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Abstract

In hydraulic systems with multiple actuators, difficulty can arise with matching the load

requirements with the supply power from the system’s pump. To get the desired performance

at the individual loads, restrictive type valves are used to control pressure or flow by throttling

the flow over a spool orifice, creating considerable power loss. This causes hydraulic systems

powered off the same pump to be inefficient. Switched inertance hydraulic systems are a

new technology in the field of fluid power that convert pressure and flow more efficiently

than using restrictive type hydraulic valves. The step-down, or “buck”, converter considered

exclusively in this thesis has the ability to reduce pressure and increase flow rate to a load.

The system is constructed using a digital hydraulic valve and check valve connected to the

pressure supply and system reservoir respectfully. Following the valves, the system has an

inertance tube, a long piece of uniform hydraulic line where fluid inertia is built up. The

inertance tube also causes pressure wave propagation effects to occur since the length of the

line is typically long. The performance of switched inertance converters are largely governed

by the performance of the switching valve. An ideal switched inertance converter is 100%

efficient at converting pressure and flow, however this would require the valve to actuate

at extremely high frequency and switch instantaneously fast. This is not realizable as real

valves operate up to a maximum of a couple hundred Hertz, and take a finite time to open

and close, on the order of milliseconds. One of the main losses of a buck converter is the

power loss across the switching valve as it transitions from open to closed and vice versa.

This loss arises from the throttling of flow over the valve opening during actuation.

The research presented in this thesis looks at mitigating this loss, as well as the viscous

friction loss within the inertance tube. These losses can be reduced by using an inertance

tube of variable shape, a new idea introduced very recently. A shaped inertance tube is

a fluid pipeline with varying cross sectional area over its length, as compared to uniform

inertance tubes which have constant cross sectional area. The current gap in the research

is that the tube design is not fully optimized leaving room for potential improvements in

identifying better dimensions, or perhaps finding a more optimal shape. Models for comput-
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ing fluid transients in uniform lines are well developed, however modelling fluid dynamics

in shaped inertance tubes is an area that has not been studied as extensively. The research

presented proposes a computer model for simulating fluid transients in tapered transmission

line segments using the transmission line method (TLM). The current research gap in mod-

elling tapered transmission lines is that previous models are difficult to simulate in the time

domain, have poor accuracy, and have a limited range of applicability. The proposed TLM

model looks to mitigate these shortcomings. When connected in succession, the tapered TLM

can model shaped inertance tubes for application to hydraulic buck converters. The proposed

model shows improved agreement to a numerical solution of the Navier-Stokes equations than

the previous models on the topic. Validation of the model is also gained though analysis of

the dynamic response in the frequency domain.

With the model now available to simulate shaped inertance tubes, a buck converter sys-

tem is defined with equations presented for dynamic simulation. Initial simulations of the

buck converter using parameters and design from previous research showed unoptimized per-

formance operating at an efficiency of 47.8% for a system using a uniform inertance tube.

The main objective was to optimize the shape of the inertance tube to realize increased

performance using simulation studies. Genetic and pattern search algorithms were used to

optimize the dimensions of the inertance tube with the goal of maximizing system efficiency

while maintaining the same load. As a baseline, the uniform intertance tube design was

optimized, and realized an efficiency of 64.1%, performing significantly better than the un-

optimized uniform inertance tube. Further optimizations added an increasing number of

tapered sections to describe the arbitrary shape of an inertance tube, up to 4 tapered seg-

ments. Significant efficiency increases were realized when using shaped inertance tubes. The

best tube design increased system efficiency over 6% compared to the uniform design at a

value of 70.2%. Other optimizations showed improvements in efficiency over the traditional

design by reducing both valve and frictional losses in the system. The research presents a

novel inertance tube design, containing a uniform section of high inertance followed by a

diverging tapered section followed by another uniform section at larger diameter and low

resistance. This design also proposes the idea of potential noise reduction due to the sup-

pression of pressure fluctuations at the load.
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Chapter 1

Introduction

This chapter will introduce the background information and motivation behind this

project. The history of research of this technology along with discussions on the current

methods for increasing performance will be presented in a detailed literature review. The

research objectives and expected contributions will be discussed, then will be followed by an

overview of the thesis as a whole.

1.1 Background

Hydraulic systems are common-place in industrial settings and on heavy-duty mobile equip-

ment. There are many reasons these systems are used so often, some notable ones are their

high power-to-weight ratio and simple power train compared to mechanical systems. While

extremely effective at transmitting power, hydraulic systems suffer from losses, as do any

other mechanical or electrical system. Hydraulic losses occur in three main places: actuators

such as pumps, motors, and cylinders; controls like directional, pressure, and flow control

valves; and conveyances like lines, hoses, and fittings. Most hydraulic systems are powered

by the same pump with multiple actuators requiring different operating conditions, therefore

control valves are used to throttle flow to match the desired load performance to the operators

input. While there are systems, such as load-sensing (LS) and pressure compensated (PC)

pumps, that have been designed to better match input power to required power at the load,

the use of restrictive type control valves to throttle pressures and flows are still required if

multiple loads are present. Significant hydraulic power is lost across these valves, and power

1



is released as heat into the valve components, the environment, and the hydraulic fluid. With

the need for hydraulic systems to become more efficient due to dwindling resources, increas-

ing fuel costs, and stricter emissions regulations, newer technologies are being developed to

better control pressures and flows without the need for inefficient restrictive control valves.

One such technology is the switched inertance converter, a digital hydraulic system that

efficiently controls pressure and flow using switching control and fluid inertial properties.

Inertia is cyclically built up and released by accelerating and decelerating fluid in a long

tube called an inertance tube, which allows for the suction of fluid from a reservoir, or

dumping it to effectively reduce or increase pressure. There are two main configurations that

operate differently depending on what type of control is needed. A step-down or “buck”

converter lowers pressure and boosts flow from the supply, while the other configuration,

a step-up or “boost” converter, increases pressure while reducing flow. A buck converter

can perform similar control as typical restrictive pressure and flow control valves, however

with significantly greater efficiency. Boost converters can have more specialized applications

where an increase in pressure is required elsewhere in the circuit. The buck converter will be

specifically focused on in this dissertation.

Switched inertance converters are based on their electrical equivalent, the switched-mode

power supply, a technology that has been well developed today. The hydraulic domain of these

converters were initially conceived by Montgolfier (1803) (co-inventor of the manned hot-air

balloon) with his invention of the hydraulic ram pump, a large scale boost converter. Modern

applications to fluid power systems began with Brown (1987), indicating a significant gap in

development from the early 19th century to the late 20th century. This gap in development

is believed to be due to switching valve technology which, still to this day, has been one

of the main limiting factors in commercializing the technology. The limiting factor with

hydraulic valves is the speed at which they operate. One of the major losses in a switched

inertance converter is the loss across the partially open valve as it switches from open to

closed. While specialized high speed-valves have been developed for research purposes that

reduce this loss, commercially available valves have limited bandwidth and actuate on the

order of milliseconds, which can be significant.

Proposed ideas to mitigate this loss focus on instilling resonance inside the inertance tube
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using half-cycle or near half-cycle resonance, which has shown to have good results (Pan et al.,

2014a; Scheidl and Hametner, 2003; Wang et al., 2011; Wiens, 2015). Other novel ideas by

Wiens (2015, 2016) have shown that adjusting the reservoir flow check valve location and

using full-cycle resonance with shaped inertance tubes have reduced this loss and increased

efficiency. Using shaped inertance tubes is a novel idea that exploits wave propagation

effects within the line and internal reflections to gain improved efficiency characteristics, and

its effects have not yet been fully investigated or optimized until this point. This method of

loss mitigation is the main focus of this thesis.

1.1.1 Configuration and Operation of A Buck Converter

Hydraulic buck converters can be constructed using two different valve configurations to

achieve the same flow boosting effect. A common configuration uses a 2-position 3-way valve

as the main switching valve as shown in Figure 1.1 (a). This valve has two inlets, and

one outlet port. One inlet is connected to the high pressure supply, and the second inlet is

connected to the low pressure supply. The outlet of the valve is then connected directly to the

inlet of an inertance tube, a long piece of small diameter hydraulic line. This configuration

is popular due to its simplicity in only having 1 valve component; however it does add

complexity with respect to valve control and timing. The other common configuration, which

has also been studied extensively, uses a simple digital hydraulic valve (2-position, 2-way) in

combination with a check valve as shown in Figure 1.1 (b). The inlet of the switching valve

is connected to the high pressure supply, with the check valve connected to the reservoir

to allow flow from the reservoir into the inlet of the inertance tube at a tee junction. This

configuration is simpler to control due to the passive actuation of the check valve.
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Figure 1.1: (a) A buck converter using a 2-position, 3-way directional control valve.
(b) A buck converter with a digital hydraulic valve in combination with a check valve.

Configuration (b) is considered exclusively in this thesis. The operation is visualized in
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Figure 1.2, with the flow paths indicated in green. Figure 1.2 (a) shows the acceleration

of fluid through the long inertance tube when the switching valve is open. Once the valve

shuts, the fluid tends to continue in the forward direction creating suction at the check valve,

pulling fluid from the low pressure reservoir into the inlet of the instance tube shown in

Figure 1.2 (b). As a result, more fluid is introduced into the system, increasing output flow,

and decreasing pressure due to the exposure to the lower reservoir pressure. Even though

the flows through the switching and check valves are rapidly switching from low to high, and

vice versa, the load flow is maintained to a near constant value as indicated in Figure 1.2 (c).

The valve is actuated with a pulse-width modulated (PWM) signal, at a specific frequency

and duty cycle. While this explanation is simplified, other effects such as wave propagation

in the long inertance tube have shown to have a large influence on the performance of the

system if not designed carefully.

1.2 Literature Review

As previously mentioned, switched inertance technology was introduced centuries ago, but

modern research and applications to fluid power have only progressed within the last 30

years or so. Brown first introduced the circuit in 1987 where he extensively highlighted

the similarities between the hydraulic converters and their electrical counterparts. He also

pointed out its potential energy savings over typical resistive control. Ideal switched inertance

systems theoretically can achieve 100% efficiency, whereas ideal resistive control is based off

the ratio of supply and load pressures which inherently leads to very poor efficiency. Consider

a simple hydraulic circuit having a supply pressure of 25 MPa, tank pressure of 10 MPa, and

a desired load pressure of 16 MPa for some arbitrary load. This circuit theoretically has an

ideal efficiency of 40% when using a restrictive-type pressure reducing valve (PRV) to set the

load pressure. Using a switched inertance converter in place of this PRV can have significant

efficiency gains. Brown (1987) also pointed out that realistic implementations of a converter

will suffer from losses such as resistive losses within long inertance tubes, and dynamic losses

across switching valves.

The technology has been researched quite recently at the University of Bath by Johnston
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Figure 1.2: (a) Flow path of the converter with the switching valve open. (b) Flow
path with the switching valve closed. (c) Flows of an idealized converter over 3 cycles
(Johnston, 2009).

(2009) and Pan et al. (2014a,b) looking at theoretical analysis as well as experimental results.

One of the biggest challenges with theoretical simulations of the converter is the model of the

inertance tube, which has numerous effects that can affect performance. Simpler models are

available, but in order to truly model realistic dynamic flow, Johnston et al. (2014) developed

the enhanced transmission line method (TLM), which is a complex network of linear transfer

functions and time delays that simulate pressure and flow dynamics within inertance tubes.

They use this model extensively in their research to compare to experiments, where the results

have been very good. More information on transmission line modelling will be presented in

the following chapter.

Research at Johannes Kepler University Linz by Kogler and Scheidl (2008) looked at

theoretical and experimental analysis of both buck and boost converters. Extensive work by
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Kogler (2012) looked specifically at the buck converter, and also designed compact commer-

cial prototypes within his Ph.D dissertation. In his work, he studied the function of every

component within the buck converter circuit developing models for each. His simulations

compared very well to experimental results of several prototype converters, which achieved

very good efficiency characteristics.

Most of the research in this area has looked at theoretically simulating and experimentally

testing switched inertance converters and evaluating their performance. As an outcome of

this research it has been pointed out that one of the major losses within the circuit is the

throttling of flow as the main switching valve transitions from open to closed and vice versa

(Pan et al., 2014a). Topics of very recent research have been to minimize this loss to make

switched inertance systems more efficient. The “soft-switching” concept stores the fluid that

would normally be throttled across the valve in a capacitive element, and then allows it

to flow out when the valve is fully open at its most efficient state (Rannow and Li, 2012;

Yudell and de Ven, 2016). This technique has shown to significantly reduce power losses

across the valve at the expense of increased number of components and circuit complexity.

Looking at wave propagation effects within the inertance tube is another area which has

sparked different approaches when it comes to optimization. Analysis of wave propagation

effects due to digital valve switching has been investigated by Kogler et al. (2015) and Pan

et al. (2014a) indicating that wave propagation must be seriously considered in the design

and performance of these systems. Wave propagation effects generally relate to the transient

propagation of flow and pressure waves from inlet to outlet and vice versa.

One idea is to remotely locate the check valve away from the switching valve at some

location along the inertance tube (Wiens, 2015, 2016). This isolates wave propagation effects

occurring at the valve and at the check valve, which has indicated better performance by

separating these wave events. Very recent research has also looked at optimizing the diameter

and length of the inertance tube to better exploit inertial and wave propagation effects

(Pan, 2017). Other investigations have shown that instilling standing wave resonance in the

inertance tube, either by adjusting the length of the tube or tuning the switching frequency,

is very beneficial to the performance of the system (Scheidl and Hametner, 2003; Wang et al.,

2011; Wiens, 2015).
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Resonance can be created two different ways in order to gain efficiency benefits. First,

the inertance tube can be designed to exploit soft boundary reflections off the open end of

the tube using near half-cycle resonance with a tube of length tpc
4 assuming a duty cycle of

50%. Here, tp is the switching period and c is the wavespeed in the inertance tube. This

configuration causes inverted pressured waves to reflect off the open end of the pipe. When

the switching valve is open to the high pressure supply, a positive pressure wave travels

along the pipe and arrives at the open end where a compressible volume or accumulator is

located. As a result, the pressure wave inverts and begins to travel back to the switching

valve and check valve as a suction wave. This occurs approximately half a cycle later when

the switching starts to close. This tends to pull more fluid through the check valve giving

better volumetric performance. However it can pull more fluid through the switching valve

during closure, thus increasing the flow rate over the partially open valve, and increasing the

valve loss. Due to the standing wave resonance, the opposite occurs as a positive pressure

wave arrives as the switching valve opens, which reduces the flow across the valve during

actuation, reducing valve loss, and increasing system efficiency (Wiens, 2015).

The second method of instilling resonance can be realized by reflecting non-inverted waves

off the end of the inertance tube and arriving back approximately one full cycle later. As the

valve opens, the positive pressure wave travels to the end of the tube and back reflecting as

a positive pressure wave, thus reducing flow across the valve during opening and improving

system efficiency. Also, when the valve closes, the suction wave travels to the end of the

tube and reflects back as a suction wave the following cycle, therefore pulling more fluid

through the check valve and improving volumetric performance. This design, proposed by

Wiens (2015), requires the tube to be shaped having a sudden shift from low impedance to

high impedance at a length of approximately tpc
2 . The design is a diverging-converging tube

with the contracting section at the specified location. The current gap in the research is that

the tube design is not fully optimized having room for potential improvements in identifying

better dimensions, or perhaps finding a more optimal shape. Also, modern research into

switched inertance converters utilizes the widely accepted and validated TLM inertance tube

model developed by Johnston et al. (2014), which Wiens did not use in his simulation as the

TLM had not yet been developed for tubes of varying cross section. As a result, the following
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research will look at proposing the TLM for tapered transmission lines, opening the door to

modelling inertance tubes of arbitrary shape. The current research gap in modelling tapered

transmission lines is that existing models are difficult to simulate in the time domain, have

poor accuracy, and have a limited range of applicability. Developing the TLM for tapered lines

has potential for faster simulation times and more accurate results. When connected together,

arbitrary tube shapes can be created and analyzed using individual tapered TLM segments.

Following the development of the TLM for tapered lines, optimizations of the inertance tube

shape within the application of switched inertance converters will be performed. The goal of

this research is to evaluate the potential efficiency increases due to shaped inertance tubes

over typical designs that employ simple uniform inertance tubes.

1.3 Research Objectives

The main objective of this research is to find the optimal shape of a hydraulic inertance tube

for the use in switched inertance converters in order to maximize efficiency of the system.

The optimized shape should clearly indicate improved efficiency over using standard uniform

inertance tubes that have been optimized the same way. Within the scope of this project,

simulation studies will be performed to demonstrate the performance of the hydraulic con-

verter with experimental investigations suggested as topics of future research. It is expected

that using shaped inertance tubes may be more complex and costly to manufacture, however

if theoretical research shows improvement in the performance of the converter, justifications

could be made to proceed with physical prototyping.

As a secondary objective, an accurate and validated model that describes the fluid dynam-

ics through inertance tubes of varying cross section is required to proceed with simulations

and optimizations of shaped inertance tubes. Therefore, a literature search into previous

transmission line models is performed, and a model using the TLM will be proposed. It is

also desired to have the model experimentally validated in order to have confidence in the

results.
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1.4 Thesis Overview

This section briefly outlines the contents of this thesis. The current chapter, Chapter 1,

provides an introduction to the research including background information on the problem,

a detailed literature search on the previous and current developments on the technology,

and research objectives. Chapter 2 will review the current models in tapered transmission

line modelling, and propose a new, more accurate model using the transmission line method

(TLM). Experimental validation will also be performed in order to have confidence in the

proposed model. Chapter 3 will introduce the dynamic models used for simulations of a

switched inertance buck converter, as well as the equations that quantify its performance.

Chapter 4 will propose the optimization scheme used to find the best shape for an inertance

tube, and will present and discuss the results of that analysis. Finally, Chapter 5 will provide

some conclusions about the presented research and propose topics for future research.
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Chapter 2

Proposed Tapered Transmission Line

Model

This chapter will review the current models for simulating pressure and flow dynamics

within tapered transmission lines, and propose a more accurate model using the transmission

line method (TLM). An extensive error analysis is performed, comparing the proposed model

to the Navier-Stokes equations that describe the flow. The model is developed for both rigid

and elastic fluid lines. An experiment was designed to compare real measurements to the

flow equations on which the model is approximated. Lastly, time domain simulations are

performed, demonstrating the step response of the model.

2.1 Chapter Preface

The research presented in this chapter has been presented by the Author at the 15th Scandi-

navian International Conference on Fluid Power (SICFP’17) which took place in Linköping,

Sweden in June of 2017. The research has been published in the proceedings of the con-

ference (ven der Buhs and Wiens, 2017a). The conference paper has also been expanded

to include experimental results as well as elastic pipeline considerations, which has been

submitted to the American Society of Mechanical Engineers (ASME) for inclusion in the

Journal of Dynamic Systems, Measurement, and Control (ven der Buhs and Wiens, 2017b).

The Author performed the investigation into the shortcomings of previous models and pro-

posed improvements using the TLM. All of the detailed analysis, prototype manufacturing,
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experimental work, and full paper composition were also performed by the Author. The

co-author, Wiens, contributed the concepts of numerically solving the differential equations

and weighting factor optimization. Wiens also proposed the conceptual experimental pro-

cedure and provided some specialized computer code that generates the excitation signal.

Wiens provided detailed review of the papers before submission as well. At the time of pub-

lication of this thesis, the journal paper is currently in review. The model proposed in this

chapter has also been applied to the detection of pipeline weakening and defects by analyz-

ing fluid pressure dynamic response using elastic pipeline considerations. That research has

been presented by the Author at the 2017 Maintenance, Engineering and Reliability / Mine

Operators Conference (MEMO 2017) in Saskatoon, Canada and published in the conference

proceedings (ven der Buhs and Wiens, 2017c). For this paper, the Author contributed the

dynamic model, analysis, research into previous technologies, and composition of the paper.

Wiens contributed the original concept and application to pipeline monitoring, and provided

detailed review before submission.

2.2 Introduction

Modelling transmission lines has been a topic of research within the fluid power area for a

long time. The idea that pressures and flows within a pipe propagate dynamically over its

length was an idea initially introduced by Whitehurst (1775) and Montgolfier (1803) with

their inventions and implementations of hydraulic ram pumps. Their inventions would prove

that fluid inertia and propagation effects in long water transmission lines could be exploited to

elevate pressure head at the expense of reducing volumetric efficiency. These initial findings

were the basis of what is called the “waterhammer” effect, which is the basis of all transmission

line models developed today. While these initial ideas where mostly observed experimentally,

extensive research into the theory behind this phenomenon has been developed more recently

in the latter half of the 1900’s up to as recently as 2014. Transmission line research is

commonly performed for uniform lines; a pipe with a constant radius. However there has

been limited research into modelling tapered lines, where the radius varies linearly over its

length. While the Navier-Stokes equations that describe water hammer in pipes has been
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well developed and verified over the years, they cannot be solved in the time-domain very

easily. Typically, some sort of approximation method is employed to allow pipelines to be

solved in the time domain, and interface well with other, potentially non-linear, component

models. There are numerous approximation methods, and they all have their own strengths

and weaknesses. Effects such as the pipe material, pipe wall thickness, and viscous friction

model have shown to have significant effects on the accuracy of today’s transmission line

models. An excellent comparative study prepared by Soumelidis et al. (2005) compares all of

the modern day techniques used for modelling fluid transients in uniform transmission lines,

where some of these techniques have been applied to the tapered problem.

2.3 Previous Models

A schematic of a rigid tapered transmission line is shown in Figure 2.1. Within a tapered

transmission line, the radius varies linearly from inlet to outlet given by Eqn. (2.1):

r(x) = r1 + (r2 − r1)x
l

. (2.1)

The differential equations that describe one-dimensional laminar flow, Q, and pressure,

P , through the tapered tube are the equations of motion and continuity. The derivation of

these equations is rather complex, but it is well documented in Viersma (1980) for uniform

lines. The same equations result for tapered lines, however with terms now depending on

θ

l
x

r(x)r
p1

q1

p2

q2

r2

1

  

Figure 2.1: Schematic of a rigidly walled tapered transmission line. For one-
dimensional flow, θ is assumed to be small.
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axial location, x. These equations are expressed in the Laplace domain, respectively:

∂P (x, s)
∂x

+ ρs

A(x)Q(x, s)N(x, s) = 0 (2.2)

P (x, s) + ρc2
r

A(x)s
∂Q(x, s)
∂x

= 0 (2.3)

where ρ is the fluid density, cr is the wave speed within the rigid pipe defined by

cr =
√
K

ρ
, (2.4)

K is the bulk modulus, and s is the Laplace variable. N is the frequency-dependent friction

term, commonly used in previous research (Krus et al., 1994; Johnston, 2012; Johnston et al.,

2014; Zielke, 1968; Muto et al., 1981; Tahmeen et al., 2001; Viersma, 1980) defined as:

N(x, s) = −
J0

(
jr(x)

√
s

ν

)
J2

(
jr(x)

√
s

ν

) , (2.5)

where ν is the kinematic viscosity of the fluid, and J0,2 are Bessel functions of the first kind.

In hydraulic system analysis, it is common for researchers to assume quasi-steady dis-

tributed friction within the fluid lines, such as given by Krus et al. (1994):

N(s) = R

ZcTs
+ 1. (2.6)

Where R is the resistance of the line, Zc is the characteristic impedance, and T is the time

it takes for a wave to travel from inlet to outlet. This assumption simplifies the modelling of

fluid lines, and while this is more than adequate for systems that operate at steady state, it

is not a very accurate assumption for systems that continuously oscillate. Realistic viscous

friction inside fluid pipelines is inherently frequency-dependent, and models that implement

it have shown to be significantly more accurate than models that assume steady friction

(Johnston, 2012; Krus et al., 1994; Zielke, 1968).

The presented differential Equations (2.2) and (2.3) cannot be analytically solved in the

time domain or frequency domain, largely due to the complex ratio of Bessel functions present

in the term for the frequency dependent friction, N(x, s). As a result, a major portion of the

research into the simulation of fluid lines has been the development of numerical approximate
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models. The first approximation of tapered lines began with Zielke (1968) where he proposed

a method of characteristics (MOC) solution. Within the MOC, the equations of motion and

continuity in the time domain are transformed into ordinary differential equations using

finite difference methods. These equations are then integrated along characteristic lines that

represent the propagation of waves along the pipe. Figure 2.2 shows the characteristic lines,

c+ and c−, for this application which correspond to the wave propagation in either driection

in the transmission line.
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Figure 2.2: Characteristic lines c+ and c− used for the MOC. Time steps are deter-
mined by the speed of sound in the pipe, c, (Johnston, 2006).

While the equations for the MOC were proposed for tapered lines in Zielke’s paper, it

was not solved nor investigated experimentally. His work on tapered lines was taken further

by Washio et al. (1974) where they computed the MOC for tapered lines and performed

experiments to validate the theory. Their experimental results only looked at the first har-

monic resonance in the frequency domain, which compared very well. This method has shown

to accurately model the effects of frequency dependent friction as well, however, it can be

computationally intensive since it calculates pressures and flows at nodes throughout the

length of the line. The MOC is also restricted to fixed-step solvers, which is undesirable as

most modern day simulations use advanced variable-step solvers that can significantly reduce

simulation times (Johnston, 2006).

An approximate analytical solution to the differential equations was then proposed by

Muto et al. (1981). Their solution, represented as a transmission matrix in the frequency
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domain, was generated by rejecting higher order terms of a Taylor series expansion which

allowed for a closed form solution. This model is in nondimensional form with all parameters

nondimensionalized with respect to the inlet radius, r1. The transmission matrix Muto et al.

derived is defined as:


P1

Q1

 =


cosh Γ− ξλo

DS
√
N

sinh Γ Zc
√
N sinh Γ

1
Zc
√
N

sinh Γ cosh Γ + ξλo

DS
√
N

sinh Γ




P2

1− ξλo
Q2

1 + ξλo

 (2.7)

where,

Γ =DSγo[1 + ξ(1− λo)], D = νl

cr2
1
, Zc = ρcγo

πr2
1
,

λo =1
2

1−
{
χo(γ2

o − 1)
2γo

}2
 , to = r2

1
ν
, S = sto,

γo =
−Jo

(
j
√
S
)

J2
(
j
√
S
)
 , χo =

√
S , ξ = θl

r1
.

(2.8)

As presented, the model proposed by Muto et al. cannot be solved in the time domain.

Further approximation of this transmission matrix is required in order to perform simulations.

Muto and Kayukawa (1986) progressed their research where they made further approxima-

tions to their transmission matrix. They used an approximation proposed by Brown (1962)

to allow them to determine response curves for the impulse and step response. Their approx-

imations allowed them to model tapered lines within the taper parameter range of |ξ|< 0.1.

It is important to note that this region of applicability is fairly limiting. Their research also

only allows the simulation of the impulse and step response of a line, and does not permit

the interfacing with other component models in a hydraulic system.

The approximate transmission matrix, Equation (2.7), was taken further by Tahmeen

et al. (2001) by performing a different approximation technique to allow for simulation in

the time domain and interfacing with other system components. This is the most recent de-

velopment on tapered transmission line modelling. In their paper, they used modal analysis

(MA) and rational polynomial transfer function approximations (RPTFA) to approximate
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the hyperbolic and transcendental functions in the solution. This required the rearrange-

ment of the transmission matrix into every possible configuration of input and output. This

approximation is tabulated in detail in their paper. Tahmeen et al. were able to perform

simulations in the time domain, with good agreement to the results in Muto et al. (1981) and

Muto and Kayukawa (1986). However it is important to note that this approximation has

the same limitations as previous, and that it is also based on the approximated transmission

matrix proposed by Muto et al. which has some shortcomings due to providing asymmetrical

solutions.

An important factor with simulation models that interface with other components is

solving symmetrically. This means that by maintaining the same boundary dimensions and

conditions, the model should provide the same solution even if the ends are swapped. Con-

sider the two cases visualized in Figure 2.3. Case 1 has a diverging tapered pipeline with the

outlet of the line blocked (i.e. q2 = 0). This case has an open inlet, where the pipeline is

excited with an input signal. Case 2 is essentially a flipped version of Case 1, having a con-

verging tube with a blocked inlet (i.e. q1 = 0). Case 2 has an open outlet, where the tapered

line is excited with an input signal. Both cases have the larger radius blocked (indicated with

cross hatching), the smaller radius open, and the same length, l.
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q2
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Outlet

Output

InputBlocked 
Inlet CASE 2

Figure 2.3: Visual representation of the two tapered line cases.

The Output/Input transfer function of pressure was computed for both cases using Equa-

tions (2.7) and (2.8), and is shown in Figure 2.4. The results show that between Cases 1

and 2, the frequency response is not the same as the resonant frequencies are shifted. Since
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Case 2 is a flipped version of Case 1, keeping all things constant, the realistic result should

show the transfer functions be identical. The same study was performed using a numerical

solution to the differential Equation (2.9) defined as:

∂2Q(x, s)
∂x2 − 1

A(x)
dA(x)
dx

∂Q(x, s)
∂x

− s2

c2
r

N(x, s)Q(x, s) = 0 (2.9)

which is the second order form of Equations (2.2) and (2.3) when the equations are combined.

The differential equation is computed with a numerical boundary value solver, explained in

a later section. The results of that investigation yielded the same transfer functions for

both cases, which is also plotted in Figure 2.4. As a result of this case study, confidence in

the previous model was low as asymmetry in the dynamic model leads to errors in further

approximations and implementations in the time domain.
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Figure 2.4: Asymmetry of the transfer functions in the previous models. The ODE
numerical solution for both cases is shown for comparison.

Another shortfall of the previous models is inaccuracy at higher resonant frequencies.

Looking at the Case 1 transfer function in Figure 2.4, the first harmonic peak compares well

to the numerical ODE solution, but higher frequencies do not match well. This error becomes

greater as the amount of taper in the line increases.
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2.4 Proposed Model

The proposed model uses the recently developed enhanced transmission line method (TLM)

proposed by Johnston et al. (2014). The TLM is a method of modelling fluid transients in

long pipelines using a network of linear transfer functions and time delays. The TLM is a

popular technique that was initially proposed by Krus et al. (1994) and further improved

by Johnston (2012) to accurately include frequency dependent friction effects. The network

of transfer functions is arranged as shown in Figure 2.5. The transmission matrix relating

pressures and flows from the inlet to outlet is represented by the following equation:

 

 

𝐺(𝑠)𝑒−𝑇𝑠 𝑃1 

𝐹(𝑠) 

𝐸(𝑠) 

𝑄1 

+ 

𝐶1 𝐺(𝑠)𝑒−𝑇𝑠 

𝐹(𝑠) 

𝐸(𝑠) 

+ 

+ + 𝑃2 

𝑄2 

𝐶2 

Figure 2.5: Block diagram of the TLM. (Krus et al., 1994).

 P1

Q1Zc

 =

t11 t12

t21 t22


 P2

Q2Zc

 (2.10)

where the characteristics C1 and C2 are related to the pressure, flow, and the line’s charac-

teristic impedance, Zc, by:

P1 = C1 + ZcQ1 (2.11)

and

P2 = C2 + ZcQ2. (2.12)

The characteristic impedance of a tapered line is derived using the definition proposed

by Krus et al. (1990), where wave propagation time, T , is divided by the capacitance of the
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transmission line. Within the derivation, the internal volume of the line is required, which is

that of a right circular cone frustum for a tapered line. Therefore:

Zc = 3ρcr
πr2

max

(
1 + λ+ λ2

)−1
(2.13)

where the taper ratio, λ, is a quantification of how much the line is tapered defined as:

λ = rmin
rmax

. (2.14)

The taper ratio is a quantity that does not change if the tube is either converging or di-

verging as it is defined by the minimum radius divided by the maximum radius. As a result,

the proposed tapered TLM is symmetric by design, a desired quality absent in the previous

models. Another important parameter is the line’s dissipation number, β, a number quan-

tifying the amount of oscillation and damping in the pipeline. A higher dissipation number

indicates the fluid response is damped greater than a fluid pipeline with a smaller dissipation

number. Dissipation, in this case, is referring to the dissipation of fluid kinetic energy as heat.

It is calculated with the laminar resistance of the line, R, and the characteristic impedance

given by:

β = R

8Zc
= νl

crr2
max

[
(1 + λ+ λ2)2

9λ3

]
(2.15)

where the laminar resistance of the tapered line is determined by the integration of uniform

Hagen-Poiseuille pressure drops over the full length of the transmission line. This is con-

sidered acceptable according to Lubrication theory, stating that the change in radius over

a small element dx is considerably smaller than the size of the pipe itself. The laminar

resistance is given as:

R = 8ρνl
πr4

max

[
1 + λ+ λ2

3λ3

]
. (2.16)

These definitions of the critical TLM parameters are also valid for a uniform line that

has a taper ratio of λ = 1. The characteristic impedance, dissipation number, and laminar

resistance equations would simplify to the definitions used in Johnston (2012) and Johnston

et al. (2014).
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The E(s), F (s), and G(s) transfer functions that comprise the enhanced TLM are sum-

mations of weighted transfer functions, and are arranged in the block diagram shown in

Figure 2.5. The linear transfer functions defined by Johnston et al. (2014) are given as:

E(s) = Zc
k∑
i=1

mEi

ni + Ts
, (2.17)

F (s) = Zc + bE(s), (2.18)

b = 1− 8β∑k
i=1

mEi

ni

, (2.19)

and

G(s) = 1−
k∑
i=1

mGiTs

ni + Ts
. (2.20)

The transmission time, T , is scaled by a factor τ which has shown to give improved results:

T ′ = τT = τ
l

cr
. (2.21)

The factorsmEi, mGi, and τ are determined through a constrained optimization explained

in detail in the following section. The weighting factors, ni, are the same as given in Johnston

et al. (2014):

n1 = 0.3
1 + 3β , ni+1 = 3ni. (2.22)

In this case the F (s) transfer function is scaled from the E(s) transfer function in order

to accurately compute the correct pressure drop during steady state conditions. It is also

possible to specify separate weighting factors for F (s), but it provided no improvement in

accuracy and added considerable time to the optimization.

Working from the TLM diagram in Figure 2.5, the TLM functions can be expressed in

transmission matrix form (Johnston et al., 2014). This form is used in the optimization

procedure to compare the TLM to the numerical ODE solution:

t∗11 = (E + Zc)G−1ejωT
′ + FGe−jωT

′

E + Zc + F
, (2.23)
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t∗12 = (E + Zc)2G−1ejωT
′ − F 2Ge−jωT

′

E + Zc + F
, (2.24)

t∗21 = Ge−jωT
′ −G−1ejωT

′

E + Zc + F
, (2.25)

and

t∗22 = −t∗11. (2.26)

Tapered transmission lines have an asymmetrical geometry as compared to uniform lines,

which led to research into separating the transfer functions for the inlet or outlet such as

E1(s) and E2(s). This was performed in order to see if improved accuracy of the tapered

TLM could be realized. The following were investigated:

• Separate G(s) transfer functions with separate weighting factors. This resulted in no

increase in accuracy, and increased optimization effort.

• Separate wave propagation times T ′ for either direction. This resulted in increased

error if the optimization ended in a local optimum with unequal T ′.

• Separate E(s) transfer functions, with the corresponding F (s) transfer function scaled

from it. This resulted in no increase in accuracy, and increased optimization effort.

• Separate E(s) and F (s) transfer functions where F (s) is not scaled off E(s). This

resulted in significant error in magnitude and phase, as well as substantial increase in

optimization effort.

While it was believed that these scenarios would improve accuracy, investigations showed

that no improvement in accuracy could be achieved, and in all cases significant computation

time was added. As a result, the standard form of the enhanced TLM was used for application

to the tapered problem.

2.5 Weighting Factor Optimization

The optimization objective function is similar to the one proposed by Johnston et al. where

they minimize the error in the t12 and t21 transfer functions, however they omit t11 and t22.
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The equation proposed here includes the t11 and t22 transfer functions, minimizing the error

between the TLM transmission matrix of Equations (2.23) - (2.26) and the numerical ODE

solution computed from the differential Equation (2.9). Here, terms with an asterisk indicate

the TLM terms, and terms without indicate the results of the numerical ODE solution. The

optimization function is:

f(mEi,mGi, τ) =
∑

0.01≤ωT≤nk

∣∣∣∣t12 − t∗12
Zc

∣∣∣∣2
ωT

+
∑

0.01≤ωT≤nk

|(t21 − t∗21)Zc|2

ωT
+

∑
0.01≤ωT≤nk

|(t11 − t∗11)|2

ωT
+

∑
0.01≤ωT≤nk

|(t22 − t∗22)|2

ωT
+ εE + εG, (2.27)

where εE and εG are soft constraints put in place to ensure the parameters are consistent and

well behaved:

εE =
k∑
i=3

[max(0,mEi − 3mEi−1)]2 , (2.28)

and

εG = 10
[
max

(
0,

k∑
i=1

(mGi)− 1
)]2

. (2.29)

The optimization procedure requires the ODE solution to the problem, which was com-

puted numerically using boundary value solution of the differential equation (2.9). The

Matlab® m-files ExactSolutionforOpt.m, t11t21venderBuhsExact.m, and t12t22ven

derBuhsExact.m in Appendix B.3, B.4 and B.5 respectively contain the algorithms used

to compute the numerical ODE solution. It uses bvp4c() as the numerical solver to find the

txx entries of the transmission matrix. Setting Q2 to 0 allows for t11 and t21 to be found, and

by setting P2 to 0 allows for the solution of the other two entries, t12 and t22. The boundary

value problem is solved for every value of frequency given in Table 2.1. Solving the boundary

value problem adds significant computation time to the optimization procedure, therefore if

the Parallel Computing Toolbox is available, it is recommended to solve the transmis-

sion matrix in parallel using parfor loop structure. Once the numerical solution is solved, the

tapered TLM parameters (mEi, mGi, and τ) are optimized using fmincon(), a constrained

numerical optimization algorithm. The only rigid constraint on the optimization is a lower
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bound of 0, ensuring all the parameters are positive, a similar constraint used in Johnston

et al. (2014). The output of the optimization algorithm is typically a local minimum, not

global, however in this case the results appear to have adequate accuracy.

Initial investigations showed that the same TLM weighting factors would result if the

same dissipation number and taper ratio were held constant for tapered lines of different di-

mensions. Similar to Johnston et al. where the TLM parameters only vary with dissipation

number, a tabulation of the parameters allows for fast interpolation to select the param-

eters for a given transmission line without repeating the optimization. In Johnston et al.

(2014), a one-dimensional look-up table is used to find the parameters. However, here a two-

dimensional look-up table is used due to the addition of the taper ratio parameter. The table

was generated using the m-file TableGenerate.m provided in Appendix B.1. The algorithm

is better visualized as a flow chart provided in Figure 2.6. The range of parameters for the

optimizations are given in Table 2.1. The range of dissipation number, β, is logarithmically

spaced with 8 points per decade, and the taper ratio, λ, is spaced linearly with 10 points.

The number of TLM parameters were 13, corresponding to k = 6. It has been shown that

varying the number of parameters has a significant effect on accuracy, which is also expected

here (Johnston et al., 2014). However, with k = 6 it is believed that adequate accuracy is

achieved without significantly increasing computation times.

Table 2.1: Range of parameters used for optimization

Parameter Range

Frequency 0.01 ≤ ωT ≤ nk

Dissipation number 10−4 ≤ β ≤ 100

Taper ratio 1 ≥ λ ≥ 0.5

It was desired to have a smooth transition with the TLM parameters from one optimiza-

tion to another, as it allows for interpolation for in-between values. Therefore the initial

guess for optimizations were the result from the previous optimization. The optimization

intially selects a value of β and λ = 1 using the initial guess from Johnston (2014) and

Johnston et al. (2014) for uniform transmission lines. The following optimization at the

same dissipation number and λ = 0.95 uses the result from λ = 1 as the initial guess, and
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Figure 2.6: Flow chart of the tapered TLM parameter optimization procedure.

so on for all successive iterations. The output of TableGenerate.m are 2 three-dimensional

matrices containing mE and mG factors, and 1 two-dimensional matrix of τ factors. The

three-dimensional matrices are split up into individual two-dimensional matrices, and are

included in this thesis in Appendix A along with the τ factors. The interpolation algorithm

is provided in Appendix B.10, allowing for the look-up of any tapered TLM parameter set

within the given range.

2.6 Frequency Domain Results

The transmission matrix for a tapered line with a dissipation number of 10−3 and taper ratio

of 0.75 is plotted in Figure 2.7. The anti-diagonal terms of the TLM transmission matrix (t12

and t21) compare very well to the numerical ODE solution. The principal diagonal terms (t11
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and t22) are accurately approximated in both phase and magnitude, however not to the same

extent as the the anti-diagonal terms. In the principal diagonal terms, it can be seen that the

first resonant peak is not perfectly aligned, while all subsequent resonances are matched well.

Also, there is a slight magnitude shift in the numerical ODE solution, which is not followed

by the TLM approximation. In all terms, the proposed tapered TLM approximation is more

accurate than the previous models by Muto et al. (1981) and Tahmeen et al. (2001).
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Figure 2.7: Transmission matrix frequency response for β = 0.001 and λ = 0.75.

A tapered line with less taper (λ = 0.9) and a higher dissipation number (β = 10−1) has
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its transmission matrix plotted in Figure 2.8. As shown, there is a better approximation of

the first resonant peak within the principal diagonal terms, and the anti-diagonal terms are

very closely represented.
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Figure 2.8: Transmission matrix frequency response for β = 0.1 and λ = 0.9.

While two transmission matrices were shown to highlight the accuracy of the proposed

tapered TLM, an overall investigation into the error was desired. The following investigation

looks at the error over the full range of taper ratio and dissipation number. An overall error

value was defined and is used to compare the proposed tapered TLM to the numerical ODE

solution, and also to compare the previous model to the numerical ODE solution. A different

error value was chosen instead of using the optimized minimum from Equation (2.27) as
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the proposed error value is not scaled by frequency. This gives an overall quantification of

the accuracy of fit over the entire frequency range. The error function is defined as the

difference between the transmission matrix terms where the anti-diagonal terms are scaled

with characteristic impedance:

ε = 1
Ω

Ω∑
i=1

[∣∣∣∣∣t12(ωi)− t∗12(ωi)
Zc

∣∣∣∣∣+ |[t21(ωi)− t∗21(ωi)]Zc|+ |t11(ωi)− t∗11(ωi)|+ |t22(ωi)− t∗22(ωi)|
]
.

(2.30)

where Ω is the number of frequency points used in the optimization. Therefore this error

value is an average value not scaled by frequency. Figure 2.9 shows a color map indicating

the error value over the full range of dissipation number and taper ratio. In general, the

amount of error between the tapered TLM and the numerical ODE solution increases with

the amount of taper (i.e. decreasing λ) and with increasing dissipation number. The TLM

proposed by Johnston et al. (2014) was considered acceptable for β ≤ 0.5. So by following

the error value from λ = 1 to λ = 0.5, an approximately triangular region, shown as a black

contour, of acceptable error is found. Therefore it is recommended to use this model within

the specified acceptable error contour at an error value ε < 0.5.

Equation (2.30) is used again to compare the previous model of Muto et al. (1981) and

Tahmeen et al. (2001) to the numerical ODE solution to demonstrate the improvement of

the proposed model. The error plot is shown in Figure 2.10, with the same error contour

plotted at ε = 0.5. Overall, the amount of error is greater than the previous figure, with the

color map up to an error value of ε = 22. What can be seen is that the error is extremely low

around λ = 1, this is due to the fact that their approximate transmission matrix analytically

becomes the ODE solution when there is no taper. As taper and dissipation number increase,

the error increases rapidly. The error contour indicates a very small range of applicability of

the previous model as compared to the same contour of the proposed TLMmodel. As a result,

it is demonstrated that the proposed tapered TLM is more accurate and more applicable than

the previous models when compared in the frequency domain to the numerical ODE solution.
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Figure 2.9: Error analysis for tapered TLM. The black lines show the enclosed region
of acceptable error as defined by ε < 0.5.

Figure 2.10: Error analysis for approximate solution from Muto et al. (1981). The
black lines show the enclosed region of acceptable error, as defined by ε < 0.5. Note
that the error color scale is different than the scale in Fig. 2.9
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2.7 Elastic Pipe Wall Considerations

A schematic of a tapered transmission line with finite wall effects is shown in Figure 2.11.

The transmission lines studied up until this point has assumed a rigid pipe wall. Therefore

the wave speed, cr, is computed using only the compressibility of the fluid since the wall is

perfectly stiff. For lines with flexible elastic walls, the wave speed is not only a function of the

fluid compressibility, but is also a function of the wall elasticity. While a rigid assumption is

reasonably acceptable for steel lines with a thick wall such as common hydraulic lines, the

assumption is not valid for different materials such as plastics or weaker metals.
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Figure 2.11: Schematic of a tapered transmission line with elastic wall effects. Note
that constant wall thickness is maintained throughout the length of the pipe.

The differential equation that quantifies wave speed with both wall and fluid compliance

is given by Ghidaoui et al. (2005):

1
c2
e

= dρ

dP
+ ρ

A

dA

dP
, (2.31)

where dρ
dP

corresponds to the fluid’s compressibility, and ρ
A
dA
dP

corresponds to the pipe wall’s

elasticity. For rigid pipes, this term is set to 0. Following the derivation in Ghidaoui et al.

(2005) an equation computing the wave speed as a function of pipe and fluid parameters

results. This equation also accounts for axial effects depending on how the pipe is restrained,

however assuming no inertial effects of the line due to physical vibration. A fluid-structure

interaction (FSI) model, such as in D’Souza and Oldenburger (1964), would have to be used.

This is not within the scope of this research however.
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Elastic wave-speed as a function of axial position, x, is given as:

ce(x) =

√√√√√√√√
K

ρ

1 + α
2Kr(x)
eE

(2.32)

where axial effects are calculated by:

α =



1− νp
2 Anchored upstream,

1− ν2
p Anchored throughout,

1 Anchored with expansion joints.

(2.33)

As indicated in Equation (2.32), the wave speed is a function of axial location due to the

dependence on the varying internal radius, r(x). This dependence was initially pointed out

by Zielke (1968) for tapered pipes, but not studied. Therefore, a study into how elastic effects

change the wave speed over the length of the pipe was performed in order to get a better

understanding of what the pressure waves are doing inside the tapered pipeline. The study

looked at 3 different tapered transmission lines of similar geometry made with materials of

different Young’s modulus. The Young’s modulus of steel is around 180 GPa, whereas some

polymers such as polyvinyl chloride (PVC) and acrylonitrile butadiene styrene (ABS) have

a significantly lower Young’s modulus of around 2 GPa. Figure 2.12 shows that the slope of

the wave speed curve tends to 0 as the wall becomes more rigid. It also indicates that there

can be a significant variation in the wave speed in pipes that have very flexible walls.

Figure 2.13 shows the linearity of the wave speed curve for the 3 cases investigated. The

curve indicates that as the pipe becomes stiffer, the wave speed curve tends toward linearity,

and for pipes that are very flexible the wave speed curve can be nonlinear.

As shown, the wave speed in an elastic tapered transmission lines varies over its length

with a non-linear relationship. In order to apply the tapered TLM parameters to this problem,

a singular value of wave speed is required to compute the dissipation number, β, characteristic

impedance, Zc, and wave propagation delay, T . The proposed approach is to use the effective

wave speed, ceff , to determine these parameters. Effective wave speed is defined as the total

length of the line divided by the total time it takes for the wave to travel through the tube
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from one end to the other. Due to the non-linearity of the wave speed function, the curve

must be integrated to get the total propagation time. Effective wave speed is defined as:

ceff = l∫ l

0

1
ce(x)dx

. (2.34)

An analytical solution to Equation (2.34) is not proposed here, as numerically integrating

has shown to be sufficiently accurate. The integral() function in Matlab has shown to

compute the integral quickly and accurately. Using ceff in computing the dissipation number

in Equation (2.15), characteristic impedance in Equation (2.13), and transmission time in

Equation (2.21) in the tapered TLM was compared to a numerical ODE solution using ce(x)

instead of cr in Equations (2.2) and (2.3). The second order differential equation is given as:

∂2Q(x, s)
∂x2 −

(
1

A(x)
dA(x)
dx

− 2
ce(x)

dce(x)
dx

)
∂Q(x, s)
∂x

− s2

ce(x)2N(x, s)Q(x, s) = 0, (2.35)

which was solved using the same algorithm as previously described.

The comparison between the elastic tapered TLM and the numerical ODE solution showed

similar accuracy to the transmission matrix plots in Figures 2.7 and 2.8. Therefore, the

tapered TLM can be modified by using the effective wave speed to include the effects of

elastic wall flexibility on the fluid dynamics.

2.8 Experimental Results

Validation experiments have been performed previously for rigid tapered pipes, but only for

the first peak of resonance (Muto et al., 1981; Washio et al., 1974). While the first peak has

been validated, higher bandwidth has not been investigated. In order to have confidence in

the ODE solution used to compute the tapered TLM parameters, an experimental apparatus

was manufactured to allow the investigation of high frequency dynamics. A schematic of the

apparatus is given in Figure 2.14, and labelled photos of the apparatus in Figures 2.15 and

2.16.

Manufacturing a tapered pipeline would prove to be very difficult, an observation also

made by Washio et al. (1974). However, through trial and error, a successful design of ta-
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Figure 2.14: CAD schematic of tapered transmission line test rig. Note there is a
break in the drawing.

pered pipe sections (TP-08-02 and TP-08-03) and end caps (TP-08-01 and TP-08-04) were

manufactured using a MakerBot® Replicator™ 2X experimental 3D printer using acryloni-

trile butadiene styrene (ABS) filament. Detailed manufacturing drawings of the experimental

apparatus TP-08 are included in Appendix C. The end caps have standard o-ring boss (ORB)

ports printed into them to allow the connection of standard fittings. At the inlet of the line, a

tee fitting was installed to allow the application of a static pressure, ps, and the connection of

the exciter PT-02. The exciter contains a small piezoelectric speaker element epoxied inside

of a -161 JIC plug. The assembly is then fastened into a -16 to -8 reducer, making up the

pipeline’s exciter. The outlet of the transmission line was blocked with a -10 ORB hollow

hex plug to hold the outlet flow rate at 0. A small bleed screw was installed in the outlet

plug to bleed the air and ensure the line was filled completely with hydraulic oil.

Pressure was measured using fast responding Kistler 606A piezoelectric transducers with

Kistler 504A charge amplifiers. All control and data measurement was done with a National

Instruments™ data acquisition system (NI-DAQ). Both inlet and outlet pressure signals were

filtered using a 2-channel first-order resistor-capacitor (RC) filter bank, set at the Nyquist

frequency. This was done to prevent aliasing when the signals were sampled. The parameters

of the experimental apparatus are given in Table E.1.

It was desired to use an excitation signal that could provide even power throughout the

1The “Dash Size” is a common metric that describes the size of hydraulic fittings, hoses, and lines. The
number indicates the nominal inner diameter in 1/16 of an inch increments. For example, -08 is 8/16 of an
inch which reduces to 1/2 of an inch.
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4 2-channel RC filter bank, 5 laboratory power supply, 6 LM12 power amplifier.

34



bandwidth investigated. A maximum length sequence (MLS) is a digital pseudo-random

binary sequence that has a perfectly white, flat spectrum. The MLS is generated using linear

feedback shift registers (LFSR) using Matlab® code created by Wiens (2009) and LSFR

feedback values from Koopman (n.d.). The length of an MLS signal is 2m− 1 where m is the

order of the sequence. Figure 2.17 shows the first 20 samples of a 9th order MLS implemented

in the time domain with a command signal applied to the exciter.
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Figure 2.17: A MLS sequence represented in the time domain with 20 samples shown
at a sampling frequency of 10 kHz.

In order to have confidence in the theory, the experiment compares the t11 transfer func-

tion of the numerical ODE solution to the empirical transfer function estimate (ETFE)

measured experimentally. The relationship is given by the following equation:

ETFE = P2

P1
= 1
t11
. (2.36)

where P1 and P2 are the fast Fourier transform (FFT) of the pressure signals at the inlet and

outlet respectively.

The excitation signal was repeated 24 times in succession with the first run discarded to

ensure all runs have the same initial excited state. The exciter instilled very small pressure

waves in the transmission line, and as a result the measured pressure signals had very small

magnitude, however still within the specified range of the transducers. To reduce random

noise, the signals were averaged in the time domain before applying the FFT. Averaging in

the time domain, as performed here, may lead to inaccuracy with the FFT if the equipment
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exciting and sampling the system are run on a different clock. As a result, the samples would

not be aligned resulting in skewed phase and incorrect magnitudes. This, however, is not an

issue here as the NI-DAQ that was used played the MLS signal and sampled the pressure

signals all on the same clock at a sampling frequency of fs = 10kHz.

Good confidence in the theory for the first resonant peak has been assured in previous

research (Muto et al., 1981; Washio et al., 1974), but validation of the presence of higher

frequency peaks is desired. Figure 2.18 shows how the ETFE compares with the t11 term of

the numerical transmission matrix computed from the ODE. The second resonance peak is

the one shown at 1.85 kHz, the third at 3.13 kHz, and the fourth at 4.31 kHz. Good agreement

can be seen between experiment and theory for the second and start of the fourth harmonic

peak in both magnitude and phase, however the third harmonic peak is not represented in the

theory. An obvious notch frequency is present at around 3.13 kHz, which is strongly believed

to be the result of line vibration. Line vibration effects have been quantified by D’Souza

and Oldenburger (1964), and the notch present here looks very similar to the vibration

phenomenon they measured in their experiments. The apparatus TP-08 was not rigidly

restrained during testing, allowing the transmission line to vibrate. This presence of the notch

frequency in the response was expected, and since the TLM or numerical ODE solution does

not account for these effects, it cannot be computed theoretically. If the apparatus would

have been rigidly anchored, it is believed the frequency response would follow the theory

closely, as observed in D’Souza and Oldenburger (1964) when they anchored their apparatus.

In the end, confidence in higher order resonances is gained through this experiment.

2.9 Time Domain Simulations

Dynamic simulations were performed in Matlab® Simulink®, with the models available

for download from Wiens and ven der Buhs (2017). The overall arrangement of transfer

functions is shown in Figure 2.19, where the E(s), F (s), and G(s) transfer functions were im-

plemented with summations of individual Transfer Fcn blocks, and the time delays, e−jωT ,

were implemented with Transport Delay blocks set to a delay of T ′.

There are 4 possible arrangements of the TLM shown in Figure 2.20 that can be used
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Figure 2.18: Comparison between the observed experimental result and the numerical
ODE solution. Note the notch at 3.13 kHz, this is confidently believed to be the result
of line vibration, a phenomenon extensively studied and quantified by D’Souza and
Oldenburger (1964).

depending on how it needs to fit in a dynamic simulation. To generate the different configu-

rations, the boundary Equations (2.11) and (2.12) are applied at the inlet and outlet to solve

for the desired states.

The simulation study performed here only considers one arrangement of inputs and out-

puts. The inputs are inlet flow and outlet pressure, and the outputs are outlet flow and inlet

pressure. The outlet pressure was maintained at 0, and inlet flow was given a step input. The

solver was Matlab®’s ode23t() with a relative tolerance of 10−6, a stiff solver commonly

used for simulating transmission line dynamics. Using non-stiff solvers, such as ode45(), add

considerable computation time to the simulation. The same parameters used for computing

the transmission matrices in Figures 2.7 and 2.8 were used for the dynamic simulations. The

results of the simulations are inlet pressure and outlet flow, where the flow response is nor-

malized by dividing by the step change in flow. The pressure response is normalized with the

step change in flow multiplied by the characteristic impedance of the line. Figure 2.21 shows

the results for a tapered transmission line with low dissipation and large taper. The flow
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Figure 2.19: Matlab® Simulink® model of the tapered TLM.

Figure 2.20: The 4 arrangements of inputs and outputs for the TLM.

response oscillates around a value of 1, indicating proper flow continuity. The response of

the line is also stable when applied with a step input, an important quality as these models

are typically used in system with high frequencies present. Figure 2.22 shows the reposes of

a highly dissipative transmission line with less taper, and again the same qualities within the

response as the previous simulation are also present. These responses also look similar when

compared to the response of uniform lines (Johnston, 2012; Johnston et al., 2014).

The TLM has been used in previous research within simulations of hydraulic switched

inertance converters (Johnston et al., 2014; Wiens, 2016). It is believed that the proposed

tapered TLM will also suit well for simulations and optimizations of shaped inertance tube

designs, which will be discussed in the following sections.
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Figure 2.21: Simulated results for β = 0.001 and λ = 0.75.
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Chapter 3

Analysis of a Switched Inertance

Converter

This chapter will introduce the design of the hydraulic buck converter used for the analyses

and optimizations in the latter part of this thesis. The dynamic equations of the individ-

ual components will be introduced and justified. Performance of the system is quantified by

identifying the different power losses in the system, and also by defining volumetric efficiency.

Finally, dynamic simulation of the system is performed using parameters from previous re-

search, with detailed analysis provided to quantify its performance.

3.1 Configuration and Operation

Previous research within the fluid power research group at the University of Saskatchewan has

analyzed and improved the performance of a simulated buck converter with the reservoir flow

going through a passive check valve (Wiens, 2015, 2016). As a result, the same converter will

be studied in this research. This will allow for comparisons of previous models and studies to

the new developments presented here. The converter studied in this research has a detailed

schematic shown in Figure 3.1 with the states and direction of positive flow indicated on the

diagram.

The converter studied in this research contains a 2-position, 2-way digital hydraulic valve,

passive check valve, inertance tube, and a load. The load is an ideal compressible volume in

combination with a turbulent orifice. Each component of the converter has an equation or
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Figure 3.1: Detailed schematic of a hydraulic buck converter with a check valve
configuration. Pressure and flow states are indicated including the direction of positive
flow.

model that describes its performance. The following section will describe each component,

and define the non-linear equations.

3.2 Non-linear Dynamic Model

The model that describes a hydraulic buck converter is inherently non-linear due to the

components that describe the pressure and flow states throughout the system. The follow-

ing section will define the equations and models used for simulation of the hydraulic buck

converter.

3.2.1 Orifices

The dynamic models used for the switching valve, check valve, and load orifice all assume a

turbulent orifice, however with different parameters. Typically, the turbulent orifice equation

is given as:

q(∆p) = sgn(∆p)CdA
√

2
ρ
|∆p| . (3.1)

This formulation is more than acceptable for computing steady flows and flows that are

unidirectional. However, it creates complications within numerical solvers during dynamic
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simulation when the pressure differential, ∆p, nears 0 as the flow changes direction. The

reason lies in the derivative of this function, which tends to infinity as the pressure differ-

ence across the orifice nears 0. This causes modern Jacobian-based variable-step solvers to

significantly reduce the step size during this part of the simulation, significantly increasing

computation time while also consuming more system resources. A proposed solution by Ell-

man and Piché (1999) is to include a laminar region near the singularity of the turbulent

orifice equation with a smooth transition between the laminar and turbulent regions. First,

one must compute the transition pressure, ptr, the pressure at which the regime switches to

fully turbulent flow given by:

ptr = 9R2
crρν

2

8C2
dD

2 (3.2)

where Rcr is the critical Reynold’s number for the flow, Cd is the turbulent discharge coeffi-

cient, and D is the hydraulic diameter of the orifice opening. Once computed, the pressure

difference across the orifice is then compared to the transition pressure to determine which

regime the flow should be in. This piecewise function is given by:

q(∆p) =


sgn(∆p)CdA

√
2
ρ
|∆p| if |∆p|> ptr,

sgn(∆p)3AνRcr

4D

(
|∆p|
ptr

)(
3− |∆p|

ptr

)
if 0 ≤ |∆p|≤ ptr.

(3.3)

A comparison between the traditional purely turbulent model and the Ellman-Piché model

is shown in Figure 3.2 with the axes scaled. One can see that the Jacobian of the purely

turbulent orifice tends to infinity when approaching ∆p = 0 while the 2-regime orifice has a

linear region within the bounds |∆p|< 1.

3.2.2 Switching Valve

The buck converter contains a simple digital (on/off) hydraulic valve as its only control

valve. The valve has two ports (inlet and outlet) and two possible spool positions (through

or blocked). Often in system simulation, valves are approximated as a turbulent orifice with

a time-varying orifice area. Here the Ellman-Piché orifice is used as described previously with

the following parameter relations: A = Apa(t), D =
√

4Apa(t)
π

, ∆p = ps − pa, and q = qpa.
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Figure 3.2: Comparison between the Ellman-Piché 2-regime orifice, and the standard
purely turbulent orifice. (a) Shows how the flow though the orifice varies with the
pressure drop across it. (b) Shows the Jacobian of the two equations. Note that the
Jacobian of the purely turbulent orifice tends to infinity when approaching zero pressure
drop.

The orifice area function, Apa(t), is a rate-limited pulse-width modulated (PWM) signal

that alternates between the valve’s fully open area Apa,max and leakage area Apa,min. A

small leakage area is specified to maintain numerical integrity of the Ellman-Piché orifice

flow equation which is undefined when A = 0. The switching valve operates at a frequency

of fpa = 1
tp

at a duty cycle of κpa quantifying the fraction of time that the switching valve is

open. The slew rate of the signal is dependent on the valve’s switching time, tsw, which can

be on the order of a fraction of a millisecond for specialized high performing valves, or a few

milliseconds for commercially available options. This valve area curve is visualized in Figure

3.3, and has been used in other research of similar application as a simplified approximation

of the valve dynamics (Pan et al., 2014a; Wiens, 2015; Kogler et al., 2015).

3.2.3 Check Valve

The hydraulic check valve is a directional control valve that limits the flow of fluid in one

direction, thus eliminating back flow through the line except for a small amount of leakage.

In a buck converter circuit, the valve is installed to allow the free flow of fluid from the low

pressure reservoir to a tee coupling just before the inertance tube. The check valve orifice area
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Figure 3.3: Valve switching area curve.

function, Ata(∆p), that is used for simulation is one that has been used in previous research

on the topic (Wiens, 2015, 2016), and is also similar to that implemented in commercially

available simulation packages (MathWorks, 2006a). The check valve is considered an Ellman-

Piché two regime orifice with a valve opening dependent upon the differential pressure across

it. The parameter relations are: A = Ata(∆p), D =
√

4Ata(∆p)
π

, ∆p = pt− pa, and Q = Qta

where,

Ata(∆p) =



Ata,min if ∆p ≤ pcr

Ata,max if ∆p ≥ pcr + por

Ata,min + ∆p− pcr
por

(Ata,max − Ata,min) otherwise

(3.4)

where the fully open valve area is Ata,max, and the leakage area is Ata,min. The two charac-

teristic pressures of the valve are the cracking pressure, pcr, and the pressure override por.

The valve is typically constructed of a poppet or ball on a seat inside of an in-line cartridge.

When the pressure difference is greater than the cracking pressure, the ball moves off the

seat allowing fluid to flow in the favoured direction. The area of the valve continues to open

as the pressure difference becomes greater until the ball hits the end of its possible stroke

inside the cartridge. At this point the check valve has also overcome its pressure override,

and is fully open. When the pressure difference across the valve is less than the cracking

pressure, the ball is fully on the seat closing the valve, thus blocking the flow in the opposite
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direction. Again, a small leakage area is specified to maintain numerical integrity. The area

curve of the check valve is provided in Figure 3.4.
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Figure 3.4: Check valve area curve.

There are some notable assumptions built into this model. The check valve has an instan-

taneous response to changes in pressure across it. This is is a simplification to the model as

it allows the inertial effects of the poppet to be neglected. The model also assumes that the

orifice area varies linearly with the differential pressure across the valve when transitioning

from closed to open and vice versa. The choice of this model is to provide the best case

scenario in performance, and can also allow for the design of a controller when swapped

with active switching such as using a 2-position 3-way valve, or another digital valve on the

reservoir line (Wiens, 2016).

3.2.4 Inertance Tube

The inertance tube serves an extremely important role in the operation and performance

of a switched inertance converter. Previous research by Wiens (2015) into the effects of

a shaped inertance tube on the performance of a buck converter used a lumped element

method (LEM) style of model. This is where the pipeline is broken up into segments of

uniform radius where each segment contains an inertance, laminar steady resistance, and a

compressible volume. The schematic for a single element as well as 4 segment transmission

line is shown in Figure 3.5. The transmission line is constructed by connecting these elements

in series, where the pressure and flow into the element is equal to the pressure and flow at
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the outlet of the previous element, and so on. The LEM is a popular choice for modelling

fluid transmission lines due to its simplicity and availability in commercial packages such as

in Matlab® Simscape™ in the Simulink® environment (MathWorks, 2006b). However,

since pressures and flows are calculated at nodes over the length of the line, there is extra

computational load. Also, this model has low accuracy due to 3 main causes. The first cause

of inaccuracy is due to the fact that it does not model the effects of frequency dependent

friction. Another inaccuracy is that the LEM does not model higher frequencies well. Finally,

there is a significant increase in noise (i.e. numerical instability) in the solution.
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Figure 3.5: (a) A single element of the LEM containing a compressible volume, iner-
tance, and a laminar resistance. (b) A 4 segment LEM pipeline model with elements
from (a) connected in series.

While the LEM approach is simple to use, better accuracy is required for the simulation

studies performed in this thesis. Therefore the inertance tube model proposed here employs

the tapered TLM that was presented in previous section as its base model for computing

the fluid dynamics. The main goal of this research is to investigate the effects of a shaped

inertance tube on the performance of the converter, and optimize its dimensions. As a result,

the tapered TLM needs to be applied in a way to allow the specification of shape all while

keeping errors low.

In order to reduce the number of parameters in the following study, a rigid inertance

tube is assumed. This assumption is valid for pipes with thicker walls and stiff material

such as steel. It is desired to operate the tapered TLM within a region of low error specified

by the error contour in Figure 2.9. As a result, the model must ensure that a minimum

taper ratio is met. For sections with a taper ratio smaller than the required minimum, the

length is repeatedly segmented until the taper ratio of the individual segments are greater

than or equal to the specified minimum. The algorithm is described using the flow chart in

Figure 3.6. An analytical expression was derived to solve for first segmented diameter while
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maintaining the same taper ratio, which is given by:

dseg,1 = (dj−1
i di+1)

1
j ; (3.5)

where di and di+1 are entries i and i+1 in the specified diameter look-up table d. The integer

j is the number of segments required to meet the minimum taper ratio. Sequential segment

diameters are found by dividing the taper ratio, λ, by the diameter immediately before it for

a diverging section, or multiplying if converging:

dseg = λ

dprevious
or dseg = λdprevious (3.6)
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Figure 3.6: Flow chart describing the shaped inertance tube segmenting algorithm.

This allows the user (or optimization algorithm) to specify any arbitrary shape while

using the tapered TLM in a region of low error. The minimum taper ratio specified was

λmin = 0.75. The segmenting algorithm is included in Appendix D.1 for reference. The one
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downside to performing segmentation is the increase in computation time when simulating,

due to the addition of more equations and states into the problem.

3.2.5 Load

The load is comprised of two components, a compressible volume and a turbulent orifice.

The compressible volume is assumed to be ideal, meaning it is contained inside of a rigid

container, is filled completely with hydraulic fluid with no air pockets, and has constant bulk

modulus. The model also assumes there is no heat transfer. The equation that describes the

dynamics of this component is well established in the literature, and is given as:

pl = K

Vl

∫
(qb − ql) dt. (3.7)

The load orifice is described using the Ellman-Piché orifice equation with the following

parameter relations: A = Al, D =
√

4Al
π

, ∆p = pl − pt, and q = ql

3.3 Quantification of performance

The performance of a hydraulic switched inertance converter is characterized by two main

metrics, system efficiency and volumetric performance. Figure 3.7 shows an account of all

the power losses present within the system. There are three power losses within the proposed

system: power loss across the switching valve, power loss across the check valve, and power

loss due to viscous friction within the inertance tube. Out of these three losses the most

significant are the switching valve loss and the inertance tube line loss. The majority of the

valve loss occurs when switching from open to closed and vice versa due to the throttling of

the flow over the partially opened orifice. The check valve loss will be shown to be nearly

negligible in the following analyses.

Since a hydraulic buck converter is constantly oscillating due to the switching action

between high and low pressure, the system needs to be analysed and averaged over one

cycle. Since the dynamic model is solved using a variable-step numerical solver, one cannot

average the output over one cycle directly due to concentration of points near non-linear
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Figure 3.7: An account of power losses within the hydraulic buck converter.

events requiring higher fidelity in the response. As a result, the output must be numerically

integrated. The trapz() function in Matlab® is a trapezoidal integration method which

has shown to work well. The switching valve power loss, check valve power loss, and inertance

tube power loss are respectively defined as:

Ppa = 1
tp

∫ to+tp

to
qpa (ps − pa) dt, (3.8)

Pta = 1
tp

∫ to+tp

to
qta (pt − pa) dt, (3.9)

and

Pab = 1
tp

∫ to+tp

to
(qapa − qbpl) dt, (3.10)

where to is the chosen starting time of the switching cycle.

System efficiency quantifies the ratio of power consumed at the load to power supplied to

the switching valve, and is defined as:

ηsys = Pl
Ps

=

1
tp

∫ to+tp

to
ql (pl − pt) dt

1
tp

∫ to+tp

to
qpa (ps − pt) dt

. (3.11)

One of the main functions of the hydraulic buck converter is to boost the flow rate at the

outlet compared to the supply flow. To quantify the volumetric performance of the system,
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volumetric efficiency is defined as the fraction of flow supplied to the load divided by the

ideal flow through the switching valve (Wiens, 2016).

ηvol = qlκpa
qpa

=

κpa
tp

∫ to+tp

to
ql dt

1
tp

∫ to+tp

to
qpa dt

. (3.12)

Assuming a buck converter is operating at a duty cycle of 50%, in order to have 100%

volumetric efficiency, the flow rate at the load would have to be twice, or 1
κpa

times, the

mean flow rate through the switching valve, qpa. Operating at this volumetric efficiency is

not realizable, however, due to the limited speed of switching valves and the dynamics of

realistic passive check valves.

3.4 Simulated Results

Simulations were performed using Matlab® with the dynamic equations implemented within

the Simulink® graphical programming environment. Initial simulations were performed

using parameters from Wiens (2016, 2015) for initial investigation into the model and to

ensure the model is solving correctly. These parameters are provided in Table E.2 in Appendix

E. The main goal of this simulation is to operate the load at a pressure of 16 MPa; as a

result the duty cycle of the switching valve was adjusted to 54% to achieve this target. The

pressure states in the system are plotted in Figure 3.8. One can see the load pressure is

maintained around an average value of 16 MPa. The pressure at the inlet of the inertance

tube, pa, transitions between the low pressure and high pressure supplies as the valve opens

and closes.

The flow response of the system over one cycle can be seen in Figure 3.9. One can see

that as the flow through the switching valve decreases to zero during valve closure, the check

valve opens, sucking fluid from the low pressure reservoir into the system. Load flow, ql,

oscillates slightly, but is relatively smooth due to the compressible volume at the inlet of the

load orifice.

The two peaks in flow through the switching valve occur during valve opening and closure,

which is undesirable performance. This is caused by not switching the valve at the correct
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Figure 3.8: Simulated pressures for one cycle at steady state.
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Figure 3.9: Simulated flows for one cycle at steady state.
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frequency for the chosen inertance tube length, and as a result the wave resonance of the tube

has a deleterious effect on performance for this case. The suction wave reflected off the end

of the tube is arriving too early, thus increasing the flow over the partially open valve and

increasing the power loss during closure. Also, the power loss across the valve upon opening

is high since the downstream pressure, pa, is still low, and pulling fluid through the check

valve. The high power loss through the switching valve can be visualized in Figure 3.10.

The valve opening and closing events are highlighted with a shaded region within the figure.

As can be seen, the power loss through the valve is increased during valve actuation, which

is the main cause of the power loss through the switching valve. The power through the

inertance tube is also shown, which shows that due to its capacitance it stores and releases

power dynamically throughout the response, but averaged over a cycle, there is a net power

loss caused by the resistance of the line. The load power is held to a near constant value,

which is due to the compressible volume at the load smoothing out the load pressure.
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Figure 3.10: Calculated powers for one cycle at steady state. Note the check valve
power, Pta, is not shown since it is relatively small.

All the powers present in the system were averaged over a cycle using numerical integra-

tion, and the results are given in Table 3.1. What can be seen is that with this converter, the

majority of the power loss comes from the switching valve and the inertance tube resistance.
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The check valve loss is very small relative to the other losses. As a result, this non-optimized

system is operating at an efficiency of 47.8% with a volumetric efficiency of 63.0%.

Table 3.1: Energy account for initial simulations

Power Value Net

Ps 1972.3 W Input

Ppa 352.7 W Loss

Pta 0.2 W Loss

Pab 677.4 W Loss

Pl 942.0 W Output
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Chapter 4

Inertance Tube Optimization

This chapter discusses the optimization scheme used to find the optimal dimensions of

shaped inertance tubes for the hydraulic buck converter system. The objective function is

defined, and the optimization algorithms are described. The optimizations are performed

with an increasing number of parameters, and the results are tabulated. A discussion on the

results is provided, where the optimal designs are compared to the traditional design using

only uniform inertance tubes. Finally, a recommended design is suggested.

4.1 Optimization Scheme

This section will look at the algorithms and fitness function used to optimize the shape of

a non-uniform inertance tube. The optimization algorithms that were used were a genetic

algorithm and a pattern search algorithm. The problem involves the optimization of a highly

non-linear Simulink® model, and as a result, the gradient of the problem is not known.

These two algorithms used in combination does provide the search of a large sample space

providing robustness in finding well performing parameters, however there is no guarantee

that the optimal solution is a global result. The two optimization algorithms presented in the

following sections work well for these types of problems as they do not require knowledge of

the gradient. The objective function contains a solver that maintains a desired load pressure

for any inertance tube shape by adjusting the duty cycle of the digital valve. This creates a

nested optimization, which does increase computation time significantly. This is the reason

for the 2-stage optimization using a genetic algorithm and then followed by a pattern search
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for parameter refinement.

4.1.1 Genetic Algorithm

A genetic algorithm (GA) is a type of evolutionary algorithm that is very robust in finding

the global minima of an optimization problem, however not guaranteed. The genetic algo-

rithm emulates the biological processes of selection, crossover, and mutation to successively

gravitate towards an optimal solution. An initial population of points within the parameter

space is generated randomly, and the optimization function is computed at these points. The

best points within the initial generation are used as parents to breed successive generations

of new child parameters using the mentioned biological processes. Selection is a process that

chooses the best parameters for reproduction, the points that have a better efficiency value

are selected over points that result in poor efficiency. Crossover swaps certain values from the

selected parent parameters to create offspring, mimicking biological recombination. Lastly,

mutation modifies the parameters by some random factor, which introduces diversity in the

optimization (Mitchell, 1998).

The genetic algorithm is a black-box search, or derivative-free, algorithm useful for the

application of optimizing the inertance tube design. Also, since the GA is a good choice for

finding the global minimum of a problem, it is well suited for this problem which has shown

to have numerous local minima and basins of attraction which would cause other algorithms

to return poorer solutions. A major downfall of using the GA is computation time. Since the

GA computes a fixed population size for each generation, the amount of fitness evaluations

can be extremely high. The genetic algorithm has been used previously for the optimization

of switched inertance converters, and has shown to provide excellent robustness (Pan, 2017).

The algorithm specifically used in this thesis is ga() available in the Global Opti-

mization Toolbox within Matlab®. The algorithm allows for the specification of several

options. To try to mitigate the amount of computation time, the average change in the

best fitness function over a number of stall generations was 10−2 with the number of stall

generations set to 5. To further refine the result, patternsearch() from the same toolbox

was used to refine the solution.
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4.1.2 Pattern Search

Pattern search, also known as direct-search, is a type of optimization algorithm that starts at

a specified point and varies the parameters in either direction by the same magnitude to find a

possible better optimum. The step size is then reduced if a better point cannot be found, and

it’s repeated until the function tolerance is met. With the result from the genetic algorithm

as an initial starting point, patternsearch() iteratively converges to a locally optimal result.

This allows for good convergence on an optimum without excessive computations that would

otherwise be computed by ga(). The algorithm is set to stop if the relative change between

the best fitness is 10−6. Pattern search is similar to the genetic algorithm since it is also

a derivative-free method, which works well for the presented problem. Pattern search is

vulnerable to finding local minima rather than the global minimum, making the algorithm

less robust than the genetic algorithm. This is the reason for its use as a secondary algorithm

to refine the solution and save computation time. A simplified flow chart showing how the

genetic and pattern search algorithms work is shown in Figure 4.1.

4.1.3 Objective/Fitness Function

The main goal of the optimizations is to run the load of the buck converter at 16 MPa

using the least amount of power possible by adjusting the inertance tube shape (i.e. by

maximizing system efficiency). Therefore, the objective function will take inputs of inertance

tube dimensions (i.e. lengths and diameters), and will output the system efficiency obtained

while running the load at the desired pressure. The duty cycle of the valve is adjusted at each

iteration to ensure the desired load pressure is maintained. A simple zero finding algorithm

in Matlab® called fzero() is used to find the duty cycle that gives an average of 16 MPa

at the load over 1 cycle. Once the desired load pressure is found, the system efficiency at

that setting is output to the optimization algorithm. A flow chart of the objective/fitness

function is given in Figure 4.1.
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Figure 4.1: Flow chart of the optimization algorithm (left) and objective function
(right)

4.2 Results

This section will present the results of the optimizations for five cases. The first case is

optimizing a uniform inertance tube, indicating the best case performer of the current and

widely used design. The optimizations following are shaped tubes with an increasing number

of look-up dimensions. The number of parameters for each shaped tube optimization is given
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by the following equation:

n = 2N + 1 (4.1)

where N is the number of segments, and n is the total number of optimization parameters.

For all shaped inertance tube cases, there are N section length parameters, and N + 1 tube

diameter parameters. Each tapered TLM segment requires the specification of a length and

both inlet and outlet diameters. Within a shaped inertance tube, it is assumed that the

outlet diameter of one section becomes the inlet diameter of the following section. The

uniform inertance tube optimization only has two parameters, being its length and constant

diameter. Table 4.1 contains the optimized dimensions of the optimization cases, where d

and xd are the diameter and axial position look-up tables respectively. Sketches of each

optimized inertance tube is also provided in Table 4.4. Table 4.3 contains the energy account

and efficiencies of the optimized buck converter systems.

4.2.1 Discussion

Using a uniform transmission line is the current standard design that has been used exten-

sively in most modern research into hydraulic switched inertance converters. As discussed,

the uniform inertance tube used in the previous chapter for initial simulations caused the

converter to perform rather poorly resulting in a low value of system efficiency. The optimiza-

tion algorithm was applied to the design of the uniform inertance tube, with the optimized

parameters given in Table 4.1 - Optimization 1. To maintain the load pressure at 16 MPa

averaged over a cycle, the duty cycle of the valve was set to 33.8%. By keeping all other

parameters constant, the converter yielded a system efficiency of 64.1%, an improvement of

over 16% compared to the converter simulated in Chapter 3. The pressure and flow responses

over one cycle are shown in Figures 4.2 and 4.3 respectively. This converter is considerably

more efficient than the converter simulated in the previous chapter as the valve loss is re-

duced significantly along with the inertance tube line loss. The reduction in valve loss can

be noticed in the flow and pressure responses. As the valve opens, the pressure downstream

of the valve, pa, is high at around 17.5 MPa which reduces the flow through the valve, qpa,
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Table 4.1: Optimal dimension look-up tables for inertance tube optimizations. Note,
for all optimizations the load pressure was constant at an average of 16 MPa over one
cyle.

Optimization Sections xd (m) d (mm) κpa (%)

1 1 Uniform [0, 6.52] [6.8, 6.8] 33.8

2 1 Tapered [0, 11.32] [5.0, 16.2] 38.5

3 2 Tapered [0 5.18, 9.13] [7.9, 7.0, 29.9] 27.3

4 3 Tapered [0, 3.94, 5.51, 12.80] [9.2, 8.9, 21.2, 21.6] 25.1

5 4 Tapered [0, 2.10, 5.19, 9.93, 14.96] [6.7, 6.9, 7.5, 29.7, 20.6] 31.4

Table 4.2: Sketches of optimal inertance tube designs. Note the sketchs are not drawn
to scale.
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Table 4.3: Energy account and efficiencies for inertance tube optimizations

Optimization Ps (W) Ppa (W) Pta (W) Pab (W) Pl (W) ηsys (%) ηvol (%)

1 1538.5 141.0 0.5 410.9 986.1 64.1 49.7

2 1493.8 199.1 0.5 338.0 956.2 64.0 58.9

3 1365.8 131.5 0.8 301.4 932.1 68.2 46.2

4 1339.5 181.7 1.0 216.4 940.4 70.2 43.0

5 1362.6 110.4 0.8 319.6 931.8 68.4 53.2

and as a result reduces the power loss. In the previous simulation, the downstream pressure

was low as the valve opened, and as a result more fluid flows through the valve increasing

the throttling loss. Another mitigation of valve loss occurs when the valve closes. Looking

at flow rates in Figure 4.3, there is a short delay at around 10 ms from when the valve fully

closes to where the suction wave pulls fluid through the check valve. This delay is evidence

that the suction wave reflected off the end of the inertance tube is timed adequately so as to

not pull more fluid through the switching valve as it closes. This is a noticeable improvement

over the previous simulation where hydraulic fluid is pulled through the check valve and the

switching valve simultaneously as it closes thus increasing the valve loss. The improvement

of this optimized design is largely due to the length of the inertance tube being increased to

6.5 m in combination with the correct valve duty cycle.

The other improvement in the design is a reduction in the inertance tube power loss,

where there is a savings of around 266 W with the optimized design. This is due to the

decrease in laminar resistance of the line caused by increasing the inertance tube diameter

from 5 mm to 6.8 mm. One might propose that the inertance tube diameter be increased to

a large value in order to significantly decrease the line loss imposed by using smaller diameter

tubes. While this is a valid proposition, this would largely affect the dynamic characteristics

of the line, especially the line’s inertance which is inversely proportional to the cross sectional

area of the inertance tube (Durfee et al., 2015). For lines with large cross sectional area, the

fluid inertia is reduced significantly which has adverse effects on the suction wave that pulls

fluid through the check valve. The loss through the check valve is increased slightly with this

improved design, however, only by a fraction of a Watt.
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Figure 4.2: Pressure responses over one cycle for the optimized uniform inertance
tube
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Figure 4.3: Flow responses over one cycle for the optimized uniform inertance tube
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Optimization 2 looked at what the performance would be if the traditional design, a

uniform inertance tube, was changed to using one single tapered segment as the converter’s

inertance tube. The optimization converged to the dimensions given in Table 4.1 running

at 38.5% duty cycle. This design indicates no clear improvement over the traditional design

when looking at the system efficiency, running at a similar 64.0%. The volumetric efficiency

is improved slightly, indicating increased check valve flow. What can be seen is that the

valve loss is increased from the traditional design, however the line loss is reduced. With

the check valve loss unchanged, these two losses trade off against each other to give similar

efficiency. This configuration, however, runs the load at lower power and therefore requries

less input power. The pressure and flow traces over one cycle are shown in Figures 4.4 and 4.5

respectively. What can be seen in the flow response is that as the switching valve closes, the

check valve opens, having flow occur at the same time. This indicates that a suction wave is

arriving as the digital valve closes, which increases the valve loss as more fluid is pulled over

the partially open valve. Also, as the digital valve opens, the pressure downstream of the

valve is low, unlike in Figure 4.2 where the pressure is high as the valve opens at the start of

the cycle. As a result, flow is not decreased across the valve as it opens, again creating more

valve loss. The shape of Optimization 2 contains a large amount of taper, having its diameter

increase from 5.0 mm to 16.2 mm over a length of 11.32 m. This increase in diameter is the

reason for the lower line loss, as the resistance of the line decreases over its length from inlet

to outlet.

The third set of calculations optimized the dimensions of two tapered sections. The

results of this optimization are also provided in Tables 4.1 and 4.3. This inertance tube

design shows a significant jump in performance over the previous two optimizations, with an

improvement of over 4% in system efficiency. In this case, both the valve and line losses are

decreased over the previous two designs, with the check valve loss increased slightly. Pressure

and flow over one cycle can be seen in Figures 4.6 and 4.7 respectively. Similar effects as

Optimization 1 can be seen here. The valve loss is reduced as the valve opens since the

downstream pressure is high, decreasing flow though the partially open orifice. While the

valve closes, the downstream pressure is significantly higher than previous, reducing the valve

loss even further than the first optimized deign. The shape of this tube is a near-uniform
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Figure 4.4: Pressure responses over one cycle for the optimized shaped inertance tube
with one tapered segment.
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Figure 4.5: Flow responses over one cycle for the optimized shaped inertance tube
with one tapered segment.
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section followed by a largely diverging tapered section. The combination of the total tube

length and valve duty cycle here allow for the precise timing of waves in the line to reduce

the valve loss, and the increased internal diameter through the near-uniform and diverging

section account for the decreased line loss.

The optimized dimensions for an inertance tube with three tapered sections (Optimization

4) are given in Table 4.1. With this inertance tube design, the converter runs at a duty cycle

of 25.1% to maintain the desired load pressure. This converter operates at an efficiency

of over 6% better than a using a uniform line, and 2% better than using a tube with two

tapered sections. The system also operates at a volumetric efficiency of 43.0%. The pressure

and flow responses for this design are given in Figures 4.8 and 4.9. The pressure and flow

response, again, show similar traits to previous optimizations when it comes to the dynamics.

As the valve opens the pressure downstream of the valve is high, and there is also a delay

from when the valve closes to when the suction wave pulls fluid though the check valve.

The interesting result from this optimization is that the valve loss is not reduced compared

to the optimal uniform design, however the line loss is significantly reduced compared to all

optimizations. The optimized shape is a near uniform section followed by a diverging tapered

section, to a larger diameter uniform section. This result is interesting as it indicates that it is

beneficial to have a uniform section of small diameter with high inertance immediately after

the switching valve, similar to Optimization 3. The tube then diverges to a section of large

diameter and low line resistance all while maintaining the proper dynamics to boost flow and

overall length for proper resonance. This inertance tube design style could be potentially

simple to manufacture as only one tapered section would have to be made, with the rest of

the inertance tube being uniform.

The final set of computations looked at optimizing the dimensions of the inertance tube

using four tapered sections (Optimization 5). This optimization contained nine parameters

defining the tube dimensions. Optimization 1 took on the order of a couple hours to com-

pute, with successive optimizations appearing to take exponentially longer to converge to

an optimal solution. The final optimization took significant computation time to solve the

problem, on the scale of multiple days. As a result, this optimization was slated to be the

final parameter set due to time constraints. The dimensions and energetic performance are
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Figure 4.6: Pressure responses over one cycle for the optimized shaped inertance tube
with two tapered segments.
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Figure 4.7: Flow responses over one cycle for the optimized shaped inertance tube
with two tapered segments.
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Figure 4.8: Pressure responses over one cycle for the optimized shaped inertance tube
with three tapered segments.
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Figure 4.9: Flow responses over one cycle for the optimized shaped inertance tube
with three tapered segments.
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again provided in Tables 4.1 and 4.3 respectively. The performance of this inertance tube

shows no improvement in system efficiency over the previous design using three sections. The

line loss is greater in this case consuming 48% more power than the previous optimization.

However, the valve loss has been reduced to the lowest value out of all optimizations. Similar

to Optimizations 3 and 4, there is a near-uniform small diameter section of transmission

line immediately after the switching valve, adding an area of high inertance. Following this

near uniform section of line, there is also a diverging tapered section, however, leading to a

slightly converging tapered section at the end of the pipe at significantly larger diameter. The

dimensions up until the final tapered section are similar to that of Optimization 3 in both

axial position and internal diameter. In general, this result does agree well with the previous

optimizations having a very similar overall design to the shape. Initially it was expected that

the results from this optimization have similar or improved efficiency than Optimization 4,

however the final optimization had an efficiency 1.8% lower, and ended up with performance

very similar to Optimization 3. It is believed that due to the limited random population size

of 100 points used by the genetic algorithm caused it to find a local minimum rather than

the solution of Optimization 4. An interesting result of this design is that it has the lowest

valve loss, this can be seen in the pressure and flow traces of Figures 4.10 and 4.11. The same

valve loss reducing phenomenon occur here as previously discussed, however in this case the

valve flow is never high for a long period of time. The flow quickly rises to a maximum and

then lowers immediately after, not having a period of high flow through the valve.

One of the major challenges with bringing switched inertance converter technology to

market, besides limited valve performance, is the audible noise emitted from the system

during operation. This noise is primarily caused by the vibration of the components due

to the rapid fluctuation of pressures within the circuit. Comparing the pressure traces in

Figures 4.2, 4.8, and 4.10 one can see that the magnitude of the load pressure oscillation is

greatly reduced with the shaped inertance tube designs. This is largely due to the presence

of increased hydraulic capacitance near the end of the shaped inertance tube smoothing out

the response. To quantify this improvement, the root-mean-square error of the signal is
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Figure 4.10: Pressure responses over one cycle for the optimized shaped inertance
tube with four tapered segments.
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Figure 4.11: Flow responses over one cycle for the optimized shaped inertance tube
with four tapered segments.
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computed, defined as:

RMSE =
√

1
tp

∫ to+tp

to
(pl − pl)2dt (4.2)

where the mean load pressure, pl, is the desired 16 MPa. The RMSE values are presented

in Table 4.4. One can see that the uniform inertance tube design, Optimization 1, has the

greatest RMSE value indicating the most noise present. Improvements can be seen for

all shaped designs, all having significantly smaller RMSE values. Optimization 5 has the

smallest value, likely due to large capacitance near the latter end of the tube. Even the best

performing system, Optimization 4, has a reduction in RSME of around 50%. Therefore,

not only does the shaped inertance tube design improve system efficiency by reducing line

and valve losses, it also provides the potential to reduce excessive noise emitted from the

system.

Table 4.4: Root-mean-square error of the load pressure signals demonstrating reduc-
tions in audible noise.

Optimization RMSE (MPa)

1 2.49

2 1.79

3 0.847

4 1.28

5 0.834

4.3 Design Recommendation

The optimized results presented in this chapter all seem to point towards one general design

involving a section of uniform, or near-uniform, transmission line followed by a diverging

section. Further efficiency seems to be gained if another section of uniform, or near-uniform,

line is connected after that. The results indicate that it is valuable to have a portion of high

fluid inertance immediately after the valve, then the line can diverge to a larger diameter to
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preserve wave propagation effects, but reduce line resistance. A sketch of the optimal design

can be seen in Figure 4.12, which resembles the result of Optimization 4.
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Figure 4.12: Sketch of the optimal inertance tube design. Note the schematic is not
drawn to scale, the lengths are considerably larger in size than the diameter changes.
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Chapter 5

Conclusions and Recommendations

This final chapter will briefly summarize this thesis with the some concluding remarks.

A brief discussion about meeting the research objectives is also provided. Contributions to

the research field are presented and the impact discussed. Finally, some recommendations

and ideas for future research on the topic are also presented.

5.1 Conclusions

Section 1.3 of this thesis outlined the objectives of the research presented here. The main

objective was to use simulation studies with numerical optimization to find the optimal shape

of an inertance tube for use in hydraulic step-down (buck) switched inertance converters to

maximize system efficiency. A secondary objective was to develop and experimentally validate

a computer model for tapered transmission lines for use in modelling shaped inertance tubes.

Chapter 2 reviewed the most recent developments in modelling tapered transmission lines,

and in turn indicated areas for improvements in model accuracy as well as solution symmetry.

The TLM is a recently developed modelling technique that has shown to be very accurate

and computationally efficient, and it was chosen as the candidate method for modelling

tapered transmission lines. The tapered TLM approximation model was proposed, containing

summations of weighted transfer functions. The weighting factors were found through an

optimization in the frequency domain where the objective function compared a numerical

solution of the Navier-Stokes equations to the proposed tapered TLM. The weighting factors

were found, and can be calculated by using interpolation through a series of look-up tables.
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Experimental validation of the numerical ODE solution, of which the TLM is optimized

from, was desired in order to have confidence in the proposed model. The manufacturing of

a rigid tapered transmission line proved to be challenging and expensive, and as a result a

prototype made out of polymer was constructed using three-dimensional printing technology.

This required the tapered TLM and numerical ODE solution to account for elastic pipe walls.

The experimental result, in the frequency domain, showed good agreement for higher order

harmonics, however the effects of line vibration was not accounted for. Simulations using

Matlab® Simulink® demonstrated the model’s ability to be solved in the time domain.

Subsequently connecting tapered TLM segments together in order to create transmission lines

of arbitrarily changing diameter was proposed. This chapter met the second objective, as an

accurate and validated model capable of modelling shaped inertance tubes was successfully

completed.

The subsequent chapters looked to fulfil the main objective of finding the optimal shape

of the inertance tube in order to maximize system efficiency. Chapter 3 first reviewed the

configuration of the converter analyzed in this thesis. This was then followed by defining the

dynamic models of each component in the simulation. Finally, the performance of the con-

verter was quantified by defining system and volumetric efficiencies, and by identifying the

power losses though the components in the system. Initial simulations of the converter using

parameters from previous research showed poor performance. Chapter 4 initially presented

the algorithms used to optimize the inertance tube dimensions. The results were then pre-

sented and discussed to determine the reasoning behind the different converters performance.

The best design has an increase in efficiency of over 6% compared to the traditional design us-

ing uniform inertance tubes, due to significantly reduced line loss. Also, other optimizations

had shown good performance in reducing the valve loss as well. In general, it appears that

a design containing a near-uniform section of smaller diameter and high inertance followed

by a diverging section to large diameter with low line resistance can realize efficiency gains.

The optimal design maintains the proper dynamics required in the converter to boost flow

and convert pressure. The research presented in these chapters met the main objective of

this thesis.

The research presented in this thesis has made some important contributions to the field
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of hydraulics and fluid power. While the idea that using shaped inertance tubes to increase

the efficiency of hydraulic switched inertance converters has been discussed before (Wiens,

2015), the design was not yet fully optimized to determine what shape gives the best overall

performance. The results of the optimizations presented here introduce a novel design which

has not been introduced in the literature thus far, and due to its simplicity, it should be

simpler to manufacture. The proposed design also introduces a potential for noise reduction

within realistic implementations. Noise can be reduced by limiting pressure fluctuations at

the load due to the increase capacitance near the end of the inertance tube. This could

perhaps make the technology more commercially viable than before. The research also shows

that not only is the switching valve loss significant, but the inertance tube line loss can

also be significant if not designed properly. The proposed tapered TLM model will allow

other researchers in the field, and other fields, to simulate flows in tapered channels all while

including the effects of frequency-dependent friction. Rigid and elastic walls can be simulated

with the models currently available online and ready for download (Wiens and ven der Buhs,

2017).

5.2 Recommendations for Future Work

There are a number of topics and ideas that arose from this research that could be areas

where future work can be performed. First, the presented research into shaped inertance

tubes was purely theoretical, using simulation studies as proof of concept. Future work on

this topic would be to perform experiments, involving several areas of testing. Experimental

work would involve characterizing a high speed switching valve and check valve, followed

by optimizing the dimensions of the inertance tube using the predetermined recommended

shape. Manufacturing a prototype inertance tube with internal taper has proven to be

difficult. A design by Beitel and Wiens (2015) looked at machining a rectangular groove

of fixed width and varying depth into a piece of round bar stock surrounded by a cylinder.

The groove was in the shape of a coiled helix. The research presented here only assumed a

straight intertance tube. Future research could look into modelling coiled tubes, with some

research already performed by Kogler (2012) in this area. Future research into manufacturing
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methods of shaped inertance tubes should also be performed. Then, the converter should be

tested and have the results analyzed, comparing the shaped inertance tube to the traditional

design that uses a uniform transmission line. Also, the potential reductions in audible noise

using the optimized design should also be analyzed and compared with the traditional design.

Noise has shown to be one of the major barriers to commercialization with switched inertance

converters.

Research by Wiens (2015, 2016) looked at remotely positioning the reservoir check valve at

some location along the tube length away from the switching valve as a method of improving

performance. This idea has been analyzed for lines of uniform and variable cross section,

but the combination of inertance tube shape and check valve location has not yet been

optimized together. Future research should optimize both of these power loss mitigation

methods simultaneously. The tapered TLM presented here to model shaped inertance tubes

could be applied to this research.

The optimizations presented here only considered a maximum of four tapered sections.

Future research could look at increasing the number of optimization parameters to perhaps

find a more optimal shape. As noted, as more parameters are added to the optimization,

the computation time increases significantly. For future optimizations it is recommended

that research be performed in reducing computation times. Perhaps simplifying the dynamic

model, modifying solver settings, or using a different optimization algorithm will provide

areas of improvement with this problem.

Lastly, the tapered TLM proposed in this thesis was able to account for elastic pipe wall

effects. Preliminary research on using the TLM to model uniform and tapered viscoelastic

transmission lines using a similar method to what was proposed in this thesis has been per-

formed. The ordinary differential equation describing this flow is derived in Appendix F from

the partial differential equations available in the literature. The ordinary differential equa-

tion is then solved to generate the transmission matrix, and then plotted. Some discussion is

also added on potential for integration with the TLM. The further development of this model

could have important applications not only in the field of mechanical engineering, but also in

biomedical engineering and medicine. A tapered viscoelastic TLM may be able model and

simulate blood flow in veins and arteries of variable shape. This model could also be applied
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to the modelling and fast simulation of hydraulic hoses constructed with rubber and braided

steel reinforcement.
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Appendix A

Tabulation of Tapered TLM

Parameters

The weighting factors that make up the Tapered TLM are tabulated in the following
Appendix. In total there are 13 tables: 6 tables for the individual mEi factors, 6 tables for
the individual mGi factors, and 1 table of the transmission time modifier τ . Two-dimensional
linear interpolation is required to find the parameters for any given tapered transmission
line. The top row of the table contains values of taper ratio λ. The first column of the tables
contain values of dissipation number β. These two parameters must be determined for a
given transmission line, then they are passed to the interpolation function which determines
the appropriate weighting factors given by these tables. Performing this interpolation saves
significant computation time as compared to calculating the numerical ODE solution each
time and subsequently performing the optimization.

A.1 Parameters for mEi

This section contains the parameters for the E(s) transfer function used within the TLM
structure.
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A.2 Parameters for mGi

This section contains the parameters for the G(s) transfer function used within the TLM
structure.
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A.3 Parameters for τ
This section contains the parameters for the τ parameter used within the TLM structure.
This is the wave propagation time modifier.
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Appendix B

Tapered TLM Matlab Code

The code presented in this appendix is used to generate the TLM parameters that are
collected in Appendix A. TableGenerate.m is the main m-file that generates and organizes
the look-up tables, it calls OptimizationsForTable.m to perform the parameter optmiza-
tions. This script calls ExactSolutionforOpt.m which computes the numerical solution
to the ODE, then performs the optimization using fmincon() of the objective function
TaperedObjectiveFunction.m. ExactSolutionforOpt.m computes the transmission ma-
trix terms in parallel calling t11t21venderBuhsExact.m and t12t23venderBuhsExact.m.
Inside these scripts the differential equation Q_odefun.m is solved according to the boundary
conditions Q_bcfun.m and PQ_bcfun.m depending on which transmission matrix terms are be-
ing solved. Back to the optimization, the objective function TaperedObjectiveFunction.m
calls TaperedTLMFunction.m that computes the TLM transfer functions, then TaperedTLM
TransferMatrix.m which takes the TLM transfer functions and computes the transmission
matrix terms for comparison to the numerical ODE solution. Once the TLM parameters
are fully computed, interpolateTLMparams.m is a look-up function that returns the TLM
weighting factors for any specified tapered transmission line.

B.1 TableGenerate.m

1 % This code will generate a 3D lookup table of wighting factors for the
2 % Tapered Transmission Line method as developed in ven der Buhs et. al
3 % (2017).
4
5 % References:
6
7 % J ven der Buhs and T Wiens. Modelling Dynamic Response of Hydraulic Fluid

Within Tapered Transmission Lines.
8 % Proceedings of the 15th Scandinavian International Conference on Fluid

Power, 2017
9
10
11 % Number of weighing factors used
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12 k = 6;
13
14 % Initilize counters
15 opt_failed = 0;
16 h = 1;
17
18 % Range of dissipation number (beta) (dimensionless)
19 beta = logspace(−4,0,33);
20
21 % Range of taper ratio (lambda) (dimensionless)
22 lambda = linspace(1,0.5,10);
23
24 % Preallocate parameters
25 mE = NaN(numel(lambda),k,numel(beta));
26 mG = NaN(numel(lambda),k,numel(beta));
27 tau = NaN(numel(lambda),numel(beta));
28
29 % Loop through the range of dissipation number
30 for i=1:numel(beta)
31 % Loop through the range of taper ratio. Always starting at no taper
32 % (i.e. lambda = 1) and moving towards larger taper.
33 for j=1:numel(lambda)
34 if j==1
35 % Initial guess of paramters found from reference:
36 % N Johnston. Simulink models, http://people.bath.ac.uk/ensdnj/

models/newtlm.html, 2014.
37 [ni, k2, mgi, mei, deltai] = gettlmcoeffs(beta(i), 6);
38
39 % Assign initial parameters to vector params
40 params = [mei mgi deltai];
41 elseif opt_failed==1
42 % If optimization failed on previos iteration, select initial
43 % paramters again from Johnston et al. solution.
44 [ni, k2, mgi, mei, deltai] = gettlmcoeffs(beta(i), 6);
45 params = [mei mgi deltai];
46 else
47 % If optimization was successful on previous iteration, use
48 % paramters from previous iteration as initial guess.
49 params = [mE(j−1,:,i) mG(j−1,:,i) tau(j−1,i)];
50
51 end
52
53 % The numerical solver will not arrive at a solution for small
54 % values of dissipation number (beta) and will return an error.
55 % As a result try the optimization, if an error occurs assign NaN
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56 % to the paramters and try again for the next value.
57 try
58 [mE(j,:,i), mG(j,:,i), tau(j,i)] = OptimizationsForTable(lambda(j),

beta(i),params);
59
60 % opt_failed = 0 if the optimization/solution was successful.
61 opt_failed = 0;
62
63 catch
64 mE(j,:,i) = NaN(1,k);
65 mG(j,:,i) = NaN(1,k);
66 tau(j,i) = NaN;
67 warning(['Optimization for beta = ' num2str(beta(i)) ' and lambda =

' num2str(lambda(j)) ' failed since the exact numerical
solution could not be found.'])

68 % opt_failed = 1 if the optimization/solution failed.
69 opt_failed = 1;
70 end
71
72 % Displays progress to the user (i.e. how many optimizations
73 % completed vs. how many in total)
74 disp([num2str(h) ' of ' num2str(numel(beta)*numel(lambda))]);
75
76 % Number of optimizations counter
77 h = h+1;
78 end
79 end
80
81 mE_lookup = permute(mE,[1 3 2]);
82 mG_lookup = permute(mG,[1 3 2]);
83 tau_lookup = tau;

B.2 OptimizationsForTable.m

1 function [ mE,mG,tau ] = OptimizationsForTable(lambda, beta, params0)
2 %[ mE, mG, tau ] = OptimizationsForTable(lambda, beta, params0)
3 % Inputs: lambda = Taper ratio (dimensionless)
4 % beta = dissipation number (dimensionless)
5 % params0 = Initial guess parameter vector of the form [ mE0, mG0,

tau0 ]
6 %
7 % Outputs: Optimized weighting factors
8 %
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9 % Note: Optimized parameters are not sensitive to the assumed radii and
10 % fluid properties since this model is linear. The optimal weighting
11 % factors only depend on dissipation number (beta) and taper ratio
12 % (lambda).
13 %
14 % Reference:
15 % J ven der Buhs and T Wiens. Modelling Dynamic Response of Hydraulic Fluid

Within Tapered Transmission Lines.
16 % Proceedings of the 15th Scandinavian International Conference on Fluid

Power, 2017
17
18 r1 = 20e−3; %Assume some fixed radius value (m)
19 r2 = r1*lambda; %(m)
20 nu=100e−6;%(m^2/s) kinematic viscosity
21 K=1.5e9;%(Pa) bulk modulus
22 rho=890;%(kg/m^3) density
23 c=sqrt(K/rho);%(m/s) sonic speed
24 lambda = min(r1,r2)/max(r1,r2); % Taper ratio (dimensionless)
25
26 % Assign length, L (m), based off of given dissipation number
27 L = (beta*c*max(r1,r2)^2/nu)*((9*lambda^3)/((lambda^2+lambda+1)^2));
28
29 T=L/c;% Wave propagation time (s)
30
31 k=6; %number of weighting function terms
32 n=nan(1,k);%weighting function coefficient
33 n(1)=0.3/(1+3*beta);% Equation (19)
34 for i=2:k
35 n(i)=n(i−1)*3;% Equation (19)
36 end
37 N_per_decade=50;% Number of frequency points per decade
38 omegaT_min=0.01;% Minimum omega*T for frequency points
39
40 %Log space between omegaT_min and n(end)
41 omegaT=logspace(log10(omegaT_min),log10(n(end)),round(N_per_decade*(log10(n(

end)/T)−log10(omegaT_min/T))));
42
43 omega=omegaT/T;%(rad/s) frequency
44
45 % Calculate exact transmission matrix using boundary value solver.
46 [ t11, t21, t12, t22 ] = ExactSolutionforOpt( omega, L, r1, r2, nu, rho, K );
47
48 fcn_min=@(params) TaperedObjectiveFunction( params, omega, L, r1, r2, nu, rho

, K,t11,t21,t12,t22);%objective function to minimize
49 options = optimset('MaxFunEvals',500000,'MaxIter',500000);
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50
51 % Ensure parameters are positive or 0 (i.e. set lower bound to 0)
52 lb = zeros(1,numel(params0));
53
54 % Perform optimization
55 params=fmincon(fcn_min,params0,[],[],[],[],lb,[],[],options);%optimize
56
57 mE = params(1:k);
58 mG = params((k+1):(2*k));
59 tau = params(end);

B.3 ExactSolutionforOpt.m

1 function [ t11, t21, t12, t22 ] = ExactSolutionforOpt( omega, L, r1, r2, nu,
rho, K )

2 %[ t11, t21, t12, t22 ] = ExactSolutionforOpt( omega, L, r1, r2, nu, rho, K )
3 % Calculates the exact transmission matrix for a tapered pipeline using a
4 % numerical boundary value solver. NOTE: The Parallel Computing Toolbox
5 % required.
6 %
7 % Inputs: omega = freqeuncy (rad/s)
8 % L = pipeline length (m)
9 % r1 = inlet radius (m)
10 % r2 = outlet radius (m)
11 % nu = kinematic viscosity (m^2/s)
12 % rho = density (kg/m^3)
13 % K = bulk modulus (Pa)
14 %
15 % Outputs = Four terms of the tranmission matrix [t11, t21, t12, t22] in eq
16 % (7).
17 %
18 % Reference:
19 % J ven der Buhs and T Wiens. Modelling Dynamic Response of Hydraulic Fluid

Within Tapered Transmission Lines.
20 % Proceedings of the 15th Scandinavian International Conference on Fluid

Power, 2017
21
22
23
24 A = nan(numel(omega),2);
25 B = nan(numel(omega),2);
26
27 % Loop can be computed in parallel for significant time savings.
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28 if license('test', 'distrib_computing_toolbox')
29 parfor i=1:2
30 if i==1
31 % Calculate first 2 terms of the transmission matrix
32 [A(:,i), B(:,i) ] = t11t21venderBuhsExact( omega, L, r1, r2, nu, rho,

K );
33
34 else
35 % Calculate last 2 terms of the transmission matrix
36 [ A(:,i), B(:,i) ] = t12t22venderBuhsExact( omega, L, r1, r2, nu, rho

, K );
37 end
38 end
39
40 else
41 for i=1:2
42 if i==1
43 % Calculate first 2 terms of the transmission matrix
44 [A(:,i), B(:,i) ] = t11t21venderBuhsExact( omega, L, r1, r2, nu, rho,

K );
45
46 else
47 % Calculate last 2 terms of the transmission matrix
48 [ A(:,i), B(:,i) ] = t12t22venderBuhsExact( omega, L, r1, r2, nu, rho

, K );
49 end
50 end
51 end
52
53 % Outputs
54 t11(1,1:numel(omega)) = A(:,1);
55 t21(1,1:numel(omega)) = B(:,1);
56 t12(1,1:numel(omega)) = A(:,2);
57 t22(1,1:numel(omega)) = B(:,2);
58
59 end

B.4 t11t21venderBuhsExact.m

1 function [ t11, t21 ] = t11t21venderBuhsExact( omega, L, r1, r2, nu, rho, K )
2 %[ t11, t21 ] = t11t21venderBuhsExact( omega, L, r1, r2, nu, rho, K )
3 % Solves the boundary value problem for flow in tapered pipe and returns
4 % t11 and t21 of the transmission matrix. This solver assumes a blocked
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5 % outlet with inlet flow excitation.
6 % Inputs: omega = freqeuncy (rad/s)
7 % L = pipeline length (m)
8 % r1 = inlet radius (m)
9 % r2 = outlet radius (m)
10 % nu = kinematic viscosity (m^2/s)
11 % rho = density (kg/m^3)
12 % K = bulk modulus (Pa)
13 %
14 % Outputs = Terms of the tranmission matrix [t11, t21 ] in eq (7).
15 %
16 % Reference:
17 % J ven der Buhs and T Wiens. Modelling Dynamic Response of Hydraulic Fluid

Within Tapered Transmission Lines.
18 % Proceedings of the 15th Scandinavian International Conference on Fluid

Power, 2017
19
20 %% Boundary conditions
21 Q0=1;% Flow frequency component at X=0 (Unit Input)
22 Q1=0;% Flow frequency component at X=1 (Blocked Outlet)
23
24 %% Initial guess
25 N_grid=100; % 100 points over the pipe length
26 X0=0;
27 X1=L;
28 X=linspace(X0,X1,N_grid);
29
30 y_bv0=[(Q1−Q0)/(X1−X0)*[1 1];
31 Q0 Q1];%initial guess for y at boundaries
32
33 %% Set up loop
34 P0_sol=nan(1,numel(omega));
35 P1_sol=nan(1,numel(omega));
36 Q0_sol=nan(1,numel(omega));
37 Q1_sol=nan(1,numel(omega));
38
39 for i=1:numel(omega)
40 s=1j.*omega(i);
41
42 %% set up BVP
43 odefcn=@(x,y) Q_odefun(x,y,K,nu,rho,r1,r2,L,s);
44 bcfun=@(ya,yb) Q_bcfun(ya,yb,Q0,Q1);
45 bvpinitfun=@(X) [(X−X0)/(X1−X0)*(y_bv0(1,2)−y_bv0(1,1))+y_bv0(1,1);
46 (X−X0)/(X1−X0)*(y_bv0(2,2)−y_bv0(2,1))+y_bv0(2,1)];
47 if i==1
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48 solinit = bvpinit(X,bvpinitfun);
49 end
50 options = bvpset('RelTol',1e−3);
51 %% solve
52 sol = bvp4c(odefcn,bcfun,solinit,options);
53
54 y=deval(sol,X);
55 dQ_dX=y(1,:);
56 Q=y(2,:);
57 solinit.x = X;
58 solinit.y = [dQ_dX;
59 Q];
60 y_bv0=[y(:,1) y(:,end)];%update initial guess
61
62 A = pi*(r1+(r2−r1)*X/L).^2;
63 P = −dQ_dX.*K./s./A;
64
65 Q0_sol(i)=Q(1);
66 Q1_sol(i)=Q(end);
67 P0_sol(i)=P(1);
68 P1_sol(i)=P(end);
69 end
70
71 t11 = P0_sol./P1_sol;
72
73 t21 = Q0_sol./P1_sol;

B.5 t12t22venderBuhsExact.m

1 function [ t12, t22 ] = t12t22venderBuhsExact( omega, L, r1, r2, nu, rho, K )
2 %[ t12, t22 ] = t12t22venderBuhsExact( omega, L, r1, r2, nu, rho, K )
3 % Solves the boundary value problem for flow in tapered pipe and returns
4 % t12 and t22 of the transmission matrix. This solver assumes a blocked
5 % outlet with inlet flow excitation.
6 % Inputs: omega = freqeuncy (rad/s)
7 % L = pipeline length (m)
8 % r1 = inlet radius (m)
9 % r2 = outlet radius (m)
10 % nu = kinematic viscosity (m^2/s)
11 % rho = density (kg/m^3)
12 % K = bulk modulus (Pa)
13 %
14 % Outputs = Terms of the tranmission matrix [t12, t22 ] in eq (7).
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15 %
16 % Reference:
17 % J ven der Buhs and T Wiens. Modelling Dynamic Response of Hydraulic Fluid

Within Tapered Transmission Lines.
18 % Proceedings of the 15th Scandinavian International Conference on Fluid

Power, 2017
19
20 %% Boundary conditions
21 Q0=1;% Flow frequency component at X=0 (Unit Input)
22 P1=0;% Pressure frequency component at X=1 (Constant 0 Pressure Outlet)
23
24 %% Initial guess
25 N_grid=100;
26 X0=0;
27 X1=L;
28 X=linspace(X0,X1,N_grid);
29 Q1=0.5;
30 y_bv0=[(Q1−Q0)/(X1−X0)*[1 1];
31 Q0 Q1];%initial guess for y at boundaries
32
33 %% set up loop
34 P0_sol=nan(1,numel(omega));
35 P1_sol=nan(1,numel(omega));
36 Q0_sol=nan(1,numel(omega));
37 Q1_sol=nan(1,numel(omega));
38 dQ_dX0_sol= nan(1,numel(omega));
39 dQ_dX1_sol = nan(1,numel(omega));
40
41 for i=1:numel(omega)
42 s=1j.*omega(i);
43
44 %% set up BVP
45 odefcn=@(x,y) Q_odefun(x,y,K,nu,rho,r1,r2,L,s);
46 bcfun=@(ya,yb) PQ_bcfun(ya,yb,Q0,P1,r1,r2,L,K,s);
47 bvpinitfun=@(X) [(X−X0)/(X1−X0)*(y_bv0(1,2)−y_bv0(1,1))+y_bv0(1,1);
48 (X−X0)/(X1−X0)*(y_bv0(2,2)−y_bv0(2,1))+y_bv0(2,1)];
49 if i==1
50 solinit = bvpinit(X,bvpinitfun);
51 end
52 options = bvpset('RelTol',1e−3);
53 %% solve
54 sol = bvp4c(odefcn,bcfun,solinit,options);
55
56 y=deval(sol,X);
57 dQ_dX=y(1,:);
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58 Q=y(2,:);
59 solinit.x = X;
60 solinit.y = [dQ_dX;
61 Q];
62 y_bv0=[y(:,1) y(:,end)];%update initial guess
63
64
65 A = pi*(r1+(r2−r1)*X/L).^2;
66
67 P = −dQ_dX.*K./s./A;
68
69 dQ_dX0_sol(i)=dQ_dX(1);
70 dQ_dX1_sol(i)=dQ_dX(end);
71 Q0_sol(i)=Q(1);
72 Q1_sol(i)=Q(end);
73 P0_sol(i)=P(1);
74 P1_sol(i)=P(end);
75 end
76
77 t12 = P0_sol./Q1_sol;
78 t22 = −Q0_sol./Q1_sol;

B.6 ODE and Boundary Functions

1 function dydx=Q_odefun(x,y,K,nu,rho,r1,r2,L,s)
2 %dydx=Q_odefun(x,y,K,nu,rho,r1,r2,L,s)
3 % ODE for flow in tapered pipe.
4 %
5 % Inputs: x = X;
6 % y = [dQdx;Q]
7 % K = bulk modulus (Pa)
8 % nu = kinematic viscosity (m^2/s)
9 % rho = density (kg/m^3)
10 % r1 = inlet radius (m)
11 % r2 = outlet radius (m)
12 % L = pipeline length (m)
13 % s = Laplace frequency, j*omega
14 %
15 % Output: dydx = [d2Qdx2;dQdx]
16 %
17 % Reference:
18 % J ven der Buhs and T Wiens. Modelling Dynamic Response of Hydraulic Fluid

Within Tapered Transmission Lines.
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19 % Proceedings of the 15th Scandinavian International Conference on Fluid
Power, 2017

20
21 dQdx=y(1);
22 Q=y(2);
23
24 r = r1+(r2−r1).*x/L;
25 N = −besselj(0,1j.*r.*sqrt(s./nu),1)./besselj(2,1j.*r.*sqrt(s./nu),1);
26
27 A = pi*(r1+(r2−r1)*x/L).^2;
28 dAdx = 2*pi*(r1+(r2−r1)*x/L)*(r2−r1)/L;
29 d2Qdx2 = dAdx./A.*dQdx+N.*rho.*s.^2.*Q./K;
30
31 dydx=[d2Qdx2;dQdx];

1 function res=Q_bcfun(ya,yb,Qa,Qb)
2 %res=Q_bcfun(ya,yb,Qa,Qb)
3 % Flow boundary conditions for ODE solver
4 %
5 % Inputs: ya,yb = States at inlet and outlet
6 % Qa,Qb = boundary conditions
7 %
8 % Output: res = residual
9 % Reference:
10 % J ven der Buhs and T Wiens. Modelling Dynamic Response of Hydraulic Fluid

Within Tapered Transmission Lines.
11 % Proceedings of the 15th Scandinavian International Conference on Fluid

Power, 2017
12
13 % Calculate residual, NOTE: y(2) is Q and y(1) is dQ/dx.
14 res=[ya(2)−Qa;
15 yb(2)−Qb];

1 function res=PQ_bcfun(ya,yb,Q0,P1,r1,r2,L,K,s)
2 %res=PQ_bcfun(ya,yb,Q0,P1,r1,r2,L,K,s)
3 % Pressure/Flow boundary conditions for ODE solver
4 %
5 % Inputs: ya,yb = States at inlet and outlet
6 % Q0,P1 = boundary conditions
7 % r1 = inlet radius (m)
8 % r2 = outlet radius (m)
9 % L = pipeline length (m)
10 % K = bulk modulus (Pa)
11 % s = Laplace frequency, j*omega
12 %
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13 % Output: res = residual
14 %
15 % Reference:
16 % J ven der Buhs and T Wiens. Modelling Dynamic Response of Hydraulic Fluid

Within Tapered Transmission Lines.
17 % Proceedings of the 15th Scandinavian International Conference on Fluid

Power, 2017
18
19 %Outlet Pressure
20 A1 = pi*r2^2;
21 dAdx1 = 2*pi*r2*(r2−r1)/L;
22 %P_1 = −dAdx1.*K.*yb(2)./A1.^2./s−yb(1).*K./s./A1;
23 P_1 = −yb(1).*K./s./A1;
24
25 res=[ya(2)−Q0;
26 P_1−P1];

B.7 TaperedObjectiveFunction.m

1 function [ epsilon ] = ...
2 TaperedObjectiveFunction(params, omega, L, r1, r2, nu, rho, K, t11, t21,

t12, t22)
3 %[ epsilon, t11_star, t12_star, t21_star, t22_star] =

TaperedObjectiveFunctionErrors(params, omega, L, r1, r2, nu, rho, K, t11,
t21, t12, t22)

4 % Objective function for parameter optimization.
5 %
6 % Inputs: params = optmization parameters
7 % omega = freqeuncy (rad/s)
8 % L = pipeline length (m)
9 % r1 = inlet radius (m)
10 % r2 = outlet radius (m)
11 % nu = kinematic viscosity (m^2/s)
12 % rho = density (kg/m^3)
13 % K = bulk modulus (Pa)
14 %t11,t21,t12,t22 = transmission matrix terms
15 %
16 % Reference:
17 % J ven der Buhs and T Wiens. Modelling Dynamic Response of Hydraulic Fluid

Within Tapered Transmission Lines.
18 % Proceedings of the 15th Scandinavian International Conference on Fluid

Power, 2017
19

107



20
21 %Extract optimization parameters from parameter vector
22 k = (numel(params)−1)/2;%number of weighting functions
23 mE = params(1:k);%coefficients for transfer function G_1
24
25 mG = params((k+1):(2*k));%coefficients for transfer function G
26
27 tau = params(end);
28
29 [ E_1, E_2, F_1, F_2, G_1, G_2, Zc_1, Zc_2, T_1, T_2 ] = TaperedTLMFunctions(

omega, L, r1, r2, nu, rho, K, mG, mE, tau);
30
31 [ t11_star, t12_star, t21_star, t22_star ] = TaperedTLMTransferMatrix( omega,

E_1, E_2, F_1, F_2, G_1, G_2, Zc_1, Zc_2, T_1, T_2);
32
33 c=sqrt(K/rho);%(m/s) sonic speed
34 T=L/c;%(s) transmission time
35
36 eps_12=sum((abs((t12−t12_star)/Zc_1)).^2./(omega*T));%error in T12
37 eps_21=sum((abs((t21−t21_star)*Zc_1)).^2./(omega*T));%error in T21
38 eps_11=sum(abs(t11−t11_star).^2./(omega*T));%error in T12
39 eps_22=sum(abs(t22−t22_star).^2./(omega*T));%error in T21
40
41
42 eps_E=sum(max(0, mE(3:end)−3*mE(2:(end−1))).^2);%constraint on mE. eq(26)
43 eps_G=10*max(0,sum(mG)−1).^2;%constraint on mG. eq (25)
44
45 epsilon=eps_11+eps_22+eps_12+eps_21+eps_E+eps_G;%total objective function. eq

(24)
46
47 end

B.8 TaperedTLMFunctions.m

1 function [ E_1, E_2, F_1, F_2, G_1, G_2, Zc_1, Zc_2, T_1, T_2 ] =
TaperedTLMFunctions( omega, L, r1, r2, nu, rho, K, mG, mE, tau)

2 %[ E_1, E_2, F_1, F_2, G_1, G_2, Zc_1, Zc_2, T_1, T_2 ] = TaperedTLMFunctions
( omega, L, r1, r2, nu, rho, K, mG, mE, tau)

3 %Calculates the E, F, and G transfer functions for the tapered TLM
4 %
5 % Inputs: omega = freqeuncy (rad/s)
6 % L = pipeline length (m)
7 % r1 = inlet radius (m)
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8 % r2 = outlet radius (m)
9 % nu = kinematic viscosity (m^2/s)
10 % rho = density (kg/m^3)
11 % K = bulk modulus (Pa)
12 % mG,mE,tau = parameters
13 %
14 % Outputs: Transfer functions, characteristic impedance, and wave
15 % propagation times.
16 % NOTE: Outputs are separated to allow investigation into using separate
17 % weighiting factors, propagation times, and impedance values.
18 %
19 % Reference:
20 % J ven der Buhs and T Wiens. Modelling Dynamic Response of Hydraulic Fluid

Within Tapered Transmission Lines.
21 % Proceedings of the 15th Scandinavian International Conference on Fluid

Power, 2017
22
23
24 c = sqrt(K/rho);
25 lambda = min(r1,r2)/max(r1,r2); % Taper ratio (dimensionless). eq(11)
26 beta = ((nu*L)/(c*max(r1,r2)^2))*((lambda^2+lambda+1)^2/(9*lambda^3)); %

Dimensonless dissipation number. eq(13)
27 Zc = ((3*c*rho)/(pi*max(r1,r2)^2))/(lambda^2+lambda+1); % Characteristic

impedance. eq(10)
28
29 T=L/c;%(s) Nominal propagation time
30 T_1=T*tau;%(s) adjusted transmission time forward propagation. eq(18)
31 T_2=T_1;%(s) adjusted transmission time reverse propagation
32 Zc_1 = Zc;
33 Zc_2 = Zc;
34
35 k = max([numel(mG), numel(mE)]);
36
37 n=nan(1,k);%weighting function coefficient
38 n(1)=0.3/(1+3*beta);% eq(19)
39 for i=2:k
40 n(i)=n(i−1)*3;% eq(19)
41 end
42
43 %calculate transfer function E. eq(14)
44 tmpsum=zeros(size(omega));
45 for i=1:numel(mE)
46 tmpsum=tmpsum+mE(i)./(n(i)+1j.*omega*T);
47 end
48 E_1=tmpsum*Zc_1;
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49 E_2=E_1;
50
51 %calculate transfer function F, eq (15)
52 tmpsum=0;
53 for i=1:numel(mE)
54 tmpsum=tmpsum+mE(i)/(n(i));
55 end
56 b=1−8*beta/tmpsum; % eq (16)
57 F_1=Zc_2+b*E_1;
58 F_2=F_1;
59
60 %calculate transfer function G, eq (17)
61 tmpsum=zeros(size(omega));
62 for i=1:numel(mG)
63 tmpsum=tmpsum+mG(i)*1j*omega*T./(n(i)+1j.*omega*T);
64 end
65 G_1=1−tmpsum;
66 G_2=G_1;
67
68 end

B.9 TaperedTLMTransferMatrix.m

1 function [ t11, t12, t21, t22 ] = TaperedTLMTransferMatrix( omega, E_1, E_2,
F_1, F_2, G_1, G_2, Zc_1, Zc_2, T_1, T_2 )

2 %[ t11, t12, t21, t22 ] = TaperedTLMTransferMatrix( omega, E_1, E_2, F_1, F_2
, G_1, G_2, Zc_1, Zc_2, T_1, T_2 )

3 % Calculates the transmission matrix from the TLM transfer functions,
4 % characteristic impedance, and wave propagation times.
5 %
6 % Inputs: Transfer functions, characteristic impedance, and wave
7 % propagation times.
8 %
9 % Outputs: t11,t21,t12,t22 = TLM transmission matrix terms
10 %
11 % NOTE: E, F, G, T, and Z_c are separated by _1 and _2 to allow investigation

into
12 % separate transfer functions as discussed in ven der Buhs and Wiens [2017].
13 %
14 % References:
15 % J ven der Buhs and T Wiens. Modelling Dynamic Response of Hydraulic Fluid

Within Tapered Transmission Lines.
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16 % Proceedings of the 15th Scandinavian International Conference on Fluid
Power, 2017

17 %
18 % N Johnston, M Pan, and S Kudzma. An enhanced transmission line method for

modelling laminar flow of liquid
19 % in pipelines. Journal of Systems and Control Engineering, 228(4):193Ű206,

2014.
20
21 t11 = ((E_1+Zc_1).*G_1.^(−1).*exp(1j*omega*T_1)+F_1.*G_2.*exp(−1j*omega*T_2)

)./(E_1+Zc_1+F_1); %eq (20)
22
23 t21 = ((−G_2.*exp(−1j.*omega.*T_2)+G_1.^(−1).*exp(1j*omega*T_1)))./(E_1+

Zc_1+F_1); %eq (22)
24
25 t12 = ((E_1+Zc_1).*(E_2+Zc_2).*G_1.^(−1).*exp(1j*omega*T_1)−F_1.*F_2.*G_2.*

exp(−1j*omega*T_2))./((E_1+Zc_1+F_1)); %eq (21)
26
27 t22 = −((E_2+Zc_2).*G_1.^(−1).*exp(1j*omega*T_1)+F_2.*G_2.*exp(−1j*omega*

T_2))./(E_1+Zc_1+F_1); %eq (23)
28
29 end

B.10 interpolateTLMparams.m

1 function [ mE_interp, mG_interp, tau_interp ] = interpolateTLMparams(
request_beta, request_lambda, k_request )

2 %[ mE_interp, mG_interp, tau_interp ] = interpolateTLMparams( request_beta,
request_lambda, k )

3 % This interpolates TLM transfer function parameters based on beta
4 % (dissipation number), lambda (taper ratio), and number of parameters k.
5 % Refer to ven der Buhs and Wiens, 2017 for details.
6 %
7 % References
8 % J ven der Buhs and T Wiens. Modelling Dynamic Response of Hydraulic Fluid

Within Tapered Transmission Lines. Proceedings of the 15th Scandinavian
International Conference on Fluid Power, 2017

9
10 load TaperedTLMLookupTable.mat
11
12 if k_request ~= 6
13 error('Currenly only 6 weighting factors are available, k must be 6 for

this version of the model')
14 end
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15
16 mE_interp=nan(1,k_request);
17 mG_interp=nan(1,k_request);
18
19 for i=1:k_request
20 mE_interp(i) = interp2(beta_lookup,lambda_lookup,mE_lookup(:,:,i),

request_beta,request_lambda,'linear');
21 mG_interp(i) = interp2(beta_lookup,lambda_lookup,mG_lookup(:,:,i),

request_beta,request_lambda,'linear');
22 end
23
24 tau_interp = interp2(beta_lookup,lambda_lookup,tau_lookup,request_beta,

request_lambda,'linear');
25 end
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Appendix C

CAD Drawings For Experimental

Apparatus

This Appendix contains the detailed CAD drawings for the prototype tapered transmis-
sion line used for the validation experiments presented in Chapter 2. The drawings pre-
sented here contain all dimensions and manufacturing instructions required for reproduction.
Assembly drawings contain bills of material, tabulating manufactured and purchased parts.
Hydraulic fittings have part numbers provided by Green Line® Hose and Fittings Ltd. (n.d.),
a Canadian supplier.
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Appendix D

Inertance Tube Optimization Matlab

Code

The Matlab® code provided here corresponds to the simulation and optmization of
the hydraulic buck converter analyzed in this thesis. ShapedInertanceSegmenting.m is a
function called in the shaped inertance tube Simulink® block mask that ensures tapered
segments meet a minimum taper ratio. If the minimum taper ratio is not met, the line is
segmented maintaining the same taper ratio throughout until the minimum is met. The
function then outputs the individual lengths and diameters for the individual tapered TLM
blocks making up the shaped inertance tube. Tapered3TubeOptimization.m is the main m-
file used for Optimization 4 in Chapter 4. This function calls the algorithm patternsearch()
or genetic algorithm ga(), optimizing the objective function optEffFcn.m. The objective
function simulates the model, but also calls DesiredLoadPerformance.m to find the correct
duty cycle to maintain desired load pressure.

D.1 ShapedInertanceSegmenting.m

1 function [ blockDiameters, blockLengths, N ] = ShapedInertanceSegmenting( d,
x, lambda_min )

2 % [ blockDiameters, blockLengths, N ] = ShapedInertanceSegmenting( d, x,
lambda_min )

3 %
4 % This script allowes for the specification of arbitrary tube shapes with
5 % linear tapered connections between points in the look−up table. This
6 % script will segment tapered sections that have excessive taper, by
7 % maintaining a minimum taper ratio specified by the user.
8 %
9 % Inputs: d = User specified diameter look−up table
10 % x = User specified axial position look−up table
11 % lambda_min = User specified minimum taper ratio
12 %
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13 % Outputs: blockDiameters = Look−up table of diameters of all segments
14 % including those segmented due to excessive taper.
15 % blockLengths = Look−up table of the lengths of each tapered
16 % TLM block, including those segmented due to excessive taper.
17
18 %%
19 % First find any uniform sections in the given shape
20 for i = 2:numel(d);
21 uniform(i−1) = d(i) − d(i−1);
22 end
23 uniformIndex = find(~uniform);
24 numUniform = numel(uniformIndex);
25
26 % Compute the taper ratios for all sections in the look−up table
27 for i = 2:numel(d);
28 taperRatios(i−1) = min(d(i),d(i−1))/max(d(i),d(i−1));
29 end
30
31 taperedIndex = find(abs(taperRatios − 1));
32 numTapered = numel(taperedIndex);
33
34 % We want to be within acceptable error, i.e. lower the amount of taper per
35 % section. So excessivly tapered sections need to be split up.
36
37 % Preallocate size for diameters.
38 % This ensures matrix diameters is preallocated to the maximum size of
39 % the number of segments required to avoid matrix dimension errors later on.
40 [~,index] = min(taperRatios);
41 taperRatio = taperRatios(index);
42 j = 2;
43 d_mids = 0;
44 if taperRatio <= lambda_min
45 while taperRatio <= lambda_min
46 SectionDiameters = [d(index)];
47 d_mids = (d(index)^(j−1)*d(index+1))^(1/j);
48 taperRatio = min(d(index),d_mids)/max(d(index),d_mids);
49
50 if d(index) < d(index+1)
51 for n = 1:j
52 SectionDiameters = [SectionDiameters SectionDiameters(n)/

taperRatio];
53 end
54 else
55 for n = 1:j
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56 SectionDiameters = [SectionDiameters SectionDiameters(n)*
taperRatio];

57 end
58 end
59
60 j = j+1;
61
62 end
63 diameters = zeros(1,numel(SectionDiameters));
64 end
65
66 % Segment the largely tapered sections
67 for i = taperedIndex
68 taperRatio = taperRatios(i);
69 j = 2;
70 d_mids = 0;
71 if taperRatio <= lambda_min
72 while taperRatio <= lambda_min
73 SectionDiameters = [d(i)];
74 d_mids = (d(i)^(j−1)*d(i+1))^(1/j); % Equation (3.5)
75 taperRatio = min(d(i),d_mids)/max(d(i),d_mids);
76
77 if d(i) < d(i+1)
78 for n = 1:j
79 SectionDiameters = [SectionDiameters SectionDiameters(n)/

taperRatio]; % Equation (3.6)
80 end
81 else
82 for n = 1:j
83 SectionDiameters = [SectionDiameters SectionDiameters(n)*

taperRatio]; % Equation (3.6)
84 end
85 end
86
87 j = j+1;
88
89 end
90 % Assigns the segmented diameters into 1 matrix
91 diameters(i,1:numel(SectionDiameters)) = SectionDiameters;
92 else
93 % Assigns given diameters if taper ratio is OK.
94 diameters(i,1:2) = [d(i) d(i+1)];
95 end
96 end
97

122



98
99 % Diameters selected, now interpolate the tube lengths.
100 for i = taperedIndex
101 for m = 1:nnz(diameters(i,:))
102 locations(i,m) = interp1([d(i) d(i+1)], [x(i) x(i+1)], diameters(i,m),'

linear','extrap');
103 end
104
105 for m = 1:(numel(locations(i,:))−1)
106 lengths(i,m) = locations(i,m+1) − locations(i,m);
107 end
108
109 end
110
111 % Combine 2D lengths into a 1D blockLengths matrix in order from inlet to
112 % outlet.
113 % Creates look−up table of lengths.
114 blockLengths = [];
115 for i = 1:(numTapered+numUniform)
116 if ~isempty(find(~(taperedIndex−i)))
117 blockLengths = [blockLengths lengths(i,1:nnz(lengths(i,:)>0))];
118 else
119 blockLengths = [blockLengths, x(i+1)−x(i)];
120 end
121
122 end
123
124 % Combine 2D diameters into a 1D blockDiameters matrix in order from inlet
125 % to outlet.
126 % Creates look−up table of diameters
127 blockDiameters = [d(1)];
128 for i = 1:(numTapered+numUniform)
129 if ~isempty(find(~(taperedIndex−i)))
130 blockDiameters = [blockDiameters diameters(i,2:nnz(diameters(i,:)>0))

];
131
132 else
133 blockDiameters = [blockDiameters, d(i+1)];
134
135 end
136
137 end
138
139 % Compute the number of TLM segments required in total.
140 N = nnz(blockLengths > 0);
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141
142 end

D.2 Tapered3TubeOptimization.m

1 % This script performs an optimization of the inertance tube within a
switched inertance converter.

2
3 % This script optimized 3 tapered segments, resulting tin 7 prameters of
4 % diameters and lengths
5
6 % Copyright 2017, Jeremy ven der Buhs
7
8 % Initialize model parameters. I'm using a structure here as it can be easily

passed to the objective function as a single input.
9 params.kappa_pa_0 = 24.5; % Inital guess for switching duty cycle
10 params.f_pa = 50; % Switching frequency (Hz)
11 params.P_HP = 25e6; % High pressure supply pressure (Pa)
12 params.P_LP = 10e6; % Low pressure reservoir pressure (Pa)
13 params.P_L_desired = 16e6; % Targer load pressure (Pa)
14 params.t_sw = 0.003; % Valve switching time (s)
15
16 warning off; % Suppress warning output from simulink. Warning is the buffer

size of the TLM time delays.
17
18 open Tapered3InertanceTube.slx
19
20 % This is how MATLAB command window talks with the simulink model
21 WS = get_param('Tapered3InertanceTube','modelworkspace'); % Gets the simulink

model's variable workspace
22 % Assign values from this workspace to the models workspace
23 assignin(WS,'P_HP',params.P_HP);
24 assignin(WS,'P_LP',params.P_LP);
25 assignin(WS,'f_pa',params.f_pa);
26 assignin(WS,'t_sw',params.t_sw);
27 assignin(WS,'P_L_desired',params.P_L_desired);
28
29 % Choose optimization algorithm using switch−case statements.
30 optAlgor = 'patternsearch';
31
32 switch optAlgor
33 % Pattern search alorigthm
34 case 'patternsearch'
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35 % Define our optimization function
36 fcn_min = @(dims) optEffFcn(dims, params);
37 % Lower and upper bounds
38 lb = [0.5, 0.5, 0.5, 4.5, 4.5, 4.5, 4.5];
39 ub = [8, 8, 8, 40, 40, 40, 40];
40 % Solver options
41 optionsOpt = psoptimset('Cache','on');
42 % Run patternsearch
43 x = patternsearch(fcn_min

,[3.9718,1.5419,7.2813,9.2136,8.8806,21.1802,21.8497],[],[],[],[],
lb,ub,[],optionsOpt);

44
45 % Genetic algorithm (ga)
46 case 'ga'
47 % Define our optimization function
48 fcn_min = @(dims) optEffFcn(dims, params);
49 % Lower and upper bounds on parameters
50 lb = [0.5, 0.5, 0.5, 4.5, 4.5, 4.5, 4.5];
51 ub = [8, 8, 8, 40, 40, 40, 40];
52 % Solver options
53 options = optimoptions('ga','MaxStallGenerations', 5, '

FunctionTolerance', 1e−2,'PopulationSize', 100);
54 % Run genetic algorithm
55 x = ga(fcn_min,7,[],[],[],[],lb,ub,[],[],options);
56
57 end

D.3 optEffFcn.m

1 function [ eta_sys, dims ] = optEffFcn(dims, params)
2 %[ eta_sys, dims ] = optEffFcn(dims, params)
3 % Efficiency optimization objective function. Takes inputs of
4 % inertabe tube parameters dims, and general model parameters params
5 % in the form of a structure. Outputs eta_sys being the system
6 % energetic efficiency, and dims being the dimensions of the inertance
7 % tube.
8
9 % Extract section lengths from first 3 entries of the dims vector
10 l_1 = dims(1);
11 l_2 = dims(2);
12 l_3 = dims(3);
13 % Extract section diameters from final 4 entries of the dims vector
14 d_1 = dims(4);

125



15 d_2 = dims(5);
16 d_3 = dims(6);
17 d_4 = dims(7);
18
19 % Provide some updates to the user such as the dimensions currently being
20 % simulated:
21 disp(['Length_1 = ' num2str(l_1) 'm']);
22 disp(['Length_2 = ' num2str(l_2) 'm']);
23 disp(['Length_3 = ' num2str(l_3) 'm']);
24 disp(['Diameter_1 = ' num2str(d_1) 'mm']);
25 disp(['Diameter_2 = ' num2str(d_2) 'mm']);
26 disp(['Diameter_3 = ' num2str(d_3) 'mm']);
27 disp(['Diameter_4 = ' num2str(d_4) 'mm']);
28
29 % This is how MATLAB command window talks with the simulink model.
30 WS = get_param('Tapered3InertanceTube','modelworkspace'); % Gets the simulink

model's variable workspace
31 % Assign values from this workspace to the models workspace
32 assignin(WS,'l_1',l_1);
33 assignin(WS,'l_2',l_2);
34 assignin(WS,'l_3',l_3);
35 assignin(WS,'d_1',d_1);
36 assignin(WS,'d_2',d_2);
37 assignin(WS,'d_3',d_3);
38 assignin(WS,'d_4',d_4);
39
40 % What duty cycle is needed to ensure same performance regardless of tube

dimensions?
41 options = optimset('tolX',0.01); % Set fzero tolerance
42 FUN = @(kappa_pa) DesiredLoadPerformance(kappa_pa, params.f_pa, params.

P_L_desired); % Define function
43 % Run fzero to find the correct duty cycle of the valve to operate the load
44 % at an average of params.P_L_desired.
45 kappa_pa = fzero(FUN,params.kappa_pa_0,options); %
46 % Assign the correct duty cyle
47 assignin(WS,'kappa_pa',kappa_pa);
48
49 % Had to implement a try catch structure just incase an error was thrown by
50 % simulink. Errors typically would included invalid inertance tube
51 % dimensions.
52
53 try % Try a simulation
54 simOut = sim('Tapered3InertanceTube'); % Simulate the model, and put

output data in simOut structure
55 %% Get workspace variables from the SIMULINK output
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56 % Get Load Pressure
57 P_L = simOut.get('P_L');
58 % Get Load Flow
59 Q_L = simOut.get('Q_L');
60 % Get Check Flow
61 Q_CV = simOut.get('Q_CV');
62 % Get Pressure at A
63 P_A = simOut.get('P_A');
64 % Get Switching valve Flow
65 Q_PA = simOut.get('Q_PA');
66 % Get Timeseries
67 t_sim = simOut.get('tout');
68
69 % Some code used to select the last cycle of the simulation
70 t_end = t_sim(end);
71 t_start = t_end (1/params.f_pa);
72 [~,index] = min(abs(t_sim t_start));
73
74 %% Compute Power efficiency. Useful power divided by power input
75 % Load power
76 W_load = (P_L(index:end)−params.P_LP).*Q_L(index:end);
77 % Area under curve (integration)
78 A = trapz(t_sim(index:end),W_load);
79 % Average load power
80 W_load_ave = A/(t_sim(end)−t_sim(index));
81 % System Input Power
82 W_HP = (params.P_HP−params.P_LP).*Q_PA(index:end);
83 % Area under curve (integration)
84 B = trapz(t_sim(index:end),W_HP);
85 % Average load power
86 W_HP_ave = B/(t_sim(end)−t_sim(index));
87 % Average mechanical efficiency.
88 eta_sys = −W_load_ave/W_HP_ave; % Must be negative as MATLAB's

optimization functions MINIMIZE problems.
89
90 %% Volumetric efficiency
91 % Average load flow (integration)
92 A = trapz(t_sim(index:end),Q_L(index:end));
93 Q_L_ave = A/(t_sim(end)−t_sim(index));
94 % Average switching valve flow (integration)
95 A = trapz(t_sim(index:end),Q_PA(index:end));
96 Q_PA_ave = A/(t_sim(end)−t_sim(index));
97
98 % Volumetric efficiency
99 eta_vol = Q_L_ave*(kappa_pa/100)/Q_PA_ave;
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100
101 % Update the user on the result of this objective function evaulation.
102 disp(['SysEff = ' num2str(−eta_sys*100) '%']);
103 disp(['VolEff = ' num2str(eta_vol*100) '%']);
104 disp('−−−−−−−−−−−−−−−−−−−−−−'); % Visual seperator.
105
106 catch
107 % Catch the error and assign a very poor value of efficiency. In this

case 40%.
108 eta_sys = −0.40;
109 % This allows the program to continue running if errors occur.
110 end
111
112 end

D.4 DesiredLoadPerformance.m

1 function [ fitness ] = DesiredLoadPerformance( kappa_pa, f_pa, P_L_desired)
2 %[ fitness ] = DesiredLoadPerformance( kappa_pa, f_pa, P_L_desired)
3 % Function used to find the correct valve switching duty cycle kappa_pa to

achieve
4 % a load pressure of P_L_desired. Also takes input of f_pa being the
5 % valves operating frequency. Outputs fitness, being the the actual
6 % load pressure minus P_L_desired.
7
8 % This is how MATLAB command window talks with the simulink model.
9 WS = get_param('Tapered3InertanceTube','modelworkspace'); % Gets the simulink

model's variable workspace
10
11 % Assign duty cycle from this workspace to the models workspace
12 assignin(WS,'kappa_pa',kappa_pa);
13
14 % Had to implement a try−catch structure just incase an error was thrown by
15 % simulink. Errors typically would included invalid inertance tube
16 % dimensions.
17
18 try % Try a simulation
19 simOut = sim('Tapered3InertanceTube'); % Simulate the model, and put

output data in simOut structure
20 % Get Load Pressure
21 P_L = simOut.get('P_L');
22 % Get Timeseries
23 t_sim = simOut.get('tout');
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24
25 % Some code used to select the last cycle of the simulation
26 t_end = t_sim(end);
27 t_start = t_end − (1/f_pa);
28 [~,index] = min(abs(t_sim−t_start));
29
30 % Integration to find average load pressure over last cycle
31 A = trapz(t_sim(index:end),P_L(index:end));
32 % Average load pressure
33 P_L_ave = A/(t_sim(end)−t_sim(index));
34
35 % Evaluate fitness, how close the actual load pressure it to the desired

load pressure
36 fitness = P_L_ave − P_L_desired;
37
38 % Provide the user with some information
39 disp(['kappa_pa = ' num2str(kappa_pa)])
40 disp(['Load Pressure = ' num2str(P_L_ave)])
41
42 catch
43 % Catch error, if any, and make fitness 0. This way fzero will stop

immediately and will be caught in optEffFcn and will be assigned a
poor value of efficiency.

44 fitness = 0;
45 end
46
47 end
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Appendix E

Tabulation of Parameters

This Appendix provides two tables of the physical parameters used for simulations and
computations presented in this thesis. All parameters are reported using Système Interna-
tional (SI) units with imperial values and units reported in parenthesis where provided. Table
E.1 contains the parameters of the experimental apparatus, and those used for theoretical
calculations in Chapter 2.

Table E.1: Parameters of the experimental apparatus

Parameter Value Unit
l 270 mm
r1 4.9 mm
r2 6.15 mm
e 3.18 (1/8) mm (in)
E 2 GPa
νp 0.3 -
ps 1379 (200) kPa (psi)
ρ 882 a kg/m3

Tp 23 ◦C
ν 180×10−6 b m2/s
K 1.5 c GPa
Vp ±15 V
fs 10 kHz

a Fluid used was Mobil™ Nuto™ H
68 hydaulic oil.
b Determined using ASTM D341 - 09
(Reapproved 2015).
c Difficult to measure directly, there-
fore tuned to give satisfactory results.

Table E.2 contains the parameters used for the initial simulations in Chapter 3, as well
as the optimizations performed in Chapter 4. The diameter and location look-up tables, d
and xd, included here are only for the initial simulation, the optimized values in Table 4.1
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are used for the simulations and calculations in Chapter 4.

Table E.2: Parameters used for simulation

Parameter Value Unit
ps 25 MPa
pt 10 MPa
tsw 3 ms
fpa 50 Hz
κpa 54% -

Apa,min 25 mm2

Apa,min 0.001 mm2

Apa,max 10 mm2

Ata,min 0.001 mm2

Ata,max 96.2 mm2

pcr 0 kPa
por 10 kPa
Cd 0.61 -
ρ 860 kg/m3

µ/ν 39.6/46.0 cP/cSt
K 1.4 GPa
Rcr 1000 -
d [5 5] mm
xd [0 6.38] m
Vl 0.32 L
Al 2.14 mm2

Solver ode23t -
relTol 1× 10−6 -
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Appendix F

Transmission Line Modelling of

Viscoelastic Pipes

This Appendix proposes the exact transmission matrix used for computing the fluid dy-
namics in long fluid-filled tapered viscoelastic transmission lines. The work presented here
takes the partial differential equations given by Covas et al. (2005) for uniform lines and
applies it to tapered lines. The main goal of the derivation is to get the partial differential
equations into a single ordinary differential equation so it can be solved. The work presented
here takes it further by providing the Laplace transform of the Navier-Stokes equations for
application to the TLM weighing factor optimization for tapered lines. Selected equations
are presented here, however if more information on the derivation is required, please refer to
the paper by Covas et al.

F.1 Derivation of the Differential Equation
A tapered viscoelastic transmission line has a schematic given by Figure F.1.

The internal radius varies linearly over the length of the line given by the following
equation:

r(x) = r1 + (r2 − r1)x
l

, (F.1)

with the internal cross sectional area given as:

A(x) = π

[
r1 + (r2 − r1)x

l

]2

. (F.2)

The Navier-Stokes equation of motion is the same as presented in Chapter 2 (Viersma,
1980):

∂P (x, s)
∂x

+ ρs

A(x)Q(x, s)N(x, s) = 0, (F.3)
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Figure F.1: Schematic of a tapered transmission line with viscoelastic wall effects.
Note that constant wall thickness is maintained throughout the length of the pipe.
Angle, θ, is assumed to be small.

however the continuity equation is modified to include the effects of wall viscoelasticity,
represented in the time-domain here using pressure, p, instead of pressure head, H, as in
Covas et al. (2005):

dp(x, t)
dt

+ ρce(x)2

A(x)
∂q(x, t)
∂x

+ 2ρce(x)2dεr(x, t)
dt

= 0. (F.4)

Here the elastic wavespeed is ce(x), and the retarded strain due to wall viscoelasticity is
εr(x, t). Since the wavespeed is considerably larger than the fluid velocity, the convective
terms when expanding the total time derivatives are neglected yielding the following differ-
ential equation:

∂p(x, t)
∂t

+ ρce(x)2

A(x)
∂q(x, t)
∂x

+ 2ρce(x)2∂εr(x, t)
∂t

= 0. (F.5)

Then taking the Laplace transform of continuity Equation (F.5) and dividing through by
s:

P (x, s) + ρce(x)2

A(x)s
∂Q(x, s)
∂x

+ 2ρce(x)2ε̂r(x, s) = 0, (F.6)

where the elastic wavespeed is defined as:

ce(x) =

√√√√√√√√
K

ρ

1 + α
2Kr(x)
eE0

, (F.7)
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and the axial effects are calculated by:

α =


1− νp

2 Anchored upstream,
1− ν2

p Anchored throughout,
1 Anchored with expansion joints.

. (F.8)

The Laplace transform of the retarded strain within the viscoelastic wall, ε̂r(x, s), requires
further derivation. The wall material is assumed to be a generalized Kelvin-Voigt viscoelastic
model shown schematically in Figure F.2. The model contains a combination of spring and
dashpot elements connected in series and parallel to describe the overall dynamics.
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Figure F.2: Schematic representation of the generalized Kelvin-Voigt viscoelastic solid
mechanical model. Here Ek is the elastic modulus for the kth element, and Dk is the
dashpot viscosity of the kth element.

The dynamics of the viscoelastic wall is computed by the creep compliance function:

J(t) = J0 +
N∑
k=1

Jk

(
1− e

−t
τk

)
(F.9)

where J0 = 1
E0

for the first spring element, and Jk = 1
Ek

for subsequent elements. The
retardation time of each element, τk, is defined as τk = Dk

Ek
. Typically these parameters are

found from experimental creep compliance calibrations of the material (Covas et al., 2005).
Therefore the total retarded strain, εr(x, t), is computed as a summation of the retarded
strain of each Kelvin-Voigt element:

εr(x, t) =
N∑
k=1

εrk(x, t) (F.10)

where each strain element, εrk(x, t), is defined by the integral:

εrk(x, t) =
∫ t

0
f(x, t− t′)Jk

τk
e
−t′
τk dt′. (F.11)

The last two terms of the integral come from taking the derivative of the creep-compliance
function with respect to time. The function f(x, t) relates to how the fluid pressure creates
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circumferential stress on the pipe wall defined as:

f(x, t) = αr(x)
e

[p(x, t)− po(x)] (F.12)

where po(x) is the initial steady state pressure at location x, which will be assumed to be zero
as the TLM assumes zero initial conditions. The next step is to take the Laplace transform
of Equation (F.10) giving:

ε̂r(x, s) =
N∑
k=1

ε̂rk(x, s)

=
N∑
k=1

L
[∫ t

0
f(x, t− t′)Jk

τk
e
−t′
τk dt′

] (F.13)

where Equation (F.13) is evaluated using the transform identify given by:

L
[∫ t

0
g(t− t′)h(t′)dt′

]
= G(s)H(s). (F.14)

The following relations to the identity are made:

g(t) = f(x, t) = αr(x)
e

p(x, t)

h(t) = Jk
τk
e
−t
τk

(F.15)

then taking the corresponding Laplace transforms:

G(s) = F (x, s) = αr(x)
e

P (x, s)

H(s) = Jk
τk

1
s+ 1

τk

= Jk
τk

τk
τks+ 1 = Jk

τks+ 1 .
(F.16)

By substituting these equations, the Laplace transform of the retarded strain is found to be:

ε̂r(x, t) = αr(x)
e

P (x, s)
N∑
k=1

Jk
τks+ 1 . (F.17)

Then substituting Equation (F.17) into Equation (F.6) yields:

P (x, s) + ρce(x)2

A(x)s
∂Q(x, s)
∂x

+ 2ρce(x)2αr(x)
e

N∑
k=1

Jk
τks+ 1P (x, s) = 0. (F.18)

Then combining the two pressure terms gives:(
1 + 2ρce(x)2αr(x)

e

N∑
k=1

Jk
τks+ 1

)
P (x, s) + ρce(x)2

A(x)s
∂Q(x, s)
∂x

= 0. (F.19)
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Equation (F.19) is then rearranged as:

P (x, s) +

ρce(x)2

A(x)s(
1 + 2ρce(x)2αr(x)

e

∑N
k=1

Jk
τks+ 1

) ∂Q(x, s)
∂x

= 0. (F.20)

Then simplifying to:

P (x, s) + 1
A(x)ψ(x, s)s

∂Q(x, s)
∂x

= 0, (F.21)

where ψ(x, s) represents the compressibility of the fluid and pipe wall together:

ψ(x, s) = 1
K

+ 2αr(x)
e

W (s), (F.22)

where the wall mechanical system is given as:

W (s) = J0 +
N∑
k=1

Jk
τks+ 1 . (F.23)

Taking the partial derivative of Equation (F.21) with respect to x and solving for the
derivative of pressure yields:

∂P (x, s)
∂x

=
[

1
A(x)2ψ(x, s)s

dA(x)
dx

+ 1
A(x)ψ(x, s)2s

∂ψ(x, s)
∂x

]
∂Q(x, s)
∂x

− 1
A(x)ψ(x, s)s

∂2Q(x, s)
∂x2

(F.24)
then substituting Equation (F.24) into Equation F.3 and simplifying yields the final ordinary
differential equation:

∂2Q(x, s)
∂x2 −

[
1

A(x)
dA(x)
dx

+ 1
ψ(x, s)

∂ψ(x, s)
∂x

]
∂Q(x, s)
∂x

− ρψ(x, s)s2Q(x, s)N(x, s) = 0,

(F.25)
where

dA(x)
dx

= 2π
[
r2 − r1

l

] [
r1 + (r2 − r1)x

l

]
, (F.26)

and

∂ψ(x, s)
∂x

= 2αW (s)
e

[
r2 − r1

l

]
. (F.27)

F.2 Results
Now with the ode derived, it is solved numerically, resulting in a transmission matrix given in
Equation (F.28). They are solved using code similar to the Matlab m-files ExactSolution
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forOpt.m, t11t21venderBuhsExact.m, and t12t22venderBuhsExact.m in Appendix B.3,
B.4 and B.5. It uses bvp4c() as the numerical solver to find the txx entries of the exact
transmission matrix. Setting Q2 to 0 allows for t11 and t21 to be found, and by setting P2 to
0 allows for the solution of the other two entries, t12 and t22. The boundary value problem
is solved for every value of frequency.(

P1
Q1Zc

)
=
(
t11 t12
t21 t22

)(
P2
Q2Zc

)
. (F.28)

The parameters used for calculation are provided in Table F.1 below, and the computed
transmission matrix terms of Equation (F.28) are provided in the following Figures F.3 - F.6.
In the Figures, results of a purely elastic pipe wall are also provided to show the difference
that viscoelasticity has on the dynamic response. The same parameters are used between
the computations of elastic and viscoelastic, except the creep compliance terms J1, J2 and
J3 are set to zero for the elastic case.

Table F.1: Parameters used for computing the tapered viscoelastic transmission ma-
trix. Viscoelastic properties of high-density polyethylene used for computations from
Soares et al. (2008).

Parameter Value Unit
r1 10 mm
r2 12 mm
l 5 m
e 1 mm
νp 0.3 -

Axial effect Anchored upstream -
E 1.4 GPa
J1 0.104 GPa−1

J2 0.124 GPa−1

J3 0.410 GPa−1

τ1 0.05 s
τ2 0.50 s
τ3 10 s
K 1.5 GPa
ν 100 cSt
ρ 890 kg/m3

F.3 Conclusions and Recommendations
This Appendix looked at finding the differential equation for flow through tapered viscoelastic
transmission lines for application to the TLM approximation. The time domain continuity
equation from Covas et al. (2005) was transformed into the Laplace domain and substituted
into the momentum Navier-Stokes equation resulting in an overall second order differential
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Figure F.3: The t11 transfer function in the transmission matrix for the analyzed
viscoelastic and elastic tapered transmission line.
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Figure F.4: The t12 transfer function in the transmission matrix for the analyzed
viscoelastic and elastic tapered transmission line.
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Figure F.5: The t21 transfer function in the transmission matrix for the analyzed
viscoelastic and elastic tapered transmission line.
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Figure F.6: The t22 transfer function in the transmission matrix for the analyzed
viscoelastic and elastic tapered transmission line.
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equation. Transmission matrix terms were computed using a boundary value solver and
plotted for a pipeline of common hydraulic fluid properties, and viscoelastic properties of
HDPE.

Future work on this topic should look at applying the TLM in order to simulate the dy-
namics quickly in the time domain. The dissipation number, β, and characteristic impedance,
Zc, would need to be derived in order to find and tabulate the TLM weighting factors. This
could, however, propose a challenge as the wavespeed in the viscoelastic line is not a constant
value due to the frequency dependence of the wall model, an observation also made by Suo
and Wylie (1990). The wall model W (s) has its frequency response plotted in Figure F.7.
What can be seen is that the magnitude response decreases from a constant value to a lower
constant value at fairly low frequency. The phase response also shows changes at low fre-
quency, but remains constant at higher frequencies. At high frequency, the viscoelastic wall
model converges to the results of the purely elastic wall. The effect the wall model has oc-
curs primarily at lower frequencies for this pipeline, a point where the pipe doesn’t naturally
resonate. This explains why the transmission matrix terms plotted in the previous section
look very similar between elastic and viscoelastic cases. The largest difference between the
two wall models can be seen at lower frequencies. It appears that the inclusion of viscoelastic
effects increases the dissipation and damping within the response, which intuitively makes
sense due to the presence of viscous dampers inside the Kelvin-Voigt wall model. It is be-
lieved that a TLM approximation should be able to fit the numerical solutions for HDPE
material presented here. However, this may not be true for other materials in which the
viscoelastic dynamics of the wall create non-linearities in the frequency response that cannot
be accounted for by the TLM.
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Figure F.7: The frequency response of the wall mechanical model for a viscoelastic
and purely elastic pipe wall.
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