of random variables (Y3, ),,>1, with probability
distributions (l,),>1, is said to converge in distribution to a random variable Y,
with law [, if (I,,)n,>1 converges weakly to [, that is

Jim f g(y)la(dy) = / 9(y)l(dy)
for every bounded and continuos real valued function g.

Theorem 2.1 (CLT when o # 1, [2]). Let o € (0,1) U (1,2) and let condition (9)
be satisfied for some (cg,cy ) such that ¢§ + ¢y > 0, with [vpo(dv) =0 if a > 1.

If u(d) < p(a) < +oo for some § > a, then e MV, converges in distribution, as
t — +o00, to a random variable Vo, with the following characteristic function:

Ele’">] = E[exp{~|¢|*A 2o (a)(1 — intan(ra/2)sign€)}]  (E€R)  (11)

where
. (Cg + Ca)’”‘ . CE)‘F B Ca (12)
- 2@ (a)sin(ra/2)’ = et +cg

and the law of Zo () is the unique positive solution to (10) with E[Z(a)] = 1.

Further information on the mixing random variable Z,,(«) are given in Propo-
sition 2. See also [2].

The results concerning the case o = 1 are here stated under slightly more general
assumptions than in [2]. For completeness a sketch of the proof is given in Section

5.

Theorem 2.2 (CLT when o = 1). Let (9) holds with o = 1 and ¢ = c; > 0.
Suppose, in addition, that

lim xdFy(z) =70 (13)
R—+o0 (-R,R)

with —c0 < 749 < +oo. If u(8) < u(l) < +oo for some § > 1, then e *tY,
converges in distribution, as t — 400, to a random variable Vo, with the following
characteristic function:

Elexp(iVoo)] = E[ezw(l)(i’m&coﬂrlﬁl)} (14)

and the law of Z (1) is the unique positive solution to (10) for @ = 1, with
E{Zoo(1)] = 1.
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Remark 1. In order to study the large deviations for p;, in what follows we will
need to assume that ¢ + c; > 0, even if both Theorem 2.1 and Theorem 2.2 hold
also for ¢f + ¢y = 0. In this last case, Theorem 2.1 is valid with A = = 0 and
hence V., = 0 with probability one, while Theorem 2.2 is valid with Vo, = 79200 (1).

Remark 2. Let us consider a random vector (L, R) such that p(a) = 0, that is
E[LY + R*] = 1. As a consequence of the previous results, if E[L° + R°] < 1 for
some § > «, then V; converges in distribution to Vu. In this case Z () satisfies
the fixed point equation

Z £ L°7, + R*Z,
and it is easy to see that the law p., of Vi is a steady state for equation (1), i.e.
Poo = QT (Poo, Poo)- This case has been extensively studied in [3].

2.2. Probabilistic representation of the solution. The proofs of Theorems 2.1
and 2.2 are based on the fact that V; is a randomly weighted sum of i.i.d. random
variables. In [3] it has been shown that the unique solution of (1)-(2) with initial
datum pg is the law of

Vi=> BinX;,
j=1

provided that

e (X;)j>1 is a sequence of i.i.d. random variables with distribution po;
o ()1>0 is a Yule process, see e.g. [1], hence in particular

P{yy,=n}=e (1 —e )" !

for every n > 1 and t > 0O;
o (Bjm: j=1,...,n)p>1 is an array of non-negative random weights;
o (X;)j>1, ()>0 and (B : j=1,...,n)p>1 are stochastically independent.
As to the definition of the weights £;,’s is concerned: f11 := 1, (B1,2,822) =
(L1, Ry) and, for any n > 2,

(Brnt1s -+ Brginet)
= (51,71; ) Blnflﬂm Lnﬁln,na Rnﬁln,nv 5In+1,na cey 5n,n)a

where (L, R,)n>1 is a sequence of i.i.d. random vectors distributed as (L, R),
(In)n>1 is a sequence of independent random variables uniformly distributed on
{1,...,n} for every n > 1, (Ly, Ry)n>1 and (I,)n>1 are independent.

The idea to represent solutions to the Kac’s equation in a probabilistic way dates
back to McKean [26]. A complete formalization of this probabilistic representation
has been obtained in [17] and later generalized to Kac-type equations in [2, 3].

(15)

2.3. Kinetic equations with max-type collisions. Since we shall compare the
large deviations of e *(®tV, with the large deviations of et H, where

m:@%ﬁm&h

we start by providing some results on this last process.

Theorem 2.3. There is a unique solution p; to equation (7)-(8). Moreover, py is
the law of Hy, i.e. py(A) = P{H, € A} for every Borel set A.

Following the same line of reasoning of [2, 3] we prove the next result on the
asymptotic behavior of e #(®tH,.
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Theorem 2.4. Let « € (0,1) U (1,2) and the hypotheses of Theorem 2.1 be in
force, or let o = 1 and the hypotheses of Theorem 2.2 hold. Assume also that
co = cg +cg > 0. Then e " H, converges in distribution, as t — 400, to a
random variable Ho, with the following probability distribution function:

Ele 2= itz >0
P{Hx <2} =19 P{Zo(a)=0} ifz=0 (16)
0 ifr <0
where the law of Z(a) is the unique positive solution to (10) with E[Z(a)] = 1.

It is useful to note that Theorem 2.4 states that the law of H is a scale mixture
of Fréchet distributions.

3. Main results: Large deviations for p;. As a consequence of Theorems 2.1-
2.2, one has that, if x; — 400 as t — 400, then

. —p(a)t —
tl}gloo P{le Vil > a4} = 0.

The main result of this paper concerns the study of the speed of convergence of
such a probability to zero under suitable conditions on the function u(s).

Theorem 3.1 (Large deviations). Let o € (0,1) U (1,2) and the hypotheses of
Theorem 2.1 be in force, or let « = 1 and the hypotheses of Theorem 2.2 hold.
Assume also that S(2a) < +oo and co = cf +c5 > 0. If p(2a) < p(a) and
28(a) > —1, then, for every x; such that x; — +00 ast — +o00 , one has

P{le= MOV, | > x4} B

@
Ty

li Zt pfle—rla)t = [ =1 17
i o PV > e = i TS 2 1
and
P{le—H(a)ty,
lim L4e f > @i} (18)

t—+o00 P{|67'u’(a)th‘ > Z't} N

Remark 3. Let us consider Theorem 3.1 in the particular case in which E[L* 4+
R%] =1 and hence 0 = 2S8(a) > —1. Then, if E[L?* + R?*] < 1 and x; — +00 as
t — +oo, one has

lmfﬁPmﬂ>x§:Am P{Vi| >z} _ . PVl > @}

el s B =1 19
e 2o S0 P{|Vio| > 22} t—ri00 P{H,| > a4} (19)

where the law of V. is a steady state for equation (1).

Remark 4. As pointed out in the Introduction, the results stated in the previous
theorem are related to large deviations for sums of i.i.d. random variables: Let
a € (0,1)U (1,2) and let (Xp)n>1 be a sequence of i.i.d. random variables in the
domain of normal attraction of an a-stable law, centered for o > 1, then,

P{‘n_é S X >mn} P{‘n_é S X >xn}
li = 1 =1
nﬁnfoo nP{|X1| > nt/ox,} nﬁn}rloo P{maxj_1 . |X;| >n'ox,}

(20)
whenever x,, — +oo. See [20] and [21]. It follows from (9) that P{|X,| > naz,} ~
co/(nz®). Moreover, if Sy is the a-stable random variable limit of n~= Yo X,
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then, P{|Sa| > xn} ~ co/x<, since each stable random variable belongs to its own
domain of normal attraction. Consequently

i P{‘nié Z?:lXi >$n} i x%P o n .
n—l>I—?&(-100 P{|Sa‘ >xn} _nir—{-loog {‘n : z:zl ‘

> xn} =1 (21)

At this stage, it should be clear that equations (17)-(18)-(19) provide analogous
results for our processes.

If either p(2a) > p(a) or 28(a) < —1 then (17)-(18) are still valid provided
that x; diverges to +oo at a suitable speed depending on the function p(s). In
order to state such extension in a precise way, we need some more notation. When
S(2a) < 400 let A(t) : [0,400) — [0,4+00) be the function

t if p(2a) < p(a) and 28(a) = —1;
e~ (2S()+1)t if u(2a) < p(a) and 28(a) < —1;
e2em@a)=ple)t if 1y(2a) > p(a);

h(t) := < em if p(2a) = p() and 0 < S(a) for a fixed 1 > 0;
te~ (28(@)+1)t if p(2a) = p(a) and 28(a) < —1;
t2 if u(2a) = p(a) and 28(a) = —1;
t if u(2a) = p(a) and —1 < 28(a) <0

(22)

Theorem 3.2. Let « € (0,1)U(1,2) and the hypotheses of Theorem 2.1 be in force,
or let « = 1 and the hypotheses of Theorem 2.2 hold. Assume also that S(2a) < +o0
and co = cg +cg > 0. If either u(2a) > p(a) or 28(a) < —1 and z, is such that
xf ¢ /h(t) = +00 ast — 400 for some € > 0, with h(t) as in (22), then (17)-(18)
hold true.

We conclude this section with two examples.

Example 1. Let us consider the case in which L = 1 — R = U where U is a

random variable uniformly distibuted on (0,1). In this special case S(s) = }jrz and
wu(s) = 3(11183)' In particular, it is easy to prove that u is a continuous function

and that p is strictly decreasing on (0, sg) and strictly increasing on (sg, +00) with
so = 1+ /2. Hence, since u(8) < p(a) for every 0 < a < § < sy, Theorems
2.1-2.2 can be applied. As for the large deviation of V;, assuming that py satisfies
the assumption of Theorem 3.1, since S(a) > —1/2 for every « € (0,2), it remains
to study the sign of u(2a) — pu(a). Setting g = (3 4+ V/17)/4 ~ 1.78, it is easy to
see that: p(2a) < p(a) for a € (0, ap), p(2a) = p(a) for a = ap and p(2a) > p(a)
for o € (ap,2). Summarizing

(i) if a € (0, ), then (17)-(18) hold true for any wy;
(i) if &« = ap, then (17)-(18) hold true for any z; such that xf'~ ¢/t — 400 for
some € > 0;
(iii) if @ € (v, 2), then (17)-(18) hold true for any z; such that 3~ exp{—t(2a2 —
200 —1)/(202 + 3a+ 1)} — +oo for some € > 0;

Example 2. An interesting example is the case of the inelastic Kac equation
[29]. This equation can be reduced to a special case of equation (1)-(2) with
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L = |cos(0)]'"% and R = |sin(f)|'*9, 6 being a random variable uniformly dis-
tributed on (0,27) and d > 0. In this case
1
S(s) = — (]sin(0)|+D* 4+ | cos(9)|FTD*)do — 1
27 (0,27)
1 2 T(HHs+ 1)

™

il i (A+d)sgg 1 = 2

/(07277) im0 1=
where I'(z) = fOJrOO t*~le~tdt. Clearly S(a) = 0 for o = 2/(d + 1) and S(p) < 0
for every p > «. Hence, for this «, Theorems 2.1-2.2 can be applied. Note that in
this case p; converges weakly to the stationary distribution which is a stable law, in
other words, Zo(a) = 1. See, also [3, 4]. Furthermore, since S(a) =0 > —1/2 and
u1(p) < 0= p(a) for every p > a, Theorem 3.1 holds. If o # 2/(d + 1) the situation
is more involved. Since limg_, ;o0 S(s) = —1, then lims_, 4o p(s) = 0 and one can

prove that p(s) has a unique minimum point in p(()d). Clearly p(()d) = 2p(()1) /(d+1)

where p(()l) is the unique minimum point of

1,2 I(s+3)
- = (=22 1).
s = rer
Numerically one sees that p(()l) ~ 2.413 and (pél)) ~ —0.128. Hence, given d > 0,
Theorems 2.1-2.2 can be applied provided that o < 2p(()1)/(d +1) ~ 4.816/(d + 1).
Moreover one can check that

h(t) < et

for any C' = C(a,d) > max{1,a(d + 1)|u1(p{")|}. Hence, (17)-(18) hold true for
any x; such that 29 “e~* — +oo for some € > 0.
4. Large deviation for sum of weighted i.i.d. random wvariables. The
present section deals with the study of the probability of large deviations for weighted
sums of i.i.d. random variables. This study is a generalization of the large deviation
estimates presented in [20, 21] and, besides the interest it could hold in itself, it is
the first step in the proof of Theorem 3.1.

Let (X;)j>1 be a sequence of i.i.d. random variables with common distirbution
function Fy and [b;, : j = 1,...,n;n > 1] be an array of non-negative weights. Let

n

Sn = Z anXj,
j=1

b(n) :=max{bj, : j =1,...,n} and b := (by,, ..., bun).
If Fy satisfies (9), for every « > 0 define

¢ _
R@@)=TP{X\[ >z} -1 (=0 +67)

R(z) := sup |R(z)|.

yiy>z
Clearly
P{X1| >z} = coxz™*(1 + R(x)), (23)
hence ||R||oo := sup,~q |R(x)| < 400 and
lim R(z) = lim R(x)=0. (24)

r— 400 r——+0o0
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Finally, set
Ko = co([|[Rle + 1) (25)
and
AN () = P{ISal + b(n)|X3| <y}

Lemma 4.1. Assume that Fy satisfies (9) with co = ¢ +c; > 0. Moreover,
if @ = 1 assume that ¢ = c; and that (13) holds, while if o > 1 assume that
E[X:] = 0. Then, for everyx >0, n > 1,0 < e <1 and v > 0, the following

inequalities are valid
)

2 (26)

o A(nl)n (ex) _
P{|Sp| > x} >W00 (1—72(

1+6 Zb

2 P{|S,| > 7} < [(1 foe)a <1 +R <x(bl(;)€))>

2Ky
+ b%,
€2(2 — a)x(%a)(lfw)} ; J (27)

and

2
K? K, N
+ |:xa(2'y—1) + €2m2—a+2(a—1)7:| (Z bjn
2

where K1 = KZ/(1 —a)? if a« < 1, K; = Kga?/(1 — )
(v0 + supp | f(_R,R) ydFo(y) — v0])? if @ = 1. Moreover,
2

co Z b3y, (1 - R(m)) — x—g Z b | <= P{lréljaz(n |bjnX;| > x}
j=1 = o

<e3 o (1 R(5))

Proof. The proof of this lemma is an adaptation to the present case of the techniques
used in [19, 20].
Proof of (26). Set

(28)

Sn k1= Z binX; k=1,....n
1<j<n,j#k
and
A = {bjnX;| > (1 + €)z,|Sy ;| < ex}.
Clearly

145 CA{[Sn] >}

and hence, by Bonferroni inequality,

P{|S,| >z} > anp(Aj) — ) P(A4;NAp).

j=1 1<j<k<n
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Now, from the independence of the X;’s, one obtains

P(A; N Ar) < P{bjn X > (1+ €)a}P{|ben Xi| > (1 + €)x}.

and
P(4;) = P{|bjnX;[ > (1 + €)z} P{[Sp ;] < ex}.
Hence
P{|Sa] > 2} = ) P{bjuX;| > (14 €2} P{|S,,] < ez}
j=1
2

ZP{N)J”X]‘ > (1 + 6)3’5}

j=1
Furthermore, for every j =1,...,n,

P{|S, | < ex} > P{|S,| + b(n)|X;| < ex} = AT (1)
and from (23)-(25) one gets

(0%

cob?‘n (1_7—3(1'(1-1—6))) §P{|banj|>(1+6)x}§bj+

(1 + €)® b(n)

Combining (29), (30) and (31) one obtains (26).
(

Proof of (27). Define

jn = ban'H{|banj| < x’y}

B, = U? {1bn X5 > (1 —€)x}
F = Ui<icj<n{|bjnX;| > 27, [bin X;| > 27}
G :={|5,] > ex}
It is easy to see that {|S,| >z} C E, UF, UG, and hence,
P(|S,| > x) < P(E,) + P(F,) + P(Gy).
From (23) one obtains

U
li

221+ €)@

n n ba
PE) < 3 P, > (- 00) = 3 oW (1 (700
jil j=1 n
ol (ai=o)
_Zxa 1—e) ( +R< b(n) ))
and
P(F,) < Z P(|bin Xi| > ") P(|bjnX,| > x7)
1<i<j<n
c3bg b, 7 27
B 1§;<n xQMJ <1 i R(E» <1 * R(bm))

K.

(32)

(34)
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where K is defined in (25) and R(27/0) := 0. From Chebyshev inequality

+ D0 YY)

1<i,j<n

\Emnn)Q)

P(G,) <
(G)_exg

(B

Note that if bj, = 0 then E[Y},] = [E[Y},]| = 0, hence from now on we assume
that bj, > 0. Now

[S2_6I2 [

(35)

M: I Ms

<

-
I
a

:Ew/bj"
E[Y;5] = 05, B[ X, PI{X;] < 27/bjn}] < 2b§n/0 yP{Xa] > yldy.

Since P{|X1| >y} < Koy~ 2, it follows that
< 2Ky
-2

It remains to consider |E[Yj,]|. If a < 1, then

E[Y2] 5 (2=a), (36)

7 [bjn
EY;]| < by / P{IX| > y)dy
0

x7 /bjn ¢ K,
< bjnKO/ Yy Ydy = 71” O g=o,
0

(37)

If « > 1 and E[X;] = [ydFy(y) = 0, then

[E{¥50)| = by | ()| = b ydFo(y)|
{y:lyl<a7 /bjn} {y:ly[>27/bjn}

< b / +: P{X1| > yhdy + b—P{\Xll > anH (38)

+o0
< bjnKo{/ y_ady—&-x"’(l_a)b?n’l} = b Ko 1 pA=a)y
Y /bjn

Finally, if o = 1, by assumption

K :=sup | yFo(y) — vo| < +o0.
R>0 J(~R,R)

Hence, in this case, one gets

[Vl < by / YAFo(y) — 0| + bymro < bin(ro + K)o (39)
{y:ly| <z /bjn}

Combining (32)-(39) one gets (27).
Proof of (28). By Bonferroni inequality, using once again (23) and (25), one gets

P{ max |me | >z} > Z P{|bjnX;| > z}
j=1

— Y P{bjnX;| > @, [bpa Xk > 7}
1<j<k<n

> 0> (R () - ()
j=1 j=1
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and
n o n _/ x
X < inX; < — 7 Py
P{lrél]agxn |bjn X5 > 2} < ;P{H)JWX]' >} < o j;bﬂn (1 +R<b(n)))
that yields (28). =

Remark 5. Notice that if v € (1/2,1) and « € (0,2), then (2 — a)(1 —v) > 0 and
a(2y — 1) > 0. Moreover, if y < 1 and a < 1, then (2 —a) +2(a— 1)y > a > 0,
while, if @ > 1, then (2 — «) +2(a— 1)y 1T « for v 1 1. Finally, a(2y — 1) T @ when
yT1

A simple consequence of Lemma 4.1 and Remark 5 is the following large devia-
tions result for the weighted sum S,, = E?Zl binX;.

Corollary 1. Assume that Fy satisfies (9) with co = cg +c5 > 0. If a = 1 assume
also that ¢f = ¢y and that (13) holds, while if o > 1 assume that E[X;] = 0. If
b(n) =0, 327, 0%, — 1 and x, — +o0, then

lim a5 P{|Sn| > zn} = co.

n—-+o0o

5. Proofs.

5.1. Preliminary results. Let a be a given positive real number such that E[L~ +
R*] < 400. For every integer number n > 1 set

M, (a) = Zﬁﬁn and M, (o) == —= (40)

where
I'(n+S(a))
r(n)(S(a) +1)°
Note that, as n — 400, by the well-known asymptotic expansion for the ratio of
Gamma functions,

my(a) ==

1 1
_ 8@ (1 =), 41
(@) =n F(S(a)+1)( +0(3)) (41)
For every o > 0, set also
— 5 . Bn)
B = 2 P nd P =

and recall that u(a) = S(a)/a. Let us collect some results related to the sequence
(M, (a))n>1 proved in [2].
Proposition 1 ([2]). Let o > 0 such that E[L* + R*] < +00.
(i) For everyn > 1
E[Mp ()] = mn(a).
(1) My (c) is a positive martingale with respect to the filtration (G )n>1 with
gn = (')'(Ll7 Rl, ey Ln—h Rn—lajla ey In—1)7
and EN[]\;[n(a)] = 1. Hence, M, (a) converges almost surely to a random vari-
able Moo (a) with E[My ()] < 1. )
(iii) If for some 6 > 0 and o > 0 one has p(d) < p(a) < +oo, then f(,) converges
in probability to 0.
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(i) If p(d) < ( ) < +4oo for a < &, My(a) converges in L' to M. () and
E[Meo(a)] =

We shall need some more results related to M, and f,,).

Proposition 2. Let u(0) < p(a) < 400 for a < § and let Myo(a) be the same
random variable of Proposition 1. Then, there exists a random variable E with
exponential distribution of parameter 1, with E and My () independent, such that

ES(a)

—S(a)t —_—_— .S. 42
m,, (a)e _>I‘(S(a)+1) a.s., (42)
and
ES@ N
e SN, (o) — M =: Zoo() a.s. and in L* (43)
as t — 4o00. Moreover, for every t,
Ele™5(' M, (a)] = E[Zw ()] = 1, (44)
the law of Z () satisfies the fized point equation (10) and
E[Zs()%/?] < +00. (45)
Finally,
B(W) —0 and 5(,,t)6_u(a)t —0 (46)

in probability as t — +o00.

Proof. Tt is well-known that if (1), is a Yule process, then e *1; is a martingale

and converges a.s. to an exponential random variable E of parameter 1, see e.g.
[1]. Hence, by (41), e=S®m,, (a) converges a.s. to ES(®)/T(S(a) +1). By (iv)
of Proposition 1, it follows that M,, () converges a.s. and in L' to Ma(c). Note
that M. (a) is measurable with respect to the o-field generated by the 3;,,’s and
E is measurable with respect to the o-field generated by (v4);. This implies that
E and M (a) are independent. Since e=S(®tMf, (a) = my, (a)e —S@N,, (), it
follows that e~S(®!M,, (a) converges a.s. to E‘S(a) oo(@)/T'(S(a) + 1). Moreover,
recalling that for every v > -l and 0 <u < 1

Z o 7 + ") b LW = (47)

and in view of (i) of Proposition 1

E[ (a)tM a)tzeft 1 —e t n—1 n(a)

+o0o
_ o1 D(S(a)+n)
—e—(S(a)+1)t 1 — e t)yn—1 =1
e nz::l( e ") T
for every t. By the independence of E and M (o) and by (iv) of Proposition 1 one
easily see that
- ES(a) ~ ES(@

— | =EMu()E|———— | =1.

T(S(a) +1)} Moo (B | S5y 5 D)
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Now using (44) and the fact that e=S(®)*M,, («) is non-negative, it follows that the
convergence of e=S(®M, (a) holds in L' too. In view of Propositions 5.3 and 2.1
in [2] the law of Z () is a solution of the fixed point equation (10) and (45) holds.

The proof of (46) follows immediately from (iii) of Proposition 1 and (42). O

Denote by B the o-field generated by the array of random variables [3;,,j =
1,...,m;n > 1]. Given € > 0 and x; — 400 as t — +oo, define the stochastic

pI'OCQSS
B} .

Lemma 5.1. Let the same hypotheses of Theorem 2.1 or Theorem 2.2 be in force
for some a in (0,2). Then Ay — 1 in L' ast — +oc.

Api=> Ty = n}P{| D BinX5| + B(n)[X1| < ewpet )
j=1

n>1

Proof. Note that 0 < A; < 1, hence
0 <E[|A:—1]] =1-E[A,].
Furthermore
E[A] = P{e M (Vi + B(v) | X1]) < e}

From Theorems 2.1-2.2 one knows that e #(®tV, converges in distribution. More-
over, from (46), one gets that e *(®?3(1,)|X;| converges in probability to zero.
Hence, (e’“(o‘)t(\Vt|+ﬁ(1/t)|X1|))t>O is a tight family. This means that, for every se-

quence t,, — 400 and for every n > 0, there exists K such that inf,, P{e=#(®)t(|V} |
+ B, )| X1]) < K} > 1—n. Since x¢, — +00, for sufficiently large n one can write

1> E[Ay ] > P{e M|V, |+ B )| X1]) < K} >1—1.

Hence E[A;] — 1 and A; — 1 in L.

O
Lemma 5.2. If S(a) < 400, one has
]E[]\Z/n(a)Q] <C zn: j20(p2a)—p(a))-1 (48)
i=1
for every n, C' being a suitable constant.
Proof. From the definition of m,, () we have my,11(a) = m, (a)(1+ %) and from

the definition of M, (a) we obtain

n

(o) (o) = = (G + Dot =) T S

Below the symbol C' designates a constant, not necessarily the same at each occur-
rence.
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| My g1(00) = My (o)

- e S@) \? ¢ B (Ln 4+ Ry —1)°
§2 <Mn(a) (n+8(a)) + ;H{In _j} ! m7l+1(a)2

1 " 6ojn 2 = . 2’%([’71 + Rn - 1)2
=¢ nz(;mn](a)) H2 M = ]

Igs B2 O Bt Ry 1)
<C g;mn](a)z +;H{In—3} ’ 1 ()2 ]

Taking the expectation on both side of the last inequality we get

o)) < [

n
n3(2o¢)

CT siom)
< = (2a)—28(a) - |
<l Ty 1)25@]

n

Now, recalling that (M, (a)),>1 is a martingale, we obtain

n—1

E[Mn()*) =1+ ) E(|Mis1(a) — Mi(a))

i=1

<C Z j20(p2a)—p(a)) =1

i=1
O
Lemma 5.3. If E[L?** + R?%] < +o0, one has for every t > 1
e 25 R[M,, (a)?] < h(t)
where '
() i= { C ey e < ula) ond2s(e) = =i (49)

where h(t) is defined in (22) and C is a suitable constant.

Proof. As above the symbol C' designates a constant, not necessarily the same at
each occurrence. We shall repeatedly use the following two simple facts: for any
v>—1and any t > 0

Z(l — e H)nTIpY < Celr (50)
n>1
and, for every t > 1,
1 t 4
—t\yn—1 _
Z(l—e ) E_l—e*tgl—efl' (51)

n>1

Relation (51) follows by a simple Taylor expansion of log(1 — x), while (50) follows
from (47) and from the inequality

L(y+n)

" O T 1)
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Since

I == E[M,, ()% = e™ (1= €)'y (a)E[M (0)?),
n>1
(41) and (48) yield

n
I, < Cet Z(l _ e—t)n—anS(a) ZiQa(,u(Qa)—p(a))—l. (52)

n>1 i=1

Let t > 1. We need now to distinguish among different cases.

Case 1. If p(2a) < p(a) and 28(a) > —1, then Y, j20(nea)—u(e)) -1 < 4o
and, by (50), one gets

I, < Ce™ t Z n 1 23( ) < C67t+t(28(a)+1) _ CCQS(a)t.
n>1

Case 2. If u(2a) < p(a) and 28(a) = —1, then Y777 2e(rZeo)—p(e) -1 < 1o

and, by (51), one gets

1
I, < Cet Z(l — e_t)"_lf < Ct.
n>1 "
Case 3. If u(2a) < p(a) and 28(a) < —1, then Y757 2e(rCeo)=p(@) =1 < 1o
and hence

I < Ce—t Z(l _ e—t)n—1n28(a) < Ce—t ZnQS(a) < Ce_t.
n>1 n>1
Case 4.If u(2a) > p(a), noticing that 31 | i2¢ (e =p(@)) =1 < Op2e(nZe)=p(a)),
one gets
I, < Ce™ t Z n 1 2a(u(2a) u(a))

n>1

and then, by (50),
I, < Ce(S(2oc)—2S(a))t.

Case 5. If pu(2a) = pu(a) and 0 < S(a)
I; < Cet Z(l — e P 1p28@ Jog

n>1

—tz n 1 28(&)+77 —C et
ne’ .

n>1

If u(2a) = p(er) and 2S(a) < 0, then

I, < C’e_tz n 1 QS(a)ZZ—l

n>1
— Cet Zifl Z(l e )nfanS(a)
i>1 n>i
_Ce_tZi_l(l l 12 (1—e™h) k+1)25(0)
i>1 £>0
Hence:
Case 6. If u(2a) = p(a) and 25(a) < —1, by (51)
Itﬁce_tzi_l _tllszS“)—Ce tZz (1—e Bt < Cte™?

i>1 k>1 i>1
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Case 7. If 4(2a0) = p(a) and 25(«a) = —1, using (51) twice
I, < Ct?e.
Case 8. If p(2a) = p(a) and —1 < 28(ar) < 0, by (50) and (51),
L<Ce'y it (1—e )Y (1= e )k 4 1)) = S

i>1 k>0

5.2. Proofs of the main theorems.

Proof of Theorem 2.2. The proof follows the same steps of the one of Theorem 2.2
in [2], using in place of Lemma 5.1 in [2] the following simple result: Let (X,,)n>1
be a sequence of i.i.d. random variables with common distribution function Fy.
Assume that (a;n)j>1,n>1 s an array of positive weights such that

n
lim g Ain = @ and lim max a;, = 0.
n—+400 4 1 Jn i n——+o00 1<j<n Jmn

j=

If Fy satisfy (9) with a = 1, ¢§ = ¢; > 0 and (13) holds, then > e ain X
converges in distribution to a Cauchy random variable of scale parameter masco
and position parameter as.o- To prove this claim, according to the classical general
central limit theorem for array of independent random variables, it is enough to

prove that

. Ao Co
1 n = )

Jim  Ga(2) 2] (z#0) (53)
lim i 2(e) = 4
Jim  lim o7 (e) =0, (54)
Jm 9, = aceo (55)

are simultaneously satisfied where

Cn(z) =T{z < 0} zn:P{aanj <z} +I{z >0} zn:P{aanj >z} (z€eR),

n

2
El(ajn X)Lt (a30 )] = (Elam XL esq(amnX)]) } (e >0,

Q
3N
—
[a))
N
i
=

j=1

See, e.g., Theorem 30 and Proposition 11 in [16]. Conditions (53) and (54) can be
proved exactly as the analogous conditions of Lemma 5 in [3]. As for condition (55)
note that

—1/ajn,1/a;n]

S [(-A(L)E (- D]

My = Z Ajn /( xdFy(x)
j=1
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Using the assumptions on Fy and on (ajy);n it follows immediately that

hmz CLjn/ Z'dFo(II?) = A0
n o (

—1/a;jn,1/a;n]

and
- 1 1 1y 1
: ) _ N P I W + -y
hfrlnzajn |:(1 Fo(a]n)> Qjn F( a]n) (Zjn:| N aOO(CO “ ) =0
Jj=1
This gives (55). O

Proof of Theorem 2.3. For the sake of simplicity let us assume that L > 0 and
R > 0 almost surely. Equation (7)-(8) can be written in integral form as

¢
P = o +/0 (G (s s) — olds.
Observe that, if p is the law of X and X’ and F(z) = P{|X| < z}, one can write
Q" (p, p)((—o0,2]) = P{max{|LX|, |RX'|} < 2} = P{|X| < «/L,|X'| < z/R}
= E[F(z/L)F(z/R)).
Hence, setting H¢(z) = pi((—o0, z]) and Ho(z) = P{|X1]| < x} , we get that

91(@) = Ho(w) + / (. (2/ L), (2/R)] = () ) ds (56)

is an equivalent formulation of (7)-(8). Now uniqueness follows by standard argu-
ments. If $}(x) is another solution, setting d;(z) = |$9;(z) — $}(z)| one immediately
gets

di(z) < do(z) + 3/0 sgp ds(y)ds.

Since dy = 0, Gronwall’s lemma (for locally bounded functions) gives d; = 0. At
this stage, setting go(x) := P{|X1| < z} and

n—1
1
~n = E ~i L ~n7 — R Z 1 5 57
Gn(x) n; [Gi(x/L)gn-1-i(z/R)]  (n=>1) (57)
by direct computations, or using the results in [24], one proves that

Hi(@) =Y e (1—e )" u(a)
n>1
is a solution of (56).
In order to complete the proof it remains to show that, for every [ > 1,

Gi—1(x) = P{H, <z} (58)

with H; := maxi<;<; |3j1X;|. We shall prove (58) by induction on [ > 1. First, note
that P{fh <z} =P{Xi| <z} =Go(x) and P{ﬁg <z} = P{max(|LX1],|RX3| <
x} = ¢1(x), which shows (58) for [ =1 and [ = 2. Let n > 3, and assume that (58)
holds for all 1 <1 < n; we prove (58) for | = n. Recall that the weights (;,, are
products of random variables L; and R;. Define the random index K, < n such
that all products 3;,s with j < K,, contain L; as a factor, while the §;,s with
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K,+1 < j < ncontain R;. By induction it is easily seen that P{K,, =i} = 1/(n—1)
fori=1,...,n—1. Now,

A = max @

B’n
X Br = ma &
m T 1gG<K, L1| il Bre, S

Kn+1<j<n Ry

|X]| and (Ll,Rl)

are conditionally independent given K,,. By the recursive definition of the weights
Bjn in (15), the following is easily deduced: the conditional distribution of A, ,
given {K, = k}, is the same as the (unconditional) distribution of Hj) =
maxi<;<k 55kl X;|. Analogously, the conditional distribution of By, , given {K, =
k}, equals the distribution of H,_p maxi<;j<n—k Bj n—k|X;|. Hence,

P{H, <z} = - i : i]E[P{max(|L1Ak|, |R1By|) < z|{K, = k}}]
k=1

n—1

1 - -
= ;E[P{LlHk < 2|Ly, Ry} P{Ry H,_y, < 2|L1, Ry]]

n—2

Z E[Gn—2-j(x/L1)g;(z/R1)]

J=0

1
n—1

which is ¢,—1 by the recursive definition in (57).

Proof of Theorem 2.4. We need to show that, for every = in R,

lim P{e "'H, <z} = P{H, <z}

t—+o0

Let > 0 and let B* the o-field generated by the array of weights [3; ;.. and by
the Yule process [¢]t>0. Then

Ple i, < 2} =F H P{le 15, , X;| < x|B*}
j=1
i Ve (59)
=E|]] (1 — P{le™ "B, . X;| > x\B*})
_j=1
= [em e M) g ()]
where
V¢ vt
Alw) =[] (1 = PU1 8, X1 > alBY) — [[ -3 " H.
j=1 =t
By (23)
—S(a)t pa
ue)g x =2 (i m( )
P{|€ ,B],th]| > $|B }) - T 1 + R e_ﬂ(a)tﬁj)yt ' (60)
Now recall that, given 2N complex numbers ay, ..., an,b1,. .., by with |a;|, [b;| < 1,

\vazl a; — vazl bi| < Zf;l |a; — b;|. Moreover, for every z > 0 and 1 <r < 2 one
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has |1 —z — e~ *| < C,|z|". Combining these facts with (60) one gets

INOIEDS

Jj=1

%e—s(a)tﬂa

1- P{|eiﬂ(a)t,8j,utxj| >z|B*} —e @ v

vt —S(a)t o
Cpe : cg ,—S(a)t g
=2 T (R (G ) T
@ — .
j=1 z e By,
Vi o Vi COe—S(a)t et T
r_ —rS(a)t JsVt JsVt
< CTCOe Z rro + Z T R(e—u(a)tﬁ, ) ’
j=1 j=1 JsVt

Crcy _rs(ay €0 _S(a)t 5 x
< T@ Myt (TO[) + x—ae Myt (a)R(e_T)tﬂw)

= G @) —pra)t ST pL (ra)
:L.’I'(X
0 (=St ()
+ v € M,, (a)R efu(a)tﬂ(w)

Now choose r = ¢/« and notice that r > 1. Moreover, by the convexity of S(s), it
is easy to see that u(s) < u(a) if @ < s < é. Hence, without loss of generality, we
can suppose that o < § < 2. Then, arguing as in the proof of (44) of Proposition
2, it is immediate to see that it also holds

Ele=SC M, (ra)] = 1.
Moreover, by assumption, p(a) — p(6) = p(a) — p(ra) > 0, hence
E[e—T'a(u(a)—M(Ta))te—S(T'a)tMyt (ra)] =0
when ¢t — +00. Combining (43) and (46) by the generalized dominated convergence

theorem one gets also that

— « R -

Hence E[A¢(x)] — 0 as t — +oo. Using once again (43) one gets

E [e’%e_s(aﬁMﬂt(o‘)} —E {ef%z‘”(a)} .

Plugging these last convergences in (59) one concludes the proof for z > 0. Since
for £ < 0 there is nothing to prove, let us assume that x = 0. By dominated
convergence theorem it is easy to see that
hg)ﬂE[e*\w"“Zoo(a)] = P{Zs(a) = 0}.
Hence, if P{Z. () = 0} > 0 there is nothing to be proved since 0 is a discontinuity
point for x + E[e~[#I""Z=(@)] =: §_(x). Assuming now P{Z..(a) =0} = 0, one
obtains that ) is continuous and that for every e > 0 there is n = 7(¢) such that
$Hoo(n) < €. So that
0 < limsup P{e_”(o‘)th < 0} < limsup P{e_”(o‘)th <N} =Hoo(n) <e.

t——+oo t——+oo

This proves that lim;_, 4o, P{e *®*H, <0} =0.
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Proof of Theorems 3.1-3.2. Recalling that B denotes the o—field generated by the
array of random variables [5;y];n, using (26) one can write

n

O P{le MOV > z,} = x?E[Z v = n}P{| Z e r@tp L X5 > deH

n>1 j=1
> BEO) o Bt(l)

where

B = sl (R () Vo) Yo

2
(1) ._ —28(a)t Kj 2
BY = satoe +€)2Q]E{(Ml,t(a) ]

for every € > 0. Setting

D= (1R (5 san)) vl e

one gets that for every t > 0
|De| < (1+ [[R[o0) My, ()5

and by (43) Myt(a)e_s(o‘)t — Zoo(a) in LY. Furthermore |A;] <1 and Ay — 1 in
probability by Lemma 5.1. Finally by (46) and by (24), one gets

* (g ¢

in probability. Combining these facts one obtains that
D; — Zoo () and AiDy — Zoo(@)

in probability for ¢ — 400 and, by the generalized dominated convergence theorem,
that AyD; — Z(a) in L. Hence, in view of (44) one obtains
lim B = lim 2
t——+oo t—+oo 1 4 €™

— o
=1 eaE(ZOO(O‘))
co

14+ ex’

E(A¢D;)

1) . . ) .
As far as the term Bt( ) is concerned, using Lemma 5.3, one can write

h(t
lim sup Bt(l) < C'limsup %

t——+o00 t—+oco Ty
for a suitable constant C' and iz(t) being defined as in the same lemma. Then, in
view of the assumptions on z; according to the expression of h(t), it follows that

lim sup,;_, ; Bfl) = 0. Hence, one gets
.. - A 0 . 1 Co
liminfa? P{|Vi| > a1} > liminf B —limsup B, = =5
and then
e g S o
ltanJ:ECfxt P{Vi| > 21} > ¢ (61)
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On the other hand, applying (27), one gets

22 P{e" @OV, > 1.} < (1% [(1+R(B(xuttle_ﬂ((€a )) —S@L (o )}

_|_

e
62(27(]) (2 a)(1-7) [

K2 K,
a(2'y71) 62 2—a+2(a—1)y

+ E {(e‘s(o‘)tMl,t (a))z}

. U<o> +u® +U§2)
(62)

As in the previous part Ut(o) — ¢g/(1 — €)®*. Moreover, since (2 — a)(1 —7v) > 0
for every v < 1 and E[e~5(®)*M,, (a)] = 1 by (44), one has Ut(l) — 0 for t = +o0.
Finally, in view of Lemma 5.3, Remark 5 and the assumptions on z;, according to
the value of S(a) and S(2«), one can choose 1/2 < v < 1 in order that Ut(z) -0
for t — +o0. Hence, limsup,_, , o 22 P{le=S@V;| > 2} < ¢o/(1 — €)* for every
€ > 0 which implies

limsup 28 P{|e SV, | > 2,} < ¢o. (63)
t——+oo

In view of (61) and (63) we obtain
Jim e P{lem S| > 2} = co. (64)

In order to complete the proof of (17) it is sufficient to show that

hm i P{|Voo| > @1} = co. (65)
As already noted, by convexity of S and the condition u(§) < p(«), it follows that
p(s) < pla) if @ < s < §. Hence, without loss of generality, we can assume that

o <6< 2a.
Let Zo(a) be as in Theorems 2.1 and 2.2. Then

Vo £ Zoo(a)V/? 8,

where S, is a stable r.v. with index «, Zo(«) and S, being independent. If Fi,
and G, denote the distribution functions of V, and S, respectively, then

Foolz) = ]E[Ga(Zoo(a)_l/ax)]I{Zoo(a) £0}.
Hence
P{|Va| > 2} = Foo(—2) + 1 — Fa(2) = ;—ZE(ZOO(@)) + () = % +C(x) (66)

since E(Z(a)) =1 by (44). From the properties of the tails of stable distributions
one can write that

c K
Go(—2) +1— Galz) — ;f; <
for z > 0, since @ < § < 2a. See, e.g., [22]. Hence
E(Zoo ()"

((x)<C

)
X
with E[Z.(a)%/®] < 400 by (45).
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To prove (18), use (28) to write
Bt(O) — Bt(l) S .’E?P{‘e_ﬂ(a)thl > l‘t} S Ut(O)

where

BEO) t= C()E{(l - ﬁ(ﬁ))ef‘s(aﬁMyt (oz)]

e_ll(a)t

2
Bgl) D= ﬁ]E{(efs(a)tMyt (a))z}

«
Ty

7(0) . _ > Lt —S(a)t
Vo™i = colt [(1 TR (ﬂ@oewﬁ)) e M (“)]
~(0)

Arguing as before, one proves that B, — co, B,El) — 0 and 050) — ¢ and this
completes the proof. O
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