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ABSTRACT

Quivers have a rich history of being used to construct algebraic varieties via their representations
in the category of vector spaces. It is also natural to consider quiver representations in a larger
category, namely that of vector bundles on some complex variety equipped with a fixed locally free
sheaf that twists the morphisms.

For A-type quivers, such representations can be identified with the critical points of a Morse-Bott
function on the moduli space of twisted Higgs bundles. Hence these “twisted quiver varieties” can
be used to extract topological information about the Higgs bundle moduli space. We find a formula
for the dimension of the moduli space of twisted representations of A-type quivers and geometric
descriptions when each node of the quiver is represented by a line bundle. We then specialize
to the so-called “argyle quivers”, studied using Bradlow-Daskaloploulous stability parameters and
pullback diagrams. Next we focus on the Riemann sphere P! and obtain explicit expressions for the
twisted quiver varieties as well as a stratification of these spaces via collisions of invariant zeroes of
polynomials. We apply these results to some low-rank Higgs bundle moduli spaces.

We then study representations of cyclic quivers, which can be viewed as corresponding to certain
deformations of the Hitchin representations in non-abelian Hodge theory. When all of the ranks
are 1, we describe the moduli spaces as subvarieties of the Hitchin system. We also draw out
descriptions of the twisted quiver varieties for when the underlying curve is P! and extend this to
some other labellings of the quiver.

We close with a discussion of possible applications of these ideas to hyperpolygon spaces as well

as possible directions that use the motivic approach to moduli theory.
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1 INTRODUCTION

Quivers are simple objects which have proven to be powerful tools for studying mathemat-
ical entities and the maps between them, particularly when it comes to representation theory
and geometry. Quiver varieties are formed by labelling the nodes of a directed graph with
nonnegative integers and then considering linear representations up to isomorphism. Broadly
speaking, quiver varieties have applications to toric geometry, vertex algebras, noncommuta-
tive geometry, integrable systems, and gauge theories. Our focus, which is on representations
in a broader scope of categories, can be viewed as an extension from geometry over a point to
geometry over a manifold, reflecting the philosophy of the Grothendieck school: mathematics

via the study of families.

One of the main goals of this thesis is to extract topological information about the moduli
space of twisted Higgs bundles on P!. In this case, thanks to the Birkhoff-Grothendieck
Theorem, the geometry of the fixed points is easier to get a handle on than when the genus
of the underlying curve is strictly positive. Understanding these moduli spaces is a meaningful
pursuit as Higgs bundles have proven themselves to be potent problem-solving instruments.
For instance, they play an essential role in Ngo’s celebrated proof of the Fundamental Lemma
(an important result in the geometric Langlands program) ([55, 56]) and also exemplify the
intersection between geometry and physics through their connection to hyperkahler geometry,

mirror symmetry, and string theory (see for instance [40]).

These fixed points of the moduli space which we study can be naturally identified with
moduli spaces of quiver representations in a richer category than the usual category of vector
spaces. To be more specific, we study the category Bun(X, L) whose objects are holomorphic
vector bundles on a fixed complex projective variety X and whose morphisms are maps
between them graded by exterior powers of L: that is, Mor®(U, V') = Hom(U, V®A*L). Such

representations of A-type quivers in a twisted category of bundles have acquired the name



“holomorphic chains” and, in the particular case of the quiver A, “holomorphic triples”
([26, I1]). When the quiver is not specifically A-type, the nomenclature “quiver bundle”
has been used. Given their importance to Higgs bundles, various aspects of the topology,
geometry, and homological algebra of holomorphic chains and quiver bundles have been
explored in recent years (see for example [26, I, 11, 27, 61, (8, 21, 49, 62] 60, B0, 28]).
Generalizing what is known about quivers to this more general framework is an interesting
problem and reflects our “point versus manifold” comment from earlier. This can be viewed
as part of a larger program of generalizations involving quiver representations and linear

algebra. Let k be a field, V' a vector space over k, and X a variety over k:

Linear algebra with Higgs bundles with a
“manifold-ification”
a single vector space V' single bundle £ and a map
and amap V — V ¢ : E — FE (possibly twisted)
“quiver-ification” “quiver-ification”
Linear algebra with multiple Quiver representations in the
“manifold-ification”

vector spaces and maps between (twisted) category of bundles

them (quiver representations) on X (quiver bundles)

This approach also provides possible ways of constructing new geometric structures. Typ-
ically, geometry arises from operations on vector spaces such as tensor products and direct
sums as well as from quotients by the action of a group. One can also solve polynomial equa-
tions (giving rise to varieties) or differential equations on a vector space V. Higgs bundles
arise as solutions to differential equations when V' is finite dimensional, but in particular they
do not arise as V/G for V finite dimensional. The geometry of linear algebra with multiple
vector spaces can be viewed as V/G for V. = P, ;Hom(V;,V;) and G reductive. Quiver
representations in the twisted category cannot be seen this way, but on P! at least we can

construct their geometry via V/G for V = P, ; Hom(E;, E; ® L) for non-reductive G.
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We begin in Chapter [2| by giving an overview of some of the facts used in the rest of the
thesis. This includes an introduction to vector bundles, Higgs bundles and their stability and
localizations, fine and coarse moduli spaces, and quivers.

In Chapter [3|we study twisted representations of A-type quivers for any genus of underly-
ing curve and any twisting bundle L. Our first result is a calculation of the generic dimension
of the moduli space using spectral sequences and hypercohomology for the differential induced
by the morphisms themselves in concert with the Cech differential. Then we begin our jour-
ney through the geometry of these representations by studying the simplest case, the quiver
A,, with all nodes labelled with r; = 1. We obtain descriptions of the SL(n,C), PGL(n,C)
moduli spaces in terms of finite covers of symmetric products. From these results (in concert
with [32]) we can describe the GL(n,C) moduli space, at least topologically. Such calcula-
tions appear in [35] for n = 2 and in [26] (via the methods of pullback diagrams, cf. Section
for n = 3. We follow up by specializing to a particular configuration for which we are

also able to obtain concrete results for the geometry of the moduli space:

Definition 1.0.1. A labelled A-type quiver of the form
.1,d1 — .TQ,dQ — .1,d3 — .Tn—lydn—l — .1,dn
is called an argyle quiver.

Our first result concerning this shape of quiver is Theorem [3.3.1, which generalizes the
relationship between holomorphic triples and “stable pairs” [64] to general argyle quivers in
the form of a generalized pullback diagram. As part of this result, we show that the Hitchin
stability condition always has a corresponding Bradlow-Daskalopoulos stability parameter
(cf. [10]) and vice-versa, a correspondence that boils down to the fact that a particular linear
system always has a unique solution. From this result the Betti numbers of the moduli space
could conceivably be calculated via variation of stability parameters and flips and flops (as
is done for stable pairs in [64]).

Chapter [4] concerns our focus on representations with underlying bundle P!. In this case
the non-reductive contributions from the automorphism group act in a particular way, namely
via Euclidean reduction on spaces of polynomials. Our first result in this direction is Theorem

4.1.1} which involves argyle quivers of length n = 3, which we also refer to as type (1, %, 1) to
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reflect the prescribed ranks of the three nodes. Here we remove the “collision locus” where
zeroes of maps in a representation that are invariant under the action of automorphisms
become coincident. We fix the holomorphic type of the central bundle and identify the
projective closure of the collision-free subvariety of the moduli space with a product of flag
varieties. From this, we are able to state Theorem [4.1.2], which describes how to compute the
moduli space associated to an arbitrary argyle quiver from (1, k, 1) pieces. Next, we give a
number of examples of how strata are glued together by identifying (1, %, 1) quiver varieties

for different holomorphic types as collision varieties of one another.

We conclude the chapter with applications to the topology of twisted Higgs bundle moduli
spaces on P! with a complete account of the rational Betti numbers in rank 2 and any twisting
line bundle L = O(t), as well as examples in rank 3. For ordinary Higgs bundles of rank
r = 2 on a Riemann surface of genus g > 2, these were calculated by Hitchin in [35]. The
rank 3 and rank 4 cases were computed in [25] and [21], respectively. In the parabolic Higgs
setting on punctured Riemann surfaces, rational Poincaré series in low rank were computed
in [9] and [19]. All of these calculations are largely Morse-theoretic, although [21] uses
moduli stacks and motivic zeta functions. In the genus 0 setting, there are now general
results on Donaldson-Thomas invariants due to Mozgovoy in [49], obtained by plethystic
counting techniques, from which the Betti numbers can be extracted. In comparison, the C*-
localization tends to becomes unmanageable outside of low rank due to the number of types
of fixed points. That being said, bearing with it can reap rewards such as information on the
stratification of the moduli space as organized by the Morse flow, as well as insight into the
structure of the cohomology ring (not to mention an abundance of finer information, such
as Verlinde formulae [2] B1], although this requires a much deeper analysis of the fixed-point
geometry). We also mention an application of facts about Higgs bundle moduli spaces to the

stability theory of quiver representations.

In Chapter [5] we shift focus from A-type quivers to cyclic quivers. These have a close
relationship with cyclic Higgs bundles, which are beginning to attract attention (see, for
example, [14]), and with Hitchin representations. Their moduli spaces can also be viewed
as generalizations of the Hitchin section. For type (1,...,1) cyclic quivers we can give set-

theoretic descriptions of the SL(n,C) and PGL(n,C) moduli spaces for any genus in terms
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of divisors (Theorem . In the following sections we describe how this specializes to give
the moduli spaces for P! in terms of (almost) finite-to-one coverings of the Hitchin base. This
“almost” comes from the geometry of the nilpotent cone, as one might guess. We describe
how this finite-to-one covering degenerates at this fibre in terms of the C* flows. We also
endeavor to expand this approach to other types of cyclic quivers starting with type (k, 1),
which we can decompose as k different type (1,1) cyclic quiver varieties (with reductions
coming from the automorphism groups) as stated in Theorem . These moduli spaces,
arising as quotients, display interesting geometries and are reminescent of weighted projective
spaces. We remark on the obstructions that prevent us from progressing further.

Finally, Chapter [6] explores some future directions that work on twisted quiver varieties
could take. We introduce hyperpolygon spaces which arise as Nakajima quiver varieties in
the category of vector spaces and explain how realizing the correct notion of Nakajima’s
construction ([52, 63| [54]) in the twisted category could lead to a compactification of this
space (and certainly other new geometries). The approach to calculating the topological
information of the moduli space via motives and Grothendieck ring of varieties is also detailed,
following [21]. We suggest generalizations of these ideas to any twisting bundle L and curves

of any genus g.



2 PRELIMINARIES

2.1 Some Geometry

We begin with a brief tour of some important elements of algebraic geometry. Vector bun-
dles over Riemann surfaces pervade the thesis; recall that a compact Riemann surface (or
sometimes curve) X is a 1-dimensional smooth, compact, connected, complex manifold. A
complex vector bundle ' — X of rank r is a smoothly varying family of r-dimensional com-
plex vector spaces which is locally trivial. This idea of “smoothly varying” manifests as the
transition functions (which tell us how the local trivializations fit together) being smooth.
We will work exclusively with holomorphic vector bundles, which have holomorphic transition
functions (this is clearly a stronger condition). In the special case r = 1, E is called a line
bundle.

A section of a vector bundle E is a map s : X — FE such that 7 o s = idx, where
m : E — X is the projection map. The space of holomorphic sections of FE is identified
throughout as the zeroth sheaf cohomology group HY(X, E). The degree of a holomorphic
line bundle . — X is the number of times that a generic holomorphic section of L vanishes,
while the degree of a rank r holomorphic vector bundle £ — X is given by the degree of its
determinant line bundle det(E) = A"E. The space of line bundles of a given degree d on a
Riemann surface X of genus ¢ is isomorphic to a complex torus C9 / 7%, which we denote
by Jac?(X). The space of all line bundles on X is Pic(X) = (J,c, Jac*(X), which is a group
with the operation of tensor multiplication. The identity of Pic(X) is the trivial line bundle
X x C, often denoted Ox (or simply O). We note that for vector bundles E; and Fy we have

deg(E1 ® Ey) = rk(Ey)deg(Ey) + rk(E) )deg(E»)

and

deg(Er @ Ep) = deg(E1) + deg(E»).
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On Riemann surfaces, the cotangent bundle 7* X (the dual of the familiar tangent bundle
TX) is known as the canonical line bundle, and is denoted by wx or Kx. On a Riemann
surface of genus g, the canonical line bundle has degree 2g — 2.

The following two theorems are fundamental:

Theorem 2.1.1. (The Riemann-Roch Theorem). If E is a vector bundle on a compact

Riemann surface X of genus g, therf]
(X, E) — h' (X, E) = deg(E) + (1 — g)rk(E).

Theorem 2.1.2. (Serre Duality). If L is a line bundle on a compact Riemann surface X,
then
HYX,L) = H'(X,L* ® wy)".

The Riemann sphere CP! (henceforth P!) is the unique Riemann surface of genus 0 and
enjoys some properties which lead to us giving it special attention. Firstly Jac?(P') = {pt},
which is to say that there is a unique holomorphic line bundle of degree d on P!, up to
isomorphism. We denote it by O(d). The next theorem is also important to us and so we

prove it for completeness, following the presentation of [38].

Theorem 2.1.3. (The Birkhoff-Grothendieck Theorem). If E — P! is a rank r holo-
morphic vector bundle of degree d, then there is a unique length r integer partition of d,

(ay > ag > -+ > a,) such that
E~O(a) - &0(a,).

Proof. We will proceed by induction. Certainly this holds for rank 1 by the above comment, so
suppose that F is a rank r holomorphic vector bundle. Consider the vector bundle E® O(n).
We will first show that for large enough n, this bundle will have holomorphic sections. We

have a short exact sequence of sheaves?|

0—E0n—-1) "% E®0Mn) — P —0 (2.1)

!Throughout the thesis, we adopt the notation h?(X, E) = dimH? (X, E).
2In the exact sequences throughout this proof, we simply write F' for the sheaf of sections of a vector
bundle F', which should formally be written as O(F).



(where s, is the section of O(1) which vanishes at p € P! and P is the quotient sheaf) which

gives us the injection
0— H' (P, E® O(n—1)) = H'(P', E® O(n)) (2.2)
and thus h'(P!, E ® O(n — 1)) < h°(P', E ® O(n)). Invoking Riemann-Roch, we see

(P E® O(n)) = (P, E® O(n)) + deg(E ® O(n)) + tk(E @ O(n))(1 — g)

>d+r(l+n)

and thus for n large enough, h°(P', E ® O(n)) > 0. Considering again, suppose that
H(PYL,E® O(n —1)) and H(P!, E ® O(n)) have the same dimension. This would mean
that s, is an isomorphism for all p € P!, and hence all sections of F ® O(n) vanish at p for

all p € PL. This is a contradiction, so we have
(P, E® O(n—1)) < h°(P', E® O(n)).

In particular, there exists an integer n such that h°(P', E ® O(n — 1)) = 0 and R°(P!, F @
O(n)) # 0. In this case, the long exact sequence induced by [2.1| becomes

0—0— H (P, E®O(n)) — H°(P', Q) — H'(P',O(n — 1)) — ...

If s is a nontrivial section of F ® O(n), then the map to H°(P!, P) is given by evaluation at
p. This map is injective by exactness of the sequence, and thus s(p) # 0 for all p € P1. That
is, s is a nonvanishing section of £ ® O(n), so s defines an inclusion of the trivial bundle O
into £ ® O(n) by P! x C — E ® O(n), (2,\) — As(z). This tells us that we have an exact
sequence

0—0—=E®0(Mn) Q9 —0 (2.3)

where Q is the quotient sheaf. We would like to show that this exact sequence splits: that
is, that £ ® O(n) = O & Q. For this to be the case, there must be a homomorphism
f:Q — E®O(n) such that a« o f§ = idg. To show that such a homomorphism exists,

consider the short exact sequence obtained by tensoring [2.3) with Q*:

0 —0RQ0 —ER0N)®QA—AR Q" — 0
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which gives the long exact sequence
0— H'(P', Q") — H'P,E®O(n) ® Q°)—H (P, Q® Q") — H'(P', Q%) — ...
Clearly, there exists a nonvanishing section of Q@ ® Q* = Hom(Q, Q) given by the identity
idg: @ — Q.

If we can show that idg maps to zero in H'(P', Q*), then by exactness we will have an
element of H*(P!, E ® O(n) ® Q*), which is what we desire. To this end, note that by our

inductive hypothesis, Q splits into a direct sum of line bundles
Q=0b1)®...®O0(bn)
Define Q(—1) =0(b; — 1)@ ... ® O(b,, — 1), and consider the short exact sequence
0—0(-1) —E®0Mn-1)— Q(-1) —0
which gives rise to

0 — H(P',O(-1)) — H°(P', EO(n—1)) — H°(P', Q(-1)) — H'(P',O(-1)) — ...
(2.4)
Now, HY(P!,O(—1)) is trivial since O(—1) has negative degree, and we have chosen n so
that H°(P', E ® O(n — 1)) = 0 as well. So by applying Riemann-Roch to O(—1), we have
hH(P,O(=1)) = B'(P', O(—1)) — deg(O(~1)) — (1 — g)

~0- (1)~ (1-0)

=0
so that 2.4] implies

HO(P', Q(—1)) = @ H(P',O(b: — 1)) = 0

and it follow that b; — 1 must be negative for all ¢, and thus b; < 0 for all 7. Next, applying
Riemann-Roch to O(b;) gives us

hl(P1> O(—b;)) = hO(P17 O(=b;)) — deg(O(=b;)) — (1 —g)
= (=bi+1)—(=b;) —(1-0)
=0



from which we see that
H'(P',Q") = P H' (P Ob:) =0

Hence all sections of Hom(Q, Q) are mapped to 0, in particular idg, so idg lifts to a section

of Hom(Q, £ ® O(n)) as desired. This means that £ ® O(n) splits as O @& Q. That is,
Eo0n) 20a0(b)®...6 0(by)

which implies

E=O(-n)®O(b; —n) @ ... O(by — n)

and the proof is complete.

2.2 Moduli

If we want to organize equivalence classes of objects, we use a moduli space. This can be
thought of as a geometric solution to a classification problem. Here we will formalize this

idea using the theory of categories after defining a few terms, starting with schemes:

Definition 2.2.1. An affine scheme is a locally ringed space (S, Og) which is isomorphic to
the spectrum (Spec(R), Ogpec(r)) of some commutative ring R. A scheme is a locally ringed
space (S, Og) for which there is an open cover {U,} of S such that the restriction (U,, OSlU )

is isomorphic to an affine scheme.
We will abuse notation and write S for the scheme (S, Og).

Definition 2.2.2. A morphism between two schemes S and 7 is a pair (1, 9#) of maps
v:S—>T

¢# : OT - 77ZJ*C)S

such that v is continuous and for any point s € S, any neighbourhood U of ¢(s) € T, and
any f € O, f vanishes at ¢(s) if and only if ©/# vanishes at s.

10



With these definitions, we can consider the category of schemes, denoted Sch. Schemes
are going to be our candidates for moduli spaced?]

For any collection of objects A, we say that a family of objects of A parametrized by S
is a collection {E}ses of objects of A indexed by the points of S. If we have an equivalence
relation ~ on A, then two families £ and E’ are equivalent if E; ~ E. for all s € S. We
often ask that these families satisfy a certain algebraic condition, which will be specified in
each case. Intuitively, this condition should make the families vary over § in some nice way.
Given such a condition P, we say that families £ which satisfy it are of P-type.

The information (A, P,~) defines a moduli problem. A moduli functor for this moduli

problem is a functor from the category of schemes to the category of sets
Mod(A, P,~): Sch — Set
S —— {equivalence classes of P-type families
of objects of A parametrized by S}.
The ideal “solution” to a moduli problem is the following:

Definition 2.2.3. A scheme M € Sch is a fine moduli space for Mod (A, P, ~) if there exists

a universal family U over M.

Of course, this begs the question of what a universal family is. Loosely, a universal family

should encode information about all other families parametrized by all other schemes:

Definition 2.2.4. A family U = M is universal if, for any family of objects E parametrized

by any scheme S, there exists a unique map fgr: S — M such that f;U = E.
Recall the definition of a pullback bundle fiU = {(u,s) € Ux S : fr(s) = w(u)}. In a
E U
.
>
S 97, M

diagram, this looks like

3There is a fully faithful functor ¢ : Var(k) — Sch from the category of algebraic varieties over an
algebraically closed field k to the category of schemes. That is, we can think of varieties as a specific kind of
scheme. Indeed, after this section, all the moduli spaces we encounter or construct are considered as varieties.
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It turns out that the geometry and topology of M, as well as the vector bundle structure

of U, is all encoded in the universal property. That is, there exists an identification

‘ . Fis M) equivalence classes of P-type families
morphisms f: S — —
of objects of A parametrized by S

This can be restated as an isomorphism of functors
Homgen(—, M) = Mod(A, P, ~)

where Homgep(—, M) : Sch®PP — Set is the contravariant functor (sometimes referred to

as the functor of points) defined as follows:
e for S € Sch, § — Homgen (S, M)

e for amap f : S — T, define Homgen(g, M) : Homgen (7, M) — Homgen(S, M) by
gr—gofforallg: T — M.

A functor which is isomorphic to a functor of the form Hom(—, S) is called representable.
In fact, the moduli functor Mod(A, P, ~) has a fine moduli space if and only if it is repre-

sentable.

Example 2.2.1. An example of a fine moduli space is the Grassmannian variety Gr(k,n)
which parametrizes k-dimensional complex subspaces of C". This space corresponds to the
moduli problem where A is the collection of k-dimensional complex subspaces of C", ~ is
trivial, and a family £ — § is of P-type if it is a vector subbundle of S x C".

The universal family U over Gr(k, n) is the tautological bundle, meaning that its fibre at
a point that corresponds to V' C C" is the subspace V itself. Since the families £ and U can

both be viewed as lying in trivial bundles, we have the following picture:

E - cr cr U
N/ N/
S 35, » Gr(k,n)
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The fact that the structure of the moduli space M can be realized from the universal
property is a consequence of the Yoneda Lemma ([46]), which says that if C is a locally small
category, S € C, and F : CO°PP — Set, then there is an equivalence between the set of
natural transformations Homg(—,S) — F and the elements of F(S). In our context, one

consequence of this is that the natural isomorphism
n : Mod(A, P,~) — Homgep(—, M)
is the same a point in
Mod(A, P, ~)(M) = {equivalence classes of P-type families of objects of A parametrized by M}.

Specifically, the isomorphism 7 corresponds to the universal family Ul

The Yoneda Lemma has as a corollary that Homg(—,S) is naturally isomorphic to
Homg(—,S8’) if and only if S = S&’. This tells us that if a fine moduli space exists, it is
unique. There is, however, a serious hurdle; fine moduli spaces often do not exist! One

problem is that the objects in question may have “too many” automorphisms.

Example 2.2.2. Consider a family of objects E parametrized by [0, 1] such that each E, is
isomorphic, then identify Fy with F; via a nontrivial automorphism. We now have a family £
parametrized by S which is not trivial. Each point of the circle carries an isomorphic object,
so each point should be mapped to the same point of the fine moduli space M. However,
the constant map S' — {m} € M classifies the trivial family £ x S'. So we see that there

must be more families than there are maps, and so no fine moduli space exists.
Our focus will be constructing coarse moduli spaces:

Definition 2.2.5. A scheme M € Sch is a coarse moduli space for Mod (A, P, ~) if there ex-
ists a natural transformation (not necessarily an isomorphism) n : Mod (A, P, ~) — Homgen(—, M)

which:
e induces a bijection of sets Mod(A, P, ~)({pt}) = Homgen({pt}, M) = M

e is initial among all such natural transformations.

13



That is, the points of a coarse moduli space M are in bijection with the equivalence
classes which we are trying to classify, and Homgen(—, M) is the functor of points which
is “closest” to Mod(A, P,~). From now on, we use the terms “moduli space” and “coarse
moduli space” interchangeably.

We also ask that our coarse moduli spaces be separable. This leads to the Geometric
Invariant Theory of [51] and the idea of stable and unstable points, the unstable points of
the moduli space being the ones which we ignore to ensure that our space is Hausdorff. We

will explore this more directly in our specific cases.

2.3 (Twisted) Higgs bundles

2.3.1 Definitions

In 1987, the notion of a Higgs bundle was introduced by Hitchin in [35]. Hitchin was con-
sidering solutions to the self-dual Yang-Mills equations on a Riemann surface X of genus

g > 2

F(V)+ AP =0
(2.5)

0%'d =0
where V is a unitary connection on a Hermitian vector bundle F on X, F'(V) is the curvature
of V, ® is an wy-twisted endomorphism of E, and ®* is its Hermitian adjoint. In terms of
intuition, the second equation is asking only that ® be holomorphic with respect to the
holomorphic structure on E induced by V, while the first is asking if we can perturb a
connection V by a linear operator ® so that it is flat. A related notion is that of a Higgs

bundle: The Hitchin-Kobayashi correspondence ([35]; for more generality, see [47]) allows us

to move between solutions (V, ®) to these equations and stable Higgs bundles.

Definition 2.3.1. A Higgs bundle on X is a pair (E,®) consisting of a holomorphic vector
bundle £ — X and a holomorphic map ¢ : ¥ — F @ wy.

The study of Higgs bundles has proved to be very fruitful indeed for mathematics as a
whole. We will be considering a slight generalization, which allows one to easily consider

Higgs bundles on surfaces of any genus g > 0.

14



Definition 2.3.2. Given a holomorphic line bundle L on X, an L-twisted Higgs bundle on
X is a pair (E, ®) consisting of a holomorphic vector bundle £ — X and a holomorphic map

¢:F—-E®L.

Definition 2.3.3. We say that two (twisted) Higgs bundles (E,®) and (£, ®') on X are
equivalent if E and E' are isomorphic as vector bundles and ® = W& U~ for some ¥ €

H°(X, Aut(FE)). This is equivalent to asking that the diagram

E——F

®| oo o

1
ExL —— 5 el

commutes for some isomorphism W.

These twisted objects have attracted attention for several years ([22, 34, 59]) one of the
reasons for which being that traditional Higgs bundles are always unstable on the Riemann
sphere, but there are a cornucopia of stable twisted Higgs bundles.

We have again mentioned the idea of stability. The situation is that the coarse moduli
space of all (twisted) Higgs bundles is ill-behaved (it is non-Hausdorff). This problem arises
often in moduli problems, and the solution is to throw away the so-called unstable objects.

In the context of (twisted) Higgs bundles we have the following stability condition.

Definition 2.3.4. Let (E, ®) be an L-twisted Higgs bundle. The slope of E is defined as

_ deg(E)
HE) = rank(FE)’

A subbundle F of E is ®-invariant if ®(F) C F ® L. We say that (E, ®) is semistable if
u(F) < p(F) for all nonzero, proper, ®-invariant subbundles F' of E. If this inequality is
strict for all such F', then we say that (E, ®) is stable, and if this inequality fails for some F
then we say that (E, ®) is unstable.

We will sometimes denote u(E) by puor. We also assume r = rank(F) and d = deg(E)

are coprime throughout so that the semistable objects are exactly the stable objects.

15



The relationship between the equations in (often called the Hitchin equations) and
Higgs bundles is that solutions (V,®) to the Hitchin equations are stable Higgs bundles.
This is the simplest form Hitchin-Kobayashi correspondence.

In terms of moduli functors, let Ay 1(r,d) be the collection of stable L-twisted Higgs
bundles on X of degree d and rank r and let ~ be the equivalence for Higgs bundles defined
above. Given a line bundle L — X and a scheme S, define a line bundle LS on X x S by
L5| Xx (s} >~ [. A family of Higgs bundles parametrized by S, which is on its own simply
a choice of an arbitrary Higgs bundle for each point of S, is said to be of P-type if it can

be written as (E°, ®°), where ES is a holomorphic vector bundle over X x S and ®° is a

holomorphic section of End(E®) ® L°. So there is a Higgs bundle moduli functor
Mod(Ax (r,d), P,~) : Sch — Set

for which a coarse moduli space exists, due to Nitsure in [57]. We denote this coarse moduli
space of stable L-twisted Higgs bundles of rank r and degree d on X by My 1(r,d). There

is a popular and very useful characterization of this space known as the Hitchin fibration:

Q V)

chary® £ \" chary® = \" chary® # \”

B,

The projection h is known as the Hitchin map and is the map that sends (E,®) to the
characteristic polynomial char,® of ® (equivalently, the set of eigenvalues of ®). The base
B, = @;_, H*(X, L*") is known as the Hitchin base. This fibration is well-known in the case
that L = wx, but exists for any L.

Technically, Definition defines L-twisted GL(r,C)-Higgs bundles. While there is a

notion of G-Higgs bundles for any complex reductive Lie group G (and corresponding moduli
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spaces denoted M | (r,d)), we will only touch on a few cases and so the following definitions

will suffice.

Definition 2.3.5. Given a holomorphic line bundle L on X, an L-twisted SL(r,C)-Higgs
bundle with determinanﬂ P on X is a pair (F, ®) consisting of a rank r holomorphic vector

bundle £ — X with det(F) = P and a holomorphic map ¢ : £ — F ® L with tr(®) = 0.

Definition 2.3.6. Given a holomorphic line bundle L on X, an L-twisted PG L(r,C)-Higgs
bundle on X is an equivalence class [(E, ®)] of L-twisted SL(r, C)-Higgs bundles where (E, ®)
and (E', ') are equivalent if £ = E’ ® M for some line bundle M over X and ® = &' ® 1,,.

In the second definition, note that the condition £ = E'® M forces M™ = Oy, and hence
M lies in the group of order-r roots of unity in the divisor group of X. It follows that an
alternative description of Mif;LL(”’C) (r,d) is as the quotient of M}%L(n’c)(@) by this group,

acting by tensor product.

Remark 2.3.1. When the underlying curve is X = P!, the cohomologies of the GL(r,C),
SL(r,C), and PGL(r,C) moduli spaces coincide, so we will not make a distinction between

them in our calculations.

2.3.2 Fixed point loci of the moduli space

Calculating the Betti numbers of the moduli space M x 1(r, d) motivates much of what is to
come. Here we use Morse-Bott theory to explain how we can determine such information
using moduli of spaces holomorphic chains. These ideas appear in Hitchin’s original paper
[35].

According to Morse-Bott theory, we can find the Poincaré polynomial of Mx 1(r,d) via

the formula

Po(Mx(r,d)) =) 2" NP, (N), (2.6)
N

where N denotes a connected component of the critical set of a Morse-Bott function and
B(N) is the Morse index of any point in . These indices can be computed algebraically as
dimensions of weight spaces or by using differential topology ([60]).

4 This is a small abuse of notation, as SL(r, C)-Higgs bundle should really only mean the case of fixed
determinant Ox.
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There is a natural height function on My 1 (r, d), which turns out to be a perfect Morse-

Bott function, given by the L? norm

(B, ®)) = [|o]]? = 2i /X r(BD*)dr A dy.

Taking a more algebraic point of view, the critical subvarieties of this function are the fixed

“points” of the group action of (the compact part of) C* acting on Mx 1 (r,d) by
6-(E,®)=(E, ).

The connected components of the fixed point set are the objects N in Equation [2.6, The
connection to the differential approach of Morse theory is that the function f is a moment
map for the action of the compact part St c C*.

If (E,®) is fixed, then ® and ¢“® have the same characteristic polynomials, and in

particular the same determinant,
det® = (e”)"det®

and hence det®(1 — ™) for all §, implying that det® = 0. We can apply this approach to
all the terms in the characteristic polynomial, and so conclude that chary® = A\". Thus & is
nilpotent of order 7 and all the fixed points lie in the nilpotent cone h~1(0) of My 1(r,d).

To take a closer look at which objects will specifically be fixed, note that (E, ®) fixed
implies that there exists a family of automorphisms ¥y € H(X, Aut(E)) such that e?® =
VoW, ! for all 4. Differentiating yields

: dv dv,!
ie?® = —Lou,t 4 Wyd—2
df db
dv dv 27)
6 -1 1970 y,—1
= —0V, " —VydU, " — .
P T
The 1-parameter family {Wy} is generated by the endomorphism © := % oo’ Thus,
taking # — 0 in Equation [2.7] gives
iP =00 — PO

— [0, 0.
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As an endomorphism, © itself has eigenvalues and eigenspaces, say (A1, U1), ..., (A, Un),

1 <m < r. Now consider

ioU; = [0, 9)U;
= 00U, — POU;
- @(I)UJ - /\J(I)Uj

this means that (\; + ¢)®U; = O®U;, which further implies that ®U; is contained in
the eigenspace of © for A; 4 ¢, and in particular A; 4 ¢ is an eigenvalue and so must be
equal to some other \;. We can do this for any (\;,U;) and can re-order the eigenvalues
and eigenspaces of © as (A, Uy), (A1 +¢,Us),..., (A + (m — 1)i,U,,). Using the notation

O = <I>|Uj, we have

¢1IU1—>U2®L
¢23U2—>U3®L

¢m—1 . Um—l — Um X L

Om : Upy — 0.

There is only one such sequence of U; since if there were multiple, each would be ®-
invariant and E could be presented as a direct sum of ®-invariant subbundles.

In general, (E, ®) is a fixed point if £ = @], U; and ® : E — E ® L has the property
that ® : U; — U;41 ® L. Such Higgs bundles are sometimes called holomorphic chains.

The fixed point subvarieties N/ are the moduli spaces of holomorphic chains with fixed
ranks and degrees ((r;,d;))i=1. m. Holomorphic chains can be viewed as representations of

A-type quivers in a twisted category, as introduced in the following section.

2.4 Quivers

Definition 2.4.1. A quiver is a finite directed graph. Specifically, a quiver is a quadruple
(V, A, s,t) consisting of two finite sets V' (the set of vertices or nodes) and A (the set of arrows)

and two maps s,t : A — V which assign to each arrow its source and target, respectively.
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Often, one studies quivers which are labelled in some way.

Definition 2.4.2. A representation of a quiver () in the category C is the assignment of an
object of C to each of the vertices of (), possibly subject to some labelling, and a morphism

of C to each of the arrows.
The space of all stable representations of @) in C is denoted by Rep(Q).

Definition 2.4.3. Two representations ((E;)iev, (f;)jea) and ((F})iev, (g5);ea) of a quiver
() in the category C are said to be equivalent if there exists a family of isomorphisms (h; :

E; — F;);cv of objects of C such that

commutes for every j € A.

One is often interested in the moduli space of such representations, which is sometimes
called a quiver variety, although we will not carefully construct the moduli functor here as
we did above.

Moduli spaces of representations of quivers ) which have each node labelled by (r;,d;),
with r; € Z~o and d; € Z, will be our objects of study. Such a quiver ) has a dual quiver
(Q* which is constructed by reversing the direction of each arrow and changing the labelling
of each node to (r;, —d;). The moduli spaces of representations of () is isomorphic to that of
Q*, a fact we will make several uses of.

By and large, the study of quiver varieties has focused on representations of quivers in the
category of vector spaces and has created a vast theory (see for example [41]). Representations
in certain twisted categories have been used to study Higgs bundles and that is where we
set our sights in this thesis. To be specific, we study representations in the twisted category
Bun(X, L), whose objects are holomorphic vector bundles on X and whose morphisms are
vector bundle morphisms twisted by L. Given a quiver ) with nodes labelled by (r;,d;), a

representation amounts to a choice of vector bundle U; of rank r; and degree d; to each node
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e, 4, and a choice of map ¢;; : U; = U; ® L to each arrow e, ; — e 4;- We denote the

moduli space of representations of () in this category by Mx (Q).
Definition 2.4.4. An A-type quiver is a quiver of the form
Q=e— 06— .- —> e

Denote by A, the A-type quiver with n nodes. It is an easy but crucial observation that
representations of A-type quivers in Bun(X, L) are holomorphic chains.
There is an alternative method of constructing varieties from quivers due to Nakajima

which we introduce in Chapter [6]
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3 A-TYPE QUIVERS

3.1 Deformation theory

Here we calculate the dimension of the moduli space Mx (@) introduced in the previous
chapter, when @ is the quiver A,, and L is any holomorphic line bundle on a Riemann surface

X of any genus g. For this, we will need deformation theory.

3.1.1 Background on hypercohomology

We make use of some tools from deformation theory to understand the local behaviour of
twisted Higgs bundles and to calculate the dimension of the moduli space of type A quiver
varieties. For us, it suffices to focus (admittedly narrowly) on hypercohomology groups. This
background follows [30] while the subsequent section is inspired by the deformation theory

of Higgs bundles which appears, for example, in [57].

Consider an object O and its class [O] in the moduli space M of objects of the same type
as 0. The idea is that the tangent space Tjp) M is equal to the first hypercohomology group
H(O).

Standard cohomologies arise from single differentials: suppose that O is equipped with

two differentials 6 and ¢’. We now have bidegree cochains C**(0O) associated to O such that

Cr4(0) _9 crla(O)

P

Cp,qul(O) SN Cp+1,q+1(0)
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commutes and there exists a left exact sequencd’]
0 — &1(0) — HY(0) — &7°(0) — £*(0) — H*(O). (3.1)
The spaces £5°(O) are defined by first setting

&7 = H; (C**(0))

_ ker(Cr(0) 2 oria(0))
im (Cr-19(0) == Cr9(0))

and then
EY(0) = Hy (£7°(0))

 ker(&29(0) L 111(0))
im(£771(0) L5 £P(0))

If H? = 0, then it is said that the deformations are unobstructed, and when this is the

case it is clear that

TiogM =H'(0) = £&"(0) ® £"(0),

since a short exact sequence of vectors spaces is split.

3.1.2 Dimension of the moduli space

We now calculate the dimension of the tangent space TeMx (@) at a point C of the moduli
space and the expected dimension of the moduli space Mx ;(@)). We note that our result
in this section can be deduced from more general arguments in [61]. In parallel, parabolic
versions of this result can be found in [9, [19].

Given a choice of C = (Uy,...,Upy; ¢1,...,¢n_1), we use the usual differential ¢ to define

vector spaces V?4(C) by

n—q
VPa(C) = HP ((@ U ® UM) ® AqL)
=1

5This is an example of a five-term exact sequence, a type of exact sequence which arises from the study
of spectral sequences.
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(for the remainder of this section we will suppress C). It is worth noting that (¢1,...¢,_1) €
VOl We can also define a differentialf| 5 : V74 — VP41 by the following:

do (U1, .., Yn_yg) =
(V21 — Greq¥n, Ysd2 — Pargtha, s YnqPn—(g+1) — Pn1Vn—(g+1))-
The map d¢ is named for its dependence on the total map & := @;:11 ¢;. Now we have given
@D, V79 the structure of a bi-graded Lie algebra, with dg(—) being the Lie bracket. The
hypercohomology H' that we are looking for fits into an exact sequence as in Equation

with
ker(Vp’q BN Vp,(q+1))

jm(Vp,(qfl) 5& Vp,q) '
Proposition 3.1.1. If X is a Riemann surface and L is a line bundle, then the deformations

of Mx .(Q) are unobstructed.

P _
Eyt =

Proof. By the usual filtration, the space H? consists of contributions from three spaces (which
we will show are all trivial): £, £°, and &,
To begin, note that L is a line bundle on a projective algebraic curve so A’L = 0.

Therefore £, whose numerator consists of the kernel of
H(UUs @ ... ® Ut _,U,) ® A°L)

under dg, is zero.

To see that & Y is also zero, note that its numerator is the kernel of
H*(EndU, @ ... ® EndU,)

under g, which is trivial on a smooth, compact curve.
Thirdly, we must deal with
£ ker(H ((UiUy & ... @ Ur_U,) ® L) <25 HY(UiUs & ... & Uz_,U,) © A2L))
im(H' (EndU; & ... ® EndU,) 22 H\(UiUy & ... & Ur_\U,) @ L))
HY((UUy®...0U; U, ®L)
im(H(Endl; & ... @ EndU,) -2 H((UiUy & ... & Us_,U,) ® L))

6This definition is inspired by the deformation theory of Higgs bundles, which have a differential
[—,®] : CP9(E,®) — CPITY(E, ®)
on Cech cochains C??(E, ®) = C?(End(F) ® AIL).
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If we can show that the map in the denominator is surjective, then we will have shown that

&£, is trivial. To do this, consider the Serre-dual map
H(Uh® ... 0 U U ® L ®wyx) —25 H(EndU, & ... ® EndU,)* ® wy)
where wy is the canonical line bundle on X. This map is equivalent to
H(OLWUE @ ... ® Uy U 22 BO(EndUy @ ... & EndU,) ® L)
The map 03 is injective if and only if dg is surjective, and vice versa. We can calculate

5:}(7717 cee 7771171) ==
(@101, 35 — Mo, -, Dr 1M1 = M2 P2 —77:;—1¢Z—1)

from which we can see that the kernel of 03 is trivial, since ¢in; = 0 will imply n; = 0, so
o5ms — nid; = 0 implies ¢3n5 = 0 and so on. Thus 43 is injective, dg is surjective, and the
image of H(EndU; @ ... @ EndU,) is HY(UUs & ... ® U;_,U,) ® L), which tells us that
521 1 =0, as required.

O

Remark 3.1.1. Recall that these finding mean that we can write H' = £ @ £° which
allows for a natural interpretation of H' as a direct sum of deformations of ® which respect

U, ...,U,) and deformations of (U1, ..., U,) which respect ® (3" and & respectively).
2 2

This proposition also gives us an inroad to calculating the expected dimension of M x ,(Q).

In particular,

dimMx (Q) = 68’1 + eé’o

where
HO((U* .eU L
%hwm< (@%@5@%Jm®) )(w)
im(H°(EndlU; & ... ® EndU,) —— H((U;U, ® ... ® U;_,U,) ® L))
and

@Qmm@ﬂmmmm@m@mwmibﬂww@@m@m4m®m)(w)
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Theorem 3.1.1. Given a quiver
Q = Or.d; ” Ory.ds 7o 7 O dn >

the dimension of the moduli space of representations in the category of L-twisted vector bun-

dles (with L of degree t) over a Riemann surface X of genus g is

n—1 n—1 n
Z (Tidi+1 — T’i+1di + Tiri—l-lt) -+ (1 — g) (Z Tiriv1 — Z T’,L2> + min {hO(EHdUl)}

1<i<n
i=1 i=1 =1

Proof. We have from Proposition m that dimMx (Q) = ey’ + ey”, where ey’ and ey’
are given by equations (3.2)) and (3.3)), respectively. We also showed in the proof that the
map

H'(EndUy & ... & EndU,) 2 H'(UiUy & ... @ U U,) ® L)

is surjective, so we can say
ey’ = h' (EndU, @ ... ® EndU,) — b (Ui ® ... ® U;_U,) ® L)
and a similar argument will allow us to analyze eg’l. We would like to say that
H°(Endl; & ... @ EndU,) 22 HO((UilUy & ... @ Ur_\U,) ® L)

is injective, but this is not quite true. By inspecting the map

5<I><77Z)1’ ce . 7wn) -
(w2¢1 - (/511/117 w3¢2 - (/52?/127 S angbnfl - (an—lwn—l)

it can be seen that it is injective only if we except one of the terms ;. Ignoring an arbitrary ;
would result in a map that was injective but may not have an image of the same dimension as
the full 3 map. We must ignore a 1); coming from H°(EndU;) of minimal dimension. If there
are more than one such H°(EndU;) having the minimal dimension, then it will not matter
which we remove as the resulting dimensions will be the same. That is, if H°(EndU;) is of
minimal dimension among the H°(EndU;), then we can think of d¢ as being H°(EndUj)-far

away from being injective. This tells us that
g%me@@m@m4m®m—M@mm@m@mmM+g@wmmm}
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Now we can apply Riemann-Roch to eg’l + eé’o to obtain

et + ey’
=1 (EndU; & ... ® EndU,) — ' (UjUs & ... & U;_,U,) ® L)
+ (U0, & ... U;_U,) ® L) — h°(EndU; & ... @ EndU,,)
+ min {h°(EndU;)}

1<i<n
=deg((UUs @ ... ®U;_U,) ® L) + rank((U;Us @ ... ® Uy _,U,) ® L)(1 — g)
— deg(EndU; @ ... ® EndU,) — rank(EndU; & ... ® EndU,)(1 — g)

(3.4)
. 0 .
+ 1Iélllglln{h (EndU;)}
n—1 n—1
= Z deg(U;Uis1L) + (1 — g) Z rank(U; U1 L)
i=1 =1
_ Z deg(EndU;) — (1 — g)(Zrank(EndUi)) + 1r£1i<n {h°(EndU;)}
i=1 i=1 ==
n—1 n—1 n
= deg(U;U;s1 L) + (1 — g) < Z Tilig1 — Z 7“3) + 1r£11<n {h°(EndU;)}
i=1 i=1 i=1 -

It remains to calculate deg(U;U;+1L). Note that the following calculation also serves to
demonstrate that the dimension of the moduli space only depends on the degrees and ranks
of the U;, not on their specific structures (how they may split, etc.). We decomposeﬂ the

determinant of U;U,+; L as follows:

det (UrUsp1 L) = det(U)®"+ @ det(Us 1 L)®"

— det(Ui*)®m+1 ® det(Ui+1)®” ® det(L)®””+1

"The determinant of a product of three vector bundles decomposes in a unique way just as one would
expect. If V7, V5, and V3 are vector bundles with ranks r1, 79, and r3 respectively, then

det(V1VoV3) = det (V1 Vo) @ det(V3)"2"™
= det(V7)"?"3det(Va) " 2 det(V3)"2
= det(Vl)T”?'det(Vng)”
= det(ViVaV3)
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thus
deg(U;U;;1 L) = deg(det(U;U;41L))
= ri+1deg(Ui*) + Tideg(UiH) + rirﬂ_ldeg(L)
= ridip1 — rigad; + riregat.

This calculation along with equation (3.4) gives the result. ]

3.2 Type (1,...,1) quivers

In this section we consider the moduli space of representations of A-type quivers in the
twisted category of bundles Bun(X, L), for X of arbitrary genus, L of degree ¢, and quivers
labelled as such:

Q =014 —> O 4, —7 > ®14..

As mentioned previously, a point in the representation space amounts to the assignment of a
holomorphic line bundle U; of degree d; to each vertex, and a map ¢; : U; — U;11 ® L to each
arrow. Note that for each 1 < m < n, the subbundle U,, ® U,,11 & ... ® U, is ¢-invariant,

and so by stability we can calculate

S d_d
n—(m-1) n
d—zgldi<§
n—(m-—1) n

n (3.5)
nd—nZdi <(n—(m-1))d

d(m —1) s
— < d;
Consider the subbundle U; & ... & U,,_1, which has slope Z?:ll d;/m — 1. By the above
calculation,

Sitdi d

> — = [tot,
m—1 n

and thus a stable representation cannot have U1 &...®U,,_; being ¢-invariant. In particular,

this means that ¢,,_; cannot be zero and so we can say that ¢; is nonzero for all 0 <7 < n—1.
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We know that ¢; : U; — U;41 ® L, which is to say that ¢; € H°(X,UU;;1L). The bundle
U?U;41L can have nonzero sections only if deg (U;U; 1 L) = di11 — d; +1t > 0.
We begin with a concrete geometric description of the SL(n,C) and PGL(n,C) moduli

spaces, which we then use to describe the GL(n,C) case.

Theorem 3.2.1. Let X be a Riemann surface of genus g, L a holomorphic line bundle of
degree t on X, and @) be the quiver

® 14 — 7O gy, — > @1 4.

Then the SL(n,C) and PGL(n,C) moduli spaces of representations of Q) in Bun(X, L) are
~ /n—1
ML Q) = (H Symdiﬂ—di*f(X))
i=1

and
n—1

M @Q) = [T syt t4(x)
i=1
respectively, where the superscript ~ is used to denote an n?I-sheeted covering.

Proof. Let us first consider the moduli space of L-twisted SL(n,C)-Higgs bundles. That is,

we are asking that a representation

U1 el > U2 b2 > e ¢n71> Un

have det (P!, U;) = P for some fixed P € Jac?(X). Since all the U; are line bundles, we
have @), U; = P which tells us that one of the U; depends on the others; say

U, =UiU; ... U, P

Recall that ¢; € HY(X,U;U, .1 L) \ {0}, so deg(¢;) = di11 — d; + t. In addition, since we
are modding out by the action of C* on this space, the information here amounts to a
choice of U}U,; 1L and of projective class of ¢;, which we will denote by [¢;]. By the divisor
correspondence, the information (U;U;11L,[¢;]) is a point in the symmetric product of X

with itself d;,1 — d; +t times. That is,

dip1—di+t

(Ui*Ui-i-lLa [QSZ]) S Symdi+1—di+t(X) = ( H X> /Zdi+1_di+t (36)
=1
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where ¥4, 4,4+ is the symmetric group on d;y; — d; +1 elements. So, the information

((Ul*U2L7 [¢1]) L (U;—lUnLa [gbn—l]))

lies in Sym®~“H (X)) x ... x Sym® -1 (X). This is not the moduli space we are seeking,

since we want the U;, not these UfU;, 1 L. If we are given such a point in Sym® "+ (X) x

... X Sym® %=1 X) we can attempt to recover the U;. Write V; = UU; 41 L. Then,

VIVRVS .. VM2V P (L) e
= (UTUL)(USUSLY? .. (U yUnea L)' (U yUn L) P (L)
— (U ULL)(U3USL)? .. (U7 U 1 L) 2(UsUTU; .. U PL)*P (L")
= (UU)(UsUs)* .. (UF U )" (U1 Uy ... U, U2 )
=U,,
Thus, a point in Sym® " (X) x ... x Sym® %17 (X) fixes the n-th power of U,_;. Ac-
counting for torsion in the Jacobian, we know that U™ ; has n? distinct rootsﬂ We can

choose one of these, and this fixes all the other U;. This tells us that M%L(n’(c)(Q) is in fact
an n?9-fold covering of [[7—,' Sym®»+~%**(X), which we denote by N(H?Z_ll Sym% -4t (X)),

Define the n-th roots of unity
Jac’(X)[n] := {J € Jac’(X)|J" = Ox},

which is a finite subgroup of Jac’(X). This group acts on the covering N(H?:_ll Sym®+1 4+ (X))

in the following way:

J-(Ur,.. 0 Uny 1],y [na]) = (@ Ur, ..o, JQ U, (1], - - - [Pnei]) -

This is a true action because the maps [¢;] are unaffected:

H° (X, (JU;)*JU; 1 L) = H* (X, U} U1 L),

]

and we still have the same fixed determinant:

det (é JUZ) = J"det (é Ui> =P

i=1 i=1

8This is a generalization of Atiyah’s work in [4].
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The orbits of this action are precisely points (U, ..., Uy, [¢1], - .., [¢n—1]) arising from different
choices of the root of U]_;,

R with the n-th roots of unity in Jac’(X). That is, the orbit of R under this action is
{R®Ox,R® Ji,...,R® J,_1}, where {Ox, Ji,...,J,_1} are the elements of Jac’(X)[n].

since if R is an n-th root of U'_; then the others arise by tensoring

By definition we have

MSL(TL,(C) (Q)
PGL(n,C) _ X,L
M (@)= Jac®(X)[n]

and the preceding analysis has thus shown that

n—1

MTO(Q) = T symbn ().
i=1
PGL(n,C) : . . . .
Note that My 7 (Q) is not smooth, due to its construction as a quotient by a finite
groupf] O

Corollary 3.2.1. The GL(n,C) moduli space is, cohomologically,

n—1

Jac®(X) x H Sym®Tir1 At (X)),
i=1

Proof. 1t is shown in [32] that the mixed Hodge polynomials of M)G(fL(n’C) (Q) and MiiL(n’C) (Q)

satisfy
HMZE" Q). y.1) = (1 + 2y HMET ™ (Q), 2.y, 1).
This gives us the above topological description of /\/lf(yLL("’C)(Q). O]

The fact that the n-th symmetric product of the projective line is projective n-space leads

to the following additional corollary:

Corollary 3.2.2. Let Q be the quiver
.l,dl —> .l,dg —> e —> .Ldn‘
Then the moduli space of representations of Q in Bun(P*, O(t)) is

MPl,O(t)(Q) — PdZ—d1+t X ... X Pdn_dnfl-‘rt‘

9That is, MiiL(n’C)(Q) is an orbifold.
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This can also be derived directly from the methods of Section
We also take this opportunity to test our dimension formula from Theorem [3.1.1] against
the expression for the moduli space in Corollary [3.2.1l The dimension of Sym’(X) is j since

X is a curve, and so the dimension of
Jac®(X) x Sym® 4 (X) x ... x Sym® -1+ (X))

is easily seen to be

n—1

9+ (dis1 —di+1t) =g+dy —dy + (n— 1)t.

i=1

On the other hand, putting r; = 1 for all ¢ in the dimension formula yields

n—1 n—1 n
Z (ridis1 — rigad; + ririat) + (1 — g) (Z Tili41 — Z 7"?) + 1giéln{h0(EHdUi)}

=1 i=1 =1

—_

n—

(dip1r —di+t) + (1 =g)((n—1) =n) +1

(2

:g+dn—d1+(n—1)t.

3.3 Pullback diagrams and stability of argyle quivers

Definition 3.3.1. A labelled A-type quiver of the form
.1,d1 — .T'Q,dQ — .l,dg — o .Tn—lydn—l — .1,dn
is called an argyle quiver.

In this section we expand on the work of Thaddues in [64] and Gothen in [26], allowing
us to make some deductions about the moduli space of twisted representations with fixed
determinant of argyle quivers over a curve X of genus ¢g. In the sequel we specialize to P!,

where our results about argyle quivers are very concrete.

3.3.1 Stable tuples

Given an argyle quiver @) of length n = 2¢ + 1, we will need to consider a space of stable 4q-

tuples, analagous to the stable pairs studied by Thaddeus. Stability for these tuples depends
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on 2q parameters, which we denote by o = (01, ...,09,) € R?%. Accordingly, we will define a

space
o .
Rx(kl, ce ,kgq, €1y... 76211)

'7‘/2q;¢17"'

,¢2q)} where V; is a vector

which parametrizes stable tuples of the form {(Vl, .
bundle of rank k; and degree e; (with k; = 1 whenever i is even), ¢; € H°(X,V;) for i odd

and ¢; € H°(X,V*,V;) for i even.
The stability condition arising from the choice of ¢ follows from the well known a-stability

condition on the space of holomorphic chains (equivalently, the moduli space of representa-

tions of the A-type quiver ). This space is

M%{}L(Tl,...,Tn;dl,...,dn) = {(Ul,...,Un;(bl,...,(ﬁn,l)}/N

with tk(U;) = r;, deg(U;) = d;, and ¢; € H°(X,U;U;11L). The a-slope of a holomorphic
Qn-1) € R?* and

chain C = (Uy,...,Upn; 01, ..., 6n_1) depends on the 2¢-tuple o = (a, . . .,

is defined as
Zz ld +Zz 1 QiTi41 (37)

1a(C) = Z e

S Tnd, ..., dy) is a-stable if 1, (C') <

We say that a holomorphic chain C € M%(rq,.
o (C) for each proper, (¢1 @ ... @ ¢,_1)-invariant subchain C" C C. Now we will play with

this a little bit; recall the usual slope p(C) = ¢ and set

r

(0: =

oy =
Tit1

n — 1. Now the expression pz(C') < uz(C) becomes

forallz=1,...,
d'+ 300 s (00— 54(C)) d+ZZ s i (00— ()
r’ r
o 1 - 1
CI +1 C < C . —
W)+ 3 5 o1 = =) < () + X (o1 = = w(O)
n—1 r 7"/ 1 n—1
)<y —-Hl C) — o i
M( ) - r/riﬂ(n—lu( ) U)—F;U
d n—1 T/ n—1 T’/
d/ i+1 , r o nitl 3.8
<n—1z7"z’+1+;g g TTz‘H (38)



This is the o-stability condition for holomorphic chains of length n. To specialize to

R% (ki ... kagser, ..., ea), we need to focus on chains of the form

C:(O,UQ,...,Un;gbl,...,(bn,l),

where Uj is a line bundle for each i odd. This can be viewed as a 4¢g-tuple in R% (k1, ..., kag;e1, . ..

for k =r—1, k; = r;41, and e; = d;41. Since we have set d; = d} = 0, we have d = e and

Canwriteas
€<_Z +Zaz(r— (k+ )Z)

Now, this expression still depends explicitly on |, which is certainly strange if we are trying
to look at this as a stability condition for a 4¢-tuple. To remedy this, we note that if
¢1 € H(X,Uj) \ {0}, then it is clear that r; = 1. Conversely, if ¢; &€ H°(X,U;) \ {0}, then
we must have rj = 0. Hence, the stability condition on R% (k1, ..., kag; €1, .., €2) settles

nicely into two cases:

Definition 3.3.2. A 4¢-tuple (Vi,...,Vag; é1, ..., ¢oq) with tk(V;) = r; and deg(V;) = e; is
stable if for every sub-dg-tuple (V{,..., V5 ;¢y,...,¢h,) of (Vi,...,Vag; b1, ..., dog) where we
denote rk(V}) = k. and deg(V}) = €}, we have

2q

2q L /
Zﬁ+2m <1+/</— <k+1>%) it g€ HO(X, V) \ {0}
= =1 ’

2q 4, 2q ,
/ € 7 / kz . 0
<n_1;k—i+;oi(k—(k+l)k—i) it ¢y ¢ HO(X,V))\ {0}

3.3.2 Pullback diagrams

The connection between twisted representations of an argyle quiver on the Riemann surface

X and 4q¢-tuples is captured by the following result:
Theorem 3.3.1. For a labelled argyle quiver Q) of length n = 2q + 1

®1.d ” Ors.ds 7 ®1.ds A ? O 1,dn_1 > ®1d,
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there exists a unique o € R?? and b; € 7Z such that the moduli space of representations of Q
in the twisted category of holomorphic vector bundles with fized determinant P is given by

the pullback diagram

MEHO(Q) g 1 Jack(X)

i=1,odd

T W’l

h n
R%(ki, ... kagser, ..., e3q) —— [T Jac”(X)

i=1,0odd

with maps described as follows:

7 Uy, Uny b1,y )

= (UTUy L, U Us L USULL, USUS L, ... U UL 1, i)
g: Uy, ....Up;01,...,00n_1) — (U1,Us, ..., Uy)
he(Vi, ..., Vags b1, ooy 1)

2¢—1 29—-3 2q-1
( ® det(V; ® det(V;) ® det(Vag—1Vay), - ® det( VV;”_‘H)>

i=1,odd i=1,odd i=1,odd
7 (Ul,Ug,...,U )
<PL21 2,even (U*)T2+1(U*)7‘4+1 ) U2*q+17
PLEE (U4 UG, (U™
DL U ()

Moreover, the maps © and @' are finite-to-one covering maps.

Remark 3.3.1. One way to interpret Theorem [3.3.1] is that the map h generalizes the de-
terminant map of vector bundles to tuples; the determinant of a 4¢-tuple (which contains 2¢q
bundles) is a tuple of ¢ + 1 determinants. Therefore the fibres of h are the generalization of

moduli spaces of bundles of fixed determinant.

Proof. To show that this diagram commutes, we will consider hon(Uy, ..., Uy; ¢1, ..\ Pn_1).
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Recalling that P = Uydet(Us)Usdet(Uy)Us . .. Uggt1, the first term is

2¢-1 2¢—1
&) det(UiUiaL) = @) (U7 det(Up) L)
i=1,0dd i=1,0dd

— LoD (Y2 det(Uy) (Ug ) idet(Uy) - (U, ;)2 det(Us,)

= LEEaen PO UG (U™ Uy
which is exactly the first term of 7’0o g(Uy, ..., Uy,; @1, ..., ¢n_1). The other terms are similar.
The unique b; extolled in the statement of the theorem are nothing but the degrees of these

line bundles.

To see that 7 is a r29-fold covering map, write
Vi, ..., Vay) = (U U, L, U U3 L2 Uz Uy L, U Us L2, . U ,U, LP)

and then note
det(Vy) = (Uy)?L"™ (P*UUsdet(Us)*Us ... Us, 1)

We can say that 7 is a finite covering for the following reasons. For ¢ odd, detV;, =
(UF)r+rdet(Usyq) L7+t and so det(Ujqq)* = (Uf)"+ Lri+idet(V;). In addition, det(Viy1) =
Ui U2 L? and so Uf, = U U;L*det(Viyq)*. In particular, this tells us that det(U;41)* and
Uf,, can be written in terms of U; and some other known quantities. By doing this for all
odd 7 from 3 to 2¢ — 1, we can write (U;)*m2tit—+r20tl = (U*)" in known terms. Then,
accounting for torsion in the Jacobian, 7 is an r?9-fold covering map. A similar approach
shows that 7’ is a finite-to-one covering map.

Now it remains to show that there exist unique (o4, ..., 09,) for which the above holds.
We begin by defining the line bundles U} = ¢; 1(U;1) and U} = gbj_l(UjH) for all j even.
For any line subbundle U}" of U; which is not equal to either U or U}, we can define a
subrepresentation

(0,...,U",...,0;0,...,0)
of
(Unyev o Ui, bur) € METO(Q).

It is clear that stability implies deg(U}") < %. Now, such subrepresentations are in one-to-one

correspondence with sub-4¢-tuples
(0,...,U;-k_lUJ’»"L...,0;0,...,0)
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of
(‘/17"'7‘/2q;¢17"'7¢2q) € Rg((kh"'aqu;elu'"762q)-

By definition, such a 4¢-tuple is stable if and only if

k!
¢’ = deg(U;_,U;"L) <_Zk +Zal( - 1)?)

i=1,i#j—1
where
2¢+1 2g—1
€ = Zd -+ Z rz+l+2>t_(ri+l+1)di)-
i=1,odd

Since we also know that
" " d
deg(U; \Uj"L) = —d;j_y +deg(Uj") +t < —d;_1 + S+t

we see that equivalence of stability in /\/l}q{%r’c)(Q) and in R% (K1, ..., kagier, ..., ey) boils

down to the equation

2q
d e r
—di_ -4 t=— AR [ —— i
ot =+ 2qrj+aj1< rj)+,_z o
which allows us to deduce

2q
r d e
O'j_l (1——) + E g; = — j_1—|—;—|—t— ' (39)

T
J i=1,i#£j—1

for all j even.
Considering the subrepresentation (0,...,U}",...,0;0,...,0) again, we note that is also

in correspondence with sub-4¢-tuples
(0,...0,U; UL, U;_,U; 11 L*,0...,0;0,...,0)

of
(%,...,‘/Qq;gbl,...,qﬁgq) ERg((kil,...,]{ng;el,...,egq),
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for which the stability condition is
I k/
= K-
¢ < Z Ly Za (W= s )
2q
e 1 1 k!
= — [ — 4 = 22— (k+1)-=
2q(k +k)+20( ( “ki)

=1

2q
e 1 1 T T
=— (=4 — V4o ,(2-=)4+0(2—-— |+ 20;
2q(7”j ”’j+1> jl( Tj) ]< Tj+1> _Z »

1_1727£J_1’]

where e is as above and €’ is
¢/ = deg(U; ,U;"L) + deg(U;_,Uj11 L)
= —2d; 1 +dj + dj1 + 3t
< —2d;_1 + g +djyq + 3t

Hence, we set

2q
d e (1 1 r
— 21t di 43 = o <E+_> +0j1 (Q—T—> +o; (2——) + ) 20

T T
A J L imviAi—1

from which we can calculate

2q
"
_1(2—7)"‘0]‘(2—7")—’— Z 20'1‘
’ i=1,i#j—1,j (3.10)
d e (1 1
=—=2dj 1+ - +djy1 + 3 — — (—-i——)
r 2q P Ty

for all j even.
It remains to show that the system of equations defined by (3.9) and (3.10) has a unique

solution. The associated 2q x 2¢ matrix is

1-z 1 1 1 1
1 1 1- 1
T4
Sy=2-2 2—r 2 2
2 22— 2-7¢
2 2 2 2 2—r
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which can be transformed to

via elementary row operations. The determinant of X can be calculated via the matrix
determinant lemma, which states that for an invertible n x n matrix A and column vectors

u and v,

det(A +uv”) = (1 +vT A u)det(A).

By factoring 3, as

-= 0 0 0
? 1
0O —r 0
/ T 1
Eq:A+uv = 0 0 —i + 1 (1 1 .- 1)
1
0 0 0 —r
we can calculate
—’"72 0 0 0
1
-1 9
T 4—1 ' 1
(140" A ) = 1—|—<1 1 ... 1) 0 0 - '
1
0 0 0 —1

as well as



From these we have

_)2¢—1
:(T—Tg—l—ﬂl—...—l)L
roTrq ... T2¢—1
_T2q71

=(r—q—ro—rs—...—T9g1) (=7)

raTrg ... T2¢—1 )
Since r =14+ (q+ra+7r4+...+79-1), the determinant is always nonzero, and the proof

is complete. O

Remark 3.3.2. The reason for restricting ourselves to argyle quivers in the theorem is that
our analysis of ¢ depends explicitly on the fact that every second bundle is a line bundlﬂ

We do not expect such a clean formulation of the pullback property in the non-argyle case.

Remark 3.3.3. When the genus of X is 0, the image of A is only a point, meaning that
there is no useful fibration structure coming from h. However, M}?L(”’(C)(Q) is still a finite-
to-one cover of R% (ki;e;). When g = 1, the Jacobians and the elliptic curve X itself can
be identified and M%L(n’c) (@) fibres over a Cartesian product of the elliptic curve with itself
some number of times. In this case, one can view the pullback procedure as expressing the
data of a representation of (), which consists of bundles and twisted maps, in terms of simpler
data on X. This data is a tuple of points, after fixing the determinant of the representation
(by picking a fibre of h) and up to some choice of roots of unity (the map 7). In some
sense, this picture is reminiscent of the spectral viewpoint and the Hitchin fibration for Higgs
bundles, which transforms the data of a Higgs bundle on a Riemann surface X to a point on
the Jacobian of another Riemann surface, the so-called “spectral curve” of the Higgs bundle
(see, for example, [36, [7]). In the pullback diagram for tuples, we see products of Jacobians

rather than a single Jacobian.

Remark 3.3.4. We also stress the general utility of the pullback diagram. In [64] (cf. also
[25]), a special case of Theorem is used to obtain an exact geometric identification of
the moduli space of stable pairs (a single bundle with a single map). This is achieved by

variation of stability, wherein the stability parameter is initialized at an extreme value and

10This comes up in how we define U}" in the second batch of sub-4¢-tuples.
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then the desired moduli space is constructed in steps by flips and flops as the parameter
crosses certain walls. In principle, the same procedure can be applied for tuples associated
to the more general argyle quivers above but this would involve quite a number of birational

transformations.
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4 A-TYPE QUIVERS ON P! AND HIGGS
BUNDLES

4.1 Argyle quiver bundles

In this chapter, we seek explicit identifications of moduli spaces of twisted representations of
argyle quivers when X is P!, the most concrete setting. We start with the case where the

length of the quiver is n = 3 and work from there.

4.1.1 Type (1,k,1) quivers

We begin with the quiver
Q = .1,d1 — .k‘,dz — .1,d3
and put r = k+ 2 and d = d; + ds + d3. A representation of () is a tuple of the form

(Ul, UQ, Ug; ¢1,¢2) in which U1 = O(dl) and U3 = O(dg) since PIC(]Pﬂ) =2 7. In addition, U2

splits as

O(al)@sl DD O<am)@sm

for some a; € Z and some s; > 0, where > s,a; = dg and k =Y " | 5;. We always sort the

a;’s as a; > as > ... > a,,. With this information in hand, we can rewrite the representation

O(d,) —=— Uy, —2— O(d)

as

42



S1

(9(@2)

s Sm
m 52 m

O(am)

In this diagram ¢! € H*(P', O(d —a; +1)) and & € H(P', O(ds — a; +t)). This picture is
acted upon by elements of Aut(U;) x Aut(Us) x Aut(Us). From this group, there are degree
0 maps between each pair of nodes of equal degree, as well as degree a; —a; maps from O(a;)
to O(a;) for all i < j. If we must be very specific, we write w,?l for the map from the k-th a;
node to the [-th a; node. Most of the time when considering such maps, it is not important
which of the O(a;) nodes we consider, so we simply write ¢; and ;.

Next we will consider which values of dy,aq,...,a,ds are allowable under the standard
slope-stability conditions. Since we have already sorted the a; as a; > as > ... > a,,, it

suffices to impose the following:

d3 < Htot
d3 —+ aq

< Htot

ds + s1aq
1+ s
d3 + 5101 + ag
2+ 5

Hiot

< Htot

ds + 2111 Sit;
k+1

Recall that ¢; € HO(P!, O(dy —a;+1))\ 0 = CR-a++1\ 0. Define 7’ so that a; 1 < pieor <

< Mot

ay (allowing the cases i’ = 0 and i = m). This will allow us to say something about the ¢
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and ¢ maps. We can see that for any ¢ > i’, O(a;) can be allowed to be invariant without
stability issues, meaning any of the qﬁg can be allowed to be zero. On the other hand, for
i > ', none of 5{ can be allowed to be zero. If one is zero, then the subbundle consisting of
all the nodes except a single O(a;) would be invariant, but this is not stable since a; < ot
In a similar way, for any i < ¢/, ¢§ cannot be zero, but ff can. The final restriction to note
is that while we allow any of &,..., &7, ¢}, q,..., 5 to vanish, they cannot all be zero
concurrently as that would imply that the representation could be presented as a direct sum
of two stable representations.

We will reduce the amount of freedom that some of the ¢; and &; have by letting them be
acted upon by some of the 1,,,. In other words, we construct the moduli variety by performing
reduction in stages. We are performing a geometric-invariant-theoretic (GIT) reduction using
the ®-stability condition, but note that we are quotienting by a non-reductive group. In
general, an element U € Aut(U;) is an invertible matrix-valued polynomial (in the affine
parameter z € P') whose degree 0 piece is an element of GL(r;, C). The diagonal terms in
particular comprise the usual maximal torus in GL(r;, C). The off-diagonal terms, which are
all zero to one side of the diagonal by degree considerations, measure the non-reductiveness of
the group. Fortunately, the off-diagonal terms act on the polynomials ¢; in the representation
in a predictable way: they reduce the degree of ¢; or & in accordance with the Euclidean
algorithm.

To be precise, consider v;; : O(a;) — O(a;) where a; # a; and i, j < i'. We send ¢; —
Gi+ ¢ = ¢ We know that ¢;; € HO(P', O(a;—a;)) = C%~** 50 one can see that we can
use the a; —a; +1 degrees of freedom of v;; to kill off some of the freedom of ¢;. In particular,
the dimension of the space that parametrizes ¢; will be do—a; +t+1—(a;—a;+1) = dy—a;+t.

To be more precise, if
¢ = ¢i + G50y
= (ApP + ...+ Ag) + (B + ...+ By)(Cr2" + ...+ Cp)

then we set C, = A o that C,B, = —A,, as well as C,_; =

B, (Ap—1 + C,By_1) so that

—1
By
C,By1 +C,_1B, = —A,_1, etc. In general, we set

i—1

—1
Croi = 5 (Api + > CojBuisy)
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fori=1,...,r.

An additional property of this action is that the size of the automorphism group is not
constant; it changes in accordance with divisor equivalences. This is best explained from the
point of view of the spectral correspondence, in which we appeal to the identification of these
quiver representations with twisted Higgs bundles. As previously mentioned, the spectral
correspondence [36, [7] is a bijection between Higgs bundles of fixed generic characteristic
polynomial on a curve and line bundles supported on another curve. This additional curve is
called a spectral curve, as its points are precisely the spectrum of the Higgs fields on one side
of the correspondence. The spectral curve, X , is a finite-to-one cover of the original curve
(P! in this case), branched over a finite number of points where the characteristic polynomial

develops eigenvalues with multiplicity. The spectral line bundles record the eigenspaces of

the Higgs fields.

Most importantly, the spectral correspondence respects isomorphism classes. If two Higgs
bundles (E,®) and (E’,®’) are isomorphic, then their spectral line bundles L and L' are
isomorphic, and vice-versa. If the genus of X is g, then the Jacobian of Xisa g-dimensional
complex torus modelled on the symmetric product Sym? ()? ). It fails to be globally isomorphic
to Sym? ()? ) because of special divisors. Specifically, if the degree of the covering map is 7,
then we have an induced surjection Sym? (55 ) — P". Preimages of points in P" with a
repeated coordinate induce extra automorphisms of the corresponding divisors in Sym? ()N( ).
The quotient of Symg()? ) by these automorphisms results in J ac()z ). The classical example
is the Jacobian of the genus 2 hyperelliptic curve. The covering map is a degree 2 map
f+X — P!, and its fibres form a P! of linearly-equivalent divisors. The Jacobian is obtained
by blowing down the “canonical series” (the preimage of this P* under Sym2()z ) — P?) in
Sym? ()? ). In higher genus and for higher degrees of the covering map, these equivalences are

more numerous and complicated.

For us, these repeated coordinates in IP" correspond to coincidences of invariant zeroes
of polynomials in the Higgs fields determined by the representation of the quiver, meaning
zeroes of ¢;’s that are preserved by the action of automorphisms. Suppose that we fix the
splitting type a = (a1, ...,amn; S1, .., 8m) of Uz in our quiver. This is tantamount to adding

2m labels to the central node that fix Us;. The resulting moduli space, which we denote
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Mp1 o) (Q, a), keeps track of ¢; data without any contribution from vector bundle moduli.
We will excise any representations with collisions of invariant zeroes. We denote the removal

of the “collision manifold” (i.e. keeping the regular part) by a superscript A.

Theorem 4.1.1. Let Q be a quiver of type (1,k,1) and let a be the splitting type of Uy. The

projective closure of M5, O(t)(Q,a) is

—_

j_

M

M@’O(t)(Q,a) = P7 x HGr(sj,dg —aj+t+1—) splag —a; + 1))

j=1 k=1
m—1
X H Gr(s],a] di+t+1-— sk(ak—aj—l—l))
j=i'+1 k=j
where
q:ZSj(dg—aj+t+1)+Z jla; —dy +t+1) —1—ZZs]sk ;—ak+1).
J=1 j=i'+1 j=1 k=i'+1

Proof. We can act on all ¢; for ¢ < ¢’ by all maps v;; that go from O(a;) to nodes of higher

degree by the Euclidean algorithm, and similarly on all & for i < ¢ by maps 1;; that go to

O(a;) from nodes of lower degree. It is important to note that if the power of 1;; would reduce

the amount of freedom of one of these maps (which are not allowed to be zero by stability) to

zero, then the representation is not stable. Lastly, 1;; for j <’ < ¢ each reduce the freedom
s 1

of one of &, ..., &, o} 415> @y, We know that not all of these can simultaneously vanish,

so they contribute a single projective space to the moduli variety.

Now, after “using up” the power of the 1;; between nodes of different degree and ac-
counting for the data contributed by i, .. fs,', ia1s - O, we can split up and rewrite

m )

the remaining information as

o _ol O _oi

&) \ &

O(dg—al) s O(dg—az)
@/ @ ¢Zl

O O
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and

P @) £l @

i'4+1 m
O(dl — Cll) Sy 41 O(dl — am) s
@ O

Write ¢, = gb}/ ® ... 0 ¢"'. We claim that the induced map of sections for each of
these is, in fact, injective. If &; : C — C%~% is not injective, then there exists some
nontrivial kernel A which is generated by some subbundle B of O & ... ® O. We can say
rankB < s and also note that B must have sections since A is nontrivial. If rankB = 1,
the only degree of B that allows B to have sections is zero, in which case B is destabilizing.
If rankB > 2, it is possible that degB < —1 and B can have sections and may not be
destabilizing. However, B must have some subbundle with non-negative degree, which would
be destabilizing. Thus, @, is injective and contributes Gr(s;,ds —a; +t + 1) to the moduli
space. The same argument holds for any ®; : C5 — Cds—aitt=E5o1 si(a—aitl) onee noting
that the reductions done above can be done in such a way that each ¢, induces a map from
C into the subspace Cla—aitt=2501 si(aj—aitl) of CoB=at+t+1 which corresponds to the space
of degree d3 — a +t — 2s polynomials. That is, each of the reduced ¢, maps into the ‘same’
Cds—aitt=352 sj(aj—ait1), Moreover, the equality of the moduli spaces of a quiver and its

dual allows us to state a similar result for =; = §i1’ @ ...® &, In particular, it contributes

Gr (3]-, a; —dy +t+1— ZZ:JI sp(ar —aj + 1)) to the moduli space. O

In the sequel, we reintegrate the collision manifold by identifying it with a twisted (1, k, 1)
quiver variety for a different splitting type, leading to a stratification of Mp1 o¢)(Q,a) by
the algebraic type of Us.

The above description of the action of the automorphisms also allows us to calculate the
moduli space of representations of type (k, 1) quivers (and thus, type (1, %) quivers). In this
case, stability imposes a straightforward condition: none of the maps ¢; are allowed to be

zero. This leads to the following corollary.

Corollary 4.1.1. Let Q) be the quiver

.k,dl 7 .l,dz

47



anda = (a1,...,Qm;S1,- - -, Sm) be the splitting type of Uy. The projective closure of M5, O(t)(Q, a)

18
m 1—1
M@,O(t)(Q,a) = HGY(Sudz —a+t+1-— Zsj(aj —a; + 1)).
=1 j=1

4.1.2 General argyle quivers

The structure of an argyle quiver allows us to calculate the moduli space as a product of

appropriately adjusted (1, k, 1) quiver varieties.

Theorem 4.1.2. Given an argyle quiver Q) with a; being the splitting type of U;, the projective
closure of the reqular part of the moduli space of representations of Q) in the category of O(t)-

twisted holomorphic vector bundles over P! is

A _ A
M]P’l,O(t)<Q’ Ao, Ay, ... 7an,1) = M/IP’17(’)(t)(.1vdl — ®,,.ds — ® 43, 8_2) X ...

A
e X MI]Pl,O(t)(.Ldn—Q .Tn—lydn—l .17dn7 an_l)

where

1A )
M IP’l,O(t)(.l,di ? ®rii1,dit ‘: .1,di+27al+1)

18 the projective closure of the moduli space of the quiver

®14; > ® 7 ®1,d;o

Tit1,dit1
with splitting type of U; given by a;, with stability condition induced by Q).

Proof. Given a general argyle quiver

Q = %14 7 Or).do 7 ®1.d3 P gl O > ®1.d,

we can write a representation (Uy,...,Uy;¢1,...,¢0n_1) as
O(a1) 4, O(b1) ,
L T e ~
o) , o) o) O(dy)
K N RN Vs
O(ama) O(bmb)



The conditions on the degrees of the nodes that allow stability are akin to those shown for
the (1,k,1) case, although there are many more. From this picture, it is clear that whether
some (; are allowed to be zero or not, they do not effect the behaviour of the ¢; in terms of
stability, and vice versa. The same is not true of ¢; and &;, as we have seen. This suggests that
we could consider the moduli space of () as decomposing as the moduli of the “diamonds”.
Since the bundles associated to nodes labelled with rank 1 are fixed, this does not account
for any information more than once. Thus, to calculate M(Q, as,ay4,...,a, 1), we only
need to calculate Wp@)('l,di — & di — ®1.d,,,,i41) for each of the (1, k,1) blocks,
with the following difference: i’ is defined so that ay 1 < pior < @i, where i is the slope of
(), not only the slope of the particular (1, %, 1) block.

[

We note finally that this result could be made a bit more general. The most important
feature of argyle quivers is the regular appearance of nodes labelled with rank 1. We could,

for example, calculate the moduli space of representations of quiver
®1,d 7 ®r.ds ? ®1.ds ? ®1.dy ” ®r5.ds

using the techniques presented in this section, although this quiver is not strictly speaking
argyle. It is less clear that this loosening of definition is harmless for our results in genus

g>1.

4.1.3 Stratification of the moduli space by collisions

In the preceding section, we computed the closure of a single stratum of the (1, k&, 1) moduli
space corresponding to fixing the holomorphic type of the rank k piece and removing colli-
sion data. Here we will explore examples of how to glue the strata in some low r and low ¢
cases by realizing one stratum as the “collision submanifold” of a more generic stratum. In
a sense, we take a finer look at the invariant theory of the representations by indentifying
explicit invariants of the isomorphism class that coordinatize the strata. These invariants
take the form of zeroes of certain ¢;’s, regarded as polynomials over P!. These descriptions

show that there is at least a birational equivalence between M@l o t)(Q, as,ay,...,a, 1) and
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M]}%l,oa)(Qa as,a4,...,8, 1)

In the type-change stratification, the largest-dimensional stratum corresponds to repre-

sentations of generic type, where “generic” means precisely the following:

Definition 4.1.1. Given a bundle U on P! of rank r and degree d, its generic splitting is

the decomposition of U as

Oa+ 1) @ O(a)®

such that s(a + 1) + (r — s)a = d.

The bundle U admits other infinitely many “less generic” splitting types that are related
to the one above by adding 1 to the degree of a summand and simultaneously removing 1
from the degree of another summand. As per usual, it is stability that caps the number of
splitting types that appear in the moduli space.

Consider the general (1,k, 1) case. For a representation with U, of type

(@1, ey @15 e Ay ey Q)
we have
0 O 0
& 0
S1
o=
&
& 0
0 o o of b o 0
By observing U'® W, we see that ¢! will have an invariant zero if and only if ¢, ..., &7, ... ¢}, ... @5
have a common zero. As well, §f will have an invariant zero if and only if fjl, e ]S-j Y SR G

have a common zero. For 1 <7 < j < k, we would like to construct a way to map a represen-
tation with Uy of type (ai,...,a1;...;am,. .., any) to a representation with of the same type,

except that a term a; has been replaced with b; +1 and an a; has been replaced with a; — 1.

20



In view of the above description of the invariant zeroes, it is possible to construct a meromor-
phic automorphism © that will create the above transformation when ¢1,..., ¢, &1, ... &
all share a zero, which is precisely when the automorphism has determinant equal to 1 (as
opposed to having a determinant which is a meromorphic section of Q).

We pose the following algorithm that controls how the holomorphic type of U, changes
due to a collision of invariant zeroes.

The Type-Change Algorithm: Begin with an empty set §. Given a splitting Sy =
(a1,...,a1;...5m,...,ay) of Uy (where a; appears s; times), add Sy to S. Given S, =
(b1,...,b1;5...;bm, ..., by), choose integers 7, j such that 1 < i < 7 < k then construct the
sequence S,.1 which is identical to .S, except for that a term b; has been replaced with b; + 1
and a b; has been replaced with b; — 1. If this S,1; is not in S and the corresponding repre-
sentation type is stable, then we glue in the moduli space of representations corresponding
to type Sp41 in place of the collision locus of type S,. Then, add S,4; to & and restart this
procedure with S,;;1. If 5,44 is unstable then add it to S, and if p > 0, apply the procedure
to Sp—1. If p =0, terminate.

The moduli space of representations of the quiver
Q - .l,dl ? .Tz,dg ? .1,d3

in the category of O(t)-twisted holomorphic vector bundles over P! can then be geometrically
realized as the moduli space corresponding to the generic splitting, subject to the type-change

algorithm.

Example 4.1.1. Consider the quiver () = ;5 —> o3 _; —> ;5 with a = (0; —1) and

t = 5. A representation of () looks like

/\

\@%/)(_)

Herev 51 S HO(P17O(3))7 52 S HO(P170(2>)7 (bl S HO(P17O(3)) and ¢2 S HO(P170(4>> By
stability, & and ¢; are not allowed to vanish and they contribute P? and P to the moduli
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space, respectively. Either of & or ¢o can be zero, but they cannot vanish concurrently. The
automorphism 1y : O(=1) — O, ¢y € H°(P', O(1)) acts on either &; or ¢, reducing the

amount of freedom by 2 and so (£, ¢») contributes P6. Hence,
ME o) (@,a) =P? x P x P°.

The only other splitting type of Us; which corresponds to a stable representation of @) is
b = (1,—2;1,1). Such a representation looks like

/d)\ll

In a way completely analagous to the above, we have
MB o5 (@, D) =P x P? x P,

We can identify this space with one of the collision manifolds of Mp1 o5 (@, a); in particular,

when & and ¢; share a zero z’, we can construct the following meromorphic automorphism

1 0 0 0
0 4~ 0 0
O =
0 0 z—20
0 0 0 1

that acts by conjugation to take a representation with U, of type a to a representation with
Us of type b. This amounts to a change of basis of the Higgs field. Moreover, in this case we
can make a fairly explicit identification of the full moduli space Mp1 o(5)(Q): it is P2 x P3 x PS

blown down to P! x P2 x P% along the collision locus of & and ¢, which lies in P? x P3.

Example 4.1.2. For a slightly trickier example, consider () = e;5 —> o3 — ; _3 with

a=(0,0) and t = 6. A representation of @) looks like
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Here, &1,& € HY(P!,0(4)) and ¢y, ¢ € H°(P', O(3)). By stability, neither ¢; nor ¢, can be

zero, and &; and & cannot be zero concurrently. Hence,

Mg ,O0(6) (Q a) = PY x Gr(2,4).

Once again, there is only one other splitting type of U; which corresponds to a stable
representation, and in this case it is b = (1, —1;1, 1). Such a representation has moduli space

calculated in the same way as the first example:
MB 06)(@,b) = P? x P? x P,

How this space fits into P? x Gr(2, 4) is not immediately clear. This is due to the fact that these
two representations have different “stability types”; the maps that are allowed to be zero and
those that are intertwined with each other are different in each of the representation types.
In the generic stratum, neither ¢; and ¢, can be zero while & and &; cannot simultaneously
be zero. In the less generic stratum, neither ¢; nor & can be zero while ¢, and & form
an analogous pair. The change in stability in crossing from one stratum to the other is
reminiscent of a conifold transition in reductive GIT, but where the dimension need not be

the same on both sides of the transition.
Example 4.1.3. Finally, we consider an argyle quiver with two (1, k, 1) blocks. Let
QQ=00g—>0)—>0 35 —>03 9 — @ o

and t = 5. The generic splittings (as,a,) are a; = (0,0) and a, = (0;—1,—-1). A

representation with these splittings looks like

\ \@/

\/
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Note that the left diamond is certainly not a stable representation of the quiver ;g —

®, o — ®; 3, but with stability condition induced by (), we can calculate
Ml@,@(S)(‘LO —> @30 — @13, 3.2) = PH X Gr(2, 9)
Similarly,
M/IPAJ7O(5)(.173 — o3 2 — .17_2784) = {pt} X IP)3 X Ps.

Here, t is small enough and the quiver labelling is such that none of the other possible

splittings of U or U, correspond to stable representations. Thus we can actually say
Mp1 0 (Q) =P? x P® x P! x Gr(2,9).

This is another opportune time to use our dimension formula from Theorem [3.1.1] Since

the dimension of Gr(k,n) is k(n — k), the dimension of
Mp1 0(5)(Q) = P° x P* x P x Gr(2,9)
is
34+ 8+ 11+ 2(9 — 2) = 36.

On the other hand, the dimension formula gives

n—1 n—1 n
Z (ridi—&—l - Ti+1di + Tﬂ"z‘+1t) + (]_ - g) (Z Tiriv1 — ZT?) + min {h()(EIldUZ)}

1<i<n
=1 =1 =1

= ((1)(0) = (2)(0) + (1)(2)(5)) + ((2)(3) = (1)(0) + (2)(1)(5))
+((M(=2) = 3)B) + 3)(1)(5)) + ((3)(=2) = (1)(=2) + (3)(1)(5))
+(1—0)((D)©2)+ (1)) +(M)B) +(1)B) —1-4—1-9—1)+1
—104+6+10—2-9+15—6+2+15+2+2+3+3—-1—-4—-1-9—1+1
= 36.

Example 4.1.4. If we consider ¢ = 6 with this same quiver () as in Example we
observe a stratification which is more difficult to categorize. The splitting a; = (0, 0) is still
the only stable type for Us, but for U, we also have by = (1;—1;—2) and ¢4 = (0,0; —2)

corresponding to stable representations. We calculate
M'Bi 06)(@, a2,a1) = P x Gr(2,10) x P* x P x Gr(2,3),
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M'B 06)(Q, a2, by) =P x Gr(2,10) x P! x P? x P,

and

M3 o) (@, a2, ¢4) = PP x Gr(2,10) x P' x P x Gr(2,5).

It is unclear how to glue these into the collision loci of M’ @’0(6) (@, az,a4). Thisis partially
due to the conifold-like transition mentioned earlier, and also because M’ @70(6) (Q,az, by) can
be viewed as lying in a collision locus of M'S o6)(@; az,¢4), but from the point of view of

collisions in M’ o) (@, az2,a4), ML o p1.o(6) (@, a2, ¢4) is a special case of ME o6)(@; a2, by).

Remark 4.1.1. We end this section by noting that different twists ¢ certainly have an affect
on whether very non-generic splittings correspond to stable representations or not. This sug-

gests that different stability conditions (that is, different stability parameters « c.f. Equation

D would have a similar influence. For certain «, we expect M5, ol (Q, as,ay,...,a, 1)and
/\/l]P,1 o (Q as,ay,...,a, 1) to coincide. This may help us to understand the case v = 0 since

wall-crossing is fairly well-understood (see for example [64] [I§]), but we will not approach

this here.

4.2 Applications to twisted Higgs bundles and back
again

The primary application of twisted quiver representations in a category of bundles is to the
topology of Higgs bundle moduli spaces. In this context, the natural application of our
results in the preceding sections (which concern representations over the projective line) is to
twisted Higgs bundles at genus 0. The dimension over C of the moduli space Mp1 o) (7, d)
is tr? + 1 [57]. As noted earlier, this space comes equipped with a linear algebraic action of
C* that sends (E, ®) to (F,e?®). Each fixed point of this action is a holomorphic chain, a
representation of the quiver A,, for some n with 1 < n < r, and with a labelling by pairs of
integers r;,d; in which > r; = r, > d; = d, and r; > 0 [26], [60]. When r > 1, there are no
fixed points with length n = 1, as these correspond to stable Higgs bundles with the zero
Higgs field which are simply stable bundles on P!, of which there are none other than line

bundles.
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The action induces a localization of cohomology to the fixed-point locus (as seen in Section
2.3.2), and the Poincaré series of Mp1 o((r, d) is the weighted sum of the Poincaré series of

the connected components of the fixed-point set:
P (MPI (’)(t r, d Zlﬁ(/\/

The initial case of interest is r = 2 with any odd d and any ¢ > 0. The dimension of
Mp1ow)(2,d) is 4t + 1. There is a single quiver that controls the fixed points: Ay— with
nodes labelled 1, a and 1, d — a, respectively. This is an argyle quiver of type (1, 1), for which
the moduli space is relatively simple to compute. For any a,d,t, the moduli space is just
P—2a+d+t  Note that there is no collision or type-change behaviour in this case, as both nodes
correspond to line bundles and so a and d — a fix the bundles up to isomorphism.

These components of the fixed-point locus are indexed by a and the admissible values of
a are determined by stability. If a is too large and positive, the only morphism between the
nodes will be the zero map, and a copy of O(a) will be invariant with slope larger than d/2.

If a is too negative, the copy of O(d — a) will be destabilizing. It is possible to enumerate

t+1
the labelled quivers directly. For instance, for d = —1, we have {%J integers a such that

O(a) 4 O(d — a) — 0 is stable:

O—-0(-1)—0
O(1) - 0(-2)—0

O(-1+[(t+1)/2]) > O(—[(t+1)/2]) =0

For any other odd d, the list will have the same number of entries, but with degrees that
have been shifted appropriately. Using the Betti numbers of P~29+4+! for each admissible a,

the corresponding Morse index from [60], and the localization formula, we arrive at:

Theorem 4.2.1. For any odd d and any t > 0, we have

t—1

Po(Mpr o (2,d)) = >

k=0

(Qk: +4 — [(2k) m0d4]) L2k
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The even Betti numbers are 1,1,2,2,3,3,4,4,... up to (t —1)/2,(t +1)/2 if ¢ is odd or
t/2,t/2if t is even. From a combinatorial point of view, these count partitions of even integers
into unordered combinations of the numbers 2 and 4, i.e. the “change-making problem”. To

emphasize this, one can rewrite the series as

_ 1 (1t/2) + 1)x* pAlt/2]+4
PeMetow (2 4) = G zy gy ~ { —2  Ta—aa—a } ’

which displays more of the structure regarding the generators and relations in the cohomology
ring (these results in the t = 2 or “co-Higgs bundle” case were found in [59]).

In the rank 3 case, the quiver types are now (1,1,1), (1,2), and (2,1), all of which are
argyle. In this case we must contend with collisions, which makes writing down a general
Poincaré series cumbersome. We provide two examples, one without and one with a tractable

type change.

Example 4.2.1. For the first example we consider Mp1 o(2)(3, —1), seen also in [59]. The
complex dimension of the moduli space is 19 in this case. As with r = 2, the fixed-point
set consists entirely of representations of argyle quivers, with the types being (1,1,1), (2, 1),
and (1,2). Stability rapidly eliminates any of type (1,2). For type (1,1,1), there are three

degree labellings that produce stable representations:
1,0,-2; 1,—1,—1; and 0,0,—1,

which have Morse indices of 6,4, and 2 respectively. Again, there are no type-changing colli-
sions possible because the bundles are line bundles and are therefore fixed up to isomorphism

by these degree labellings. By Theorem the associated quiver varieties are

—1+0+2 —0—-2+2 —1-1+2 1-1+2 —0+0+2 0—1+42
P x P , P x P , and P x [P ,

respectively. For type (2,1), the only degree labelling that admits stable representations is

9

0,—1, which has Morse index 0 (and so we are at the “bottom” of the moduli space). We
can deduce from the arguments leading to Theorem that the associated quiver variety
is just a point. More directly, the representation ¢ : O & O — O(—1) ® O(2) is stable if and
only if it is surjective, in which case the induced map % between spaces of global sections

must have full rank. Acting on this copy of GL(2,C) on the right by automorphisms of O & O
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leaves nothing, save for the identity. Weaving together this information with the localization

formula, we obtain
Pe(Mpr oo (3,—1)) = 1+ 2° + 32 + 42° + 32°.

As with the r = 2 case, the top degree is decidedly less than the actual dimension of the
moduli space. This is due to the contribution to the moduli space of the Hitchin base; the
space of possible coefficients of the characteristic polynomial of ®, which itself is topologically

trivial. The moduli space itself deformation retracts onto the central fibre over the base.

Example 4.2.2. Finally, we consider Mp1 o(6)(3, —1). The basic types are the same ((1,1, 1),
(2,1), and (1,2)) but type-change phenomena occurs. Here, the complex dimension of the
moduli space is 55. For type (2,1), the labellings (0, —1), (1, —2), and (2, —3) produce stable
representations with Morse indices 0,4, and 12, respectively. The variety corresponding to
the labelling (0, —1) is Gr(2,6) and that corresponding to (1,—2) is P? x P2. Each of these
labellings has only one splitting of the left node that corresponds to stable representations.
The same is not true of the labelling (2, —3), where we contend with type-change phenomena.

We have both

O(1) % O(2) (b\/l
¥ ¢2 O(-?)) and b QSIQ O(-B)
O(1) — 0 —

The quiver variety of the first is Gr(2,3) = P2, and the quiver variety of the second is P!.
The locus of P? where ¢, and ¢, share a zero is a copy of P'. We remove this and paste
in the second variety, which is just P! again. So in this case we have that the moduli space
correponding to this labelling of a type (2,1) quiver is P2 In addition, we have two stable
labellings of the (1,2)-type quiver, (1, —2) and (2, —3), with respective Morse indices 4 and
10. The labelling (1,—2) has associated quiver variety Gr(2,4), and (2, —3) has P? x PL.

Finally, we have the following allowed labellings for the (1,1, 1) quiver type:
0707_17 Oa17_2a 17_17_1a Oa 27_3a 1707 _2a 27_27_1a 1717_3a
2a_1a_27 37_37_17 172a_47 27()’ _3a 3a_2a_27 271a_4a 3a_1a_377

3,0,—4; 4,—-2,-3; 3,1,-5; 4,—1,—4; 4,0,—5; 5,—1,—5; and 5,0, —6.
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These have Morse indices
10,12,12,14, 14,14, 16, 16, 16, 18, 18, 18, 20, 20, 22, 22, 24, 24, 26, 28 and 30

respectively, and associated quiver varieties
P x P°, P" x P?, P* x PS5, P® x P!, P° xP*, P2 xP’, P°xDP?
P? x P°, P%, P7, P*x P, P! xPS P°xP5 P?xP
P? x P?, P5; P P!xP3 P?xP!, P? andPl
We can bring all of this together to calculate
Po(Mp1,0(6) (3, —1)) = 1+ 2% + 32 + 42° + 72° + 92" + 142" + 172" + 2420 + 292%
+ 38270 + 4527 + 492! + 4920 + 452 + 3620 + 2122,

After r = 3, Mp1 o (r, d) will always contain topological contributions from at least one
A-type quiver of non-argyle type. For instance, » = 4 contains a (2,2) quiver variety, which
was for some time the obstruction to computing Betti numbers for ordinary Higgs bundles
in higher genus before [21]. On P!, the (2,2) quiver is less formidable and, with some effort,
one can find

Po(Mpr o2)(4, —d)) = 1+ 27 + 32" + 52° + 92° + 1320 + 182"
+ 222 + 202'° + 10218,
for instance, where d is any integer coprime to 4. We also remark that all of the above

calculations agree with the conjectural Poincaré series for these moduli spaces arising from

the ADHM recursion formula [48].

We can also use some results about Higgs bundles to obtain results about stability of
quiver representations which are not readily available from our approach. In [I7], Franco
shows that if X is an elliptic curve, then M)G({:w(;(c) (r,d) =2 T*X. One of the main tools used
is the isomorphism between moduli spaces of vector and line bundles on an elliptic curve:
Mx(r,d) = Mx(1,d). From the perspective of fixed points, this says something about the
possible quiver representations:

Corollary 4.2.1. Let X be a Riemann surface of genus 0 or 1 and let L = O. Then the
only A-type quiver with stable representations is () = e, 4, for which we have ./\/lf(%r’c)(@) o

Mx(T, d)
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Proof. A quiver @) of the form e, ; has stable representations corresponding to the stable
vector bundles. Beginning with ¢ = 1, we have by definition M)G(%T’C)(Q) = Mx(r,d) =
Jac*(X). We know that

PoMGS O, d)) = D 2" MPN),
N

and so Mf(ifjf) (r,d) = T*X gives Pm(Mf(fér’C) (r,d)) = P.(T*X) = 1+ 2x + 22, On the
other hand, P,(Mx(r,d)) = P.(Jac’(X)) = 1 4+ 22 + 2% and B(Mx(r,d)) = 0. This means
there are no other fixed points in the moduli space, and thus no other A-type quivers have
stable representations.

If an A-type quiver @ has a stable representation in Bun(P!, O), we can build a corre-
sponding stable representation in Bun(X, Q) where X is an elliptic curve by using bundles
on X which split into line bundles and have the same splitting types as the bundles on P*.

If ) is not of the form e, 4, this is a contradiction.
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5 CYCLIC QUIVERS

Definition 5.0.1. A cyclic quiver is a quiver of the form

e 0 — 3 .- — e

Definition 5.0.2. An L-twisted cyclic Higgs bundle on X is an L-twisted Higgs bundle
(E,®) on X of the form

0 Pn
E-Uie- U, o=|"
0 an—l 0

where U; are holomorphic line bundles on X and ¢; : U; — U;11 ® L. Note that the subscript

is counted modulo n.

With the experience of the previous chapters, it is clear that we can exploit cyclic quivers
to study cyclic Higgs bundles by again considering representations in the L-twisted category
of vector bundles Bun(X, L). Cyclic Higgs bundles were first introduced by Baraglia [5] in
a slightly different form, and have attracted attention lately for their role in investigating
the Labourie Conjecture ([44], [45]), because their harmonic metric is diagonal ([14]), and
because of their close relation to the affine Toda equations ([6]). Moreover, cyclic Higgs
bundles arise via the study of certain special representations of the fundamental group of X
(thanks to non-abelian Hodge Correspondence: see for example [23]). These so-called Hitchin
representations correspond to the Hitchin section, and can be generalized in a certain way
to yield cyclic Higgs bundles. Thus, the moduli spaces of cyclic Higgs bundles can be viewed

as generalizations of the Hitchin section, which we now recall. Let X be a Riemann surface
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of genus g > 2 and consider wx-twisted SL(2,C)-Higgs bundles of the form

1 _1 0 g¢q
E=w;dwy®, ¢=
1 0

where w)%( is a choice of holomorphic square root of wx and gq : w)_(% — w)%( ® wy. That is
to say ¢ lies in H(X,w%), the space of holomorphic quadratic differentials. In the SL(2,C)
moduli space, this is exactly the Hitchin base By. All Higgs bundles of this form are stable,
and so we have a map ¢ : By — M%&C)(Q, 0). The image of this map is called the Hitchin
section.

On the Riemann sphere P! there is a clear analogue of the Hitchin section in Mp1.0(2)(2,0),

which we can come upon by studying representations of the cyclic quiver

P
® 1 ®
~—_ 7

which amounts to looking at the family of (£, ®) of the form

0 ¢
1 0

E=01)a0(-1), &=

with ¢ € H°(P', O(2)?). We have again formed a section. However, we will see that in higher
ranks (or with different labellings or twisting line bundles) the moduli space of representations
of a cyclic quiver is not, in general, a section. It should also be noted that these constructions
of the Hitchin section take place with degree d = 0 (so the rank and degree are not coprime)

but the setup ensures that no representations exist which are semistable but not stable.

Remark 5.0.1. There exists a different generalization of the Hitchin section which is in fact
a section of M, (r,Ox) (cf. [12, 13, B, [15], for instance). These sections can be viewed as

representations of (appropriately labelled) quivers

in which every possible “backwards facing” arrow is turned on.
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5.1 Type (1,...,1) cyclic quivers

Inspired by cyclic Higgs bundles, we will begin by considering cyclic quivers whose labellings

have r; = 1 for all 1.

Proposition 5.1.1. [f
Pn

U —Uy— - — U,

¢1 ¢2 ¢n—1

15 a stable representation of the cyclic quiver

T

.17d1 — .11d2 — e .Ldn

in Bun(X, L), then exactly one of the maps ¢; is allowed the possibility of being identically

ZETO0.

Proof. Thoughout the proof, let the indices be counted modulo n.

If ¢; and ¢; with ¢ > j were both allowed to be zero, then @}, U; could be presented as
a direct sum of two ®-invariant subbundles, both of which have slope less than p,. This is
a contradiction, and so at most one map can be the zero map.

To show that such a map always exists, suppose that ¢; # 0 for all i = 1,...,n. That is,
for each ¢; there is at least one subbundle of @), U; which has slope greater than s, and
which is ®-invariant if and only if ¢; = 0. For ¢;, such an associated destabilizing subbundle
has the form U; © Uj41 @ --- @ U; for some j. Now for each i = 1,...,n, define V; to be the
subbundle of @}, U; which has these properties and has the lowest rank:

Vi=Uyi) ® Uyi)31 ® - - & Uy,

where v : {1,...,n} = {1,...,n}.
If each V; is a line bundle, then V; = U;, and since u(V;) > o for alli = 1,.. ., n we have

Z deg(U Z (Vi) > npigor = Z deg(U

=1
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which is a contradiction.

Therefore, we assume that at least one V; has rank greater than 1. For any such V; we
have by definition that pu(Uy @ Ugi1 @ ... U;) < puo for all k such that v(i) < k < 4. This
also tells us that pu(Uys) @ Upiy41 @ -+ @ Uk—1) > pot- The existence of these subbundles
with slope greater than py, gives us information about Vj_;, namely that Vi, C V; for
v(i) < k—1 < i, and so in fact if V; NV, # @ for any ¢ # j, one must be contained in the

other.

Since all the V; are proper subbundles of @, U;, there must exist a subset I C {1,...,n}
with |I| > 1 such that

PVvi=EPU andV;nVi=0xVj#kel,
I i=1
where Oy is the zero bundle. Recalling that p(V;) > gy for all i = 1,...,n, we have a

contradiction. Thus, there is exactly one map ¢; which is allowed to be the zero map. O

With this result in our pocket, we re-index all representations in this chapter so that
¢, is the map which is allowed to be zero. This also provides a restriction regarding which
labelled cyclic quivers we should be considering: () admits stable representions if and only if
t>di—diyq foralli=1,....,n—1.

Now let us consider how the automorphism group acts on a representation. By our earlier

definition of equivalence and the structure of a cyclic quiver, we have, for ¢; € Aut(U;) = C*,

Py - 0 0 --- bn Yt 0
Yoyt = (> : ¢ ey :
0 (8 0 Gn1 0 0 (e
0 ¢1¢¢:l¢n
_ Vot
0 Uty o 0
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By defining

A = oty !

)\nfl = wniﬂ,;l 1

we can realize the action of ¥ € @F_, Aut(U;) as the action of (C*)"" on the ® part of
Rep(Q), given by

0 --- bn 0o - AN ) o
Ou Aoy P1 _ A1 51)
0 d)n—l 0 0 /\n—lgbn—l 0

Now we can think more about the structure of the moduli space itself. By identifying

representations of a cyclic quiver ) with cyclic Higgs bundles, we can get an idea of how

MX,L<Q) lies in MX,L(T, d).
Proposition 5.1.2. The Hitchin map h maps Mx 1(Q) surjectively onto H*(X, L®™) C B,,.

Proof. By definition,

A .- bn
= det h-
0 ¢n—1 —A

=N+ (¢1...Pn).
That is, the Hitchin map sends any cyclic quiver representation to the determinant of ®.

Moreover, all such determinants can be obtained. O

We will now restrict ourselves to studying the SL(n,C) and PGL(n,C) moduli spaces.
It is difficult to give a global geometric description of either of these, but we can exploit the

Hitchin system to describe their structure in each fibre.
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Theorem 5.1.1. Given a Riemann surface X of genus g, a holomorphic line bundle L
of degree t, and a (1,...,1)-type cyclic quiver @), we have the following description of the
SL(n,C) and PGL(n,C) moduli spaces, parametrized by v € H°(X,L®") C B,:

~

n—1
ijﬁ”’@)(@‘ o) {(Ul,...,Un;[qsl],...,[qsn1})6 (HSymdi+1_d7‘+t(X)>:(¢1...¢n1)§(7)}

i=1

and

MiiL(n’C)(Q)‘ = {(Uh...,Un; (1], ... [Pn-1]) € 1:[ Symb+1=EH (XY (py .. pny) C (7)}

h=1(v) Pl
where (¢1...¢n—1) and () are the divisors defined by the holomorphic sections ¢1 ... ¢n_1
and v respectively.

Proof. The beginning of this proof can be adapted directly from the proof of Theorem [3.2.1

SLn(C

Using the techniques presented there tells us that M’y L is the n?9-sheeted cover

)}h‘l(v)
N(Hizl Sym® 1=t (X)) of ], ' Sym®+1 74+ (X) subject to some condition based on the
fixed determinant, namely ¢; ...¢, = 7. Not all points of N(H?:_ll Sym®+1 4t (X ) allow
for a corresponding ¢, € H°(X,U*U;L) to be chosen so that this condition is satisfied.
We require that the corresponding divisors satisfy (¢1...¢,—1) € (7); this tells us that
(hn_1...¢1) 1y is well-defined and holomorphic and that there is, in fact, a suitable ¢,
(technically, a suitable projective class [¢,]). We now have the above set-theoretic description

Theorem We note that these descriptions are well-defined since all ¢; in the projective

1)’ and the action of Jac’(X)[n] gives us My )|h_1(7), just as in

-
class [¢;] define the same divisor.

O

We also note that making this fibre-wise description is only legitimate since the automor-
phism group commutes with shifting between fibres (that is, acting by the automorphism

group cannot move us between fibres).

At v =0¢€ H°(X, L®"), we expect

n—1
M@, = (H Sym+! dz*f(X))

and
n—1

o H Sym®+1 % (X))

i=1

PGL(n C)
MO o
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based on Theorem[3.2.1] This agrees exactly with Theorem|[5.1.1] since any divisor (¢1, . . . ¢y—1)

lies inside the “divisor” determined by v = 0.

5.2 Type (1,...,1) cyclic quivers on P!

Working over the Riemann sphere, investigating the moduli space of representations of a
type (1,...,1) quiver @ is simplified by the fact that there is only a single line bundle of a
given degree. So in this context, all of the moduli information lies in the maps ¢;. Using
Proposition 5.1} we can write

n—1

Rep(Q) = [T (HO(P, O(~di) ® O(dis1) © O) \ {0}) x H'(P, O(~dy,) & O(dy) & O(t))

=1

n—1
~ H (Cdi+1_di+t+1 \ {0}) % (Cd1—dn+t+1
=1

as well as

Hn—l ((Cdi_,.l—di—&-t-&-l \ {O}) « Ch—dnFt+1

=1
M]}ﬂ’(’)(t)(Q) = (C*)nfl )

where the action of (C*)"~! is given by Equation ([5.1)). This is an interesting quotient which

is reminiscent of weighted projective spaceE|. For example, if we consider representations of

the quiver
VS
Q - .1,d1 .1,d2
~_

then the moduli space is

o (€70 {0) x Chi

MI[”,(’)(t)(Q) = C* 5

Hlet b= (by,...,bn), bi € N and define the action of Cj, on C"™!\ {0} as the following action of C*:
A (20, xn) = (A0zg, .. APmay,).

We then define b-weighted complex projective space as

c™1\ {0
b
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which is a singular analogue of weighted projective space in which we allow for negative
weights (the action looks like A - (¢1, o) = (Ad1, A "'¢s)). Higher rank examples can be
thought of as products of these spaces, which are somehow intertwined at the part which is

acted on by negative weight. For example, recall that in rank 3, (C*)? acts as

(A1, A2) - (f1, 02, 03) = (M1, Ao, AT 1A, 1 bs).

Now we have some idea of what Mp1 o()(Q) is, but these quotients are unusual. We
can say more about the structure of the moduli space by exploiting the Hitchin map h :
Mo (Q) - H°(P',O(nt)). Choose a generic v € HO(P',O(nt)) and consider the re-
striction Mp1 o) (Q) ‘ 1) Fixing the determinant of ® amounts to fixing the zeroes of the
polynomial ¢, ..., ¢,. Recalling the action of (C*)"~! from Equation (5.1]), we see that it
only acts by scaling. That is, the roots of ¢; are fixed for all 7. Thus, different distributions
of the zeroes of v into the ¢; lead to legitimately different points in the moduli space. This
tells us that Mp1 o) (Q) |h*1(w) consists of finitely many distinct points, the number of which

is given by the multinomial coefficient

Q)= <d2 —dy+t,....d, filn_l +t,d —dn+t>'
This fails over points of H°(P!, O(nt)) which, interpreted as polynomials, have repeated
zeroes. So, we have that Mp1 o(;)(Q) is an 7(Q)-sheeted covering of H°(P', O(nt)) which
degenerates over points which have zeroes with multiplicity greater than one. However, this

is not quite a full description; we have so far neglected to mention the fibre h=1(0). Here we

must always have ¢,, = 0 and so by Corollary |3.2.2]
M]Plp(t)(Q)‘h_l(o) o pla—ditt oy pdn—dno1tt

How this fits into the covering described above can be seen by looking at the C* flows in
HO(PY, O(nt)). Fix a point p € Pd2=a+t x  x Pdn—dn-1+t which we know consists only of

the information

0 . 0
o |
0 ¢n—1 0
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Choose any map c¢,, : O(d,) — O(d;) ® O(t) and we see that the ray given by

o --- C¢n
¢1
0 ¢n—1 0

goes to p as ¢ — 0. That is, every point of MPI’O(t)(Q)‘h_I(O) is in the intersection with the

cover. This leads the following theorem:

Theorem 5.2.1. The moduli space of representations of a (1,...,1)-type cyclic quiver Q in
the category of O(t)-twisted holomorphic vector bundles on P! is an n(Q)-sheeted covering of
HO(P', O(nt)) \ {0} which branches over points with roots of multiplicity greater than one,
and whose sheets intersect over the point 0 € HO(P', O(nt)) as [[}=] Ph+—d+t,

M]P’l,O(t) (Q) }h—l(o)

Mp1 o) (Q)

B,

This result also follows from Theorem since over P! the bundles U; are fixed,
Symd(IP’l) =~ P4 and v and the ¢; can be thought of as polynomials so the divisor condition

corresponds to the discussion of the distribution of zeroes above.

Example 5.2.1. Let X =P!, L = O(4), and

o~
Q= *10 ®
~_
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so a representation looks like

O O(-1)

P2
)/_\
\%

P1
with ¢; € H'(P, O0(-1)®@0(4))\{0} = C*\ {0} and ¢, € H*(P*, O(1)@0®0(4)) = C°.
Fix a generic point v € H(P!, 0(8)), say v = c¢(z — z1) ... (2 — z3). We have n(Q) = (3) = 56
ways to distribute the roots z;, and using the power of the automorphism group we can put

the constant ¢ with ¢o:

0 CH]‘GJ(Z — 2;)
Hief(z — zi) 0

This gives a 56-fold ramified covering of H*(P', O(8))\ {0}. At v = 0, we must have ¢ = 0,

o = where I NJ =@, |I| =3,|J| =5.

and so
M[P”,O(4)(Q)|h71(0) = IP)3-

We can reach any point in MP17O(4)(Q>‘h_1(O) by choosing a suitable point in the cover and

then taking ¢ — 0.

5.3 Type (k,1) cyclic quivers on P!

We would like to expand to quivers which have some nodes labelled with higher ranks, and
will start by having a look at cyclic quivers of the form

e
Q= ®d ® 4
~_

where the underlying curve is P!. We will then restrict focus a little further. Recall the

splitting type of a bundle U of rank k over P*
a=(ay,...,am;S1,--,Sm)
which defines that U splits as

U2 0@)® @ @ O(an) .
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We content ourselves with the case that s; =1 for all i = 1,...,m, meaning that m = k
and the line bundles are of mutually distinct degrees. We further ask tha@ Mot < a; for all
i. The reasons for this are discussed in Remark [5.3.3] For the remainder of this section, we
assume that a has these properties.

With these restrictions in place, we are considering moduli of representations which look

like

X

along with automorphisms 1;; : O(a;) — O(a;) for all i > j. Here stability implies that none

(5.2)

of ¢1,¢3,...,¢Pak_1 can be zero, but any of ¢, ¢4, ..., P9 can be. This imposes the further
condition —a; +ds +t >0 forallt=1,... k.

Proposition 5.3.1.
h: Mp1 o (Q;a) — H(P*, O(t)®?)

Proof. This follows from the same argument as Propostion [5.1.2 In this case the calculation
gives
h((E, @) = £ F X (¢102 + ¢34 + - - + dou_1021).

]

Our strategy to understand Mp1 o()(Q;a) is to view a representation such as as
k separate (1,1) quiver representations by first “using up” the power of the automorphisms
;. To state our result, we need to use the following notation.
Let @ be the type (1, 1) cyclic quiver
VRS

Q - .1,d1 .l,dg
~_

12This also covers the case fio; > a; for all i, simply by considering the dual quiver representation, which
will have o < a; for all 4.
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oriented with d; > dy so that in a representation, the map ¢; : O(dy) — O(d2) cannot
be zero by stability. Denote by ./\/lﬂm,o(t)(Q_b) the moduli space of representations of () in
Bun(P!, O(t)) where ¢; has had its amount of freedom (in terms of complex dimensions)

reduced by b.
Example 5.3.1. For example, let L = O(4) and

j/—\
Q= ®10 ® 1
~_ 7
as in Example Consider Mp1 o) (Q~?), saying that now ¢; € C*\ {0} and ¢, € C°.
Now for generic v € HY(P!,O(8)), reduced to H°(P' O(6)), we have only to distribute
6 zeroes into the ¢; and ¢o. We have (6) = 6 ways to do so. At v = 0, we have

1
M]P’lao(t)(Q_Q)‘hfl(O) =Pl

Note that even though we may not have an interpretation of the information of Mp1 o) (Q72)
as an unadjusted (1, 1) cyclic quiver variety (although we do in some cases), its structure is
easily calculated in a familiar way. Now we can write the moduli space of representations
of a (k,1) cyclic quiver in terms of these adjusted moduli spaces of representations of (1,1)

cyclic quivers.

Theorem 5.3.1. Let Q be a type (k,1) cyclic quiver, a = (ay,...,ax;1,...,1) be a splitting
type, and Q; be the quivers
VRS

.l,a,- .1,d2
~_ 7

Then i

A ~ - Yl (aj—ai+1)

M@’O(t)(Q;a) = Mp1 o) (Q1) X HM]P’l,(’)(t) (Qi = )

=2

Proof. Recall the visualization of a representation from Equation[5.2| Due to our assumptions
on a, the maps ¢1, @3, ..., ¢ox_1 cannot be zero, but any of ¢, ¢4, ..., Por can be. The auto-
morphisms );; are not able reduce the amount of freedom of any of the maps ¢z, ¢u, ..., Pax.
This means that the reductions which take place are exactly the ones that would take place
in the A-type (k,1) case with a as the splitting type. In particular, the map ¢o; ; has its
moduli reduced by Z;”:_ll (a; —a;+1). Note that ¢; is not reduced at all. Now we have broke
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-zl (aj—ai+1)

our moduli problem into k parts, each of the form Mp1 o) <Qi ), and we have

our result.

]

Remark 5.3.1. As in Chapter 4] we have only calculated the projective completion of the
regular part of the moduli space. Since this approach only allows us to understand specific
splittings types a, we will not approach the question of how M@’o(t)(Q) is stratified by
splitting types.

Corollary 5.3.1. The moduli space restricted to a fibre, M]ﬁl O(t)(Q; a>‘h*1(7)’ 8 a

(e )

-to-one covering of

k-1 .
-5z (aj—ai+1)
Mp1 o (Q1) X HMIP’l,O(t) (Qi = )7
i=2
except over points (@1, P2, ..., Gag—2) such that 1 + ¢ads + -+ + Pa—3Par—2 = —7, where

. g k=l
the sheets intersect as P2~ +t-2;=1(a—ak+1)

Proof. If we fix v = ¢p1¢o+ P3ds+- - -+ Pop_1Par, it is clear that we have the freedom to choose
any (¢1, @2, ..., Par—2), which will then place restrictions on ¢or_1 and ¢or. (@1, ¢2) must be
chosen before we can reduce the freedom of ¢3, and so forth, which is why (pog_1, o) is
the last to be chosen. Now the problem amounts to distributing the zeroes of v — @19 —
G304 — + -+ — Pap_30o._o which are not already fixed into ¢or_1 and ¢op. In the case ¢1¢s +

O304+ -+ Do _3Par_o = —7, we must have ¢9, = 0, and so the fibre is the projective space

k—
sz—akﬁ-t—zj:ll(aj—ak-i-l)' 0

Remark 5.3.2. In contrast to the (1,...,1) cyclic case, in the (k,1) cyclic case there is
nothing unusual happening to the moduli space at the nilpotent cone h~'(0). There is an

analogue of the corresponding (k, 1) A-type quiver variety living inside each fibre.

Example 5.3.2. Let t = 5, ) be the quiver
o~

®1 ® 2
~_ 7
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and a be the splitting type (1,0;1,1). So a representation looks like

where ¢; € C*\ {0}, ¢ € C?, ¢35 € C*\ {0}, and ¢; € CB. The automorphism vy, € C?
reduces ¢3 to C?\ {0}, and

M@,@@)(Q; a) = Mp1 o(5)(Q1) X Mp10i)(Q37).

Considering M(Q; a)‘h_l(v), we fix vy =c(z — 21) ... (2 — 210) = Q102 + ¢304. We can
choose any (¢1, ¢2) € Mp1 o5)(Q1) and then consider v — @12 = ¢3¢4. We know that the
map ¢3 is reduced by ¢o1, so we ignore the top 2 degrees of v — ¢1¢p3. Then the moduli
problem amounts to distributing 8 zeroes, 1 into ¢3 and 7 into ¢, resulting in an 8-fold
covering of Mp1 o(5)(Q1), except over the points v = @102, where we have P'.

This same behaviour is displayed in the intersection with the nilpotent cone, although we

can identify the locus

{(#1,2) € Mp1 o(5)(Q1) : p1¢2 = 0} x P = P* x P!
with the moduli space of the similarly labelled (2,1) A-type quiver.

Remark 5.3.3. The condition p;; < a; on the splittings we consider is essentially asking for
Proposition to hold for (k, 1) quivers. We put this in place because when the maps ¢;
which are and are not allowed to be zero by stability are less rigidly structured, the actions
of 1;; become less clear. Without being able to say exactly which maps the automorphisms
reduce, our approach of considering k different (1,1) cyclic quiver varieties is less effective.
This is also why we impose s; = 1. It is this lack of a clear decomposition of the moduli space
into products of varieties which we understand that prevents us from using this procedure to
study splittings where some of the line bundles O(a;) have the same degree, as well as (1, k, 1)
and general argyle quivers. In these later cases, one must also contend with the fact that the

terms of the fixed characteristic polynomial are, in general, no longer simply products of the

maps ;.
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6 FURTHER DIRECTIONS

6.1 Star-shaped quivers and hyperpolygons

Here we will introduce hyperpolygon space using quiver representations. This hyperkahler
counterpart to the moduli space of polygons has close ties to the moduli space of parabolic
Higgs bundles. We discuss some possible research directions relating to representations in

the twisted category Bun(X, L).

6.1.1 Background

Definition 6.1.1. A star-shaped quiver is a quiver of the form

If we consider representations of a star-shaped quiver () with n outer nodes each labelled
1, and interior node labelled r in the category of vector spaces, we arrive naturally at the
moduli space of n-gons in R”~! with edge lengths a = (ay,. .., ay), denoted Pr(a). This
is achieved by way of a symplectic quotient. Fach of the n outer nodes is assigned C,
the inner node is assigned C", and each of the arrows is given a map x; € Hom(C,C") =
Mat,»1(C) = C". Hence, Rep(Q) = (C")¥" = C™. Each of the nodes is acted on by a
compact real group (U(1) for the outer nodes and SU(r) for the inner node) and so we
have an action of G = SU(r) x U(1)" on Rep(Q), given by z; — hx;g = hx;e? and so
(z1,...,2,) = (haie®, ... hx,e), where h € SU(r) and €% € U(1). The picture now
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looks like

The polygon space Pr(«) is defined as the symplectic quotient

Pr(a) :=Rep(Q) [, G = 1™ (0pxr, @) /G
where the moment maﬂ  is defined by

i Rep(Q) —— g" Zsu(r)* @ R"”

(@1, @) = (D (@iaho, llal®, - llzall?).

i=1

Indeed P’ () is the moduli space of n-gons in R”~! with edge lengths a = (o, . .., ay),
up to equivalence by the action of SU(r), which acts by rotations and translations. The
topology of these spaces for r = 2 was studied by Klyachko in [42]. For r > 2, their topology
can be computed using the techniques in [39], thanks to their construction as symplectic

quotients.

A natural further question is whether there is a hyperkahler analogue of such spaces.
Nakajima ([52, 53], 54]) developed a way to construct hyperkéhler varieties from quivers, and
in [43] Konno uses such methods to construct the following spaces as well as to compute their

Betti numbers. Effectively, we double the arrows.

13The components of this moment map have been rescaled for convenience. Strictly speaking, the image
of 1 does not lie in the designated Lie algebra.
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Y2: | T2
T Y3
Ce. »Ccr AcC

In this picture, each y; is interpreted as an element of the cotangent fibre of Rep(Q) at
x; and in this way the y; depend on the z;. We have

yi € T, Rep(Q) = Rep(Q)* = Hom(C,C")" = Hom(C",C) = C".

Hence, the information of a Nakajima star-shaped quiver representation is (z1, . .. Ty, Y1, .. Yn) €
T*Rep(Q). We often write (x;|y;) for (x1,...x,,y1,...ys). Still taking G = SU(r) x U(1)™,
we can now define hyperpolygon space as the hyperkéhler quotient (see [37]) given by

(OTXTa Oé) N /L(El(orxm 01><r)
G

X() = T"Rep(Q) J, G = "®

where

pir : T"Rep(Q) — ¢" = su(r)" & R"

(ilys) — (O _(@izl)o — Wivaos el = a2 el = llyal®)
1=1

and

pc : T*Rep(Q) — Lie(G®) = sl(r,C) @ C"
(@ilys) — (Z(xiyi)Oa (RS PRRE ,yn%)-
i=1
This is a hyperkéhler manifold of complex dimension 2(r — 1)(n — r — 1). An element
of X7 («) has a geometric interpretation as a “corrected” polygon; on their own, the vectors
given by the information (z;z}) do not close, but by correcting each one by vectors given by

—(yy;)o, we indeed have a polygon in Rr-! by the fact that we set >~ (z;25)0 — (yiyi)o =
Y ¥ =1 1 %
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0). For example,

(zax3)o .

(z127)o
l'3$§)0

(247 .
—(¥3v3)o0
Note that a = (o, ..., @,) no longer refers to the side lengths, but to the differences in

length between (z;2})o and (y}y;)o.

6.1.2 Relationship with Higgs bundles

The moduli space X7 («) has been identified with a certain open subspace of a parabolic
Higgs moduli space, first for rank 2 in [24] and for general rank in [I6]. For more detail on

parabolic Higgs bundles and the geometry of their moduli spaces, see [9] or [29)].

Definition 6.1.2. Let D = > | p; be a divisor on a Riemann surface X. A (minimal)
parabolic bundle on X is a holomorphic vector bundle E along with a choice of line bundle

and parabolic weights

0cC L; C Epi
1> Ba(ps) > Ba(pi)-

A parabolic Higgs bundle on X is a pair (F,®) consisting of a parabolic bundle E and a
map ¢ : £ — F ® wx (D), which is meromorphic with simple poles at D whose residues are

nilpotent with respect to the flags of E,,.

Fix a divisor D = "  p; on P1. Then the moduli space of hyperpolygons X («) is
isomorphic to the moduli space of rank r trace-free parabolic Higgs bundles on P! (with
respect to D) with trivial underlying bundle (that is, E = @_, Op1). This correspondence
is constructed by taking a point (z;|y;) € X! (a) and defining a parabolic Higgs field

O(2) = z": T g,

Z_ .
i=1 pi
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This also endows X! () with a Hitchin map h : X () — @,_, H'(P',w$' (D)) defined by
h((ziys)) = (tr(®?),...,tr(®")). In [I6], this is exploited to show that for r < 3, X7 () is a
completely integrable system. However, this map is not proper; its fibres are open subvarieties
of the fibres of the moduli space of rank 7 trace-free parabolic Higgs bundles on P (with
respect to D) with no extra conditions on the underlying bundle. To be more specific, the
fibres of X7 () are homeomorphic to (S*)™\ V', where V is some compact subvariety. This is
potentially problematic since Nakajima quiver varieties are hyperkahler and thus Calabi-Yau,

and the SYZ conjecture [63] says that all Calabi-Yau manifolds are torus fibrations.

6.1.3 Twisted hyperpolygons

Let us now consider two possible ways in which the ideas surrounding hyperpolygon spaces
could be extended, using ideas similiar to those explored in the main body of this thesis.

First, consider our “manifold-ification” philosophy from Chapter [1l Here, this amounts
to replacing the category in which we are choosing representations and leads to a possible
way of compactifying X7 («). Note that Hom(C,C") = Hom(Op:, O5]). So, choosing repre-
sentations in the category of holomorphically trivial bundles on P! instead of the category
of vector spaces does not actually change anything. However, it leads naturally to the idea
of letting the rank r bundle assume other splitting types. Leaning on the correspondence
with parabolic Higgs bundles, these are exactly the points “missing” from X («). If we can
construct parabolic Higgs bundles directly from a star-shaped quiver (perhaps by utilizing
the twisted category of bundles considered in the main body of the thesis), this could allow
us to compactify the hyperpolygon space.

Such an idea could also help to understand whether there is a McKay-type correspon-
dence between hyperpolygon moduli spaces and some certain subgroups of SL(r,C). The
usual McKay corresponence is part of a larger program which gives relationships between
gravitational instantonsE], surfaces with Du Val singularities, finite subgroups of SU(2), and
appropriately labelled quivers of type ADE ([52]). The Nakajima quiver variety of the D-type

YA gravitational instanton is a non-compact, complete, hyperkihler 4-manifold which is asymptotically lo-
cally Euclidean (ALE), meaning that the hyperkahler metric decays with polynomial order 4 to the Euclidean
metric as a radial coordinate tends to infinity.
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quiver
o

o ®) o

o

which is the hyperpolygon space X?(«), fits cleanly into this picture, but X’ («), which is
not in a general a 4-manifold, does not.

Alternatively, note that hyperpolygons are analagous to traditional Higgs bundles in that
they both require a choice of an element of a space involving specifically a cotangent bundle.
Recall that y; € T, Rep(Q), while a Higgs field @ is a section of EndE @ wx = EndE®@T*X.
Twisted Higgs bundles are obtained by twisting by an arbitrary line bundle. Can we apply
the same generalization in the hyperpolygon case? On Rep(Q) = C7, all bundles of the same
rank are isomorphic, but we can expand our scope by letting y; lie in bundles of different
ranks and slightly adjusting the moment map equations.

Let z; € Hom(C, C") = Mat,.«1(C) as usual and let y; € Mat,.(C) for some s € N. That
is, y; lies in the fibre over z; of the trivial bundle of rank sr on Hom(C, C"). Now let

n

et (@ilyi) — (Z(xiAsyi)Oa Alyay, .. ,AsTyn«%’n)

i=1

(1 1 ... 1>.

This moment map takes values in sl(r, C)@&C™ as before, and we can take the quotient with

where A, is the 1 x s matrix

respect to level sets of g and g to yield the moduli space &) (a) of twisted hyperpolygons.
This new space is not in general hyperkahler despite its construction via a hyperkahler-like
quotient. As a corollary of the Marsden-Weinstein theorem, the real dimension of this moduli
space can be calculated from dimension of the configuration space, the number of linearly

independent moment map conditions, and the dimension of the group. We can calculate

dimR(X,ffs(a)) =n(2r+2rs) — ((7“2 —1)+n)— (2(7’2) +2n) — ((7“2 —1)+n)

=2rn(s+1) —4(n+r*>—1).
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Thus dimg(&7(a)) = rn(s + 1) — 2(n + 7> — 1), and setting s = 1 recovers the expression
for dime (X" ().
It now becomes a natural question whether A" () can be identified with some subvariety

of a (possibly twisted) parabolic Higgs moduli space, as is the case for s = 1.

6.2 Motivic methods

As previously mentioned, the theory of motives has been used to study the topological in-
variants of some (wx-twisted) Higgs bundle moduli spaces, namely in [21] and [20], building
of work concerning the motives of the stack of vector bundles in [§]. The idea at play is that
there is a ring homomorphism from (the dimensional completion of) the Grothendieck ring
of varieties to Z|z, y][[xiy]] given by the E-polynomial (see [33]). By calculating the class of a
given variety in terms of simpler ones, we can read off its E-polynomial. The E-polynomial
is a fairly fine invariant, and from it both the Betti and Hodge numbers of a variety can be
extracted.

For k an arbitrary field, the Grothendieck ring of varieties Ko(Vary) is the free abelian
group on the set of isomorphism classes of varieties over k up to the equivalence [X]| ~
[X \ Y]+ [Y] when Y is a closed subvariety of X. We work in the so-called dimensional
completion Ko(Vary) of KO(Vark)[ﬁ], in which the class of the affine line A! is invertible.

The zeta function of a variety V is given by

Z(V,t) =Y _[Sym’(V)]t € Ko(Vary)[[t]]

>0

and one can further define, for a curve X of genus g,
29
P(X,t) = Sym‘([X] — [P'))¢".
i=0

The goal is then (after translating to the language of quiver representations) to write the
classes of the moduli spaces of representations of A-type quivers in Bun(X,wx) in terms of
[X], Z(X,t), and P(X,t). As per Section [2.3.2] this allows for the calculation of the class of
the whole space My, (7, d).
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In [21], this is done up to rank 4 (for odd degree) by use of the formula

1

LAI]—_I[MX,WX (Q)] = [Mig,wx (Q)]

= My, (Q)] — Z {HN—strata of MX,WX(Q)}

where My, (Q) is stack of representations of @ in Bun(X,wx) and M%, (Q) is the smooth
substack of semi-stable representations. Furthermore, “HN-strata” refers to the Harder-
Narasimhan stratification of My, (Q), the stratification corresponding to different types of
canonical destabilizing subrepresentations. There is an issue of convergence of [My ., (Q)]
in Ko(Vary) (that is, it does not always define a class) which is addressed by a truncation
procedure in [2I] and by wall-crossing methods in [20].

These constructions could be extended to Higgs bundles with different twisting line bun-
dles L, and more specifically to twisted Higgs bundles on curves of genus 0 and 1. It is
possible that in the low genus case, the convergence problem is less troublesome, and hence

recursive formulas for the classes may be found.
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