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Abstract

In this work, new definitions of hypergraph products are presented. The main focus is on the
generalization of the commutative standard graph products: the Cartesian, the direct and the
strong graph product. We will generalize these well-known graph products to products of hy-
pergraphs and show several properties like associativity, commutativity and distributivity w.r.t.
the disjoint union of hypergraphs. Moreover, we show that all defined products of simple (hy-
per)graphs result in a simple (hyper)graph. We will see, for what kind of product the projections
into the factors are (at least weak) homomorphisms and for which products there are similar
connections between the hypergraph products as there are for graphs. Last, we give a new and
more constructive proof for the uniqueness of prime factorization w.r.t. the Cartesian product
than in [Studia Sci. Math. Hungar. 2: 285-290 (1967)] and moreover, a product relation accord-
ing to such a decomposition. That might help to find efficient algorithms for the decomposition
of hypergraphs w.r.t. the Cartesian product.
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Introduction

Within this diploma thesis we are concerned with hypergraph products as a generalization of
graph products.

A (simple) graph G is an object consisting of vertices and edges joining two vertices with each
other, edges are thus two-element subsets of the vertex set. Graph theory occurs in various fields
of science. For instance, social, computational, communication or transport networks can be
described as graphs. They are furthermore an important tool in life science, physics, chemistry
or optimization, to name just a few examples [5].

Many graphs can be constructed from smaller, more simple graphs by operations as unions,
joins or multiplications with respect to a certain product, where many properties of the
constructed graph can be immediately inferred from the constituents the graph is composed
of. The operations we will focus on are the graph multiplications. Of course, there are various
ways to define a product of two given graphs. If we restrict this amount of graph products to
those which satisfy certain algebraic properties, we have in fact only four standard products:
The Cartesian, direct, strong and lexicographic product. These are the only associative simple’
products that depend on the structure of both factors and for which at least one of the projections
into a factor is a weak homomorphism, i.e. an edge is mapped either into an edge or a vertex,
[26, 29].

The standard graph products have been widely investigated. The Cartesian product and besides,
the strong product as well, have been introduced by G. Sabidussi (1960) in [37]. In this
work the author also showed the uniqueness of prime factor decomposition of the Cartesian
product. The direct product has been defined by A.N. Whitehead in 1912 as a product of binary
relations [42]. In 1962, P. M. Weichsel introduced it on graphs as the Kronecker product [41].
The lexicographic product is due to F. Hausdorff (1914) [21], it was defined on graphs as
the composition of graphs by Harary (1959) in [19]. It is the only non-commutative standard

A graph product is a simple product, if the product of simple graphs is a simple graph, the vertex set of a product
is the Cartesian product of the vertex sets of its factors and adjacency in the product depends on the adjacency

properties of the projections of pairs of vertices into the factors.



product.

Hypergraph theory was introduced in the 1960s as a generalization of graph theory. Since
then many applications for hypergraphs have been developed, for example in engineering, im-
age processing, molecular biology or chemistry [6]. In a hypergraph more than two vertices
may be linked, so the (hyper-)edges of a hypergraph are (arbitrary) subsets of the vertex set. A
standard reference of this theory is due to C. Berge [3].

As for graphs, hypergraphs might be constructible from smaller hypergraphs, for example as
products. One hypergraph product is given in [4], where the product of two hypergraphs is
defined on the Cartesian product of their vertex sets, and the edges are the Cartesian (set) prod-
ucts of the edges of the factors. This product is the most common hypergraph product, see
[7, 11, 35, 36]. A similar product was introduced by W. Imrich and P.F. Stadler as a product
of neighborhood systems as a generalization of directed graphs in [31], where the authors also
proved that these neighborhood systems have a unique prime factorization under some con-
straints. W. Dorfler and D. A. Waller introduced another hypergraph product 1980 [13], this is
also treated by X. Zhu in 1992 [44]. However, these products are no graph products in the sense
that a product of two (standard) graphs is a graph.

For consistency of hypergraph theory as a generalization of graph theory, one might consider
the standard graph products and ask, how to extend them to hypergraph products, such that they
fulfill certain algebraic properties that are also fulfilled in the case of graph products. Actually,
there is no problem to extend the Cartesian product to hypergraphs. It has been introduced by
W. Imrich in [23] as a product of set systems, i.e. hypergraphs. This hypergraph product is also
considered for example in [7, 8, 11]. Besides, also the lexicographic product has been extended
to hypergraphs by W. Imrich and G. Gaszt in [25] and is furthermore considered for example in
[10, 38].

In this thesis, we will only focus on the commutative graph products and their generalization.
Such hypergraph products are introduced in Chapter 2. We will be concerned with the Cartesian
product of hypergraphs in Section 2.1. Basic properties of this product, some of them are stated
in [23], are explicitly proved in that section. In the case of the direct product it becomes more
difficult to define a suitable hypergraph product. The question is, how to transfer the adjacency
properties of the factors to their product. In [13], the authors defined a product on r-uniform
hypergraphs whose restriction to graphs coincides with the direct graph product. The problem

is to extend this product to arbitrary hypergraphs. That is what we are concerned with in Section



2.2. We give three new definitions of hypergraph products. Two of them coincide with the
hypergraph product defined in [13] in the class of r-uniform hypergraphs. The third one is
modeled independently and was motivated by [31]. Furthermore, we prove basic properties
of these products and we will see, for what reasons some of those products might fail for our
purpose. Once found a proper definition for a direct product, there should be no problem to
construct a strong product on hypergraphs by taking the union of the edge sets of the Cartesian
and the direct product as the edge set of this product, as this is the case for graphs. This will be
done in Section 2.3. Furthermore, basic properties of the strong product are shown.

In Chapter 3, we focus again on the Cartesian product. To be more precise, we study the prime
factorization of a given hypergraph. In [23], it is shown, that the prime factor decomposition of a
hypergraph is unique in the class of simple connected hypergraphs. Here we give an alternative,
more constructive proof and provide a product relation according to the unique prime factor
decomposition of a simple connected hypergraph.

But first we will start with some basic notions about hypergraphs and the commutative standard

graph products in Chapter 1.



1 Basics

1.1 Hypergraphs

Within this section we provide a few basic concepts of hypergraph theory, which are needed in
the main part of this thesis. Although we changed some notations, a standard reference for this

theory is due to C. Berge [3].

A (finite) hypergraph H = (V,&) consists of a finite set V and a family & = {E|,...,E,},
such that:

E#0 (1.1)
ECV (1.2)

forallie {1,...,m}. Ahypergraph H = (V,&), & ={E\,...,En} is called simple if
E; CE; implies i=j, (1.3)
and

E)|>2 forall ie{l,...,m}. (1.4)

In other words, there are no multiple edges, no edge of H is contained in any other edge and
each edge consists of at least two vertices.
The elements vy,...,v, of V are called vertices and the sets Ei,...,E,, are the hyperedges, or
simply edges of the hypergraph. For simplicity, we will refer to the family of edges & (H) of a
hypergraph H as edge set, although it need not to be a usual set.
If there is a risk of confusion we will denote the vertex set and the edge family of a hypergraph

H explicitly by V(H) and & (H ), respectively.
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A hypergraph may be drawn as a set of points representing the vertices, an edge E; is repre-
sented by a simple closed curve enclosing its elements if |[E;| > 2, for |[E;| = 2 by a continuous
curve joining its two elements, and by a loop if |E;| = 1.

Figure 1.1 shows two hypergraphs H and H' with vertices V(H) =V (H') = {vi,...,vi0} and
edges &(H) = {E\,E»,E3,E4,Es,Eq,E7} and &(H') = {E},E,,E3,E4,Es}, respectively. The
hypergraph H of the left hand side is not simple, since Eg C E4 and E7 C Ej3.

Figure 1.1: Ihs: Hypergraph H. rhs: simple hypergraph H'.

We say, two vertices u and v are adjacent in a hypergraph H = (V, &) if there is an edge E € &
such that u,v € E. If for two edges E,F € & holds ENF # 0, they are said to be incident. A
vertex v and an edge E of H are incident if v € E.

The order of H, denoted by n(H) is the number of vertices, the number of edges will be denoted
by m(H).

The rank of a hypergraph H is r(H) = max;|E|, the anti-rank is s(H) = min; |E;|. A uniform
hypergraph H is a hypergraph such that r(H) = s(H). A simple uniform hypergraph of rank r

will be called r-uniform.
Walks, Paths, Distances A walk in a hypergraph H = (V, &) is a sequence

(VO)ElaVI)EZ)"'aEk)Vk)) (15)

where E1, ..., Ey are distinct edges, vy, ...,V are vertices, such that each v;_1,v; € E;. A k-cycle
in a hypergraph is a closed walk consisting of k edges. A path is a walk, where the vertices
vo,. ..,V are all distinct. Such a path is said to join the vertices vy and vi, we will denote it by

P,y and we will write (E},E», ..., E;) instead of (1.5) if possible. By a path between two edges
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E;,E; we then mean a path between two vertices v;,v;, such that v; € E; and v; € E.
The distance dy (v,V') of two vertices vo, vy of H is the length of the shortest path joining them,

i.e. the number of edges contained in the path,
dy(v,v') = min{|E(P)| : P joins v and v'}.

If there is no path joining them, we set dg (v,V') = oo.
A hypergraph H = (V, &) is called connected, if any two vertices are joined by a path, that means

for each two vertices v,V of H we have dg(v,V') < co.

Partial Hypergraphs For a hypergraph H = (V, &) we call H' = (W, .7 ) a partial hypergraph
of Hif W CV and .% C &. We then write H' C H. A partial hypergraph H' = (W,.%) CH =
(V,&) is generated by the edge set F if W = Ugcz E. 1t is induced by the vertex set W if
F =(E € & | E CW). Such an induced partial hypergraph will be denoted by H' = (W). Note,
that a partial hypergraph of a simple hypergraph is always simple.

Figure 1.2 shows three partial hypergraphs H;, H, and Hsz of the Hypergraph H in Fig-
ure 1.1, with the vertex sets V(H;) = V(H;) = {vi,v2,v3,v4,v6,V7,v8} C V(H) and V(H3) =
{vi,v2,v3,va,v6,v7} C V(H), respectively and with edge sets &(H,) = &(H3) = {Ej,Ez} C
&(H) and &(H,) ={E\,E3,E¢,E7} C &(H), respectively.

Figure 1.2: Partial hypergraphs H, H> and H3 of the non simple hypergraph H of Figure 1.1

H, is neither an induced partial hypergraph, since E¢, E; C V(H) but Eg, E7 ¢ & (H;) although
they are contained in & (H ), nor is it a generated hypergraph, since vg ¢ E; UE3. While H; is an
induced and a generated partial hypergraph, Hs is generated but not induced, since E7 ¢ & (H3),
although E7 C V(Hj3).

By a path between two partial hypergraphs H’, H” of a hypergraph H is meant a path in H
between two vertices v and w such that v € V(H') and w € V(H"), respectively. The distance
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dy(H',H") between two partial hypergraphs H’', H” is the length of the shortest path between
two vertices of the respective partial hypergraphs.
A partial hypergraph H' C H is called convex, if all shortest paths in H between two vertices in

H' are also contained in H'.

Homomorphisms For two hypergraphs H, = (V},&)) and Hy = (V,,8,) a homomorphism
from H, into H, is a mapping @ : V; — V; such that (E) = {@(v}),...,@(v,)} is an edge in Hy,
whenever E = {vy,...,v,} is an edge in H;. A mapping ¢ : V| — V, is a weak homomorphism if
edges are mapped either on edges or on vertices.

A bijective homomorphism ¢ is called an isomorphism if ¢(E) € &, if and only if E € &]. We
say, H) and H, are isomorphic, in symbols H; = H, if there exists an isomorphism between
them. In this case the two hypergraphs have the same structure.

If ¢ is the identity, H; and H, are said to be the same, H, = H>, i.e., V(H;) = V(H;) and
&(H,) = &(H,).

1.2 Graph Products

An (undirected) graph is a pair G = (V,E) of vertex set V and a family E consisting of un-
ordered pairs of elements of V, the edges of G. If an edge e of G consists of the same vertices of
G, e = {u,u}, this will be called a loop. Such an edge will be denoted by {u} instead of {u,u}.
A graph can be seen as a special hypergraph, whose edges are restricted to contain at most 2
elements. That is, a graph G is a hypergraph with rank r(G) = 2. Therefore, all definitions of
the latter section may be transfered to graphs as well. A simple graph is then a 2-uniform hy-
pergraph. The class of simple graphs will be denoted by I', that of simple graphs with loops by
I'y. In the following, by a subgraph is meant a partial hypergraph of a graph. More information
about graphs and graph theory can be found for example in [9] and [20].

In this section we give a short overview about the commutative standard graph products, that are
the Cartesian product, the direct product and the strong product. We will restrict our considera-
tions to their definition and a few basic algebraic properties. All assertions stated here, including
their proofs and in addition, more detailed information about product graphs can be found in
[29].
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1.2.1 The Cartesian Product

The Cartesian product G = G|JG; of two graphs G| = (V},E}) and G, = (V,, E») is defined on
the vertex set V(G) =V} x V, with edge set

E(G) = {{(ul,uz),(vl,vz)} ‘ {ul,vl} € E\,up =vy, or uy :vl,{uz,vz} EEz}.

The Cartesian product satisfies several algebraic properties such like associativity, commuta-
tivity and distributivity with respect to the disjoint union, it is connected if and only if both
factors are. The one vertex graph K is a unit with respect to the Cartesian product, i.e.
GLIK; = K,UJG = G for any graph G. The Cartesian product G = [, G; of arbitrary many
factors G; is well defined [28].

GOPy

Figure 1.3: Cartesian Product of a graph G and a path P3 on 3 vertices

The mapping p; : V(O ,G;) — V(G;) defined by p;(v) = v; for v = (vi,v,...,v,) is called
projection on the i-th factor of G, and v; is then the i-th coordinate of v. Each of the p; is
a weak homomorphism for all i = i,...,n, since edges are mapped on edges or vertices. The
restriction of p; to the induced subgraph of G whose vertices differ from a vertex w only in the

i-th coordinate is then an isomorphism, since

({veV(G)|pj(v)=wj, forall j #i})

is isomorphic to G;. This induced subgraph is called G;-layer through w, denoted by G}". Notice,
that G are convex subgraphs of G, while G; is no subgraph of G. For u € V(GY) we have
GY=GY. If u ¢ V(GY), then G¥ # G¥, moreover V(GY)NV(GY) = 0.

We are now in the position to give an equivalent definition of the Cartesian product in terms of
projections as follows (see [37]).

For G =0" ,G;, G; = (V;,E;) and I = {1,...,n} we have
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(D) V(G)=Vy xVax...xV,

(2) {u,v} €E(G),u,v € V(G) iff there is an index j € I, s.t. {p;(u),p;(v)} € Ej and p;(u) =
pi(v) foralli# j,i€l.

A graph G is called prime with respect to a given product if it cannot be represented as a
product of nontrivial factors. For the Cartesian product this means G is prime if G = GG,
implies G; = K; or G, = K. A set {Gy,...,G,} of graphs is called a prime factorization of G
if G =[O, G;, where G; is prime and G; # K| for 1 <i <n ([1]).

Proposition 1.1. [29] Every graph G has a prime factor decomposition with respect to the

Cartesian product. The number of prime factors is at most log, |V (G)|.

Cartesian Product graphs and their prime factor decomposition have been widely investigated,

also from an algorithmic point of view, see [1, 14, 15, 30, 37, 40, 43].

Theorem 1.1. [29] Prime factorization is not unique for the Cartesian product in the class of

non-connected simple graphs.

The next result was first proved by G. Sabidussi in 1960. V.G. Vizing gave an alternative proof
in 1963.

Theorem 1.2. [37, 40] Every connected graph G has a unique prime factor decomposition with

respect to the Cartesian product.

1.2.2 The Direct Product

As the Cartesian product, the direct product of two graphs G = G| X G, is defined on the Carte-
sian product of their vertex sets V(G) =V (G;) x V(G3). A pair of vertices {(u1,uz),(vi,v2)} is

an edge in G if and only if {u;,v;} is an edge in G| and {uy,v,} is an edge in G,. More formal:

E(G1 X Gz) = {{(ul,uz),(vl,vz)} | {ul,vl} EE(Gl),{uz,VZ} S E(Gz)}.

While the factors of a connected direct product must be connected, the converse does not hold

in general. As an example see Figure 1.4.
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Figure 1.4: Direct product of two paths P; X Ps. Although the factors are connected, their product consists

of two connected components

As the Cartesian product the direct product satisfies several algebraic properties such like
associativity, commutativity and distributivity. But it has no unit in the class of simple graphs. If
we admit graphs with loops, then the one-vertex graph with a loop is a unit for the direct product
[29].

The projections of a direct product into its factors are not just weak homomorphisms as for the
Cartesian product, they are homomorphisms.

In terms of projections the direct product can be defined as follows:

For G = X! |G;, G; = (V;,E;) and I = {1,...,n} we have

() V(G)=VixWVax...xV,
(2) {u,v} € E(G),u,v € V(G) iff {pi(u),pi(v)} € E; forall i € I.

In distinction from the Cartesian product the prime factorization is not only non-unique in the

class of non-connected graphs:

Theorem 1.3. [29] Prime factorization with respect to the direct product is neither unique in

the class of non-connected graphs with loops nor in the class of connected simple graphs.

The next result was proved by R. McKenzie in 1971. In this work the direct product is called

"cardinal product".

Theorem 1.4. [34] Let G be a finite, non bipartite’ connected graph in Ty. Then G has unique

prime factor decomposition with respect to the direct product in I'yy.

A graph G is called bipartite if its vertex set can be represented as the union of two disjoint sets V| and V5, such

that no edge of G joins vertices within V| and V5, respectively.

10
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1.2.3 The Strong Product

The strong product G = G| X G, of two graphs G| and G is defined on the Cartesian product of
the vertex sets of the factors, V(G) =V (G;) x V(G,). two distinct vertices (uj,us) and (vi,v2)

are adjacent if

{u,v1} € E(Gy) and {uz,v2} € E(G»), or
{ui,v1} € E(Gy) and up = v,, or
up =vy and {up, v} € E(G).

‘We observe that
E(Gl @Gz) :E(G1DG2)UE(GI X Gz). (1.6)

The strong product is associative, commutative, distributive w.r.t the disjoint union and has K;
as unit. Hence the strong product G = X! | G; of arbitrary many factors G; is well defined. It is
connected if and only if all of its factors are. The projections of a strong product graph into its

factors are weak homomorphisms [29].

Figure 1.5: Strong product of two paths P3 x Ps. The thick edges are Cartesian edges, the thin ones are

non-Cartesian edges

We can define the strong product, analogously to [37], in terms of the projection as follows:
For G =X! |G;, G; = (V;,E;) and I = {1,...,n} we have

(1) V(G) =V xVax...xV,

(2) {u,v} € E(G), u,v € V(G) iff there is an index set J C I, s.t. {p;(u),pj(v)} € E; for all
j€Jand pi(u) = pi(v) forallie I\ J.

As for the Cartesian product, each G}’-layer

({veV(G)|p;j(v)=wj, forall j#i})

11
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is isomorphic to G;. But they are not convex in general, contrary to the Cartesian product.

The edges of a strong product G = X! |G; that differ in exactly one coordinate are called
Cartesian the others non-Cartesian, see Figure 1.5. In Equation (1.6) the Cartesian edges
correspond to the first term E(G;JG>) on the right hand side and those which are non-Cartesian
to the second term E(G; X Gy).

The strong product can be considered as a special case of the direct one:
For a graph G € I let LG denote the graph in I'y, which is formed from G by adding a loop to
each vertex of G. On the other hand, for a graph G’ € Ty let NG’ denote the graph in I" which
emerges from G’ by deleting all loops. Then we have for G,G, € I':

G] X GQ = N(LG} X LGQ) (1.7)

As for the Cartesian product, every graph has a prime factor decomposition with respect to the
strong product. In the class of non-connected graphs, this need not be unique. The following

result was proved by W. Dorfler and W. Imrich in 1970.

Theorem 1.5. [12] Every connected graph G has unique prime factor decomposition with re-

spect to the strong product.

12



2 Hypergraph Products

A first definition of a "direct" product H; x H, of two hypergraphs H; = (V1,41) and H, =
(Va,&,) on the vertex set V(H| x Hy) = V) x V, with edge set &(H; x H,) = {E; X E; | E| €
&1,E, € &} can be found in [4]. Another definition of a hypergraph product is given by W.
Dorfler and D. A. Waller in [13] and is also considered by X. Zhu in [44]:
For two hypergraphs H; = (V},471) and H, = (V,,6,) the product H; X H; is the hypergraph
with vertex set V(H x Hy) =V} x V; and a subset E = {(x1,y1),..., (X, yx)} of V(Hy x Hy) is
an edge of H| x H, if and only if {x;,...,x} € & and {y1,...,yx} € &, where xj,...,x; and
¥1,--.,Yr need not to be distinct.
However, these products do not specialize to graphs. That is, the product of two graphs seen as
2-uniform hypergraphs is not a usual graph, but a 4-uniform hypergraph.

In this chapter we want to introduce hypergraph products, which coincide with the commuta-
tive standard graph products, defined in the previous section. In particular, we are interested in

hypergraph products « that satisfy the following requirements:
1. V(HyxH,) =V (H)) X V(H)
2. The restriction of the product * on graphs coincides with the corresponding graph product.
3. Associativity.
4. Commutativity.
5. Distributivity with respect to the disjoint union.
6. If Hy and H, are simple then H| x H, is simple.
7. The projections p; : V(H,xHy) — V (H;) fori € {1,2} are at least weak homomorphisms.

In the first section we are concerned with the Cartesian product of hypergraphs. It was introduced
by W. Imrich in 1967 as the Cartesian product of set systems as a generalization of the Cartesian

graph product [23].

13



2 Hypergraph Products

In the second section we will introduce three direct products, and we will see, for what reasons
some of them might fail for our purpose.

In the third section we will be concerned with the strong hypergraph product. As we have seen
in Section 1.2.3 the edge set of the strong product of two graphs is the union of the edge sets of

their Cartesian and direct product. There is no reason to change this for hypergraphs.

2.1 The Cartesian Product

Let H, and H; be two Hypergraphs. The Cartesian product H = H[JH, has vertex set V(H) =
V(H;) x V(Ha), that is the Cartesian product of the vertex sets of the factors and the edge set
EH)={{x}xF:xeV(H)),F € &(H,)}
U{Ex{y}:E€&(H),yeV(H)}.

Thus, the set {(x1,y1),...,(x¥/)}, x; € V(Hy), yi € V(Hy), i = 1,...,r, is an edge in
& (H,0H,) if and only if either

() {x1,...,x,}isanedgein &(H)and y; =... =y,, or
(i) {y1,...,yr} isanedge in &(H,) and x| = ... = x,.

The Cartesian product of hypergraphs was introduced by W. Imrich [23]. We consider it for sake
of completeness and prove explicitly some basic properties.
Figure 2.1 shows an example of a Cartesian product of two hypergraphs H and E3, where E3

is is the hypergraph which consists of a single edge with three vertices.

H E;3

14



2 Hypergraph Products

Figure 2.1: Hypergraphs H and E3 and their Cartesian product H[E;

Let an edge E in &(H) be denoted by

(i) Eiyif E=E; x {y}, where E; € &(H,) and y € V(H,)

(i) Eyjif E = {x} x E;, where x € V(H,) and E; € & (H>)

We define the projection of a Cartesian product H = H;[JH, into one of the factors H;, i €
{1,2} by the mapping p; : V(H) — V(H;), with p;(v) = v;, where v = (vi,v2) € V(H). By p:(X)
we denote the set {p;(x) : x € X} for an X C V(H). The projections of a Cartesian product of

hypergraphs into its factors are weak homomorphisms, as edges are either mapped onto edges

or onto vertices:

Pl(Exj) :)CEV(Hl) and pz(E,'y) :E,'E(ga(Hl)
pl(Exj) = Ej € éo(Hz) and pz(E,'y) =yc V(Hz)

Lemma 2.1. The Cartesian Product is associative.

Proof. To proof associativity we need to show that the mapping V((H\UH,)OH3;) —
V(H,O(V,0V3)) defined by ((x,y),z) — (x,(y,z)) with x € V(H,), y € V(H>) and z € V(H3
is an isomorphism. Clearly, it is bijective.

Let {((x1,y1),21),---,((x+,),2-)} be an edge in (H{OH,)0H3. Then the following cases can

occur:

@) (x1,01)=...= () €eV(HOH,),ie.x;=...=x,€V(H)) andy; =... =y, € V(H,),
and therefore {z;,...,z.} € &(Hz), or
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(i) z1 =... =z € V(H3) and therefore {(x1,y1),...,(x;,y,)} € &(HOH;). Then
(@ x1=...=x,€V(Hy) and {y,...,y,} € &(Ha), or
(b) Yi=...=)Yr S V(HZ) and {X],...,Xr} € éa(Hl)

Altogether we have either
(1) {x1,...,x,} is an edge in H; and the y; and z; resp. are equal, or
(2) {y1,-..,yr} is an edge in H, and the x; and z; resp. are equal, or
(3) {z1,...,2,} is an edge in H3 and the x; and y; resp. are equal.
But this is equivalent to the following:

(i) x; =...=x € V(Hy) and {(y1,z1),--.,(r2)} € &(H00H3) because of (2) and (3),

respectively, or
(i) {x1,...,x} € &(Hy) and (y1,21) = ... = (yr,2r) € V(HH3) because of (1).

Therefore, {(x1,(y1,22)),---,(xr,(¥r,2-))} is an edge in HJ(H,OH3). That means the im-
age of a subset F C V((H;0H,)0Hs3) is an edge in Hi(H2H3) if and only if it is an edge
in(H1 DHZ)DH3.

Hence, the mapping defined above is an isomorphism, which completes the proof. U

Due to the symmetry of the definition we can state
Lemma 2.2. The Cartesian product is commutative.

Notice, that commutativity and associativity is meant in the sense of identifying isomorphic
hypergraphs.
The one vertex hypergraph K is a unit with respect to the Cartesian product, i.e., K;[JH =
HUIK; = H for any hypergraph H. The isomorphism is given by the projection into the factor
H. For two vertex-disjoint hypergraphs H; and H, their disjoint union, denoted as H| + H, is
defined by V(H; + H,) = V(H,) UV (H,) and & (H, + Hy) = &(Hy) U & (Ha).

Lemma 2.3. The Cartesian product is left and right distributive together with the disjoint union

as addition.
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Proof. Let H|, H, and H3 be hypergraphs and furthermore, let H, and Hs be vertex-disjoint.
Then we have for the vertex set of H[J(H, + H3):

V(H]D(HQ —|—H3)) = V(H]) X (V(Hz) UV(H3))
= (V(Hy) x V(Hz)) U (V(H1) x V(H3))
=V (H,0H, + H,0H3) 2.1)

and for the edge set:

EHO(H,+ Hy)) ={{x} x F:x € V(H,),F € §(H,+H3)}
U{Ex{y}:E€ &(H)),y €V (H,+H3)}
={{x}xF:x€V(H),F € &(H,) U&(H3)}

U{Ex{y} :E€&(H),y€V(H)UV(H3}
={{x} xF:xeV(H,),F € £(H,)}
U{{x}xF:xeV(H)),F € £(H3)}
U{Ex{y}:E € &(H)),y € V(Ha)}
U{Ex{y}:E€ &(Hi),y €V (H3)}
={{x} xF:x€V(H,),F € &(H,)}
U{Ex{y}:E€ &(H)),y eV (H)}
U{{x} xF:xeV(H)),F € £(H3)}
U{Ex{y} :E€&(H),yeV(H3)}
—&(H,0H,) U & (H,0OH3)
=& (H|OH, + H|OH;3) (2.2)

Hence
H\O(H, + H3) = HiOH, + H;OH;,
From analogous considerations we can infer
(H, + H,)OHs = HUOH; + H,OH;3,

for vertex-disjoint H, and H,. Ol
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Lemma 2.4. The Cartesian product H = [1!_ H; of hypergraphs H; is connected if and only if

all of its factors H; are connected.

Proof. Because of associativity and commutativity of the Cartesian product it suffices to show
the assertion for n = 2, therefore let H = H;[H,.

First assume H, and H, to be connected. Let v = (x,y) and v = (x',)’) be two arbitrary vertices
in V(H). Consider a path P,y = (Ey,...,E,) from x to x' in H; and a path P,y = (Fy,...,F;) from
ytoy in Hy. Then (E\y,...,E,) is a path from (x,y) to (x',y) in H and (Fyy,...,Fy,) is a path
from (x',y) to (x',y') in H. Hence (E\y,...,Eq, Fy1,...,Fy,) is a path from v to v/ in H.
W.l.o.g. suppose now H; is not connected. It is then the disjoint union of two hypergraphs,
H; = H{ + H{'. Since the Cartesian product is distributive with respect to the disjoint union, we
have H = H{OH, + H/UOH,, that is H is the disjoint union of two hypergraphs, i.e., H is not

connected. O

Lemma 2.5. The Cartesian product H = U_ H; of hypergraphs H; is simple if and only if all

of its factors H; are simple.

Proof. Because of associativity and commutativity of the Cartesian product, it suffices to show
the assertion for n = 2, therefore let H = H;[H,.

First let H; and H; be simple and suppose H is not simple. We have to examine several cases:
Suppose H contains at least one loop {(x,y)} = {x} x {y}. Then, it follows, {x} is an edge in
H,,i.e., aloop, or {y} is aloop in H,. Both contradicts the fact, that H; and H, are simple. Thus,
|E| >2forall E € &(H).

Now, let E,; C Ey ;. It follows immediately that x = X and E ;i € Ej. Since Hj is simple, we
have j = j/, and therefore it follows (xj) = (x’j). By commutativity, the same holds for the case
Eiy C Epy.

Now assume E,; C Ej, i.e. ({x} xEj) C (E; x {y}). Then we have E; C {y} thus E; = {y},
contradicting that H is simple. The same argumentation holds for E;, C E,;.

That means, H,[L1H, is simple.

Now assume (at least) one of the factors is not simple, w.l.0.g. say H;. Then there are two edges
Ei,E;j € &(H), such that E; C E;,i # j or there is an E; € & (H;) with |E;| = 1, say E; = {x}. In
the first case we have for any y € V(H,), Ejy = E; x {y} C Ej x {y} = E;, and (iy) # (jy), hence
H,0H, is not simple. In the second case, we have |E;y| = [{(x,y)}| =1 for any y € V(H,) and
HUH, would not be simple. Ol
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The Cartesian Product of arbitrarily many factors H = [J?_| H; is now well defined. Thus, we
can extend the concept of the projections. For H = 0? |H; and j € {1,...,n} we define p; :
V(O H;) — V(H;) through p;(v) = vj, for v = (vi,...,v,), the projection into the j-th factor
H; of H. We then call v; the j-th coordinate of v. Clearly, the projections p;, j € {1,...,n},
n > 2 are weak homomorphisms as well.

According to [37] the Cartesian product of hypergraphs can be described in terms of projections
as follows:
For H =0" |H;, with H; = (V;,6;) and I = {1,...,n} we have

(1) V(H)=Vi XV X ... X Vy,

(2) for ECV(H) we have E € &(H) if and only if there is an i € [, s.t.
() pi(E) € & and
(i) |p;(E)| = 1forall j €I\ {i}.
Notice, that |p;(E)| = |E| holds.
Let w € V(H) be a vertex of H. The partial hypergraph of H induced by all vertices of H which

differ from w exactly in the j-th coordinate is isomorphic to H;, more formal
({v € V(H) | pe(v) = wi for k# j}) = H;.

We will call this partial hypergraph the Hj-layer through w, denoted as H}. The isomorphism
HY — Hj is then the projection p;. For u € V(H}") we have H} = H} and moreover V (H}) N
V(H}") =0if and only if u ¢ V(H}').

Figure 2.2: Cartesian product HUE3 (cf. Figure 2.1), red H"-layer
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Figure 2.2 shows the Cartesian product of a hypergraph H and the hypergraph E3 consisting
of a single edge with three vertices, see Figure 2.1 and a layer of the hypergraph H through the
vertex w, H", highlighted by red edges.

Summary

To conclude this section, we summarize the preceding results. For the Cartesian product holds:
1. The restriction of this product on graphs is the Cartesian graph product.
2. Associativity.
3. Commutativity.
4. Distributivity with respect to the disjoint union.
5. The product of two simple hypergraphs is simple.
6. The projections of a product hypergraph onto its factors are weak homomorphisms.

As an open problem, it remains to examine if this product has a unique prime factorization.

This will be done in Chapter 3.

2.2 The Direct Product

To find suitable direct hypergraph products, we have to claim that they are closed under the
restriction on 2-uniform hypergraphs. The most simple way to ensure this is to define a product
which preserves the rank of one of its factors, and therefore is closed on r-uniform hypergraphs
in general. Besides, it is also possible to define a direct hypergraph product, which does not need
to be r-uniform although its factors are.

In this section we will introduce three different direct products. The direct product x, which
preserves the minimal rank of two factors, the direct product X, which preserves the maximal

rank of two factors and the direct product X, which does not preserve any rank of its factors.

2.2.1 r-Uniformity Preserving Direct Product

Recall, that for two given graphs, G| and Gy, e = {(x1,x2), (y1,y2)} is an edge in G| x G, for
xi,yi € V(G;), i=1,2, if and only if {x;,y; } is an edge in G| and {x,,y,} is an edge in G,.
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2 Hypergraph Products

There is no problem to extend this definition to r-uniform hypergraphs:

Let H, and H, be two r-uniform hypergraphs. We define their direct product H; X H; by

(oﬁ(Hl X Hz) = {{(xl,yl),...,(xr,y,)} ’ {xl,...,xr} S éa(Hl),{yl,...,yr} S éa(Hz)} (23)

Thus E = {(x1,y1),..., (xnyr) }, xi €EV(H)),yi € V(H),i=1,...,r,is an edge in H; x H, if
and only if

(i) {x1,...,x} is an edge in H; and
() {yi,...,yr} is an edge in H,.

Figure 2.3 shows a direct product of two hypergraphs that consists only of a single edge with

three vertices.

Es

Figure 2.3: Direct product E3 X E3

Clearly, for r = 2 this is the direct graph product.
This product was introduced by W. Dorfler and D. A. Waller in [13]. However, it is only
defined on r-uniform hypergraphs. A natural question is how to extend this to a product between

two arbitrary, non-uniform hypergraphs.

Minimal Rank Preserving Direct Product

Now we introduce a direct hypergraph product which preserves the the minimal rank of one of
its factors.

Let H; = (V1,&) and Hy = (V5, &) be two hypergraphs. Then their direct product x is defined
on the Cartesian product of the vertex set, and a subset E = {(x1,y1),..., (x;,y,)} of Vi X V5 is

an edge in Hy x H, if and only if
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(i) {x1,...,x} is an edge in H; and {y,...,y,} is the subset of an edge in H,, or
(i) {x1,...,x-} is the subset of an edge in H; and {yj,...,y,} is an edge in H,

More formal, for two hypergraphs Hy = (V1,&1),Hy = (V2, &), we define their direct product X
by the edge set

E(H xHy) 1= { U{(x,n(x))} | m: E — F injective, E € &,F € &}
xek

u{ U{(ﬂf’(y),y)} | #' : F — E injective, E € &,F € & }.
yeF

Let an edge {(x1,y1),---,(x,,y,)} in H = H; xH, be denoted by

() Eiz if {x1,...,x,} =E; € & and {yy,...,y.} C F; € &, where  : E; — F is the injective
mapping defined by 7(x;) =y, forall k € {1,...,r}, and

(i) Egjif{yi,....y,} =F; € & and {x,...,x,} CE; € &1, where n’ : F; — E; is the injective
mapping defined by 7’(yi) = x; forall k € {1,...,r}.

Notice, if there exists no edge of the form E;z, all edges of H are of the form E/; and vice versa.

Figure 2.4 shows a direct product X of a hypergraph H and the hypergraph E3, which consists

only of a single edge with three vertices.

Figure 2.4: Direct product X, HX E3

The restriction of the direct product X to r-uniform hypergraphs is the product defined in

Equation (2.3), hence the restriction of this product to simple graphs coincides with the direct

22
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graph product.
We have:

r(H1 >V<H2) = min{r(H1 ),F(Hz)}
and
S(Hl >V<H2) = min{s(Hl),s(Hz)}
where r(H) and s(H ) denote the rank and the anti-rank, respectively of a hypergraph H.

Lemma 2.6. The direct product X is associative.

Proof. Let Hy = (V1&1),Hy = (V2,63),H3 = (V3,83) be given hypergraphs. As for the Carte-
sian product we proof associativity by showing that the mapping v : V(H| X (HyxH3)) —
V((HyxH») < H3) defined by (x, (y,z)) — ((x,y),z), withx € V|, y € V, and z € V3, is an isomor-
phism. Obviously v is bijective, hence, it remains to show the homomorphism property, i.e., we
have to show that E is an edge in H, x (H,x H3) if and only if WE is an edge in (H; xH,) X Hj.
Let E = {((x1,y1),21),---,((xr,¥r),2-)} be an edge in (H; X H,) X Hj.

There are two cases which can occur. First, {z1,...,2,} is an edge in H3 and
{(x1,y1)s---,(x;,y,)} is thus a subset of an edge in H xHa, hence {xi,...,x,} and {y;...,y,}
must be subsets of edges in H; and H, respectively. But then {(y,z1),...,(yr,2,)} is an edge in
Hy x Hs, thus WE = {(x1,(y1,21)),- -+, (xXr, (r,2,)) } is an edge in Hy X (Hp X H3).

Second, {(x1,y1),...,(x,,y,)} is an edge in H; X Hj and {z1,...,z,} is a subset of an edge in H;.
Then, {xi,...,x,} is an edge in H; and {y;...,y,} is a subset of an edge in H, or vice versa.
In the first case {(y1,21),---,(yr,2,)} is a subset of an edge in H, X H3, hence, WE is an edge in
Hi % (HyxHs), and in the second case {(y1,z1),.--,(Vr,2,)} is an edge in Hy X H3 and thus WE
is an edge in Hy x (Hy < H3).

This implies that, whenever E is an edge in (H, X H,) X H3, then WE is an edge in Hy X (Hy X H3).
The converse, i.e., if WE is an edge in Hy X (H,XH3) then E is an edge in (H; X Hy)xHs, is
shown analogously. Hence, it holds (H; X Hy) x Hy = Hy X (Hy X H3). O

As for the Cartesian product, we have due to the symmetry of its definition:
Lemma 2.7. The direct product X is commutative

Distributivity with respect to the disjoint union as addition follows by set-theoretic consider-

ations similar to those as in the case of the Cartesian product.
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Lemma 2.8. The direct product X is left and right distributive with respect to the disjoint union

as addition.

Proof. Let Hy = (V,81), Hy = (V2,6,) and Hz = (V3, &%) be hypergraphs and let H, and Hs be

vertex-disjoint. Then we have

&(Hy % (Hy + H3)) {U{xﬂ )} | @1 E — F injective, E € &,F € & U &3}

xek
U{U{ y)} | o' 1 F — E injective, E € &,F € & U &}
yeF
={ U{(x,ﬂ(x))} | m: E — F injective, E € &,F € &}
xek
U{U{xn )} | ®: E — F injective, E € &1,F € &}
xekE
U{U{ y)} | &' : F — E injective, E € &1,F € &}
yeF
U{U{ )} | &' : F — E injective, E € &1,F € &}
yeF
—{U{xn )} | @ E — F injective, E € &,F € &}
xek
U{U{ y)} | &' : F — E injective, E € &1,F € &}
yeF
u{ U{(x,n(x))} | T: E — F injective, E € &,F € &}
xekE
U{ UJ{(#'(y),y)} | 7' : F — E injective, E € &,F € &}
yeF

=& (H,%H,) U & (Hy X Hs)
=& ((Hi X Hy) + (H) X H3))

With the same arguments as in Equation (2.1) we can conclude V(Hx(H, + H3)) =
V((HyxHy) + (H, < Hs)) and hence, it follows Hy X (H, + H3) = (H; X Hy) + (Hy < H3).

Analogously we can conclude (H; + Hy) X Hs = (Hy + H3) X (H, + H3) for vertex disjoint hyper-
graphs H| and H>. U

Note, that the direct product x of two connected hypergraphs need not to be connected.
Lemma 2.9. The direct product %, H = X'_H;, of simple hypergraphs H; is simple.

Proof. Because of associativity and commutativity of the direct product x, it suffices to prove

the assertion for n = 2. Therefore, let H, = (V},8)) and H, = (V3,63 ) be two simple hypergraphs
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and suppose H = Hj X H, is not simple. Then several cases can occur.

Suppose first H contains at least one loop {(x,y)}. Then, it follows, {x} is an edge in H}, i.e., a
loop, or {y} is a loop in H,, contradicting the fact, that H; and H, are simple. Thus, |E| > 2 for
all E € &(H).

Now,assume there is an edge E; r, contained in an edge E;,r,. If there are no edges of the form
E;z in H, we consider the hypergraph Hy X H;.

We have Ejz, = U.eg, {(x,75(x)) }, where 7, : E; — Fj, is an injective mapping, with E; € &
and F, € &, for s = 1,2. It follows

E,=J{xc U x=E,

XEE,'I JCEE,'2

and since H, is simple we conclude i; = i. Furthermore we have

m(Ey) = J {m®} < U {m®)} CF,
XEE,'I )CEE,'2

hence 7; is a mapping from E;, into Fj, and since 7 (x) = m(x) must hold for all x € E;) = E;,
we have m; = my. Thus, Ej, z, C Ej,z, implies (i;7;) = (i2m2). Analogously we can conclude that
Eyj, C Eyj, implies (7] j1) = (T3 j2).

Now assume we have Ejz C Ep; with Ejz = U, {(x,7(x))}, where 7 : E; — Fj, and Ep; =
Uyer, {(7'(y),3)}, o' : Fj — Ey, respectively. Remark that 7(E;) C Fy as well as @'(F;) C Ej.
It follows

E= U Uine) =7(F) CE

xeE; yeF;
and since H; is simple, we conclude i = /. But then it follows E; = n/(F;), i.e. ' :
Fj — E; is surjective and therefore bijective. Thus we can write Ex; = U,ep {(7'(v),3)} =
Urer, {(x, 7 (x))} = Ej-1. Since 7(x) =y if and only if 7'(y) = x for all x € E; we obtain
n'~! = . Hence Eiz C Ey; with Eiz = Uyeg, {(x, 7(x))} implies (ir) = (7')).
The fact that Ep; C Ejz implies (i) = (n'j) as well is shown analogously. Thus, H is sim-
ple. U

The direct product x does not have a unit in the class of simple hypergraphs, since the direct
product has no unit for simple graphs. Also in the class of non simple hypergraphs, there exists
no unit. To be more precise, neither the one vertex hypergraph K; without edges, nor the one

with a loop, LK, is a unit for the direct product x:
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Example 2.1. Consider the (hyper)graphs K, = ({a,b}, {{a,b}}), consisting of two vertices
and one single edge containing these vertices and LKy = ({x},{{x}}), respectively. Then:

V(K2>V<LK1) = {(a,x),(b,x)} = V(Kz X LK])

but

éa(KziLKl) = {{(a,x)},{(b,x)}} 7é {{(avx)v (bvx)}} = g(KZ X LK}),

where % denotes the direct product % of hypergraphs, and x denotes the (usual) direct graph
product. Therefore Ky x LK) # Ky x LKj.

The latter example implies, that the direct product X does not coincide with the direct graph
product in the class of graphs with loops. Furthermore, it turns out, that the direct product X has

no unique prime factorization in general, as shown in the following example:

Example 2.2. Let E3 be the hypergraph consisting of three vertices and one edge containing
these vertices. Then we have

K>y XE3 = Ky XEj.

0
©
(-]

N
X«
12
X«

Figure 2.5: Two different pairs of hypergraphs whose direct product X is isomorphic

Furthermore, consider the projections of such a product hypergraph into its factors:
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Example 2.3. The direct product % as in Figure 2.5, H = E3 X K>, has edge set

&(H)={{(1,a),(2,b)},{(1,a),(3,0)},{(2,a),(1,b)},{(2,a).(3,0)},{(3,a),(1,6)},{(3,a),(2,b)} }

The Factor E3 has edge set & (E3) = {{1,2,3}}. For the projection pg, into this factor holds:

pEs({(laa)’(zab)}) :pE3({(2’a)’(l’b)}) = {1’2} ¢ g(E3)
pEs({(laa)’(3’b)}) :pE3({(3’a)’(l’b)}) = {1’3} ¢ g(E3)
pE3({(2,a),(3,b)}) :pEs({(37a)7(27b)}) = {273} ¢ éa(E3)

In general, we have

but
pi1(Ep;) = 7' (F))

and this need neither be a vertex nor an edge in Hy, as well as
p2(Eix) = n(E;)

and this need neither be a vertex nor an edge in H,, too.

So the projections indeed preserve adjacency, i.e., two vertices in a direct product X hypergraph
are adjacent, whenever they are adjacent in both of the factors. However, the projections need
not to be (weak) homomorphisms in general.

Thus, we not consider this product further.

Maximal Rank Preserving Direct Product

In the last paragraph we defined a product where the size of two multiplied edges is reduced to
the size of the smaller one. This might be the reason for the non-uniqueness of the prime factor
decomposition as seen in Example 2.2, and that the projections of a product into its factors need
not to be weak homomorphisms.

Now we will define a direct product, such that an edge, we get by multiplying two edges,
preserves the size of the bigger edge of the factors.

For this product most of the basic properties are shown analogously as for the direct product X.
Let Hy = (V1,&)) and Hy = (V»,&5) be two hypergraphs. Then their direct product X is defined

on the Cartesian product of the vertex set, and a subset E = {(x1,y1),..., (x;,y,)} of V] X V3 is

an edge in H; X H, if and only if
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(i) {x1,...,x} is an edge in H; and there is an edge F € &, of H, such that {y,...y,} is a
family of elements of F, and F C {yi,...,y,}, or

(i) {y1,...,yr} is an edge in H; and there is an edge E € &} of H; such that {x,...x,} is a
family of elements of E, and E C {xy,...,x,}.

More formal, we define the direct product X of two hypergraphs H; = (V{,&]) and Hp =
(Va,6) by the edge set
E(H XHy) 1= { U{(x,(p(x))} | ¢ : E — F surjective, E € 6,F € &}

xeE

U{ UJ{(@'().»)}: ¢ : F — E surjective, E € &, F € &}.
yeF

Figure 2.6 shows the direct product X of the hypergraph E3, which consists of one single edge
of size 3 and the K>, consisting of one single edge with two vertices. Another example can be

seen in Figure 2.3 at the beginning of this section.

N K,

Figure 2.6: Direct product X, E3 XK

Let an edge {(x1,y1),---, (xr,y,)} in H = H; X H, be denoted by

() Ejp if {x1,....x,} =E; €& and & 5 F; C {y1,...,y.} C Fj, where ¢ : E; — Fj is the
surjective mapping defined by ¢ (x;) = yy forall k € {1,...,r}, and

(i1) E(p’j if {yl,...,yr} = Fj €& and & D E; C {xl,...,xr} - El-r, where (p/ : Fj — E; is the
surjective mapping defined by @’(yx) = x; forall k € {1,...,r},

where X" denotes a family of elements of a set X, that contains each element of X with multiplic-

ity r. Notice, if there exists no edge of the form Ejq, all edges of H are of the form E ; and vice
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versa. With this notations, for the projections p; and p, of a product hypergraph H = H; X H,

into its factors H; and H,, respectively, holds:

pi(Eip) =E; € &(Hy) and  py(Eip) = @(E;) = F; € §(Ha),
since @ : E; — F is surjective, and

p2(Egj)=F; € &(Hy) and pi(Ey;) =@ (F;) =E; € &(Hy),

since ¢ : Fj — E; is surjective. Hence, p; and p, are homomorphisms.
We can state:
For two hypergraphs H; = (V},8)) and H, = (V,,&) a subset E C V| x V, of the Cartesian

product of their vertex sets is an edge in their direct product X, H = H; X H, if and only if
(i) pi(E) is an edge in H; and
(i) p2(E) is an edge in H, and
(i) |E| = max{|pi (E)], | p2 () }.

If we restrict this product to r-uniform hypergraphs, we get the product defined by Equation
(2.3), i.e,

éa(Hl >A<H2) = {{(xl,yl),...,(x,,yr)} ‘ {X],...,Xr} S (Dﬁ(H]), {yl,...,yr} € éa(Hz)}

for r-uniform hypergraphs H; and H,. Thus, this product coincides with the direct graph product
in the class of simple graphs.
We have:

r(Hy XH,) = max{r(H,),r(H)}
and
s(HyxH,) = max{s(H,),s(H)}

where r(H ) and s(H) denote the rank and the anti-rank, respectively of a hypergraph H.

From analogous considerations as for the direct product X, we can state:

Lemma 2.10. The direct product X is associative, commutative and distributive with respect to

the disjoint union.
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The one vertex hypergraph with a loop, LK is a unit for the direct product X in the class
of hypergraphs with loops. In the class of simple hypergraphs, this product has no unit. The
direct product X of two connected hypergraphs need not to be connected, since it need not to be

connected in the class of graphs. It remains to show the following property:
Lemma 2.11. The direct product X, H = X_H; of simple hypergraphs H; is simple

Proof. Because of associativity and commutativity of the direct product X, it suffices to prove
the assertion for n = 2. Therefore, let H; = (V;, &) and H, = (V, 63) be two simple hypergraphs
and suppose H = Hj X H, is not simple. Then several cases can occur.

Suppose H contains at least one loop {(x,y)}. Then, it follows, {x} is an edge in H}, i.e., a loop
and {y} is a loop in H,, contradicting the fact, that H; and H, are simple. Thus, |E| > 2 for all
Ec &(H).

Now assume there is an edge Ej g, that is contained in an edge Ej,y,, where Ej o =
{(x1,31)s--.,(xr,yr) }, such that {xi,...,x,} = E; € & and ¢, : E;, — Fj, through x; — yx,
forall k € {1,...,r} and Ej,p, = {(x},)}), ..., (%}, ¥)}, s > r such that {x},...,x,} = E;, € &
and @, : E;, — Fj, through x} — y,, for all k € {1,...,s}. If there is no edge of the form E;,

contained in H, we consider the hypergraph H, X H;. Then it immediately follows
E, ={x1,....x.} C{x},... . X} =E, (2.4)
sy © 000 (2.5

Equation (2.4) implies i; = iy, since H; is simple. On the other hand ¢; (x) = ¢,(x) must hold
for all x € E;, = Ej,, hence ¢; = ¢,. Thus, we can conclude that E; ,, C Ej,q, implies (ij¢;) =
(l202).

The fact that Eqy j, C Eyy;, implies (@ j1) = (¢3/2) is shown analogously.

Now suppose we have Ej, C Egj, where Ejp = {(x1,y1),...,(x-,¥,)}, such that {x,...,x.} =
E;c & and ¢ : E; — F,,, F,, € &, through x; — i, for all k € {1,...,r}, respectively Ey; =
{00, (6, ¥,)}, s > rsuch that {y{,...,yi} = F; € & and @' : F; — Ej, E; € &}, through
Y+ x;, for all k € {1,...,s}. Notice that F,, C {y1,...,y,} C Fj, and E; C {x},...,x,} CE},

respectively. It follows

Ei={xi,....x,} C{x},.... X} CE} (2.6)

Equation (2.7) implies m = j, since H, is simple. In particular holds F,, = {yi,...,y,}, hence

Yk 7 Yi» and therefore ¢ (xx) # ¢@(x) for all k # k" and as x; # x for all k # k’ we can conclude
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2 Hypergraph Products

that ¢ is injective, thus bijective. We can now define ¢ ' : F,, = F 7 — E; through o ') = xx
for all k € {1,...,r} and denote Ejy by E,-1;. On the other hand ¢'(y) = ¢~ !(y) must hold for
ally € F,, = F}, hence ¢’ = ¢!, and therefore E;, C Ey; implies (i9) = (¢! j) = (¢'}).

The fact that Ey; C E;, implies (¢’ j) = (i) is shown analogously as well.

Thus H is simple. U

As mentioned, the restriction of the direct product X to simple graphs is the direct graph
product. Moreover, the restriction of this product to graphs coincides with the direct graph
product in general, also in the class of not necessarily simple graphs with loops.

Since this product is associative and commutative, the direct product X of arbitrary many
factors H = X, H; is well defined, and we can state:

E CV(H)is an edge in H if and only if

(1) pi(E) e &(H;) forallie {1,...,n} and
@ [E| = |pj(E)| fora j € {1.....n}.

Notice, that item (2) implies |E| = max; |p;(E)]|.

2.2.2 A Direct Product that does not preserve Rank

For the sake of completeness, we want to introduce a hypergraph product here, whose restriction
on 2-uniform hypergraphs coincides with the direct graph product, but which does not preserve
r-uniformity in general.

For two hypergraphs H, = (V},8)) and Hy = (V5,&3), we define their direct product X by the
edge set

E(H %) = {{(x)}U (B ) x (F\ D)) | (63) € V(H) and x € Er € Gz y € Fy € )
Let an edge E in H = H| X H, be denoted as

Ey (i) 1 E = {06,9) F U ((E\ {x}) < (F;\ {¥})),

where E; € &(H,) and F; € &(H>).
The direct product X is motivated by [31], where the authors introduced the concept of .4 -

systems. An ./ -system (X,./#") consists of a nonempty finite set X and a system .4 that as-
sociates to each x € X a collection 4 (x) = {N'(x),...,NY®(x)} of subsets N'(x) of X that
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contain x. The collection .4"(x) is then called the neighborhood of x. The direct product
(X, M) = (X1,.M) X (Xp,.4) of two A -systems (X|,-41) and (X3,.43) is defined by

(1) X =X, xX,
(2) The neighborhoods A" ((x,x2)) are the sets {N' x N" | N € A1 (x1), N € (x2)}.
A (simple) hypergraph H = (V, &) can be described as an .4 -system (V,.4") if we set
N (v)={Ee€&|veE}

forallve V.

Conversely, we can construct a system (V,.4"?) of "open” neighborhoods by
N°(v)={E\{v}|veEe&}.

We define the product of such systems analogously. The represented hypergraph of a product of
such .4 °-systems is then the direct product X of the represented hypergraphs of the factors.

Remark 2.1. In the definition of the direct product X the following case might occur:
Consider two hypergraphs Hy and H, such that there are edges E; € &(Hy) and F; € & (H>),
such that E; = {x,a} and F;j = {y,b}. For the product H = H, XH, holds:

E(H) 3 E(y),ij) ={(x0) FU (E\ {x}) x (F;\ {y}))
={(a,b)}U ((E:\{a}) x (F;\{b})) = E(w),ij € & (H)

That is, we might get some multiple edges in the product hypergraph. In this case, we will
consider those edges as one single edge.

Conversely, this does not imply that we consider two edges {(x,y)} U ((E;\ {x}) x (F;\ {y}))
and {(a,b)} U ((Ex\ {a}) x (F;\ {b})) € &(H), with E; = {x,a}, Ex = {x,a} € &(H,) and
Fj={y,b}, F,={y,b} € &(H,), as one single edge if i # k or j # 1, i.e., in the case that H, or
H, are non simple hypergraphs.

Figure 2.7 shows the direct product X of two hypergraphs, both consisting of a single edge
with three vertices. As this product is horrible to visualize, two hypergraphs H; and H, are

depicted, whose union of the edge sets are the edges of the product hypergraph H.
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2 Hypergraph Products

Figure 2.7: Direct product X, H = E3 X E3 with edge set &(H) = & (H;) U & (H,)

For the projections p; and p, of a product hypergraph H = H; X H, into its factors H; and H,,

respectively, holds:

P1(Eq) i) = {p1 () }Upi (B \ {x}) x (Fj\ {y})) = {x} U(E:\ {x}) = E; € &(Hy),
P2(Eqw i) = {p2((6.) }Up2 (B \ {x}) x (Fj\ {y}) = {0 U (F\ {v}) = F; € E(Ha).

Thus, they are homomorphisms.

If we restrict the definition of this product to 2-uniform hypergraphs, i.e. simple graphs, we
have: E C V(G XGy) is an edge in G1 XGy iff E = {(x,y)(«',)')} and {x,x'} is an edge in G,
and {y,y'} is an edge in G,. That is exactly the direct graph product.

For the direct product X we have:
r(HyxHy) = (r(Hy) = 1)(r(H2) = 1) + 1
and

S(Hl >~<H2) = (S(Hl) — 1)(S(H2) — 1) +1
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where r(H) and s(H) denote the rank and the anti-rank, respectively of a hypergraph H. Thus

the (anti-)rank of a product might not be the (anti-)rank of one of its factors in general.
Lemma 2.12. The direct product X is associative.

Proof. Let H = (V,8),H, = (V2,6,) and Hz = (V3,&3) be hypergraphs. As before we need
to show that the mapping v : V((HyXH,)xH3) — V(H, X (HyxH3)) defined by ((x,y)z) —
(x,(y,z)) is an isomorphism. There is nothing to show about bijectivity. It remains to show
that for a subset E C V((HXHy)xHj3), E is an edge in (H,XH,)xHj, if and only if WwE
is an edge in H;x(H,XHs). First, we will examine, how an edge in (H;XH,)xH; and
H\ X (HyX H3), respectively, look like. Recall that an edge E’ of H; X H, must be of the form
E' = {(x,y)} U((Di\{x}) x (Ej\{y})) where x € D; € &| and y € Ej € &. Thus, we have
E CV((H\XH,)XHz) is an edge in (H X Hy) X H3, iff

E ={(w2)}U[(E"\{w}) x (F\{z})]
= (o) DO [P IO 1) x (EA D) V)] % (R (2]
= {((%), Y0 [ (DA () x (BN 1] x [F\ {2}, 28)
where w = (x,y) € Vi xV, and z € V3, and D;, E; and Fj are edges in &1, &> and &3, respectively,
such that x € D;, y € E; and z € Fy.
On the other hand we have F C V(H; X (H,xH3)) is an edge in Hy X (Hy X Hz), iff
F={(x,v)}U[(D\{x}) x (F'\ {v})]
= {(x. 0.2 0 [P\ {6} x [({0: DU (EN D) x (B D) {0} |
= {(x, 032U [ [P\ B3] x (B \ 1) > (B =] (2.9)
where F' = {(y,2)} U ((E; \ {»}) X (Fk \ {z})) is an edge in HyXHz, v = (y,z) € Vo x V3 and
D;, E; and Fj are as in Equation (2.8).
We observe, that whenever E € & ((Hy XH,) X H3), then it has the form as in Equation (2.8) and
for its image W(E) we have W(E) = F € &(H, X (Hy xH3)).
Conversely, an edge F of H; X (H, x H3) must have the form as in Equation (2.9), and if we set

F := y(E), its preimage E is an edge in (H; X H) x H3.

Therefore the mapping y is an isomorphism and the assertion is true. U

Lemma 2.13. The direct product X is commutative.
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Proof. Let Hy = (V},8)) and H, = (V,,&>) be two hypergraphs. We need to show, the mapping
v : V(H\XH,) — V(H,xH;) defined by (x,y) — (y,x) for x € V}, y € V, is an isomorphism.
For a subset E of V(H|XH,) =V x V5, E is an edge in H; x H; if and only if E = {(x,y)} U
((E:\{x}) x (Fj\{»})). forx € E; € & and y € F; € 5.

This is equivalent to W(E) = {(y,x)} U ((Fj\ {y}) x (E;\ {x})). Hence, E € &(H, xH,) if and
only if y(E) is an edge in H, X H. O

Lemma 2.14. The direct product X is left and right distributive together with the disjoint union

as addition.

Proof. Let H, H, and H3 be hypergraphs and furthermore, let H, and H3 be vertex-disjoint.
Then we have for the edge set of Hy X (H, + H3):

E(Hi % (Ha+Hy)) ={{(x,y)}U[(E\{x}) x (F\{Y})] |x€E, E€ &, y € F, F € U635}
={ENIU[END) x (F\{y})] [x€E,E€ &5 y€F, Fe &}
U{{e) U (EN{x}) x (F\{y})] |x€E, E€ & y€F, F € &}
—&(Hy % Hy) U & (Hy < H;)
—&((H\ % Hy) + (H < Hy)). (2.10)

With the same arguments as in Equation (2.1) we can conclude V(H;X(H, + H3)) =
V((H; xH;) + (H; xH3)) and hence, it follows

Hy % (H2 +H3) = (H1 >~<H2) + (H1 >~<H3)
Analogously, it is shown
(Hl —I—Hz) >~<H3 = (Hl >~<H3) + (H2>~<H3)

for vertex-disjoint H; and H,. Ol

Next, we will examine on which conditions the direct product X is a simple hypergraph.

Lemma 2.15. The direct product X, H = X_H,, of simple hypergraphs H; is simple.
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Proof. Because of associativity and commutativity of the direct product X, it suffices to prove
the assertion for n = 2. Therefore, let H; = (V;, &) and H, = (V, 63) be two simple hypergraphs
and suppose H = Hj X H; is not simple.

Assume first H contains at least one loop {(x,y)}. Then, {(x,y)} = {(x/,y/)} U [(E\ {¥'}) x
(F\{y'})] holds for an ¥ € E € & and an y € F € &. It follows x = x’ and y =y’ and
(E\{¥'}) x (F\{y'}) =0. Hence, E\ {xX'} =0 or F\ {y'} = 0 must hold. We conclude that
E = {x} is an edge in H}, i.e., a loop, or F = {y} is a loop in H,. Both contradicts the fact, that
H, and H, are simple. Thus, |E| > 2 forall E € &(H).

Now suppose E(yy) (ij) € E(xy) i) 1-€-

{e )} U [EN ) < (F\ D] S {0 [EA ) x (Fp \ {y'})] (2.11)

Then it immediately follows
(r,y) € {(Y)PU (BN D) x (Fp \ {'D] € Er x Fy (2.12)
and hence
x€Ey and y € Fj. (2.13)
and therefore we have
E;x F; CEy X Fy, (2.14)
thus
E;CE;, and F;CFy (2.15)
and since H; and H, are both simple, it follows
i=i as well as ji=7 (2.16)

It remains to show that (x,y) = (x’,)’). We will prove this indirect. Assume (x,y) # (x/,y').
Now from (2.11) and (2.16) we have

(E:\ {x}) x (F;\ {y}) {0 Y)FULEN XD x (F\ {y'})] (2.17)

=X =Y
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If we compute the intersection of these two sets we get

A=[(EN ) x (A D] 0 {0 [EA D x (F A DD
[[EN 1) x (FA D] 1)

O [[EN () < B\ D] N [EA D < (A DD 218
For short, it holds
XNy =A=Buc*’ (2.19)

Now we have to distinguish several cases: First suppose x # x’ and y =y’ Then it follows for the
sets B and C in (2.18)

B=0
C=(E\{xx'}) x (F;\ {y}) (2.20)
But Equation (2.19) implies
(E\{x}) < (F;\ {v}) = (E:\ {x.x}) x (F;\ {v}) (2.21)
and hence in particular
E\{x} =E\ {x,x'} (2.22)

which is a contradiction, so the case X' # x and y =y’ cannot occur. The case x = x’ and y # y’
leads analogously to a contradiction.
Now suppose x # x’ and y # y'. We then have for B and C in (2.18):

B={(¥.y)}
C=(E\{x,x'}) < (F;\ {»y'}) (2.23)

And again from (2.19)
(E\{x}) x (F;\ {y}) = {(& ) JU [(E:\ {x.d'}) x (F;\ {»'})] (2.24)

must hold. But this can only be fulfilled if E; = {x,x'} and F; = {y,y'}.

Together with Remark 2.1 we can conclude that H is simple. U
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The direct product X of arbitrary many hypergraphs H = X H; is well defined, since it is
associative and commutative. Also the projections of a hypergraph product of arbitrary many
hypergraphs into its factors are homomorphisms. However, the direct product X does not have
a unit, neither in the class of simple hypergraphs, since the direct graph product has no unit in

the class of simple graphs, nor in the class of non simple hypergraphs.

Example 2.4. Consider the (hyper)graphs K, = ({a,b},{{a,b}}), consisting of two vertices
and one single edge containing these vertices and LK, = ({x}, {{x}}), respectively. Then:

V(K2 % LK) = {(a,x), (b,x)} = V(K x LK)

but

g(KZQL’Kl) = {{(a’x)}’{(b’x)}} 7& {{(a’x)’ (b’x)}} = éo(KZ X LKl)a

where X denotes the direct product X of hypergraphs, and x denotes the (usual) direct graph
product. Thus, Ky x LKy # Ky x LK.

Hence, LK; is not a unit with respect to the direct product X, and the direct product X does
not coincide with the direct graph product in the class of graphs with loops.

For this reasons we will not consider this product further.

Summary

Three hypergraph products were defined in this section. The direct product X, the direct product

% and the direct product X. For all these products, the following results hold:
1. The restriction of these products on simple graphs is the direct graph product.
2. Associativity.
3. Commutativity.
4. Distributivity with respect to the disjoint union.
5. The product of two simple hypergraphs is simple.
Furthermore, for the direct product X and the direct product X holds:

6. The projections of a product hypergraph onto its factors are homomorphisms.
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And in addition, the direct product X coincides with the direct graph product in the class of non

simple graphs and graphs with loops as well.

Remark 2.2. In the following, we will refer to the direct product % as direct product, denoted

by Xx.

As an open problem, it remains to examine if the direct product has a unique prime factoriza-

tion. But that would go beyond the scope of this thesis.

2.3 The Strong Product

In graph theory, the edge set of a strong product of two graphs is the union of the edge sets of
their Cartesian and direct product. For hypergraphs, we will proceed in the same way.
With the direct products of the last section, there are three possible definitions of a strong hyper-
graph product, whose restrictions to simple g*raphs result in the strong graph product:

Let the edge set of a strong product H = H; X H,, * = V, A, ~ of two hypergraphs H;,H, be
*
éa(Hl gHz) = (pﬁ(H]DHz) Uéa(H] >*< Hz),

where &' (H| x H,) corresponds to the respective direct product from Section 2.2.
For the same reasons as in Section 2.2, the respective strong products resulting from the direct
product X and the direct product % do not coincide with the strong graph product if we admit
loops. Therefore, we will only consider the strong product which belongs to the direct product,
i.e., the direct product X.
We define the strong product H = Hy X H, of two hypergraphs H; = (V},&1) and Hy = (V5,63)
by the edge set

&(H|XH,) = &(H\OH,) U &(Hy x Hy), (2.25)

In other words, a subset E = {(x1,y1),...,(x;,y,)} of the vertex set V(H) = V| x V, is an edge
in H = Hi X H, if and only if

(i) {x1,...,x}isanedgein &(H;) and y; = ... =y,, or
() {y1,...,yr}isanedgein &(H,) and x; = ... = x,, or

(iii) {xp,...,x -} is an edge in H; and there is an edge F € &, of H; such that {y;,...y,} is a
family of elements of F, and F C {y,...,y,}, or
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@iv) {y1,...,yr} is an edge in H; and there is an edge F € &} of H; such that {x,...x,} is a
family of elements of E, and E C {xy,...,x,}.

The projections p; and p, of a strong product H = H; X H, of two hypergraphs into its factors
are weak homomorphisms, since edges included in the second term of the right hand side of
Equation (2.25) are mapped into edges, and those included in the first term are mapped into
edges or vertices.
We have for an edge E € &(H):
e E is Cartesian if and only if
[p1(E)| =1 and p(E) € £(Hs), or

pi(E) € &(H;) and |p2(E)| =1 and
* E is non-Cartesian if and only if
pi(E) € &Hy), p2(E) € &(Hy) and |p;(E)| = |E| foran i € {1,2}.
Let a Cartesian edge E = {(x1,y1),...,(x;,y,)} in H = H; X H, be denoted by
(i) Eiyif E =E; x {y}, where {x,...,x,} =E; € &(H)) andy; = ... =y, =y € V(H>), and
(i) Eyjif E={x} xEj,wherex; =...=x, =x€ V(H;) and {yi,...,y.} =E; € §(H,)
and a non-Cartesian edge by

(ili) Ejp if {x1,...,x,} =E; € & and & > F; C {y1,...,y,} C F}, where ¢ : E; — Fj is the
surjective mapping defined by ¢ (x;) = yx forall k € {1,...,r}, and

(iv) Ey;if {y1,...,y,} =Fj € & and & 3 E; C {x1,...,x,} C E], where ¢’ : F; — E; is the
surjective mapping defined by ¢’(yi) = x; forall k € {1,...,r}.

If H;, i € {1,2} is not prime, i.e., H; = H/ K H/, then an edge E € &(H) is Cartesian in
(H{ X H{") X H, iff (i) holds or (ii) is fulfilled and p;(E) is Cartesian in H{ X H{'. Similar E is
Cartesian in H; X (H) X HY) iff (i) is fulfilled and p,(E) is Cartesian in H} X HY' or (ii) holds.
Otherwise, if the respective condition would be fulfilled, but p;(E) is non-Cartesian in H; X H/,
then E is non-Cartesian in (H] X H{") X H, or H; X (H} X H}}), respectively.

In graph theory, the strong product can be seen as a special case of the direct one. There is no

reason not to claim this for strong hypergraph products.
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Let NH denote the partial hypergraph of H with edges &(NH) ={E € &(H) | |[E| > 2}. On
the other hand let LH’ denote the hypergraph, which arises from H' by assigning a loop to each
vertex of H'. For a hypergraph H = (V, &) without loops we have &(LH) = &U{{v} [veV}.
Then for the strong and the direct product holds

H gHz = N(LH} X LHZ) (226)

for hypergraphs H;, H, without loops.

(o @; o)
( KIS |
SRS
)
E; X Es

Figure 2.8: Strong product £3 X E3, red Cartesian edges

Figure 2.8 shows the strong product of the hypergraph E3, which consists of a single edge
with three vertices, multiplied with itself. The Cartesian edges of this product are highlighted
red.

Lemma 2.16. The strong product is associative

Proof. Let Hy = (V1,81),Hy = (V2,&) and Hz = (V3,43) be hypergraphs. Again we have to
show, that the bijective mapping y : V((H; X Hy) X Hy) — V(H; X (H, X H3)), defined by
((x,¥),2) — (x,(y,2)) is an isomorphism.

In the following, let pyxp,,, denote the projection from (H; X H,) X Hs into Hy X H, for i = 1
and from H; X (H, X H3) into H, X H3 for i = 2, respectively, whereas p ; denotes the projection
into H; for all j € {1,2,3}.

Consider first a Cartesian edge E of (H; X H,) X H3. One observe that for E one of the following

cases must be fulfilled

() pi(E) € &1, [p1(E)| = [E| and [p2(E)| = |ps(E)[ = 1, or
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(ii) p2(E) € &, |p2(E)| = |E] and |p\(E)| = [p3(E)| =1, or
(i) p3(E) € &3, [p3(E)| = |E| and [p1(E)| = |p2(E)| =1

But since p;(y(E)) = p:(E) forall EC V((H; X H,)XH3) and all i € {1,2,3}, as one can easily
see, this is equivalent to y(E) being a Cartesian edge in H; X (H, X H3).

Now let E' be non-Cartesian. Then one of the following must hold:

() pm,rm,(E) € &(H; X H,) and non-Cartesian,

pHywm, (E)| = |E] and [p3(E)| = 1, or
(i) pmxm,(E) € &(H X H,), p3(E) € & and |ppxm, (E)| = |E| or |p3(E)| = |E|.

Then (i) is equivalent to p; (E) € &1, p2(E) € &, |pi(E)| = |E| forani € {1,2} and |p3(E) = 1].

Condition (ii) is equivalent to the following:
(ila) p;(E) € &ifori=1,2,3 and |p;(E)| = |E|fora je {1,2,3}, or

(iib) pi(E) € &, [p2(E)| =1, p3(E) € & |p1(E)| = |E] or |p3(E)| = |E

, Or

(iic) |pi(E)| =1, p2(E) € &, p3(E) € & |p2(E)| = |E| or |p3(E)| = |E].

And again, since p;(Yy(E)) = pi(E) for all E C V((H; X H,) X H3) and i € {1,2,3}, it follows

(iic) is equivalent to

(@) [p1(W(E)) = 1|, prysm, (W(E)) € &€(Hy B H3) and non-Cartesian and | pr,zn, (W(E))| =

\W(E)

bl

whereas conditions (i),(iia) and (iib) are equivalent to

(i) pr(W(E) € & pum(V(E) € E(Hy ® Hy) and |pi(w(E)| = |W(E)| or
P, (W(E))| = |W(E)].

This is equivalent to y(E) being a non-Cartesian edge in H; X (H, X H3).
Altogether we can state, E is an edge in (H; X H,) X H3 if and only if y(E) is an edge in
ng(fb&[‘h). Hence (H1®H2)®H32H1@(H2@H3). Ol

Because of the symmetry of the definition of the strong product, we can state:
Lemma 2.17. The strong product is commutative.

The strong product has K as unit. From distributivity of the Cartesian and the strong product,

respectively, together with the disjoint union we can infer:
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2 Hypergraph Products

Lemma 2.18. The strong product is left and right distributive together with the disjoint union

as addition.

Proof. Let Hy = (V,81), Hy = (V2,6,) and Hz = (V3, &%) be hypergraphs and let H, and Hs be

vertex-disjoint. Then the following holds

(ga(Hl &(H2+H3)) :@@(HlD(H2+H3))U£(H1 X (H2+H3))

(H1|:|H2) Ug(H1DH3) U(ga(Hl X Hz) Uéo(Hl X H3)

&
éa(Hl IZHZ)Ug(H] ®H3) = g(H] X H, + H, ®H3)

With the same arguments as in Equation (2.1) we can conclude V (H; X (Hy + H3)) =V ((H| K
H,) + (H; X H3)) and hence, it follows H| X (H, + H3) = (H) X H,) + (H| X H3).
Analogously we can conclude (H, + H,) X Hy = (H, + H3) X (H, + H3) for vertex disjoint hy-
pergraphs H; and H,.

]

Lemma 2.19. The strong product, H = X}'_| H;, of simple hypergraphs H; is simple.

Proof. Since the strong product is associative and commutative, it suffices to prove the assertion
for n = 2. Therefore, let H; = (V},&1) and H, = (V4,4 ) be two simple hypergraphs and consider
their strong product H = H; X H,. Due to the fact that the Cartesian product and the direct
product of simple hypergraphs is simple, as shown in Lemma 2.5 and Lemma 2.11, respectively,
it remains to show, that no Cartesian edge is contained in any non-Cartesian edge or vice versa.
We show first, that no Cartesian edge is contained in any non-Cartesian edge if the factors are
simple.
Assume Ejy = Uep, {(x,9)} € Ejp = Urep, {(x,@(x))}, where ¢ is a surjective mapping ¢ :

E; — Fj. It immediately follows E; C E;, which implies i = j, hence |E;y| = |E |, and therefore

we have E;, = E;, and thus F; = {y}, which implies that H is not simple.

Analogously, it is shown that the case E,; C E; cannot occur if Hy and H; are simple.

Now suppose Eiy = {(x1,y),- -, (xr,7)} € Egrj = {(9' (1), 31); -+, (¢ (3s),35) } for &1 3 E; =
{x1,...,x,} and & > F; = {y1,...,ys}, where @’ is a surjective mapping ¢’ : F; — E}. This can
only occur if F; = {y}, hence H, would not be simple.

Analogously E; C E;, can only be fulfilled if H; would not be simple.

Now suppose it holds E C F where E is non-Cartesian and F is a Cartesian edge. Thus |p;(F)| =
1 forani € {1,2} and therefore |p;(E)| = 1, but p;(E) must be an edge in H;. Hence, one of the

factors would not be simple. U
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2 Hypergraph Products

Because of associativity and commutativity, the strong product H = X" H; of arbitrary many
factors H; is well defined. We can define this product in terms of projections as follows:
ForH =X H;, H;=(V;,6;)and I = {1,...,n} we have

(1) VIH)=VixVax...xV,
(2) E€ &(H), E CV(H) if and only if there is a nonempty index set J C I, s.t.
() p;(E)€E;jforall j€Jand
(i) |E| = |pk(E)|forak € J and
(iii) |p;(E)| = 1forallieI\J.

The vertices of Cartesian edges differ in exactly one coordinate, i.e. |J| = 1, the other edges,
i.e. for which |J| > 1 are non-Cartesian.
The set of Cartesian edges of a strong product H = X! , H; generates a partial hypergraph H' of
H with V(H') =V (H). This partial hypergraph is indeed the Cartesian product of the factors of
H,H' =0! H;. We will call such a hypergraph H' the Cartesian skeleton of H. Therefore, it
is clear, that the strong product is connected if and only if all of its factors are.
As for the Cartesian product each Hj-layer through an arbitrary vertex w of a strong product

H =X, H, is isomorphic to the factor H,

({v € VH) | pe(v) = wy fork # j}) = H;.

Summary
To conclude this section, we summarize the preceding results. For the strong product holds:
1. The restriction of this product on graphs is the strong graph product.
2. Associativity.
3. Commutativity.
4. Distributivity with respect to the disjoint union.
5. The product of two simple hypergraphs is simple.
6. The projections of a product hypergraph onto its factors are weak homomorphisms.

As an open problem, it remains to examine if this product has a unique prime factorization. But

that would go beyond the scope of this thesis.
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3 Unique Prime Factorization with Respect
to the Cartesian Product

In this chapter we are concerned with the decomposition, more exactly the prime factor
decomposition of a given hypergraph H with respect to the Cartesian product.

Uniqueness of prime factorization of simple and connected hypergraphs was proved by W.
Imrich in [23]. A factorization algorithm for a small class of hypergraphs, the conformal’
hypergraphs is given by A. Bretto et al. in [8]. They showed that the prime factorization
of a Cartesian product of conformal hypergraphs can be reduced to prime factorization of a
Cartesian product graph, namely its 2-section and then used the factorization algorithm for
Cartesian graph products given in [30]. Here we give an alternative, more constructive proof
for uniqueness of prime factor decomposition of simple connected hypergraphs and provide
a product relation according to the unique prime factorization of a given simple connected
hypergraph. The proof is modeled after the proof of unique prime factor decomposition of a

Cartesian product graph by W. Imrich and J. Zerovnik in [32].

First, we have to introduce some further notations.

A Hypergraph H is called prime with respect to a given product if it cannot be represented as
the product of two nontrivial hypergraphs, i.e. for the Cartesian product, H = H;[JH, implies
H, = K or Hy = K. By a prime factorization of a hypergraph H is meant a representation of
H as a Cartesian product hypergraph H = [ H; such that the H; are prime and H; # K; for all
ie{l,...,n}.

Let H = ALIB be a Cartesian product such that A and B are both nontrivial Hypergraphs and
let A = A0JA, be a nontrivial representation of A. Then we call the product representation

AUA,0B a refinement of ALIB. Every sequence of refinements has to terminate as a product

! A hypergraph H is conformal if, for every E C V (H), E is a maximal clique of [H], iff E is a hyperedge of H. The
2-section [H], of a hypergraph H is the graph whose vertices are the vertices of H, and where two vertices are

adjacent iff they belong to a same hyperedge.
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3 Unique Prime Factorization with Respect to the Cartesian Product

H\UH,0...0H, of prime hypergraphs, since every factor of a nontrivial hypergraph product

has fewer vertices than the product itself. Thus we can state the following proposition.

Proposition 3.1. Every hypergraph H has a prime factorization with respect to the Cartesian

product. The number of prime factors is at most log, |V (H)|.

The latter statement comes from the fact that every nontrivial hypergraph has at least two

vertices.

By Proposition 3.1, every hypergraph H can be represented as a product H = [, H; of prime
factors H;. If H itself is prime, we have n = 1 and H = H;. Since graphs are a special class
of hypergraphs, prime factorization of non-connected hypergraphs with respect to the Cartesian

product is not unique (see Theorem 1.1).
Remark 3.1. In the following we are concerned with simple connected hypergraphs.

Let H = [0!_|H, be a Cartesian product of hypergraphs H;. Recall that E = {vy,...,v,} is an
edge in H if and only if thereis an j € {1...,n}, such that p;(E) = {p;(v1),...,p;j(v/)} € E(H))
and p;(vi) =... = pi(v,) for all i # j.

A product coloring on the edge set of H = [0 H; is given by the mapping ¢ : &(H) — {1,...,n}
defined by ¢(E) = j if the vertices of E differ in the j-th coordinate.

An equivalence relation y on the edge set & (H) of a Cartesian product H = 0 H; of (not
neccessairily prime) hypergraphs H; is a product relation if E and F are in relation v if and only

if there exists an j € {1,...,n}, such that
pj(E)]>1 and |p;(F)[>1,

for E,F € &(H). It is clear, that |p;(E)| = |pi(F)| =1 holds for all i # j. If the H; are all
prime, we denote this relation by 6. And in this case we have E and F are in relation o if
and only if ¢(E) = ¢(F). Thus, each equivalence class of ¢ belongs to a prime factor of H.
Moreover, let X;, i = 1,...,n be the equivalence classes of ¢. Every connected component
of a partial hypergraph generated by the edges of an equivalence class X; is isomorphic to H;.
Consider now the connected components of a partial hypergraph generated by the union of
arbitrary equivalence classes of o, e, Xj, J € {1,...,n}. Each connected component of this

partial hypergraph is then isomorphic to H; := [;c;H;.

Definition 3.1. Ler E|,...,E; and F,... ,F, be edges of a hypergraph H. We say they form an
r x s-grid if
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3 Unique Prime Factorization with Respect to the Cartesian Product

(i) |EiﬂFj| =1, and

foralliyi' € {1,....s}, j,j €{l,....r}, withi £, j# j. If there is an edge D € &(H), such
that

(iii) ExNF,ND # 0 and Ey "Fy N D #£ 0

holds for k,k' € {1,...,s} and I,I' € {1,...,r} withk # k" and | # ', we call D a diagonal of
this r x s-grid.

F F F, E,
’ 3
Ui U1 Uk Uy
El Y e | i ]l e | e °
U2 U2 Uk2 Uro
E, . e R e s | - 2
U U U U
E, 3 B RN i
S < 4
D

Figure 3.1: r x s-Grid with diagonal D

Note, that for the edges E,...,E, and Fi,...,F; we have |E;| = s and |F;| = r for all i €

{1,...,r}, je{1,...,s}.
Such a grid emerges, whenever two edges of two hypergraphs are multiplied with respect to the

Cartesian product. This leads us to a relation 8, defined as follows.

Definition 3.2. Let H be a connected hypergraph. For E,F € &(H) we say E and F are in

relation 0 if one of the following conditions holds:
(i) ENF =0and E and F are opposite edges of a four-cycle

(ii) ENF # 0 and there is no (|E| x |F|)-grid without diagonals containing them.
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3 Unique Prime Factorization with Respect to the Cartesian Product

Remark, that for |[E N F| > 1 there is no such (|E| x |F|)-grid, hence EJF.
Obviously, the relation § is reflexive and symmetric. The fransitive closure &%, i.e., the smallest
transitive relation containing 8, is then an equivalence relation. Condition (if) implies, that any
two incident edges E, F with (E,F) ¢ 6 span an (|E| x |F|)-grid without diagonals. Let this grid
consist of the edges E,E,...,E; and F,Fy,...,F, with ESE; and FOF;j foralli e {1,...,s} and
Jj€A{1,...,r}, respectively. Suppose now there is another (|E| x |F|)-grid consisting of edges
E,E|,....Eland F,F|,... F/.

Figure 3.2: Two edges E and F, with ESF, which span more than one |E| X |F|-grid

There must be a k € {1,...,s} and an [ € {1,...,r} such that E; ¢ {E;,... E;} and F/ ¢
{F1,...,F}, respectively, see Figure 3.2. Then there exists an E; € {E|,...,E;} as well as an
F; € {F1,...,F} with |[E;NE;| # 0 and |F/ NFj| # 0. Thus, there is a four cycle E,E;F;F],
where E; and Fj as well as E; and F} are opposite edges. Hence E;SF; and E;SF}/, and therefore
(E,F) € 6*. Thus, if E and F belong to distinct §*-equivalence classes, they span exactly one
(|E| x |F|)-grid. This leads us to the following definition:

Definition 3.3. Let y be an equivalence relation on the edge set & (H) of a hypergraph H. We
say Y has the grid property if any two adjacent edges E and F of H of distinct y-equivalence

classes span exactly one diagonal free |E| x |F|-grid.

As seen before, 8* has the grid property. Let y be an arbitrary equivalence relation on the

edge set of a hypergraph H that contains 6*. For any two edges E and F with (E,F) ¢ v holds
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3 Unique Prime Factorization with Respect to the Cartesian Product

(E,F) ¢ &* and therefore, they span exactly one |E| x |F|-grid. Thus, any equivalence relation
¥ with 0* C v satisfies the grid property.

Another relevant property satisfied by 6* and any equivalence relation y with § C ¥ is intro-

duced in the next lemma.

Lemma 3.1. Let y be an equivalence relation on the edge set & (H) of a connected hypergraph
H with equivalence classes 'y, ..., Iy, which satisfies the grid property. Then every vertex of
V(H) is incident to edges of T'; for all i € {1,... k}.

Proof. Suppose there is an equivalence class I'; of y such that there are vertices in V (H) which
are not contained in a I';-edge. As H is connected, there exists a pair of vertices u,v € V(H)
and an edge E € &(H) with {u,v} C E, such that u belongs to a I';-edge, say F and there is no
I';-edge containing v. Then clearly, E is not in I, it is in [, with [, # I';. But then E and F are
two adjacent edges belonging to different equivalence classes of ¥ and thus by the grid property

there must be a I';-edge containing v, which contradicts the assumption. U

Lemma 3.2. Let H = | H; be a Cartesian product of prime hypergraphs H; and let E,F €
&(H). If E and F are in relation 8, they are in relation ©.

Proof. Let the first condition in Definition 3.2 be satisfied, i.e., ENF = ( and there are edges
E'.F' € &(H) such that EE'FF’ build a four-cycle. Let E = {x1,...,x,} and F = {y1,...,ys}.
W.lo.g. assume x; € ENE', x, e ENF',yy € FNE', y, € FNF'. Let ¢(E) =i, ¢(F) = J,
c(E"Y=1,c(F)=].

Figure 3.3: 4-cycle EE'FF’
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3 Unique Prime Factorization with Respect to the Cartesian Product

Then we have:

pr(x1) = pr(xr) forall k £ i (3.1)
(1) = pe(ys) for all k # j (3.2)
pr(x1) = pe(y1) for all k # i’ (3.3)
pr(x) = pr(ys) for all k # . (3.4)

It follows from (3.1) and (3.3) that

pr(x1) = pr(ys) forall k # i, j' (3.5)

and from (3.2) and (3.4)

pr(x1) = pr(ys) for all k # j,i'. (3.6)

Therefore we have either i = jand i’ = j or i =i and j/ = j. Assume i # j. Then the latter
case must hold and we have pi(x,) = px(x1) = px(y;) for all k # i, and since x, # y; holds,
pi(x) # pily1) = pi(ys) and p;j(x,) # pj(ys). So x, and y, differ in more than one coordinate,
thus they cannot lie in the same edge F’, which contradicts the assumption, so i = j must hold,
i.e. ¢(E) =c(F) hence ECF.

Now let E and F be adjacent edges of a hypergraph H, i.e., |E N F| > 0 and suppose, there is
no |E| x |F|-grid without diagonals containing them.

First, consider the case |[ENF| > 1. There is an i € {1,...,n} such that |p;(E)| > 1 and in
particular, |p;(E")| > 1 holds for all E' C E with |E’| > 1. Since (ENF) CE and [ENF| > 1, it
follows |p;(ENF)| > 1. Butas (ENF) C F we have |p;(F)| > 1 as well and therefore ECF.
Now let |[ENF| =1 and suppose E and F are not in relation 6. Let ENF = {v}, say E =
{v,x1,...,x.} and ¢(E) =i as well as F = {v,y1,...,ys} and ¢(F) = j #i. For all x, € E,
a € {l,...,r}, there exists vertices z,, € V(H), such that for all b € {1,...,s} hold

Pi(zav) = pi(%a) (3.7)
Pi(zap) = pr(yp) for all k # i. (3.8)

Then we have for the set F,, = {x,,241,---,2Zas }:

pj(Fa) ={pj(xa);Pj(za1);-- s Pj(zas)} = {pPj(V), pj (1), pj(¥s)} = p;(F) (3.9)
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as well as

Pe(za1) = - = pi(zas) = pr(Vp) = pi(v) = pi(x,) for all k # i, j (3.10)

from (3.8) and the fact, that {v,y,} C F forall b € {1,...,s} and {v,x,} CE.
Now from (3.7) and (3.10) we gain

Pi(za1) = - = pi(zas) = pr(xa) for all k # i (3.11)

and therefore, from (3.9) and (3.11) it follows that F, is an edge in H with |F,| = |F|, for arbitrary
ac{l,...,r}.
On the other hand, for the set E;, = {yp,z1p,- - - ,2r» } holds

pi(Ep) ={pi(y), Pi(216);- -, Pi(z) } = {pi(v), pi(x1), ..., pi(x:) } = pi(E), (3.12)

again from (3.7) and the fact that {v,y,} C F forall b € {1,...,s}. Together with (3.8) it follows
that the Ej, for b € {1,...,s} are edges in H.

F Fa
PN — —
vy | L1 T [ Ty
[ I S I, |
° ;e ° | E
RN iy [ i ——— p——
q 9] | Zal | )
[ ] L] | [ | ° )
N D 1 ___ _ e

Figure 3.4: Edges E and F (red edges) with (E,F) ¢ ¢ and the |E| x |F|-grid they span

Furthermore, if we relabel v as zq, E as Ey, F as Fp and the x; as zjp for [ € {1,...,r}, the y; as
zor forl € {1,...,s} respectively, we have E, N F, = {z4} foralla € {0,...,r} and b € {0,... s}
respectively. Obviously, the intersection of more then two edges is empty. That means, whenever
two adjacent edges E and F are not in relation o, they span such an |E| x |F|-grid with |E| X |F]|
vertices.

It remains to show that these grids have no diagonals. Therefore, we need to show that there is
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3 Unique Prime Factorization with Respect to the Cartesian Product

no D € &(H) such that {z,,zyy } C D forall a,a’ € {0,...,r}, b,b' €{0,...,s} with a # &' and

b #b'. For zu,,z41y We have:

3.7) 3.7
Pi(zap) & Pi(za0) # Pi(za0) 2 Pi(zaw) (3.13)
(3.8)

(3-8)
pj(zav) = pjzon) # pj(zo0) =" Pj(zaw) (3.14)
The inequalities follow from the fact, that {z,0,z.0} C Eo and {zop, 200 }  Fp.
That means that z,;, and z,,; differ in more than one coordinate, hence, they cannot be contained

in the same edge, which completes the proof. U

Lemma 3.2 implies that 6 C o and since o is an equivalence relation, even 6* C ¢ holds,

thus, o has the grid property.

In a hypergraph product H = [I?_| H;, the Hj-layers are convex partial hypergraphs, as we will

see next. Even more, we can state:

Lemma 3.3. Let H = U_ H; be a Cartesian product of connected hypergraphs H;. Then each

Hj = Ojc;H -layer is convex for any index set J C {1,...,n}.

Proof. 1t suffices to show that whenever there is a path P between two arbitrary vertices u and
v of the same Hj-layer HY, containing no edges of this layer, then there exists a path Q which
entirely lies in H} such that |Q| < |P|.

Suppose P = (u=ug,Ey,uy,Es, ... u_1,Ex,ur =v). Since u and v belong to the same Hj-layer,
pi(u) = pi(v) holds for all € I, \ J. There must be an edge E; of P such that E; is contained in
some Hj layer, by assumption different from H}. Otherwise we would have p;(u) = p;(v) for
all € J, hence p;(u) = p;(v) foralll € I, i.e. u=v.

Let {Ej,,...,E; } be a subset of edges of P, with ji, jo,...,jr € {1,....k}, 1 < o < ... < jm
that are in some Hj-layer different from HY, and no edge is the copy of another. To be more

precise, for each j; there is a k; € J with
pEj € &(Hy,) and peEj, # pi,Ej, fora#b (3.15)

and j, is maximal. Notice, that a # b does not imply k, # k.
By assumption E| is not contained in any Hj-layer, thus r < k. Without loss of generality, we

can assume that the E;;, are not incident. In the following we will denote the vertices uj, by j;. If
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we set jo := ug, we have

pi(ji-1) =pi(ji—1) forallleJandallie {1,...,r}
and since j; — 1, j; € Ej,

pi(ji) =pi(ji—1)

holds for all [ # k;, k; € J.

F Vi—1 F. v
T U1 F; - T Ur—1 \\
El\;‘) Uy -7
\ !

E:
/ Ejl Ji )
/ J1
jl_l N SO jrfl
\ \\
\
\
// !
’ 7
/ o= g
| /
\ \
\ \
~
Ji— 1 AN

SN i
E; -7
Ji -

(3.16)

(3.17)

Figure 3.5: Idea of the proof: Path P (black) and Path Q (red) which we got by shifting the edges £}, in

the Hj-layer

Furthermore, for each j;, i € {1,...,r}, there exists a v; € V(H), such that
pi(vi)=pi(u) foralll € [,\J
pi(vi) =pi(ji) forallleJ
In particular, Equation (3.18) implies v; € V(H}) for all i € {1,...,r}. It follows

(3.19)

(.16),(3.17) .
=" pi(Gi) =" pi(vi) foralll € J\ {k;}

(319 .
pivi-1) =" pi(ji-1)
and by Equation (3.18) we have

pi(vi1) =pi(v;) foralll € ,\J
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hence by Equations (3.20) and (3.21)

pi(vic1) = pi(vi) forall I #k; (3.22)

In other words, each two vertices v;_1,v; lie in the same H, layer for some k; € J.
Next we show that there are edges F; € &'(H}) containing both v;_; and v;. From Equations
(3.16) and (3.19) it follows

3.19 . 3.16 .
pievi) 2 p i) = prGi— 1) (3.23)
3.19 .
e (v) = pi (i) (3.24)
Thus we have by Equations (3.23), (3.24) and (3.15)
P (vi-1), pi;(vi) € pi(Ej;) (3.25)

Hence by Equations (3.18), (3.22) and (3.25), for each i € {1,...,r} there exists an edge F; in
HY, such that v;_1, v; € F,.
Consider now v,. Since there is no more edge E;, j > j,, of P that is contained in any H;-layer,

Jjr and v belong to the same P/I\j := Ujes,\sHi-layer, and therefore we have

3.19) .
pi(vr) G pi(jr) =pi(v) forallleJ (3.26)

and from the definition of v, and the fact that « and v are in the same Hj-layer, it follows

pi(v) 2 py(v) foralll €,\ J. (3.27)

Therefore, we can conclude v, = v, and we found a path Q = (u = vo, F1,vi,...,Vr—1,Fp, v, = V)

from u to v, whose edges entirely lie in H} and for which holds
0| =r<k=|P|,

which completes the proof. U

This gives rise to the next definition.

Definition 3.4. An equivalence relation 'y on the edge set &(H) of a hypergraph H with equiva-
lence classes I';, i € 1, is called convex if for any J C I every connected component of the partial

hypergraph generated by | J;c; i is convex.
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3 Unique Prime Factorization with Respect to the Cartesian Product

By Lemma 3.3, the product relation ¢ is a convex relation. Moreover, any product relation
must be convex and has to satisfy the grid property. On the other hand, we have the following

statement

Theorem 3.1. Let y be a convex equivalence relation on the edge set &(H) of a connected
Hypergraph H which satisfies the grid property. Then Y induces a factorization of H with respect

to the Cartesian product.
To prove this theorem, we first have to show the validity of the next two lemmas.

Lemma 3.4. Let y be an equivalence relation on the edge set & (H ) of a connected hypergraph H
which satisfies the grid property. Let I be an equivalence class of y. If all connected components

of the partial hypergraph of H generated by I are convex, they are isomorphic.

Proof. Let Hr be the partial hypergraph generated by I" with connected components Cy,...,C,
and let T denote the union of all equivalence classes of 7, distinct from I, i.e., r= Urzr .
It suffices to show, that any two components C;,C, which are connected by a lA“-edge are iso-
morphic. We define a mapping ¢ : V(C;) — V(C,), through x — @x, whenever x and @x are
connected by a f—edge. From the grid property and Lemma 3.1, it follows that for all x € V(C)
there exists a @x € V(C,). The grid property ensures that adjacent vertices in C; have different
images in C; and edges in C; map onto edges in C;. By convexity we have, that non adjacent
vertices in Cj have different images in C; as well, i.e. the mapping ¢ is injective. On the other
hand we can extend ¢! to a mapping y : V(C,) — V(C}). Analogously, it follows that for all
y € V(C,) there is a wy in V(Cy), hence ¢! = v, i.e. ¢ is bijective, and every edge in C, maps

onto an edge in Cy, thus @ is an isomorphism between C; and C;. U

Sometimes the transitive closure of 0 is already convex. If this is the case, then each path
between two vertices of the same connected component of an equivalence class of 6* must
contain at least one edge of this equivalence class (see Lemma 3.3).

Figure 3.6 shows a hypergraph where 6* is not convex and thus, the mapping ¢ defined in the
proof of Lemma 3.4 is no isomorphism. The connected component C; of the black equivalence
class is mapped via the red edges onto the connected component C,. Although ¢ preserves

adjacency and non-adjacency, the mapping is not isomorphic, since it is not injective.

55



3 Unique Prime Factorization with Respect to the Cartesian Product

Figure 3.6: Hypergraph and its equivalence classes (red and black, respectively) of 6*, and the connected
components C; and C, of the hypergraph generated by the black equivalence class. We have
dp(1,9) =2, while dc, (1,9) = 3, hence C; is not convex.

Lemma 3.5. Let y be an equivalence relation on the edge set & (H) of a connected hypergraph
H satisfying the grid property with only two equivalence classes I and [. Let Hr and Hp
be the subgraphs generated by I and f, with connected components Cy,...,C, and 61,...,63,

respectively. Then
V(C)NV(C)) #0 forallie{l,....r}, je{l,...,s}.
In particular,
V(C)NV(C) =1
holds if C; and c | are convex.

Proof. Suppose there are components C;, C 5 with V(C;) N V(@ ;) = 0, such that they have min-
imal distance. Let P = (vo,Ey,v1,En,...,Er,v) be a shortest path from C; to C,, such that
vo € V(C;) and vy, € V((/A’ ;). Obviously, the first edge E| must lie in T and the vertex v is not in
C;, otherwise E; would be in I which contradicts the minimality of P. Lemma 3.1 implies, that
v; must be contained in a ['-component, say Ci. Since the distance from Cy, to c ; is smaller than
|P|, we have V (Cy) N V(fj) # 0. Let w be a vertex in V (Cy) N V(fj) and let P’ be a path from v,
to w in Cy. By repeated application of the grid property we gain a vertex u in V(C;) connected
to w by a [-edge. But then u must be in V(fj) and thus |V (C;) OV(CA’j)| > 1.

Now assume |V (C;) ﬂV(fj)] >2. Letu,w e V(G) ﬂV(fj). By connectivity we have a path

O from u to w in C; and a path Q' from u to w in C ; as well. Therefore either |Q| > |Q'| or
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3 Unique Prime Factorization with Respect to the Cartesian Product

|| > || or |Q| = |Q'| holds. Hence either C; or C ; or both are not convex. And therefore the

second proposition holds. O

We are now able to prove Theorem 3.1:

Proof of Theorem 3.1. First assume Y has only two equivalence classes I" and T with connected
components Cy,...,C, and 61,...,65 respectively, of the generated partial hypergraphs. By
Lemma 3.5 we can assign uniquely determined coordinates (i, j) to each vertex of H, whenever
{v} =V(C) ﬂV(éj), ie{l,....,r}, je{l,...,s}. On the other hand for all such coordinates
there exists a uniquely determined vertex in V (H), since |V (C;)) N V(C )| =L

In the following we will identify each vertex of H with its coordinates. Obviously we
have V(C;) = {(i,1),...,(i,s)} for all i € {1,....r} and V(C;) = {(1,}),...,(r,j)} for all
Jj€{1,...,s}. Recall that Lemma 3.4 implies that the C; are isomorphic for all i € {1,...,r}. In
particular C; 2 C; holds for all i € {1,...,r}. The isomorphism is given by the mapping

(1)) (i,j) forall je{l,...,s}.

If Cy and C; are connected by an edge, it is an isomorphism as in the proof of Lemma 3.4.
If they are connected by a path, it is an isomorphism by induction on the length of the path.
Analogously we have Ci=C ;forall je{l,...,s} given by the isomorphism

(i,1)— (i,j) forall ie{l,...,r}.

A set of vertices {(i1,j1),...,(ig,Jg)}> 1 <it,..hig <1, 1 < ji,...,jg <s,is an edge in H if

and only if either
(i) itisin the same C;, hence iy = ... =i, =iand {(1,ji),...,(1,j,)} is an edge in C}, or
(ii) it is in the same (/A’j, hence j; =... = j, = jand {(i1,1),...,(ig, 1)} is an edge in Ci.

That is, H is isomorphic to C, 0Oc,.

Now define hypergraphs H; and H, by setting V(H;) = {i: (i,1) €e V(C)} and V(H,) = {j :
(1,j)) € V(a )}. Hy and H, are isomorphic to C; and C) by the isomorphic mappings i — (i,1)
and j — (1, j) respectively, thus H = H;JH,.

Assume now 7Y has arbitrarily many equivalence classes I';, i =1,...,n. Let ¥ be the equivalence
relation with the two equivalence classes I'; and IA“,- = UZ:UC# Iy for arbitrary i € {1,...,n}. As

already shown, we get a factorization of H into two factors H,DI-AI,- where H; and PAI,' belong to I';
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and ﬁ-, respectively. We will call the projection, to be more precise, the image of the projection
of a vertex v in H,-Dﬁ,- into the factor H; the i-th coordinate of v, denoted by V'

Now it is clear, that we can assign coordinates to each vertex. If two vertices u,v have the
same i-th coordinate, then, by convexity, there is no I';-edge on any shortest path between them.
Thus, if # and v have the same coordinates, there is no nontrivial shortest path between them,
hence u = v. Therefore the assignment of coordinates to vertices of a connected hypergraph H
is bijective.

A subset {vi,...,v,} of V(H) is an edge of H if and only if the v; differ in the same coordinate,
say the i-th, forall k € {1,...,r} and {v},...,v.} is an edge in H,.

Thus we have H = 1! | H;. U

The equivalence relation whose only equivalence class is the whole edge set of a hypergraph
H is trivially convex and satisfies the grid property and is therefore a product relation. And this
relation always exists. By Theorem 3.1 we can conclude that any convex relation on the edge
set of a connected hypergraph that satisfies the grid property is a product relation and induces
a factorization of this hypergraph. The smallest convex relation satisfying the grid-property,
if such a relation exists at all, must therefore induce a prime factorization with respect to the
Cartesian product.

The following lemma is true for graphs, see [32], but it can immediately be transfered to

hypergraphs.

Lemma 3.6. Let 7y;, j € J be an arbitrary set of convex relations on the Edge set &(H) of a
hypergraph H containing 8. Then Yy =(1;c; Y; is convex.

It is clear that for arbitrary equivalence relations on the edge set of a hypergraph, which satisfy
the grid-property, their intersection also has the grid-property. Therefore Lemma 3.6 implies that
there is exactly one finest convex equivalence relation on the edge set & (H) of a hypergraph H
satisfying the grid property, namely the intersection of all convex relations on & (H ) containing
0, that is its convex hull, C(8). Conversely, any product relation must be convex and contains §.

Thus we have proved the following theorems.

Theorem 3.2. Every connected hypergraph H has a unique prime factor decomposition with

respect to the Cartesian product.

Theorem 3.3. The relation corresponding to the unique prime factorization of a connected

hypergraph H is the convex hull of 3, i.e. c = C(9J).
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4.1 Additional Notes

Only finite hypergraphs and products of finitely many factors are treated in this thesis. It is
possible to extend the definitions of the Cartesian, the direct and the strong product to infinitely
many graphs.

In particular, we have for the Cartesian product:
Let {H; | i € I} be a set of (finite or infinite) hypergraphs. Then their Cartesian product, [;c;H;,
is the following hypergraph:

() V(UierH;) = X1V (Hy),
(2) for E C X V(H;) we have E € &(U;e/H;) if and only if there is an i € [, s.t.
(i) pi(E) € &(H;) and
(i) |pj(E)|=1forall jeI\{i}.
While a Cartesian product hypergraph of finitely many connected hypergraphs is connected,
whether they are finite or not, this does not hold for the product of infinitely many hypergraphs.
Since in a product of infinitely many factors there are vertices that differ in infinitely many
coordinates and thus, cannot be connected by a path of finite length, as vertices of the same edge
differ in only one coordinate. An infinite connected hypergraph can have infinitely many prime
factors with respect to the Cartesian product. In this case it cannot be the Cartesian product of
these factors, since the product is not connected, but a connected component of this product.
Therefore it might be useful to define a so called weak Cartesian product.

Let {H; | i € I} be a family of hypergraphs and let a; € V(H;) for i € I. The weak Cartesian
product H = Ui/ (H;, a;) of the rooted hypergraphs (H;,a;) is defined by

V(H) ={ve XV(H,) | pi(v) # a; for at most finitely many i € [}
icl

&H)={E CV(H)|p;(E) € &(H;) for exactly one j € I, and |p;(E)| = 1 for i # j}.
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We will also write (¢, H; instead of Uic;(H;,a;), with a € V(H), such that p;(a) = a; for all
i € I. The weak Cartesian product of connected hypergraphs is connected. In this case, it is the
connected component of the Cartesian product of the hypergraphs H; which contains a. One
observes that the weak Cartesian product does not depend on the a; and is the Cartesian product
if [ is finite. It is shown in [24] by W. Imrich, that every connected graph has a unique prime
factor decomposition with respect to the weak Cartesian product. In this contribution, the author
also extends the results to set systems, i.e. hypergraphs.

The proof of uniqueness of the prime factorization with respect to the Cartesian product of
hypergraphs in Chapter 3 is modeled after the proof of uniqueness of prime factorization with
respect to the weak Cartesian product of graphs in [32]. Therefore, with small modifications of

the notations in Chapter 3, we can extend Theorem 3.2 to the following statement:

Theorem 4.1. Every connected hypergraph has a unique representation as a weak Cartesian

product.

4.2 Summary

In this diploma thesis we studied hypergraph products as a generalization of the commutative
standard graph products. The Cartesian product, which we were concerned with in Section 2.1
was already defined by W. Imrich in 1967 [23].

In Section 2.2 and Section 2.3 we defined some new hypergraph products. That are the direct
product %, the direct product x, the direct product X, and the strong product X . Table 4.1
shows what kind of hypergraph products, treated in this thesis, fulfills which of the following

properties:
1. V(HyxH,) =V (H;) X V(Hy).
2. If H, and H; are simple then H| x H; is simple.
3. The adjacency properties of a product depends on those of its factors.
4. Associativity.
5. Commutativity.
6. Distributivity with respect to the disjoint union.

7. The projections p; : V(H,xH,) — V (H;) fori € {1,2} are (at least weak) homomorphisms.

60



4 Conclusion

8. The restriction of the product x on graphs is the corresponding graph product.
9. The product H; x H, is connected whenever the factors H; and H; are connected.

10. Unique prime factorization in the class of simple connected hypergraphs (or more special

hypergraph classes).

Properties | Cartesian [J Direct X Direct X Direct X Strong X
L v v v v v
2 v v v v v
D v v v v v
s v v v v v
s v v v v v
6. v v v v v
7. weak — Vv vV weak
8. vV only for simple graphs Vv only for simple graphs V
9, N - - - N
10. Vv N* ? ? ?

Table 4.1: Properties of the hypergraph products
*: Prime factorization w.r.t. the direct product X is not unique in the class of conformal

hypergraphs (cf. Example 2.2).

According to graph products, we will call hypergraph products which satisfy the first three con-
ditions simple hypergraph products.

Uniqueness of the prime factor decomposition of simple connected hypergraphs was first
proved by W. Imrich in [23]. We gave an alternative proof and showed, that the product relation
corresponding to the unique prime factorization is the convex hull of a starting relation & on the

edge set of a given hypergraph.

4.3 Outlook

To conclude this thesis some open problems will be listed in the following. This listing makes

no claim to be complete.
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Other Products As seen in Section 2.2 of this thesis, there are not fewer than three hyper-
graph products that coincide with the direct graph product at least in the class of graphs without
loops. Also three different definitions of hypergraph products that coincide with the strong graph
product in this graph class may arise, here we considered only one product. Besides, it is shown
for graphs, that there exists 256 simple graph products. Four of them are associative and the
projections of a product into at least one of its factors are weak homomorphisms [26]. Obvi-
ously one question is if there are more hypergraph products than mentioned here, generalizing

the common graph products. Moreover, how many simple hypergraph products do exist at all?

Prime Factorization A product relation o, that belongs to the unique prime factorization
of a simple connected hypergraph with respect to the Cartesian product, is provided in this
thesis. This could be the basis for developing decomposition algorithms. One might ask in this
context, which complexity of time and space is needed to compute the prime factors of a given
hypergraph.

Also prime factor decomposition with respect to the strong and direct product of hypergraphs
should be considered. At first, it remains to examine if the prime factorization with respect to the
direct product and the strong product, respectively, is unique in special classes of hypergraphs.
In graph theory, direct and strong graph products can be factorized by identifying their Cartesian
skeleton and decompose it into its prime factors, see [16, 22]. The question is if this works for

hypergraphs as well, and if it is easy to identify the Cartesian skeleton in this case.

Partial Hypergraphs of Product Hypergraphs In graph theory also subgraphs of product
graphs are studied. The focus lies on isometric embeddings and retracts of the Cartesian and
strong products, see for example [18, 27, 39]. It is shown, that every graph can be embedded
isometrically into a strong product of paths [29].

Also graphs which can be represented as nontrivial subgraphs (i.e., each projection of this
subgraphs into the factors contains at least two vertices) of Cartesian product graphs are of
interest. Those graphs, for which such a representation is not possible are called S-prime and an
infinite family of such graphs is classified for example in [33].

It is to examine if similar results also hold for hypergraphs.

Directed Hypergraphs In this thesis, only undirected hypergraphs are treated. But also di-
rected hypergraphs are applied in various fields, see [2] for a survey. There are several ways to

generalize the concept of directed graphs to directed hypergraphs. We give here a definition that
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can be found in [17], since most of the others can be seen as a special case of this definition.

A directed hyperedge or hyperarc is an ordered pair, E = (X,Y), of (possibly empty) disjoint
subsets of vertices; X is the tail of E while Y is its head. The tail and the head of hyperarc E will
be denoted by T(E) and H(E), respectively. A directed hypergraph is a hypergraph with directed
hyperedges.

One might ask if the results of this thesis can be easily extended to directed hypergraphs.
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