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Abstract

This (Diplom-) thesis deals with the particle trajectories of an incompressible and ideal fluid flow
in n > 2 dimensions. It presents a complete and detailed proof of the surprising fact that the
trajectories of a smooth solution of the incompressible Euler equations are locally analytic in
time. In following the approach of P. Serfati, a complex ordinary differential equation (ODE) is
investigated which can be seen as a complex extension of a partial differential equation, which is
solved by the trajectories. The right hand side of this ODE is in fact given by a singular integral
operator which coincides with the pressure gradient along the trajectories. Eventually, we may
apply the Cauchy-Lipschitz existence theorem involving holomorphic maps between complex
Banach spaces in order to get a unique solution for the above mentioned ODE. This solution is
real-analytic in time and coincides with the particle trajectories.
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1. Introduction

The center of interest in this thesis is the behavior of a given particle in an incompressible and
ideal fluid flow. More precisely, the focus lies on the particle trajectories related to a velocity
field which solves the n-dimensional incompressible Euler equations which are given by

Oru(z,t) + (u-V)u(z,t) = —Vp(z,t)
divu(z,t) =0 (E)

u(z,0) = up(x).

Here v : R® x Ry — R™ and p : R® — R denote the velocity and pressure respectively in each
point x € R™ at any time ¢t € R4. The particle trajectories i.e. the characteristic curves in the
representation of Lagrange are solutions of the equation

Xi(x,t) = u(X(x,t),t)

X(z,0)==x. )

The aim of this thesis is to give a proof of the surprising fact that in spite of a low regularity
of a solution to the n-dimensional Euler equations, the corresponding particle trajectories are
locally analytic in time as long as the solution u exists. The result is surprising since one would
expect that any solution u of (E) has finite time-regularity only, because the Euler equations
contain only one time derivative. But along the trajectories u(X (x,t),t) must be time-analytic
too, because X is analytic in time and (U) holds.

After J.-Y. Chemin had proved the C* time-regularity for the trajectories of a C® initial
velocity field ug (see [Che92] and also [Che98, p. 150] for ug € C"™, m > 1), P. Serfati showed
that the particle trajectories which correspond to a solution of (E) with a C™ initial velocity
field are even analytic in time, [Ser92; Ser95]. Although the proof was terse and left out many
details, it was widely accepted to be mathematically sound. However, the claimed fact of
time-analytic trajectories was again proved by P.Gamblin in 1993 and later by A. Shnirelman
[Shn12] as well as by U. Frisch and V. Zheligovsky [FZ14] (in differing function spaces on
the 3D torus). This thesis presents a complete and detailed proof of the time-analytic beha-
vior of the particle trajectories corresponding to a C""*-solution of (E) in the whole space of
n > 2 dimensions. It is guided by the ideas and methods introduced by Philippe Serfati in [Ser95].

The structure of this thesis is as follows. A short notation overview is given in chapter two,
whereas the proceedings and the main theorem are stated in chapter three. The fourth chapter
serves to introduce the general theory concerning Banach-space valued holomorphy. In the fifth
chapter we derive and investigate a complex ODE fulfilled by the particle trajectories and finally
solve this equation in chapter six. Chapter seven gives the proof of the main theorem and some
additional remarks.



2. Notation and Definitions

This chapter explains the notation of the most important concepts used throughout this document.
A full list of symbols can be found on page 61.

Let in the following be m € Ny, n € IN and « € (0, 1).

o L*(g(x),R™; C) denotes the space of complex valued functions f which admit
ess sup ||q-f|lg < +oo.
L>*(R™)™ = L*(1,R";C™), where m € IN (omitted if m = 1).

e k,u € INj;r € R usually denote multi-indices; resp. multi-radii for which we set the
common notation: for k = (ki,...,k,) € INJ set |k| = k1 + ...k, , k! = k! k!,
Dk =ghighz... ghn gk = a’fl --akn for a € C™.

o CYR™) =C*(R™ C) is the space of (uniformly) a-Ho6lder continuous functions f which
admit

1l i= Wy = 1l + [l = sup 1))+ sup LD =T o

ety T =yl

Remark. For f € C*(R") it is equivalent to say that f is continuous and f € L as well
as L{ﬁﬁ) € LR} x RY).

|lz—=

o C"™(R™) = C™(R™; C) denotes the space of functions R™ — C which are up to the m-th
order continuously differentiable.

e (h(R™) = Cp(R™;C); CJ*(R™) is the Banach space of bounded, continuous functions
R™ — C; resp. the space of m-times continuously differentiable, norm-bounded functions,
where the norm is given by

-l mny = Z HDk(')HLw'

0<[k|<m

o« C"YR™) = C™*(R";C) is the subspace of CJ*(R") whose functions admit a-Ho6lder
continuous m-th order partial derivatives and are bounded in the appropriate norm. This

norm (sometimes written as [|. ||, ,) is given by
k k
I lloman = > ||P*C)||,. + 32 [P*C)] -
0<|k|<m |k|=m



2. Notation and Definitions

Remark. This function space is for this proof in the center of interest and we would like
to point out the following. It is equivalent to say, that C"*(R™) consists of up to the
order m continuously differentiable functions f whose partial derivatives belong to L>°(RR™)

and 28 @-DEf() € L=®(R? x R") for |k| = m.

lle—="]%

e H(O,E), for an open subset O C C™ and a complex Banach space F, denotes the space of
holomorphic maps with values in F which are continuous on O. See section 4.1 for further
explications, especially for the case E = C"*(R").

e JX denotes the Jacobi matrix of a vector field X € C'(R")"i.e. JX = DX.
o |JX| :=det(JX) is the Jacobi determinant of X € C1(R")".

o I' denotes the fundamental solution of the Laplacian (i.e. the Newtonian potential), which
is given by

Cp—i= ,ifz € R™\ {0} withn > 3,

I'(z) = &l
Colog ||z|| ,if z € R?\ {0}

o) =0,

where Cs, C), are constants. Its derivatives are bounded by

1
|DFI(z)] < C’”Hnm ,for ;o € Ny and a constant C' > 0
x
(see for example [GT83, p. 17]).
e || .|| usually denotes the norm in C", i.e. for z € C"

n 1/2
2| = (Z zz> .
=1



3. Statement of the main theorem and challenges

We depart from a weak solution v € L2 ([0,7); C™*(R",R™)) of the incompressible Euler
equations in the whole space of n > 2 dimensions and a finite time interval [0,7"), T' > 0. The
vector field u : R™ x [0,7) — R™ denotes the velocity field of a fluid with a given initial velocity
field u(0) = up € C™*(R™;R"™), m > 1, a € (0,1). If u solves (E), then the pressure p is in a

later defined way uniquely associated to u by

—Ap="Tr(Ju)? = Z 0i0;(ujuy) .

ij=1
A solution to
Xt(IL‘, t) = U(X(l', t)v t)

X(x,0) ==z, ©)

for (z,t) € R™ x [0,T), is a time-evolving vector field which assigns each point z € R™ a curve
parametrized by ¢, therefore the expression particle trajectories or characteristic curves is used.
The unique existence of a solution to (U) is ensured by the Cauchy-Lipschitz existence theorem,
if w is continuous and bounded in (x,t) € R™ x [0,T) as well as Lipschitz-continuous in z € R".
Our main theorem then reads:

Theorem 3.1. Let u solve the n-dimensional, incompressible Euler equations (E) with an initial
velocity field ug € C"™*(R™;R™) (m > 1, a € (0,1)). Then the solution X of (U) is locally
analytic in time as long as the solution exists.

The proof, given in section 7.1, is guided by the following strategy. In section 5.2 it is shown
that the solution of (U) also solves the partial differential equation
Xu(z,t) = =(Vp)(X(z,1),1) ,(z,t) € R" x[0,T)
(X’ Xt)({L‘, O) = ([E, uo(ﬂj‘)) .
The right hand side, namely the gradient of p, is given by a sum of singular integrals and coincides
with G = G(X, Xy)(x,t) for the solution X of (U), where (z,t) € R" x [0,T). G is a well defined
and bounded map H(Dg, 2) - H(Dg,C™*(R";C")),R > 0, where {2 C E is an open and

bounded subset of the in section 6.1 in greater detail defined complex Banach space E. This
operator is given by

GOXY)(at) = [ V(D) (X(w0) = X(.0) Tr (JY -cof (JX))* (3. O X]3.1) dy
Rﬂ
+3 [ 00,9((1 - D)X (e, 1) = X 1) (1Y) (01X (0,1) dy
id i

for X, Y : R" x Dy — C", where Dr ={z€ C | |2| <T},T > 0.



3. Statement of the main theorem and challenges

Eventually, in the proof of Theorem 6.1, the existence of T > 0 is shown such that the complex
ODE

X"(r)=G(X,X')(r) ,7€D;
(X, X")(0) = (Id, up),
with X/ = d%f( , admits a unique solution in
H (D {f €L (A + [lz)) " R™C") | JX € O™ B4R™C™™)}) .

This is the key ingredient for the proof of our main theorem, because this solution is real valued
for 7 € (=T, T) and coincides with the solution of (U) on [0,7)). The fulfilled PDEs from above
also imply the following result.

Corollary 3.1. Local time-analyticity holds for w and Vp along the trajectories as long as the
solution exists.



4. Banach space valued holomorphic maps

This chapter introduces the needed results for vector valued holomorphic maps. We will see that
the theory of multi-dimensional holomorphy will extend directly to Banach space valued maps
and so Cauchy’s integral formula and the complex series expansion will also hold for these maps.
A development of this theory set in an even more generalized frame of sequentially complete and
locally convex vector spaces can be found for example in [Her89, ch. 1-3], from which certain
proofs were adapted.

4.1. Cauchy's formula and Taylor series expansion

First we want to define holomorphic maps between subsets of C" and complex Banach spaces
in order to approach differentiability and analyticity of vector valued functions. Later, these
properties will lead to interesting facts about operators between complex Banach spaces and will
finally motivate assertions about the solvability of complex ordinary differential equations.

Definition 4.1 (holomorphic functions). Let E be a complex Banach space and O C C™ open.
Then f: O — FE is said to be holomorphic, if it is continuous in O and if for any z € O there

exists in F
f(z+ Ze;) — f(2)

lim NVi=1,...,n.
Z—0
zeC\{0}
Here, (e;)?_; denotes the canonical base in R™. We then call the above limit the first order
partial derivative in the variable z; of f in z and write 0, f(z). Higher partial derivatives will be
denoted by D¥f = (9511 ~--8§:f, where k € INjj.
If n = 1, then we write the complex derivatives to the order I € INy of f as D.f.

An equivalent definition of holomorphy is the following.

Definition 4.2. A continuous map f : O — E is holomorphic in O, if for any z € O there exists
a C-linear map D, f € £(C", E) and a continuous map r : C" — E with 7(0) = 0 such that

f(z+2)=f(2)+D.f(2)+ ||Z||7(2) ,forany ze (O —z) .

Remark. We can even, in identifying C with R?, give another equivalent definition for holomor-
phy, here in the one dimensional case:

f: O — E is holomorphic in O, if f is continuously differentiable in any (x,y) = z € O C C ~ R?
and there holds

fm + ify =0
for all (z,y) =z in O.

Notation. For an open and bounded subset O C C™ and a Banach space E, H(O, E) will denote
the set of all functions O — E which are holomorphic in O and continuous on O.



4.1. Cauchy's formula and Taylor series expansion
For a polydisc with multi-radius r» = (rq,...,7r,) € R} and center 0, namely D, = D,(0) =
{z € C"||zi| <ri,Vi=1,...,n}, we use the abbreviation
E.=H(D,,E),
or equally in the one-dimensional case with R > 0
Er = H(Dp,E).

E.. is equipped with the norm
1fllg, = sup [|f(2)llg -
z€Dy

Many well known results for C-valued holomorphic functions also hold in the infinite dimensional

case as we will see in the following.

Theorem 4.1. Let f € E, for a positive multi-radius » € R'} and a complex Banach space E.
Then there holds Cauchy’s integral formula for all z € D,.:

/ / / 2611, . .(73)— . déy ... dé&, . (4.1)

f(Zl7"'7z

|£1 =71 |én]=rn

Proof. Let first be n =1 and f as above, then the integral

1 f(€)

2mi ) (6—2)
|€|=r

d§

is well defined for all z € D,., since f is continuous on dD,.. For any ¢ € E’ there holds

E R A o)
4 (27ri /|§:T (& —2) d€> 2 lej=r (§—2) de
=@ (f(2).

The last equation holds by the usual Cauchy integral formula because ¢ (f(.)) is a holomorphic
function from D, into € and continuous on D,.. Since ¢ was arbitrarily chosen, we get Cauchy’s
integral formula by using a consequence of the Hahn-Banach theorem (see Lemma A.1 in
Appendix A).

For n > 2 we have that f is holomorphic in every variable z; € C, Vi = 1,...,n. Then (4.1)
follows directly from the one dimensional case by iteration and the application of Fubini’s theorem
(see Theorem A.1). ]

The multi-dimensional Cauchy’s integral formula is an adequate tool to establish power series
of Banach space valued maps. The following theorem expresses this fact in a more detailed way,
initially for a complex disc around O.



4.1. Cauchy's formula and Taylor series expansion

Theorem 4.2 (Taylor series expansion). For f € E, with a positive multi-radius r and a
complex Banach space E, there holds the Taylor series expansion for any z € Dy, i.e.

0)+ Y %Dgf(o)zk. (TE)

|k|>0

The coefficients are uniquely determined by the derivatives of f:

k!
Dif(z) = @) / = Zl)klﬂ"f@(én . d¢ (CF)
gj=r

for any multi-index k € INiy. The subscript 0 indicates the center of D, while we integrate over

0D, and [£| = r means |&| =r;,Vi=1,...,n for £ = (&,...,&,) € C™.

Proof. We use the higher dimensional geometric series expansion

1 z
RS m‘ > @ 5’““’

|k[>0 1 n |k|>0

which holds for |z;| < [&] =7, Vi =1,...,n. By substitution into Cauchy’s integral formula we
obtain for all z € D,

_ ! f(©)
f(Z) - (27.[.i)n / (51 _ 21) e (gn — Zn) |k|z>0 €k+1
|€]=" \5I r (4.2)
-5 ol [ e
iz | jgl=r

The change of integration and summation can be done, because the convergence of the geometric
series is absolute and uniform for £ € 9D, and z € D,..

Now f is expandable into a power series and it is therefore infinitely often differentiable. To show
that the above series coincides with the Taylor expansion of f in D,, we need to prove (CF).
In the one dimensional case, the integral

1 f(6)
2mi (€ —z)H1
€=

dg

is well defined for any z € D,., r > 0, and [ € N, since f is continuous on dD,. For any ¢ € F’,
where E’ denotes the dual space of E, there holds

LY (Ol ! o (7€)
<P<Q7Ti /§|7‘ (€ = 2)iH1 d£> omi Joy (€ 2 d¢



4.1. Cauchy's formula and Taylor series expansion

= Dlo(f(2)).

Regarding the last equation, note that ¢ (f(.)) is a holomorphic function from D, into C and
continuous on D,. After repeated application of

DL (f(2) = D i $UCN Z0UCD _ s <nm M) = DI (D.f(2))

Z—z zZ—Zz Z—z z—z

I O ae) — ot s
0 (% L@t df) = ¢ (DLf(2)).

Since ¢ was arbitrarily chosen, we get in using a consequence of the Hahn-Banach theorem (see
Lemma A.1),

we obtain

Dlzf(z)—l—! iy d¢ ,VzeD,.

27 (€ — 2)iH1
€]=r

In order to indicate the center of integration, we write DL f(z) = D{f(z).

Now let n > 2, then f is by our hypothesis holomorphic in every variable z; € C,i=1,...,n.

Consequently, (CF) follows by iteration from the one dimensional case and Fubini’s theorem.

Ergo, the Taylor series expansion

F2) = 70) + Y2 e DEr0)

|k|>0

must hold for any z € D, as it corresponds to the series expansion (4.2). The uniqueness of the

coefficients follows by identification of power series.
O

Remark. The center of the polydisc was chosen to be 0 for pure convenience. As the general
case we get the following Corollary.

Corollary 4.1. For a € C" and r € R} let f be in H(Dy(a),E). Then for all z € Dy(a) there
holds

£ = f@)+ 3 7 DEf(a) (2 — o)®

|k|>0

where the coefficients are uniquely determined by

k!
Dif(z) = / @ —=) f(&) 1 46

(2mi)™ kitl (& — 2zn)
|§¢—al=r

with k € Ny and for § = (&1,...,&,) € C", |€ —a| = 7 means |§ —a;| =7;,Vi=1,...,n.



4.2. Differentiation under the integral sign

4.2. Differentiation under the integral sign

Not only complex differentiability can be extended to vector valued functions. Integration and
therefore parametric integrals are also well defined and enjoy the same properties as their real
valued companions. The real case is for example considered in [K6n04, p. 282] whose proofs are
just adapted to our needs.

Theorem 4.3. Let O C C be open and E a complex Banach space. Let f : R" x O — E be an
integrable function with respect to the first variable which has the following properties:

(i) z — f(u,z) is continuous in O for a.e.u € R™.
(ii) There exists ® € LY(R™, R) such that for all z € O and a.e.u € R"
1f(w, 2)| g < ().
Then

K(z) = / Fu, 2) du
s

1s continuous in O.

Proof. We prove sequential continuity. Let {2y },>1 C O be a sequence which converges to z € O.
Since f is continuous, there holds f(u, z,) — f(u,z) as n — oo for a.e.u € R™. We set

on(u) = f(u,z,) .

Then ¢,(.) converges a.e. point wise against f(.,z) for all z € O and is bounded a.e. by
® ¢ L'(R™, R). Hence, Lebesgue’s theorem of dominated convergence (see Theorem A.2) yields

n—o0 n—o0

lim K(z,) = lim [ p,(u)du= /nh_{%o on(u) du = /f(u, z)du = K(z).
R” R" R”

Theorem 4.4. Let O C C be open, E a complex Banach space and f : R" x O — E an integrable
function with respect to the first variable which has the following properties:

(i) z — f(u,z) is holomorphic in O for a.e.u € R™.

(ii) There exists ® € L'(R"™,R) such that for all z € O and a.e.u € R"

1f (u, 2)]| < D(w).

10



4.2. Differentiation under the integral sign

= /f(u, z)du
R~

s holomorphic in O and its derivative is given by

Then

:/azf(u,z)du ,VzeO.

Proof. To show that K is holomorphic, we show equivalently, in identifying C with R? [z =
x +1iy = (z,y)], that K is continuously differentiable in O C C ~ R? and

K, +iK, =0. (CR)

f(u,.) is holomorphic in O for a.e.u € R"™ and therefore continuously differentiable and
fz +ify = 0in O. We define for any v € R" and h € R sufficiently small

uw,r + h — f(u,z

and get almost everywhere in R”
h—0
Since f is continuously differentiable, it inherits local Lipschitz continuity which yields
len(w)llp < 102 f(u, z,y)| g for a.e.u € R".

In addition we have for a € O and r > 0, such that D,(a) C O, and for all z € D jy(a):

o)l = 10- w2l = | 5 [ (E S

2mri (& —
€=r E
f(u,§
e | IEE TS U TR

Hence, for a.e.u € R™ one obtains

llon (Wl < 5 B(u).
Lebesgue’s theorem of dominated convergence (see Theorem A.2) now assures the existence of

K - K
Iim /% )du = lim / fuzt+hy - flwzy) . K@thy) - K@y
h h—0 h

11



4.2. Differentiation under the integral sign

with the limits

/}llli% op(u) du = /&Cf(u,:n,y) du = 0, K (x,y)du.

R R®
The same argumentation for y and Theorem 4.3 yield the continuous differentiability of K and
indeed we get (CR):

Ko(,y) +iKy(z,y) = / Do f (2, y) du + i / 9, f (u, 7, y) du
R™ R

::/3ﬁﬂwuw+i%ﬂwxwﬁm=0
]Rn

for all (z,y) = z € D2j,(a). This proves the proposition, since a was arbitrarily chosen. O

From the foregoing proof one obtains the following result for real differentiability.

Corollary 4.2. Let W C R" be an open subset, E a Banach space and f : R" x W — E an
integrable function with respect to the first variable which has the following properties:

(i) x> f(u,) is an element of CY(W; E) for a.e.u € R™.
(ii) There exists ® € L*(R",R) such that for allx € W and a.e.u € R®

105 f (u,2) ||y < B(u) Vi=1,...,n.

Then
K(x) = /f(u,x) du
R™

is an element of C*(W; E) and its derivative is given by

VK(ac):/fo(u,x)du N eW.
Rn

12



4.3. Analyticity on Banach spaces

4.3. Analyticity on Banach spaces

In this section we want to discuss the analytic behavior of maps between two complex Banach
spaces F and F. These operators must have a certain holomorphic property which will be
outlined in the following theorem. In fact, we will show that these operators are developable in
power series whose coefficients are restrictions of multi-linear maps on the diagonal of a cross
product of E. See [Her89, ch. 2 and 3] or [PT87, p. 133] for the proceeding result.

Definition 4.3 (Local Lipschitz-continuity). A function K which maps a Banach space E into a
Banach space F' is called locally Lipschitz-continuous, if for any € E there exists a neighborhood
V C E of x and a constant C' > 0 such that for any y,y € V there holds

1K) = K@)lr < Clly = 3llg -

Theorem 4.5. Let E and F' be complex Banach spaces, 2 C E open and K : 2 — F a bounded
map. Furthermore, let K o h € F. for any h € {2, with r € R’}. Then the following propositions
hold for fixed a € (2:

1. Forx € E,0 < ||z||z < R with 0 < R < dist (a,012) ( if there exists a boundary), there

holds
K(a+z)=K(a)+ > DL K()
I>1
and the ﬁfl K are uniquely determined by
- 1 K(a+ &x)
l _
Dy K(z) = 5~ e dg

|€]=¢
with 0 < e < IITRH arbitrarily chosen.

2. The ﬁéK can be identified with k-linear symmetric maps K which are extendable to
E'= E x --- x E (written l-times). They take the form

1 . 1 K(a+§1x1+...+£lm1)
K, (x1,...,7) = @i lf/..g'/ 5%52 d¢;- - -dg

for (z1,...2;) € E' and ¢ sufficiently small.

3. For any x € E, 0 < ||z||p < R there holds

K(a+z)=K(a)+ > Ki(z,..., )

121 l—times

13



4.3. Analyticity on Banach spaces

and, for any 0 < R’ < R,

S sup KM@ a)lp < sup [[K(a+ 9l gl < +oo.
I>1 z€Bpg/ yEBR

4. The operator K 1is locally Lipschitz-continuous in (2.

Proof. (1.) Fixa € §2,let x € By, = Br(0)\{0}and || .|| == || .| g, for a fixed 0 < R < dist (a, 012)
and set
R
0= —.
[l

Then, ¢ > 1 and ¢ — a + (x is a member of 2, = H(D,, {2). Therefore, ( — K(a + (x) is an
element of F, = H(D,, F') by hypothesis. Hence, Theorem 4.1 yields that

R Y =t
l€l=e

for all ( € D,, and we obtain from Theorem 4.2 that

K(a+Co) = K(a) + 3y DbK(a+ 7a)lemo -

1>1
with uniquely determined
K(a+ &x)
!
DyK(a+ Tx) \ro—% / e d¢.
|€]=0
Clearly, by choosing ¢ = 1, we get
K(a+ ) )+ > DLK
I>1

(2.) Let a € £2 be fixed and z € Bj,.
In considering the case [ = 1 we get directly for any = € Bj

A 1 K(a+&x)

DIK(z)= — / ng = Kl(z).
€=y

Then, (TE) in Theorem 4.2 yields, for 21,22 € D1, and x1, 72 € Bj, that

21%1 + 2909 € Bp

14



4.3. Analyticity on Banach spaces

and so

K(a+ z1x1 + z212) )+ Z ll,leO (a+ 721 + 77362)‘
[>1

7,m=0

=K(a)+ 2 - D(()l’O)K(a + 11 + NT2)

7,1n=0
(071)
+22- Dy K (a + T21 + n12) 0
T’/r]:
+ D w2 DEK (a+ Ty )|

|1]>2

Also, in considering Cauchy’s integral formula, with 0 < & < min { ‘fl E 2”5'2“ }, we obtain
1 K(a+ €x1 + (o)

7,m=0 o (27Ti)2 fQC
|€]=¢ [¢]=e

1 K(a+ &x1 4 (x2)|e=0

Dél’O)K(a + 121 + nw))

dcde

dg

and equally
D(()O’l)K(a + 121 + Nx2) - KX(x9) .
Hence,

K(a+ z121 + z0m2) = K(a) + le; (1) + ng; (x2)

+ Z %leéK(a + 7121 + nzg)‘
|1>2

7m=0 "

On the other hand, we have for z; = 29 = 2, that

K(a+ z(z1 +x2)) = K(a) + z- D' K (21 + x2) + Z ADUK (21 + x2)
1>2

=K(a)+ z- K1x1+x2 +Zlel (1 + x2) .
>2

Thus, we obtain the additivity of K} by identification of power series.

15



4.3. Analyticity on Banach spaces

We observe furthermore that, for x € Bj,

Kl(z) = = / Klat &) o

§l+1

is independent of ¢ as long as 0 < ¢ < chill' Consequently, K} can be extended, first to
E* = E\ {0} and then, in setting K1(0) =0, to E.
Let o € C* = C\ {0}, then for any x € B}, there holds

1 1 K(a+ aéx) 1 K(a+¢&z) .,
Ka(owv)—2—7ri Tdé ) Tmi / 0475,2 d¢’ = aK,(z)

€|=¢ |&"|=e’

; R I
with 0 <e <z and € lae.

We showed that the first derivative of a map which satisfies the conditions stated in this
theorem is actually a linear map. We will proceed by induction on [ € IN to show that the K
are [-linear maps. We assume, for fixed [ € IN, that the map K, given by

1 [ Klat &z +... +§u)

(2mi)! & &
|€1|=¢ |&]|=¢

O<6§min{ It |i:1,...,l},
U]

is an element of the Banach space £!(E; F). We remark that a — K!(.) is a well defined and
uniformly continuous map 2 — £'(E; F). Consider the function

/ /(poK a+Cro+ &1+ ...+ §ay)
&g

Ké(a:l,...,xl): df1...dfl,

CH@OKCZL+<I0('%'17"‘7$I déy...dg

(2mi)!
[§11=¢ |&i|=¢

with zg,...,2; € Eand |(| <& for 0 <&’ < min{WR‘m” ]i:O,...,l} and ¢ € F’ arbitrary.
The above formula is holomorphic in ¢ by Theorem 4.4 and the arbitrary choice of ¢ implies

K(l1+.x0($17-~-733l) € H(D., F) , for (x1,...,2;) € E'.
Hence, for xg,x1,...,2; € E* we get with the same argumentation as before that
N 1 K(a+ &xo+ &1+ ... + &y
DK (21, .. &) (x0) = — / ( o )dgo...dgl
27 50 . 'él
[€ol=¢ |&1]=¢

is linear in xg, where 0 < ¢ < min{ (l+1 B |i=0,. l}. Thus, we have, in setting KCZL(O) =0,

that DLK! e L(E; LY (E; F)), whereas L(E; L/(E; F)) is isomorphic to L7 (E; F). Consequently,

16



4.3. Analyticity on Banach spaces

we may write
DoKy(an, ... ) (xo) = Kot (wo, 21, ., 1),

which is [ 4+ 1-linear and symmetric by Fubini’s theorem. The I-linearity follows now for all
I € N by the induction principle. We can again extend the K to E' since the above integral is
independent of ¢ as long as it is sufficiently small. Moreover, the K are bounded and therefore,
as [-linear maps, continuous on E'.

Finally, we restrict K. to the diagonal of Br(0)! and set z := z; = ... = z; , then

Ki(z,...,2) =08, - 0,K(a+z1z+ ...+ zx)

rﬂ 21,...21=0
—times
dl
= @K(a -+ Zl’) -0
= D' K(x).

(3.) The previous calculations imply directly that

Kla+z)= +ZKZ , ) ,Vx € Bg.
=1 l—times

Let 0 < R’ < R < dist (a,02) and M = sup,¢p,, [|K(a+ z)||, we then obtain for any I € IN:

K(a+&x)

sup [[Ki(a,..,@)|p = su T

mGBR/ mGBR/

R F

1 M
< sup — / T 46
IGBR/ 27T R ’€|l+1
€=z

= sup (%)l M

z€BpR/

- (7)

Thus, there holds

N\ ’
> s IKLe ol < 30 () M =M (ot 1) =Mz

1>1 *€Br/ 1>1

(4.) For x,% € Br p, with 0 < R < R < dist (a,012) as before, we have x — & € Br/. Then the
previous estimates of K and the I-linearity yield

17



4.3. Analyticity on Banach spaces

1K (a+a) = K(a+&)l|p < ) IKg(z = &, ... = 2)|
>1

- | — &))" .
< o — 2 m M <sLle-z]
>1

with L = M ﬁ. Hence local Lipschitz-continuity of K follows, since a € {2 was arbitrarily
chosen. O

18



4.4, The Cauchy-Lipschitz existence theorem

4.4. The Cauchy-Lipschitz existence theorem

Let us now switch to one of the key theorems in this approach. It makes under rather low
requirements an assertion about existence and uniqueness of a solution to a complex ODE.

Theorem 4.6 (Cauchy-Lipschitz existence Theorem). Let E be a complex Banach space,
20 € C,yp € E and G C C x E open and connected with (zo,yo) € G and Dgr(z9) X B.(yo) C G
for some R, > 0. Let also K be a continuous and bounded map from G into E which is locally
Lipschitz-continuous in the second variable and set

S:= sup ||K(z9)|g
(z,9)eG

as well as ,
0 = min{R, g} .

If z — K(z,y(2)) ts holomorphic in D,(zy) for any y € H(Dy(20), Br(v0)), then there ezists a
unique solution of

y'(2) = K(2,y(2)) (DE)
y(zo) =%

for all z € Dy(zp).

Remark. In the above theorem F can also be taken as a finite product of complex Banach
spaces.

Proof. By the assumptions of holomorphy made on K we can rewrite (DE) into an equivalent
integral equation, namely for all z € D,(zp)

z

M@=m+/KWwWWM (IE)

20

and set

z

@ma:%+/mewm% V2 € Dylz0),

20

where the above integrals are taken over any continuous path in D,(zp) connecting zy and z.
Then, T' is well defined on N = {u € H(Dy(20), E) | sup.ep,(zy) [w(2) — wollp < r}-

We now show that 7' is a contractive map from N into N. To prove the latter statement,
let y € N and z € D,(2p), then there holds

/me>dw

I(Ty)(2) = ol < K (w, y(w w))|p dw

SS!z—ZO!SSQST,
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4.4, The Cauchy-Lipschitz existence theorem

hence Ty € N.

To show that T is a contraction, let us remark that since B,(yp) is compact in E and K
locally Lipschitz-continuous in the second variable, there exists a constant L > 0 such that

I1K(2,y) = K(z0)llp < Llly = 9llg, Yy, € Br(yo)-
We introduce an equivalent norm on H(D,(z), E):

Jull = sup {|u(z)| - eT2LlEm=0D
2€D;(x0)

Then there holds for all y,§ € N:

ITy(2) = T(2)|| g <

/ 1 (w0, y(w) — K (w, §(w))]| 5 duw

z
< 'L ) = gl el el gy \
20

z
/ e2L|w720| dw'
20

< Loy — gl - (@l )

<L-lly—-gl-

< 5ly =gl - *He=l,
which is equivalent to
ITy — T3l < 5 lly — 3l -

Now T being a contraction on a closed and connected subset of a Banach space fulfills the
propositions of Banach’s fixed point theorem (see Theorem A.3). Hence, (IE) admits a unique

solution in N which implies a unique solution of (DE) in N.
O

Remark. In fact, the requirements for the last theorem are satisfied, if K : 2 — F is a bounded
map for {2 C E open, connected and K (£2g) C Eg for R > 0, which are precisely the conditions
of Theorem 4.5.
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5. Derivation of a second order PDE

5.1. Representation of the pressure-gradient

We recall the Euler equations for an ideal and incompressible fluid flow in n > 2 dimensions:

Oru(z,t) + (u-V)u(x,t) = =Vp(z,t) (Ea)
divu(x,t) = 0 (E) (Eb)
u(z,0) = up(x), (Ec)

where u and p denote the velocity and pressure respectively in a given fluid. In this approach, the
investigation of particle trajectories in a fluid flow requires a solution of the Euler system (E). Let
therefore u € L7? ([0,T), C™*(R";R™)), T > 0, solve the Euler equations for a divergence-free
initial velocity field ug € C™*(R™;R"™), where m is a positive integer and « € (0,1). That a
solution in the above space exists uniquely is for example stated and proved in [Che98, p. 77].
More information on the particle trajectories is given in the following section. In this section the
associated pressure is investigated, which will lead to the unique representation of the pressure
gradient. Therefore, one obtains a uniquely defined right hand side of the Euler equation.

In taking the divergence of (Ea) in the weak sense under condition (Eb), one obtains

div {at u+ i w0 u] (z,t) = —div (Vp)(z,t)

=1
= [8tdivu+zaj2ui aiuj] (x,t) = —Ap(x,t)
j=1 i=1
— > 0 (widi ) (w,t) = —Ap (x,t)
2%
FN Tr (Ju)?(z,t) = —Ap (x,1), (5.1)

where J(.) denotes the Jacobian matrix. We will see that the pressure p is, in a later defined
way, uniquely associated to u by equation (5.1). The equivalence (x) is obtained by a direct
calculation which follows. We have

Z 8j (uﬁz Uj) = Z aj uzaz Uj + Zuzé)zaj Uj = Z 8]- uzaz Uj =Tr (Ju)2 .
i,j i, 1,]

i’j
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5.1. Representation of the pressure-gradient

It also holds that
Z 618] (ul Uj) = Z(@Z@ ul) uj; + Z 8ju181 Uuj + Z 0; ul-@j Uj + Z ul(&@] Uj)
i3 i,j 1,3 12 .3
= Z 8J(8Z ’LLl) uj + Z Ojuzal Uj + Z 0; uiaj Uj + Zulal(aj uj),
,J 4, ,J 1,7

where only the second term does not vanish. Hence, we have the identity

Z 8z6J (ul Uj) =Tr (Ju)2 . (5.2)

Then, for a fixed t € [0,T), we write
wug (L, t) = hij(.) € C™R™R™) ¢ WHS(R™; R") (5.3)
and under consideration of (5.2) one obtains
> 909 hij = v e COMR™MR") € L®(R™R"). (5.4)
,J
We will show that (5.1) admits a unique solution and state a preliminary well known fact.
Lemma 5.1. If f € L'(R™) N L>°(R™), then the Newtonian potential of f, given by
w(e) = [ M= )f) dy,
]R"’l
belongs to C*(R™) and
Vue) = [ V- )fw)dy.
R™

Proof. [GT83, p. 55] We concentrate on the case of n > 3 spacial dimensions, whereas the case
n = 2 is treated equally. I' has a singularity at the origin of R™. In order to cut out this
singularity we choose a radial function n € C°°(R™) with the following properties. For z € R":
0 <n(z)<1andn(x)=0,if z € B1(0), as well as n(z) =1, if z € R™ \ B2(0). For € > 0 set

ne(@) =n (%)

c
and
we(w) = e » f (x) = / Iz — y)ne(e — 9)f(y) dy,
R’n

which is well defined, since I'n. € L®(R") and f € L'(R"). In the following fix i € {1,...,n}.
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5.1. Representation of the pressure-gradient

From Corollary 4.2 we get
w, € CYRY)  and  duw.(z) = (0i(I'n.) * f)(z),

102,11 (@ — y)ne(z = )] f ()] < Clf(y)| € Ly(R")

with a positive constant C' = C(¢).
In the next step we are going to show, that 0;w. converges uniformly to

(¥ :8ZF*f

First, the above formula is well defined, since f is bounded and 9;I" integrable within a domain
containing the origin and outside of this domain f is integrable and 9;I" is bounded. We now
have for x € R™ arbitrarily chosen

|Oiwe () — vi(x)| = [0:(I'ne) * f (x) = Ol f (x)]
= 0i[(ne = V)T * f (2)]
< [19:[(ne = DI 1o

and furthermore,

10:[(n- = DI, = / |0il(ne = 1) I']()| dae

||| <2e
1 T 1 1
< *an<*)H7,+ Ne(z) — 1| —— da
/ £ AT ‘f—uuxn" !
||| <2e <1

2e
1 1
g// [C st n_l])\”_lda(w)d)\
) S e T el
Snl
2¢e

where ¢ and ¢ are positive constants. Altogether, one obtains for any x € R™
|Oiwe () —viz)| < ¢l flloc € -

Hence, we showed that d;w. converges uniformly to v; as ¢ — 0. Now, w. € C'(R") yields
v; € C°(R™) and by Lebesgue’s theorem of dominated convergence there also holds w. — I"* f
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5.1. Representation of the pressure-gradient

point wise, as ¢ — 0. Subsequently, w € C'(R") and
Vue) = [ V=)
Rn

O]

Before we proceed, we need to define a function on a subset of C which will play a key role
hereafter.

Definition 5.1. Let a be a holomorphic function defined on
S={zeC"\{0} | Tz e R": ||z —z| < Blz]|} (5.5)
with the following properties:
o the restriction of a to R"™ is real valued and radial

4 —
o« supeg {[[2]°la(z)| + [l27" [DFa(2)] + [l2]7° 1 — a(2)} < +oo
for any s > 0 and |u| > 1.

Remark. For instance, the map

S>z—alz)=a <<Zj:1 Z?)é)

with

a(y) = 1— exp <_><p<y—y>>

fulfills the above requirements.

In the next theorem all functions are real valued.

Theorem 5.1. Fori,j=1,...,n let hjj € WH(R") and v := >t j=10i0jhi; € L®(R™). Then
there exists p € C(R™) with
Ap=w in D'(R™). (5.6)

It fulfills the estimates
Ip(z1) — p(@2)| < M |[hijl, [lz1 — 22|,
for any x1,29 € R"™, and
Ip(2)| < M"[|hij]l,, log (2 + [|=||)
for any x € R". M and M’ denote positive constants. Furthermore, the solution is unique in

M—O,q(@):ceﬁ}.

lzll—oo 7]

N = {q e C(R")
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5.1. Representation of the pressure-gradient

Lemma 5.2. The gradient of the formerly found unique solution of (5.6) takes the form
Vp(z) = V(a +Z (3:0;,V((1 — a)T) % hyj) ()

in D'(R™) and belongs to Cp,(R™; R™).

Proof of Theorem 5.1. Ezistence. Fix in the following 4,5 € {1,...,n}. The first step is to
approximate the functions h;; € Whee(R™). Note that the h;j are bounded and have also bounded
first derivatives. They are therefore globally Holder-continuous to the exponent o € (0,1). For
k € IN choose a sequence () C C§°(R™) such that

vp(z) =1, for all z € By(0)
and also, for p € N with |p| <2,
|DFvgll, < C, for all k € N,

where C > 0 is a fixed constant. The latter requirement is needed in order to uniformly bound

the following functions. We set
hf] =V hij

and

=Y o)

t,j=1
i Uk € LY(R™) N L*®(R") (foralli,j =1,...,n, k€
IN) with thjHOO < c|lhijlly, and |jug]l, < & for some ¢,é > 0 and & = & (|||l yyime » [0]]0)-

which are compactly supported. Then, h¥

Additionally, we choose the functions v such that
[t] <elhil,, (5.7)

where ¢ > 0 is a fixed constant independent of k € IN and [.], denotes the Holder semi-norm.
Thus,

pi(z) = / I'(z — y)uu(y) dy (5.8)
J

is well defined and belongs to C'(R") in accordance with Lemma 5.1. Moreover,

Vpr(z /VF x—y)vg(y)dy. (5.9)

Since py, € Li,.(R™), we may write for any ¢ € C§°(R™) in using Fubini’s theorem

loc
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5.1. Representation of the pressure-gradient

(Apr, o) = (P, A )

- [ [re-vu dyAso(>dx—/vk<>/r<x—y>Aso<x>dxdy

R™ R" R»
- / o) / [(@)Ag(e +y)dedy = / @)y dy = (v, ).
Thus, it holds
Apy = v in D'(R") (5.10)

and furthermore, vy, — v in D'(R") as k — co. Also, since supp hk C O for O C R"” open,
bounded and big enough, we may write

Pi(w) = / Zaah dy—Z/F(xy)aiaj(hZ(y))dy
ij b
—Z/ 0.0, (5) — 1 @) dy
[ZVENS)
—Z /aar y)(hij(y) — hlj(x)) dy. (5.11)
%,J O

In the following we leave the summation sign out for convenience. The last formula (5.11) is
bounded since the integrand is estimated by

9051 (@ = y) (s (y) — W) < C [ly] H—lyu o -yl = CM
and the right hand side is a member of L'(O), where C,C’ > 0 are constants.
We set
ak(z) = pr(z) — pr(0) , Yz €R"
and get as a consequence
Agqp = Apy,. (5.12)

We are going to show the following estimate for x1,x9 € R™ arbitrary:
gk (21) — an(@2)| < M [|hijl|, inf{log(2 + ||lz1 — 2|), [lz1 — z2[%)},

with a constant M > 0 independent of k € IN.
To prove the Holder-continuity of g we will directly estimate the necessary bounds. We state an
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5.1. Representation of the pressure-gradient

important fact for our subsequent approach. Let 0 < R; < Rs. Then there holds

/ 81'8]‘F(y) dy = / 8Z~ H;z/i]H dy

Bry\BR, Bry\Bry
Yi Y Yi Ui
= [ e [ty
/ Iyl Nyl lyll™ Nyl
BR2 8BR1
Roy; Royi 1 Riy; Riyi nn—1
= Ry dy — J R d
Ry Ry, 2 Y Ry R Y
Sn—l Sn—1
=0. (5.13)
The following calculations are independent of 7,j € {1,...,n} and k € IN, so that we can make a

few abbreviations.

We set

There holds because of (5.7)

[h1 = ha| < C'lhigl, o1 = 22| < Clhijll, o1 — 22|

for a € (0,1), C,C > 0. Fix 1,22 € R™ and set

p =2z —x2f .

Choose R > 0 large enough such that supp hfj C Bpgr(z1). Then with the definition of g
and (5.11) one obtains

qk(z1) — qr(x2)

Bp(ml)

Bp(wl)

Ki[h — hq] — Ka[h — ho] dy

Br(z1)

/ Kl[h—hl]—Kg[h—hQ]dy—i- / Kl[h—hl]—KQ[h—hg]ﬂ:thldy

Br(z1)\By(z1)

/ Kl[h—hl]—Kz[h—hQ]dy + / Kl[hl—hg]—{—[Kl—KQ][hl—hg]dy
Br(z1)\By(z1)
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5.1. Representation of the pressure-gradient

< / Kilh — hi]dy + / Kslh — ho]dy

BP(Il) Bp(l"l)
+ / Ki[hy — h]dy + / (K1 — Ks][hi — ho]dy.
Bgr(z1)\B,(z1) Br(21)\Bp(z1)

The third integral vanishes because h; and he do not depend on y and (5.13) holds.
In light of this fact, it holds that

lg(@1) — qula2)] < /\Klnhhudw / ||| — ho| dy

Bp(z1) Bp(z1)
=1 =1,
+ / | K1 — Ka||h1 — he|dy
Br(z1)\Bp(z1)
=15
=hL+1L+13.

We are going to show the Holder property for each term separately, where C;, C;, C; will denote
positive constants for i = 1,...,6.
For the first integral there holds

I = / K |[h— ha| dy < C) [ / ly — 21| lly — 22| dy
By(x1) By(x1)

o

= C [hij / / (1 + Aw) — 21 || " A" Hdo(w) dX
0 gn-—1
o

= O [hyj] // || AT FeAr L do(w) dA
0 gn—1
p

= Oy [hif], / NN = Cy il o < Ca gl Nl — o]
0

and for the second integral

/ |Ksllh — haldy < Gy [hyy), / ly — a7 dy
Bp(xl) Bﬂ(xl)

< C1 [hij] ly — @l "7 dy

«

B3y (z2)
2
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5.1. Representation of the pressure-gradient

= Calhijl, | A*7 1N < Cslhyl, p™ < Csllhasll, lor — @2l

o\w‘%

The third integral is estimated by

13: / ]Kl—Kth—hg\dy
Br(z1)\Bp(1)
< [hijl, / [(V0;0; 1) (w3 — y)|| [|o1 — 22| ly — 22[|* dy,
Br(z1)\Bp(1)
here x3 = x1 + 0(x2 — 1), with 6 € (0,1)
R y — wo||¢

N B L

— I3
Br(z1)\Bp(z1)

now since ||y — 22| < 2|ly — =1 and [ly — z3) = 12y — 21|

: Iy — o
<Gl de—nl [ D
Br(z1)\Bp(z1)

IN

+o00
éz[hij]anxl—xgn/ / A" A do(w) dA

p Sn—l1

+oo
Cs [hijl, o1 — 2 / ATE AN = Cy [hyf], |21 — 2o p 1T
p

= Cs [hij], p* < Co || hijl, |21 — 22|

We thereby deduce

(1) — qr(x2)] < Clhll, 21 — 22| (5.14)

with a positive constant C.

A logarithmic growth of ¢ at infinity is yet to show. Assume for simplicity x; = 0 (the
general case is treated equally) and ||z2|| > 1 (|[z1 — 22| > 1 in the general case), which implies
Bg(xz1) = Br(0) = Br, K1 = 9;0;I'(y), h1 = h(0) and p = 2 ||z2]|.
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5.1. Representation of the pressure-gradient

We may write for the first integral

Il = /|K1Hh— h1|dy

By
=/|K1||h—h1|dy+ /|K1||h—h1|dy
B1 Bp\31
< C1 [hyy), / Iyl dy + Ca gl / Iyl dy
By Bp\B1
1 p
)\n 1
rila [ [ s doan ol [ o) dX
[ Aw]] [w|™
0 gn—1 1 gn—1
p
_Cylh ij]a/)\ald)\+04\\hij]\oo/)\1d)\
0 1
< Cs || hijll,, (1 +1og(p)) < Cs ||hijll, log(2 + ||2]])
and for the second integral
12=/|K2|h—h2|dy§ / K[l — ha| dy
B, B3y (z2)
2
- / K[ — hal dy + / K|l — ha dy
Bi (z2) B%(M)\Bl(m)
< C hy), / ly — 2l =™ dy + Co bl / ly — 22l dy
By (z2) B%(fm)\Bl(m)
1
Anfl
hy]a/ =g do(w) dA
| (z2 + Aw) — 22|
0 Sn—1
3p
2
+C h;
2 hisloe // T Ay =g o)

1

= Cs [hij], / A HdN + Cy ||hijl o
0

< Cs [|higll,, (1 +1og(p)) < Cé [|hijll, log(2 + [[22]]) -

A Lda

»—A\
g
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5.1. Representation of the pressure-gradient

For the third integral one has

]3:: /r|}(1—-B&|“l—-h2|dy

BR\Bp
< 2||hijll o / [(VO:0; 1) (x5 — )] l|w2]| dy , (x5 = 02, 0 € (0,1))
BR\Bp
R 1
< Ch [|Rijll o N2 g dy, (ly — =3l > /2 lyl)
ly — 3]
BR\Bp
R 1
< Co [|Rijll o N2 —— dy
lyll
Br\B,

—+00
< G lhisll, s / A2 dA
p

= Cs | hijll o < Cs [1hijl, log(2 + [l2]))
Altogether one obtains uniformly in k& € IN:
gk (1) — qi(22)] < M [[hyl,, [lz1 — 22|, (5.15)
as well as, since g;(0) = pr(0) — px(0) = 0,
|ak(2)| < M ||hijl, log(2 + [|z]]) (5.16)

for any x € R™ with positive constants M and M’. In the following we will extract a subsequence
of (gx) which converges uniformly on any compact subset of R™. Let A be a compact subset of
R”™. One has uniformly in & € IN:

sup|qx ()| < sup M’ | Pl log(2 + ||z]|) < +o0.
€A T€EA

Also, (qx) is equicontinuous since for any € > 0 and any k& € IN one can choose in sight of (5.14)
6 = (C ||hsll,) /€', which yields

lqp(x) — qr(z))| < C |hijll,, 0% =€ ,VH:U — az/H <9.

Hence, (gi) is a uniformly bounded and equicontinuous sequence in C(A4;R). The theorem of
Arzela-Ascoli ensures the existence of a subsequence (gx,) which converges uniformly in C(A4;R),
i.e.

ak, = g4 € C(A;R) as | — oo.

If A’ is any other compact subset of R™ with A C A’, then (gj,) enjoys the same properties on A’
as the sequence (gx). Thus, there exists a subsequence (gx/) C (qx,) and a function ga € C(A"; R)
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5.1. Representation of the pressure-gradient

such that
QU = qa € C(AR) asl — oo

and
qar(z) = qa(z) Yz € A.

Hence, for any sequence of compact subsets (A4;) with A; C R™ and A; C A;;; one may
inductively choose subsequences (g, ,); which converge in C(A;;R) to ga; such that ga; , = qa,
on A;. As a consequence, we may correctly define a continuous function p on R™ in the following
way. For x € R"™ choose any compact subset A C R" with z € A and define

p(x) = qa(z),

where g4 is the limit of the subsequence of (gx) which converges on A.
This function satisfies

Ip(x1) — p(a2)| < M [|hyj]|, |21 — 22|
as well as
Ip(x)] < M |||, log(2 + ||[])

because of the uniform bounds in (5.15) and (5.16). For ¢ € C§°(R™) let A = supp ¢ and (az,)
the convergent subsequence of (g;) with the limit function ¢;. Then one obtains

(Agg o) = (a3, A¢) = (44, A¢) = (p,Ap) asi— 0.

Also, our preceding considerations in (5.10) and (5.12) yield
<Aq,~€i,g0> = <Ap,~€i,<p> = <U]:;l_,(p> — <v,gp> ,as 1 — 00.

This implies
Ap=vwvin D'(R").

Uniqueness. One verifies readily that the constructed solution p is a member of N because of the
fulfilled estimates. Suppose there exists another solution p of (5.6) in N. Then,

A(p-p)=0 in D'(R") , lim (p—D)(z)

Iz =00 [l]]

=0 and (p—p)(0)=0.

Hence, p — p is weakly harmonic and continuous in R™. Weyl’s lemma (see Theorem A.4) implies
that there exists a harmonic function @ € C*°(R"™) with @ = p — p almost everywhere, therefore
p — P is harmonic in R™ because of its continuity. Liouville’s theorem for harmonic functions
(see Theorem A.5) yields that p — p is a constant function. Then, p — p must be identically 0 and
subsequently there holds p = p. O
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5.1. Representation of the pressure-gradient

We continue directly with the proof of the lemma.
Proof of Lemma 5.2. Choose pj, as in the previous proof, i.e. for k € IN
n
pr =1 v, and v, = Z 818jhfj(x),
ij=1

whereas hi?fj = vy - hij. The v, € C°(R™) ensure that hfj,
i,j=1,...,n, k € N) with

for some ¢, ¢ > 0. And further that

v € LYR™) N L®(R") (for all

k

< cllhijll o and [logll, <€
o0

hfj — hjj and vy = v in L2(R") as k — oo.

Fix k € IN. As in (5.9) the gradient of p; takes the form

Vpi(z) = / VI(z — y)or(y) dy
J

in accordance with Lemma 5.1. In fact, we had gx(x) = pg(x) + pr(0) which yields Vgr = Vi
and we may directly argue for the sequence (Vpg). We claim that (Vpg) converges locally
uniformly. Let a be the function from Definition 5.1 with a(0) = 1 and D*a (0) = 0 for any
p € INg, |u| > 1. One may write

Vo =VI'xv,=V(al'+ (1 —a)l)xvy =V(al') xvp + V(1 —a)l") * vy
Consider the second term of this expression in D’(R™). We get for any ¢ € C§°(R")

(V((1 - a)T) % g, ) = / / V(1 - a)T)(y) vxlx — ) dy olx) da

R" R™

=Y [Via-anw [aome - pededy
J jn R»

= [ [ V(- ar)e - ) ) st (0) ds
) Rn R

-y / HE () / 0,V((1 - o)) (x — 1) o) dz dy

ij fin Rn
(X, (b or 1) o).

Note that the preceding calculations hold since, for any p € INj, |u| > 1, the derivative
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5.1. Representation of the pressure-gradient

D#((1 —a)I') stays bounded because of the properties of the function a. Thus, there holds
Vpr = V(al) v+ (aiajvm —a)l) * hfj)
1,

in D'(R™). In order to proceed we need to show that V(al') and D*V((1—a)I), |a| = 2, belong
to LY(R™)". Fix i,j,1 € {1,...,n} and r > 0 arbitrarily, then by the properties of the function a
there holds

[0:(al”) (@)[| < [|(Gia) I ()| + [[a(O:I") ()|
1 1
S]].]Rn\BTC:[in_H"‘]lBTCQﬁ, Cy,Cy > 0,
[zl |

which is a member of L'(R™). The function 1, is identically zero outside of B, and 15, (z) = 1
for x € B,, it is also called the characteristic function on B,. Furthermore, it holds that

IDa((l-a)D) @< S |D"(1-a)Dir ()] .

|p+al=3

Two cases arise for p € INjj, || < 3. In the first case |x| > 1 and in the second case |p| = 0. For
|| > 1 there holds

|D*(1 — a)D"I" (z)|| = || D*a DT ()|

- 1
< Agmp,C1——7 + 15,Co—,
(e i [Edls

with C1, Co > 0, which belongs to L'(R"). For |u| = 0 it holds that

H(l — a)D[LF (x)” < ]an\BrCl n+1 + ]].BTCQ, 61,02 >0,

which also belongs to L'(R™). Subsequently, we showed that
V(al'),D*V((1 —a)I") € LY(R™)™ with |a| = 2.
In light of this fact we get in using Young’s inequality (see Theorem A.9)

IVpklloo < IV (al) 503 +ZH(aav (1= a)l) «hly)

< IV (@)l florllo + Z 10:0;V((1 = a)I"))l; ‘ hug|
i

< 5—1—02 sl = C < 400
i?j
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5.1. Representation of the pressure-gradient

with ¢, &> 0 and & = & (|| hij[lyyr.0 5 |0]l ) - Hence, there exists C' > 0 such that
IVpi|l < C  forall ke IN.

We are going to examine the behavior for £ — oco. One observes, that the integrands of Vpy
which are

V(al)(z —y)ve(y) and  8;0;V((1—a)I)(z — y)hk(y)
tend to
V(al)(x —y)v(y) and 9;0;V((1 —a)l)(z — y)hi;j(y)

respectively as k — oo.
The preceding inspections admit the application of Lebesgue’s theorem of dominated convergence
and we get

Jim Vpy,(2) = /V(af)(fc —yuly)dy+ Y / 0;0;V((1 = a)I')(z — y)hi;(y) dy
Rn ,L).] ]RTL
= g(x)

which belongs to Cp(R™)™ as a consequence of Theorem 4.3 (the bound is the same as for
|Vprllo)- The gradients of any subsequence (pg,) € (py) converge to g in D'(R™) which, by
the definition of ¢y, also holds for any subsequence (qx,) € (gx). Hence, the construction of our
solution implies

Vp=g.

O]

Remark. In fact, for our proceeding inspections we will only need the representation of the
pressure gradient as stated in the last lemma. A necessary condition for a solution (u,p) to
the n-dimensional Euler equation is that u = (u1,...,uy) and p satisfy —Ap = v in D'(R"™)
with v = Tr (Ju)? = >_i; 0i0;j(usuj). The in Theorem 5.1 obtained uniqueness of p assures
that the right hand side of the Euler equation takes the in Lemma 5.2 stated form for u(.,t) €
W (R™; R™) with divu = 0. More precisely, for h;; = wuj, 4,7 € {1,...,n}, as in (5.3) and in
sight of Lemma 5.2 under consideration of Theorem 5.1, a solution u of the incompressible Euler
equations in Lf® ([0,T), Wh(R™, R™), T > 0, satisfies

loc
du+ (u-V)u=V(al)*v + Z” (8:0;V((1 — a)T") * hy;)

divu =0.
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5.2. The PDE for the characteristic curves

5.2. The PDE for the characteristic curves

The solution u verifies for any x € R™: wu(z, .) € L ([0,T')), which yields for any 7% < T that

loc
u(z, .) € WH([0, T*]) since it solves the Euler equations. Thus, u is continuous in time and we

may therefore assume u € Cy([0,7); C™(R™; R™)) (with T" possibly smaller). The solution to
(U), denoted by X, is such that X — Id € C1([0,T), C™*(R"; R")), Id(t) = Id and is unique in
C1([0,T); Fy), where

Fr={fel®((1+|z])"",R:R") | Jf € C"BR" R™™)} .
We will see that X is even C? in time. A differentiation of the characteristic equation yields
JX(z,t) = Ju(X (z,t),t)J X (x,t) with JX(.,0)=1I,. (5.17)

It has the solution
t
JX(x,t) = exp/ Ju(X(z,s),s)ds
0

which is invertible and bounded for any t € [0,7). Thus we may write
Ju(X (z,t),t) = (JX; - (JX)H) (2,1). (5.18)
Also, the following result applies.

Lemma 5.3. For the solution X of the characteristic equation (U) with divwu = 0, there holds
|JX|(x,t) = det JX (z,t) =1
for all (z,t) € R™ x [0,T").

Proof. Set

F=JX,
then

F,=JX;

and in applying Jacobi’s formula for the derivative of the determinant function there holds
with (5.18)

9y det F(x,t) = Tr (cof (F) " F))(z,t)
= [det (F) Tr (F~1F)](x, 1)
= det (F(z,t)) Tr ((Ju)(X (z,t),1))
= det (F(z,t)) (divu)(X(z,t),t)
=0.
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5.2. The PDE for the characteristic curves

Thus, we deduce, since F' is continuous in ¢ and det F'(x,0) = det I,, = 1 for any = € R", that
det JX (x,t) =1
for all t € [0, 7). O
As a consequence, one obtains with (5.18)
Ju(X (,t),t) = (JX; - (JX)7) (, 1)
= (JX;-det (JX)7!-cof (JX)T) (x,t)
= (JX;-cof (JX)T) (x,1) (5.19)

and we may write

Hence, there holds X € C2([0,T); Fy) since Vp(x,t) is continuous in ¢ € [0,T). One acquires
by Theorem 5.1 with h;j = u;u; together with (5.1) and (5.2):

Xyl t) = / V(al)(X (1) — 9)Tr (Ju)2(y.t) dy

R»

+3° [00,9(0 - 1) X (w0) = v) i) 1) dy.
] R

By a change of variables y — X(y,t) and (5.19) inserted, we obtain that X solves the PDE

Xtt(ﬁ, t) == G(X, Xt)(fb, t),

o (5.20)
(X7Xt)(0) = (Id7 UO)

for all (z,t) € R™ x [0,T'), whereas

G(X,Y)(m,t):/V(aF)(X(a;,t)—X(y,t))Tr (JY - cof (JX)")(y,t)|J X|(y, ) dy

+> / 9;0;V((1 = a)I") (X (z,t) — X(y,t))(YsY;)(y, )| JX|(y, t) dy
id fin

with |J(.)| = det J(.) and X,Y : R" x [0,T) — R".
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6. Holomorphic trajectories

6.1. Derivation of a complex ODE
We begin with a technical lemma and outline therein some properties of the elements of the set
S={zeC"\{0} [Tz € R" : ||z — zf| < Bz},

which will allow a complex extension of the Newtonian potential from R to S.

Lemma 6.1. Let 0 < § < 1/2, then there holds, for any z = (%;)"_; in S and € R" such that
[z =l < B,

(L=B) =l <=l < (14 B8) =, (6.1)
1 n 3
Nl <[>0 " <clal (6.2)
for a fixed ¢ > 0 and finally
l .
(Zizl zf) P S, ={z=0d"€C|o>0, [0] <7/} (6.3)

Proof. For z € S there exists x € R" such that ||z — z|| < 8 ||z|. We define Re z := (Re z1, ..., Re z,)T

and Imz := (Im z1,...,Im 2,)T. Then inequality (6.1) follows immediately from the triangle

inequality. We also have
Iz = 2] = [Rez — |* + [Im 2|* < 52 |l]|* .

This yields
[Rez —zf < Bzl and  [[Imz]] < S]]

and so
(1=8) |zl < [[Rez|| < (1+B) ||z -

One calculates directly that

noo2 n 2 n 2 _ 2 2
ReY " 7= Rez’—3% " Imz’=|Rez|’—||imz]
> 1 =82 z* =82 z|* = (1 -28) |z|*>0.

Subsequently, there exists a fixed constant ¢ > 0 depending only on § such that for any z € S
and x € R™ with ||z — z|| < §|z|| there holds

1 2 o2
0<-lal* <Re) . =

n
=1

1

2 2|2
< (el = 1)+ (2mesl? - =) | < el
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6.1. Derivation of a complex ODE

which proves (6.2). Furthermore, it has been shown that the real part in the previous equation
is positive, which implies
n 2 T
arg (30, 4F)] < 3

is well defined and we get

1
s (S0, 2)°) < 3

N

Then (7, 27)

yielding (6.3).
O

In order to obtain a complex ODE for the particle trajectories, we need to define an appropriate
Banach space in which we can embed the formerly found system of PDEs (5.20). Let m > 1 as
well as M, R > 0 and set

E =F, x Ey

with
By = {f e L¥((L+ )R €7 | Tf € CmRRR €M),
Ey = C™*(R",C")

and

ER = H(DR, E)
which are Banach spaces equipped with the norms
I g = [ XA+ 1D oo + X gm-ria + Y [l mea
I Mgy =1l (g, )

respectively. Later we want to apply the Cauchy-Lipschitz existence Theorem (4.6) and so we
define for a fixed 0 < § < 1/2 the open and convex subsets

2 ={(X,Y) e E||JX =Ll <B; (X, V)l < M},
QR = H(DR,Q)

in E, Eg respectively. The norm | .||, denotes the operator norm in L*(R"™;C"*") =
L>*(R™)™*"™ and is given by

|Allae = IAll o gy = sup sup [|A(@) - vl cn
R
vil=

for A € L*°(R™)"*". In sight of our proceedings we state some more important facts.
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6.1. Derivation of a complex ODE

Lemma 6.2. For (X, .) € 2z, R > 0, and arbitrary z,y € R", x # y, set
Z=X(z,r)— X(y,r) and Z:=x—y.

Then one has
|1Z —z[| < Bz - (6.4)

Thus, Z belongs to S and Lemma 6.1 may be applied.

Proof. For any (X, .) € 2 and z,y € R", © # y, r € Dg, arbitrary, there holds
1
Xi(er) — Xi(y,r) = / VX2 + (1= N)yor) - (z — y)dA
0

1
=<xi—yz->+/0 (VXi(Az+ (1= A)y.r) — i) - (& — y) A

forall i =1,...,n ((e;)_; denotes the canonical base in R"). Equivalently,

X(m,r)—X(y,r)—(fc—y)=/01(JX(>\w+(1—A)y,r)—In)-(fv—y)dA
and therefore,
II(X(fm“)—X(y,r))—(9c—y)||S/O1 [(JX Az + (L= N)y,7) = 1,) - (z —y)[ dA
< /01 17X =Ll Iz =) dX < Bl —y]| -
We deduce that if z,y € R",z £y, (X, .) € 2z and Z = X(2,7) — X(y,7), # = = — y, then
1Z —z|| < Bz, (6.5)

which implies Z € S. O

Also, the following technical lemma will be invoked before we proceed. In the following we
abbreviate

[All oo,z = sup [|A(r)]l
reDp

for A: Dp — L*°(R"™)™*".

Lemma 6.3. Let X : Dp — C'(R™; C") such that [JX —Inllor < B <1 and set X, =
Re X 4+ kIm X for k € C. Then the following propositions hold.

a.) There exists s > 0 such that
HJX,{ - InHoo,R < B

for any
keW :={ze€C||Rez|<sand [Imz| <1+s}.
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6.1. Derivation of a complex ODE

b.) For W as before, K € W implies det (J X, (z,7)) # 0 for any (z,7) € R" x Dg.

c.) Whenever X, (.,r) is real valued for fixed r € Dg and k € W, then (JX,)~! is bounded and
Xk (.,r) is a global homeomorphism on R".

Remark. We have X; = X (k =1 € W) and if Kk € W N R, then X,(.,r) is real valued and
hence a global homeomorphism on R” for any r € Dg. In addition, the lemma holds equally for
X :[0,R) — C'(R™ R") such that ||JX — Lillwr <B <1

Proof. (a.) For r € Dg and z € R" set A := Re JX(x,r) and B :=Im JX(x,r). The following
implications hold because of the norm definitions. We have for arbitrary (z,r) € R"™ x Dp:

[JX =Ll r < B= sup [[(JX(z,7)— L)v|? < 82
foi<1

= sup ||(A -1, +iB)v|* < p?

Then there exists s > 0 such that b € [—(1 + s),1 + s] implies

sup ||(A —I,)v|> + ||bBv|* < 52.
oot

and therefore with k = bi,

17X (z,7) — 1) = sup ||(A+&B—TL)v|*> = sup ||(4—TL)v|?+ ||bBv|* < 82.
fol1 e

There exists a neighborhood of {bi | b € [-(1+ s),1 + s]} in which the proposition also holds
and because [—(1 + s),1 + s] is closed, one can choose § > 0 sufficiently small such that
{z€ C||Rez| < §and [Imz| <1+ 5} is contained in this neighborhood.

(b.) Let k € W, then ||J X, —I,,||,, g < B is verified in the operator norm. Hence, the Neumann
series (see Theorem A.6) 7

D (X)) —1,)F

k>0

converges with respect to the operator norm for any (z,r) € R™ x Dp and represents therefore
(J X (x,7))~ L. That means, J X, (z,r) is invertible for any (x,7) € R"x D and so its determinant
does not vanish.

(c.) Let X,(.,r) be real valued for r € Dr and k € W. It follows from (a.) that ||JX, —I,| < 8
and from (b.) that (JX,) !(.,r) exists globally. Because of the norm-bounded Neumann series
representation, (JX,)~!(.,r) must be norm-bounded too and the claimed result follows at once
from Hadamard’s theorem (see Theorem A.8). O
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6.1. Derivation of a complex ODE

Now, consider the operator

G(X,Y)(x, r):/V(aF)(X(a;, r)—X(y,r))Tr (JY - cof (JX)T)2(y,r)]JX|(y,r) dy
]Rn

+) / 9;0;V((1 = a)I') (X (z,7) — X(y,7))(Y3¥;)(y, )| JX]|(y,7) dy
id fin

for (z,r) € R" x Dr, R >0 and X,Y : R" x D — C". Then we will see in the next section
(more precisely in Lemma 6.5) that G(X,Y) is well defined for (X,Y’) € 2z. In the following,
we want to investigate the ODE

(6.6)

where we abbreviate X'(1) = %X (7). This equation corresponds to the PDE (5.20) in the way
that G(X,Y) coincides with G(X,Y’) for functions X,Y : R" x [0, R) — R", R > 0. We will
eventually (in the proof of Theorem 6.1) show that the ODE (6.6) admits a unique solution. In
addition, this solution is real valued for real values of 7 and must coincide with the formerly
found time evolving vector field which corresponds to the particle trajectories. This will be
particularly outlined in the proof of our main theorem (Theorem 3.1).

In the above definition of G(X,Y),

I'z)=0Cy, (anl zﬁ)é(nz) , for z € S and C,, > 0,

is a holomorphic function on S which coincides with the Newtonian potential whenever z €
R™\ {0}. I'(2) is well defined for z € S because of Lemma 6.1, and Lemma 6.2 implies that
I'(X(.)— X(.)) is well defined whenever X is such that (X, .) € 2g. In other words, I is by
an abuse of notation the complex continuation of the Newtonian potential to S. Especially, if Z
and Z are as in Lemma 6.2, then there holds with |u| > 0 arbitrary:

—5(n=2+|ul)
T <y g, ©.1)

IDHT(Z)] < G ‘ijl 7,2

where C1,C > 0 and D* is taken with respect to Z.
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6.2. Boundedness of the operator G

A crucial requirement for an application of the Cauchy-Lipschitz existence theorem is the
boundedness of the operator G in a neighborhood of the initial data. In order to achieve this, we
will prove the following Lemma.

Lemma 6.4. Consider for (X,Y) € 2, g € H(Dg, L*(R")) and f € H(Dg,C™ “*(R")) (g
and f will depend on (X,Y)) the two operators

G (X, f)(z,r) = / V(al)(X (2,7) — X (y.r)) fy.r) [TX] (g, r) dy
Rn

Ga(X, g) (1) = / DiV((1— a)) (X (,7) — X(y,7)) gly,r) dy.
]Rn

Then G1(X, f) and Ga(X, g) are well defined members of H(Dg, C"™*(R")") and there exist
constants C'= C(M) and C = C(M, ||g]|« ), where ||gllo r = |9/l (D, 100 (m))> SUCh that

1GUX, Dla(pg,cme@ayny < COD) | fll gy cm—1emny) -
1G2(X, 9l g(py.cmamnyny < C(M, |9l r) -

Remark. Throughout the following proofs we will make a convention concerning constant
factors. C1234,C,C,C,C or any other varieties of C' will always denote positive constants and
an interchange of these placeholders will only indicate an effect on the constant factor in a certain
term.

Proof. We start with G2 and check the boundedness of the integrand. We recall the properties
of the holomorphic function a :
For s >0, |u| > 1 and Z := X (z,r) — X (y,r) there holds under consideration of (6.4) and (6.1)

up (e =yl la(2)) <+ (6.8)
sup {|lz — y[** | Da(2)]} < +oo (6.9)
zAy

{l-a2) N

p { o=yl } < oo (6.10)

The coordinate functions of the integrand of G2 are a sum of two forms:

1) (D(1—a) DY I)(Z) gly,7) with || = 1, 8] = 0

2) (DP(1 —a) DY T)(Z) gly,r) ;with |8 =0, || = 3.

In the first case we have, with (6.7), (6.9), g € H(Dg, L®(R"™)) and R > 0 fixed
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6.2. Boundedness of the operator G

|(D%a)(2)]] [(D%a)(2)|]
2P = Py

|0 a) D7 ) (29w, < &1

1
< C3lp, () (y) + Callgm\ B (2) (y) o — y||”_2+|ﬂ/‘+s (6.11)

which is a member of L, (R"), where 1 B(x) denotes the characteristic function on By (x) € R" and
s € R is such that s > || —2. In the second case we have with (6.7), (6.10), g € H(Dg, L*(R"))
and R > 0 fixed

[0=a(@)] _ ., I1=a)2)]
iz S P

< O3l (2)(y) + Calre\B, (2) ()

|(@=a) D" 1)(2)9(y.1)| <

1
2z — |2

(6.12)

which is also a member of Lé (R™) since |8'| > 3. In summary, we established an Lé(IR”)—bound7
uniform in r but non-uniform in z, for (D?(1 — a) D?'I')(Z)g(y,r), for any B, € NI with
|8+ 8’| > 3. Hence, G2(X,g) is well defined and a holomorphic function on Dp for fixed x
because its integrand is holomorphic and bounded by an L'(R") function, see Theorem 4.4 for
details.

We turn to the differentiability in x € R™. For € > 0, consider the following integral kernels

Je=[1-a()D°(1—a)DPT)(Z) ,0<|ul<m,

such that
Jo = lim J. = [D’(1 — a) DP' I'|(Z)
e—0

where D7, D?" are taken with respect to (X1,...,X,) and |8+ 8| > 3. We set Wy = [g, Jody
and claim that

0iWo(x) zai/Jody: /@-Jgdy =V(z) ,ie{l,...,n}. (6.13)
Rn Rn

In fact, one may not directly apply Corollary 4.2, since the bounds in (6.11) and (6.12) are not
uniform in z € R™. Thus we need to show the differentiability as in the proof for the derivative
of the Newtonian potential in Lemma 5.1. The integral We(x) = [, Je dy is differentiable with
the partial derivatives

81W5($) :ai/JEdy: /&Jsdy, (6.14)
R R

because of the bounds (6.11), (6.12), 0 < 1 — a(%/e) < 1 and (8;a)(%/=)(0; X (z,7)e ™t < C < 400
for all x # y, € > 0 and Corollary 4.2.
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6.2. Boundedness of the operator G

From this, we obtain

V@)~ 0Wele) = [ Bla(:)D°(1 - a) DV TY(2) dy.
]Rn

= X (z,r) /[(@a(é)s_l)D’g(l —a) DPI'(Z) + [a(2)8;D%(1 — a)D?' T')(Z)
in
+[a(2)D°(1 - 0)9; D7 T)(Z) dy .

The terms (&a)(%)e_l and a(%) are bounded in z # y and £ > 0 and tend to 0 for £ — 0.
The bounds (6.11) and (6.12) allow then the application of Lebesgue’s theorem of dominated
convergence (Theorem A.2) to conclude the convergence of the difference V' (z) — 9;W.(zx) to 0
locally uniformly. As W, — Wy pointwise for ¢ — 0, the proof of our claim is established. Taking
into account that | DX, < M, for 1 < |y| < m, together with the proved claim above (which
is reapplied m times) and g € H(Dg, L°(RR"™)) one verifies readily the membership

[0 =0 D)X () = X)) dy € GPRY € CORY) - (6.15)
Rn
for any r € Dp. This holds especially for 3, 8" € Ny with |5 + 5’| = 3 which yields
GQ(X79)( © 7") € an(]Rn)n .

To check the Holder-continuity of the m-th derivatives of G2 we may, in using (6.15), directly
calculate, with |u| = m and r € Dg,

[DFGo(X, g)( -, 7)]co@mnyn

=0 [ Dy - r) ) - X ) gl 0]
R» Co(Rm)™

T~ [ DI Diji((1— a)T)(X () — X(5.1) a(y.7) dy]
=1,...,n | Jrn

«

<C { /H(Dﬂ(l —a) DPI)(X(.,r) = X(y,7) 9(y,7) dyH [Pso],
8.8 n
+ [/H(Dﬁ(l —a)DPT)(X(.,r) —X(y,?”))g(y,r)dy]a |Pap oo}
< 2CM/ { ‘ /n(Dﬂ(l —a) DI TYX(.r) — X(5,7)) gly, ) dy"ca(Rn) 1P Ca(m)}
< CP(M)

where the sum is taken over 4 < |5+ | < m+3 and Pgg = Pg g ((D“’X(:c, r))1§\7|§m> denotes
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6.2. Boundedness of the operator G

a polynomial of degree < m in dependence of 8, 3’. P is a polynomial in M. Hence, there truly
holds
G2(X,g) € H(Dg,C"™*(R")")

with
1G2(X, D (D, cme@ryny < CM, |96, 7)s

where the constant C is a polynomial in M and ||g||, z-

The exact reasoning for the holomorphy property was added later, more precisely after a con-
versation of the thesis author with Philippe Serfati in October 2017 over the Internet platform
Researchgate.net. It goes as follows.

Any derivative up to the order m of Go(X, g) exists and has, for fixed z € R", a holomorphic
integral kernel which is uniformly (in r) bounded by an integrable function and for this reason,
they are C-valued holomorphic functions in the sense of Theorem 4.4. For a fixed but arbitrary
r € D the Cauchy integral formula applies and thus

DFGo(X, g)(r', x)

r—r!

DFGo(X, g)(r,x) —

|r—r'|=d

dr' =0 in C",

for any = € R"™, any multi-index 0 < |u| < m and d < dist(r, 0Dg). This identity is preserved in
the L°°-norm and therefore, there holds

D"Gy(X, g) € H(Dps L®(R™; C")) (6.16)
With the same reasoning we obtain

DiGy(X, g)(x, ) — DrGa(X, g)(a, .)

= — ']

€ H(Dp; L (R} x RZ;C")) ,for |u|=m
and subsequently Go(X, g) € H(Dg, C"™*(R™)™).

Another method to confirm holomorphy is given in [Her17], where the author proves time-
analyticity of the Lagrangian trajectories in 2D in reasoning similarly to P. Serfati in [Ser95].

By definition, a function K belongs to H(Dpg; F), E being a complex Banach space, if the limit of
the difference quotient (K (z) — K (20))(z — 20) ! exists in F for any z9 € Dg. For fixed x € R"
G2(X,g)(z, .) belongs to H(Dpg, C") as a consequence of Theorem 4.4 and with Theorem 4.1 we

have
1 G2(X, g)(x,¢)
l o 2
GZGQ(X,g)(:L’,z)—% de ,fOI‘ZGDR, ZGINO
lEl=R

For zy,21 € DR one calculates
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6.2. Boundedness of the operator G

Ga(X, g)(, 21) — Ga(X, g) (=, 20)

- azGQ(Xv g)($, ZO)

(21 — 20)
— 1 . L GQ(X,Q)(l',f) - L GQ(X,g)(IE,f)
"~ (21— 20) '20:1( b 2mi / (€ — zj) d 2mi / (& — 20)? de
= |€l=R ¢|=R
:i G2(X’g)(xa€)(zl_20) de
2mi (€ —20)%2(6 — 1)
(=R

and one obtains in applying the C"™*-norm

H Go(X, g)(z,21) — G2(X, g)(z, 20)

- azGQ(ng)(x7 ZO)

(21 — 20) G
<Lt / ||G2(X79)(~7f§\|cm,a |21 — 2o d
2 € = 20[?|€ — 21|
l§I=R
R
= C|z1 — 20|

min{dist(zo, 0 Dg)?;dist(z1, 0Dr)}

where C'= C(M, ||g||,, ) is the constant from above.
We conclude that the limit z; — zp of the difference quotient exists in C™%(R"; C") which
implies the membership of G3(X,g) to H(Dg,C™*(R™; C")).

Consider now the operator G; and set temporarily m = 1. If we want to differentiate G1(X, f)
once, we will obtain integrals with the following kernels

(DPaD? I (X (z,7) — X (y,7))

with 3, 5" € Nij and |3 + f’| = 2. In the case where || # 0 the Holder-estimates are concluded
as in the treatment of Gy (first case). The difficulty lies in the case where |3| = 0 and || = 2,
since the integral kernel above is not integrable anymore. To navigate around that obstacle we
will show in analogy with [Ser95], that the first derivative of G1(X, f) takes the form

DzG1(X7f)(SC,7“)=/Dx(V(aF) (X(z,r) = X(y,r))) (f(y,7) = f(@,7) [T X|(y,7)dy . (6.17)
En

In order to achieve this, we are going to show with Z := X (z,7) — X(y,r) and for any € > 0

/Dx [(1—a(2))V(al)(2)] [7X|(y.r)dy =0, (6.18)
s
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6.2. Boundedness of the operator G

as we will then have

D, Gi(X, f)(x,r)

0N

=lim [ Dy [(1-a (%)) V(@I)(2)] (f(y.7) = flz,7) + f(z,1) [T X|(y,7) dy
R” (6.19)

—tim [ D, [(1—a () V@)(2)] (fly.7) — F(,0) [TX|(y,7) dy.
,

In fact, G1(X, f) is the locally-uniform limit of

Gro = [ (1= a(£)) VaD)(2) £(07) |1 X (1)
i

whose derivative is
DG = /Dx [(1 —a (%)) V(aF)(Z)] fly,m) |JX|(y,r)dy,
Rn

because of the former computations. We show (6.18) : From Lemma 6.3 follows the existence of
s > 0 such that X,, := Re X + rIm X fulfills ||J X, —I,|| < S forany k € W :={z € C | |Rez| <
s |Imz| <14 s}. Also, X, is real valued and invertible in € R™ for k € W NR. We further
set Zy = Xy(z,7) — Xu(y,r) and obtain by a change of variables

/ D, [(1-a (%)) V(al)(Zs)] | Xel(y,7) dy

R
= [ [(1 =0 (=) ) V()@ = Xy )] JXLOXS 0.7 Xl 17)
R™ =h(z,r)

= h(%?“)/Dx [(1—a(ZY) V(al)(z = y)] [T X (X (), )| JX (y, )| dy
R™ =1

= h(x,r) / Dy [(1—a (%)) V(aD)(y)] dy,
hn

which is well defined (see properties of a). For R > 0 one calculates
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6.2. Boundedness of the operator G

- / [(1—a(¥) V(aD)(y)] - Ry" do(y)

= R! / (1 —a (Ry>> [((Va)I' +aVTI) (Ry)] - y" R"do(y)

£

- / (1—a(£)) [(Va)T +aVT) ()] - 4" B> " do(y)

ly|=1

- CR </|y| 1 (1-a(z)) (Va(.)- R*" +a(.)Ry-y") (Ry)do(y)
- /ylzl[(l —a(2)) Va(.) g™+ (1=a(2)) a( )Ry y" | (3) da(y)).

Because of the properties (6.8), (6.9) and (6.10) of a, the integrals in the last equation are
bounded for any R > 0 and stay bounded as we pass to the limit R — +o00, hence

li =

and this yields on the one hand, since Z, = Re Z + kIm Z, that

/D a (BeZHZ)) V(al')(Re Z + wlm Z)] [T X[ (y,r) dy = 0

and on the other hand, that we can extend F to W := {z € C | |[Rez| < s; [Imz| < 1+ s}
(provided s sufficiently small) to be a holomorphic function on W. The above identity then holds
by analytic continuation for any x € W, hence, (6.18) follows for xk = i.

Furthermore, the integrand of

[ D2 [(1- 0 (2) V@n)2)] (7.7) = 1 )X .)

0<1—a(?/)<1and (0;a)(%/e)(0; X (x,7)e™! < C < +oo for all z # y, € > 0, is bounded by

ClIV@r)(2)| -2 fllso + 1Dz [V(al) (2] (f(y,r) = flz,m)],
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6.2. Boundedness of the operator G

which belongs to L;(IR”) since the properties of the function a control the singularities of I" and
VI'. For instance, |3'| =2 and R > 0 imply

(@D D)) 07) = £@10)] € Ol D)
1 1
<C'(1pyw) W)= t Irn\Ba0 W) 77 )
< <BR( )(y)Hx_yH R™\Bj( )<y)Hx_yH +1)

which is integrable in R™ with respect to 3. Here we also used the fact that f € C" L(R")g =
CY*(R™) and so

1fCy,r) = fQ@ ) < [ fllor ly — =l
with || fl|,r = ||f||H(DR7CQ(Rn)). The integrand is bounded uniformly in ¢ > 0, allowing the
application of the theorem of dominated convergence. Thus, we may calculate the limit ¢ — 0 in
(6.19) and deduce (6.17).
Next we will show the Holder-continuity of the derivative of G1(X, f) which is given by (6.17).
As mentioned before, the only case which was not yet shown is the case for the integrand

(@D TN (Z)(f(y.r) = fla,r)IX|(yr) |8 =2.

We may set

Twr) = (L) (X (wr) = X)) = Flyr )X 1) dy
Rn
where we used the abbreviation I3, for the term 0;0;I", 7,5 = 1,...,n. Since the following

calculations are independent of i,j € {1,...,n} we will allow ourself to make a few more
abbreviations. We set

Ky = (al3j) (X (21,7) — X(y, 7)) [T X|(y, 1),
Ky = (al3;) (X (22,7) — X(y, 7)) [T X|(y,7),
fi = f(z1,7),

f2 = f(x2,7),

f=fy,r).

Then we have for any p > 0
< C, (6.20)

/ Kl dy
]Rn\BP (951)

where [ = 1,2 and C > 0 is independent of p. This is shown below in following again [Ser95].
We express the kernel, in abbreviating Z = X (z;,7) — X(y,r), as

(aalﬁjf)(Z) = 6i(a8jf)(Z) — (aiaﬁjF)(Z) .

The second term in the sum is integrable because of the properties of a. The first term we write
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6.2. Boundedness of the operator G

9i((1 = a(-/p)ad;I)(2) + dia (- /o) ad;I")(Z) .

As in (6.18) the integral over R™ of the first term in the last sum vanishes and, in writing
Jrn\B, () = Jrn = I ) W gt

| awon@a=- [ a-atmen@ [ oatpaar2)a.
R™\ B (z1) By (z1) R™\ By (1)

The bounds for a ensure that the above integrals exist uniformly in p and (6.20) follows from
the representation

/ Ky dy = / 9:(ad,T)(Z) — (9:a0,T)(Z) dy
R™\Bp (1) R™\Bp(2:1)

= - / 9i((1 = a(-/p)ad;I)(2) + / di(a (/o) ad;I')(Z) dy

By (1) R\ By (1)

—/ (82'(1(9]'[1)(2)(1:1/.
Rn\Bp(xl)

We now fix
p =2z — z2f

and may write
T(z1,r) — T (x2,7)
= [ Kils = Al - Kalf - 2y
]Rn

_ /Kl[f—fl]—Kz[f—fg]der / K\lf — 1] — Kolf — fol £ K fody

Bp(z1) R™\B,(z1)
= [ K- p -l - Rl [ Kalfe- A K- Kl - )y

By(z1) R™\Bp(z1)
= / Ki[f — fi] dy + / Ks[f — fa] dy

Bp(xl) Bp(xl)

=1 =12
+ / Ki[f2 — fi]ldy + / (K1 — Ka[f — f2] dy
R\ B, (z1) R™\Bp (1)
:ﬁ3 =14

=hL+1L+Is+ 1.
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6.2. Boundedness of the operator G

The following estimations are, except for the third term, essentially the same as in the proof
of Theorem 5.1, we may therefore abridge those calculations. The needed estimates will be shown
for each term separately. For the first term we have

L) < / KIS — Al dy < Cr (£l g / ly — 21l ly — 1] dy
Bp(l"l) p(xl)

p
AT /O XN = G [ fllans®

and for the second term

L] < / Kllf — foldy < Ca [1fllo p / ly — @l dy
Bp(xl) Bp(xl)
3p

- 2 ~
<Gy lflon /0 AN < Gyl

In case of the third term there holds

) < |fo— £ / K1 dy| < G |l g 1 — 22]° / Kdy| <G| fllonr
R\ B (1) R™\Bp(x1)
<0, (6.20)
and finally
L) < / Ky — EKo||f — fl dy
R"\Bp(wl
< Fllan / IDl(ali) (X (@3,7) — X (g, D] 121 — 2]l ly — 2]l dy,
R™ p(ﬂfl)
with x3 = 21 + (9(1'2 — .731), 0 c (0, 1)
) ly — @all°
< O ||l llz1 — o] / Ny =zl y,
R™\B,(x1)||y — 73]

since [ly — zo| < 2|y — x| and [ly — z3]| = 12[ly — 21

[

< Co || fllopg llz1 — 22
* R\ B, (an) ||y — 21"

+oo
e B R A T
p
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6.2. Boundedness of the operator G

We thereby deduce

[T(@1,7) = T )| S O 1™ < C a1 — 2]

In summary, we have shown that G1(X, f) € H(Dg, C*(R™)) and for any fixed r € Dg
Do (X, (e

= | [ DT @) (8o = X)) (1) = S X ) 0]

07

< /H(V-VT(CLF) (X(or) = X(y, ) (fly,r) = o) [IX () dy|| - 1TX(, ),
< CM) [fllar -
Hence,
IGL X D)l oo (rmyy < COD I L1 com ey (6.21)

The integrands of
DxGl(Xa f)(xv T) — DxGl(Xa f)(l'/, 7")

|l — =[]

Gi(X, f)(z,7), DyGi(X,f)(z,r) and

are holomorphic for fixed x, 2’ € R", x # 2’. Hence the assertion G1(X, f) € H(Dg, C"™*(R™)"™),
here m = 1, is fulfilled in reasoning in the same way as for Ga(X, g).

We finally switch to the general case m € IN and argue first with X, = Re X + xIm X. As before,
X, is invertible for k e WNR, W = {z € C| |Rez| < s;|Imz| < 1+ s}, s > 0 sufficiently small,
and we may write in abbreviating X, (x,r) = X ()

G1 (X, (X (@), 1) = - V(al)(z — Xi(y)) f(y,7) | Xel(y) dy

= Jen V(al)(z —y) F(X (), r) [T X )| T Xe(X T ()] dy

=1

= [ VD) [ @ =y, ay.

One obtains

Gl(me)(x T Gl me)( (X,i(.%')),T)
/v (al)(y) (X (Xon(2) — ), 7) dy

and so
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6.2. Boundedness of the operator G

= /V(af)(y) (VT (X(w) —y),r) - (TXH(Xn(@) = y) - T Xo(2)) dy
En

For p € INg with |p| < m — 2 one verifies that after an execution of D* and a subsequent change
of variables y — X, (x) — ¢ and § +— X 1(y) it holds that

DEDy Gy (X, f)(, 1) = G1(Xe, P)(z,7),

where P is a polynomial depending on the following entries

p=r ((DﬂJXH(x))mm (Dhr@) (D“JXh?l(Xﬂ<f’3)))|u|sm|> '

1<m-—1
The last entry may be rewritten as
DFIX N (X, (x)) = DM(JX,) " () = DFeof (JX,0) [T X, ().

which implies

r=r ((DﬂJX“(x))mlﬂm ) <Dif(“)>zgm_1 (Dot (1) T X)) ﬁsm) '

We can now proceed with an analytic continuation of X, = ReX + xIm X and set x = i,
yielding X, = X; = X. Note that this can be done since |JX|(z,r) # 0 for all K € W and any
(z,7) € R™ x Dpg, which has been proved in Lemma 6.3. The assumptions made on f and X
imply P € H(Dg,C%*(R™)"*™). Thus, under consideration of (6.21) we have

1G1(X, P)||H(DR7CI,Q(]RH)M") < (3|!P||H(DR,co,a(Rn)an)
<C ”f”H(DR,Cm*LO‘(]R")) ’

where C' and C' depend only on M. But that means, since G1(X, P) = D*D,G1(X, f) with
p € NG and |p| < m — 2, that G1(X, f) is a member of C"™“(R™)" and fulfills the claimed
inequality. O
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6.3. Unique solution of the complex ODE

Lemma 6.5. The operator G is a bounded map from H(Dg, {2) into H(Dg, C"™*(R"; C")).
There exists a constant C' = C’(M) such that

1GX V) i(p,cmoo (mryny < . (6.22)
Proof. In fact, if we choose, for (X,Y) € g, (y,7) € R" x Dr and 4,5 € {1,...,n},

fly,r)="Tr (JY - cof (JX)T)2(y,r)
9i5(y,r) = (YsY5)(y, )| T X|(y,7)

then the requirements for Lemma 6.4 are fulfilled by the definition of {2 and since G may be
written as the sum

G(X7 Y)(JZ,T) = Gl(Xﬂ f)(xvr) + ZGQ(Xugij) ((13,7“),

ihj

it is well defined on {2 and a bounded member of H(Dpg,C™*(R";C")) because of Lemma 6.4.
The norm of (X,Y') € {2 is bounded by M and f, g; ; depend only on (X,Y), hence f and g; ; are
bounded by a constant depending only on M. Therefore the norm of G in H(Dg, C™(R™; C™))
is bounded by C' = C'(M). O

6.3. Unique solution of the complex ODE

We have finally collected all the necessary results which concern the operator G and we may now
formulate and prove the key theorem. We recall the definition of the needed Banach spaces. As
before we define for R > 0, M >0, and 0 < § < 1/2

E:=F x Ey (6.23)
with

By = {f € L¥((L+ [l2]) LR €7) | Jf € O™ (RN, €M)

Ey = C™*(R",C")
as well as

Q:={(X,Y) € E[|JX —Inll, <B; (X, V)| < M}
and

ER = H(DR,E) N QR = H(DR,Q).
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6.3. Unique solution of the complex ODE

Theorem 6.1. Let ug € C"™*(R™). Then there exists T > 0 such that the ordinary differential
equation, obtained in section 6.1,

- X() =6, X)) (6.24)
(X, X")(0) = (Id, up),

admits a unique solution in H(Dy, Ey). In (6.24), the right hand side is defined for (X,Y) € g,
R >0, and (z,7) € R" X DR as

GX,Y)(z,r) = /V(aF)(X(m,r) — X(y,r)) Tr (JY . cof(JX)T)Q(y,r)]JXKy,r) dy
Rn

+> / 9;0;V((1 —a)I)(X (z,7) — X(y,7)(Yi¥;)(y, )| JX]|(y, ) dy.
iJ fin

Proof. The ODE is autonomous and of second order, it may therefore be equivalently transformed
into a differential-algebraic equation, namely

Z'(r) = K(Z(r)) with Z = (2) and K(Z) = <G(ZZiZz)>

Z(0) = (Id; uo),

(6.25)

which we are going to solve in Er. We verify at first that Z° = Z(0) is an element of {2. For
M > 0 sufficiently large in the definition of {2, it holds that

1705 = |75y

+ Hnllgm-1.a + [Juollgma < M,
Lo

where ||ug|om.o is bounded since ug is a member of C™*(R"; R") and JId = I,, is a constant
map in H(Dg, C"™ H*(R™; C"*")). Additionally,

=1 and I, -1, =0<5.

H 1d(.)
Lo

L] ]

Hence, for M chosen big enough, the norm requirements of 2 are fulfilled by Z°. Also, K(Z) is
a member of E for any Z = (Zy, Z3) € {2, because G(Z) belongs to C™(R™; C") by Lemma 6.5
and Z is likewise a member of C"*(R"™; C"). Z; is therefore bounded which yields

|
T

H =|Z2||oo < +oo aswellas  ||J 22| pm-1.0a < 400.
oo

So, (Z2,G(Z1,Z5))" is norm-bounded in E, hence K(Z) is a member of E for any Z € f2.
Choose M > 0 such that the above properties are satisfied and that for any 0 < r < dist(Z°, 9£2)
there holds

B, (Z%) c 0.
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6.3. Unique solution of the complex ODE

In order to apply the Cauchy-Lipschitz existence Theorem (4.6), we need to show that K is
bounded, locally Lipschitz-continuous in 2 and K ({2r) C Eg for any R > 0. The boundedness
follows directly from the definition of (2 and Lemma 6.5. Holomorphy is also a consequence
of Lemma 6.5 and the definition of {2z. The operator K now fulfills the assumptions of Theorem 4.5
and is therefore locally Lipschitz-continuous. Thus, the requirements for the Cauchy-Lipschitz
existence Theorem are matched and in setting

. r
T := ,
1 oo

where || K|, denotes the bound of K, we obtain a unique solution Z € H (D, ) of (6.25) which
yields a unique solution of (6.24) in the space H (D, Ey). O
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7. Proof of the main theorem

7.1. Time-analytic trajectories

In this section we want to give the proof of our main theorem (3.1). Let u € Cy([0,T); C"™*(R™; R™))
solve the Euler equations for some T' > 0 with u(.,0) = up € C"™*(R"™; R"™), m > 1. The particle
trajectories X, i.e. the solution of

Xe(z,t) = w(X(z,t),t) with X(z,0)==x (U)
is unique in C?([0,T); F}), where
Fr={feLl®((1+ =), R, R") | Jf € C" (R R™™) )
Then local time-analyticity of X is the claim of our main theorem (3.1).

Proof of the main theorem. The vector field X exists because of the properties of u and solves (U)
uniquely. As shown in section 5.2, a differentiation of the above equation yields that X also
solves

Xtt(xat) = —(Vp)(X(.%‘,t),t) ) (Xa Xt)(xao) = (.Z‘,u()(l')) (71)

for (z,t) € R" x [0,T). If E is the space defined in (6.23), then Theorem 6.1 assures that 7' > 0
exists such that the complex ODE

() =GR X)), (RX)0) = (Idup) (7.2)

admits a unique solution in H(Dj, E1). G is the well defined and bounded map H(Dg, §2) —
H(Dpg,C™*(R";C")), R > 0, given by (6.25). The solution to (7.2) is obtained in solving

Z'(1) = (22(7),G(Z)(r)) , Z(0) = Z° = (Id,uo),

Z = (Z1,%Z>) € §2, which is the limit of the Picard iteration which corresponds to the integral
equation (IE) in the proof of the Cauchy Lipschitz existence theorem 4.6. This iteration is given
by

Z Yy = 2% + /(Zé“(w),G(Zk)(w))dw , keNy.
0

For t € (—71,T) the integral can be taken over the real line segment [0,¢] (resp. [t,0]) and
therefore,

ZY(t) = (Id, up) + / (Id(s),G(Id,up)(s))ds
0

58



7.1. Time-analytic trajectories

is real valued, since, for s € [0,¢], (Id,uo)(s) = (Id,up) and G(Id,ug) is real valued. This implies
inductively that, for any k € IN, Z* is real valued. Hence, the solution to (7.2) takes real values
for t € (—1',T). Consequently, X must be an analytic function from (=7, T) to Fy. Also, X;(.,1)
is a member of C"™“(RR"™;R™) and an integration over [0,¢] (resp. [t,0]) yields

(X —Id)(.,t) € C™(R™;R")
for t € (—=1',T). Furthermore, we claim that there exists 7 > 0 such that the PDE (5.20), namely

Xtt(ac,t) == G(X,Xt)(ﬂ?, t),
(XvXt)(O) = (Ida uO)

admits a unique solution in o
C* ((-T,1); F) .

We therefore consider the ODE

o (7.3)
(X, X)(0) = (Id, up).

We set
F=F xC™R"R").

F is the subspace of real valued functions in the Banach space F given in (6.23). Furthermore,
we set

O:={(X,)Y) e F||[JX -Tp] <B; (X, V)l < M} C £,

such that O is an open, bounded and convex subset of F. Now G equals G on F and the
same calculations as in the proof of Lemma 6.4 yield the following fact. G maps C((—R, R);O)
to C((—R,R); C"™*(R™;R"™)), R > 0. The proof is equal to that of Lemma 6.4, only that
the holomorphy requirement is replaced by continuity. Furthermore, G is locally Lipschitz-
continuous on O because it is the restriction of G to O C {2 and G is locally Lipschitz-continuous
on (2. Following the same argumentation as in the proof of Theorem 6.1, in applying the
Cauchy-Lipschitz existence theorem in its real version, one obtains the existence of T' > 0 such
that
X e C*((~T,T), F1)

uniquely solves equation (7.3). In conclusion, the formerly found analytic function X must equal
X on the interval (—T*,T*), where T* = min{T’, T}, because they both satisfy (7.3). If X is the
unique solution to the characteristic equation (U), then it satisfies as a function in C2([0,T*); F})
also the ODE (7.3) since G(X, X;)(t) equals —Vp(X (t),t) which has been discussed in section 5.2.
Hence, X is the restriction of X to [0, 7*) and so, X may be analytically continued to (=T, T*).
Hence, analyticity in a neighborhood of {3 = 0 holds for the particle trajectories. Subsequently,
we may choose any to € [0,7") and set

u*(x,t) == u(x,t — to)
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7.2. Final remarks

for t € (to — s,t0 +s) C [0,T) with s > 0 small enough. Then we have u*(.,ty) = uj €
C™(R™ R™), divu* = 0 and X (x,t — t9) solves the characteristic equation of u*. The same
line of reasoning yields that there exists a neighborhood of ¢y in which the characteristic curves
of u* are analytic. Thus, X is locally analytic in time. O

7.2. Final remarks

The approach of this thesis is slightly different to that of P.Serfati in [Ser95]. We depart directly
from a solution of (E) which is in Cy([0,T); C™%(R™; R™)) and show that the corresponding
particle trajectories are locally analytic in time. The proof in the cited paper assumes that
u € C([0,T"); WL (R™; R")), T" > 0, solves the Euler equations. Incompressibility is invoked in
order to obtain the operator G in setting |.JX| = 1 and one derives the complex ODE (7.1). Then
it is additionally shown that divug = 0 implies that the solution X to (7.1) admits |JX| = 1.
Subsequently, one obtains an existence and uniqueness result for the Euler equations in setting

u(z,t) = Xy (XY, t),t)

with locally time-analytic particle trajectories X. It holds u(.,t) € C™*(R";R"™) for t €
(=T*,T*), T* > 0. This solution (u,p), where p is associated by (5.6) with h; j = u;u;, is unique
in

[e8) ((—T*,T*);Cl’a(Rn;Rn> x ]\7)7

loc

where

N = {q € C(R™)| lim i@ q(0) = c}

lzll—oo fl]|

with ¢ € R. A slightly differing version of this result is obtained alternatively by J.-Y. Che-
min [Che98], which served as a starting point for our approach.
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List of symbols

Notation

IN; INg

R;R4; ]Rg_

E . F;E' F
2: 02,01

Br = Br(0); By

Dpg, Dy

C(E; F)

oo (R™)

D'(R™)

Cy(R™), Ci*(R™)
D, V;J

cof (JX)T;|JX|

Oy, = 01 D*

1o

L(R"); LH(R™)

loc

Ly (R™); L, (R™)

L>(q(x), R")
Wmp(R")

List of symbols

Description

set of natural numbers beginning from 1; resp. 0

set of real numbers; resp. real positive numbers; resp. real non-
negative numbers

complex Banach spaces; resp. their dual spaces, i.e. E' = {¢p |
¢ is a bounded, linear map E — C}

open subset of a Banach space; resp. closure of {2 ; resp. boundary
of 2

open ball in R™ around 0 with radius R > 0; resp. without 0:
Bj = By \ {0)

complex disc around 0 € C with radius R > 0; resp. polydisc
around 0 in C" with multi-radius » € R}

continuous maps £ — F

with m € INg and a € (0,1) ; m-times continuously differentiable
, complex valued scalar fields R” — C; resp. whose m-th order
derivative is bounded and a-Hoélder continuous, see chapter 2 for a
complete definition

infinitely often differentiable scalar fields with compact support
dual space of C5°(R") - space of test functions

space of bounded, continuous scalar fields, resp. whose derivatives
up to the m-th order exist and are continuous and bounded

total derivative with respect to the variable x € R"; resp. nabla
operator; resp. symbol for the Jacobi matrix

transposed cofactor matrix of JX; resp. Jacobi-determinant of a
vector field X

partial derivative with respect to the variable x; ; resp. partial
derivatives in multi-index notation, i.e. for p € INy is D¥ =
ot ok2 ... okr

real valued characteristic function on {2 ie. 1p(x) =1if z € (2,
1o(z)=0ifz ¢ 2

Lebesgue space of essentially bounded, complex valued functions on
RR™; resp. Lebesgue space of complex valued, integrable functions
on R"™, more precisely explained in chapter 2

L'(R™) with respect to the variable y € R™; resp. locally integrable
functions on R

functions which are essentially bounded if multiplied by g(x)
Sobolev space on R", i.e. complex valued functions whose weak
derivatives up to the order of m € INy are members of LP(R"),p €
[0, 00]
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List of symbols

Notation Description

H(D,,$2) =1, maps D, — {2 which are holomorphic in D, and continuous on
D, , re R, see section 4.1.

L™(E; F) n-linear maps £ — F

dist(a, 012) distance between a and 92, 2 C E bounded, i.e. inf{|ja — x| |
x € 012}

Tr (A);det A = |A|  trace , resp. determinant of a matrix A
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A. Used theorems

This section is to state a list of important theorems and facts which have been used throughout
this work. All of these assertions are well known and therefore no proof will be given here. For
each theorem the referenced book will provide further information.

Lemma A.1 (Consequence of Hahn-Banach Theorem). [Werll, p. 98] Let V' be a normed space,
then for any v € V' \ {0} there exists a functional v' € V' such that

[v'[|=1 and o'(v) = v .

Hence, for v1,ve € V with vy # vy there exists v € V’ such that v/(v1) # v/ (v2).

Theorem A.1 (Fubini’s Theorem). [Kon04, p. 289] Let f € L*(R™ x R™), where n,m € N,
then y — f(x,y) is a member of L*(R™) and

/Ranm f(x,y)d(ac,y)—/n< o f(x,y)d:p) dy.

Theorem A.2 (Lebesgue’s Theorem of dominated convergence). [Kon04, p. 278] Assume a
sequence (fi) C LY(R™). If there exists a measurable function f and an integrable function
g € LY(R™) such that

fe—=f La.e. ask — oo,
Ifel <g ,a.e VkeN,

then f € L'(R™) and
/fk($)da:—> /f(x)dx ,as k — 00.
Rr R

Theorem A.3 (Banach’s fixed point Theorem). [Werll, p. 166] Let X be a Banach space
and F : X — X a contraction, i.e. for any v,y € X there exists 0 < q < 1 such that
|F(x) — F(y)llx <qllx—yllx. Then there exists a unique z € X such that F(z) = z.

Theorem A.4 (Weyl’s Lemma). Ifu € L} (R™;R) is weakly harmonic, i.e. for any ¢ € C§°(R")
holds

/u(m)A o(x)dz =0,
R

then there exists a harmonic function @ € C*(R™; R) such that u = @ almost everywhere.

65



A. Used theorems

Theorem A.5 (A general version of Liouville’s Theorem). A harmonic function v € C*(R"™;R)
which verifies
[u(z)|

lim =0,
o0 |||

s a constant function.

Theorem A.6 (Neumann Series). [Werll, p. 56] Let X be a normed space and T : X — X a
linear map. If ano T™ s convergent with respect to the operator norm, then Id— T is invertible

and
-1 _ mn
(Id—T)" = E nZOT .

Theorem A.7 (Inverse Function Theorem). [Eva02, p. 716] Let F € C™(§2;R"™) for an open
set 2 C R™ and let xy € §2. If det (JF(x0)) # 0, then there exist open sets V,W € R™ with
xo € V and F(xo) € W such that F |y: V — W has an inverse which belongs to C™(W; V).

Theorem A.8 (Hadamard’s Theorem). [Ber77, p. 222] If & € C*(R"™;R") is such that (J®)~*
exists globally and is norm-bounded, then @ is a homeomorphism.

Theorem A.9 (Young’s Inequality). [Werll, p. 78] Let 1 < p,q,r < oo such that % —I—% = %—k 1.
Then for every f € LP(R™), g € LY(R"™) it follows that f * g is well defined in R™ and

Hf*QHLr(]Rn) < HfHLp(]Rn) HgHL'I(]R") :
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