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Abstract

We present a unifying approach to deformations of an associative algebra A that
allows to derive known formulas of Moyal-Vey (1949) and Coll-Gerstenhaber-Giaquinto
(1989) from a more general point of view. Such universal deformation formulas corre-
spond to special deformations of the comultiplication of a bialgebra.

1 Introduction

Let K be a ring containing the field Q of rational numbers, K’ = K[[h]] be the algebra of
formal series on h and (A, pu4) a K-algebra. This algebra structure extends in a natural
way by K'-linearity to the algebra A’ := A[[h]] of power series in h with coefficients in A
that we will denote by some abuse of notation also by p4. The aim of this paper is to
study deformations of this structure.

DEFINITION 1 A (formal) deformation of the K-algebra A is an algebra structure Ay =
(A, ) on A" with

Ly = ,uA—I—thcpk A @A — AL
k=1

For pj, to be associative in first order on h, ¢ must fulfill the property

p1(araz, az) + pi(ay, az)as = ¢1(ar, azaz) + aypy(az, az)

for ay, as, a3 € A, i.e. has to be a 2-cocycle in the Hochschild complex of A. Such a 2-cocycle
1 is called an infinitesimal of the deformation. We restrict ourselves to the case when the
2-cochains ¢y have the form o = pg 0 Py, where P, : A®@ A - A® A are K —linear maps.
Given a 2-cocycle S := P, we try to define Py for k > 2 so that py is associative.

In practical applications such a 2-cocycle often appears as the product of l-cocycles
S =D®F, where D, I are elements of a certain Lie algebra G acting by derivations on A.
There are two famous results that describe prolongations of such 2-cocycles to associative
multiplications on Ap:
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THEOREM 1 (Moyal - Vey, [7], [3]) If the Abelian Lie algebra G acts on a K-algebra A
by derivations, then for any element S € G @ G the composition s o S is a 2-cocycle and

the multiplication

Hrn = HA o

18 associative.

TueOREM 2 (V.Coll, M.Gerstenhaber, A.Giaquinto, [1]) If the 2-dimensional Lie algebra
G with generators E, D and commutator relation [E, D] = E acts on the K-algebra A by
derivations, then for S = E®@ D the composition 405 is a 2-cocycle and the multiplication

pn =pao(l+hE® 1)1®D
18 associative.

Both theorems were first proved by direct calculations. For Moyal-Vey’s theorem these
computations are straightforward and use only the Leibniz rule, since D and E commute.
The second result is less elementary. We will refer to this example as Gerstenhaber’s.

Below we present a unifying approach to these results and give some generalizations of
the above formulas. It is based on the notion of an admissible bialgebra action on A that
allows to derive both results as partial cases of a more general principle to construct algebra
deformations. More precisely, we replace the universal enveloping algebra Uy (G) of the Lie
algebra G by a bialgebra B and define conditions on an element P € (B ® B)[[h]] such that
for any admissible bialgebra action p : B — Endg (A) the composition p, = pao(p@p)(P)
defines a deformation of A, i.e. we construct universal deformation formulas in the spirit of
[5]. It turns out that for a consistent theory deformations of A have to be associated with
deformations of the comultiplication of B leaving this way the class of universal enveloping
algebras.

Different aspects of such a theory are demonstrated on Gerstenhaber’s example. It
turns out, that in this case on the deformed bialgebra there is a h-independent K-bialgebra
structure that already exists in the first order deformation.

These investigations were stimulated by several discussions of the second author with
R.-O. Buchweitz during a one month stay at the University of Toronto in december 1992
and elaborated further during several visits to the University of Leipzig.

Some of the ideas were considered in the articles [9], [10].

2 Admissible bialgebra actions on algebras

Let (B, up,Ap) be a bialgebra as defined, for example, in [2]. Here pup denotes the algebra
multiplication and Ag : B — B ® B the comultiplication. We use the standard notion
where an integer index of an operator, acting on a tensor product, denotes the tensor
cofactor, on which the operator acts. For example,

A¢:C®n—>0®(”+1):cl®...®cnb—>cl®...®ci_1®A(Ci)®ci+1®...®cn,

A28 A9 5 A 0 @ay @ az— ap © palaz @ as) = a; @ azas.



For b E B we use the Sweedler notation A(b) = >7b(y) y and AA(b) = AyA(b) =
>-ba) 2) @ b(z) if we need to exploit their special structure as elements of B ® B resp.
B® B ® B

For a K-coalgebra C' there is a notion of cohomology groups H™(K, (') as explained
e.g. in [6]. They are the homologies of the complex

0 C —s ... Sy 0Ok

where for S € C®* the coboundary formula is defined as

55_1®5+Z D'AS + (1) S @ 1.

=1

Especially, a 1-cocycle X € C fulfills the condition A(X) = X; + X;3. For a 2-cocycle
S e C @k C weget Ay(S)+ Sz = Ay(S5) + Sta.

For any two left modules (M, var), (N, vy) over the algebra B the tensor product M @
N has a natural structure as left module over the algebra B defined by

Sa3

VM@N ° B@(M@N) 5 (B@B)@ (M@ N) = (B®M)®(B®N)”L®U>NM®N.

If a bialgebra B acts on a K-algebra A by p: B — Endx (A) we have the natural condition
that pg : A® A — A is a B-module homomorphism, i.e.

Ao A A A
(P@p)oAB(b)| 120
Ao A A A

commutes, where A ® A is equipped with the B-module structure just defined. For b € B
and aq,a; € A we get the following condition:

pa(b)(palar @ az)) = pa(papa(b) (a1 @ az))

or more explicitly
p(b)(ay-az) = plby p(bz))(az)
This can be written as

Voe B p(b)ops=pao(p@p)oAp(b) (1)

DEFINITION 2 : A homomorphism p : B — Endg(A) of K-algebras, that satisfies the
compatibility condition (1) between pa and Ap is called an admissible action of the bialgebra
(B, uB,Ag) on the K-algebra A.

For the sake of simplicity we often will omit the symbol of the action p. Then, for example,
(1) has the form

bops=pa0Ap(b) or blajaz) Zb as)



for aj,ay € A,b € B.

This definition generalizes to bialgebras the concept of actions of universal enveloping
algebrasinduced by Lie algebra of derivations. Indeed, given an algebra A and a Lie algebra
G acting on A, the universal enveloping algebra B = U(G) has a natural bialgebra structure
with comultiplication A defined by

AX)=X@1+10X for X € G.
Then the action of B on A is admissible iff for X € G and a1,a5 € A
X(ap-az) =pa (X @1+10 X)(a1 @ az)) = (Xai)az + a1(Xag),

i.e. X is a derivation of A.
Note that an action of a bialgebra B on a K-algebra A is defined by the action of the
generators of B on the generators of A.

EXAMPLES:

1. The left action of A on itself is an admissible bialgebra action, if we define A(L,) =
L, @1 for the left action L, € Endg(A) of a € A. Analogously the right action of A°” on
A is an admissible bialgebra action wrt. A(R,) = 1® R,.

This may be extended to an admissible action of the enveloping algebra A® := A®y AP
on A, where the comultiplication is given by the rule A(z ®@ y) = (z @ 1) @ (1@ y). If
A® = Endg (A), e.g. for a matrix algebra M, (K'), this construction allows to introduce an
admissible bialgebra structure on the whole algebra of endomorphisms End g (A).

2. The natural action of the bialgebra B = K[Q%, e 8%] on A= K[zy,...,z,]is an
admissible bialgebra action, since B is the universal enveloping algebra of an Abelian Lie
algebra acting on A by derivations.

3. It induces an action of the Weyl algebra W = A @k B on A that is an admissible
bialgebra action on A with respect to the natural bialgebra structure on W obtained by
scalar extension K — A from B. More precisely, the multiplication on W is induced by
the commutation rules

=0t

ox; Jdx;
and the comultiplication by the corresponding rules on A and B
A(z;))=2z;,®1 and A(a)— 0 R1+1®
Yo dz;” Oz ox;’

4. This may be generalized to arbitrary Lie algebras G acting on A by derivations.
Indeed, the admissible bialgebra action of the universal enveloping algebra B = U(G) on A
described above may be extended to an admissible bialgebra action on W = A@x B = A[J]
on A, if we extend multiplication and comultiplication on W by the following rules:

Xa=X(a)+a-X, Ale)=a®1l, AX)=X1+13X.

Here and below ¢ € A and X € G are identified with their images in W under the embed-
dings A v A@1lCcWand§—-10G C W.

5. This may be generalized once more: For any admissible action of a bialgebra B
on an algebra A there is a natural bialgebra structure on the K-module W := A° @ B



extending those of A® and B. As above we have only to define the product b - (z @ y) for
be B, (x®y) € A°. As easily seen the correct rule is

b-(z@y) =D (bay(®) © bz (y)) - bea),
where AjA(b) = A2 A(b) = 37 b(1) @ b(z) @ bysy are obtained from the comultiplication rule

on B. Again admissibility of the B-action on A guarantees that the given rules define a
bialgebra structure on W and the natural action of W on A is admissible.

REMARK: The only place we found in the literature, where a condition similar to (1)
was considered, is the following general result [5, Lemma 9.2.]:

Let V' be any vector space, p : k(V) @ k(V) — k(V) be the multiplication in
the free (=tensor) algebra k(V), C C End(k(V)) be a subspace of the linear
endomorphisms, and A : C — C @ C be a linear map such that pAf(a @ b) =
flab) for all f € C,a,b€ k(V). Then A is coassociative, i.e. C is a coalgebra.

If moreover C'is a subalgebra of End(k(V)) and A a k-algebra homomorphism the natural
action of the bialgebra (C, uc, A) on k(V) is admissible.

3 Deformations of algebras with an admissible bialgebra ac-
tion

The main idea of this section is the observation that for both formulae considered in the
introduction the deformed multiplication has the form u, = 4 o P for a certain element
P e (U(G) & U@))[A]]

So let B be a bialgebra with an admissible action on A as in the last section. As
above the bialgebra structure extends to B’ = B[[h]] by K'-linearity in such a way that
(B', up, Ap) acts admissible on (A, u4). Below we consider the question, how deformations
of the algebra structure on A are related to those of the bialgebra B.

Let’s consider the condition that must be fulfilled by an element P = 143772, hiP(i) €
B' @y B' = (B @k B)[[h]] for pr, = pa o P to be associative.

0= ppo(fni2 — ph23) = Lo Po(p0Prg — pos o Pas)
Since B acts admissible we get Po 12 = 120 Ay (P), Po pig3 = pieg 0 Ay (P) and altogether
0= popz0 (A (P)Pra— As(P)Pys)
Hence
Ay (P)P12 — Ay(P)Pe3 =0 (2)

is a sufficient condition for P to make pj associative for any admissible B-action on A.
This yields already a proof of the following generalization of the Moyal-Vey formula.

THEOREM 3 If the commutative bialgebra B acts admissible on A then for any 2-cocycle

S € B® B the multiplication

Hrn = HA o

18 associative.



PrOOF: Indeed, for P = " condition (2) is equivalent to

FALS) o hS12 _ b2 (S) o hSas

and finally to
A1 (9) + S12 = Ag(S) + 523. O

EXAMPLE : Let us consider the commutative bialgebra B with the free generators
E;, D' L1 eC,ij=1,...,nand the comultiplication that using the matrix notation

Dl
D? ;
E=(F, Fy; ... E,), D= .|, L=(L]),
DTL
may be written in the following form

A(E) =E;L; + E27 A(D) =Dy + L1D27 A(L) =L;Ls.

Then the 2-cochain S = E;Dy = 3%, F; ® D' is a cocycle and the power series P = ¢"°
satisfies the equation (2).

If B acts admissible on an algebra A this yields an explicit formula for a deformation
of A that doesn’t fit into the frame of theorem 1.

The solution P = e of (2) described in theorem 3 is expressed as an exponential
function. Since f(z,h) = ¢" is the solution of the differential equation % = x - f with
initial condition f(z,0) =1 the expression

P

S, = P—la—h € (B@ B)[[h]

also may play a crucial role for other applications. Note that the power series P is uniquely
defined by S} but their connection may be more difficult to describe than in theorem 3.
Since Sp|p=0 = P(l) coincides with the element S € B ® B defined in the introduction, Sy,
is a deformation of S’ (in a sense to be specified).

Under certain additional assumptions the condition (2) may be reformulated as a con-
dition on Sj. For example, if S = 5}, does not depend on h we get P = exp(hS) and (2)
may be reformulated as

hAL(S) | hS1a _ hA2(S) | ohSes — ()

If the exponents mutually commute, i.e. [A{(S), S12] = [A2(Y), S23] = 0 we can rewrite

this equation as
HAL(S)+512) _ h(As(5)+523) _

that holds for any 2-cocycle S. Thus we proved the following generalization of the previous
theorem.

THEOREM 4 Let S be a 2-cocycle of a (of a not necessarily commutative) bialgebra B and
[A1(S), S12]) = [A2(S), Sa23] = 0.
Then P = exp(hS) satisfies the eq. (2). O



4 A first proof of Gerstenhaber’s formula

With some more effort we also may prove Gerstenhaber’s formula. By (2) we only have to
show

V(B + Bz, D3) ¥(E1, D2) = ¢(E1, D2 + Ds) ¥(Es, Ds) (3)
for (E,D)= P = (14 hEy)P2.
To see this lets first collect several helpful identities :
LEMMA 1 For f,g € K[z][[h]] we get
L. E*f(D) = f(D+n)E",
2. [D, f(E)] = =23 () |o=p,
. J(E)D = (D + EqpIn f(£)) - f(B),
. f(E)g(D) = g(D + EZ:1n f(E)) - f(E) (note that g(D + ELxIn f(E)) is a function

with non commutmg arguments !),

[9Y)

N

o0 D
D k ok
=Y nE 7
k=0 (k)

x vz —1)...(z—k+1 >
(k) = ( ) k'( + ), such that (1—|—hx)y:thxk(Z).

k=0
6. f(E)e*P = P f(e”E) and P f(F) = f(L£)eP.

In particular

7. (L+ha)P f(E) = f(i5z) (1 + ha)P.

PrOOF: These formulas may be proved immediately by straightforward computations. 1.
— 5. follow almost directly from the commutation rule [F, D] = E and linearity. To prove
6. we obtain from 1. for f =3 aza”

Z akEk oD _ Zake D-I—k Z ake akEk

=P i ap(e*E) = P f(e?E). O

There is a more rigid result than theorem 2:



THEOREM 5 A power series f(x,y) € K[z, y][[h]] with f(0,y) =1, f.(0,y) = hy satisfies
(3) iff f =, ice.

flz,y)= (1 +ha)? = ihkxk (Z)

k=0

Proor: Replacing in (3) the commuting variables Fy, D3 by @ resp. y and the remaining
non commuting Dy, F5 by D, F we have to solve the equation

fla+Ey)f(z, D)= f(z, D+ y) f(E,y).

We will solve this functional equation transforming it to a differential equation for f. Take
the first derivative with respect to z

ez 4+ Ey) f(z, D)+ f(z + E,y) fulz, D) = folz, D+y) f(E,y)

and set x = 0. Then (f(0,y) =1, f.(0,y) = hy)

Je(Eyy)+ f(E,y)hD = k(D +y) f(E,y)

or

[o(Eyy) =D, f(E, y)]+ hyf(E,y). (4)
Lemma 1 yields

(D, F(E )] = By 1, y) = B (B ).

Substituting this expression in (4) we get an equation in £ only.

Its integral with respect to the initial conditions yields f(z,y) = (1 4+ hz)?Y and vice
versa. O

5 A bialgebra deformation

An extended version of the condition (2) is contained in the following theorem:

THEOREM 6 Assume that the bialgebra (B, up, Ag) acts admissibly on A and P € 1+
h(B @ B)[[h]] satisfies condition (2). Then for A" = A[[h]] and B" = B[[h]]

1. Ay = (A up = pao P) is a K'-algebra.
2. B = (B, up,Ap) with Ap(b) :== P"*Ap(b) P is a bialgebra.
3. The natural (K'-linear) bialgebra action of By, on Ay, is admissible.

4. Sy = P_l% is a 2-cocycle of the coalgebra (B', Ay).



PRrROOF: 2. One has only to prove the coassociativity of Ay, i.e.
Vbe B Ap10Ap) = Apg0Ap(D).
With the definition of A, the left hand side of this expression expands as
PR AR 1 (PTYAB(D)P) Ps.
Applying the multiplicativity of A we finally obtain

(P5'AB1(P™) (Ap1(AB(D) (Apa(P)Pra)

and analogously for the right hand side
(P5'AB2AP™Y) (Apa(AB(1) (Apa(P)Pas).

But the left and right bracket terms are equal by (2) and its inverse whereas the middle
bracket terms are the same by the coassociativity of Apg.
3. We have only to prove that condition (1) is fulfilled, i.e.

bopp=bousoP =ppoA,(b)=ps0Apg(b)oP.

But this follows immediately from (1) for B.
4. From (2) and the definition of A, we obtain

PiaAp 1 (P) — PasAp o(P) = 0.
Since aa—hP = P S}, the derivative of (2) yields
A (PSR)Pia+ A1 (P)Pi2Shi2 = Ao(PSk) Pas + Ao (P) Pa3Sh 23.
Note that further
Ay (PSp) P2 = A(P)A1(Sh) Pra = Ay (P) PraAp 1 (Sh)
and also

Az (PSp) Paz = Ao (P)PazAp 2(Sh)-

Altogether we obtain
Al(P)Plz . (Sh(S) =0.

Hence 65, (.5) = 0 since the first cofactor is invertible. O

This theorem shows that our approach to algebra deformations through admissible
bialgebra actions is a very natural one. It does not only allow to formulate a condition
on P that implies the associativity of pp, = g o P but also yields a deformation of the
coalgebra structure on B in such a way that the deformation process may be iterated.
Its this point where we leave the original setting of (universal enveloping algebras of) Lie
algebras acting by derivations, since the deformed comultiplication rule is usually more

difficult.



Let’s explain these changes on Gerstenhaber’s example. For P = (1 + hE;)P? we get
as new comultiplication

Ap(E) = PTYAR(E)P = (14 hEy) P2 (B + Fy) (14 hisy) P>
Applying the rules collected in lemma 1 we get
AW(E) = By + BEy(1+ hE) P2 (1 4+ hE)P2 = By + (14 hE))E,.
In the same way we obtain

An(D) = PT'A(D)P = (14 hEy) P2 Dy(1+ hE)"? + Dy,

Since
d
[(1+hE) P2, D))= Elé?—El(l +hE) P2 = —hDy B (14 hEy) P2t
we get
(14 hE) 2Dy = (D) — hDoEy(1+ hE) ™Y (1 + hEy)~P2
and finally
hE1 D, .
ApD)=D1+Dy— —————=1D 1+ hE D.
L(D) 1+ Do (L hEy) 1+ (1+ hEY) 2

Note that moreover

Ay(1+ hE) = (14 hEq) (14 hES),
i.e. the B-cocycle E may be lifted to the Bj-cocycle In(1 4 hE). Since

Sp = P‘lﬁ = (1+hF)™ P2 B Dy (14 hE)P2™ = LTV By D,

we get, 6, (D) = h S}, i.e. the B-cocycle D is not liftable. S is a bialgebra analog of a jump
cocycle as defined for algebras in [4].

REMARK: Over K'[h™!] the bialgebra Bj, may be generated by D and L = 1+ hFE with
the following relations

A(D)= Dy + L7'Dy, A(L) = LyLy, [L,D]=L — 1.

There is a K-bialgebra B= K{(D, L, L™1) with the same relations. If we extend it trivially
to B’ = B[[h]] there is a bialgebra homomorphism

fn:B — B, via L—14hE.

This K-algebra will be considered in the next section.
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6 Another derivation of Gerstenhaber’s formula

From the above considerations we can extract the conditions on D, L that are necessary
for Gerstenhaber’s formula to be fulfilled. This way we get the following generalization:

THEOREM 7 Let B be a K'-bialgebra and L, D € B such that L~" exists and the following
relations are fulfilled

L—-1€hB, [L,Dl=L -1, A(L)=ILiLy, A(L) =Dy + L7'Dy.

Then the power series
P=1L7" =exp(—=In Ly - Dy)

satisfies eq.(2).
Note that D and L may depend (almost) arbitrarily on h.

Proor: For our P eq.(2) has the form

-1
(LiLo)™P - L7P2 = [Pt e o

or

Dy—L3'Ds

LyPe Ly Ly =1y Ly (5)

Here only Ly and Dy don’t commute. In order to exchange the two factors L; 7% and L2
in the left hand side we introduce the element F := L — 1. Then [E, D] = F and by lemma
1 we have

f(E)g(D)—g(D+E 7 f(E) - F(E)
for f,g € K[z][[h]]. Since

0
f(E) =077 =1+ FE) ™ and Fy——

o ln f(Ey) = —Ey L7 Dy

the left hand side of (5) may be written as

Dy—F L7 Ds)

(L) 17 177

Comparing this with the right hand side of (5) we see that the exponents of L; are equal.
O

Substituting L = 1 4+ hFE we get a new proof of Gerstenhaber’s formula. The special
form of L may be derived in the following way: Assume that only L depends on h. We get
P 014

= L7 =D,

_ —1
Sw="P"50 oh

and the choice of S;, as the jump cocycle h(SD gives us

dL 1
Lyt 8h1D FLTH (L = 1)Dy,

ie. 2& = 1(L —1). Its solution is L = 1 + hE with £ = L|j=.

>
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7 First order deformations

In this section let K’ = K[h]/(h?), B = BQy K';and P=1® 1+ hS for S € B’ @ B'.
Our considerations so far may be transferred to this setting to obtain a theory of first order
deformations. This linearizes all problems and, e.g., eq. (2) is equivalent to the condition
§(5) = 0. Thus there is a one-to-one correspondence between 2-cocycles of the coalgebra
B and solutions P of (2).

The new comultiplication in Bj, defined by theorem 6

Ap(b) = P71 Ap(b)- P = (1 — hS)Ap(b)(1+ hS)

yields
Ap(b) = Ap(b) + h[Ap(D), 5]

and for the new coboundary operator é;, of By,
0S5 =05 — h[AB 1(S), S12] + h[AB2(S), Sa3).

Hence S may not be a Bp-cocycle. To prolongate the deformation to the next order .S has

to be changed into S, = S + hS’ such that
55" =[Ap1(S), S12] — [AB2(5), Sa3).

Let’s apply this construction to Gerstenhaber’s example. The first order deformation of
B = U(G) generated by the 2-cocycle S = E1D; yields the K[h]/(h?)-algebra By, generated
by two elements F, D with the following relations

[E,D]=E, Au(E)=E + Ey+hEEy, Ay(D)= Dy + Dy — hEy D,

and
On(S) = —2hE 1 FyDs

For the 2-cochain E12D2 =F?%D e B® B we get
S(E*@ D) =6(E*)@ D = —2E,E;Ds.
Thus the B-cocycle S may be lifted to the Bj-cocycle
Sp = E1Dy — hE}Dy = (1 — hEy)Ey Ds.
Hence By, has the K —bialgebra structure considered in theorem 7. Thus we derived Ger-
stenhaber’s formula already at the first order deformation step.
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