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Abstract. We study the complexity of temporal logics over concurrent systems that can be described
by Mazurkiewicz traces. We develop a general method to prove that the uniform satisfiability prob-
lem of local temporal logics is in PSPACE. We also demonstrate that this method applies to all
known local temporal logics.

1. Introduction

Antoni Mazurkiewicz introduced the notion of frace to describe the behaviors of concurrent systems
[11, 12]. This had a major influence in the studies of distributed systems. Since the pioneering work of
Mazurkiewicz, trace theory has been developed by numerous researchers and is certainly one of the most
extensively studied models of concurrency, see e.g. [5].

Temporal logics over traces have been introduced to specify the expected behaviors of concurrent
systems. Indeed, for practical applications, it is of foremost importance to have specification languages
with low complexity for the model checking or the satisfiability problem. Mazurkiewicz traces are la-
beled partial orders where the ordering describes the causality between events in the trace. This is exactly
what is needed to reason about concurrent systems but the prefix structure of traces is rather complex.
Due to that, global temporal logics [9, 14, 19, 2] which describe properties of global configurations have
a very high complexity. The satisfiability problem is undecidable when the logic is based on an existential
until [15] or non elementary when a universal until is used [20].

Local temporal logics specify properties of local events in the trace and not of global configurations.
Still, local temporal logics have a good expressive power since the simplest one based on (existential)
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next and (universal) until has the same expressive power as first order logic over traces [4]. More-
over, local temporal logics have usually a low complexity, i.e., satisfiability can be solved in PSPACE.
We cannot expect a lower complexity since already the classical temporal logic LTL over sequences is
PSPACE-complete and LTL over words is a special case of most local temporal logics over traces.

Several local temporal logics were introduced [18, 1, 8, 3] and each time the complexity was proved
to be in PSPACE or EXPTIME. Whenever a new local temporal logic was introduced, a new proof of
the complexity was needed. To circumvent this need, a general framework to study the complexity of
local temporal logics was introduced in [6] were it was shown that all local temporal logics where the
modalities are definable in monadic second order logic (MSQO) are decidable in PSPACE. In this result,
we assumed that the architecture of the system is not part of the input which consists of the formula only.

Since the complexity also depends on the architecture of the system, it is important to study the
uniform satisfiability problem where the input is formed by the formula and the architecture of the system.
For systems described by Mazurkiewicz traces, the architecture is given by the dependence alphabet, i.e.,
the set of actions the system might perform together with the dependency relation between these actions.
A more concrete view of the architecture is a set of processes and a mapping from each action to the set
of processes involved in this action. Here, two actions are dependent if they share a common process and
conversely any dependence alphabet can be described with this more concrete view based on processes.

The uniform satisfiability problem was studied in [7] for general modalities that can be described
by MSO formulas. The complexity depends on the number of alternations of set quantifiers in these
formulas. Unfortunately, any alternation in the set quantifiers adds an exponent to the space complexity.
Fortunately, most local temporal logics that have been studied [18, 1, 4] can be defined without quantifier
alternation. Hence, from the general result of [7] we obtain a 2-EXPSPACE upper bound for the uniform
satisfiability of these logics.

In the present paper, we improve this result by 2 exponents for the usual temporal logics. More
precisely, we prove that the uniform satisfiability problem for the usual temporal logics is in PSPACE.
For this, we introduce a general method which is inspired from the proof technique used in [6]. More
precisely, we say that a modality is PSPACE-effective if there is a PSPACE algorithm that can compute
a Biichi automaton for the modality, given the set of processes that defines the architecture. Then,
we show that the uniform satisfiability problem is in PSPACE for all local temporal logics based on
PSPACE-eftfective modalities.

In Section 2 we recall some definitions on Mazurkiewicz traces and in the next section we introduce
local temporal logics over traces. The uniform satisfiability problem is defined in Section 4 and we give
a general method to prove that this problem is in PSPACE when the modalities are PSPACE-effective.

In Section 8 we show that all modalities introduced in the classical local temporal logics [18, 1, 4] are
PSPACE-effective. Some of these results are based on the interesting new notions of general and special
variance of a Biichi automaton introduced in Section 7. More precisely, assume that we are given a (non-
deterministic) Biichi automaton A for a formula ¢(x) with one individual free variable x. We want to
construct Biichi automata for the formulas Va ¢ and Vx —¢. The usual construction which is based on
Vz ¢ = =3x —p uses two complement operations for the former and one complement operation for the
latter and therefore increases the size of the automaton by two or one exponents, respectively. Instead, we
show that ‘universal’ automata for the formulas Vz ¢ and Vz —¢ can be constructed efficiently in space
O(mlog|A|) (and have therefore at most |.4|°(™) many states) when the general or special variance of
A is m. We apply these results to Biichi-automata of logarithmic general or special variance in which
case this approach improves the usual construction by almost two (by one, resp.) exponent.
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This paper uses the process-based approach to Mazurkiewicz traces where the atomic actions are
identified with the set of processes involved. The alternative action-based approach starts from a set of
atomic actions and declares some of them dependent and some independent. In Section 5, we obtain
similar results in this setting.

A question related to the uniform satisfiability problem is the general satisfiability problem. It asks
whether a property (expressed by some formula) can occur at all, i.e., whether there exists a set of
processes such that the formula becomes satisfiable. In Section 6, we show this problem undecidable for
a rather restricted local temporal logic.

2. Traces

We only give very few definitions on Mazurkiewicz traces, those that are needed in this paper. We refer
the reader to [12, 5] for more details on the theory of traces.

A dependence alphabet is a pair (¥, D) where X is finite alphabet of actions and D C %2 is a re-
flexive and symmetric relation on X called dependence relation. A trace over (X, D) is (an isomorphism
class of) a labeled, at most countably infinite partial order t = (V, <, \) such that (V, <) is a partial order
and )\ : V' — X is the labeling function satisfying for all x,y € V

o |z ={z€V|z=<x}isfinite
e (A(x),\(y)) € Dimpliesz < yory Xz
e = ~< yimplies (A(z), A(y)) € D,

where <= <\ <? is the immediate successor relation. The alphabet of the trace t is alph(t) = A(V).
The set R(3, D) contains all finite or infinite traces over the dependence alphabet (2, D).

A linearization of a trace t = (V, =<, A) is a linear order < on V' that extends the partial order < and
is at most of order type w (i.e., also with respect to <, any node of V' dominates only finitely many other
nodes). Such a linearization can naturally be identified with a finite or infinite word over . For any
linearization w = agay ... of t, the trace ¢ is isomorphic to [w] = (V/, E*, \) with V' = {i e N| 0 <
i < |w|}, A(i) = a;,and E = {(i,5) € V" | i < j and (a;,a;) € D}.

For m € N, an m-extended trace over (X, D) is a trace (V, <, \) together with m sets of positions
X1,...,Xm C V. The set of m-extended traces is denoted R,, (X2, D). If w = apajaz--- € ¥ is a
finite or infinite word and X1, ..., X,, € {i € N| 0 <i < |w|}, then we denote by ([w], X1,...,Xm)
the corresponding m-extended trace.

Alternatively, the dependence alphabet can be defined with the more concrete notion of processes.
Let IT be a finite set of process names. The dependence alphabet induced by II is (3, D) where X is the
set of nonempty subsets of II and the dependence relation D is defined by (a,b) € D iffaNb # (). We
denote by R(II) the set of finite or infinite traces over the dependence alphabet (X, D) induced by II. We
also write R, (IT) for the set of m-extended traces over II.

We are interested in the complexity of problems where the architecture, i.e., the dependence alphabet,
is part of the input. Using II instead of the induced dependence alphabet (¥, D) may allow an exponen-
tially more concise description of the architecture and therefore yields stronger results. Hence, we state
and prove our results with the architecture described by II. Indeed, they also hold when the architecture
is presented by an arbitrary dependence alphabet (3, D) as explained in Section 5.
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3. Local temporal logics

We fix a countably infinite set P of process names. The syntax of a local temporal logic TL(B) is given
by a set B of modality names with associated arities. Then the syntax of the logic TL(B) is defined by
the grammar
pu=M(p,...,¢) | p
N——
arity (M)

where M ranges over B and p over the infinite alphabet P. The size || of a formula ¢ is the number of
its subformulas, so, e.g., | M (p, p)| = 2 since the only subformulas are p and the formula itself.

To define the semantics of a temporal logic, we associate with any modality name M of arity m and
any finite set of processes II a set of (m + 1)-extended traces [M ] C R,;,4+1(II) over II. When there is
no ambiguity, we simply write [M] for [M]y;.

Let t = (V,=,\) be a trace over some set of processes II and ¢ be a formula of TL(B). The
semantics ¢’ of ¢ in ¢ is the set of positions in V where ¢ holds. The inductive definition is as follows.
Ifo=peP,thenp! ={veV |pev)}. If p=M(p1,...,om) where M € B is of arity m > 0,
then

th = {U eV ‘ (t’(pﬁa" . ,SDfn,{’U}) € [[M]]H}

We also write t,v = ¢ for v € ¢!

Boolean connectives The simplest modalities allow to model Boolean connectives: for IT C ‘P finite,
set

[Vl = {(V, <, \, X, Y, {2z}) e Ry(I) | z € X UY)
[Fln = {(V, 2,0, X, {y}) e Ro(I) |y ¢ X} .

Then (¢ V v)! is the set of positions that satisfy ¢ or . Similarly, (—¢)? is the set of positions in ¢ that
do not satisfy .

Strict universal until. The simplest logic TL(V, —,SU) studied in [4] uses, apart from Boolean con-
nectives, only one modality SU of arity 2. The strict universal until ¢ SU ¢ claims the existence of a
vertex y in the proper future of the current one z such that 1) holds at y and ¢ holds for all vertices properly
between z and y. This intuition is captured by the following definition of the language [SU]; C Rs(II):

[SUJm ={(V, =, A\, X, Y, {z}) e R3(Il) | Iy €Y : 2 <yAVz:z <z <y —z € X}.

Clearly, this is a first-order definition and it was proved in [4] that TL(V, -, SU) and first-order logic for
traces are equally expressive.

From the strict universal until, we can derive several interesting modalities. Intuitively, EX ¢ (exists-
next) means that there is an immediate successor of the current vertex where  holds. Therefore, we have
EX¢ = L SU ¢ (where L means false) and the semantics of EX is inherited from the semantics of SU.
It can also be given directly by

[EXIn = {(V, <, A, X, {y}) € By(IT) [ G € X sy <} .
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Universal until. ¢ U 1 is another modality which can be defined as an abbreviation for the formula
PV (@A (pSUe)). Alternatively, in our framework, it is given by the following language [U]; C R3(II):

Uln={(V, 2\, X, Y, {z}) eRs(I]) | Iy €Y :z<yAVx: z <z <y —x € X}.

Even though the logic TL(V, -, EX, U) is as expressive as TL(V, -, SU) (see [4]), we do not know any
direct way to express SU with EX and U.

The classical modalities eventually and always are obtained from the universal untilby F o = T U ¢
and Gy = = F —p.

Existential until. The temporal logic for causality TLC was introduced in [1]. In our framework, it
can be defined by TL(—, V, EX, EY, Eco, EG, EU, ES). Intuitively, Eco ¢ claims that ¢ holds for some
vertex concurrent to the current one. The formula ¢ EU ¢ holds if there is a path in the Hasse-diagram
of the trace starting in the current vertex such that ¢ holds along the path until ¢) holds (and v holds
somewhere along this path). Similarly, EG ¢ claims the existence of a maximal such path, starting from
the current vertex, where ¢ always holds. Finally, EY and ES are the past versions of EX and EU, resp.
Then the semantics of TLC is obtained with the following modalities

[EYIn = {(V, %, A, X, {5}) € Ro(TD) | 3 € X : 2 < y}

[Eco]m = {(V, =2, A\, X, {y}) e Ro(Il) [Tz € X : ~(x RyVy =<x)}

[EUla ={(V, =2, \, X, Y, {z}) e R3(I]) | In > 0,Fzp < x1 < -+ < 2y :
Z2=xoNTo,T1,...,Tn—1 €E X Nzp €Y}

[ESIn ={(V,<,\, X, Y, {z}) e Rg(I]) | In > 0,Tzp > &1 = -+ » xp
2=xoNTo,T1,...,Tp—1 €E X Nzp €Y}

[EG]m = {(V, =, A\, X, {y}) € R3(II) | 3P C X : P maximal path in (V, <) starting in y }

For cograph dependence alphabets, TLC has the same expressive power as first-order logic [3], but
due to the claim of the existence of a path in the modalities EU, ES or EG it can express properties that
are not expressible in first-order logic for some other dependence alphabets.

Process-based modalities. We conclude the section by considering temporal logics where the modal-
ities are linked to processes. The first such logic was introduced by Thiagarajan [18] but this logic is not
pure future and we still do not know its expressive power. An alternative was given in [4] and shown to
be expressively complete for FO. It is based on the modalities X, and U, for p € P. Intuitively, X, ¢
claims that ¢ holds on the first vertex of process p which is strictly above the current one. Hence, we
have X, ¢ = (—p) SU (p A ). Similarly, ¢ U, 9 says that the sequence of vertices of process p which
are above the current one satisfy ¢ until ¢). Therefore, p U, ¥ = (p — ) U (p A 9).

Finally, we show that the temporal logic over traces TrPTL introduced by Thiagarajan [18] can also
be dealt with in our framework. It is based on modalities O, and U, (p € P) of arity 1 and 2 respectively.

The semantics given in [18] is that of a global temporal logic. Hence it may come as a surprise
that we can deal with it in our framework. But actually, apart initially, formulas are evaluated at prime
configurations, i.e., configurations having exactly one maximal element. By identifying a prime config-
uration with its maximal vertex we see that the logic is actually local. Intuitively, O, ¢ means that ¢
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holds at the first vertex of process p which is not below the current one. Similarly, ¢ U, 1) means that we
have ¢ until ¥ on the sequence of vertices located on process p and that are not below the current vertex
(actually, it is slightly more complex since the sequence includes the last vertex of process p which is
below the current one if it exists). Formally, the semantics is defined as follows:

[Opl ={(V, =, A, X, {y}) € Ro(Il) [ 3z € X
pEXNz)ANT AYAVz: (z<xAp€EN?2)) — 2=y}
[Uplr = {(V: 2,0, X, Vo {z}) e Ry(TD) | Sy € Y : p € A(y)
AV :(peXz)Nz=2) >z =Yy
AVz:(peXz)hz<yAn-32':(peXz) Nz <2 <2) —ze X}

Since the logic TrPTL is defined by FO-formulas, it is contained in FO but the precise expressive
power of TrPTL is still unknown.

4. Uniform satisfiability problem for local temporal logics
Let TL(B) be a local temporal logic. The uniform satisfiability problem for TL(B) is the following:

input: a finite set of processes II and a formula ¢ of TL(B)
question: Is there a trace ¢t € R(II) and a vertex v in t with t,v = ¢?

For an alphabet 3 and m € N, we will denote ¥,,, = ¥ x {0,1}™. Letw = aga;--- € ¥>° be a
word over ¥ and X; C {j | 0 < j < |w|} be sets for 1 < i < m. Then (w, X1, -, X,,) denotes the
word boby ... over ¥y, with b; = (aj, 2}, 22, ..., z/) and 2) = 1iff i € X;.

In order to decide this satisfiability problem, we need some effectiveness assumptions on the modali-
ties from B. Here, we assume that the semantics of each modality can be described by a finite automaton
which can be constructed in PSPACE.

We use automata B = (Q,I[',I,T, F, R) accepting both finite and infinite words. Here @ is the
finite set of states, I" the input alphabet, I C () the subset of initial states, " C Q) x I' x @Q the (non-
deterministic) transition relation, /' C () defines the acceptance condition for finite runs and R C @

defines the Biichi acceptance condition for infinite runs. We simply call them Biichi automata.

Definition 4.1. A modality M of arity m is PSPACE-effective if there exists a PSPACE algorithm
with the following specification

input: a finite set of processes II

output: a Biichi-automaton Cy, 17 that accepts the word language over ¥,,, 1 (with ¥ the set of nonempty
subsets of IT) defined by

{(w, X1,..., Xom+1) € (Em41)™® | Ve iz € Xppp1 < ([w], X1, ..., X, {z}) € [M]u} .

A temporal logic TL(B) is PSPACE-effective if its modalities are uniformly PSPACE-effective (i.e.,
the automata Cys 17 can be constructed in PSPACE on input M and II).
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Note that, since the automaton Cp; 1 can be constructed in polynomial space, it can have at most
2poly () many states.

The atomic propositions p € P and the Boolean connectives are easy to deal with. More precisely,
for each p € P, there is a one state automaton Cp 1 accepting the words (w,X) € X¢° such that
X =pM ={2]0< 2 < |wandp € \(z)}. Also, there is a one state automaton C_, 17 accepting the
words (w, X,Y) € ¥5° suchthat Y = {z | 0 < 2 < |w|} \ X and there is a one state automaton Cy 11
accepting the words (w, X,Y, Z) € ¥§° such that Z = X UY.

Although Definition 4.1 might look rather restricted, as it turns out, all the temporal modalities
mentioned in Section 3 fall into this setting. We show this in Section 8 using some general results that
we prove in Section 7.

Here, we describe the general method, inspired from [6], to solve the uniform satisfiability problem
of the logic TL(B) when automata Cj/ 1 can be computed for each modality M € B.

Let TL(B) be some PSPACE-effective temporal logic and let II be some finite set of processes.
Since II is fixed throughout the construction, we will abbreviate Cys 11 by Cjs for any modality name
M € B. We still denote by X the set of nonempty subsets of II. For formulas ¢ and v, we write
¢ < 1 if p is a subformula of 1 (this includes the case ¢ = ). Let £ be a formula from TL(B)
and let Sub(¢) = {¢ € TL(B) | ¢ < &}. Let w € ¥ and, for ¢ < &, let X, be sets of positions
in w. As explained above, the tuple (w, (X,),<¢) can be considered as a word w over the alphabet
=% x{0,1}5E), For¢p = M(p1,...,0m) < & let@l = (0, Xy s Xy Xyp) € (Zng1)™.

The construction. For a formula ¢ € TL(B), let top(p) be the outermost modality name of ¢.
Formally, we set top(p) = p for p € P and top(M (¢1,...,¢0m)) = M. Let Q = ngg Qtop(,) be the
set of states of the automaton A¢ where Qi () is the set of states of the Biichi-automaton Cyp, (). The
alphabet of A¢ is X. For a letter @ € ¥ and states p = (p,),<¢ and ¢ = (g, )o<¢, We have a transition

p = qin Ag if and only if, for all ¢ < £, we have p, ale, gy in the automaton Cy,p (). Note that a
sequence of states p°, p', ... defines a run of A¢ for a word w € 5 if and only if for each ¢ < ¢, its
projection p?o, pslp, ... on @ is arun of Cygp(, for the word wlep. A run of Ag is accepting if and only
if for each ¢ < &, its projection on Cy,p () is accepting (here we use a generalized Biichi acceptance
condition).

Lemma4.1. Let @ = (w, (X,),<¢) € 5. Then, @ € L(A) if and only if for each ¢ < ¢ we have
X, = ol = {z | [w], = & ¢}.

Proof:
Assume w € L(A¢). We show that X, = go[w} by structural induction on ¢ < &. This is clear for

o =p € P. Soletp = M(p1,...,0m) < & Assume by induction that cpz[w] = X, holds for

1 < i < m. Since W is accepted by the automaton A, the word wly = (w, Xy,,..., Xy, X,) is
accepted by Cjs. Hence, using the definition of Cys and the hypothesis we get

Xp = (x| ([w]. Xpr.. .. Xp,,, {2}) € [M]n} = o).

For the other direction, assume that ! = X, forall ¢ < & Clearly, for ¢ = p € P, the word

[w]

wle € 37° is accepted by Cp,. Let ¢ = M(p1,...,¢m) < & Then X, = ¢; = and therefore
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ool = o | ([wl, o1 o' ) € M} = {w | (W] Xy, Xy, o)) € [MIn) = X,
Since wly = (w, Xy, ..., Xy, X,) we deduce from the definition of Cy that W is accepted by Cpy.
Since this holds for each ¢ < £ we obtain W € L(Ag). O

Proposition 4.1. The formula £ € TL(B) is satisfiable by some trace over II if and only if there exists
W= (w, (Xyp)p<e) € L(Ag) with X¢ # 0.

Proof:
Assume that £ is satisfiable by some trace t. Consider any linearization w € ¥*° of ¢ and a position x in
w with [w],z = € Letw = (w, (p[")),<¢) € =™ . By Lemma 4.1 we get w € L(Ag). Moreover, we
have z € ¢lv) = X, # 0.

Conversely let W = (w, (X,),<¢) € L(Ag) with X¢ # 0. By Lemma 4.1 we get ) # X, = ¢l =
{z | [w],z |= £}. Therefore, £ is satisfiable by the trace [w]. 0

Theorem 4.1. The uniform satisfiability problem for any PSPACE-effective temporal logic TL(B) is
in PSPACE.

Proof:

Let £ be some formula from TL(B) whose satisfiability in R(II) we want to check. By Proposition 4.1,
we have to decide whether A¢ accepts some word W = (w, (X,,),<¢) With X¢ # (0. In order to do so,
we have to store in memory a bounded number of states of .A¢ and to decide whether there is a transition
between two such states.

Since the temporal logic TL(B) is PSPACE-effective, the number of states of any of the automata
Cyys is in 2P°1(T) " Recall that the states of Ag are [£|-tuples of states from the automata Cps. Hence,
a state of A¢ can be stored in space |¢| - log(2P°*(1)) hence in poly(|¢| + [TI|). Also, the transition
function of Cps can be checked in space poly(|II|) and we deduce that the transition function of .A¢ can
also be checked in space poly(|¢| + |II|). 0

5. Action-based temporal logics

We explain now the slight changes that arise when the architecture is presented by an arbitrary depen-
dence alphabet (I', D) instead of a set of processes II and its induced dependence alphabet. In this
action-based approach, we fix a countably infinite set A of action names. The syntax of the local tempo-
ral logic TL,.t(B) is defined by the grammar

pu=M(p,...,0) | a
——
arity (M)

where M ranges over the set B of modality names and a over the infinite set A of action names. With
any modality name M of arity m and any dependence alphabet (I, D), we associate a set [M ]](1"’ D) €
Ry,+1(T, D) of (m + 1)-extended traces over (I, D). Then ¢! is defined as before for formulas ¢ €
TLact(B) and traces t = (V' <, \) € R(I", D). The only difference is for constants a € A where we let
at ={veV|Av)=al

The uniform satisfiability problem for the temporal logic TL,(B) now becomes:
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input: a dependence alphabet (I", D) and a formula ¢ of TL,e(B)
question: Is there a trace t € R(I", D) and a vertex v in t with ¢, v |= ¢?

To solve this problem efficiently in this context, we adopt the notion of a PSPACE-effective temporal
logic as follows: A modality M of arity m is PSPACE-effective if there exists a PSPACE algorithm
with the following specification

input: a dependence alphabet (I', D)
output: a Biichi-automaton Cy r p that accepts the language over I';;, 11 = ' x {0,1}™*! defined by

{<w7X17 s 7Xm+1> € (Fm-‘rl)oo ’ Vo :z e Xm+1 e ([wLXb . ,Xm,{.T}) € [[M]](F,D)} :

A temporal logic TL,(B) is PSPACE-effective if its modalities are uniformly PSPACE-effective, i.e.,
the automata Cps,r,p can be constructed in PSPACE on input M and (I, D).

We will show that the uniform satisfiability problem for any PSPACE-effective action-based tem-
poral logic can be solved in polynomial space. This is achieved by a reduction to Theorem 4.1.

First, the set of process names associated with the set of action names A is P = {{a, b} | a,b € A}.
A dependence alphabet (I', D) uniquely defines a finite set of processes II = {{a,b} | (a,b) € D}.
Note that not all finite subsets of P are induced by some dependence alphabet. Let, as before, 3> be the
set of nonempty subsets of II. Identifying ¢ € I" with the set {p € II | ¢ € p} € X, we obtain I" C ¥ and
R(T", D) C R(II). Furthermore, a trace t = (V, <, \) € R(II) is in R(T", D) iff A\(v) € T forallv € V.

Now, for each modality M, we infer its process semantics from its action semantics: [M]g =
[M]r,py if IL is defined by some dependence alphabet (T', D), and [M ] = () otherwise.

Now let ¢ € TL,ct(B) be a formula. Then ¢ may contain subformulas of the form a with a € A.
For a ¢ T, replace any of these occurrences by L, otherwise, replace them by /\pe B A /\pen\a —p.
These replacements result in a process-based formula @ € TL(B). Then it is an easy exercise to prove
that forall t € R(I', D) and v in t we have ¢, v = ¢ (where the modalities M are evaluated by [M ] py)
iff t,v |= ¥ (where the modalities M are evaluated by [M]).

Consider now the PSPACE-effective unary modality everywhere whose semantics is given by

[[E]](F,D) = {(V, =, /\,X, {y}) S RQ(F,D) ’ Ve :x € X}

Then, ¢ is satisfiable over R(I", D) iff ¢ A E\/ . a is satisfiable over R(I', D) iff p AE\/ cra is
satisfiable over R(IT). Thus, we reduced the instance (¢, ', D) of the uniform satisfiability problem of
TLact(B) to the instance (o A E\/ - a,II) of the uniform satisfiability problem of TL(B U {E}). By

Theorem 4.1, the latter can be decided in space polynomial in |II| + ¢ A E\/, . al. Since |II| < |TJ?,
we proved

Corollary 5.1. The uniform satisfiability problem of any PSPACE-effective temporal logic TL,((B)
is in PSPACE.

6. General satisfiability

Let TL(B) be a local temporal logic. The general satisfiability problem for TL(B) is the following:
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Figure 1. Shape of pointed trace (¢, v)

input: a formula ¢ of TL(B)
question: Is there a finite set of processes II, a trace ¢ € R(II) and a vertex v in ¢ with ¢, v |= ©?

We show that this general satisfiability problem of the simple temporal logic TL(V,—,SU, EY) is
undecidable. Recall that formulas of this logic can also use the derived modalities universal until U,
always G, and existential next EX. For this undecidability to hold, it is important that there is no bound
on the size of the set II.

To prove this undecidability, we reduce the halting problem (with empty input) of Turing machines to
the general satisfiability problem. So let M be a Turing machine with sets of states (), of tape symbols T’,
and let $ be an additional symbol. Furthermore, fix two symbols ¢ and r. Now define the following sets
of processes

I, = {{} x (QUT U{$}),
II, = {r} x (QUT U{$}), and
Iy = {¢,r} UIL, UIL, .

Consider the following formula
0o =1A G((ﬂ o =) AEX(r AEY £) AEX(C A EYr)) .

Let IT be some set of processes, let t = (V, <,A) € R(II) and v € V. Then ¢,v = ¢ if and only
if {¢,r} C II and the pointed trace (¢,v) has the shape indicated in Fig. 1. In that figure, solid arrows
denote the covering relation and dotted arrows its transitive closure, i.e., the strict order. Furthermore, all
the nodes in the first row belong to process ¢ and all those in the second to process 7.

Now, consider the formula

01 =G [ t= vpeﬂe (p A /\quTuHe\{p} ~4) ]
N r— \/pEHT (p A /\qEHZUHT\{p} _‘Q)

Lett = (V,=<,\) € R(II) and v € V such that ¢,v = ¢g A ¢1. The pointed trace (¢,v) has the
form described above. Moreover, the formula ¢; expresses that the events in the first row of ¢ (i.e., the
events on process ¢) that are in the future of v encode some word from II}’ and therefore some word u,
from (Q UT U {$})“. Similarly, the events from process r that are above v encode some word w, from
(QUTU{S$})~.

Next, consider the following formula

02 = (1, 8) A G(((r, $) — EX(£,9)) A ((£,$) — EX(r, $))) A=((~£) SU (,9)) .
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The first two conjuncts express that the events that are marked by filled circles belong to process (¢, $)
and (r, $), resp. By the last conjunct, none of the events between v and the next filled event on process 7
belongs to (r, $). Hence, again by the second conjunct, the filled events are precisely those that belong
to (¢, %) and (r, $), respectively. Hence the two infinite words u, and u, over Q UI' U{$} can be written
as
up = $uY$uy$us ... and u, = $ul$ul$u? . ..
with u%, ui. € (Q UT)* and such that |u}| = |vf| for all i, 5 > 0.
It remains to express by a formula ¢ that

(1) 4 is the initial configuration of the Turing machine M on the empty word,
2) u
(3) ul g utttor uf = uit, and

N
r — Ups

(4) u, contains an accepting state.

Since all this is rather standard, we leave to the interested reader the task of writing the formula 4.

Let o = o A 1 A w2 A par. We show that o is generally satisfiable iff the Turing machine M
accepts the empty word.

Assume first that M accepts the empty word and let . be larger than the maximal size used by the tape
during the accepting computation of M starting from the empty word. Let u®, u', ..., u™ € (QUT)" be
words encoding the accepting computation: «” is the initial configuration on the empty word, u’® F u**!
for 0 < i < m and u™ contains the accepting state. Let IT = IIy U {po, p1,- .., pn}. Then, there exists
a pointed trace (¢,v) over II whose shape is described by Figure 1 and where the words encoded on
process ¢ and r are

up = u, = $u°$u'$ - - Su"Su"$u™S - - -
Note that we need the processes pg, p1, - - - , P, to get the slanted arrows in Figure 1: the k-th vertices on
process £ or r after a filled node belong to process py. By construction, we have ¢, v = ¢, hence ¢ is
generally satisfiable.

Conversely, if there exists a finite set of processes II, a trace t = (V,=<,\) € R(II), and a node
v € V such that ¢, v |= ¢ then we show easily that the Turing machine M accepts the empty word.

Since the formula ¢ can be constructed from M, we showed

Theorem 6.1. The general satisfiability problem for the local temporal logic TL({SU,EY,A,—}) is
undecidable.

7. Universal first order quantification and Biichi automata

Let B be a Biichi-automaton over the alphabet ¥; = ¥ x {0, 1}. It is the aim of this section to construct
a “small” automaton for the language

{(w,X) e X |Ve:xz € X « (w,{z}) € L(B)}.

We show in Section 7.4 that this is useful to prove that a modality M is PSPACE-effective. Indeed, if
we start with an automaton B/ accepting the language [M]y then we obtain the automaton C M1 as
defined in Definition 4.1.
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We first show how to construct a “small” automaton C for the universal language of B defined as
Ly(B) ={w € ¥ | Vz : (w,{x}) € L(B)}. The standard approach would use the definition of the
universal quantifier V = —3-. Hence, the number of states of the resulting automaton C could be doubly
exponential in that of 5. Here, we will show that a single exponential suffices in general.

We are also interested in an automaton C for the universal language of the complement of B: Ly (B) =
{w € ¥® | Vz : (w,{x}) ¢ L(B)}. The standard approach yields an automaton C with exponentially
many states.

Moreover, we show that if the pebble x has only little influence (in two related senses to be made
precise below) on the behavior of B, then we can build even smaller automata C and C.

7.1. Complementation of Biichi automata

We first revisit the complementation construction for Biichi automata in order to infer precise bounds on
the space complexity and the number of states obtained.

Let B=(Q,%,1,T, F, R) be a Biichi-automaton. For w € ¥* and p € @, let p - w denote the set of
states ¢ € Q with p — ¢ in B. Also, let P - w = Upepp-wforP C Q.

Proposition 7.1. Let B = (Q, %, I, T, F, R) be a Biichi-automaton such that | I-w| < m for any w € ¥*.
Then, in space O(m log|Q|), one can compute a Biichi-automaton C over ¥ such that £(C) = ¥°°\ L(B).

Proof:

This complexity result can be obtained by a careful inspection of several constructions for the com-
plement of Biichi automata. For finite runs, we simply use the classical subset construction yielding a
deterministic automaton. By the hypothesis, each reachable subset contains at most m states from () and
therefore can be encoded with m log |@Q| bits. Hence, the subset construction can be carried out in space
O(mlog|Ql).

For infinite runs, our first proof was based on alternating automata following the constructions of
[10, 13]. More precisely, the non-depterministic Biichi automaton B yields immediately an alternating
co-Biichi-automaton B; for the complement. By our hypothesis, the number of distinct states that appear
at a level ¢ in a run-tree of B; is bounded by m. Then, B is transformed into an equivalent weak
alternating automaton By [10]. The key point to obtain the complexity is that we can restrict to run-trees
of B such that the number of distinct states that appear at some level 4 is also bounded by m. Then, the
translation of Bs to a Biichi automaton C [13] yields |Q]O(m) many states and can be performed in space
O(mlog|Ql).

Another possibility is to use Safra’s determinization construction as suggested by an anonymous
referee. Following the construction described, e.g., in [16, Chap. I, Sec. 9], we obtain a deterministic
Rabin automaton C; whose states are labeled trees. Here the key observation is that, by our hypothesis,
the set of states that label the root of a tree is of size at most m. It follows that the Safra-trees have at most
m nodes that can be choosen from a set V' of size 2m. For X C (@, let T'x be the set of Safra-trees labeled
X at the root. Then, the set of Safra-trees in C; is the union of all Ty with | X| < m. Next, following the
proof of [16, Chap. I, Prop. 10.4] we get [T'x| < (4m)?™. The number of subsets X of ) with at most
m elements is bounded by |Q|™. Hence the number of Safra-trees in C; is at most |Q|™ - (4m)?™. The
space needed to store such Safra-trees is therefore O(m log |@|) and the construction of C; can be done
in space O(mlog |Q|). We still have to complement the acceptance condition and to turn it into a Biichi
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condition. The Rabin automaton C; has 2m pairs, one for each node from V. The pair associated with
node v € V claims that v is marked infinitely often and that it is ultimately present in all Safra-trees of
the run. To check the complement, we guess a subset U C V and we check that ultimately only nodes
in U are marked and that each node in U is infinitely often not present in the Safra-trees of the run.
This multiplies the number of states by (m + 1)2™*! and yields a Biichi automaton C which can still be
constructed in space O(m log |Q)|). 0

7.2. Universal language and general variance

Now let B = (Q,%1,I,T, F, R) be a Biichi-automaton. We aim at a small Biichi-automaton for the
universal language of the complement of B

Ly(B) = {w € 2% | Va : (w,{z}) ¢ L(B)}
=Y\ {w e X | Jz: (w,{z}) € L(B)}.

The standard approach first projects to X°° the language L£(B) restricted to the words (w, X') where
X is a singleton and then complements the resulting automaton. Hence, the language in question can
be accepted by a Biichi-automaton with |Q\O(|Q|) many states. The following criterion on the Biichi-
automaton B allows to avoid this exponential blow-up.

The general variance of B, denoted GenVar(B), is the maximal size of a set

I-(whu |J T-@w {2}

0<z<|w|

for w € ¥*. In other words, it is the maximal number of states one can reach reading w € ¥* indepen-
dently from the position of the pebble x (and this pebble need not be placed in w at all).

Proposition 7.2. Let B = (Q,%1,1,T, F, R) be a Biichi-automaton over the alphabet 3 with general
variance GenVar(B) < m. Then one can construct a Biichi-automaton C with £(C) = Ly(B) in space

O(mlog|Ql).

Proof:

Doubling the number of states if necessary, we can transform B so that it has no run on a word (w, X)) €
¥9° with | X| > 2 and it only accepts words (w, X)) € ¥5° where X is a singleton. Note that the general
variance is not changed by this transformation.

Let B’ = (Q,X%,1,T', F, R) be the projection of the automaton B to the alphabet %, i.e., T/ =
{(p,a,q) | (p,(a,0),q) € Tor(p,(a,1),q) € T}. We have L(B') = {w € X | Tz : (w,{z}) €
L(B)}. Since B does not allow any run on a word (w, X) with |X| > 2, the set [ - w in B’ equals
I-(w,0)U Uo<a<fw| I - (w, {}) in the old automaton B, i.c., I - w contains at most m elements. Hence
the result follows from Proposition 7.1. O

7.3. Universal language and special variance

We still assume that B = (Q,X;,I,7T, F, R) is a Biichi-automaton. Here, we want to build a small
Biichi-automaton for the universal language Ly(B) = {w € X | Vz : (w,{z}) € L(B)} of B itself.
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Let w € X, u be a prefix of w of length 4, and p € Q. Provided B is complete, p € I - (u, ) U
Uo<a<fu L - (u;{z}) iff B can reach p after i steps in some run on (w, {z}) for some position z in
w. The set states(B,w,i) C @ is defined analogously disregarding all non-successful runs, i.e., p €
states(B,w, ) iff B can reach p after i steps in some successful run on (w, {z}) for some position z in
w. The special variance of B, denoted SpeVar(B), is the maximum of all values |states(B,w, )| for
w € X*° and 7 € N. Note that the special variance is always bounded by the general variance.

Proposition 7.3. Let B = (Q, %1, 1,7, F, R) be a Biichi-automaton with SpeVar(B) < m. Then, in
space O(mlog|Q|), one can compute a Biichi-automaton C over X such that £(C) = Ly(B).

The proof of this proposition, that uses the following two lemmas, can be found on page 184.

For simplicity, we write ¥(i) = ¥ x {i} for i = 0,1 such that ¥; = ¥(0) U 3(1). The canonical
projection from X7° onto ¥*° is denoted 7. Doubling the number of states of B if necessary, we can
assume that if (w, X) € L(B) then X is a singleton. Hence, £(B) C 3(0)*X(1)X(0)*>. A word
w € X belongs to Ly(B) iff each word v € ¥(0)*X(1)X(0)* with 7w(v) = w is accepted by B. To
accept Ly(B), we first construct an alternating automaton' as follows

The set of states Q' equals QW {B C Q | 0 < |B| < m}

The initial condition is \/{J C I |0 < |J] < m}

F'=FU{0}and R = RU{BC Q|1<|B| <m}

Forp € Q and a € X, we have ¢'(p,a) = \/{q €Q| (p,(a,0),q) €T}

For A C Q with1 <|A| <manda € %, we set

J'(A,a)= \/{BCQ|1<|B|<mandVge B, Ip€ A: (p,(a,0),q) € T}
M\/{a€Q|3IpeA:(p(al)q) €T}

e Finally, fora € X we set §(0,a) = L.

This finishes the construction of the alternating automaton B8’ = (Q’,/,¢', F', R').

Lemma 7.1. Ly (B) C L(B)

Proof:
Let w = apaiaz--- € Ly(B). We call a word v € £(0)*%(1)X(0)*° relevant if m(v) = w. Since
w € Ly(B), any relevant word is accepted by B, i.e., for any relevant word v = byb;1bs . . ., there exists a

b b .
successful run gg =2, q? — ... of B on v. Using these runs, we define a successful run tree of B’ on w:

e the set of nodes is V' = {u € ¥(0)* U 3(0)*3(1)X(0)* | m(u) is a prefix of w}.

e the set of edges E is given by E' = {(u,ub) | ub € V and b € ¥1}.

'Similarly to our Biichi-automata that accept finite and infinite words, our (Biichi-)alternating automata have two sets of ac-
cepting states, one for infinite runs and one for finite runs.
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e to define the labeling p : V' — @', let u € V. First assume that u € ¥(0)*3(1)X(0)*. Then u can
be extended uniquely to some relevant word v. Recall that g3, ¢f . .. is a successful run of 5 on v.
We set p(u) = -

Now assume that v € 3(0)*. If |u| < |w]| then u can be extended to some relevant word, but
this time, the extension may not be unique. On the other hand, if |u| = |w| then w is not a prefix
of any relevant word. So let p(u) = {qﬁl| | v is arelevant extension of u}. In particular, p(u) is
a set of states that occur as state number |u| in some successful run of B on some (w, {z}) with
|u| < x < |w|. Hence, by the assumption on B, the set p(u) contains at most m elements and is
therefore a state of the alternating automaton 5’

We first prove that this is indeed a run tree. To this aim, let u € V' be an inner node with n = |u| < |w|.
We have to show

{p(ub) | ub €V and b € X1} E & (p(u), ant1) - (1)

First consider the case u € X(0)*¥(1)X(0)*. Then, the unique successor of u in the tree (V, E) is
v’ = u(an,0). Let v be the unique extension of v’ to a relevant word. Since v is also the unique
extension of u to a relevant word, we have p(u) = g5, and p(u’) = ¢}, ;. Since the sequence of states ¢}
forms a run of BB on the word v, this implies (p(u), (ay,0), p(u’)) € T. Hence (1) follows.

Next suppose u € X(0)* with |u| = n. Then the successors of w in the tree (V, E) are the words
uo = u (an,0) € X(0)* and u; = u (an, 1) € £(0)*%(1). Then we have

p(u) = {q, | v is a relevant extension of u}

p(uo) = {g,, 1 | v is arelevant extension of ug}

Since any relevant extension v of u is also a relevant extension of u, for all ¢ € p(ug) we find p € p(u)
such that (p, (an,0),q) € T. Let v be the unique relevant extension of u; so that g, = p(u1). As
above, since v is also a relevant extension of u, we have q;, € p(u) and (q;,, (an,1),¢5,1) € T. Thus,
(1) follows.

It remains to be shown that the run tree (V, E, p) is successful. Clearly, its root ¢ is labeled p() C I
since all the successful runs on relevant words start in 1. Since p(g) € @', this implies 1 < |p(e)| < m
and therefore p(¢) satisfies the initial condition of 8. Now consider a maximal branch in (V, E'). Assume
first that all its nodes belong to X(0)*. If the branch is finite then its last label is ) € F’. If it is infinite
then all its labels belong to { B C @ | 1 < |B| < m}. Hence the branch is accepting. Alternatively, there
exists a relevant word v € X(0)*3(1)%(0)°° such that the nodes of the branch are the finite prefixes of
v. Let n be the position of the letter from (1) in v. The sequence of labels of the branch ends with
Qpi1> 2> - - - - Since this is a suffix of a successful run on v, the branch is accepting. O

Lemma 7.2. £(B') C Ly(B)

Proof:
Let (V, E, p) be a successful run tree of the alternating automaton 5’ on the word w = agajas - - - € .
Furthermore, let n > 0 be some position in w. We have to prove that the relevant word

v = (ap,0) (a1,0) ... (an-1,0) (an, 1) (an+1,0) (an42,0) ...

is accepted by the Biichi-automaton B.
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Inductively, we construct a maximal branch xg, z1, . .. such that ) # p(z;) C @ for 0 < ¢ < n and
p(x;) € Q for i > n. The node z is the root of the run tree (V, E, p). Now suppose that z;with i < |w|
has been chosen. Then

{p(x) € Q"] (wi, ) € E} |= &' (p(xi), ai) - 2)

Choosing x;11, we distinguish three cases.

1. Suppose i < n. Because of ) # p(z;) C @ and (2), there exists anode x;11 € V with (x;,2,41) €
F and p(zi+1) C{¢ € Q| 3p € p(x;) : (p,(a;,0),q) € T}. Since i + 1 < n < |w| the node
xit+1 is not a leaf. Using §(0, a,,) = L, we deduce that p(z;41) # 0.

2. Now suppose i = n. Because of § # p(z;) C @ and (2), there exist a node z;11 € V with
(i, zit1) € E and astate p € p(x;) such that the triple (p, (a;, 1), p(x;+1)) is a transition from 7.

3. Finally, suppose ¢ > n. Because of p(x;) € @ and (2), there exists z;11 € V with (x;,zj4+1) € E
and (p(;), (ai, 0), p(zi+1)) € T.

To obtain a successful run of the Biichi-automaton B on v, we first set ¢; = p(x;) for i > n.
By construction of x,1, there exists ¢, € p(xz,) with (¢n, (an,1),qn+1) € T. Now, if i < n and
gi+1 € p(x;+1) has been chosen, there exists ¢; € p(x;) with (¢;, (a;,0),¢;+1) € T by construction of
x;+1. This defines a run qg, g1, ... of B on v with ¢; € p(x;) fori < nand g; = p(z;) forn < i < |w|.
With ¢ = 0, we obtain gy € p(z¢) C I, i.e., the run starts in some initial state of B. Since the maximal
branch zg, x1, x2 . .. is accepting and ultimately labelled by states in (), the run is successful as well. O

Proof of Proposition 7.3:

By Lemmas 7.1 and 7.2, Ly(B) can be accepted by an alternating automaton with state set Q' = Q ¥
{BCQ|0<|B|] <m}. Let (V,E,p) be some minimal (with respect to set inclusion) accepting
run tree of the alternating automaton B’ on w € X°°. Consider level n in this run tree. First observe
that this level contains exactly one node = with p(z) C (. Now let  be some node on level n with
p(z) € Q. Consider some maximal branch of the run tree that contains . As we saw in the proof of
Lemma 7.2, p(z) is state number n in some accepting run of B on some relevant word. This shows
that the set {p(z) | x is some node on level n of the run tree} equals { B} U C for some B,C C @ with
|B|,|C| < m. For infinite runs, adopting the proof from [13], one can construct an equivalent Biichi-
automaton C whose states consist of such sets { B} U C together with an (m + 1)-tuple of binary values
{0,1}. To store one element of @, space log || suffices, hence any state of C can be stored in space
O(mlog|Q@|). For finite runs, the situation is even simpler since we do not need the (m + 1)-tuple of
binary values. O

7.4. Polynomial variance and PSPACE-effectiveness

Let B be a Biichi-automaton over the alphabet ;. As announced at the beginning of Section 7, we show
here how to construct a “small” automaton for the language

{(w,X)e X |Ve:z e X & (w,{z}) € L(B)}.

Since this property can be expressed in monadic second order logic, such an automaton C exists, but its
number of states is in general doubly exponential. Using the notion of general and special variance, we
present two special cases where this increase can be avoided.
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Lemma 7.3. Let B be a Biichi-automaton over the alphabet >; with n states and general variance m.
Then we can construct in space O(m logn) a Biichi-automaton C over the alphabet ¥; such that

LEC)={(w,X)eX|Vx:zeX < (w,{z}) € L(B)}.

Proof:
There is a Biichi-automaton 31 over X9 with 2n + 1 states such that

L(B1) ={(w,X,{z}) e’ |z e X — (w,{z}) € L(B)}.

The automaton checks whether (w, {x}) € L(B) and also whether the second set is a singleton (this
requires doubling the number of states of B) and goes into a new accepting state if the second set is not
contained in the first, otherwise, it accepts if B accepts (w, {«}). The general variance (and therefore
the special variance) of this automaton is at most m + 1. By Proposition 7.3, we can construct in space
O(mlogn) a Biichi automaton C; such that £(Cy1) = Ly(By).

There is also a Biichi-automaton By with 2n states and general variance m such that

L(Ba) = {(w, X, {x}) € 23" | # ¢ X A\ (w, {z}) € L(B)} .

By Proposition 7.2, we can construct in space O(mlogn) a Biichi automaton Cy such that £(Cy) =
Ly(B2) = {(w,X) € ¥ |V : x ¢ X — (w,{z}) ¢ L(B)}. Still in space O(mlogn) we can
construct the automaton C accepting the intersection £(C1) N L(Cz) = {(w, X) € ¥° |[Vz 1z € X <

(w, {x}) € L(B)}. O

As a corollary, we obtain a sufficient condition based on the general variance to ensure PSPACE-
effectiveness of a modality.

Proposition 7.4. Let M be a modality of arity m. Assume that there exists a PSPACE algorithm which,
given a finite set of processes II, computes a Biichi-automaton Bj,;; with GenVar(B,1) € poly(|II])
accepting the language

LBuarm) = {(w, X1, ..., Xy {z}) € 5701 | ([w], Xu, ..., Xy {2}) € [M]n} .
Then, the modality M is PSPACE-effective.

Proof:

Since the automaton Bjs can be constructed by a PSPACE algorithm, its number of states is in
2poly(I0l) - We deduce from Lemma 7.3 that the automaton C M, as defined in Definition 4.1 can be
constructed by an algorithm working in space O(GenVar(By; 1) log (2P (D)) = po1y(|T)). 0

In some cases, e.g. for the modality O, we were not able to obtain a Biichi automaton By 1 with
general variance polynomial in |II|. In these cases, our proof of PSPACE-effectiveness is based on the
special variance.

Lemma 7.4. Let B; and B2 be Biichi-automata over the alphabet ¥; such that (w, {z}) € L(Bs) iff
(w,{x}) ¢ L(By) for all (w,{z}) € X°. If B; and By have at most n states and special variance at
most m then we can construct in space O(m log n) a Biichi-automaton C over the alphabet ¥; such that

LEC)={(w,X)eX|Vx:ze X « (w,{x}) € L(B1)}.
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Proof:
As in the proof of Lemma 7.3 we can construct two Biichi-automata ] and 55 over X, with at most
2n + 1 states and special variance at most m + 1 such that

L(By) ={(w, X,{z}) € BF° |w € X — (w,{z}) € L(B1)}
L(By) = {(w, X {z}) € X5 | ¢ X — (w, {z}) € L(By)}
={(w, X, {z}) €33 |2 ¢ X — (w,{z}) ¢ L(B1)}-

where the last equality holds by the hypothesis on By and Ba.

By Proposition 7.3, we can construct in space O(m log n) two automata C; and Cy such that £(Cy) =
Ly(B}) and L(C2) = Ly(BL). We conclude as in the proof of Lemma 7.3 since the desired language is
E(Cl) N E(CQ) O

As a corollary, we deduce another sufficient condition based on the special variance to ensure
PSPACE-effectiveness of a modality.

Proposition 7.5. Let M be a modality of arity m. Assume that there exist PSPACE algorithms which,
given a finite set of processes II, compute Biichi-automata By 11 and By with special variances in
poly(|II|) accepting the languages

LBum) ={(w, X1,..., X, {z}) € 2071 | ([w], X1,..., X, {2}) € [M]u}
[’(EM,H) = {(w7X17‘ ooy X, {x}) € E?r?Jrl ‘ ([w]lev s ,Xm,{l‘}) ¢ [[M]]H}

Then, the modality M is PSPACE-effective.

Proof:

Since By and By can both be constructed by PSPACE algorithms, their number of states are in
2pely(Il)  We deduce from Lemma 7.4 that the automaton C M, as defined in Definition 4.1 can be
constructed by an algorithm working in space poly(|II]). O

8. Examples of PSPACE-effective modalities

The aim of this section is to show that all modalities described in Section 3 are PSPACE-effective.
Throughout this section, let II denote some finite set of processes and let X be the set of nonempty
subsets of II.

8.1. Derived modalities

As a preliminary, we indicate how to construct more involved PSPACE-effective modalities from sim-
pler ones. This will be used repeatedly in the following sections. For instance, the modality X,, is derived
from the strict until SU and the Boolean connectives: X, ¢ = (—p) SU (p A ¢).

Let TL(B) be some local temporal logic. The set of terms of TL(B) is defined by the grammar

Tu=M(r,...,7)|p| X
——

arity (M)
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where M ranges over B, p over the infinite alphabet P, and X over the set variables { X, Xs, ... }. For
instance, (—p) SU (p A X1) is a term of TL(—, A, SU).

Recall that the semantics of a formula is a set of positions in a trace. Similarly, the semantics of
a term 7 with free variables Free(r) C {Xj,..., X} is a set of positions in a k-extended trace. Let
t = (V,=, ) be a trace over some set of processes I and Vi,...,V; C V be sets of positions. For
p € P, the semantics of the term p is p&V1-Ve) = {v € V | p € A(v)}. For 1 < i < k, we set
Xi(t’vl""’v’“) = V;. The induction then proceeds as in the case of formulas: if 7 = M (7, ..., 7,,) where
M € Bis of arity m > 0, then

Vi) = (g e V| (¢, 70V 26V Vi) (o) € [M ).

Definition 8.1. Let TL(B) be some local temporal logic and let M be some m-ary modality. Then M

is a derived modality if there exists a term 7 of TL(B) with m free variables such that for any finite set
of processes II, we have

[M]r = {(t, Vi,- ., Vi, {0}) € Ry (D) | 0 € 7(BV1-Vm) )
If M is a derived modality, then we also say that it can be expressed with the modalities from B.

Proposition 8.1. Let TL(B) be some PSPACE-effective temporal logic and let M be some derived
m-ary modality. Then M is PSPACE-effective.

Proof:

We use the notations from Section 4, adapted naturally from formulas to terms. Let 7 be the term
that defines the modality M. Then, the automaton .4, from Section 4 can be constructed from II
in PSPACE. Note that its alphabet is ¥, = X,, x {0,1}5®("). Then, by Lemma 4.1, a word
(w,Vi,...,Vin, (Vs)s<r) is accepted by A iff, for any subterm o of 7, we have V,, = o ([wlVis Vi)
Hence the projection of the automaton .4 to the alphabet 3,,, x {0, 1} where we project away all com-
ponents associated with proper subterms of 7 can serve as automaton Cyy 11 from Definition 4.1. O

8.2. Universal modalities

This section is concerned with the strict universal until SU and its past version, the strict universal
since SS and with the modalities that can be derived from them. To this aim, we will construct au-
tomata Bsy 11 and Bss 1 whose general variances are polynomial in the size of II. Both these automata
are based on the following automaton 5.

Construction. The alphabet of the automaton B is 33 and B will accept a word (w, X, Y, Z) iff there
arei € X and k € Z with¢ < k and such that j € Y for all j with ¢ < j < k. Note here, that we have
two orders: the natural linear order < on the positions of the word w as well as the partial order < of the
trace [w].

The set of states of the automaton B is Q = {init, OK} w (2! x 2!), init is the unique ini-
tial state and OK is the only accepting state both for finite runs and for infinite runs. We first de-
scribe intuitively the expected behaviour of B. Let w = ajag--- € . Now, let (w, X,Y,Z) =
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(a1,x1,91, 21)(az, T2, y2, 22) - - - € L5°. If there is a run

(a1,x1,y1,21) q (a2,x2,y2,22)
1

init = q0

of B then either g, = init for all n > 0 or with ¢ = min{n > 0 | ¢,, # init} we have i € X and for all
n > i, if ¢, # OK then ¢, = (A, By,) with

A, = e li=j<n} 3)
B, = (Jaj13/'¢Y:i<jzj<n}. (4)

Moreover, if ¢, = OK for some n then with £ = min{n > 0 | g, = OK} we have i < kand k € Z and
jeYforali <5 <k.
To this aim, a triple (p, (a, z,y, z), q) is a transition iff one of the following conditions holds

p = init A ¢ = init
or p:init/\le/\q:(a,@)

or p=(AB)AanA=0ANqg= (A, B)

or p=(AB)AanNA#DNanNnB=0ANz=1Aqg=0K

or p=(AB)ANaNA#DNanNB=0A2z=0Ay=0Aqg=(AUa,BUa)
or p=(AB)AanNA#0ANanNnB=0Az=0ANy=1ANq=(AUa,B)

or p=(AB)AanNA#%0NanNnB#0Nqg=(AUa,BUa)
or p:OK/\q:OK.

Note that the non-determinism in B reduces to the choice of whether we leave the state init or not when
we are in a position from X (i.e., when z = 1).

Lemma 8.1. The automaton 5 accepts a word (w, X,Y, Z) € X5° iff there exist ¢ € X and k € Z with
i < kandsuchthatj € Y foralli < j < k.

Proof:
We first show that B satisfies the intuition described above. So we consider a run of Bon (w, X,Y, Z) =

(fll,xh?/ly Zl)(a27$27y27 22) e € Ego

(a1,21,91,21) q (a2,2,y2,22)
1

init = qq

and we assume that g, # init for some n > 0. Let ¢ = min{n > 0 | ¢, # init}. From the second line
of the definition of the transition relation we deduce that i € X and ¢; = (a;, (). Hence (3,4) holds for
n = i. Now, let n > i be such that ¢, # OK. Then we must have ¢,,—; # OK and by induction we may
assume that (3,4) holds for n — 1. We have A,,_1 Na, # 0 iff a; Na, # 0 forsome i < j < niffi < n.
By definition of the transition relation, we have A,, = A,_1if A,_1 Na, = Pand A, = A,_1 Uay,
otherwise. We deduce that (3) holds for n. Now, if a,, N B,—1 # () then we find ' ¢ Y and j < n
such that j' < j and a,, N a; # (. We deduce that j* < n and B,, = B,_1 U a, satisfies (4). Similarly,
ify, =0and a, N A,—1 # Otheni < 7 =n ¢ Y and B, = B,_1 U a, satisfies (4). Finally, if
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an N By—1 = () then there is no j' ¢ Y with i < 5/ < n and if in addition y,, = 1 then there is no
j' ¢ Y withi < j° < n. We deduce that in this case (4) holds with B,, = B,,_1. Moreover, assume that
¢n = OK for some n and let kK = min{n > 0 | ¢, = OK}. Since ¢; = (a;,}) we have k > i and (3,4)
holds for n = k — 1. By definition of the transition relation we have 2 = 1 and ay N Ap_1 # 0 and
ar, N Byp_1 = 0. We deduce that k € Z andi < kand j € Y foralli < j < k.

Now, assume that (w, X, Y, Z) is accepted by B and consider an accepting run of 5B using the same
notations as above. Since the run is accepting, it starts in state init and eventually loops on state OK. Let
1 and k be minimal with ¢; # init and g = OK, resp. We have seen above thati € X, i < k, k € Z
andj € Y foralli < j < k.

Conversely, assume that there are 7 € X, k € Z with¢ < kand j € Y forallv < j < k. Consider

the unique run

.. (a1,21,y1,21) (a2,22,y2,22)
mit = qp q1 qs ...

of B with g, = init for all n < 7 and ¢; = (a;, ), which is indeed possible since i € X. If g1 = OK
then the run is accepting. So assume that g1 # OK. Then, from the property of B we have g1 =
(Ag_1,Br_1) and (3,4) holds for n = k — 1. Now, from i < k we deduce that a;, N Ax_1 # 0. Using
jeYforalli < j < k we deduce that a;, N Bi_1 = (). Since k € Z the definition of the transition
function implies gy = OK. Therefore, the run is accepting. O

From the following lemma we will deduce that the general variance of the two automata Bsy 1 and
Bss 11 derived from B is polynomial in |II|.

Lemma 8.2. Letw = ajaz...a, andY C {1,... ,n}. Then the set
J{init - (w, XY, 2) | X, Z C {1,...,n}}
contains at most 2 + |II|2(|II| + 1) many elements.

Proof:
Let X,Z C {1,2,...,n} and consider a run

.. (a1,71,y1,21) (@n Tn,Yn,2n)
mt=¢g ——q  * Gn-1————— qn -

Then, either ¢, € {init, OK} or we have ¢,, = (A(4), B(¢)) with ¢ minimal such that ¢; # init and

AG)=|Hajli=zj<n} and B@)=|Jf{a; |3 ¢Y:i<j =j<n}.

Therefore, the set | J{init - (w, X,Y,Z) | X,Z C {1,...,n}} is contained in H = {init, OK} U
{(A(3),B(i)) | 1 < i < n}. Towards a contradiction, suppose the set in question and therefore this
set H contains properly more than 2 + |II|?(|IT| 4 1) states. Then there exist 0 < ig < i1 < --+ <
im2(jrmj+1) < 7 such that the tuples (A(i;), B(i;)) are pairwise distinct. Since the positions on process
p are totally ordered for the causal ordering <, there are at least 1+ |II|(|II| + 1) positions totally ordered
for <. Therefore, after renaming if necessary, we can assume that ig < 43 < -+ < 4(mj+1) < 7 We
easily see that i < ¢’ implies A(7) D A(i'). Therefore, we obtain

Alio) 2 A(in) 2 -+ 2 A(imy(mj+1)) -
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Since all these are nonempty subsets of II, among the remaining positions, there are at least |II| + 2
positions with equal sets. Again, after renaming if necessary, we can assume that 79 < 73 < --- <
i\HH—l < nand

Alio) = A(ir) = -+ = A(ijj41) -

Finally, i < i’ also implies B(i) 2 B(i'). Therefore,
B(ig) 2 B(i1) 2 -+ 2 B(ijmj+1) -
We deduce that among these subsets of II, at least two are equal, which is a contradiction. O

We show now that the universal modalities are PSPACE-effective. The strict universal until SU was
already defined in Section 3. Here we deal simultaneously with its past version, the strict universal since
SS whose semantics [SS]yy is defined by

{(V, =0 XY {zh) eR3(Il) | FyeY:iy<zAVe:y<z<z—xzeX}.
Proposition 8.2. The modalities SS and SU are PSPACE-effective.

Proof:
We start with the strict universal since. Let (w, X,Y, {z}) € ¥§°. Then ([w], X,Y,{z}) € [SS]n iff
the word (w, Y, X, {z}) is accepted by B. The automaton Bss y is thus the automaton 5 where the two
lines for X and Y have been exchanged and which checks in addition that the set Z is a singleton. The
automaton B can be constructed in PSPACE, hence also the automaton Bss 1. The general variance
of Bss 11 is polynomial in II by Lemma 8.2. Hence the result follows from Proposition 7.4.

We turn now to the strict universal until. With the same notations, we have ([w], X,Y, {z}) € [SU]n
iff the word (w, {z}, X, Y) is accepted by 5. Hence, we can conclude as above. O

We have already seen that the Boolean connectives are PSPACE-effective, hence the temporal logic
TL(V,—,SU) is PSPACE-effective. Also, since the modalities EX and U can be expressed with SU
we deduce that the logic TL(V, -, EX,U) is also PSPACE-effective. Similarly, the pure future pro-
cess based modalities X, and U, can be expressed with SU, hence the process based temporal logic
TL(V, =, Xp, Up) is PSPACE-effective.

The past versions EY, S, Y, and S, of EX, U, X, and U, can be expressed using SS. Hence they
are also PSPACE-effective. Therefore, we can enhance the PSPACE-complete logics mentioned above
by past versions of their modalities. The uniform satisfiability problem of the resulting logics is still in
PSPACE.

8.3. Modalities used in TrPTL

We show here that the modalities O, and U, are also PSPACE-effective. Recall that these modalities are
neither pure future nor pure past. We will define non-deterministic automata with small special variances
in order to use Proposition 7.5.

Proposition 8.3. The modality O, is PSPACE-effective.
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Proof:

We first define a non-deterministic automaton A with 21 as set of states, where all states except () are
initial and () is the only accepting state. Even though A is non-deterministic, it will have a unique ac-
cepting run on any word (w, {k}) € X9°. If we write (w, {k}) = (a1,y1)(a2,y2) ... then the accepting
run will be the sequence (Ay,)p<p<|w| SUch that

An=Jaj In<j=k}. (5)

We have a transition A LGNy the following holds:

y=1NA=anA =0
or y=0AanNA =0NA=A
or y=0ANanA #0NA Ua=A.

We first show that the sequence (A,,),>0 defined in (5) forms a successful run on (w, {k}). If n = k

then we have y,, = 1 and 4,, = 0 and A,,_1 = a,, hence A,,_; {onstn),

(amyn)
_

A, is a transition of A. If n > k

then A,,_1 = A, = 0 and y,, = 0 hence again A, A, is a transition of A. If 0 < n < k then
yn = 0 and either a,, N A,, = () in which case n £ k and A,_; = A,, or a,, N A, # () in which case

n = kand A, 1 = A, Uay,. Inboth cases we have A, {anym), A,,.

Conversely, let (A,,)n>0 be a successful run of A on (w,Y). Let k = min{n | A, = 0}. We have
yr = 1 and Ap_1 = ag hence (5) holds for k£ — 1. From the definition of the transition function, it is easy

to see that A,, = () and y,, = 0 for all n > k hence (5) holds also for n > k. Now, assume that (5) holds

for some 0 < n < k. Since A,_1 M A, is a transition, we have y,, = 0. Since (5) holds for n we

have n < k iff a,, N A, # ). Hence, A,,_1 = A, Ua, ifn < kand A,,_1 = A, otherwise. We deduce
that A,,_; satisfies (5).

Now, we define the automaton B = Bp, 11 over the alphabet Y5 whose first component will be A.
Its set of states is 2T x {0, 1,2} and the initial states are (2'\ {()}) x {0}. The only accepting state is

(0, 1). We have a transition (A, ) Lazy), (A q)if A {89, A" i a transition of A and

0 ifg=0A(p¢aVanA #0)
, 1 ifg=0ApeananA =0rz=1

2 ifg=0ApeananA =0Nz=0
q ifqg#0.
We have seen above that there is only one successful run for the first component. Moreover, the sec-
ond component of the automaton B is deterministic once the first component of the run is fixed. Let
(w, X, {k}) = (a1, z1,y1)(az2, z2,y2) - - - € X5° and consider the unique run (A, g, )n>0 of BB such that

the first component is successful. Let ¢ = min{j | p € a; A j Z k} with the convention ¢ = oo if this
set is empty. Then, we can check that for all n > 0,

0 ifn<i
=11 ifi<nnrieX
2 ifi<nAni¢X.
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We deduce that L(B) = {(w, X, {k}) | ([w], X,{k}) € [Op]rr}. Moreover, if we change the accepting
states to {(}} x {0, 2} then we obtain the complementary automaton B@pn.

Finally, we show that SpeVar(B) < 2|II|(|II] + 1). Fix a word (w, X) and n € N and assume
towards a contradiction that |states(B, (w, X),n)| > 2|II|(|II| + 1). For each k& > 0, let (A (k), gn(k))
be the state reached on the successful run of B on (w, X, {k}). Note that in a successful run of B,
the value ¢ = 2 cannot occur. Then we find kg < k1 < -+ < Kjj(rrj41) such that the sets Ay (k;)
are pairwise distinct and the values ¢, (k;) are all equal. Since the positions on a process ¢ are totally
ordered for the causal ordering <, there are at least |II| + 2 among these positions totally ordered for <.
Therefore, after renaming if necessary, we can assume that ko < k1 < -+ < Ky We deduce that
An(ko) € Ap(k1) € -+ C Ap(kjrrj41) which contradicts the fact that these sets are pairwise distinct.
The same arguments yield the analogous result for the automaton BOP,H.

Using Proposition 7.5 we deduce that O, is PSPACE-effective. O

Next, we turn to the modality ¢4,. Recall that ¢ U, 1 means that we have ¢ until 1) on the sequence
of vertices located on process p and starting from the last vertex of process p which is in the past of the
current vertex if it exists and starting from the first vertex of process p which is not in the past of the
current vertex otherwise. To deal with {4, we introduce another unary modality O;. Intuitively, O;)@
means that ¢ holds at the last vertex on process p which is in the past of the current vertex (and that this
vertex exists). Formally, its semantics is defined by

[0 ={(V, 2,0, X, {y}) e Ry(I) | Fx € X :
pEAN)ANT ZYyAVz: (z Xz ApeEA2)) — 2=y}

Then, we have p Uy, = O, (¢ Uy ) V (20, T A Op(p Uy 9)). Recall from Section 8.2 that U, is
PSPACE-effective since it can be expressed with SU. Hence, it remains to show that (’); is PSPACE-
effective. The proof is almost the same as the one of Proposition 8.3 for the modality ©,. The only
difference is in the definition of the transition relation for the second component. We replace the defini-
tion by:

0 ifg=0A(pg¢a\A'VanA =0)

/- 1 ifg=0Apea\ANanA #DANz=1
2 ifg=0Ape€a\A NanA #ADANx=0
q ifqg #0.

8.4. The modality Eco

We can show that the modality Eco is PSPACE-effective using an idea similar to the one used for
Op. Indeed, let (w, X,{y}) € X5° and let z > 0 be any position. Thanks to the non-deterministic
automaton A from the proof of Proposition 8.3 we can check whether z < . It is also easy to construct
a deterministic automaton A" which allows to check whether y =< z. It suffices to compute, after reading
the prefix of length n of (w, X, {y}) the set A}, = [J{a; | y < j < n}. Using these two automata A
and A’ it is easy to check whether ([w], X, {y}) € [Eco]r. Thus, we get the automata Beco 11 and Beco 11
and we can show as in the previous proofs that their special variance is in poly(|II|).
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8.5. Path modalities

In this section, we show that the remaining modalities from the temporal logic for causality TLC are
PSPACE-effective. The proof is based on Proposition 7.4, in particular on the notion of general variance.

Since the modalities EU, ES and EG claim the existence of a path for the causal successor relation <,
we need to know what are the positions that are covered by a new letter. Let w = ajaz--- € ¥°° and
let 4, n be positions in w. Then, i < n iff for some process p € a; N a, we have a; N a, = ( for all
1<j<n.

This motivates the definition of the following deterministic automaton A. The set of states is Q1 =
(21 x 2 and the initial state is init; = (0, 0),cr. We first specify the expected behavior of A. For
each word w = a; ...a, € X%, there is a unique run init; = (Afl, )pGH where for each process p, if
{1<n|peaq;}= (Z) then (Aﬁ,Bp) (0, 0) and otherwise, with ¢ = max{j < n | p € a;}, we have

Aﬁ:U{aj]ijan} and BZzU{aﬂi%jﬁn}. (6)
To achieve this goal, we define transitions (AP, BP),cr = (AP, B'P)ery if for all p € 11 we have

(a,0) ifpca
(AP, B'?) = ¢ (AP, BP) ifan AP =
(AP Ua,BPUa) otherwise.

Note that the number of states of A is in 2P°2Y(M) and that we can compute the transition function of A
in space poly(|II|).

We show by induction that the specification of A is satisfied. Assume that p € a,,. Then, by definition
of the transition function, we have AY, = a,, and BY, = (). Since in this case n = max{i <n|p € a;} we
deduce that (6) holds. Assume now thatp ¢ a,,. If p ¢ (J{a; | j <n—1} thenalsop ¢ U{a; | j < n}
and we get (A}, Bh) = (AP |, BY ) = (0,0) as desired. Otherwise, i = max{j <n—1|p € A;} =
max{j <n|pe A;}. Ifan Ap = () then usmg the inductive hypothesis, we deduce that i A n.
Therefore, (6) holds with (A%, Bp ) = ( AP BP ). On the other hand, if a N AP | # ( theni < n
and we also obtain (6) with (A%, BL) = (4P _, U an, BY | Uay).

As explained above, the automaton .A is important since it allows us to know which positions are
covered by a new letter, i.e., when a new letter a,, arrives, which are the positions ¢ < n such that: < n.
This is the case iff there exists p € a; N a, such thatp ¢ a; forall i < j < nand a, N Bg_l = (). Note
that we only use the sets BP to check this property, while the sets AP are used to define the transitions of
the automaton A.

Lemma 8.3. There is a PSPACE algorithm which, given a finite set of processes 11, computes a Biichi-
automaton 3 that accepts a word (w, X, Y, Z) € 35° iff there exists a path iy < - - - < i, in [w] such that
£>0,i0€ X,ip € Zand iq,12,...,5p_1 €Y.

Moreover, if init is the initial state of B then for each w € ¥*, we have

Utinit - (w,X,,2) | X,Y, 2 € {1,...., Jw[}}] < 11| +2.

Proof:
The automaton B has two components. The first one is A and the set of states of the second component
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is Q2 = {inite, OK} W II. The initial state of B is init = (inity,inits) and the accepting states are

F = Q1 x {OK}. There is a transition (A7, BP),cr1, q) =227, (A%, B'®)yen, ¢') if in A we have
the transition (AP, BP),err = (AP, B'P) 11 and one of the following holds
q = inity A ¢’ = inity

or g=initpAz=1Aq¢ €a

or g¢ang =q

or g€alhanNBl=0Ay=1A¢ €a

or g€ahanNnBi=0Az=1Aq¢ =O0K

or ¢q=0KAq¢ =0K.

Let (w, X,Y,Z) = (a1, 21, y1, 21) (a2, 2, Y2, 22) - - - € 35°. Assume that we have a path ig < --- < iy
in [w] such that £ > 0, ig € X, 71,42,...,7-1 € Y,and iy € Z. Thenz;, = 1, y;, = 1for0 < j </,
and z;, = 1. Let (A}, Bl)pen be the state reached by A after reading the prefix of w of length n. For
0 <j < ¥ wehavei; < i;41. Hence we find ¢i; € ai; Nai; ., such that 4, ¢ ap forall i; <n < i
and ai].HQBZil_l = (). Now, let g,, = inits forn < ig, ¢, = qi; fori; <mn <41 with0 < j < ¢, and
¢n = OK for n > i,. We can easily check that the sequence ((Af), BY)perr, qo), (A7, B )pert, q1), - - -
defines an accepting run of B on the word (w, X,Y, Z).

Conversely, assume that (w, X,Y,Z) € L(B). Let ((A}), BY)per, q0), (A, BY)pert, q1), . - . be
an accepting run of B on (w,X,Y,Z) = (a1,21,y1,21)(a2,x2,y2,22) - -~ € L5°. Since the run is
accepting, go = inits and ¢, = OK for all but finitely many n.

We construct inductively a sequence 79 < --- < ¢y such thatip € X andiy € YU Zif £ > 0
and i; € Y for 0 < ¢ < £ and qi; € a;; Naj;,, for0 < j < ¢. To start the induction, we let ig
be minimal with ¢;, # inity. Then, from the transition relation, we deduce iy € X and ¢;, € a,.
Now, assume we have already constructed a sequence ¢ = ip < --- < iy with the above property. If
iy € Z, then the construction stops. Otherwise, we claim that ¢;, € a;,. This is clearly the case if
£ = 0. So assume that £ > 0. For 0 < j < /¢, we have ¢i; € a;; Naj;,, and i; < i;41. Hence, for
ij <n <ijy1, we have g, ¢ a, and g, = qi;. In particular, ¢;,—1 = ¢;,_, € a;, and since i, ¢ 7 we
have ¢;, # OK and ¢;, € a;, by definition of the transitions, which concludes the proof of our claim.
Now, let ip41 = min{n > iy | g;, € a,} (this is well-defined since otherwise the run would stay forever
in state ¢;, # OK and would not be successful). Thus, ¢;, € a;, N a;,,, and g;, ¢ ay foripg <n < ippq.
The definition of the transitions also implies that 741 N BZ: i -1 = () and isyq1 € Y U Z. We deduce that
iy < 1941 and we have extended the sequence. Finally, the run being successful, we eventually reach a
state ¢, = OK and the sequence cannot be extended forever. Therefore, we eventually get iy € Z which
implies the existence of a path as required.

The last property of B is trivial to check. Indeed, the first component of B, i.e., the deterministic
automaton 4, only depends on the word w € % and not on the sets X, Y, Z. The second component
can take at most |II| 4 2 values.

Finally, given II, the automaton B can be constructed in PSPACE. O

Proposition 8.4. The modalities EU and ES are PSPACE-effective.

Proof:
Let (w, X,Y, {z}) € £3° and let B3 be the automaton from Lemma 8.3. Then



P. Gastin, D. Kuske / Uniform satisfiability for local temporal logics 195

e (w],X,Y,{z}) € [EU]niff z € Y or the word (w, {z}, X,Y) € L(B).
e ([w],X,Y,{z}) € [ES]n iff z € Y or the word (w,Y, X, {z}) € L(B).

The necessary changes to 3 can be done in polynomial space and the general variances of the resulting
automata are in poly(|II|). Hence the result follows from Proposition 7.4. 0

Proposition 8.5. The modality EG is PSPACE-effective.

Proof:

First, note that EGp = EG(p A EXT) V (¢ EU(p A =EXT)). The first conjunct claims the existence
of an infinite <-path satisfying ( while the second conjunct claims the existence of a finite and maximal
~-path satisfying . We have already seen that EU and EX are PSPACE-effective hence it remains to
deal with EG(¢ A EXT).

The construction parallels that from the proof of Lemma 8.3. The main difference is that the ac-
ceptance conditions is now some flag-construction checking that the path is indeed infinite. The new
automaton B has two components. The first one is A and the set of states of the second component is
Q2 = ({inite} WII) x {0, 1}. The initial state of 3 is init = (inity, inite, 0) and the accepting states are
F=0Q; xIIx{1}.

There is in B a transition ((A?, B?)per, q,€) N (AP, B'P) e, ¢, €') if in A we have the
transition (AP, BP),err — (AP, B'P)er1 and one of the following hold

g=1inita Ay =0A¢ =inita Ae’ =0 (7)
or g=initpAx=1Ay=1A¢ €ane =1 (8)
or g¢ahNy=0Aqd =qNe =0 9)
or gcalhanNBl=0Az=1ANy=0Aq¢ cane =1. (10)

Let (w, X,Y) € L(B). Then, Y = {ip} is a singleton. Let ¢y, i, . .. be the positions where a transition
of the form (10) is taken. As in the proof of Lemma 8.3 we can show that 79 < 7; < 72 ... and that
15 € X for all these positions. Now, the run being successful, infinitely many transitions of type (10) are
taken and the path is infinite.

Conversely, let (w, X, {ip}) € X4 be such that there exists an infinite path ig < i1 < i2... with
i; € X forall j > 0. As in the proof of Lemma 8.3 we can build an accepting path in B for (w, X, {i0})
where transition (8) is taken at position ig and transitions (10) are taken at the positions i1, i3, . . .

Finally, the general variance of 3 is at most 2(|II| + 1). Hence, we deduce from Proposition 7.4 that
the modality EG(p A EX T) is PSPACE-effective. 0
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