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We address the problem of the correct description of light-matter coupling for excitons and cavity
photons in the case of systems with multiple photon modes or excitons, respectively. In the litera-
ture, two different approaches for the phenomenological coupling Hamiltonian can be found:
Either one single Hamiltonian with a basis whose dimension equals the sum of photonic modes and
excitonic resonances is used. Or a set of independent Hamiltonians, one for each photon mode, is
chosen. Both are usually used equivalently for the same kind of multi-photonic systems which can-
not be correct. However, identifying the suitable Hamiltonian is difficult when modeling experi-
mental data. By means of numerical transfer matrix calculations, we demonstrate the scope of
application of each approach: The first one holds only for the coupling of a single photon state to
several excitons, while in the case of multiple photon modes, separate Hamiltonians must be used
for each photon mode. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4937462]

Exciton-polaritons are still an interesting field of
research of strong light-matter interaction in solid state sys-
tems with bosonic statistics.' After various demonstrations
of polariton condensation in planar microcavities,"® micro-
and nanowire systems have raised more interest.”'° In such
wire cavities as well as in thick cavities, the photonic system
is usually multi-modal where the modes can be of Fabry-
Pérot or whispering gallery type.'®!'" All of those modes
can, in principle, couple to excitonic resonances if they are
energetically close to the resonance. Furthermore, materials
interesting for polaritonics like wide-gap semiconductors as
Zn0" or GaN'? possess several energetically split exciton
ground states. Hence, coupling of several cavity photon
modes with several excitons has to be considered.'*

The physics of the coupling between excitons and cavity
photons has been described in exact quantum-mechanical
models,'>'® which consider wave function overlap and quan-
tum degeneracies. However, for evaluations of experimental
data, simplified phenomenological models are suitable. Two
different approaches of coupled oscillator models are fre-
quently used in the literature to describe the polariton disper-
sion in systems with N photonic modes and one exciton.
However, no distinction is made regarding their appropri-

ability. Either one total (N+1)x (N+1) system
Hamiltonian is used as, e.g., in Refs. 17-20, i.e.,
Ex Vi Vo, .. Vy
V] EC] 0 0
H=|V2 0 Ec 0 7 (1)
VN 0 0 cee ECN

with coupling strengths V; € R. Or, alternatively, the total
system Hamiltonian is being composed of a set of N single
2 x 2 coupling Hamiltonians for each photonic mode with
the exciton separately as used, e.g., in Refs. 7 and 21.
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Constructing one system Hamiltonian would give a block-
diagonal 2N x 2N matrix with N-fold degenerate exciton,
1.€e.,

=\ Vi Eg
Ex Vi 0 0 0 0
Vi Eq~ O 0 0 0
0 0 Ex W,
= 0 0 V2 EC2 (2)
0 o ... Ex Vy
0 0o .. Vy Ecn

Although approaches 1 and 2 result in different disper-
sions and deduced coupling strengths, both are used equiva-
lently in the literature for interpretation of experimental data.
Even an improper Hamiltonian can provide a sufficient fit. In
order to verify which Hamiltonian is the correct approxima-
tion, we utilize numerical simulations to study Fabry-Pérot
modes in a thick planar microcavity with several photon
modes. We stick first to systems with one exciton before we
extend the investigation to systems with multiple excitonic
resonances.

As long as we restrict the study to the linear response re-
gime, quasi-particle dispersion and electromagnetic wave
calculation provide similar descriptions of the modes.?** In
the following, we introduce the wave representation we use
and then discuss how to obtain quasi-particle dispersions
from it.

We use a complex 4 x 4 transfer matrix T in order to
describe the incoming and outgoing electromagnetic field
components £ at both sides (z and z+d) of the structure
under consideration. The transfer matrix considers Maxwell’s

© 2015 AIP Publishing LLC
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equations at all layers and interfaces of a plane parallel struc-
ture for a given photon energy E and propagation angle
0, (angle between surface normal and light propagation in

the amblent) or inplane-wavevector kj = E ~ Tl sin(6,),
respectively®*
£/(2) £ (z +d)
£%(z) ) &z +d)
; =T(E
S}:’(Z) ( 7kH) gzut(z+d> (3)
£ (2) & (z+d)

Here, p and s refer to the polarizations parallel and perpen-
dicular to the propagation plane. The constants ¢, and 7 are
speed of light in the vacuum and reduced Planck constant.
Details about the construction of the transfer matrix can be
found in the supplementary material.>> Optical constants and
electronic resonances of the cavity enter T through the mate-
rials dielectric function. Using the transfer matrix, mode
energies can be found by applying the mode condition to
each inplane-wavevector k). For a photonic (polaritonic)
mode, it holds (with 50“ £ 0)20%7

0 £z +d)
euey | 0
= T(E’ kH) out : )
0 Mz +d)
£ (2) 0

Hence, modes are given as (with ker referring to the matrix’

kernel)
EM(z +d) Ty T3
= ker
'z +d) Ts Ty ) )’

(‘forward’—traveling waves)

@)\ [Ta T\ [E"(z+4d)
£ (2) \Tu T EM(z+d) )
(‘backward’—traveling waves)

The sub-transfer matrix considered for the forward-traveling
waves becomes singular at the respective mode energy.
Hence, we find mode energies by investigating where the de-
Ty T
T3 T3
mode energies need to be complex where the imaginary part
represents losses causing mode broadening. However, it is
sufficient here to neglect the imaginary part.

If no cross-polarization (block off-diagonal elements in
the sub-transfer matrix) occurs, as in the isotropic case, the
problem can be separated into independent problems for p-
and s-polarization and the mode condition is fulfilled if
Ty1 = 0 (s-polarization) or T33 = 0 (p-polarization), respec-
tively. For finding the mode energies numerically, it is then
sufficient to minimize |Ty,| and |Ts3| with respect to the
energy.

Considering a transparent cavity, pure cavity photon
modes occur which can be treated as free quasi-particles in
2D. Depending on the optical thickness 7, dc,y Of a cavity

terminant of ( > approaches zero. Generally, such
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layer, one obtains a set of mAcp/2-cavity modes with
mode numbers m, where Aco = 2ncavdeay/m (Eco = mihcy/
2ncaydeay) at k= 0. If the reflectance in the cavity layer
against its surroundings is sufficiently high, the broadening
of those cavity modes gets small enough (i.e., the cavity
photons lifetime becomes large enough) to observe them.
The cavity photon energy depends on k. Considering a 2D
quasi-particle dispersion relation, it can be approximated
by

hz 2 h2k2
0k~ Eco+ 5 5)
Negp Zmett

Ec EZ,+
The effective refractive index neg of the electromagnetic
wave description is related to the cavity photon’s effective
mass Mg in the parabolic quasi-particle approximation. Ec¢g
is determined by the quantized part of the wavevector k;, =
k;as Eco = hCOkL/ Neay = thO/zncavdcav'

If the cavity material contains electronic (excitonic)
resonances in the considered spectral range, polariton modes
are observed. With the cavity photon dispersion according to
Eq. (5), the polariton energies result directly from applying
the coupling Hamiltonian (Eq. (1) or (2), respectively).

As an example system, we consider a symmetric
(planar) resonator structure consisting of 29.5 layer pair
Bragg mirrors (DBR) surrounding a bulk cavity layer. The
structure parameters and optical constants are chosen similar
to previous experimental work (cf. Ref. 28) and slightly
adapted with respect of the contrast of the refractive indices
of the DBR layers and the cavity thickness. The DBR materi-
als are transparent and fulfill the 1/4 condition with a central
Bragg wavelength of 1 ~ 400 nm (E =3.1eV). The contrast
in the refractive indices An = 1 ensures a large energetic
width of the Bragg stop band and permits investigation of
the cavity photon and polariton modes in a wide spectral
range. We use a model-dielectric function for the cavity ma-
terial which, depending on the considered case, consists of
one or two excitonic resonances at Ey=3.35eV and
3.30eV, respectively, as well as a constant real valued back-
ground dielectric function &,.c,y. The excitonic resonance is
described by a Lorentz oscillator in the dielectric function of
the cavity layer

KE%

e S — 6
EX —E? —ipgE’ ©)

SCaV (E) - Foccav +

Values used for the broadening yy and oscillator strength fx
are listed in Table I. In order to compare the pure photonic
system with the coupled one, we set fy either to zero (pure
photonic modes) or to the finite value (polariton modes).
The simplified approach using Eq. (6) assumes an infinite
exciton mass. In the quantization direction, this approxima-
tion is justified by the large cavity width. For the inplane
direction, the small wavevectors we consider allow neglect-
ion of the parabolic dispersion of the 2D free exciton.
Practically, this means we assume a degenerate exciton
ground state.

We keep the system isotropic throughout the whole con-
sideration here and restrict the further consideration to the s-
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TABLE I. Parameters used for the resonator model.

Ambient/substrate refractive index n,=ng 1

DBR layer 1 thickness dpBr1 40 nm
DBR layer 2 thickness dpgr2 67 nm
DBR layer 1 refractive index NDBRI1 2.5

DBR layer 2 refractive index NDBR2 1.5
Cavity layer thickness deay 1.83 um
Cavity layer high freq. dielectric const. Eoocav 6.25
Exciton energy E, 3.35eV;3.30eV
Exciton broadening Vx I meV
Exciton oscillator strength fx 1.5x 1073

polarization. However, there is no principal difference to the
p-polarized case.

In order to study multiple photonic modes, we choose
the cavity layer thickness d.,, in the model sufficiently large.
Figure 1(a) shows |Ty;| to illustrate the dispersion of the s-
polarized cavity photon modes. Several cavity photon modes
can be recognized as minima of |T4;|. Note that this illustra-
tion does not directly correspond to reflectance spectra®* as it
represents the modes in terms of well- or ill-definedness of
the considered sub-transfer matrix. As shown by the blue
solid lines, the dispersion of the photon modes can be well
described as 2D quasi-particles using Eq. (5). We only con-
sider the four plotted cavity photon modes with mode num-
bers m = {23,24,25,26} (k_ in the order of 40 um™") in the
further discussion. The broadening, i.e. photonic loss, obeys
more sophisticated laws, depending on the mode polariza-
tion.”® However, it is sufficient to neglect it here.

When introducing the (Lorentzian-shaped) exciton as
described above, coupling of the photonic modes to the exci-
ton occurs, and the modes evolve as shown in Figs. 1(b) and
1(c). It should be noted that at the energy of the exciton the
absolute value of T, gets very large, referring to poles rather
than singularities of the considered (sub-)transfer matrix. For
the polariton dispersion, we can model the modes by means
of either Eq. (1) or Eq. (2) using the photonic mode energies
obtained before by applying Eq. (5) and leaving the coupling
constants V; as fit parameters. Both approaches are depicted

@ %2 (b)
20
18
16 f:
=~ i =~
2 > X
w 2 w

"0 5 10 15 "0
K, (um™)
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in Figs. 1(b) and 1(c), respectively. It becomes immediately
clear that only the ansatz using a series of single
Hamiltonians (Eq. (2)) gives the correct description where
none of the polariton modes crosses the exciton resonance
energy. Thinking in terms of quantized wavefunctions for
cavity photon and exciton with cavity resonance at mico/2,
it becomes clear that our single exciton resonance used in
Eq. (6) is degenerate with respect to m in the quasi-particle
description. Coupling with a photonic mode lifts the degen-
eracy.”’ Hence, to each mode quantum number m, there is
one photon mode and one exciton. Consequently, a separate
2 x 2 Hamiltonian is needed for each photon mode. The 2N-
dimensional system Hilbert space is indicated by the number
of modes visible in |T};]. A comparison to full quantum-
mechanical derivations shows that Eq. (2) is a good approxi-
mation.'® If the spatial differences of the wavefunctions for
the confined excitons and photons are considered, the block
off-diagonal elements become finite (but usually small),
expressing coupling between modes with different quantum
numbers m. Remarkably in Fig. 1(b), the spectral density of
the modes increases strongly when approaching the exciton
resonance energy. This is a consequence of being upper and
lower polariton branches to those higher and lower m modes
(see supplementary material®).

It turns out that in the phenomenological approximation
Eq. (2) the coupling strengths V; of the exciton to the jth cav-
ity photon are the same for each cavity photon mode. This is
expected because the coupling strength is determined by the
exciton oscillator strength and the spatial overlap of the
mode with the excitons (cavity thickness).30

Due to valence band fine structure, several semiconduc-
tors have more than one excitonic transition involved in the
coupling with cavity photon modes (e.g., ZnO in Ref. 14).
Hence, several excitons have to be considered in the light-
matter coupling Hamiltonian. Exemplarily, we consider the
case of N photon modes and two excitons at 3.30eV and
3.35eV. Similarly to the case with one exciton considered
above, the excitons are introduced through the cavity layer’s
dielectric function. For simplicity and generalization, we still
assume isotropic excitons. Figure 2 shows the resulting

(c)

E(eV)

5 10 15 "0 5 10 15
k, (um™) k, (um™)

FIG. 1. Logarithmic plot (color bar signifies decimal power) of |T;| (s-polarization). (a) Pure photonic system with quasi-particle mode dispersions according
to Eq. (5) (solid blue lines) and pure exciton energy (dashed blue line, 3.35eV). (b) Multi-photonic polariton system with one exciton along with quasi-particle
dispersion modeling (blue lines) using Eq. (1) (best fit). (c) The same using Eq. (2).
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FIG. 2. Logarithmic plot of |T},| (s-polarization). Multi-photonic polariton
system with two excitons at 3.30eV and 3.35eV along with quasi-particle
dispersion modeling (blue lines) according to Eq. (7). The color scale is the
same as in Fig. 1.

dispersion of the polariton modes. As for the single exciton
case, no mode crosses any of the excitons. Hence, the exci-
tons must not be treated independently, and only the follow-
ing Hamiltonian describes the polariton modes correctly,
Le.:

v [Exi 0 Vy
Hz_@ 0 Ex Vy | 7
=
Vij Vo Eg

This is consistent with Refs. 30 and 31 where only one cavity
mode is considered. In general, for each cavity photon, one
coupling Hamiltonian involving all excitons has to be applied.
Regarding a system of N photon modes and Ny excitons, the
system must be described by a set of N Hamiltonians of size
(Nx + 1) x (Nx + 1) (which would result in a single (NNx
+N) x (NNx + N) system Hamiltonian, similar to Eq. (2)).
This dimension has also been derived quantum-mechani-
cally."”” Also here, the coupling strengths V;; are constant for
all j, i.e., constant for the coupling of all photonic modes i with
a given exciton j, but they can differ for different excitonic
resonances.’

In summary, investigating singularities of electromag-
netic transfer matrices for planar microcavities enables rigor-
ous investigations of photonic and polaritonic mode energies
and, hence, verification of applied quasi-particle coupling
Hamiltonians by considering Maxwell’s equations. For a
polaritonic system with N photon modes and Ny excitons, we
showed that N independent (Nx + 1) x (Nx + 1) coupling
Hamiltonians like Egs. (2) and (7) must be used, considering
each involved cavity photon mode separately. A description
with one (N + Nx) x (N + Nx) system Hamiltonian similar
to Eq. (1) is clearly wrong and results in qualitatively incor-
rect and unphysical polariton dispersion and extracted cou-
pling strengths. As a consequence, NNy + N polariton states
occur and the respective NNy + N-dimensional Hilbert space
consists of N independent sub-spaces, one for each pho-
tonic mode. Those findings within simple phenomenologi-
cal models are consistent with full quantum-mechanical
approaches.'”

Appl. Phys. Lett. 107, 231104 (2015)

The results shown here for Fabry-Perot resonator modes
can be transferred directly to the case of whispering gallery
modes but with a different photonic mode dispersion. It is
generally valid for all photonic resonator modes, especially
also the broad edge modes of the Bragg stop band (leaky
modes).32 Hence, this study clarifies how to correctly
describe multi-photonic polariton systems with phenomeno-
logical models.

This work was funded by the DFG Grant No. Grul011/
20-2. S.R. and T.M. are grateful to the Leipzig graduate
school BuildMoNa.
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