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CONVERGENCE AND STABILITY OF FINITE DIFFERENCE
SCHEMES FOR SOME ELLIPTIC EQUATIONS

Murli Manohar Gupta

ABSTRACT

The problem of convergence and stability of finite difference
schemes used for solving boundary value problems for some elliptic
partial differential equations has been studied in this thesis.
Generally a boundary value problem is first replaced by a discretized
problem whose solution is then found by numerical computation.

The difference between the solution of the discretized problem
and the exact solution of the boundary value problem is called the
discretization error. This error is a measure of the accuracy of
the numerical solution, provided the roundoff error is negligible.
Estimates of the discretization error are obtained for a class of
elliptic partial differential equations of order 2m {m 2z 1) with
constant coefficients in a general n-dimensional domain. This
result can be used to define finite difference approximations with
an arbitrary order of accuracy.

The numerical solution of a discretized problem is usually
obtained by solving the resulting system of algebraic equations by
some iterative procedure. Such a procedure must be stable in order
to yield a numerical solution. The stability of such an iteration
scheme is studied in a general setting and several sufficient con-
ditions of stability are obtained.

When a higher order differential equation is solved numeri-

cally, roundoff error can accumulate during the computations. In



order to reduce this error the differential equation is sometimes
replaced by several lower order differential equations. The method
of splitting is analyzed for the two-dimensional biharmonic equation
and the convergence of the discrete solution to the exact solution
is discussed. An iterative procedure is presented for obtaining the
numerical solution. It is shown that this method is also applicable
to non-rectangular domains.

The accuracy of numerical solutions of a nonselfadjoint
elliptic differential equation is discussed when it is solved with
a finite non-zero mesh size. This equation contains a parameter
which may take large values. Some extensions to the two-dimensional

Navier-Stokes equations are also presented.
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PREFACE

Several attempts have been made in the last decade to solve
the Navier-Stokes equations numerically (see [37] and other refer-
ences given there). In 1968, we tried to develop a computationally
efficient method to solve these equations under certain boundary
conditions describing some problems of fluid flow [37,38]. The
primary concern in the above study was to obtain the numerical
solutions for various values of a parameter, the Reynolds number,
while the questions of convergence and stability of the finite
difference schemes remained unanswered. We also found that these
questions were not answered even for equations simpler than Navier-
Stokes equations. In this thesis we discuss the convergence and
stability of finite difference equations obtained by discretizing
various partial differential equations of elliptic type. Although
the equations treated may appear unrelated, they are all connected
with the problem of Navier-Stokes equations in some way or other.
We do not attempt to study any finite difference scheme for the
Navier-Stokes equations, but hope that the results obtained in this
thesis will give further insight into the methods of solving them
numerically. An outline of the contents of the thesis follows.

In Chapter 1, we obtain error estimates for a general class
of difference methods for the Dirichlet problem for an elliptic

differential equation of order 2m with constant coefficients. There
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are very few results in the literature which deal with differential
equations of order higher than two. Courant, Friedrichs and Lewy
[1] constructed a difference analogue of the Dirichlet problen for
the biharmonic equation and proved the convergence of the discrete
solution to the exact solution as the mesh width h tends to zero.
Saul'ev [2] considered the Dirichlet problem for a class of elliptic
differential equations of order 2m (m > 1) and defined a difference
approximation. He proved the existence of a solution of this discrete
system and proved its convergence to a weak solution of the boundary
value problem as h -+ 0. Littman [3] also proved similar results for
another class of differential equations with a strongly elliptic
operator.

In 1964, Thomée [4] studied a general class of difference
methods for the Dirichlet problem for elliptic equations with con-
stant coefficients of order 2m (m > 1). He defined a finite
difference approximation of the Dirichlet problem and proved that
the solution of this approximation converges to the exact solution

L
as h ~ 0, with a discretization error of order h”.

In Chapter 1, we
consider a modification of the difference approximation given by
Thomée and prove that the order of discretization error is increased
considerably. The method of our proof is essentially the same as
that used by Thomée. Later on we show that some of the known results
for the biharmonic equation and a general fourth order differential
equation follow from our results as special cases. We also apply

these results in Chapter 3 to the problem of the biharmonic equation.
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Once a differential equation is discretized, a system of
difference equations is obtained which is generally solved by some
iterative method. These iterative methods can also be interpreted as
resulting from the discretization of a corresponding time dependent
Cauchy problem. In order to obtain the numerical solution of the
difference equations by an iterative method, it is essential to know
a priori that the iterative scheme is stable. In Chapter 2, we
consider the stability of two-layer iteration schemes since any multi-
layer iteration scheme can be reduced to a two-layer (two-level)
scheme by introducing new variables [11]. 1In order to study the
stability of these iteration schemes in general, we first put them
in the form of an operator equation using linear operators in a real
Hilbert space. It may be noted that the difference equations dis-
cussed in Chapter 1 can be put into this form and solved by iterative
methods discussed in Chapter 2.

In the last few years, the problem of stability of two-layer
iteration schemes has been studied by various authors. In particular,
Samarskii [13] has reported various necessary and sufficient conditions
of stability for such schemes with selfadjoint operators. He extended
some of his results to the case of nonselfadjoint operators but the
conditions of stability given by him involve the inverses of certain
operators. These inverses are generally not known a priori and
therefore such conditions are not useful in practice. In Chapter 2,
we obtain several sufficient conditions of stability in the case of

nonselfadjoint operators. These conditions are expressed in terms of
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the norms of operators known a priori. In some cases we show that
these conditions are necessary, too. Finally, we demonstrate the
application of some of the results obtained in this chapter by a
numerical example.

In Chapter 3 we study some boundary value problems of the
biharmonic equation in two dimensions. Such problems often occur in
physics and engineering, for example, the motion of a viscous fluid
at low Reynolds number, bending of an elastic plate, etc. Several
authors have tried to solve the biharmonic equation numerically using
finite difference methods, but most of these attempts have been
restricted to problems in some simple domains such as a rectangle.
One approach is to discretize the biharmonic equation directly and
solve the resulting system of algebraic equations by some iterative
method. Usually the convergence of these iterative methods is very
slow and sometimes it can not be guaranteed even for simple domains.
In order to overcome this difficulty, another approach which is
frequently adopted is to replace the biharmonic equation by two
simultaneous Poisson equations which can be more efficiently solved.
However, the simultaneous solution of two coupled Poisson equations
introduces some new problems of convergence, about which very little
is known. We study this problem in Chapter 3 and define some finite
difference schemes for solving the Poisson equations. We show the
convergence of the discrete solution to the exact solution of the
biharmonic boundary value problems as the mesh size tends to zero.
We also obtain some estimates of the discretization error for these

ix



difference approximations.

In Chapter 4, we consider some of the problems associated
with the computation of numerical solutions of biharmonic boundary
value problems using the discretization schemes suggested in Chapter
3. The first boundary value problem is first replaced by two coupled
Poisson equations which are discretized and solved, usually by an
iterative method. These iterations are called "inner iterations'.
The solution of the whole system, with a properly chosen approximation
for the boundary conditions, is obtained by an iterative process
called "outer iterations'. We show that these outer iterations
diverge as h +~ 0, irrespective of the inner iterations or the
approximation used on the boundary. A modification of the basic
outer scheme using a relaxation parameter makes it convergent. We
study the spectral radii of the matrices governing the outer itera-
tions and show the suitability of some of the approximations to be
used on the boundary. Finally, we solve some boundary value problems
using the methods developed in Chapters 3 and 4. We also compare
our results with those obtained by using some of the existing methods.

In Chapter 5 we study the problem of solving a particular
second order elliptic differential equation in a rectangular domain.
This equation is nonselfadjoint and contains a parameter A which may
take large values. This equation has a similar character as the
Navier-Stokes equations but is easier to analyze because of its
linearity. It is discretized using two different finite difference
schemes both of which are convergent and stable, in the sense of

X



Chapters 1 and 2, when the mesh size h is allowed to decrease. How-
ever, for actual computations, one has to use a finite nonzero mesh
size and one of the finite difference schemes gives divergent results
especially when used for large values of A. This result was observed
by Burns [35] for one-dimensional case who also gave some numerical
computations for the discretization error. Boughner [36] obtained
some more estimates which confirmed the above observation for the
two-dimensional case. These results were contrary to the expectations.
In this chapter we obtain the exact solution of the difference
equations and study their asymptotic behaviour for large values of

A. The behaviour of the solutions as observed by Burns and Boughner
can be easily explained by these asymptotic solutions of the dif-
ference equations. We have also obtained some stability conditions
for these equations which confirm the above results. These results
also explain, in part, why certain finite difference schemes used for
solving the Navier-Stokes equations remain stable and convergent even

for large values of the Reynolds number.
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CHAPTER 1

DISCRETIZATION ERROR FOR DIRICHLET PROBLEMS

1.1 Introduction

In this chapter we study a class of finite difference schemes
for the first boundary value problem for elliptic differential
equations of order 2m (m > 1) with constant coefficients. For second
order equations, one can apply the maximum principle to both the
differential equation and its discrete analogue and thus obtain
estimates of discretization error. However, the situation is Quite
different for higher order equations where the maximum principle can
not be applied in general.

In 1928 Courant, Friedrichs and Lewy [1] constructed a
difference analogue of the Dirichlet problem for the biharmonic
equation and proved the convergence of the solution of the discrete
problem to the exact solution when the mesh width is refined. Saul'ev
[2] considered the problem of finding a weak solution of the Dirichlet
problem for a class of elliptic equations of order 2m, m > 1. He
defined a difference approximation and proved the existence of its
solution. He also proved that this discrete solution converges in the
mean to the weak solution (whose existence is not assumed) of the
boundary value problem as the mesh size h ~ 0. Littman [3] considered
a generalized Dirichlet problem for a class of differential equations
with strongly elliptic operators and vanishing Dirichlet data. He

1



discretized the differential equations by replacing the derivatives
with central differences and proved the existence of a unique discrete
solution. He also proved the convergence of this discrete solution
and its difference quotients to the exact solution and the corres-
ponding derivatives as h +~ 0., The estimates of discretization error
were not obtained in any of these studies.

In 1964, Thomée [4] discussed a class of difference schemes
for the Dirichlet problem for elliptic differential equations of
order 2m with constants coefficients. He divided the set of grid
points into two subsets and called them the sets of "interior" and
"boundary'" grid points. At each of the interior grid points he
defined a difference operator consistent with the differential
operator, whereas at the boundary grid points the approximate solu-
tion was obtained by interpolation using the boundary data. Thomée
proved that the difference between the solution of this finite
difference approximation and the exact solution is of order hl/2 as
h - 0.

Zldmal [5] showed by means of an example that the estimates of
Thomée as such can not be improved. Zldmal discussed the Dirichlet
problem for a fourth order elliptic differential equation with variable
coefficients. He prescribed a difference operator at each of the
interior and boundary grid points and proved the discretization error
to be of order haé, as h - 0. He also defined another difference
analogue for the case of a rectangular domain and proved the discreti-

zation error to be of order h?. Bramble [6] discussed the Dirichlet



problem for the biharmonic equation and constructed a difference
approximation with discretization error of order h? in a special
norm and of order h? (log h’l)l/2 in the maximum norm.

The results of Zldmal cited above suggest that it is possible
to obtain better error estimates than those of Thomée by prescribing
a suitable difference operator for the boundary grid points. Thomée
has also noted that his error estimate is of low order because of
the crudeness of approximations at the boundary. We study, in this
chapter, the Dirichlet problem for elliptic differential equations
with constant coefficients of order 2m, m > 1. We consider a class
of finite difference schemes and define a discrete operator at each
of the interior as well as boundary grid points, thus introducing a
modification of the difference approximation considered by Thomée.
We prove that the order of discretization error is considerably
improved by this modification. The method of our proof is essentially
similar to that of Thomée with the difference that we use different
sets and norms to include the discretization on the boundary grid
points.

The estimates given by Zldmal for the fourth order differ-
ential equations follow from our results in the case of constant
coefficients. For the same equations we define another difference
approximation which is shown to have a discretization error of order
h? for general domains. The results of Bramble are shown to follow
from our theorems. Finally, we give an example of the Dirichlet

problem for a second order elliptic differential equation.



1.2 Mathematical Preliminaries

Let D be a bounded domain in the n-dimensional vector space
R" with piecewise smooth boundary D. Let x be a vector in D with
components X;, X,, . . . X and m be a natural number. We shall

consider the differential operator

_ B+y
(1.1 Lu = L(D)u = Z a, D"'u,a, =a_, ;
l3|=|Yl=m By By Y8
n
where B=(81,...,B),Y=(Y1,.--,Y),|3|=ZB-
and pf = (it a/axp)"t L L . a/axn)sn ,i=V-1.

In (1.1) B and y are multi-indices and Bj’ Yj are non-negative
integers. The coefficients aBY are real valued constants. We
assume that L(D) is an elliptic operator so the characteristic

polynomial L (&) is positive definite:

(1.2) L) = ag, &7 2 cle|™",
|8]=|v|=m
g 8 -
where EB = 511 ... Enn , |E]2 = Z |€j|2
j=1

and ¢ is a positive constant.

Let Ck (M) be the set of complex valued functions which are
k times continuously differentiable on M. Let L2(R™) be the set of
complex valued functions, square integrable in R" and L2(D) be the

subset of elements of L2(R™) which vanish outside D. For u,

v e L2Z(R™) we define



(u,v)

fn u(x) v(x) dx ,
R

1
(u,w)? .

| [ul |

We shall consider the Dirichlet problem

Lu(x) F(x) , XeD
(1.3)

DBu(x) =

1
[}

Under the assumptions of sufficient regularity of F, f and D, the
problem (1.3) has a unique solution in Ck(ﬁ) where k > 2m, D = Dk)ﬁ'[4].
We now introduce mesh points in R of the form &h = (Elh,. . e
Enh) , h >0 and gj are integers. A grid function is a complex valued
function defined on a set of grid points and for such a function we
write u, = u(gh). If a grid function u

€ g

M of the grid points, its definition can be extended to all grid points

is defined only for a subset

by setting u_ =0, & ¢ M,

g

We consider a class of difference analogues of Lu of the form
-2m
(1.4) Ly, = h %caugm sa=(og, - .., 0,

where % are integers and c, are complex numbers. The constants c
are defined for all o but only a finite number of them are non-zero.
By a neighbor of the grid point £ we mean a grid point &+a for which
c, ¥ 0. Let D be the set of all grid points in D and ﬁh be the set

of all points of D that lie on the grid lines. We divide Dy into two

subsets of interior and boundary grid points. The grid point & belongs



to the interior set (£ ¢ Dﬁ) if all the neighbors of £ are in D. The

h? ﬁ of
boundary grid points. Thus Dh = DﬁL)Dﬁ and let Dh = DhLJDh.

We quote the following definitions from Thomée [4]:

grid points of D, , that do not belong to D, form the set D

Definition:
Let W be a neighborhood of origin in R®. The operator

Lh is said to be consistent with L if for u ¢ sz(W),

Lhu0 = Lu(0) + o(1) , as h-=0 .

Definition:
The truncation error of Lh is said to be of order N if for

u e C2m+N(W),

Lhu0 - Lu(0) = O(hN) , as h-> 0.

Definition:
The characteristic polynomial of the operator Lh in (1.4) is
the trigonometric polynomial

(1.5) p(e) = Y c, Ji<a,0> ’
o

n
where 6 = (63, . . . , 8 ) and <a,6> = Z: a.0.
n j=1 J ]

We shall study the characteristic polynomial p(6) for real 6
and because of its periodicity, it is sufficient to study p(6) on

the set



S ={6/ [ej| <7, j=1(n} .

The definitions of consistency and truncation error of the
difference operator L, can be converted into the properties of its

characteristic polynomial p(6).
Lemma 1.1 [4}: L, is consistent with L if and only if
p(8) = L(&) +o (|6]*™) , 60 .

The truncation error is of order N if and only if

2m+N
)

p(8) = L(8) +0 ( |o]f , 8 >0 .

The discrete inner product and norm can be defined as:
n = 4
V), = h }g: u T s el = @i

The sum will always be finite as we shall consider functions which
vanish outside Dh’ Let ej = (0, 0, ..,1, ..,0) be the multi-index
with 1 in the j-th position and O elsewhere.

We define the first difference quotients

vl
(ih) (u£+ej - ug)

3.
i

3.u

e

(ih)* (u, - uge,)

For grid functions which vanish outside Dh’ we have by partial

summation



(1.6) (Bju,v)h = (u,ﬁjv)h .

The discrete Sobelev norm of order m is defined as

5
wn Al = (2 (1%]12)
’ |8]<m
where
N I

The maximum norm over the region Dh can be defined as

(1.8) lulh,[,h

sup |u

|
13
Eh ¢ Dh

We require the following three lemmas. These lemmas are

similar to those given by Thomée (See [4] lemmas 3.1, 3.2 and 3.3).

However, the grid
vanish outside Dh
assumed to vanish

the same lines as

Lemma 1.2: Let u

exist constants C

.9 |lully,

IA

and for fixed m

v

IA

1.1 [|ull,

function u defined in these lemmas is assumed to
while in the lemmas given by Thomée, they were
outside Dﬁ. The proofs of these lemmas follow on

given by Thomée.

be a grid function vanishing outside Dh’ There

independent of u and h such that

C {1ojullys 3= 5+ o oy n s

c ully p -



Lemma 1.3: Let u be a grid function vanishing outside Dh and Lh be
a difference operator of the type (1.4) with characteristic polynomial

p(6). Then,

(111 (uw, = b (210‘“] p(e) la(e)|® o ,
S
where

(1.12) Q@) = 9. u . o 1%E,0>
[

Lemma 1.4: For a grid function u vanishing outside Dh there exists

a constant C, independent of u and h, such that

n

as Ml s e XTI ull
J.=

We define the following norm for functions vanishing

outside Dh:
i
.19 llulll, , =| 2" lugl? + 2 [hug|?
’ D; D

Definition: (Property D&)
The domain D has property D; if there is a natural number N
such that for all sufficiently small h, the following is
valid: for any point EeDﬁ consider all half rays through £.
At least one of them contains m consecutive grid points

outside Dh and within the distance Nh from £.

The above property is satisfied if D is sufficiently regular.



10

For m = 1 it is always satisfied. The following lemma connects the

norms defined in (1.7) and (1.14).

Lemma 1.5: Let the domain D have property Dx. Then, for grid
functions u vanishing outside Dh there exists a constant C independent

of u and h such that
@19 el s ¢ 1l ,

Proof: Let £ be a grid point of Dﬁ and let the half ray in the
negative direction of the X; - axis contain m consecutive
grid points outside Dy within the distance Nh from §. Let
g - (N1 + 1)e;, where N; + m < N, be the first of the m

consecutive grid points of the half ray for which u vanishes.

Then, we have the following representation:
Nl m'l'j—l

R = ) 5? U se -
j=0 j &

Using Schwarz' inequality, we get

N, (m+j-1)\2 N, 2
h™ul|?2<| L PR )
g j=0 j j=0 1 g—Jel

IA

N, )
c }EO ( 5? uE—jel) .

Similar estimates hold for all other points of Dﬁ, and by definition

of the norms (1.7) and (1.14) we get



11

|2 —mu |2

n
=
™

=

2 T h
[ ull12 £z

A

¢ ull2,

which proves the lemma,
The following lemma due to Thomée [4] makes it possible to

compare difference operators in terms of their characteristic

polynomials.
Lemma 1.6: Let Pj () = & céj) el<0°’e> , j=1,2 be two trigono-
o
metric polynomials such that for any trigonometric polynomial
t(8) = zc e <%
o (¢

2
,/; p,(8) |t(e)| do < ./; P, () |t(e)|? do .

Then pl(eo) < P2(90) for all real 60.
Definition:

The difference operator Lh of (1.4) is said to be elliptic

[4] if its characteristic polynomial is positive definite:
p() >0 if 6 % 0, 06eS.
In particular if Lh is elliptic, then its characteristic

polynomial p(8) is real valued for real 6 and c, = Sy

Lemma 1.7 [4]: Let L. be a difference operator consistent with L.

h

Lh is elliptic if and only if there is a positive constant C such



12

that, for all real 6,

™M=

(1.16) p(8) 2 C (1 - Cos ej)“ .

1

j
The following theorem relates the inner product (Lhu,u)h with

the norm ||u||h 0
3

Theorem 1.1: Let Lh be consistent with L. Then, Lh is elliptic if

and only if there is a constant C independent of u and h such that
(1.17) [lu]|2 < ¢ (Lou,uw
: h,m -~ h™>"’h

where u vanishes outside Dh.

Proof: Let Ly be elliptic, then by lemma 1.7

n
(1.18) L (- Cos 0.)" < cp(o) ,
.21 j
J
where p(6) is the characteristic polynomial of Lh. Now,
n n n
-m m
Yo% ull? = L ouu, ,Q = & 3T o8t .
j=1 j h j=1 h h h j=1 j j
The characteristic polynomial of Qh is
n
. m . m
q(8) = Z: ((eleJ - 1)/1) ( (1 - e-leJ)/i)
j=1

n

N
8

g

(1 - Cos 6.)m
j=1 ’

so that q(8) < clp(e), where c, is another positive constant



independent of u or h,

From lemma 1.3, we get

n

(1.19) J_gl 125 ullf = Quuy < o (uwy

which together with lemma 1.4 gives the inequality (1.17).
Conversely, if (1.17) is satisfied then obviously (1.19) is also
satisfied. By lemmas 1.3 and 1.6, the inequality (1.18) follows.
isﬁélliptic.

Finally, from lemma 1.7 it follows that Lh

We need to define a new difference operator

u , & e DS

h Y h
m

(1.20) Ly juw = J A" Lju , &eDf

0, £éD

The following theorem relates the norm of u with the norm of Lh o %
2

Theorem 1.2: Let the domain D have the property DE and let Lh be an
elliptic difference operator consistent with L. Then, for the grid

functions u vanishing outside ﬁh

(1.21) < C L

[Tl Ty ol

Proof: If u = 0 outside Dh’ then

(Lhu,u)h = WL

13



By Schwarz' inequality,
|yl s g ol =l

From theorem 1.1 and lemma 1.5 we get

A

C |(Lhu,u)

IA

2
ol 12 W ey ull s el

IN

C HLh,m uHh ¢ IIuHh,m

Thus,

IA

Hellpn < € 1Ly poully

for the grid functions u vanishing outside D, .

h

1.3 Finite Difference Approximation

We can now formulate the finite difference analogue of the

Dirichlet problem (1.3). For the interior mesh points Dﬁ which have

all their neighbors in ﬁh’ we define

(1.22) Ly U = Fg » &eDp.
We assume that the truncation error of Lh is of order k. The mesh
points in Dﬁ have at least one neighbor outside ﬁh' The values of

ug at these external points can be extrapolated using the boundary

data and the values of U, inside Dh. We formally form the operator
Lhug at the points of Dﬁ by inserting these extrapolated values. In

this way, we get an expression of the form L = L,u_ - zh(f) where

h'e T “n'

the operator ihuE contains the terms with U geDy and 2h(f) is a

14



linear function of the boundary data. Thus, on the grid points of

Dﬁ we prescribe

" } ) .
Lu L. u lh(f) Fg , £ €D

hg h'g h
or,
(1.23) Lhug = F‘r= + kh(f) , £ € Dﬁ , and
(1.24) u, = )

£ fg s & € Dh .

We assume that the truncation error of the difference operator Lh

thus formed on Dﬁ is of order 2. Let eh =u - uh denote the error

function, then ey £ satisfies
L e . = oMY , £eD;
h "h,g ’ h
- IQ .
(1.25) Lh eh’g = 0(h™) , £ ¢ Dﬁ ;
°he = 0 s B D
The operator Lh g can be formed as follows:
L e . =09 ,&eD;
h "h,g ’ h
_ m - 2+m *
(1.26) Ly pehe =4 P Lyep =007, Eeby
0 ’£¢Dh’

The following theorems prove the existence and uniqueness

of the discrete solution and give estimates of discretization error.

Theorem 1.3: Let the difference operator Ly be consistent with L and



elliptic. The discrete Dirichlet problem (1.22) - (1.24) has exactly

one solution for arbitrary f and F.

Proof: The difference equations (1.22), (1.23) form a linear system
of equations with the same number of equations as the number of
unknowns. The discrete Dirichlet problem has a unique solution if
the homogeneous form of this linear system has only the trivial
solution u_. = 0. We thus want to find u_ such that L u_ = 0 in Dh.

3 g h”g
From Theorem 1.1, ||u||h o = O» which proves the result.
>

Theorem 1.4: Let the domain D have the property DE and let L, be an
elliptic difference operator, consistent with L. Let the truncation

error of Ly be of order k at the points of D and of order & at the

h
points of Dﬁ. The error function e, satisfies the following estimate
.21y lelly , = 0G® , e =min (k, 2 +m+%) ash>0 .

Proof: Since the error function e is only defined in ﬁh and is

h,g

zero on the boundary ﬁh, we have e =0, & ¢ Dh' From theorem 1.2,

h,g

h|‘h,m < C |th,m ehllh' The operator L,

and with that definition

|le . is defined in (1.26)

E

2 _ .n 2
lth,m ehHh = h E (Lh,m eh,i)

n 2 n 2
= h Sﬁ Uy pehe * D ﬁﬁ Ly ©n,e)
2 2
N I L T R i)
Dy D*

h h

16
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The number of mesh points in the set D] is O(h—n) and the number of

h
mesh points in D¥ is O(h‘n+1), hence
2 2k 28 + 2m + 1
ey peplly s 0™ + 0o ).

It follows that

llehllh,m s C ]!Lh,m eh]|h < 0 M, o =min (k, &+m+s) as h + 0.

Theorem 1.5: If the conditions of theorem 1.4 are satisfied, then
(1.28) lehlh,Dh = 0 (b)), o = min (k, 2+m+s) as h >0 .
Proof: From the discrete Sobolev inequality [40]

= | B
max lugl < llully ,»p= [2]+ 1.

If m 2 p, then for the error function we have

lehlh,Dh < C ‘lu|‘h,m

and from theorem 1.4 the estimate (1.28) follows.

1.4 Applications

Zlamal [5] has shown by means of the following example that
the error estimate of Thomée's approximation can not be improved. In
fact, Thomée himself has stated that the reason for such a large error
estimate is the crude approximation at the boundary. The example

consists of the Dirichlet problem



Lu
(1.29)

where D is the square
F(x,y) = 24 [x2(1-x)2
The exact solution is

*
The set Dh

distance h from the boundary D.

I
>
g
]
i

in D,

e

on
0 < x,y <1 and
+ y2(1-y)2] + 8(6x%-6x+1). (6y%-6y+1).

u(x,y) = [x(1-x)y(1-y)12.

consists of the mesh points inside the square D at a

The difference approximation of

Thomée [4] is as follows:

LU =

h b

The discretization error e =

2
[lelly,, 2

Thus, for the above example

h

Uu(P) F(P) , P e D

u(P)

0 ,PeDiy b .

u-U for this approximation satisfies

h2 2 (e.2+ e2) > h®>g e2 > Ch.
X% Yy Dy
i
||e||h,2 > C,h?

As seen from theorem 1.4, this order can be significantly improved

by defining the difference operator at every mesh point of Dh'

Zldmal [5]

considered the following Dirichlet problem

Lu(P) = F(P) ,PeD
(1.30)
DYu(P) = DYE(P) ,PeD, v =0,1;
where Lu = (a(x,y) uxx)xx + 2(b(x,y) u, ).+ (c(x,y) u_)

and L is assumed to be a uniformly elliptic operator.

yy'yy
The difference

Xy Xy

18
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operator defined by Zldmal is

LhU = (aUxi)xi + (bUXy)i? + (bUi?)xy + (cUy?)y?

which has a truncation error of order h?., The difference approxi-

mation is defined as

Ly U(P) =F (P) , P eDy
LU(P) = EhIJ(P) - zh(f) =F (P) , PeD}
UP) =f (P) ,PeD

hoC
The operator LhLI(P) is formed formally at the points of Dﬂ using
third order extrapolation formulae for the neighbors of P outside ﬁh'
The local truncation error of Lh at Dﬁ is of order h .

In case when L has constant coefficients, theorem 1.4 can be
applied with k = 2, & = -1 and m = 2. The discretization error

satisfies the estimate
llu-ull, ,=1|lell, , =0 @™ , h+o.
h,2 h,2

which is the same as that obtained by Zld4mal [5].

In the case of a rectangular domain, Zldmal [5] prescribed a
higher order difference approximation for (1.30). He used a fourth
order extrapolation formula for the external neighbors of mesh points
¥*. In

h

the case of constant coefficients this result follows from theorem 1.4

in Dﬁ, resulting in a truncation error of 0(1) at points of D

with k = 2, & = 0, and m = 2 yielding |[e[], , = 0(?) , h > 0.

3
The error estimate of O(h &) can also be improved in the case of a



general domain by taking a higher order extrapolation formula.

We consider (1.30) with

1.31 Lu = au + 2bu + cu .
( ) XXXX XXyy yyyy

At the mesh points of Dﬁ we define the difference operator

LhU = alU- -+ 2bU~- - + cU- - .
XXXX XXyy yyyy

For the mesh points in D¥, at least one neighbor lies outside ﬁh' If
(x,y) € Dg and (x-2h,y) ¢ ﬁh with the boundary D intersecting in

(x-oh,y), 0 < a < 2, we define

(1.322) U (x2hyy) = 2Dy oy o 2Dy gy
a2 (a+1)2
+ 8 (30? - 20 - 2) f (x-ah,y) + é—Lg:gl-h f_ (x-oh,y) .
a2 (a+1)2 a (a+l) X

If (x-h,y) also lies outside ﬁh’ then with 0 < a < 1, we define

(1.32b) U (xhyy) = 20T g ey 0 A%y gy
a (1+a)2
+ g_.(_s_oiz__:._l.)_ £ (X—Ol.h,y) - 2__(_.].'_:2_)_ h f (X-uh,y) .
a2 (1+a)?2 a (1+a) X

The above approximations represent extrapolations of order h*.
Similar extrapolation formulae can be used for all the mesh points
that lie outside ﬁh’ At the mesh points of Dﬁ, we formally form the

difference operator LU replacing the unknown functional values with

20



their extrapolation formulae. The local truncation error of Lh is of
order h? at the points of Dﬁ and of order 1 at points of Dﬁ. From

theorem 1.4 we get the following result with k = 2, £ =0, m = 2

el s, 0 (h?) , h~>0.

Using theorem 1.5, we get

(1.33) leh‘ﬁh = 02, h+0.

The above result is true for the fourth order elliptic
differential equations of the type (1.31) and for any two-dimensional
bounded domain. This result holds for the biharmonic equation since
the biharmonic equation is a special case of (1.31) witha =c¢c =b =
We also note that an 0(h?) approximation in the maximum norm for the
Dirichlet problem of the biharmonic equation in a general domain is
the best which has so far been obtained.

Bramble [6] also discussed the Dirichlet problem for the
biharmonic equation in regions with a piecewise smooth boundary. He
defined the usual 13-point difference operator at the points of Dﬁ
and constructed an approximate operator with truncation error of

order h™! at the points of Dﬁ. He obtained the following results:

el gy = 22 Y < o) ,p2l,h>0;

(1.34a) [lel] + |lsel| < 0 (W?) , h>0

21
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where

2 _ 2 2
lell? = mz et

2 2 2
||se|]* = n? g (3, e + 3,0,) -

The grid function e, is assumed to vanish outside Dh‘ Bramble also

€
obtained the following result

1
(1.34b) < Ch?|logh™!|® , h small.

lelh, by,

We can apply theorem 1.4 with k = 2, £ = -1, m = 2 and obtain the

estimate

3
(1.35a) < 0 (h/é) , h

¥
o

llelly

Using theorem 1.5 we obtain the following result

(1.35b) le]
h,Dy

We note that the results (1.34) obtained by Bramble follow from (1.35)
on applying a lemma given by Bramble (lemma 3.3 of [61).
Finally, we consider the following Dirichlet problem with

constant coefficients and homogeneous boundary conditions:

n

(1.36) Pu = -2

32u/9x. 9x
j k=1 J

ajk K= F(x), x = (xl, en xn) e D,

a

ik = akj and the matrix (ajk) is positive definite.

The operator P can be approximated by the following difference

22
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operator [7]:

Pu =Za,. 3, d.u+jk a.. (3. +393.) (3, +3,) u.
A A A }Ek sk @5+ %) B 3y

h is an elliptic difference operator

and that his results can be applied to this example giving a discreti-

Thomée [4] showed that P

1 1
zation error of order hZ in general, i.e., ]Iel[h 1° 0(h®, h » 0.
s
He also showed that for certain domains made up of rectangular regions
(so that DﬁCI.ﬁh), the error estimate ‘|e|{h 1= 0(h?) is valid.
]

Bramble [8] also discussed this problem and tried to estimate the

discretization error in ||- norm in such a way that the approxi-

Ih0
mations near the boundary are not so important. He proved the estimate
||eHh,0 = 0(h), h = 0. Bramble also stated that to his knowledge no
second order approximations have been proved in general for this
example.

We shall show that by defining a difference operator at each
mesh point of the domain Dh’ a better estimate can be obtained in
general. We note that all the neighbors of a grid point £ are the
points & + o , where aj =0, 1, j=1, , n. If the point &
is in the set Dﬁ, then at least one of its neighbors lies outside Dh'
We assume that & - e; is such a neighbor and the point & - Bel,

0 < B <1, lies on the boundary D. We use the following extrapolation
formula for u

E-ep”

_ 2 (8-1) 2 1-8
(1.37) W o) = T U * Ty Ve-ge, * Teg Ugwe, 0 0 B
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Similar extrapolations can be used for all those points that
lie outside ﬁh and are the neighbors of some points in Dy - The
difference operator Ph can now be formally formed at all mesh points

of Dh' The truncation error of P, is of order h? at the points of

h

Dﬁ. Since the extrapolation (1.37) incurs an error of order h3, the
truncation error of Ph at the points of Dﬁ is of order h. The theorem
1.4 can now be applied with k = 2, 2 = 1, m = 1 and we obtain the

following estimate
1.38 = - 2 .
( ) He‘ ‘h,l Hu uh”h,l < 0(h%), h~>0

We have thus proved the second order error estimate for the
Dirichlet problem (1.36) in a general domain. The result (1.38) is

the best obtainable for the second order difference operator Ph.



CHAPTER 2

STABILITY AND CONVERGENCE OF ITERATION SCHEMES

2.1 Preliminaries

In this chapter we consider a class of iteration schemes which

can be written in the form
2.1) RTICAE) SR GG A

where A and B are certain linear operators, T an iteration parameter
and n the iteration number. The scheme (2.1) can be used to obtain
the approximate solution at the (n+1)th level using the approximation
at the nth level and is called a two-level (or two-layer) iteration
scheme. When B is an identity operator, (2.1) is called an explicit
scheme.

The iteration scheme (2.1) can be used to obtain the solution

u of a system of algebraic equations written in the matrix form:
(2.2) Au=f.

The difference equations obtained by the discretization of elliptic
equations can be put in the form (2.2). The iteration scheme (2.1)

can also arise from the discretization of the abstract Cauchy problem

(2.3) Ly = £;ul0)=u

- 0<tst,,

0°’ 0

where L is a differential operator in the space variables.

25
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The iteration number n in (2.1) can be considered as repre-

senting the time level t and the following notation can be introduced

@4 o™ - ye =y, @D o oy, tear,

y(t+t) - y(t) _
T

yt’

It may be noted that Y, represents a difference quotient throughout

this chapter. The equation (2.1) reduces to the form

(2.5) B(t) y, + A(t) y = £(t), y(0) =y, 0 st <ty,

which is called the canonical form of the two-level iteration scheme
(2.1) [9]. We shall use the same notation as used by Samarskii [9]
and consider the iteration scheme (2.5) as an operator equation in a
real Hilbert space H where an inner product ( , ) and a norm ||-||
are defined related by ||y|| =1/z;j§5. The space H depends upon a
parameter h which is a vector in some normed space. The vectors

y and f belong to H; A(t) and B(t) are linear operators dependent
upon the parameters t, T and h and map H into itself for each t € W,

where w_ is the set given by

w. = {t=37,3=21,2,..., P P tO/T} .

We shall need the following definitions:
Definitions [10]:
Let u, v be arbitrary vectors of H and A, B be linear

operators mapping H into itself. Then,



A > B if (Au,u)

v

(Bu,u) \/u e H ;

A is selfadjoint (A = A*) if (Au,v) (u,Av) ;

\"

positive (A > 0) if (Au,u) >0, u # 0 ;

\%

positive definite (A > SE) if (Au,u) 2 §(u,u) , § > 0 ,

where E is the identity operator.

1 1
c 5

1
If B = B* > 0, then the square root B? exists and B* = (BH* > 0.

Definition [9]: A positive operator A = A (t), dependent upon

t e W is called Lipschitz continuous in t if
(2.6) | (A(t) w,u) - (ACt-7) w,w) | < T, (A(t-T) w,u) ,
where ¢, is a positive operator.

Definition [10]: The norm of the operator A is defined as

| |ax]|
lal] = sup , xeH
xt0 || x|
If A is selfadjoint, then
| (Ax,x) |
|[A|| =sup — , XeH.
x#0 (x,x)

Definition [11]: If D(t) is a positive linear operator on H, then

the following energy norm can be defined

yllgy = @© yn*,

where the lower case letter d(t) relates to the operator D(t).

27
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We shall now consider the following special cases of the
operator A when it is i) selfadjoint, ii) nonselfadjoint, and iii)
A is time dependent. Most of the results for the selfadjoint cases
are due to Samarskii. We have briefly reproduced them in order to

motivate our study of the nonselfadjoint cases.

2.2 Selfadjoint Operator

When A(t) is a selfadjoint positive operator, Lipschitz
continuous in t € w3 and B(t) is a positive operator then the
equation (2.5) is said to belong to the initial family of two layer
schemes (IF - 2) according to Samarskii [9]. For such schemes
Samarskii gave some conditions of stability which are sufficient.

Before we quote these results, we give the following definitions:

Definition [12]: The initial value problem (2.5) is said to be

properly posed if there exists 1, such that for T < Tgs 2 solution

0
of (2.5) exists for arbitrary Yo € Hand f(t) e H, t ¢ -

Definition [12]: The iteration scheme (2.5) is stable with respect

to the initial data and with respect to the right hand side if
Ly gy < Mlly©@]] gy + M, nax e gy >

where [|-||(1) and ||-||(2) are certain norms on H and M;, M, are
positive constants, independent of T and h. For f(t) = 0, the above

condition defines the stability with respect to the initial data.



Samarskii [9] proved the following results:
Theorem 2.1: If the scheme (2.5) belongs to IF - 2 and the condition

(2.7) B > 057 (1-c, 1)A

1

is satisfied with a positive constant < independent of 1t and h, then

the scheme (2.5) is stable for T < Ty o T

0 < 1/4cl.

Moreover, the solution y of (2.5) satisfies the following estimate:

6o gy ¢ IOy + 0, max 1 ey
+ M max !lffct’)'la—l(t») s

3 o<t~ <t

where M, are positive constants depending only upon c,, ¢, and ty-

Theorem 2.2: If (2.5) belongs to IF - 2 and the condition
(2.8) B>eE+05tA, >0

is satisfied, then the solution of (2.5) satisfies the following
estimate

1 -
llY(t+T)||a(t) < M1||Y(0)||a(0) + JE:'MZ g:i’st NG

Remark: The results of theorem 2.2 hold if A = AO + A, where Ao(t)
is a selfadjoint, positive operator, Lipschitz continuous in t and

Al(t) is a nonselfadjoint operator satisfying

A, 0yl 12 s eg(ay )y,
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where c, is a positive constant independent of T and h.
Further, Samarskii [9] proved that the condition (2.7) is
also necessary for the stability of (2.5) in the case when A and B
do not depend upon t and B is selfadjoint. In this case the operators
A and B are called 'fixed' operators. If the operator B is also

1
positive, then B? exists and the equation (2.5) can be written as

1 1
B? B? Yo * Ay=f£,

1
2

which on putting x = B® y becomes

1 L
B*x, + AB?x

t = f ; or,
(2.9) x, *+ Cx=¢,C= B B2 s B% £ = N
and lxl] = &%, B%)7 = By = |Iyll, -

Thus, the norm of x is equivalent to the B-norm of y and the stability
of (2.9) is equivalent to.the stability of (2.5) in B-norm. First of
all, we shall discuss the stability of (2.9) with respect to the
initial data. The homogeneous form of the equation (2.9) can be

written as

(2.10) x (t+1t) = Sx(t) , S=E - 1C ,

0O<t=nrtc< tO , X(0) = Xg € H .

The initial value problem (2.10) is stable [11] if the powers

S(T)n of the transition operator S(t) remain uniformly bounded for all
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Te (0, T). Thus (2.10) is stable if there exists a constant o’

independent of 1 and the space parameter h, such that for 0 < 1 < 7

the following bound is valid:

(2.11) [x(0) [ s exp (eptd)|[x(0)]] , 0 5 t=nt <t  ;

where x(0) is an arbitrary initial vector of H.

Samarskii [13] pfoved the following lemmas. Lemmas 2.1 is also

applicable to nonselfadjoint operatodrs.

Lemma 2.1: If the transition operator S is independent of t, then

the condition

(2.12) s 0,0 =e0"

with < independent of T and h, is necessary and sufficient for the

stability of (2.10).

Lemma 2.2: If C = C*, then the conditions’

(2.13) (1-p) E < 1€ < (1+p) E, p >0
are necessary and sufficient for the bound (2.12).

Lemma 2.3: If A and B are positive selfadjoint operators, then the

conditions

CoT
(2.14) (1-0) B < A < (l+p) B, p=e

with any constant ¢, are necessary and sufficient for the stability
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of (2.5) in B-norm with respect to the initial data.

2.3 Nonselfadjoint Operator

When A is a positive nonselfadjoint operator, C is also

-1
nonselfadjoint and positive. 1In this case C exists and Samarskii

[13] proved the following two results:

1
(2.158) Forp 21, C > (1t / 1+p) E = ||S]|| <o ;

v

-1
(2.15b) For p <1, ||S|| sp=>C =2 (t/ 1+) E .

IA

We also note that for p < 1

(2.15¢) C's (v / 14p) E<=> ||S]|c1.

The conditions (2.15a) and (2.15¢) are sufficient conditions
for the stability of the explicit scheme (2.10), whereas (2.15b) is
a necessary condition. Each of these conditions involves the operator
C-1 which requires a knowledge of A—l. However, the operator A-1 is
rarely known a priori and the conditions (2.15) can not be utilized
in practice. We now derive some conditions which can be directly

checked in terms of the known operators.

If the system (2.10) is stable, then from lemma 2.1,

| 1sx]|
|[s]] <o = <p,p>0, 0¢éx e H .
|||
Since Ilellz = || (E-1C) xllz

|1x| % -2 t(cx,x) + 72| |cx]]?,



and (Cx,x) = ||cx||-]|x|| ,
therefore
|Ix]12-2c]cx| -1 {x]| + <2|fcx||2 < ||sx]]|2 s o2]|x]]2 ,

or,
=[] - «llex] | < ollx|] ,
1- 1
L2 j1xl] < [lex]| < 22 [|x]].
Since this is true for all x ¢ H, it follows that

(2.16) lcl| = sup exl1 L
x#0 | [x||

s, p>0 .

The inequality (2.16) provides a necessary condition for the stability
of (2.10).

A sufficient condition for stability can be obtained as

follows:
sxl12 = [1x]]2 - 2 « Cx + <2][cx] |2
< Ixl12 + 2« [lexl]-1lxl] + <2 ex] |2
< el fol D211 5
s 1] = swp HSEL o gnyieyy

x#0 ]{xl]

For the stability, from lemma 2.1, it is sufficient that

1+xllc]] spo, 0 =0 or,

33
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(2.17) T < , P =€

This is a general sufficient condition for stability and gives the
stability range which depends upon p and the norm of the operator C.
The range given by (2.17) becomes meaningless when p s 1. However,
this range can be improved if more information is available about the

operator C. We shall consider several possibilities.

When C=C*>0,S=E-1=28*%; and
[1s|] = sup l—£§fifl—l- = sup 1-1 (€x,x)
x#0 (x,x) x#0 (x,x)
It follows that
(2.18) |IS]] < ¢ if and only if 7t < |T;T| s, p 2 1.

In the case when C is nonselfadjoint and positive definite

operator (C > 6E , § > 0), then

2
| |sx]| C 1o X)L o |lcx| |2
|1x]1]2 (x,X) EK

<1 - 218 + t2||C||?2 .
For the stability it is sufficient from lemma 2.1 that
I1s]]2 s 1 - 218 + 12||c]|? < p2

which leads to the condition
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L8+ 5%+ ]]c]|? (o2 -1))?

el ]2

(2.19) 0<ts<1t,

If the operator C is sum of a selfadjoint and a nonselfadjoint
operator, then the stability range can be further improved. We shall
use lemma 2.1 with p = 1 as the stability criterion in the following

theorems:

Theorem 2.3: Let CO and Cl be linear operators mapping H into itself

and

(2.200  C = Cy+C, ,Cy=C5>0;C

0 >8E , § >0,

1

The corresponding iteration scheme (2.10) is stable provided

2 (1 - oy +b)

(2.21) 0<1Tcg Toé , where § =
1-py2+2b+a”

a = T0||Cl|| ,» b= TOG and Py = ||E - o CO‘I ;
and & is any real number satisfying the conditions

(2.22)

IA

NRY) 2
Pps1+b , (1-p45°<a".

Proof: S = E~1C = E - TCO - TCl

(6E - TCO) +{(1 -06)E - rcl} ,0<0<1.
By the triangle inequality

[Isll s el E-c/0Cy lI+]]@-0) E-C|].



(2.23)

(2.24)

We rescale 1 in terms of 1, and 6 by writing v =t

0 6, 0 <96

0

Moreover,

|11 (1-0)E-7C }x||? = (1—6)2]|X||2-2T(1-9)(C1X,X)+T2||C1X||2
< {(1—9)2—2T5(1—6)+T2||C1‘|2}||X|I2 ;

This is true for all x € H so that

|1 a-0)E-ec, || € {-0)2-2e8a-0)4e2| ¢, |[21*

and ||S|| < £(8) , where
L
£(0) = e||E-T0cO|| + {(1-0)2-2168(1-0) + 62T8{|c1||2}2
= 8oy * {(1-8)2 -2b 6 (1-6) + a2 92}% ;
a = Tol|C1|| , b =T05 s Py = lE - TOCO|| .

The value of f£(6) is less than unity if

2 (1—p0 +b)

-

l—pg +2b +a?

The value of § lies in the interval [0,1] if Pg < 1+b,

a2,

A

and  (1-p)?

Thus, IISIl

IA

f(6) <1 if O0<t=71.06%<1.6,

where B is any real number satisfying (2.22).

Theorem 2.4: Let C = C, + Cl such that C > 0 and

0

<

36
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(2.25) C, = 3(C+CH ,C = 2(@€-CY

A sufficient condition for the stability of the scheme (2.10) is

. . 2 (1 - po)
(2.26) O0<T<T6,8= ;
0 1-p.2 4+ g2
0
po = “E T0C0|l s & = Tollcll‘

and Ty 1s any positive real number such that Py < 1.

Proof: For any x ¢ H, (Clx,x) = 0 since C; = (C - c*)/2.

From (2.23) we get

[l -0k - || < ((1-0)2 + 22[[c []2}7 ,

Is]] <0 oy + {(1-0)% + 62 2217 , 02 0 .

Proceeding as in theorem 2.3, we find that

2 (1 - py)

1- p02 + a2

l[s]] <1 if 0<<t = o0 < Toé , 8 =

This holds for any positive real number 2 for which oy < 1.

Theorem 2.5: Let the operators C, and C1 in theorem 2.3 satisfy the

0

following conditions

(2.27) v,;E € Cy s v,E, C 2 6E, ||C1!| SN

In this case the stability range is largest when Tg = 2/(Y1 + Yz)

and the stability condition becomes
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(2.28)

Proof:

Case 1:

Case 2:

38

2 (y,*8)
0<t <
(Y*7,) (g *8) + (v;%-v,?)
If ylE < C0 < YzE, then

(1—?072) E < E-TOCO < (l—Toyl) E , and
pO = l‘E"TOCOH = max (‘1’T0Yl| s Il‘ToYzl)

The stability range (2.21) is

2tg (1-pg + b)

0<1txg Toé , roe = 1*962 s 2b 4 a2 > 27 Tp¥y o b = 106 .

We wish to choose 4 such that 105 is a maximum, There are

two cases:

- = . . -1 -1 .
p0 = |1—T0Yll = 1—T0Yl if either T < Y, < Yy

or, vt < Ty < v

2 3 TO < 2/(Y1+Y2)

In this case Toé is an increasing function of Ty Its

maximum is attained when i has its maximum value which is

2/ (v +y,).
= 112 - 1 if ei -1 -1 .
Po ]1 TOYZI oY, 1 if either Y,o < Y] <193
-1 -1
or, Yoo < T < Y] s Tg > 2/ (v y,)

If Yy > Y, then 1.6 is a decreasing function of 2 and the

0

minimum permissible value of t,, which is 2/(y,+y,), gives

0
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the maximum of Toé.
Iif Yq < Y, then we should have = 2 2

£ , -
0 y2+Y3 Y, 8

in order to satisfy (2.22). In this case Ty = 2/(y2+y3)
gives the maximum of Toé. However, Ty = 2/(yl+yz) gives a

larger stability range. Substituting this value of T in

(2.21) we get (2.28).

Corollary 1: 1In the case of theorem 2.4, if (Clx,x) = 0 for all

x € H, then the stability condition in this case is obtained

by putting § = 0 in (2.28).

Corollary 2: When C = Cy + C, , llcl] < Y,*Y,s @ necessary condition

of stability is obtained from (2.16) as follows:

(2.29) T —2 .

When Yg € Y5 (2.29) becomes a necessary and sufficient
condition for the stability of (2.10). In the case when C
is selfadjoint, Yq = 0 and this condition becomes T <2/y2
which is equivalent to (2.18) with p = 1, This condition is

the same as given in lemma 2.2.

Corollary 3: The function £(0) of (2.24) assumes a minimum in the

interval (0,8). This minimum is achieved for 6 = 8 given by

i 1
(1+b) (d~p02)2 lh (a2-b2)*
(2.30) § = , d = aZ+2b+1 .
d (d-p )’




(2.31)

The iteration parameter T for the optimal convergence of the
iteration scheme is given by % = Toé, Ty = 2/(y1+y2). The
norm of the transition operator S of the iteration scheme
(2.10) satisfies

1 1
po(1+b) + (a?-b?)* (d-p?)”
d

||S||S6’§= < 1.

When § = 0, b = 0 and we obtain the values of ? and § for the
optimum convergence of the iteration scheme (2.10) as given

by Samarskii [14].

One can verify the conditions of theorem 2.5 in terms of the

norms of A and B by using the following lemma:

Lemma 2.4: Let A = A + Al in the iteration scheme (2.5) and the

0

following conditions be satisfied

(2.32)

Then,

Proof:

Y, B < AO < Y, B, alE < B < azE s
llAlHSB’A1>0‘E
Y, E < C0 < y2E , C1 > SE and ||C1‘| < Y, ,
with § = cx/oe2 s Yy = B/oc1
Si A, = A* dc. =B%A BZ
ince Ay = Aj and C, = 0 s

from lemma 2.3 the following inequalities are equivalent:

Y, B < A0 <, B and Y4 E < CO < Yz E .
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Moreover, since B = B* > 0, B™! exists and the following

inequalities are equivalent:

o, E<B<a E , olE<Bl<calE.

1 2 2 1
Now,
(Clx,x) = (B A1 B “*x,x) = (Al B “x, B “x)
-k L

2 a (B"%x, B"%x) = a (B lx,x)
2 oc/oc2 (x,x) ;
2 -1 -3 %

llc,x|]? = (8 A, B, A BTx)

A

_1
ot ||, 7% |2

n

1 %
art [la [121]87%[ ]2

IN

82/62 |||

so that I[C1|| < B/oc1

2.4 Time-Dependent Operators

In order to study the case when A and B depend upon t, we
assume that B(t) is a selfadjoint and positive operator and satisfies

a Lipschitz condition in t:



(2.33) | ({B(t) - B(t-D)} y,y) [ ¢, t (B(t-1) v,y ) ,

0<t-= nT<:t0 , ye H,

where c, is a positive constant independent of T and h.

1
Since B(t) = B*(t) > 0, the square root B2(t) exists for each t w_.

We put B*(t-t) y = z in (2.33) and obtain
| (B3 (t-0) B(t) B2 (t=1) 2,2 ) - (2,2) | s ¢, T (2,2)
| (B2 (t=t) B(t) B3 (t-1) 2,2 ) | 5 (1 + ¢;1) (z,2)
[18%) B7%(-m) 2||2 s o7 [[2]|2, z c n

1 -1 /2
(2.34) |1B%(t) B™*(t-1) || < e /

We wish to consider the stability of the initial value problem

(2.57) Ber) X =¥ L oAy yee) = 0,
T

Y(O) = yo b t € wT .

The operator equation (2.5”) can be written as

(2.35) x(t+1) = S(t) x(t) , S(t) = E - 1C(t) ,
where x{(t+1) = B%(t) y(t+t) ,

() = BE(t) y(t) , and C(t) = B 3(t) A(t) B %(t) .

42



Using the estimate (2.34) we get

x| | = B2 vy

||B%(t) B %(t=1) x(0)]]

3

|1B%(t) B (1)

IA

x(t)|]

[7AY

exp (¢, 1/2) lxe) || , te w_

The following lemma is a counterpart of lemma 2.1 but gives a

sufficient condition of stability:

Lemma 2.5: The initial value problem (2.5°) with operators depending

upon t is stable if

(2.36) sl < =p, teu
where <5 is a real number.
Proof ; x| = [[s(e) ()]
SN

A

exp ( (cy+¢,/2) 1) [x)|] , te 6 -

This demonstrates the stability of (2.35) and hence that
of (2.57).

When A(t) is selfadjoint, Samarskii [13] obtained the

43
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following conditions, the first of which is sufficient for the

stability and the second is sufficient for the instability of (2.57).

Theorem 2.6: If B(t) = B*(t) > 0, A(t) = A*(t) and (2.33) is
satisfied for B(t), then the following conditions are sufficient for
the stability of (2.57) in the B(t)-norm:

- CAT
(2.147) lpB(t)sA(t)sl—:p-B(t) Lo=e0 | teuq

T T °

Theorem 2.7: If A(t) = A*(t) > 0, B(t) = B*(t) > 0 and A(t) satisfies

the condition (2.33), then the condition

(2.37) ACt) > 3—:-"- B(t) , teu

with p = exp (COTY) , 0y <1
is sufficient for the instability of (2.57) in A(t)-norm.

In the case when A(t) is a nonselfadjoint operator, one can
obtain a sufficient condition of the form (2.15) if one follows the
analysis of Samarskii [13]. As this condition would involve the
inverses of A(t) and B(t), it can not be used in practice. However,
our analysis of theorems 2.3 - 2.5 is valid in this case and the
stability results (2.17) - (2.28) hold. We rewrite the theorems 2.3
and 2.5 for the present case whereas the other results can be extended

to the case of time-dependent operators in a similar manner.

Theorem 2,3”: Let Co(t) and Cl(t) be linear operators on H such that
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C(t) = Cy(t) + C (1) , Cylt) = Cg(t) 3 C,(t) 2 8E, 8 >0 .

Then the corresponding initial value problem (2.57) is stable in
B(t)-norm ( ||S(t)|] <1, te w_ ) provided

i 2 (@ -py+ Tyd)
(2.219) 0 <1< Ty 6,8 =

1- p02 + 218 4 a2

.
3

where a =1, [[C;(0)]] , oo = IIE - TOCO(t)I! , tew

and 2 is a real number satisfying the conditions

_ 2 2
Py < 1+ TOG , @@ po) < a“c .,

Theorem 2.5”: Let the operators Co(t) and Cl(t) satisfy the conditions

- - *
(2.277) Y, E < Co(t) = Co(t) <y, E,

C(t) 28E, |[Cl(t)|| Sy, tew

In this case IIS(t)Il < 1 and the stability range is largest when

T = 2/(y1 + yz) and the stability condition is given by (2.28).

The proofs of these theorems follow their counterparts in the
case of fixed operators. These theorems assure the uniform boundedness
of ‘[S(t)ll for each t ¢ w which, from lemma 2.5, ensures the stability

of the initial value problem (2.57).
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2.5 Stability With Respect to the Right Hand Side

We shall now discuss the stability of the iteration scheme
(2.5) with respect to the right hand side f£(t). Samarskii and Gulin
[15] showed that under certain conditions an iteration scheme, which
is stable with respect to the initial data, is also stable with
respect to the right hand side. When A(t) is nonselfadjoint, their
results involve the inverses of A(t) and B(t). In the following
theorem, we prove that the iteration scheme (2.5°) is stable with
respect to the right hand side if the sufficient conditions of

stability with respect to the initial data are satisfied.

Theorem 2.8: Let B(t) be a positive selfadjoint operator satisfying
a Lipschitz condition in t. Let A(t) be a nonselfadjoint operator

and let

cnT
(2.36) sl sp=e0 , tew .
Then, the solution of (2.5) satisfies the following estimate

238 |yl < 87y

n-n~
T B HEED 1m1 0oy
0 b-1(t")

where f = exp (COT) » €p=¢o * c1/2 , t7=n"T.

Proof: From (2.5) we get

BE(t) B(r). L =Y 4 pr) y(e) = £(0)



Writing x(t+T) =

we get

BE(t) y(t+t) and X(t) = B(t) y(t)

x(t+1) = S(t) R(t) + 1B 2(t) £(t) ,

where S(t) = E - 7C(t) , C(t) = B'%(t) A(t) B—%(t) .

It follows that

||x(t+r)||

[x(o

IA

Using the above

| [x(e+n) ||

ls@ ]+ 1x@] + | |87 £t

A

caT Cq 7/2
e 0.e1 ]

A

BN NI I O F S P

¢ llx(t)ll + T‘|f(t)||b-l(t) , t >0

[y -[[RC) |1 + <[ [£C0) 11,

exp (cuu) [ 1y (0[], oy *+ THE@ -1,
p lly(0)|lb(0) +T‘If(0)‘lb-l(0) .
inequalities for t* = 7,2t,... we get

n
s llx@l] v e L B EED o1
n’=1

s M s

<Ol gy +w & o oy

/=0



This inequality gives the estimate (2.38) since

H x(t + 1) H = H y(t + 1) ||b(t)

2,6 A Numerical Example

We consider the boundary value problem
(2.39) Lu = u _+xu, = 0, x>0, 0<x<1;
u) =0, u(d) =1 .

For the numerical solution of (2.39) we introduce the mesh points

X, = ih, i = 0,1, ... ,N, Nh = 1., Let u, denote the approximate

value of u(xi). We replace Uy in (2.39) by its three point differ-

ence analogue h'z(ui_ - 2u; +u,

1 1+1)’

can be replaced either by the central differences (2h)'1(ui+1 - ui—l)

or by the forward differences h"l(ui+1 - ui).
The differential equation (2,39) is discretized at each

. T

X, 1= 1 (1) N-1. If y denotes the vector (ul,uz, e ’uN—l) s

then the difference analogue of (2.39) can be written as

(2.40) (A, + Al) y

[}
Hh

= -h=2  _ = A% .
AO = -h 2 1 <:::> \ AO >0 ;
1 -2 1\\\\\\\
\\1

O L

whereas the first derivative u,
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.
H
1l
o O

.

-1 0 1 (:)
Q\\\l
-1 0

for central differences;

h™2 + )\hd

h~2 + (2h)~1a

_ A
A1 T T h

for forward differences .

Let the Hilbert space H consist of the (N-1) - dimensional

vectors (ul, ...... ’uN-l)T with the inner product and norm defined

by

The eigenvalues of A

N-1
(u,v) = z: u.v. o, ||u|| =¥ (u,u)
i=1

are 4 h™2 sin2 XM g . 1, ... ,N-1,
0 2

49

so that YlE < AO < YzE with Y, = 4h~2sin? %h-and Y, = 4h™2cos? %h-.
In the case when central differences are used, A1 = —A; and

||A1|| < A/h. In the case of forward differences ||A1|| < 2 2/h and
A2 6E, 6 = -%%- (1 - cos g%ﬁ-) .
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The system of difference equations (2.40) can be solved using

the following explicit scheme

(n+1) (n)
- n n
(2.41) b . b + A0 y( ) . Al y( ) - f,
where y(n) is the n-th approximation and 7 is an iteration parameter.

The equation (2.41) can be written in the operator form

1]
,—h
v

yt + A0 y + A1 y

(1) ()

T

where y = y(n) and Ve

We obtain the following stability conditions from theorem 2.5:

For the central difference approximation,

h? (1 - cos 7 h)
sin? th + A22h2/4

(2.42a) T <

For the forward difference approximation,

2
(2.42b) < he (1 + Ahk - cos 7 h) ,

sin? th + A%h2 + 2 Ahk

a m h
k =-0.5(1- cos h )

For the numerical computations, the conditions (2.42) are
indeed sufficient for stability. However, the stability ranges
obtained here are conservative and we give a comparison of the

stability ranges of t in the following table for the case when h = 0.1:



Parameter Forward Differences Central Differences
)‘ Theoretical Numerical Theoretical Numerical
1.0 0.0046 0.0047 0.005 0.005
10.0 0.0005 0.003 0.0014 0.005
100.0 0.000011 0.0008 0.00002 0.0001




CHAPTER 3

THE BIHARMONIC EQUATION: DISCRETIZATION ERROR

3.1 Introduction

The biharmonic equation in two-dimensions can be written as
(3.1) Abu(P) = F(P) , PeD,

where A is the Laplace operator and D is a bounded region with
boundary D. If the function u and its normal derivative u, are

prescribed on ﬁ, i.e.,
(3.2a) u(P) =£(P) , u (P = g ,Peb,

then (3.1) and (3.2a) constitute the first boundary value problem of
the biharmonic equation. If u and its second derivatives are pre-

scribed on the boundary 5,
(3.2b) u(P) = £(P) , Mu(P) = g ,Peb,

then (3.1) and (3.2b) constitute the second boundary value problem.

In order to solve these boundary value problems, the domain
D is first covered by a square grid of size h. The biharmonic equation
is replaced by its finite difference approximation at each grid point
of D and the boundary conditions are replaced by some appropriate finite
difference analogues. This leads to a system of linear algebraic
equations which must be solved by an iterative or direct method.
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The iterative methods frequently considered are those of
the alternating direction or the relaxation type. Conte and Dames
[16,17] used an alternating direction method for solving the bihar-
monic boundary value problems in the unit square. They proved the
convergence of the iterations and also gave a method for determining
the optimum iteration parameters. However, their analysis does not
hold for arbitrary domains and for general boundary conditions.
Fairweather, Gourlay, and Mitchell [18] and Hadjidimos [19] discussed
some improvements to the convergence of the iterative scheme given by
Conte and Dames as applied to the unit square.

The iterative methods of relaxation type include the Jacobi
and successive over relaxation (S.0.R.) methods. Windsor [20] proved
that the point Jacobi and line Jacobi methods diverge for the second
boundary value problem (3.1) and (3.2b). He also proved that certain
extrapolated procedures converge but the rate of convergence is of the
order h”, where h is the mesh size. Parter [21] discussed a two line -
SOR method for the first boundary value problem (3.1), (3.2a) in a
rectangular domain. The normal derivative was discretized using
second order finite differences whereas the thirteen point difference
operator was used to discretize the biharmonic equation. The matrix
of the resulting algebraic system must be symmetric and positive
definite for this method to be applicable. The rate of convergence
strongly depends upon the choice of the relaxation factor. This makes
the method unsatisfactory since in general it is difficult to find the

optimum relaxation factor.
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Viznyuk and Molchanov have given several explicit iterative
methods for solving the first boundary value problem (3.1) and (3.2b)
[22,23]. Some of these methods are applicable to general domains.

The convergence of these iterative schemes was proved and the
estimates of the optimum iteration parameters were given. However,
these results do not have any practical value since the optimum con-
vergence itself is very slow. The values of the optimum parameters
are of the order 10*> and 1076 which introduces large round off errors.

Direct methods of solving the difference equations related to
the biharmonic equation also exist in the literature [24,25] and are
recommended for solving large linear sparse systems, especially when
the system is ill-conditioned. For this reason Ehrlich [26] advocated
the use of direct methods and has done a comparative study of some
iterative and direct methods used for solving the biharmonic equation.
He found that a direct method is competitive with an iterative method
so far as the arithmetic operations are concerned. He also gave a
rounding error analysis which indicated that the iterative methods
are not necessarily more accurate than the direct methods.

An alternative approach is to reduce the biharmonic equation
to two coupled Poisson equations. The two second order boundary value
problems are solved by the existing methods. This procedure is
~generally used to obtain the numerical solution of problems in fluid
dynamics (see [38] and other references given there). However, this
reduction introduces some new problems of convergence related to the

simultaneous solution of the Poisson equations. This will be
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discussed in Chapter 4, while in this chapter we shall discuss the
discretization error and convergence of the discrete solution to the
exact solution, as h » 0,

The biharmonic equation (3.1) can be reduced to the following

equations:
(3.3a) Au(P) = v(P) , PeD ub ;
(3.3b) Av(P) = F(P) ,PeD.

Wood [27] used this technique to solve the second boundary value
problem in a rectangular domain. She discretized the equations (3.3)
and defined an iterative procedure to solve the resulting algebraic
system. The convergence of the discrete solution to the exact éolution
was proved in the mean as the mesh size h - 0. However, the analysis
of Wood is not applicable to general domains since the error functions
can not always be expanded in Fourier series as done by Wood.

The first boundary value problem for the biharmonic equation
in a rectangular domain was studied by Smith [28] who split the bihar-
monic equation (3.1) into two Poisson equations. These equations were
discretized and an "inner-outer' iteration method was devised to solve
the two coupled algebraic systems. The outer iteration scheme
involved the solution of two discrete Poisson equations at each step,
m, say. Boundary conditions were given at each stage but the con-
ditions on v varied with m., The Poisson difference equations can be

solved using various direct and iterative techniques and the term
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"inner iterations" is used to identify this procedure.
Smith proved that the spectral radius of the basic outer

iteration scheme was given by 2(hch)"l where o, - o as h~ 0, and o

h
is a constant. This showed that the basic outer iteration scheme

was divergent for small values of h. The convergence was achieved

by introducing a relaxation factor in the outer iterations and the
spectral radius of the modified iteration scheme was shown to be

s 1 - ch, h > 0. We note here that Smith's\analysis is valid only

for rectangular domains and for one particular approximation of the
boundary conditions for (3.3b). Ehrlich [41] has shown that the rate
of convergence of Smith's method can be improved by using two para-
meters in the outer iterations.

In the present chapter, we consider the biharmonic boundary
value problems in a general two-dimensional domain. In the first
part we study the second boundary value problem (3.1), (3.2b) and
reduce the biharmonic equation to two Poisson equations (3.3) with
Dirichlet data known on the boundary. We discretize the second order
equations and estimate their discretization errors using the maximum
principle. We define two difference approximations and prove the
overall discretization error to be of order h?. Further, we combine
the difference approximations for the Poisson equations to obtain an
equivalent difference analogue of the biharmonic equation and show a
relation between the local truncation error of the biharmonic operator
and the overall discretization error. The results of Chapter 1 can

not be applied for this purpose since there we dealt only with the
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Dirichlet problems.

In the second part of this chapter we study the first boundary
value problem (3.1), (3.2a) in a general two-dimensional domain and
again reduce the biharmonic equation to two Poisson equations (3.3).
The boundary conditions for (3.3b) are not known a priori and have
to be approximated from the known data. We discretize the Poisson
equations and define difference approximations at every grid point of
the region of integration. In order to obtain the error estimates we
combine the two difference systems and get an equivalent difference
analogue of the biharmonic equation. We now apply the results of
Chapter 1 to estimate the discretization error. This also provides
a criterion for defining the missing boundary conditions. Finally,
we give some examples of the possible definitions of these missing

conditions and estimate the corresponding discretization error.

3.2 Discretization Error: The Second Boundary Value Problem

We consider the boundary value problem

AMu(P) = F(P) , Pe D,
(3.4) u(P) = £(P) , Pe D,
pu(P) = g(P) , Pe D,

where D is a bounded two-dimensional domain with the boundary D.
The equations (3.4) can be reduced to two second order Dirichlet

problems by writing Au = v:
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(3.5a) Au(P) =v(P) , PeD,
u(P) = £f(P) , PeD ;
(3.5b) Av(P) = F(P) , PeD ,
v(P) = g(P) , PeD.

The domain D is covered by a square grid of size h (h > 0}.
Let Dh>be the set of all mesh points in D and ﬁh be the set of all
points of D lying on the grid lines; ﬁh =D U ﬁh'

For any grid function V(x,y), we define the difference analogue Ah of

the Laplace operator as

b VOy) = Vi (oy) + Vs ()

This is the usual five point operator. Similarly the difference
analogue of the biharmonic operator is the usual thirteen point

operator

A2 V(x,y) = b (A V(X))

We give some names for the neighborhoods of a point P0 relative to the

operators Ah and Aﬁ. Let ¢(P) = &(P, PO), the Kronecker delta, and

define

N1 (p

o) /8y o(P) # 0} ;

N, (Py)

'{P/Ai 6(P) # 0} .

The set Nl(Po) consists of five mesh points (the Laplace



neighbors) and Nz(PO) consists of thirteen points (the biharmonic

neighbors of PO).

The maximum norm is defined as

(3.6) = max |V(P)]| ,

V]
Qh Pth

for any grid function V defined on the set Qh'
The set ﬁh of all mesh points can be divided into the

following subsets:

Dy consists of those points P such that N,(P)< ﬁh ,

Dh 1 consists of the points P of D ~ such that Nl(P) <D
3

h - By h?

Dh 2 consists of the remaining mesh points of D, -
2

P R ) *__ - » ‘
Let D" = DpUDy 4 b Dy =Dy yU Dy 5 s Dy = DpUDy  UDy .

The Dirichlet problems (3.5) can be discretized and a finite
difference approximation defined at each mesh point of Dh‘ Let U, V
denote the discrete grid functions defined on ﬁh and correspond to

the continuous functions u, v. We define the discrete analogue of

(3.5) as
8, U(P) = V(P) , PeD,
(3.7a) UMP) = V(P) , PeD
upP) = £f(P), Pe ﬁh ;
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E(P) , PeD ",

o, V(P)

(3.7b) Aﬁ V(P) F(P) , PeD

h,2 ?

V(P) g®P), Pe D

h

The operator Ah approximates the Laplace operator with a

truncation error of order h?, and the operator Aﬁ is a suitable

approximation of A for the mesh points of D We study two dif-

h,2"

ference approximations for A If (x,y) is a mesh point of D

*
h.

then at least one of its Laplace neighbors lies outside ﬁh' If

h,2’

with 0 <o , B < 1, then A¥ can be

(x-oh,y) and (x,y-g8h) lie in D y

h
defined by the Shortley-Weller formula

2h72 [ (a+1)~1 V(x+h,y) + o1 (a+1)"1 V(x-oh,y)

(3.8) AF V(x,y)

L

(8+1)71 V(x,y+h) + ™1 (8+1)~! V(x,y-8h)

(a7t+g™) Vix,7) 1,
with the truncation error given by
* -
|Ahv avl < 2/3h M,

We also study another approximation defined by

(3.9)  4; V(x,y) h™2 [ V(x+h,y) + o71 V(x-oh,y) + V(x,y+h)

+

8-1 V(x,y-8h) - (2+a~l+g™1) V(x,y) 1 .

The truncation error of this operator is given by

60



61

lafv - av| < cw,

where C is a constant and Mi is defined by

M. = sup
T jek=i

We shall show that the error of these discretizations is of
the order h? , as h >+ 0. We introduce the discrete analogue of the

Green's function [29] defined by

_h‘2 S(P,Q) ’ Pe D};, H

Bp.p Gp(PsQ)

-h™2 §(P,Q) , PeD

(3.10) 5 p G(P,Q) b2 *

G, (P,Q = §(P,Q , Peb

h 3

for Q¢ ﬁh .

We shall first prove some lemmas:

Lemma 3.1 (Maximum Principle):

If Ah V(P) 0., P ¢ Dh , and,

*
MV 20, PeD

for any mesh function V defined on D, , then V(P) attains its maximum

h,
on ﬁh'
The proof of this lemma follows from Collatz [30] using the fact that

both A, and A; are positive operators.
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Lemma 3.2: If V(P) is a mesh function defined on D, , then for
any P e 5h
(3.11) V) = R ) G (P,Q) (-4 V(@)

QsDﬁ”

+ h? E%) G, (P,Q) (-4 V(Q)) + E:. 6, (P,Q) V(Q.
QeDy 5 QeDy

Proof: If we denote the right hand side of (3.11) by Z(P) and use the

definition (3.10) of Gh(P,Q), we get

Z(P) = V(P) , Pe ﬁh
A; Z(P) = A; V(P) , Pe Dh,2
A Z(P) = A V(P) , PeD.

Thus, for W(P) = Z(P) -~ V(P) we have

WpP) =0, Pe ﬁh
*®
Ah W(P) =0, Pc¢ Dh,2
6, WP) =0, PeD”

m

From lemma 3.1, W(P) 0 which proves (3.11).

v

Lemma 3.3: Gh(P,Q) 0,QeD

h

Proof: For an arbitrary but fixed Q ¢ ﬁh’ the function ~Gh(P,Q)



satisfies the following inequalities
Ah,P (-Gh(P,Q)) 20, Pe Dh

*
& p (6 (PQ) 20, Pedy .

’

Thus by lemma 3.1, Gh(P,Q) 20, Q¢ Bh.

Lemma 3.4: Y G, (P,Q <1, Pebd

ho*
QEDh ,2

Proof: Let Z(Q) be the mesh function defined by

1 Qe:Dh
Z2(Q =
0 Qeﬁh-
Then,
b, 2@ = 0, QeDdy”
-A; Z(QQ 2z h™2, Q= Dh’2

for both approximations (3.8) and (3.9).

Applying (3.11) to the function Z(Q) for Pe Dh’ we get

1= 1) G (4Z@ 2L G(.Q
QeDh,Z QSDh,Z

If P e ﬁh’ then the inequality is trivial,
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Lemma 3.5: If d is the diameter of the smallest circumscribed circle



containing the domain D, then the discrete Green's function defined

by (3.10) with_A; defined by .(3.8) satisfies

(3.12) h2 Y G, (P,Q) 5 d%/16 , PeD, .
QeDh

Proof: Let 0 be the centre of the circumscribed circle of diameter

d and let

WP) = r(P?/4 = x(P2+y@®?/4, Ped ,

x(P) and y(P) are cartesian coordinates of P relative to 0.

Then, we have

A W) = 1, PeD”

A;’l WP) = 1, Pe Dh,2
W(P) < d2/16 , P ¢ ﬁh )

If V(P) = h? E: G, (P,Q), then
QeDh

A V(P) = -1, PeD”

A; V(P) = -1, Pe Dh’2
V(P) = 0, Pe ﬁh .

By the maximum principle, the function Z(P) = V(P) + W(P) attains its

maximum on Dh’ i.e.,
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V(P) + W(P) 5 d%/16 , P ¢ ﬁh .

Since W 2 0, (3.12) follows.

Lemma 3.6: If in lemma 3.5 A¥ is defined by (3.9), then

(3.13)

Proof:

h

h* ) G (P,Q) < d%/16 + 0(h%) , P D

QeD, h

Proceeding as in the proof of lemma 3.5, we have for the mesh

function W(P) = r(P)2/4

o W(P) =1, PeD
A; W(P) = (a+p+2)/4 , P e Dh’2
W(P) < d2/16 , PeD

ho

If V(P) = h2 ) G, (P,Q), then for Z(P) = V(P) + W(P) we have

QeDh
A, Z(P) = 0, PeD”
A; Z(P) = (a+B-2)/4 , P e Dh,2
Z(P) < d2/16 , P ¢ ﬁh .
Since Ah Z(P) = 0 in D, Z(P) attains its maximum on Dh,2 which is

the boundary of D/”“. Thus,

h
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(3.14) max Z(P) < Z(Q , Qe Dh 2
PeD”” ?
h
< max Z(Q) .
Qe:Dh,2

h™2 [ Z(x+h,y) + Z(x,y+h) + a~! Z(x-oh,y)

Since A; Z(x,y)

+

B~ Z(x,y-gh) - (2+a"l+g71) Z(x,y) ]

(0“'6‘2)/4‘ s (XSY) € Dh 2

and Z(x-oh,y) , Z(x,y-8h) < d2?/16 ,

we have, h2(a+8-2)/4 < Z(x+h,y) + Z(x,y+h) + d?(a"1+g71)/16
-(2+a7t+g™d) Z(x,y) .

Using (3.14) we get

2 max 2(Q) + d?(a1+8"1)/16
Dy 2

(2+a~1+871) Z(x,y)

A

h? (a+B-2)/4 .

1

As this is true for all (x,y) € Dh g WE get

max Z(Q) s d%/16 + 0(h2) .
Dy .2

From (3.14) we obtain

max Z(Q) < d2/16 + 0(h?) .

by
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Since W(P) 2 0, (3.13) follows.

Now we are in a position to estimate the discretization error.

Let el(P) and ez(P) denote the error functions defined by

el(P) v(P) - V(P)

EZ(P) u(P) - U(P) , Pe ﬁh .

Theorem 3.1: If U is the solution of the discrete system (3.7), (3.8)

and u is the solution of (3.4), then
(3.15) = sup |u-U| <0(h?), h>0,
D

2'D
h h

Proof: The discrete functions are defined on ﬁh and el(P) = Ez(P) =0,

P e Dh' From lemma 3.2 we get for al(P),

(3.16) e, (® = k2 ) G (PQ (-4 ()
QEDh

+ W2 ) G (PQ (A (@), Peb -
Qth’2

Now, [-te (@] = [-a,v(Q + 2 V(]

| w(Q - AVl

1A

2 .o,
h</6 Mq , Qe Dh ;

A

|—Aﬁel(Q)| = |av(Q) - Bv(Q| s 2h/3 My , Qe D

h,2 °

From (3.16), it follows that
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e, ®|

IA

(h?) 6, (P,Q) max |-t (@]
Dﬁ‘ Dﬂ’

+

h2 () G (P,Q) max [-te (@]
Ph,2 Ph,2

A

d2/16 .h%/6 M, + h%.1.2n/3 M,

using lemmas 3.4 and 3.5.

= max |e_(P)] < d2/96 h2 M , h =0 .
D 1 L

1'D
h h

The equation (3.16) is also satisfied by ez(P) and

| -84, @ |-8u@ + A, UQ]

|-8,u(Q + V@]

IA

@ - 2 u@] + le, @]

[ Fal

h2/6 M, + lellﬁh » QeDp”;

|—A;52(Q)| < 2/3h M, + lellﬁh , Qe Dh,2 .

Thus,

le, ()]

A

d2/16 (n2/6 M, + ]s1|5h)

+

2
h? (2/3 h M + lsllﬁh)

IA

d2/96 h? M, (1+d2/16) + 0(h®) ,



le, I = §ﬁp luP) - uP)| s 0h2) , h~>0 .
h Dh

Theorem 3.2: The error bound in theorem 3.1 is valid when the

approximation (3.9) is used instead of (3.8).

Proof: The proof follows on the similar lines as in theorem 3.1.

Here we have

|'A;81(Q)I < C M2 » Qe Dh,2 s

and using lemmas 3.4 and 3.6 we get

Iel(P)| < (d2/16 + 0(h2)) h2%/6 M, + h?.1.cM,

lellljh < h2 (C M, + d?/96 M), h>0.
Similarly,

|52|]jh < h2 (1+d2/16) (C M+ d2/96 M), h~>0

which proves the theorem.

Thus, we have shown that the discretization error for the
biharmonic equation with boundary conditions (3.4) and the difference
approximations defined by (3.7) - (3.9) is of order h?, as h + 0.

We shall now combine the discrete systems for the second order
Dirichlet problems and obtain an equivalent difference approximation
for the biharmonic boundary value problem (3.4).

If (x,y) e D, then N, (x,y) < D Thus, for the mesh points

h
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P in Dﬁ we have from (3.7)

5UP) = V(P) , AV(P) = F(P)
which can be combined to give

(3.17) 8,0U(P) = E(P) , PeD .

If (x,y) € Dh 1 then AhV(x,y) = F(x,y). At least one
element of Nl(x,y) lies in Dh 2 Assuming (x-h,y) is such a mesh
b

point, we get from (3.7a)

h-2 [AhU(X+h:YJ + AhU(x,y+h) + A;U(x’h:Y) + AhU(X’Y'h)

46, U(x,y)]1 = F(x,y)

which is the same as

(3.18) Bi U(x,y)

2 -2 %* _
Ay U(x,y) +h [Ah U(x-h,y)
‘Ah U(X-h,Y)] = F(x:Y) > (st) € Dh,l .

Similar expressions are valid for other mesh points of Dy ¢~
H

If (x,y) ¢ D, ,, then A;V(x,y) = F(x,y). If the operator
A; is defined in (3.8) and if we assume that the points (x,y+h) and

(x+h,y) belong to D””, then from (3.7a) and (3.8)

2h72 [a™1 (a+1)7! g(x-ah,y)

(3.19) A2 U(x,y)

+

71 (e+1)7! glx,y-h) - (@71+87h) AU(X,y) +
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+

(a+1)71 8, U(x+h,y) + (8+1)71 4 U(x,y+h)]

F(x,y) , (x,y) ¢ Dh,2 .

In case the operator A’ is defined by (3.9),

h
(3.20) zﬁ Ux,y) = h™2 [AU(x+h,y) + A, U(X,y+h)
+ ol g(x-ah,y) + 871 g(x,y-8h)
- (2+a714p™] AﬁU(x,y)] = F(x,y) , (x,y)eDh,z.
Similar expressions are valid for all mesh points of Dh,2' On the

boundary ﬁh’ the function U(x,y) is defined by

(3.21) Ux,y) = £(x,y) , (x,y) e Dy .

We have thus defined two difference approximations for the
second biharmonic boundary value problem (3.4) in a general domain.
Both of these approximations have a discretization error of order h?,
h - 0, as proved in theorems 3.1 and 3.2. On the set of interior grid
points Dﬂ, the biharmonic operator is replaced by its thirteen point
discrete analogue as in (3.17) which has a truncation error of order
h?. However, on the boundary grid points D; (D; = Dh,ILJDh,Z) the
biharmonic operator is replaced by an approximation Eﬁ as in (3.19)
and (3.20). The truncation error of this operator is of order hl if
Ap is defined by (3.8) and is of order h™2 if A; is defined by (3.9).

It follows that in order to obtain a discretization error

bound of order h?, it is sufficient to approximate the biharmonic
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operator by its second order finite difference analogue at the
interior grid points whereas at the boundary grid points, the bihar-
monic operator can be replaced by difference analogues with a trun-

cation error of order as low as h™2.

3.3 Discretization Error: The First Boundary Value Problem

We consider the boundary value problem

AAU(P) = F(P) , PeD,
(3.22) u(P) = f(P) , PeD,
u (P) = g®) , Peb,

where u is the outward normal derivative on D and D is a bounded
two-dimensional domain with boundary D. The equations (3.22) can be

split into two second order boundary value problems by writing

Au = v:
M(P) = v(P) , PeD
(3.23a) .
u(P) = £f(P) , PeD ;
Av(P) = F(P) , PeD
(3.23b) .
v(P) = Au(P) , PeD.

In this case the values of v are undefined on the boundary D
and have to be approximated from the known data. We define the dif-

ference approximations for (3.23) as follows:
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AUP) = V(P , PeD”
* —
(3.24a) BUP) = V(P) , PeD,
U(P) = £(P), Pe ﬁh ;
MV(P) = F(P) , PeD”
* _
(3.24b) AV() = F(P) , PeDy

V(P)

BUP) , Peb .

In the above definition A, is the five point finite difference

h

analogue of the Laplace operator, A

h

Weller formula defined in (3.8) and Eh is an operator that approximates

is the first order Shortley-

A on the boundary D. The selection of Zh will be discussed later.
Since the boundary condition for (3.24b) is undefined, we can
not apply the Green's function technique to estimate the discreti-
zation error. On the other hand, the results of Chapter 1 are
applicable to the Dirichlet problem (3.22). In order to do so, we
first combine the difference approximations in (3.24) and obtain an
equivalent difference analogue of the Dirichlet problem (3.22).

If (x,y) € D, then N2 (x,y)c:ﬁh and we get on combining

8UP) = V(P) , AV(P) = F(P)

(3.25) AhAhU(x,y) = F(x,y) , (x,y) ¢ Dﬁ .

If (x,y) ¢ D then Ahv(x,y) = F(x,y). There is at least one member

h,1’°

of Nl(x,y) that lies in D Assuming (x-h,y) is such an element,

h,2°
we get
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(3.26)  BUCx,Y) = AU(x,y) + h™2 [A7U(x-h,y) = & U(x-h,y)]

1]

F(x,y) , (x,y) ¢ Dh’l .

Similar expressions are valid for other mesh points of D If

h,1’
(x,y) ¢ Dh 29 then from (3.24b) and (3.8) we get
2

2 W72 [(0+1)71V(x+h,y) + o”1(0+1) 71V (x-ah,y)

APV (x,y)

+

(B+1)"1v(x,y+h) + 871 (B+1) 1V (x,y-8h)

(@ 148" V(x,»)] = F(x,y) , 0 <o , B s 1.
From (3.24) it follows that

(3.27) ZiU(x,y)

in

2 072 [(a+1)7! AfUCx+h,y) + (8+1)71 AFVU(x,y+h)

+

o7l (a+1) 71 & U(x-ah,y) + 871(8+1)71E, U(x,y-Bh)
- (OL—l"'B‘l)A;;U(—XJY)] = F(X’Y) ) (X,}’) € Dh’z 3
0<aoa,Bs1.

i at the mesh

ﬁ is of the order h?. Since the operator A

The local truncation error of the operator A
*

h
2

A with an error of order h, the operator Eh of (3.26) approximates

points of D approximates

the biharmonic operator with an error of order h™! at the points of

Dh 1° If the operator Bﬁ of (3.27) also has the truncation error of
)

order h™!, then theorem 1.4 can be applied to obtain estimates for

the discretization error.



From the definition of.Aﬁ and.Ei in (3.27), it follows that

(Aﬁ - 5}21) U(X,Y) = h-z [Ahu(x"'h,}’) - Z(OH'l)_l A;u(x"'h’}’)
+ Ayu(x,y+h) - 2(8+1) 1 A;p(x,y+h) - 48, u(x,)
+ 2(@ 48T Mju(x,y) + du(x-h,y) + Apu(x,y-h)

- 20"l (a+1)"? Zhu(x—ah,y) -2~ 1(R+1)" ! Ehu(x,y—Bh)]

Expanding in Taylor series about (x,y), we get for a sufficiently

smooth function u

(3.28) (B - 8Pulx,y) = b2 [2 07 (a+1)7} [Bulx,y) - Bulx-ah,y)
#2871 (g+1) 7L [pu(x,y) - Zhu(x,y—Bh)}] + 00"y

The truncation error of Ei satisfies

|Ei u - A% u] < |E§ u - Aﬁ u| + |Ai u-4A%u

< IZﬁ u - Ai u| + 0(h2) .

This truncation error is of order h™! if the operator Zh is chosen

such that it approximates A with an error of order at least h. From

(3.28), the operator Bh must be chosen such that

(3.29) [zhu(x-ah,y) - Mu(x,y)| <0 ,h>0,0<as1l.
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With the above provisions, the biharmonic operator 42 is
approximated with an error of order h? at the interior mesh points
(Dﬁ) of Dh and with an error of order h™l at the boundary mesh points

* % = 3 = = =
Dh (Dh Dh,lL’Dh,Z)' We can apply theorem 1.5 with k = 2, & 1
and m = 2 and obtain the estimate

(3.30) max | u(P) - U(P) | <Ch™ , h~>0.

Dy

A

3.4 Examples of the Boundary Operator

If D is a rectangular domain, the operator Aﬁ reduces to Ay

The operator A2 of

2
' h

and the operator Zi of (3.26) reduces to Ay

(3.27) takes the following form:

(3.31)  EU(x,y) = AU(x,y) + h72 [AU(x-h,y) - A U(x-h,y)

+

ZhU(x:Y"h) - AhU(x’Y'h)] = F(Xs}')s CX:Y) € Dh,2 .

The set of boundary mesh points in this case is Dh 2 and the
>

truncation error of Zﬁ depends upon that of A If the operator Ay

ht
approximates A with an error of order hp, then the truncation error

of Zi of (3.31) is of order hpuz. Applying theorem 1.5 with k = 2,

£ =p-2and m = 2 we get

(3.32) max | u(P) - u(P) | <ot , >0,
D
h
q = min (2, p+1/2)

We now give several examples of A If (x,y) is a mesh point

h

of Dh 5 and (x-h,y) lies on the left boundary of the rectangle D,
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then Bh can be approximated as follows:
(3.33) Zhu(x—h,y) = h™2 [f(x-h,y+h) + f(x-h,y-h)
-2 f(x-h,y) 1 .
For a smooth function u,
Ehu(x—h,y) = Au(x-h,y) + 0(1)

In this example p = 0 and (3.32) gives the error estimate of order

1
h*.
Another example of &h is that used by Smith [28]
(3.34) Zhu(x-h,y) = h™2 [2 u(x,y) - 2h g(x-h,y) + f(x-h,y+h)

-+

f(x-h,y-h) - 4 f(x-h,y)] .

The truncation errof of Eh is of order h and with p = 1, (3.32) gives

34
the error estimate of order h 2.

A modification of (3.34) is given by
(3.35) Bhu(x~h,y) = h™2 [0.5 u(x+h,y) - h g(x-h,y)
+ f(x-h,y+h) + f(x-h,y-h) - 2.5 £(x-h,y)] .

This modification also has a truncation error of order h. In this
approximation we have used the function value at (x+h,y) instead of
at (x,y) as in (3.34).

A higher order approximation is given by



(3.36) Zhu(x—h,y)

h™2 [4 u(x,y) - 0.5 u(x+h,y)

+

f(x-h,y+h) + f(x-h,y-h) - 5.5 £(x-h,y)

i

3 h g(x-h,y)] .

The truncation error of this approximation is 0(h2) and from (3.32)
we get the discretization error estimate of order h2.
A modification of (3.36) which uses the function values at

the points (x+h,y) and (x+2h,y) instead of at (x,y) and (x+h,y) is

given by

(3.37) Ehu(x~h,y)

h™2 [1.5 u(x+h,y) - 4/9 u(x+2h,y)

+

f(x-h,y+h) + f(x-h,y-h) - 55/18 f(x-h,y)

I

5/3 h g(x-h,y)] .

The truncation error of this approximation is also 0(h?). The
approximations (3.35) and (3.37) are given here for they have some
computational advantage over the approximations (3.34) and (3.36),

respectively, as will be seen in chapter 4.

In the case of a general domain we can construct a difference

operator Zh which satisfies (3.29). As an example let

(3.38) A u(x-ah,y) = h™2 [u(x+h,y) + u(x,y+h) + u(x,y-h)
20L-1 -1
* f(x"o"h’}’) + (1‘0(' ) h g(x‘u'h9}’)
o

+

( @-0"H? - 4) ulx,m] .
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With this approximation we obtain a truncation error of order h at
the mesh points of D;. Consequently the discretization error is of
)
order h ©= from (3.30).
Error bounds can be obtained in a similar manner when other

approximations for Ah’ A; and Zh are used in (3.24).



CHAPTER 4

THE BIHARMONIC EQUATION: NUMERICAL SOLUTION

4.1 The Outer Iteration Scheme

In section 3.3 we presented a difference approximation for

solving the first boundary value problem. The problem is

(4.1) AMu(P) = F(P) , PeD
u(P) = £(P), PebD
u (P) = g®) , Pe D .

The biharmonic equation is replaced by two simultaneous Poisson
equations by defining an intermediate variable v = Au (see equations
3.23). The following difference approximations are defined for

obtaining the numerical solution of these Poisson equations:

(4.2a) BUP) = V(P) , Pe D’
* -
U = V@), PeD
(4.2b) AV(P) = F(P) , PeD”
* —
MV = E(R) , PeDy,

The boundary condition for the discrete Poisson equation in U

(4.2a) is known

m
Te

(4.3) ui) = £(P) , PeD 3
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while for the discrete Poisson equation in V it is defined by

(4.4) vee) = AU, Pe ﬁh ,

which involves the unknown solution U(P). Several examples of the
operator ZhU were given in section 3.4.

In order to obtain the solution of the biharmonic boundary
value problem using (4.2) - (4.4) we define the following iterative
procedure. We start with some initial approximation U, to the

0

discrete solution U and obtain successive approximations

Ul’ U2, R ,Um using the following iterative scheme:
by Ve () = F(P) , PeD”
(4.5a) Aﬁ Vm+1(P) = F(P) , Pe Dh,2
Vo () = LU (P, Pe f)h ;
Ah Um+1(P) = Vm+1(p) » Pe Dﬁ’
(4.5b) AU P = Vo (P), Pe Dy o
U, (P = £, Pe ﬁh

In the case of a rectangular domain D = {0 s x=ih < Mh=a,

0 < y=jh < Nh=b}, the operator A; at the mesh points of Dh 2 reduces
2

to the discrete Laplace operator A
2 N-1,T

If we denote by U the vector
T

h

*"M-1,j

u=( u?, ... 0N YT vhere W = U j2 Uy e e o )", then
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the iteration scheme (4.5) can be written in the matrix form

(4.6) L2 u

2 - _ L
el T h< (¢ (Um) + & (Um)) = h*F+ LD,

where F is a constant vector arising from the values of F(x,y) and D

arises from the values of f(x,y) and g(x,y). Moreover,

D
BASTERENNN

W= [ o ;@)= (B0 5\ » 3 = 1N-1
¢? 0
0
N-1 <
8 (U) = { v0 , v o= @G0y 5 \»3=0,N
0 -
a2,
0
N -
v Gpy-1,j

L is a block tridiagonal matrix of order (N-1) with blocks of order
(M-1), A is a tridiagonal matrix of order (M-1) and I is the identity
matrix of order (M-1)

The iteration scheme (4.6) can be written as
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- _T-2 -2 (plb
4.7 : Um+1 = L™M Um + L (h* F + L D)
where
(4.8) MU = h2 (& (U) + @ (U))

If U is the solution of (4.7) and Em = Um - U is the error at

the m-th iteration, then

- - m - _1~2
(4.9) E,=HE , = (" E, ,H=-12M.

The iteration matrix is H and its spectral radius p(H) determines the
convergence of the outer iterations defined in (4.5).

An eigenvalue A of L™2M satisfies
L™2Mu = Au => Mu = X L%u.

For the real inner product we have

. (Mu,u)
A= Ty LU#0
Thus,
-20f — (MU’U)

where M is defined in (4.8) and

(MU,U) = h? E:.Z&hucp). ueRn) ,
PeDh

(L0,L0) = h* L (4 ue)” .
PeDh
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The point P~ is the closest neighbor of P in D, and U is a mesh

h
function which is defined on Dhrand vanishes on ﬁh’
When the approximation (3.34) is used to define the boundary

condition (4.4), Smith [28] proved that

p(L™2M) = 2(hoh)“l where 6, *cas h~>0, 0 <o < o ;

h

(4.11) o(H) w2 (ch)™! as h+ 0 .

This shows that as h -~ 0, the outer iteration scheme defined by (4.5)
and (3.34) is divergent.

If we use a different approximation for defining V in (4.4)
(e.g. (3.35) - (3.37), the spectral radius of H will differ from (4.11).

Let M represent the matrix operator of (4.8) corresponding to this

approximation. The iteration matrix in this case is H = -L™2M and
_ -2 - u,u)

(MU,U) . (MU,U)
(LU,LU)  (MU,T)

= sup
Uz0

MUY, o (0,0)
P UL LA ) p >
(LU,LU) U£0 (MU,U)

IA

sup
U#0

(4.12) p (H)

IA

-1
2 (hey) Yy

(MU, U)

where 0w, 0)

sup
Uz0
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We shall show that p(H) in this case is bounded by 2 v(ho)™1,
as h ~ 0, where y is a finite constant and depends upon the approxi-

mation used in (4.4).

4.2 Yp Y as h-20

(MU, U)
(MU, 0)

(4.13) Yy, = Sup
U0
where U is a mesh function that vanishes on the boundary ﬁh of the
rectangular domain, M is the operator defined in (4.8) and corresponds
to the approximation (3.34) while M corresponds to the other approxi-

mation used in (4.4). If M is defined by (3.35), then

(4.14) MU,u) = ). 2 (UePT))?2
PeD
h
(4.15) (u,U) = ) . 0.5 UT) UP)
PeDh

The point P~ is the closest neighbor of P in D, and P~ is the next
mesh point of D, on the same grid line. As an example, if P is the
point (x,y) on the left boundary (x = 0 , 0 < y < b), then P~ is the
point (x+h,y) and P~ is the point (x+2h,y).

By lemma 12 of [28], a mesh function U can be extended to a

continuous function U(x,y;h) by the formula

M-1 N-1
4,16 U(x,y;h) = a_u s
(4.16) (x,y;h) 2, 2;1 0q Ypq



where a =1IU,u u__ = sin x/a.sin /b
Pq palh? Upq = SIR P T X/ any
and [u,v], = 12 2 uE) - V() .
: PeDh

Let the four sides of the rectangle D be denoted by Bl’ B

B
37 and BL+ where

B, = {0 <x=4ih<a,y=0}
B, = {0 <x=1ih<a, y=b}
B, = {0<y=jh<b, x=0}
B, = {0<y=jh<b, x=a}
We can write
MU,U) = T+ +I, +1,
(MU,u) = Tl + Tz + ia + Tq
where I. = 2: 2 (UPT))2
1
PeB.
i
ii = Y 0.5UMP)UPTT), i=1,2,3,4.

PeB.
i

For the function upq’ we have

a

I = E: 2 sin? (p m x/a) sin? (q 7 h/b)
x=0

2

2
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il = 2;0 sin? p ™ x/a (0.5 sin (q 7™ h/b)-sin (2q m h/b))
Thus,
(4.17a) Tl/I:L = 0.5cos qmh/b = TZ/I2
Similarly
(4.17b) 13/13 = 0.5cospmh/a = f&/Iq .

It follows that

-0.551I./I.<0,5,41i=1,2,3,4

1 1
(Ma_ , u_ )
and -0.5< 21 _PA_ < o5
Mu__, u )
Pq ’ pq

This bound is valid for any u__ and thus holds for U(x,y;h) given in

Pq
(4.16) . Comnsequently
(M, )

Sup | e IY | < 0.5,

uzo | (MUU) h
As h -0, I.,/I. ~ 0.5 and

i"7i

(4.18) YT Y S 0.5 .

If we use the second order difference approximation defined

by (3.36), the corresponding ratios are given by



Tl/I1 = 12/12 = 2 -0.5cos qmh/b
TS/I3 = TL*/IL+ = 2 - 0.5cos pm h/a
In this case 3/2 < (U, U) < 5/2
’ MU, U)
so that 3/2 < Y, S 5/2 .
Moreover,
(4.19) Yy, * Y = 3/2 , as h->0 .

Similar results can be proved for other difference approxi-
mations used in (4.4). In the case of the approximation (3.37) we
have - 13/6 < Yy S 31/18 and Y, 7Y = 5/6 as h ~+ 0.

4.3 The Modified Iterations

We have seen that the spectral radius p(H) of the iteration
scheme (4.5) is bounded by 2 y (ho)~™1, as h + 0, where y and ¢ are
finite constants. Therefore, the basic outer iteration scheme (4.5)
is divergent, as h + 0, irrespective of the boundary approximation
used in (4.4). However, the scheme (4.5) can be modified such that
the iterations converge. The modified iteration scheme is defined

as follows:

We start with an initial approximation U, and put 60 = U,. The

88



successive approximations Ul’ Uz’ ’Um and ﬁl’ ﬁz’ ’Um are
computed using the following procedure: |
(4.20a) Ay Vm+1(P) = F(P) , Pe Dy
vm+lcp) = Zh ﬁm(P) » PeD;
(4.20b) Ay Um+1(P) = Vm+1(P) » PeDp
U, ® = £P), Pebd ;
(4.20¢) ﬁm+l(p) = ﬁmcp) + (1-w) U (P}, PeD .
This procedure can be written in the matrix form
(4.21) Um+1 = R Um + (1-w) L"2 D,
(4.22) A = wl + (1-0) H, H= -L"2 M ;
(4.23) U, = HUO +L172D.

IfE =U_ - U, then
m m

~. M
(4.24) Em+1 H)" H EO .

The convergence of outer iterations is now governed by the

spectral radius of H. If A is the largest eigenvalue of L™2M, then

the corresponding eigenvalue u of H from (4.22) is given by
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(4.25) v o= w-~- (1-w) A .

All the eigenvalues of H lie in the interval [-1,1] if w is selected

such that u 2 -1, for which
(4.26) 1>w0> (A-1) / (0+1) .

The iteration scheme (4.20) converges for any value of w satisfying
(4.26). The convergence of the modified iterations is optimum if w
is chosen such that it satisfies (4.26) and for which

(4.27) o (B W) = max | w'(u) |
1

is minimum, where ui are the eigenvalues of H(w).

We now give some examples which demonstrate the usefulness of
the above process.

We consider the square domain 0 < x,y < 1. For h = 0.1,

the largest eigenvalue of L™2M has the following approximate values:

For the first order approximation (3.34) Ay o® 4.85
For the improved approximation (3.35) Az z 2.06
For the second order approximation (3.36) 13 z 7.6
For the improved approximation (3.37) Ay ¥ 3.84

Here the subscripts identify the approximation used in (4.4).

The corresponding minimum values of w such that p(A) <1 are

(4.28)  w 20.65,w 20.34,w 2076, u 20.58 .

For h = 0.05, the extreme eigenvalues of L™2M have the
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following approximate values

A = 10,5, A, = 4.85 , A, ~16.25 , A = 8.7 .

The corresponding minimum values of w are

(4.29) w, 2 0.826 , w, 2 0.655 , wy 2 0.942 , w, 2 0.793 .

For h = 0.025 the extreme eigenvalue of L™2M, when (3.35) is
used, is approximately 10.67 and the corresponding range of w is
1>w2 0.8285,

We note here that the use of the approximation (3.35) over
(3.34) in (4.4) results in a reduction of the spectral radius of H
by half. This also gives a larger range for w. Similarly, the use
of (3.37) over (3.36) results in a larger range for w.

A larger range for w is desirable since in practice it is
neither convenient nor economical to find the eigenvalue spectrum of
H in order to find an optimum value of w. Ordinarily, one tries some
values of w for the modified iterations (4.20) and selects the one for
which the convergence is reasonably fast. If the range of w is small,
this search becomes difficult. Thus, we choose the boundary approxi-
mation which gives a larger range for w.

The rate of convergence of (4.20) depends upon o(H) and the
smaller p(H) is, the faster is the convergence. From (4.22), the
eigenvalue spectrum of H(w) is obtained by mapping the eigenvalue

spectrum of H into the interval [-1,1] and the zero eigenvalues of H
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are mapped into w, Consequently, p(H (w)) > w and we should choose
the smallest value of w for which p(f (w)) is a minimum. This is
possible if the range of w is large.

In view of these considerations, it is advantageous to choose
(3.35) over (3.34) for the first order approximation and (3.37) over
(3.36) for the second order approximation. It may be noted that the
range of w becomes smaller if one uses a higher order approximation.
An optimum choice of w depends upon the desired accuracy and the

available computing time.

4.4 Numerical Examples

In this chapter and in chapter 3 we have discussed a method
for solving biharmonic boundary value problems numerically. In order
to study its effectiveness we solved several boundary value problems.
We also solved these problems using certain other known methods. The
results of these computations are given in the present section.

First of all we considered the boundary value problem

Mu(x,y) = 8, (x,y) €D
u(x,y) = 0, (x,y) ¢ 6
(4.30) un(x,y) = (1-2x) y(1-y)

+

(1-2y) x(1-x) , (x,y) €D

where D = {(x,y) / 0 < x,y < 1}. The exact solution of this boundary
value problem is u(x,y) = xy(1-x) (1-y).

The biharmonic equation was replaced by two Poisson equations
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which were discretized as in equations (4.2) - (4.4). The systems of
algebraic equations corresponding to the discrete Poisson equations
(4.2a) and (4.2b) were then solved by using the direct method of
odd/even reduction as given by Buzbee, Golub and Nielson [31]. Thus,
the inner iterations consisted of the direct solution of discrete
Poisson equations while the procedure (4.20) was used for outer itera-
tions. The smallest values of w, the iteration parameter, needed to
make these outer iterations convergent are given in (4.28) and (4.29).
The results of these computations are given in the following
table. This table contains the order of the discretization error
corresponding to each boundary approximation used in (4.4) as well as

values of the optimum convergence factor w,, the number N of outer

0°
iterations needed for convergence and the maximum error e of the
discrete solution after N outer iterations.

As expected the use of the discretization (3.35) in place of
(3.34) and of the discretization (3.37) in place of (3.36) led to a
smaller value of W for a particular order of accuracy and resulted
in a faster rate of convergence.

We also solved the problem (4.30) by discretizing the bihar-
monic operator using the thirteen point formula and solving the
resulting algebraic system by the alternating direction method as
proposed by Conte and Dames [17]. The mesh size was chosen to be
h = 0.05. We used the iteration parameters given in [17] and found

that iterations diverged. A discrete solution was obtained with

another choice of iteration parameters but the maximum discretization



Step Size Boundary Order of

h Approximation Discretization W N €
Error
i
0.05 (3.33) h? * * 0.03
3%
0.1 (3.34) h 0.82 6 0.0001
3
(3.35) h % 0.67 3 0.0001
(3.36) h? 0.88 5 0.0001
5 9x107°
(3.37) h? 0.80
20 7x1078
%
0.05 (3.34) h 0.91 16  0.000011
3
(3.35) h‘é 0.82 6 0.000011
(3.36) h2 0.942 11 9x107°
(3.37) h2 0.88 8 7x107°
%
0.025 (3.35) h 0.88 8 0.0007

*
No iterations were required in this case.

error was found to be 0.06248 at the point x = y = 0.5.
Next we considered the following boundary value problem which

was also discussed by Greenspan [32]:

Au(x,y) = 0, (x,y) €D
(4.31)

ulx,y) = x3-2y2 , (x,y) e D ;



32, 0

IA
<

IA

bt

u (0,) = u (1,y)

-4y , 0O

A
»
A
[ay

uy(x,O) uy(x,l)

where D = {(x,y) / 0 < x,y < 1}. The exact solution is

u(x,y) = x3-2y2.

Greenspan solved this problem using a variational method. He
triangulated the square domain and replaced the differential equation
by a system of 361 linear algebraic equation which was solved by
successive overrelaxation with zero initial data. The mesh size was
0.05. Greenspan obtained a solution after 1101 iterations when the
maximum error was 0.00035 at x = 0.65, y = 0.5. The computing time
on CDC 3600 was 24 minutes. He also tried to compute with h = 0.01
but could not obtain any significant result even though the compu-
tations were carried out for three hours.

We applied the method of splitting to this problem with

h

0.05 and used the improved first order approximation (3.35) with

w = 0.73 to define the boundary condition in (4.4). The outer
iterations converged to the solution of the discrete problem in 26
iterations. The computing time on IBM 360/50 was 4 minutes and the
maximum error of this solution was 0.00085 at x = 0.2, y = 0.5.

When the improved second order approximation (3.37) was used
with w = 0.845, the convergence was achieved in 32 iterations. The
maximum error was 0.00035 at x = 0.05, y = 0.95 and computing time

was 6 minutes.

The method (4.20) is also applicable to non-rectangular

95
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domains. In order to demonstrate this we chose the following boundary
value problem. It was possible to introduce some transformation to
transform the domain D into a rectangular domain but this was not dome.
The analysis of sections 4.1 - 4.3 is no longer applicable in the case
of non-rectangular domains as the difference equations can not, in
general, be written in a matrix form of the type (4.6). The example

we considered was

Au(x,y) = 64 » (x,y) €D
(4.32) u(x,y) = (1-x2-y2)2 , (x,y) € D
u (x,y) = 0 , (x,y) €D

where D = {(x,y) / x20,y 20, x2+y2 < 1} and u is the outward
normal derivative. The exact solution is u(x,y) = (l-xz—yz)z.

The biharmonic equation was split into two Poisson equations
and difference approximations were defined as in equations (4.2) -
(4.4). The boundary condition in (4.4) was defined by formulas of
the type (3.38) with a truncation error of order h. The overall
discretization error of this finite difference approximation would be
of order h3'é from (3.30).

We used the method of successive overrelaxation to solve the
inner iterations for the discrete Poisson equations. With h = 0.1,
the extreme eigenvalue of the basic outer iteration matrix was
» -16.0 which showed divergence of the iteration scheme (4.5). A
modification to this scheme was introduced as in (4.20) and it was

found that o > 0.88 for the convergence of outer iterations. With
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w = 0.9 the iterations converged to a discrete solution in 26 itera-
tions with a maximum error of 0.0033 at x = y = 0.5, Zldmal [5]
computed the solution of this problem without splitting the biharmonic
equation. He used a difference approximation with discretization
error of order haﬁ and found that the maximum error between the
discrete solution and the exact solution was 0.00956 at x = 0.4,
y = 0.2,

We carried out some partial computations with h = 0.05. 1In
this case the extreme eigenvalue of the basic outer iteration matrix
was = -29.0 and for convergence w 2= 0.933. The iterative procedure

was found to be convergent with w = 0.95 and after 20 outer iterations

a solution was obtained with maximum error 0.069 at x = y = 0.5.

It may be noted here that one could use the non-iterative
solution obtained with the O(h%) approximation (3.33) as a starting
approximation for the outer iterations. In many cases the discrete
Poisson equations could be solved by using direct methods that have
been published recently [33,34] and deal With the direct solution of
discrete Poisson equations on non-rectangular domains.

Finally, we solved two examples to demonstrate the application
of the method of splitting to second biharmonic boundary value problems

(see section 3.2). We first considered the boundary value problem

AMu(x,y) = 8 » (x,¥) €D

(4.33) u(x,y) = 0 , (x,y) €D
pm(x,y) = -2x(1-x)

-2y(1-y) , (x,y) € D
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where D is the square 0 s x,y < 1 and the exact solution is
u(x,y) = xy (1-x) (1-y).

The problem (4.33) was replaced by two Poisson equations with
well defined boundary conditions. The difference approximations were
defined as in (3.7) and discrete Poisson equations were solved by the
direct method of odd/even reduction [31]. The computations were
carried out for h = 0.05 and the discrete solution was found to be
close to the exact solution, the maximum error being smaller than
1077,

For the sake of comparison, the problem (4.33) was solved by
discretizing the biharmonic equation using the thirteen point formula
with h = 0.05. We used the alternating direction method proposed by
Conte and Dames [16] as well as its modifications [18,19] for solving
the resulting system of algebraic equations. The iterative scheme
diverged in each case. However, we were able to obtain the discrete
solution with a maximum error of 0.06248 at x = y = 0.5.

The second example we considered was

Au(x,y) = 0 ,» (x,y) D
(4.34) ulx,y) = (1-x2-y2)? , (x,y) €D
Au(x,y) = -8 +16 (x2+y2) , (x,y) ¢ D

where D = {(x,y) / x20, y 20, x2+y2 < 1} and the exact solution
is ulx,y) = (1-x2-y?)? .
We defined finite difference approximations as in (3.7) and

solved the systems of algebraic equations corresponding to each
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Poisson equation by successive overrelaxation. The maximum error with

h

0.1 and 0.05 was 0.0019 and 0.00049, respectively, and occurred at

x =y = 0.4,

4.5 Conclusions

In a recent paper Wood [42] has discussed the effects of a
periodicity condition on the solution of elliptic difference equations.
She used the usual thirteen point discrete analogue for solving the
biharmonic boundary value problems. This reduced the problem to the
solution of a matrix equation and several methods were analyzed for
solving it. Wood found that the alternating direction method of
Douglas and Rachford as used by Conte and Dames [16,17] with a cycle
of two parameters was superior to the Peaceman and Rachford type
alternating direction method [7]. She also discussed the k-line
successive overrelaxation method and found it to be inferior to the
Douglas-Rachford ADI method with two parameters. Thus, according to
Wood, the method used by Conte and Dames for solving the biharmonic
boundary value problems is the best available. However, from the
numerical examples (4.30) and (4.33) we conclude that the splitting
method is much better. It is applicable to non-rectangular domains
too.

Spijker [43] has studied the effect of splitting of difference
formulas on the roundoff error. He considered second order differ-
ential equations and tried to obtain a procedure for reducing the

accumulated roundoff error in the numerical solution. He showed that
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by an appropriate choice of splitting schemes, the roundoff error is
substantially reduced. For an initial value problem for a second
order ordinary differential equation, Spijker compared a fourth order
multistep difference scheme with several split schemes and found that
the roundoff error was reduced by as much as a factor of 100, In case
of a second order hyperbolic equation it was found that the accumu-
lated roundoff error of the split equations behaved like O(h™!) whereas
for the original difference equation it behaved like 0(h~2).

In light of the above results, we conjecture that similar
results are also valid for higher order differential equations. In
particular, if the biharmonic equation is solved without splitting,
one would expect its solution to have a large amount of accumulated
roundoff error.

In conclusion, we can say that splitting of the biharmonic
equation into two Poisson equations and solving them by the method
discussed in chapters 3 and 4 has definite advantages over solving
the discretized biharmonic equation directly. In case of the second
biharmonic boundary value problems these advantages are much more
pronounced. In fact, higher order differential equations should be
split into several lower order equations whenever the boundary con-
ditions for the split equations are known. In case of the first
biharmonic boundary value problem, one has to select an appropriate
difference approximation for the missing boundary condition and find
a corresponding value of the iteration parameter for the convergence

of outer iterations. This appears to be a better procedure than
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solving the discretized biharmonic equation directly which leads to

an ill-conditioned system of linear algebraic equations.



CHAPTER 5

COMPUTATIONAL PROBLEM ASSOCIATED WITH

A NONSELFADJOINT EQUATION

5.1 Introduction

In this chapter we consider the Dirichlet problem for the

following equation

(5.1) Au

u + u + A.u_ + Au = 0
XX yy - 1'x T2y

in a rectangular domain D = {0 < x < a , 0 <y < b}; the parameters
A and A, are assumed to be positive. We are interested in considering

those cases for which the parameters assume large values. In order to

obtain the numerical solution we discretize (5.1) over the mesh

D, = {(ih,jh) ; i=1(1)N-1 , j=1(1)M-1 , Nh=a , Mh=b} .

The equations (5.1) can be discretized using two different
finite difference approximations. In both these cases we replace the
second derivatives by their three point central difference analogues
while the first derivatives are replaced by using central differences
in one case and forward differences in the other. The resulting
difference equations are

Ash A h

2 - 1 I
(5.2) h A ui,j = (1+ 5 ) ui+1,j + (1 5 ) ui*l,j +

. 102
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Azh ALh

"2
—5= ) ui,j+1 + (1- 4u. . = 0

+ (1 77 ) Uy 5.1 T

(Central differences) ;

2
(5.3) h A2 L

3

(1+klh) us, + (1+A2h) u,

1,j 7 %i-1,j i,j+1

+u - (4+Alh+xzh) ui,j = 0.

i,j-1
(Forward differences)

The operators‘Al and A2 approximate the difference operator A
with truncation errors of order h? and h, respectively. If we define
the difference approximation (5.2) or (5.3) at every mesh point of Dh
and apply theorem 1.5, we can conclude that the discrete solutions of
these equations converge to the exact solution with errors of order
h? and h, respectively, as the mesh size h tends to zero. From this
analysis it is clear that (5.2) produces a better approximation to the
solution than (5.3) does, at least in principle (h > 0). However, in
actual computations this expectation is not realized particularly for
large values of A, or A,. This discrepancy was observed by Burns [35]
and Boughner [36]. Similar behaviour is also observed when one tries
to solve the Navier-Stokes equations for large values of the Reynolds
number [38].

Burns and Boughner analyzed the one-dimensional case of (5.1)

~ given by
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(5.17) u o+ A u, = 0,0<x<a,u

and u_ given.
XX a

0

The corresponding finite difference equations are

(5.2) Al u

Ah Ah - = -
- (1+-§— ) Ul -2 u, * (1- 5—-) U1 = 0 , n=1(1)N-1

(Central differences)

{1

(5.37) A; u (1+Ah) U1 (2+xh) u tu 4= 0, n=1(1)N-1

(Forward differences) .

For the difference equation (5.27) which is obtained by using
central differences, they proved that for a fixed h and large X the

discretization error satisfies the following bound for odd values of N

-Ah

(0.5 - )™H + 0(e™™

h
(5.4) ilu'uh‘lh = ||e|{h > Cos wh

where the norm ||-l|h is given by

N-1
(5.5) el12 = L e,I?

n=1
This shows that ‘|e‘|h does not approach zero when A takes
large values. The following estimates were also proved by Burns and
Boughner:

¢ vh (A\h/2 - 1), central differences

(5.6) [elly, <

¢]
~
=2

, forward differences

ot
+

>
=
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from which it follows that for forward differences ilellh + 0 as
A » «» whereas for central differences this is not true. Moreover,
Burns obtained some numerical results indicating that the discreti-
zation error in the case of central differences can be reduced by

choosing N odd.

5.2 Asymptotic Expansion of the Solutions: One Dimensional Case

In order to understand this behaviour completely, we first
write down the explicit solutions of the difference equations (5.27)
and (5.37) and then study their asymptotic behaviour for large values
of A with a fixed value of h. The solutions of (5.27) and (5.37)

with boundary conditions u =u, at x = 0 and u = u at x = a are

0
~ given by

a-z) gy - 5
(5.7) un = ua —E-i——_-—CNT + uo ﬁ——:—C—N‘j— B n=1(1)N-—1

where ¢_ = 2 - Ah g for central differences
n 2 + )\h
and T, = (1 + 2ah)™™  for forward differences .

The exact solution of (5.17) is

(1—e-Axn) u, - (e—ka _e" M) u,

1 - A8

(5.8) u(xn) =

When Xh < 2, one can obtain the following estimates using Taylor's



series
(5.9) |en| = lun - u(xn)l <o ,n-0
where q=2 for central differences and g=1 for
forward differences.
When Ah > 2, we consider the special case when a =1,
ug = 0 and u, = 1. The solution of (5.27) can be written as
n ' 3
(5.10) u - 1-(-1)" exp {-n (4y + 0(y°))} .y = ()L,

1 - -pN exp {-N (4y + 0(y®))}

For a fixed value of h and Ah + «, we obtain the following

asymptotic values for the solution (5.10)

n/N , N even
(5.11a) If N is even, u,

© , nodd ,

0 , I even
(5.11b) If N is odd, u, >

1 , nodd ,

while the exact solution u(xn) approaches 1 everywhere (0 < x, < 1).

In a similar manner we find that the solution of (5.37) is given by

(5.12) u=1-y" 0™,y = 0w

which converges to the exact solution as Ah increases.
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Dorr [39] has studied a more general problem of finding the
asymptotic behaviour of solutions to finite difference equations for
certain singular perturbation problems in ordinary differential
equations. He obtained the above estimates to illustrate the advan-
tage of one-sided differences over the central differences and his
results appeared after we had completed our study. Whereas Dorr was
interested in the ordinary differential equations, we want to extend
these results to partial differential equations of the type (5.1) and
are including them in this chapter for the sake of continuity and
completeness. Further, these results have a direct relevance in the
study of Navier-Stokes equations where similar behaviours are

observed [38].

5.3 Two Dimensional Case

For the two-dimensional case, we consider the following

boundary value problem

u ot uyy +_)\lu.X + Azuy = 0,0<x<1,0<y<1

UCO,}’) = u(l:}’) = 0,0=<yc¢s 1

(5.13)
u(x,0) = £(x) ,0<x¢1
u(x,1) =0 , 0sxz<1

The exact solution of this boundary value problem is
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b sinh Yn(l—y)
(5.14) u(x,y) = e‘0°5(A1X*A2Y) Z: fn . : sinn m X
n=1 sinh Y,

1
where fn =2f exp‘(klx/Z) f(x) sinn 7 x dx
0

1
2 + 4 n2 1T2)/2 .

2
and Y, = 0.5 (Al + A2

n

In the case of the central difference approximation (5.2),
Boughner [36] obtained the following estimate for a fixed value of h

with large values of Al and kz and odd values of N

(5.15) ||e||h z (2 cosm )7l (0.5 - (O, |[f||h
+ 0 (A;h exp (-0.5 A h))

where the norm l]-]|h is defined by

N-1
2

(5.16) lel[2 = n2 2 L %L
i,j= ’

As in the one-dimensional case discretization error for the central
difference approximation does not approach zero for large values of
Ai. For the forward difference equations, the following estimate was

obtained
(5.17) Helly = o,(x;l) +0 (hexp (-0.5 A,h)) ,

which shows the convergence for large values of Ag e



The explicit solution of the difference equations can be

obtained by separation of variables. It is given by

N-1
j N R
5.18 .. =
G180y o= B 4 @ dy) P osin (n/)
i,j = 1(1)N-1
2 qN N-1
where P = In z: p_k f(xk) sin (knrn/N) ,
NG - g ) kel
In 2n
N
3o

QG = - 4y n '’

In the case of central differences, PN and q,, are the solutions of

Azh X Azh
1+ — - (2 - + (1 - — = 0,
(lr—)a2-@-u)a+d-—=)
“Ah
By = - 2 +p (1+ ) cos narh ,
2 - A,h
B |
p* = —.
: 2+ 2h

In the case of forward differences, %4 and q,, are the solutions of

(1+2,h) ¢* - (2+A,h-n ) g+ 1 = 0,

wy = - (2ah) + plcosnm h,
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p o= (Ley)7E .

For a fixed value of h, the value of p for central differences
is real when A h < 2, zero when vklh = 2 and is complex when A h > 2.
We can expect the solution of (5.2) to be identically zero when
~Ah = 2. We can also expect this solution to have an oscillatory
nature when A, h > 2.

Numerical solutions obtained by us show the same behaviour as
discussed above. As -Ai + », the exact solution (5.14) converges to
zero everywhere in the rectangular domain except for some grid points
near the boundary y = 0. The solution of (5.3) converges to the exact
solution as A increases whereas that of (5.2) does not. On the other
hand for Aih < 2, the solution of (5.2) is more accurate than that of

(5.3).

5.4 Stability

We need to consider the problem of stability if we solve the
difference equations by some iterative method. We study the regions
of stability for the difference equations (5.2°) and (5.3”) when Ah
is large.

We consider the following iteration scheme

(5.19) W s WM e At W, n=l(1N-1 , i=1, 2
n i n

where T is an iteration parameter, m is the iteration number and
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Ai , A; are the operators defined in (5.27) and (5.37). The
spectrum of (5.19) will give the required conditions of stability.
The spectrum can be obtained by the method of Godunov and Ryabenkii
(see [11]). For the finite difference equation (5.2°) using central

differences, the spectrum is enclosed by the ellipse
(5.20) z; = 1 -2r+ 2rcos 9 +ir Ahsin6 , r = t/h? ,

while for the equation (5.3”) using forward differences, it is

enclosed by the ellipse

(5.21) z, = 1 -2r - xrh + (2r + Arh) cos 6 + ir Ah sin & .

For the stability of (5.19), its spectrum must lie inside the
unit circle |g| < 1. It follows that the central difference iteration

scheme is stable if

r < 0.5 , Ah g 2
(5.22)
r<2 (Ah)"%2, rh>2

The forward difference iteration scheme is stable if

(5.23) r < (2+ 201,

Consequently, for large values of Ah the stability range for central
difference scheme is much smaller than that for the forward difference
scheme.

We have carried out some numerical computations which confirm



the above results.

of A and h are given in the following table:
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The actual stability ranges for several values

Mesh Size Parameter Stability range for t (1t < ..)
h A Central differences| Forward differences
0.1 10.0 0.005 0.003
100.0 0.0001 0.001
1000.0 0.000002 0.0001
0.05 10.0 0.001 0.001
100.0 0.0002 0.0003
1000.0 0.000001 0.00004

We have thus shown that the use of central differences to

discretize u and uy in (5.1) leads to large discretization errors
and small stability ranges when the parameters A, and X, take large
values. Even though forward differences are less accurate than central
differences (as h + 0), they give smaller discretization errors and
better stability ranges. The non-central differences are also used

for discretizing the Navier-Stokes equations to ensure that these
equations are of '"positive" type which guarantees the convergence of
the iterations. It can be said on the basis of the results of this

chapter that this also reduces the discretization error for large

Reynolds numbers.



CHAPTER 6

EXTENSION OF THE NUMERICAL PROCEDURE TO

NAVIER-STOKES EQUATIONS

In chapters 3 and 4 we discussed a method for solving bihar-
monic boundary value problems numerically. In chapter 5 we considered
a nonselfadjoint elliptic differential equation and discussed the
behaviour of its numerical solution in actual computation when the
mesh size has a finite non-zero value. We were particularly inter-
ested in the solution for large values of the parameter appearing in
the differential equation.

In this chapter we consider the Navier-Stokes equations in

two dimensions which can be written in a nondimensional form as

(6.1) anp + R 230 dw ., 8(AY) | L o
-1 9X oy Yy X
(x,y) ¢ D .

This is a fourth order nonlinear differential equation which describes
the flow of a viscous fluid in two dimensions. The values of { along
with its first or second derivatives are prescribed on the boundary
of the domain D. The Reynolds number R is a positive parameter which
depends on the geometry of the flow and may take large values.

We note that for R = 0 the equation (6.1) reduces to the
biharmonic equation while the terms multiplied by R make it nonlinear
and nonselfadjoint. It was found in chapter 4 that the method of
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splitting the biharmonic equation into two Poisson equations is not
only convenient and efficient but it also helps in reducing the
roundoff error. A similar splitting can be applied for the Navier-

Stokes equations by introducing the vorticity w and writing (6.1) as

(6.2a) w = - A,

w.) = 0.

(6.2b) Do + R (Y o = by 0y

If the values of ¢ and its second derivatives are prescribéd
on the boundary of the domain D, then the boundary conditions for
(6.2a) and (6.2b) are well defined., However, if the values of § and
its first derivatives are given as boundary conditions for (6.1),
then w is undefined on the boundary. In this case boundary conditions
for (6.2b) are approximated from the known data as in section 3.3.

A method of inner-outer iterations can be applied to obtain the
numerical solution of the equations (6.2).

We first discretize the equations (6.2) and replace the
Laplace operator in (6.2a) and (6.2b) by its five point discrete
analogue. The equation (6.2b) contains 0 and wy multiplied by the
Reynolds number. We are often interested in solving equations (6.2)
for large values of R and use the results of chapter 5 to replace the
first derivatives of w by non-central difference approximations. The
central differences may be used to discretize 0. and wy when R takes
small values (Rh < 2/M , where M = maxA{wal R |wy|}). As seen in
chapter 5, use of central differences with large values of R leads to

a divergent solution. Several authors have been able to obtain
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numerical solutions of (6.2) using central differences for 0y and wy
but these results have been restricted to small values of the Reynolds
number [37,38]. For large values of the Reynolds number, non-central
differences are used which makes the resulting coefficient matrix for
(6.2b) diagonally dominant [7] and the method of successive over-
relaxation can be used to solve this matrix equation. However, at
this point we emphasize the fact that use of non-central differences
is necessary in order to obtain a numerical solution which approxi-
mates the exact solution.

Once the differential equations (6.2) are discretized and a
suitable approximation for w on the boundary is defined, the two
coupled systems of algebraic equations can be solved by an iterative
procedure as discussed in chapter 4. In order to make this procedure
convergent, we need an iteration parameter which can be obtained from
section 4.3 if an estimate of the spectral radius of the basic outer
iteration matrix is known. We also know from section 4.3 that the
convergence of the outer iteration scheme can be accelerated by using
a boundary approximation for w which uses more inner points of the
discretized region. This reduces the spectral radius of the basic
outer iterations. Consequently, a smaller value of the iteration
parameter is needed which in turn gives a faster rate of convergence.

When the Navier-Stokes equations (6.2) are discretized using
non-central differences for W wy and the discrete Laplace operator,
the local truncation error at a mesh point is of order h, the mesh

size. If the boundary conditions for w are chosen judiciously, one
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can expect the overall discretization error to be of order h. This
will also prove the convergence of the discrete solution to the exact
solution as the mesh size h tends to zero.

If we are solving the non-stationary Navier-Stokes equations

which can be written as
(6.3a) w = -AY

1
(6.3b) we + wxwy - wywx = ﬁ'A w o,

we discretize the time derivative we and solve the equations step by
step in the time-direction. The time derivative must be discretized
in such a way that this procedure is stable. Sufficient conditions
for the stability of operator-difference schemes are given in chapter
2 and are applicable to the cases of selfadjoint, nonselfadjoint as
well as time dependent operators. These results can be utilized to
ascertain the stability of the time-iterative procedure for solving
(6.3) numerically.

The results of chapter 1 are not applicable to elliptic
differential equations with variable coefficients as some of the
lemmas used there are only valid for constant operators. These
lemmas can possibly be modified and extended to the case of variable
coefficients. In [5], Zldmal proved discretization error estimates
for a class of linear fourth order differential equations with variable

coefficients in two dimensions. It is not clear as to how these

results can be generalized. There is also a need for obtaining
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discretization error estimates for quasi-linear and nonlinear
elliptic differential equations.

We have extended numerical procedures developed for the bihar-
monic equation and for a linear nonselfadjoint differential equation
to solve the Navier-Stokes equations which are nonlinear. In order
to handle the nonlinearity these equations are solved iteratively by
linearizing the equations at each step of the outer iterationms.
Results of the previous chapter are applicable as we solve linear
equations at each step. We have not proved the convergence of this
iterative procedure to the solution of the nonlinear equations nor
have we obtained any error estimates. In this sense some of the
extensions in this chapter may be considered as heuristic but the
method has been found useful for solving certain boundary value
problems of Navier-Stokes equations numerically [37,38]. These
equations represent flow of fluids and for R > 1000 such flows are
physically unstable and are never observed. However solutions of the
Navier-Stokes equations do exist mathematically and have been obtained
for Reynolds numbers as high as 100000 [37]. It is therefore not
clear whether numerical solutions for large values of R have any
physical significance nor is it clear as to how accurate these

solutions are.
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