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Chapter 1

Introduction

A formal language is an abstract concept in theoretical computer science denoting
an arbitrary set of words, trees, or even more complex data structures. A particular
interesting class of formal languages is composed of the regular, or recognizable,
languages. These are the languages which can be described by finite automata.
Since their introduction for finite words by McCulloch and Pitts [MP43], finite
automata have been generalised to a wide spectrum of different structures including
infinite words by Biichi [B60] and Muller [M63], finite trees by Doner [D65; D70]
and Thatcher and Wright [TW65; TW68], and infinite trees by Rabin [R69].
In this thesis, we investigate two extended models of formal languages:

Probabilistic series Instead of a binary decision whether an element is contained
in a language, probabilistic series assign a probability value to each element.

Data languages The positions of a word or tree are labelled by a fixed number of
arbitrary data values from some domain.

Let us outline our research results and the contents of this thesis:

In the first part, we investigate how classical formalisms for specifying formal
languages, like regular expressions or monadic second order logic, can be trans-
ferred to the probabilistic setting. We give probabilistic variants of both formalisms
over finite and infinite words. We show in each case that our probabilistic regular
expressions and probabilistic MSO logic are expressively equivalent to probabilistic
automata. In the case of finite trees it turns out that the standard, top-down, pro-
babilistic automaton model is not powerful enough to capture probabilistic MSO
logic. Thus, we introduce bottom-up probabilistic tree automata, which are strictly
more expressive than the top-down model. See Section 1.1 for details on this.

In the second part, we turn to languages of infinite, multi-dimensional data
words, i.e., infinite words with a fixed number of data values at each position. We
study linear temporal logic over data words where each data value is a position in
the infinite tree. We give a reduction of the model checking problem for this logic to
the emptiness problem of constraint Biichi automata. Thereafter, we show that this



Chapter 1 Introduction

problem can be solved in space polynomial in the dimension and logarithmic in the
size of the automaton. This implies PSPACE-completeness of the model checking
problem for constraint LTL. An extended introduction can be found in Section 1.2.

1.1 Specification of Probabilistic Series

Since the beginning of research on formal languages investigating other formalisms,
besides finite automata, to specify regular languages has always been a key topic. In
1956 Kleene [K56] introduced regular expressions and showed that this formalism
allows us to specify the same class of languages as finite automata. Instead of
giving a machine-like specification, regular expressions permit the specification
of a language from finite sets using the operations set union, concatenation, and
Kleene-iteration, i.e., the concatenation of a language with itself arbitrarily often.
Regular expressions have been generalised to finite trees by Thatcher and Wright
[TW68], to the weighted setting by Schiitzenberger [S61]. More recently, weighted
regular expressions have been extended to finite trees by Droste, Pech and Vogler
[DPV05], and to valuation monoids, which are an extension of semirings, by Droste
and Meinecke [DM11]. A probabilistic variant of regular expressions on finite words
has been given by Bollig, Gastin, Monmege and Zeitoun [BGMZ12].

Another formalism well-known is monadic second order (MSO) logic. MSO
logic is a restricted form of predicate logic allowing only quantification over single
positions and sets of positions, but not over relations or even higher order objects.
At the beginning of the 1960s Biichi [B60; B62] showed that the class of languages
that can be defined using MSO logic is exactly the class of regular languages. This
result has later been extended to finite trees by Thatcher and Wright [TW68], and
to infinite trees by Rabin [R69].

In 2005 Droste and Gastin [DGO05] gave a weighted extension of MSO logic on
words and proved its equivalence to weighted automata. This result was extended
to finite trees by Droste and Vogler [DV06] and to valuation monoids by Droste
and Meinecke [DM10].

Around the same time as Schiitzenberger, Rabin [R63] investigated probabilis-
tic automata. In this automaton model, the next state is chosen according to a
probability distribution. An extended introduction to this model was given by
Paz [P71]. Probabilistic automata have proven very successful and have nowadays
a broad range of applications including speech recognition [RST96], prediction
of climate parameters [MMSTO02], or randomized distributed systems [CLSV06].
The model defined by Rabin works for finite words only. At the beginning of the
1970s probabilistic automata were extended to finite trees by Magidor and Moran
[MM70] and Ellis [E71]. Probabilistic tree automata have plentiful applications in
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the field of natural language processing, including parsing, deep language models,
and machine translation. In 2005, probabilistic automata were extended to infinite
words by Baier and Grosser [BG05]. This concept gained manifold further research
interest [BBG08; CSV11; CDH09; CH10; CT12; TBG09].

Contributions

In this thesis, we develop probabilistic variants of MSO logic and regular expressions
that work over finite and infinite words, and over finite ranked trees. We prove that
these formalisms are equivalent to an appropriate probabilistic automaton model.

We begin Part I with a Nivat-like theorem for probabilistic series in Chapter 3.
This result is used later in Chapter 4 and may also be of independent interest. The
classical Nivat theorem [N68] characterises rational transductions by decompos-
itions in a regular language and homomorphisms. Nivat characterisations have
attracted recent interest [BD15; DP14]. We give a probabilistic variant of this result
characterising the behaviours of probabilistic automata by regular languages and
homomorphisms using operations like image, preimage, and the application of
a simple probability measure. This characterisation works for finite and infinite
words. In the case of finite trees it turns out that standard, top-down, probabilistic
tree automata are not powerful enough to capture all functions which can be given
using such a Nivat-representation. Therefore, we use the more powerful model
of bottom-up probabilistic tree automaton. As probabilistic tree automata form a
generalisation of deterministic top-down tree automata, bottom-up probabilistic
tree automata provide a generalisation of deterministic bottom-up tree automata.
Though this approach seems natural, we found only one other reference to this
model [L94]. Furthermore, restricting the Nivat-representation, we also obtain
a characterisation of top-down probabilistic tree automata. This shows that the
bottom-up model is strictly more expressive than the top-down model.

Next, we introduce probabilistic monadic second order logic in Chapter 4. For this,
we extend classical MSO logic by a new second order “expected value” quantifier
and close the logic under Boolean operations and expected value. Within the scope
of such a quantifier E, X, formulas x € X are true with constant probability p.
Intuitively, this corresponds to choosing a set X by tossing an unfair coin for each
position to decide whether this position is included in the set or not. Using this logic
one can define additional new operators like a first order expected value quantifier
or a probabilistic universal first order quantifier like in weighted MSO logic. We
show that the semantics of probabilistic MSO sentences are exactly the functions
which can be described by a Nivat-representation. Thus, we obtain expressive
equivalence results for probabilistic MSO logic on finite words and probabilistic
automata, for probabilistic MSO logic on infinite words and probabilistic Muller-



Chapter 1 Introduction

automata, and for probabilistic MSO logic on finite ranked trees and bottom-up
probabilistic tree automata, respectively.

After having investigated probabilistic MSO logic in Part I, we now turn to
regular expressions in Part II. In Chapter 6, we introduce probabilistic regular
expressions on infinite words. These expressions extend the expressions introduced
in [BGMZ12] in two ways: first, we define a suitable probabilistic w-operator. In-
tuitively, given a probabilistic series S, S”(w) is the probability that the word w
starts with arbitrarily many words from S. Second, we add a placeholder symbol
to the syntax. This placeholder marks the points in expressions, where other ex-
pressions can be appended. In contrast to variables in regular tree expressions, this
placeholder is purely syntactic and does not occur anywhere in the semantics of an
expression. We show that our probabilistic regular expressions are expressively
equivalent to probabilistic Muller-automata, a model which is expressively equival-
ent to probabilistic Rabin-automata. Baier and Grosser [BG05] already showed that
probabilistic Rabin-automata are strictly more expressive than probabilistic Biichi-
automata. Whereas our construction of an automaton from a given expression
is based on the ideas in [BGMZ12], we give a new construction for the converse
direction, which unambiguously decomposes the runs of the automaton.

In Chapter 7, we introduce a probabilistic variant of regular tree expressions.
We keep the approach from the word case of using a restricted sum operator, but
instead of the Kleene-star operator, we use a new iteration operator, which we call
infinity-iteration. In Kleene iteration, there is a choice at every step to substitute a
variable or not, thus the iteration may stop at any point. This choice is removed in
infinity iteration: every occurrence of the iterated variable has to be substituted
until the variable does not occur any more. This modified iteration can be modelled
much simpler probabilistically than Kleene-iteration with its nondeterministic
choices since probabilistic automata do not allow nondeterministic choices, only
probabilistic ones. We show that our probabilistic regular tree expressions are
equivalent to probabilistic tree automata.

Future Research

Future research might look into extending these results to different structures.

Unranked trees do not restrict the branching structure of a tree like ranked trees
do. A characterisation of the recognizable languages of unranked trees by MSO
logic has been given by Neven and Schwentick [NS02]. In 2011 this result was
extended to the weighted setting by Droste and Vogler [DV11]. For regular tree
expressions there already exist forest expressions by Bojanczyk [B07], or one could
extend unweighted ranked regular tree expressions to the unranked case. None of
these concepts directly fit into the probabilistic setting.



1.2 Model Checking LTL over Data Words

Different, interesting structures are infinite ranked trees. Probabilistic tree auto-
mata for infinite trees have been given by Carayol, Haddad and Serre [CHS14].
Extending both, probabilistic regular tree expressions and probabilistic MSO logic
to infinite trees poses new challenges. For regular tree expressions, there are un-
countably many ways to cut an infinite tree into subtrees. Thus, the introduction
of measures to regular tree expressions seems necessary. For probabilistic MSO
logic there does not seem to be a proper automaton model. All existing models are
top-down based, and thus probably not expressive enough to capture probabilistic
MSO logic. Nevertheless, one could still get the equivalence to the tree series
defined by the Nivat decomposition from Definition 3.12 similar to the proof of
Theorems 5.22 and 5.23.

A different notion of probabilistic regular expressions on trees has been given
by Monmege [M13]. These expressions use pebbles and are tree-walking. It has
been shown by Bojanczyk, Samuelides, Schwentick and Segoufin [BSSS06] that
in the unweighted case pebble tree-walking automata are strictly less expressive
than regular tree languages. It remains to be seen if this inclusion also holds in the
probabilistic case.

Another direction of research might look into fragments of probabilistic regular
expressions or MSO logic. There is ongoing research on subclasses of probabilistic
automata with better properties regarding decidability. Notable examples are #-
acyclic automata by Gimbert and Oualhadj [GO10], and leaktight automata by
Fijalkow, Gimbert and Oualhadj [FGO12]. It would be interesting to see how these
subclasses translate to our formalisms. Obtaining equivalence results for these
formalisms would allow for easy specification of a well-behaved class of probabilistic
automata. Conversely, there may be “natural” fragments of probabilistic regular
expressions or probabilistic MSO logic, which admit good decidability properties.

1.2 Model Checking LTL over Data Words

Temporal logics like LTL or CTL* are nowadays standard languages for specifying
system properties in verification. These logics are interpreted over node labelled
graphs, where the node labels (also called atomic propositions) represent abstract
properties of a system (for instance, a computer program). Clearly, such an ab-
stracted system state does not in general contain all the information of the original
system state. This may lead to incorrect results in model checking.

In order to overcome this weakness, extensions of temporal logics by atomic
(local) constraints over some structure .4 have been proposed (cf. [C94; DG08]).
For instance, LTL with local constraints is evaluated over infinite words where the
letters are tuples over A of a fixed size. For instance, for A = (Z, <), this logic is
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standard LTL where atomic propositions are replaced by atomic constraints of the
form X' x; < X! xy. This constraint is satisfied by a path 7 if the j-th element of the
i-th letter of 7 is less than the k-th element of the I-th letter of x.

While temporal logics with integer constraints are suitable to reason about
programs manipulating counters, reasoning about systems manipulating push-
down stores requires constraints over words over a fixed alphabet and the prefix
relation (which is equivalent to constraints over an infinite k-ary tree with descend-
ant/ancestor relations, where k is the fixed size of the push down alphabet). There
are numerous investigations on satisfiability and model checking for temporal
logics with constraints over the integers (cf. [é94; BG06; DG08; G09; BP14; CKL)).
On the contrary, temporal logics with constraints over trees have not yet been
investigated much, although questions concerning decidability of the satisfiability
problem for LTL or CTL* with such constraints have been asked for instance in
[DGO08; CKL13]. A first (negative) result by Carapelle et al. [CFKL15] shows that a
technique developed in [CKL13; CKL] for satisfiability results of branching-time
logics (like CTL* or ECTL") with integer constraints cannot be used to resolve the
decidability status of satisfiability of temporal logics with constraints over trees.

Contributions

Our goal is to show that satisfiability of LTL with constraints over the trees is
decidable. At first, we analyse the emptiness problem of 7 -constraint automata
(cf. [G09; DDO07]) where 7T is the infinitely branching infinite tree with prefix
relation. These automata are Biichi-automata that process (multi-)data words where
the data values are elements of 7 and applicability of transitions depends on the
order of the data values at the current and the next position. Our technical main
result shows that emptiness for these automata is NL-complete for fixed dimension
and PSPACE-complete if the dimension is part of the input. Having obtained an
algorithm for the emptiness problem, we can easily provide algorithms for the
satisfiability and model checking problems for LTL with constraints over 7. We
exactly mimic the automata based algorithms for standard LTL of Vardi and Wolper
[VW94] noting that the constraints in the transitions are precisely what is needed
to deal with the atomic constraints in the local constraint version of LTL. It follows
directly that satisfiability of LTL with constraints over 7 and model checking
models defined by constraint automata against LTL with constraints over 7T is
PSPACE-complete.

Finally, we extend our results to the case of constraints over the infinite k-ary
tree for every k € N by providing a reduction to LTL with constraints over 7. Thus,
satisfiability and model checking for LTL with constraints over the infinite k-ary
tree is also in PSPACE.
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In a parallel work Demri and Deters [DD15] showed above mentioned results
on satisfiability using a reduction of constraints over trees to constraints over the
integers. Even though the main results of both papers seem to coincide, there are
major differences.

1. Demri and Deters’ result extends to satisfiability of the corresponding version
of CTL*, but Demri and Deters do not consider the model checking problem.

2. Demri and Deters’ result holds even if the logic is enriched by length con-
straints that compare the lengths of the interpretations of variables. Since our
approach abstracts away the concrete length of words, we cannot reprove
this result. On the other hand, we can enrich the logic with constraints using
the lexicographic order on the tree as well. Demri and Deters’ approach can
not deal with this order. Thus, the logics of both papers are incomparable to
each other.

3. Demri and Deters conjecture that the (branching-degree) uniform satisfiabil-
ity problem is in PSPACE. This problem asks, given a formula and k € NU{co},
whether there is a model with values in the k-ary infinite tree that satisfies
the formula. We confirm Demri and Deters’ conjecture.

4. Finally, our proof is self-contained. In contrast, Demri and Deters’ proof
seems to be more elegant and less technical, but this comes at the cost of
relying on the decidability result for satisfiability of LTL with constraints
over the integers [BP14], which is again quite technical to prove (In fact, our
proof can be easily adapted to reprove this result).

Chapters 8 and 9 are joint work with Alexander Kartzow.

Future Research

Our result opens several further research directions. Firstly, Demri and Deters’
result on CTL* with constraints over trees does not yield any reasonable complexity
bound because the complexity of their algorithm relies on the results of Bojanczyk
and Torunczyk [BT12] on weak monadic second order logic with the unbounding
quantifier. Thus, without any progresses concerning the complexity of this logic,
Demri and Deters’” approach cannot be used to obtain better bounds. In contrast,
the concept of 7T -constraint automata can be easily lifted to a 7 -constraint tree-
automaton model. Complexity bounds on the emptiness problem for this model
would directly imply bounds on the satisfiability for CTL* with constraints over 7.
Thus, investigating whether our techniques transfer to a result on the emptiness
problem of 7 -constraint tree-automata might be a fruitful approach. Secondly, it
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may be possible to lift our results to the global model checking problem similar to
the work of Bozelli and Pinchinat [BP14] on LTL with constraints over the integers.
Finally, it is a very challenging task to decide whether Demri and Deters’ result
and our result can be unified to a result on LTL with constraints over the tree with
prefix order, lexicographic order and length-comparisons (of maximal common
prefixes).



Chapter 2

Preliminaries

We establish basic notations and definitions in this chapter and recall standard
results that can be found in the literature.

The set of all natural numbers, starting with 1, is denoted by N. The set of all
non-negative integers is written as N. The set of integers is denoted by Z, the set
of rational numbers by Q, and the set of real numbers by R.

Given any set M, we denote its power set by P(M). Furthermore, for any subset
A C M, we write 14 for the characteristic function of A, i.e., the function 14: M —
{0,1} defined by 14(m) = 1if and only if m € A for all m € M.

2.1 Words and Automata on Words

2.1.1 Finite and Infinite Words

Any non-empty set is called an alphabet. Unless explicitly noted otherwise, we
assume that every alphabet is finite. The elements of an alphabet are called letters
or symbols. Let X be an alphabet. A finite, possibly empty, sequence w = a; - - - a,,
of elements of X is called a finite word. The length of w is |w| = n. The empty word
is denoted by ¢ and we set |¢| = 0. We denote the set of all finite words over X by
2* and the set of all non-empty, finite words over X by X*, ie., X* = X* \ {¢}.

An infinite sequence of elements of X is called an infinite word or an w-word over
. We write 2% for the set of all infinite words over Y. For convenience, we define
|w| = oo for every w € X“. Moreover, we set X as the set of finite or infinite words
over 2, ie, X% = X* U X?,

We will use of the set of positions in a word. Given a finite word w € X* let
pos(w) ={1,...,|w|}, and for an infinite word w € X we define pos(w) = N. For
aset I' C X and a word w = (a;)icpos(w), We set posp(w) = {i € pos(w) | a; € I'}
and |w|r = |posp(w)|. If I is singleton, we just use the single letter as index, i.e.,
|wl, instead of |w|g.

Any subset L C X is called a formal language or just a language.
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Operations on Languages
Given a finite word u and a finite or infinite word v we write uv for the concatenation
of u and v. The concatenation of two finite words is again a finite word, whereas
the concatenation of a finite and an infinite word is an infinite word.

We use the usual rational operations on formal languages. These are union,
concatenation, Kleene-iteration, and w-iteration. The definition of these operations
is given below for languages L C X* and K C X*:

L-K={uveX®|uel, veK}
L'=UpL"={w-u, €X|n>0,u; € Lfori=1,...,n},
L ={uuy--- € X?|u; € L\ {e}foralli > 1},

where L° = {¢} and L"*! = L - L. We also define the w-operator for a single word
w e X" by w” = www .- € X% ie, w” is the single word in the language {w}“.

Partial Orders on Words
There are two natural orders on words, that we are interested in:

The prefix order < on X is defined by u < v if and only if there is a word w € X
such that uw = v. This order is a partial order, but it is not linear.

To define the lexicographic order C on X we first fix a linear order <y on X. We
set u C v if either u < v or there are words x € X*, v/, v € X and letter a,b € X
such that u = xau’, v = xbv’, and a <x b holds. It can be shown that C is a linear
order on X,

Homomorphisms on Words
Let ¥ and I be two alphabets. We call any function h: X* — I'° a homomorphism
if it satisfies h(¢) = ¢, and h(uv) = h(u)h(v) for all u € X* and v € X*. A
function f: ¥ — I'* can be extended to a homomorphism f’: X* — I'* by setting
f'w=(f (”i))i epos(u) for every word u = (;)iepos(u) € 2. It can be shown that f”
is the unique homomorphism which extends f. If a homomorphism h: X% — I'*
satisfies h(a) € I" for all a € X, we call h a relabelling.

Homomorphisms on X* are defined completely analogously by replacing the
symbol co with the symbol .

2.1.2 Finite Automata on Words

After stating fundamental definitions on words, we next define automata as ac-
ceptors of formal languages of words. The standard notion of a finite automaton
only recognizes languages of finite words. Common extensions to infinite words
include Biichi-automata and Muller-automata. As we want to deal with languages

10
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containing both finite and infinite words, we use Muller-automata to accept infinite
words and add a set of final states to handle finite words.

Definition 2.1. A Muller-automaton over X is quintuple A = (Q, T, I, F,R) such
that

1. Q is a finite, non-empty set — the set of states,

2. T C Q X X x Q is any relation — the transition relation,
3. I C Qis any set of states — the set of initial states,

4. F C Qis any set of states — the set of final states,

5. R € P(Q) is any system of subsets of states — the Muller acceptance condi-
tion.

A run of A on a word w = (a;)icpos(w) is @ sequence of states p = (%)';Vlo such that
(gi-1,ai,q;) € Tforalli=1,...,|w|. If |w| < co, we call arun p = (q,»)'ﬁ'0 successful
if g € I and gqy,,| € F. For |[w| = oo, the run p is successful if gy € I and inf(p) € R,
where inf(p) denotes the set of states that occur infinitely often in p. The language
L(A) accepted by the automaton A consists of all finite and infinite words w such
that there exists a successful run of A on w.

An automaton A is called deterministicif |[{qg € Q | (p,a,q) € T}| < 1forallp € Q
and a € X, and |I| < 1, i.e, in any state, there is at most one possible subsequent
state when reading any letter and there is at most one initial state. The automaton
Ais completeif |{q € Q| (p,a,q) € T} > 1forallp € Qanda € X, and |I| > 1,
i.e., in any state, there is at least one possible subsequent state when reading any
letter and there is at least one initial state. If the automaton A is deterministic
and complete, we can replace the transition relation T by the transition function
d: Q XX — Q, which is uniquely defined by (p, a,5(p,a)) € T for all p € Q and
ac.

Alanguage L C X is called recognizable or regular if there is a Muller-automaton
Awith L(A) = L.

A finite automaton is a Muller-automaton A = (Q,T,I, F,R) with R = 0. We
just write A = (Q, T, I, F) in this case. A Muller-automaton on infinite words is a
Muller-automaton A = (Q, T, I, F,R) with F = 0. We write A = (Q,T,I,R) for a
Muller-automaton on infinite words.

Example 2.2. Let X = {a, b} and consider the automaton A shown in Fig. 2.1. Note
that the depicted automaton is deterministic and complete, i.e., in every state there
is exactly one reachable state for every possible edge label.

11
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Figure 2.1: The automaton A with R = {{612, 94}, {92, g3, C]4}}

The automaton accepts all finite words of length at least 2 that start and end
with the letter a and for which every consecutive sequence of b’s has even length.
This can be seen as follows: starting from state ¢;, the letter b leads to state gs,
which is not accepting and cannot be left. Thus, the first letter of an accepted word
must be a. Afterwards, the automaton can read an arbitrary number of a’s reaching
state g2 or gs. In both cases after reading a letter b, another letter b has to follow
directly, otherwise the automaton would enter state gs from q4. Thus, the number
of consecutive b’s has to be even. In order to reach the accepting state g3 the last
letter has to be a. Conversely, the run of every finite word of the claimed form
is accepting. For infinite words, the automaton has to stay in the middle triangle
forever, visiting at least g, and q4 infinitely often. Thus, every infinite word accepted
by A has to contain infinitely many b’s. In total we obtain

L(A) ={aua € Z* | u € *, every maximal sequence of b’s in u has even length }
U {aw € X | |w]p is infinite }.

The existence of a deterministic Muller-automata recognizing the same language
for any non-deterministic w-automaton on infinite words is a classical result going
back to McNaughton [M66]. It was later improved by Safra [S88]. The result still
holds if the automaton accepts finite and infinite words, as this case can be reduced
to the infinite word case.

Lemma 2.3. Let A be a Muller-automaton. There is a deterministic and complete
Muller-automaton A” with L(A) = L(A").

12



2.2 Probabilistic Automata and Measures on Words

Proor. Let A = (Q,T,I,F,R). Furthermore, let # ¢ X be a new symbol. We
define a Muller-automaton on infinite words A; = (Qy, Ty, I, Ry) over X U {#} where

01 =0U{gs}, R1 = RU{{gs}}, and
Li=TuU{(gs#*qs)} U{(q.#.qs) | g € F}.

Thus, for every infinite words w € X we have w € L(A) if and only if w € L(4,),
and for finite words w € X* we conclude w € L(A) if and only if w#° € L(A;).
By McNaughton’s theorem [M66], there is a deterministic and complete Muller-
automaton on infinite words A, = (Q2, T», I, R,) with L(A;) = L(A;). We obtain
the automaton A’ by defining A" = (Q', T",I', F/, R') with Q" = Q,, I' = ,, R’ = R,
T'=T,NQ" XX x(Q, and by letting F’ consist of all states g € Q" such that there
is a run p of A, on #“ starting in q with inf(p) € R,. Intuitively, we obtain A’ from
A, by removing all transitions that are labelled with # and by making every state
final for which there exists an accepting run on #“ starting in g. One shows that
L(A) N X? = L(A2) N X? and w € L(A") if and only if w#“ € L(A;) for every finite
word w € X*, -

2.2 Probabilistic Automata and Measures on
Words

Our goal is to introduce probabilistic w-automata as defined by Baier and Grosser
[BGO5]. For this, we recall some basic probability theory in Section 2.2.1. Readers
familiar with probability theory can skip this section. To motivate probabilistic
w-automata we give the definition of probabilistic automata on finite words, as
introduced by Rabin [R63], below.

For the rest of this section, let X be an alphabet. In the following, let for any
finite or countable, non-empty set M, A(M) be the set of all distributions on M, i.e.,
all functions d: M — [0, 1] such that }’,,c) d(m) = 1.

Definition 2.4. A probabilistic automaton is a quadruple A = (Q, J, y, F) where
1. Q is a finite, non-empty set — the set of states,
2. §: Q XX — A(Q) is a function - the transition probability function,
3. p € A(Q) is a distribution — the initial distribution,

4. F C Q is any subset of states — the set of final states.

13



Chapter 2 Preliminaries

We sometimes write §(p, a, q) instead of §(p, a)(q). The behaviour of A is the function
[A]l: X* — [0,1] which is given by

lAlwy = > p(ao) | | 8(qi1, wiq0) (2.1)
q05+--qn-1€Q i=1
qn€F

forallw = wy---w, € X*. A function S: X* — [0, 1] is called recognizable if there
is a probabilistic automaton A with [|A]| = S.

Next, we would like give the extension of Definition 2.4 to infinite words. The
behaviour of probabilistic w-automata is a generalisation of (2.1). As there may be
uncountably many runs on an infinite word, this behaviour cannot be modelled
by the means of a simple sum any more. Instead, one has to make use of measure
theory to obtain meaningful semantics. We will only give a brief introduction to
measure theory in the next section.

2.2.1 Measures on Words and Runs

For the convenience of the reader, we recall the notions of a 6-algebra and a measure
in this section. We state some standard results that we will use later in this work.
At the end, we give the Ionescu-Tulcea theorem which is crucial for the definition
of probabilistic w-automata. For a comprehensive introduction into probability
theory see, e.g., [K08]. A chapter about topology on finite and infinite words can
be found in [PP04].

Definition 2.5. Let Q2 be an arbitrary, non-empty set. We make the following
definitions:

1. A o-algebra over Q is system of sets A C P(£2), which contains the empty
set, and is closed under complement and countable union. An element of .A
is called a measurable set. The pair (2, A) is called a measurable space.

2. Given any system of sets X' C P(Q), we denote the smallest c-algebra A with
X € Aby o(X). Given a c-algebra A, we say that the set £ C A generates
Aifo(€) = A

3. A measure on a measurable space (2, A) is a function y: A — R,, where

R; = R4 U {co}, such that u(0) = 0 and p(U;>1 Ai) = Xis1 #(4A;) for all
pairwise disjoint families of measurable sets Aj, A;,... € A. The triple
(9, A, p) is called a measure space. In case pu(£2) < oo, we say that y is finite.

The measure y is called a probability measure if p(Q2) = 1. In this case we call

(2, A, 1) a probability space.

14



2.2 Probabilistic Automata and Measures on Words

4. If Qis at most countable, we call any functiond: Q — [0,1] with }},.co d(x) =
1 a probability distribution or just a distribution on . Any distribution
uniquely determines a measure yg on (Q, P(Q)) by letting pig(M) = Y epr d(x)
for all M € Q. To ease notation, we write d for py. Thus, we view every
distribution on Q also as a measure on (2, P(Q2)).

The set of all distributions on Q is denoted by A(€).

Our goal is to construct a probability measure on the set of all infinite runs.
Therefore, we need to define two things: first, a suitable c-algebra on the set of
runs, which contains the set of accepting runs. Second, a way to construct a unique
probability measure from the transition probabilities of an automaton. We also
want our definition to be a real extension of the finite word case and thus be able
to deal with finite and infinite words.

A standard way to define a c-algebra is to start with a metric space and consider
the o-algebra generated by the open sets. Hence, we define the usual metric on
words. See [PP04] for an extended introduction to topology on the set of words.

Definition 2.6. Let X be a finite alphabet. We define the metric dx on X* by

2—min(D(u,v)) if u £
ifu=ov,

where

D(u,v) = {i € pos(u) Npos(v) | u; # v; } U (pos(u) A pos(v)).

We will call this metric space just X* and assume d is understood. Moreover, we
consider X“ and X* as metric subspaces of (X%, dx).

One easily checks that (X, dx) is really a metric space. Intuitively, in this metric
space words are near to each other if they agree on a long prefix. One can show
that X* with this metric is a compact metric space, i.e., if it is covered by a family
of open sets, then there is already a finite subfamily which also covers the whole
space.

Next, we define the notion of the Borel-c-algebra, which arises from the open
sets. Recall that a subset A of a metric space (X, d) is open if for every a € A there
is an € > 0 such that every x € X with d(a, x) < ¢ is also contained in A.

A function f: X — X’ between two metric spaces (X, d) and (X’,d’) is called
continuous if f~1(A) is open in (X, d) for every open set A C X'.

Definition 2.7. Let (X, d) be a metric space. The Borel-c-algebra B(X,d) is the
smallest o-algebra such that the open sets of (X, d) are measurable. In other words

B(X,d)=c({AC X | Aopenin(X,d)}).

15



Chapter 2 Preliminaries

If d is understood, we write B(X) for B(X, d).

Though this definition is the standard definition of the Borel-c-algebra, one might
like a more explicit representation. In the case of words, it suffices to consider
so called cylinder sets, i.e., sets of the form uX* for u € X*, as generators of the
o-algebra to obtain B(X™).

Lemma 2.8. Let X be a finite alphabet. The following equations hold:

B(X®)=0c({uX*|uex*}) and B(X) = oc({uX“|ue X*}).

Note that the Borel-c-algebra on X* is just P(X*), as X* is countable.

Proor. We only show the X part, the second equation is analogous. Every set of
the form uX* is open: let x € uX*™ and y € X* with dx(x,y) < 27, By definition
of dy, x and y agree at least on the first |u| letters. Hence, y € uX*. We conclude
oc({uX® |u e X*}) C B(Z®).

Conversely, let A € X* open. By definition of open set and dy there is a u, € X*
for every x € Asuchthatu, isaprefixof xand u,, X* C A. Thus, A = Jyeq Ux 2. As
the set of finite words is countable, there is a countable subset A’ C A which satisfies
A = Uyen U 2%, Therefore, A € c({uX® | u € X*}). Hence, B(X®) C o({uX® |
u€e Xy -

The system of cylinder sets is easier to handle in most cases than the system of all
open sets. Nevertheless, the system of cylinder sets is still closed under intersection.
Therefore, the values of a measure on these sets uniquely determine the measure,
which is a standard result in measure theory.

Lemma 2.9. Let (£, .A) be a measurable space and £ C A such that o(£) = A,
and AN B € & for all A, B € £. Moreover, let  and v be finite measures on (€2, A)
such that p(E) = v(E) for all E € £. Then p(A) = v(A) for all A € A.

This completes the definition of a suitable c-algebra on the set of runs. Next, we
state the definition of a measurable function. These functions allow us to transfer
measures from one c-algebra to another. Moreover, they are the function we can
use to define a meaningful measure integral.

Definition 2.10. Let (£, A) and (€', A’) be measurable spaces. A function f: Q —
' is called (92, A)-(€', A')-measurable, or just measurable, if f~1(A’) € A for all
AeA.
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2.2 Probabilistic Automata and Measures on Words

Note that, as the preimage is compatible with union and complement, it suffices
to show the relation f~1(A’) € A for sets A’ € £ where £ C A generates A. In
particular, given two metric spaces (X, d) and (X’,d’), every continuous function
f: X — X’ is B(X)-B(X’)-measurable.

If f is any function Q — (', then the system f1(A") = {f1(4) | A’ € A’}
forms a c-algebra on Q. We call f~}(A’) the o-algebra generated by f.

Measurable functions can not only be used to transfer c-algebras to a different
domain, but also measures. We will use the following construction in several proofs.

Proposition 2.11. Let (2, A) and (', A’) be measurable spaces, f: Q — Q" a
measurable function, and y a measure on (Q, A). Then, p’ defined by p/(A") =
p(f~1(A’)) is a measure on (€2, A’). We write i/ = ppo {1,

Next, we state the Ionescu-Tulcea theorem, which allows us to construct measures
on an infinite sequences from so-called transition kernels. Whereas the statement
of the theorem works on arbitrary c-algebras, we only give a variant for finite
o-algebras, i.e., in the following X is always a finite set and we consider P(X) as
the c-algebra on X.

Theorem 2.12 (lonescu-Tulcea theorem for finite sets). Let X be a finite set,
d a distribution on X, and k;: X? — [0, 1] be mappings such that x;(x, - ) € A(X) for
each x € X and every i > 1. There is a unique probability measure y on (X, B(X))
such that

o -+ % X?) = d(xo) | | i, %0, (2:2)
i=1

foralln > 1and xy,...,x, € X.

Note that Theorem 2.12 only yields a measure on infinite words over X. As yu is
already a probability measure, every extension of y to the finite and infinite words
would assign probability 0 to every finite word. This is due to the fact that the
kernels k; transfer the whole probability mass to the next position of the sequence.
The following variant of Theorem 2.12 which deals also with finite words will
become useful:

Corollary 2.13. Let Q be a finite alphabet, d a distribution on Q and x;: Q* — [0,1]
be mappings such that 3};co ki(a, b) < 1forevery a € Q and i > 1. There is a unique
probability measure p on B(Q) such that

pao -+ @, Q%) = d(ao) | | xilais, ), (23)
i=1

forallag---a, € O*.
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Proor. Let L ¢ Qbeanew symboland X = QU{_L}. Define transition kernels x; on
X by xi(a,b) = ki(a, b), kj(a, L) = 1= Yo Ki(a, b), xj(L,b) = 0,and k[(L, L) = 1for
alla,b € Qandi > 1. Moreover, letd’ € A(X) with d’(a) = d(a) andd’(L) = 0 for all
a € Q. With these definitions, d’ and («;);>; satisfy the conditions of Theorem 2.12.
Thus, there is a probability measure p’ on B(X®) such that (2.2) holds. Let 7: X“ —
Q% be the homomorphism given by 7(q) = g for all ¢ € Q and n(L) = ¢. This
function is measurable as 77(q; - - - ,0%) = {L} '@ {L}" - - {L} ¢, X?. Explicit
calculation shows that the measure y = p’ o 77! satisfies (2.3). As the system of
cylinder sets is closed under intersection, y is unique. -

We recall the definition of the measure integral. Let B(R) denote the Borel-c-
algebra on the reals, where the usual topology on R is assumed. We only establish
the integral for cases that we actually use later, i.e., positive functions. For a
definition on general function see [K08].

Definition 2.14. Let (©, A, i) be a measurable space. We make the following
definitions:

1. A function s: Q — [0, o) is called simple if s = 37 | r; 1,4, for some values
Fiy. ..,y € [0,00) and measurable sets Ay, . .., A, € A. We define the integral
of s with respect to y by

n

[ st = Y nucan,

i=1

2. Let f: Q — [0, ) be a measurable function. The integral of f with respect
to p is given by

f F) p(d) = sup{ f $() ()

A shorter notation for the above integral is f fdu.
We call f integrable ifffd,u < oo,

s simple function with 0 < s < f }

3. For any measurable set A € A and measurable function f, we define

[ rau=[tasan

4. If y is a probability measure, the expected value of a measurable function
f:Q — [0, 00) is given by

elf1= [ £ dp

18



2.2 Probabilistic Automata and Measures on Words

To conclude this section, we define finite product spaces and state Fubini’s
theorem.

Definition 2.15. Let (¢, Ay, 111), - . ., (€, Ay, n) be measurable spaces. We define
the product o-algebra A of A, ..., A, by

n
A= ®Ai20'({A1X~--XAn|Ai e Aifori=1,...,n}).
i=1
The product measure u of yy, . . ., i, on A is then given by

n
A X x Ay = | ] (A,
i=1
forall sets A; € A;fori=1,...,n.

Note that product spaces and preimages can be interchanged with each other:
Let (€2;, A;, 11;) be measure spaces, (€2, A7) be measurable spaces and f;: Q] — €
be measurable functions for i = 1,...,n. We define a function f: Q/ X --- X Q) —
QXX Quby fxy,...,x,) = (fi(x1), . . ., fu(xn)). This function is measurable in
the corresponding product spaces. Moreover, the following equalities hold:

®ﬁ-l<Ai>:f—l(®Ai) and @(uOﬁ_l)=(®m)0f_l~

Fubini’s theorem states that integration in product spaces can be decomposed in
two integrations in the corresponding original measure spaces. Furthermore, the
order of this decomposition does not matter.

Theorem 2.16 (Fubini's theorem). Let (Qy, A;, 1) and (€23, As, p12) be measure
spaces and f: ; X 2, — [0, o) be a measurable function from 4; ® A, to B(R).

Then the functions x +— f f(x,y) go(dy) and y — f f(x,y) p(dx) are measurable
and the following equalities hold:

f Fey) (i @ p)(d(x,y)) = f ( f fey) uz(dy)) ()

_ f ( f Fxy) ul(dx)) a(dy).
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2.2.2 Probabilistic w-Automata

In this section, we define probabilistic w-automata. This model has first been defined
by Baier and Grosser [BG05]. Our definition extends Baier and Grosser’s definition
slightly: first, we use a Muller-acceptance condition and not a Rabin-acceptance
condition, and second, we allow also the acceptance of finite words by adding a final
state set. Moreover, we add sink states to the automaton model, i.e., states where
no further transition is possible. The definitions and proofs in Chapter 6 will rely
on these modifications. Note that the different choice of the acceptance condition
does not change the expressive power of the automata model, cf. Definition 3.6
and Theorem 3.9.

In the following the set A¢(X) contains in addition to all distributions on X, the
null function, i.e., Ag(X) = A(X) U {0} where 0(x) = 0 for all x € X.

Definition 2.17. A probabilistic Muller-automaton over an alphabet X is a quintuple
A=(Q,d,u,F, R) where

1. Q is a finite, non-empty set — the set of states,

2. 5: Q XX — Ay(Q) - the transition probability function,
3. p € A(Q) - the initial distribution,

4. F C Q - the set of final states,

5. R € P(Q) — the Muller-acceptance condition.

A state g € Q is called a sink if 5(q,a) =0 for alla € X.
For every word w = (Wj)icpos(w) € 2 let Pr)y be the unique probability measure

on (Q%, B(Q*)) given by

u(qo) I, 6(gi-1, wi,qi) if n < |w|

] (2.4)
0 otherwise.

Given a measurable set M, we write Pra(M) for the function w - Pry(M). The set
of successful runs on words of length n € N U {co} is given by

s - Q"F ifn<oo
B {peQ?| inf(p) e R} ifn=co.

The behaviour of A is the function [|Al|: X* — [0, 1] defined by

IAl[(w) = Pr}y (S},
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2.2 Probabilistic Automata and Measures on Words

for every w € X*.
A function f: X* — [0,1] is called recognizable if there is a probabilistic Muller-
automaton A with ||A]| = f.

The existence of the measure Pr} in Definition 2.17 is a direct consequence of
Corollary 2.13. Given a word w = (Wi)icpos(w) € =, let ki(p, q) = 5(p, w;, q) if
i < |w|and ki(p,q) = 0if i > |w|. This definition of the kernels k; satisfy the
requirements of Corollary 2.13. Thus, there is a measure y such that (2.3) holds. By
definition of the «; this is just (2.4).

Finally, we argue that S, is a measurable set in B(Q*). For n € N we have
S, = Q"FQ™ \ Q"2Q%. Thus, S, € B(Q%). In case n = oo we can rewrite Sy,
using cylinder sets:

Co = U ﬂUerlQ*l’z"‘rk—lQ*erwmUﬂQ’RQw .

{ris.corr}=ReR\ i21 jZi i>1 j>i
As the set of finite words over Q is countable, this shows S, € B(Q™).

Example 2.18. Let X = {a,b} and 0 < p < 1. We consider the probabilistic Muller-
automaton A = (Q,, 1,0, R) from Fig. 2.2a where R = {{L,F}, {F}}. We show
|All(w) = 1 — ple by direct computation: let w = wywy - -- € X¢.

IAll(w) = Pry({p € Q¥ | F € inf(p)})

By the structure of the automaton, F can not be left with positive probability. Thus
Pri({p € Q“ | F € inf(p)}) = Pr}(I"F®) = Pr}y(I"FQO®).

= > Py € 0% lqu =F. gy = Tforalli < n})

n>1

T (p ifwi=a
= 1- e
2. p).1{1 if w, = b

n>1 i=
wi=a

- Y a- gk

n>1
wp=a

:1—p

[wla
b

where we set p™ = 0.

Example 2.19. We consider a communication device for sending messages. At
every point of time either a new input message becomes available or the device
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b pi pi
(a) Example 2.18 (b) Example 2.19

Figure 2.2: Probabilistic Automata A from Examples 2.18 and 2.19. Transitions
without a probability value have probability 1.

is waiting for a new message. When a new message is available, the device tries
to send this message. Sending a message succeeds with probability p € (0,1). In
this case the message is stored in an internal buffer. The next time the device is
waiting for a new message, sending the stored message is retried. Intuitively, as
sending a buffered message has already failed once, it seems to be harder to send
this message. So sending a buffered message is only successful with probability
q € (0,1). The buffer can hold one message.

We model this device, using the two letter alphabet >~ = {w, i} for the events
“wait” and “input message”. The automaton A = (Q, T, I,0,R) given in Fig. 2.2b
assigns to every word w € X the probability that this sequence of “wait” and
“input message” events does not overflow the buffer. The automaton has a Biichi
acceptance condition, i.e., R = {X € Q | X N {E,F} # 0}. We chose the states E, F,
and O corresponding to the conditions empty buffer, full buffer, and overflow. The
transitions model the behaviour explained in the first paragraph.

We consider the language L of words w € X with [|[A[|[(w) > 0, i.e., all event
sequences with a positive probability not to overflow the buffer. In contrast to finite
words, where the language of words with positive acceptance probability is always
regular, the language L is not regular. This can be seen as follows: let w = uv® be
an ultimately periodic word with |[v|; > 0. Using Markov chain theory one shows
that the probability to be in state O after reading uv™*! is at least 1 — A" for some
A > 0. Thus, intuitively, the probability to be in state O is 1, after reading uv®.
Therefore, ||A||(w) = 0. Nevertheless, there are words w with infinitely many letters
i and ||A||(w) > 0. Consider a word w = iw™iw™iw™ - ... Using induction one
shows Pr’y(E{E,F}"E - - - E{E,F}"* Q%) = Hle(l —(1=p)1—q)") for every k > 1.
Therefore, we obtain

JAllGw" iwiw™ ) = [ (1= = p)a - ™).

i>1
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2.3 Trees and Tree Automata
By choosing n; = i, i.e. iwiw?iw? - - - = u, we obtain [|A||(w) > 0 since };1(1—p)(1—
q)i < oo, for details see [K51, chapter 7].

We can conclude that L is not regular: by the last paragraph, we know that L
contains at least one infinite word. If L was a regular language, it would also contain
a lasso shaped word, but every lasso shaped word has probability zero. Hence, L
can not be regular.

We conclude this section with a useful proposition how to decompose Pr} into a
measure on a suffix of w and values of 4.

Proposition 2.20. Let A = (Q, J, j1, F, R) be a probabilistic Muller-automaton and
Aq=1(0,6, 1, F,R) forall g € Q. Furthermore, let M C Q* measurable, w € X%,
and n < |w|. The following statement holds:

Pry(M) = Z ﬂ(qo)'(n 5(q,~_1,wi,q,-))
i=1

qO,...,anQ
. Pan+1wn+2~-.({p c Qoo | Qo qup € M}) (25)

qn

Proor. One checks that for fixed n and fixed states qq, . . . , g, the mapping M

Priymm2({p € Q% | qo - - - qup € M})is a finite measure. Thus, so is the complete

right side of (2.5). Let ry - - - r,,Q be a cylinder set. We have

rn+1...er°° ifql-:rl-foraHOSiSn

0 otherwise.

{pEQ""Iqo---qnpero---er”}={

Therefore, we obtain as right side of (2.5):

rs. of (2.5) = p(ro) - (l_[ 8(riz1, wi, ri)) . Prxf:lm(rnﬂ Q%)

i=1

= p(ro) - (l_[ 8(ri—1, wi, ”i)) : ( n 8(rj-1, wj, ”j))
i=1

j=n+1
=Pry(ro- - rmQ%).

As the system of cylinder sets is an intersection closed generating system, the proof
is complete. -

2.3 Trees and Tree Automata

This section gives the basic definitions regarding trees and tree automata. Note
that we only consider finite ranked trees here.
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2.3.1 Finite Ranked Trees

A ranked alphabet is an alphabet ¥ with a function arity: ¥ — Nj. For every
neNyletX, ={f e X|arity(f) = n}. We just write X instead of (X, arity) if the
function arity is understood.

A tree over X is a mapping t: D — X, where D C N* such that

1. D is finite and non-empty,
2. D is prefix-closed, i.e., uv € D implies u € D for all u,v € N*,
3. {i|xieD}=A1,...,arity(f)} for all x € D with f = t(x).

We write pos(t) for the set D. We identify a symbol a € X, with the tree a’
where pos(a’) = {¢} and a’(¢) = a. As in the word case, we set pos,(t) = {x €
pos(t) | t(x) € A} for some set A C X. For singleton sets A = {f}, we write
pos,(t) = posf(t). The set of all leaf positions leaf(t) contains all <-maximal
elements of pos(t), where < denotes the prefix order. The set of inner positions is
inner(t) = pos(t) \ leaf(t). We denote the set of all trees over X by Ty.

Building Trees
We can construct new trees, by joining given trees under a new root node. For a
symbol f € X, and trees t;,...,t, € Ty we write f(t,...,1t,) for the tree ¢t with

pos(t) = {e} U U}_, k pos(t) and

f ifx=¢
t(x) = .
ti(y) ifx =iyfori e Nandy e N*.

A second construction of a new tree from an existing one is by selecting the
subtree below a node. Let t € Tx and x € pos(t), we write t|, for the tree ¢’ defined

by pos(t’) = {y € N* | xy € pos(?) } and #'(y) = t(xy).

Substitutions in Trees
Given trees s, t € Ty and a position x € pos(t) let the substitution t[x « s] be the
tree obtained from t by replacing the subtree ¢|, at x in t by s. Formally, we define
the tree t[x « s] =t’ by

pos(t’) = (pos(t) \ xN*) U x pos(s)

pon s(y) ify=xy
t'(y) = .
t(y) otherwise.
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When applying several substitutions in a row, the order of substitution may
matter if the positions of later substitutions fall within subtrees which have been
substituted before. This cannot happen if all positions are pairwise incomparable
with respect to the prefix order.

For a sequence of positions x, . . ., x, and trees sy, . . ., s, we define

tlxi  siliz1...n = t[x1 < si][x2 & s2] - - [xn < sul.

If the x;’s are pairwise <-incomparable, the order of the substitutions does not
matter. For a <-antichain M C pos(¢), i.e, x £ y £ x for all x,y € M, let
tHM — s] = t[x < slxem-

2.3.2 Tree Automata

For the rest of this section let X be a fixed ranked alphabet. A tree automaton is
defined similar to a word automaton, but instead of considering two states and a
label in the transition relation, a tree automaton considers the state at a node, the
label of this node, and the states at all child nodes.

Definition 2.21. A tree automaton over X is a quadruple A = (Q, T, I, F) where
1. Q is a finite, non-empty set — the set of states
2. T C Up>1Q X X, X Q" - the transition relation
3. I C Q - the set of initial states
4. F C Q X X - the acceptance condition.

Let t be any tree. A run of A on t is a mapping p: pos(t) — Q that satisfies

(p(x), t(x), p(x1), . .., p(xny)) € T

for all x € inner(t), where n, = arity(t(x)). A run p is successful if p(¢) € I and
(p(x),t(x)) € F for all x € leaf(t). The language L(A) of A is the set of all trees t
such that there exists a successful run of A on t.

The automaton A is called top-down deterministic if |I| < 1 and [{q € Q" |
(p,f,q) € T} <1forallp € Qand f € X, with n > 1. We say A is top-down
complete if |I| > 1and |{q € Q" | (p, f,q) € T} > 1forallp € Q and f € X, with
n > 1. If Ais both, top-down deterministic and top-down complete, we can regard
T as a function § = | J,; 8, with §,: Q X X, = Q". We also write A = (Q, , qo, F)
for a top-down deterministic and complete tree automaton.
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2 1

Figure 2.3: Automaton A from Example 2.22

Furthermore, A is bottom-up deterministic if |{q € Q | (¢,a) € F}| < 1 for
alla € Ypand|{q € O | (¢, f,p) € T} < 1forall f € X, andp € Q" The
automaton A is bottom-up complete if |{q € Q | (g,a) € F}| > 1foralla € X,
and {q € Q| (q.f,p) € T} = 1forall f € X, and p € Q" If A is bottom-up
deterministic and bottom-up complete, T and F represent a function § = |J,>q 6»
where 6,: X, X Q" — Q with (8(a),a) € F for all a € Xy, and (5(f,p), f.p) € T
for all f € X, and p € Q™. We also write (Q, J, F’) with F’ = I for a bottom-up
deterministic and complete tree automaton.

A tree language L C Ty is called recognizable or regular if there is a tree auto-
maton A with L(A) = L.

Example 2.22. Let X = {f,a,b} with arity((f)) = 2 and arity(a) = arity(b) = 0.
We consider the tree automaton A from Fig. 2.3. Ignore the dashed parts of the image
for now. The picture is read as follows: circles represent states, whereas rectangles
represent transitions. Arrows from states to transitions mean that this transition
is applicable if the automaton is in the corresponding state and the symbol next
to the arrow is at the current position. Arrows from rectangles to states say that
if the transition of the rectangle is applicable, then the automaton transitions to
the corresponding state at the i-th child, where i is the number next to the arrow.
Single arrows into states denote initial states, whereas single arrow out of states
tell that the state with the letter next to the arrow is accepting.

Figure 2.3 describes the automaton A = (Q,T,I,F) with Q = {1,2}, T =
{(1,1,1,2),(1,1,2,1),(2,f,2,2)}, I = {1}, and F = {(1,a),(2,a),(2,b)}. Note that
though the representation of A as tuple has no inherent direction, the picture
assumes a top-down approach. By reversing all arrows you obtain the same auto-
maton, but viewed as a bottom-up automaton.

When in state 2, the automaton loops there and can exit at leaf nodes labelled
with any letter. Hence, starting from state 2, all trees are accepted. In state 1 the
automaton guesses non-deterministically whether to stay in the left or in the right

26



2.4 Probabilistic Automata on Trees

child in state 1. The other child enters state 2. Thus, the automaton guesses a path
through the tree using state 1. At the end of this path, the automaton may only exit
state 11in an a labelled leaf node. Therefore, we obtain as language of A:

L(A) = {t € Tx | [pos,(t)| > 1}.

Note that A is not top-down deterministic, since there are two transitions applic-
able in state 1 with f. In fact, this language is a standard example of a tree language
which cannot be recognized by a top-down deterministic tree automaton. The
automaton A is is bottom-up deterministic but not bottom-up complete, as there is
no transition if both child states are in state 1 and a f is read. This can be fixed by
adding the dashed transition to the automaton. This way, we obtain a bottom-up
deterministic and complete automaton for L(A).

Having two notions of determinism for trees, one may ask if both deterministic
automata models are equivalent to the general, non-deterministic model. It turns out
that only the bottom-up deterministic model is as expressive as non-deterministic
tree automata. These results are stated in the next two lemmas. For the proofs of this
result, we refer the reader to [TATA], but also recall Example 2.22 for Lemma 2.24.

Lemma 2.23. Let A be a tree automaton. There is a bottom-up deterministic and
bottom-up complete tree automaton A’ such that L(A) = L(A").

Lemma 2.24. There is an alphabet X and a regular tree language L C Ty such that
L is not the language of any deterministic top-down tree automaton.

2.4 Probabilistic Automata on Trees

Probabilistic tree automata generalise top-down deterministic and complete tree
automata by replacing the single unique tuple of children states by a distribution
on all possible tuples of states. As we consider probabilistic tree automata only on
finite trees, it is not necessary to employ measure theory in this case.

Definition 2.25. A (top-down) probabilistic tree automaton is a quadruple A =
(Q. 5. 1. F) where

1. Qs a finite, non-empty set — the set of states
2. 6 = Ups16n with §,: O X X, — A¢(Q") — the transition probability function

3. p € A(Q) - the initial distribution
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2 1

Figure 2.4: Automaton A’ from Example 2.26

4. F C Q X Xy - the acceptance condition.

The behaviour ||A||: Tx(V) — [0,1] is given by

Al = D, mpe) [ 866, et . .., plxny),
p: pos(t)—Q x€inner(t)
Vxeleaf(t): (p(x),t(x))eF

for every t € Ty where n, = arity(t(x)).

We will make use of an alternative, recursive representation of ||A||: we define
functions é,: Tx — [0,1] for every g € Q by induction on the tree height. Let
t=f(t,...,t,). We set

5.(8) = {nF<q,f) ifn =0
I Ym0 0@ )@ qn) T 8g,(8) if n > 0.

Using induction one obtains for all ¢ € Ty that the following equation holds:

LA = > 1) 84(8).
q€Q

Example 2.26. We return to Example 2.22. The automaton depicted in the corres-
ponding picture Fig. 2.3 cannot be turned into a probabilistic automaton, as there
are two applicable transitions in state 1 with the same letter f. Instead, we change
this non-deterministic choice into a probabilistic one by chosen each of the two
transitions with probability /2. The resulting probabilistic tree automaton A’ is
shown in Fig. 2.4. Probability values are written in front of the corresponding label,
a missing number means probability 1.

28



2.4 Probabilistic Automata on Trees

In Example 2.22, we argued that the non-deterministic choice guesses a path in
the tree, which has to end in an a labelled node. Now, each direction is chosen with
probability 1/2. Thus, a leaf node at position x € pos(t) of a tree ¢t is reached with
probability (1/2)*. As this applies to every leaf node in the tree we obtain

=3 (3"

X€pos,(t)
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Chapter 3

Probabilistic Nivat Classes

In this chapter, we derive a probabilistic version of Nivat’s theorem for finite and
infinite words, as well as for finite trees. This result will allow us to characterise the
recognizable probabilistic word series and tree series by recognizable languages,
operations like homomorphic image and preimage, and application of a simple
probability measure.

In Section 3.1 we recall the statement of the classical theorem. Afterwards, we
introduce Bernoulli measures in Section 3.2 as measures that arise from sequences
of unfair coin tosses. In Sections 3.3 and 3.4 we give our probabilistic variant of
Nivat’s theorems for words and finite trees, respectively.

The results on words have been published in [W12] and the results on finite trees
in [W15].

3.1 Classical Nivat-theorem

Nivat’s theorem, published in 1968 [N68], decomposes a rational transduction into a
regular language and applications of homomorphisms and inverse homomorphisms.
Thus, we will first introduce rational transducers. The following definitions and

results, and an in-depth introduction to the topic can be found in [MS97].

Definition 3.1. Let X and A be two alphabets. A rational transducer from X* to
A* is a quadruple R = (Q, T, I, F) where

1. Q is a finite, non-empty set — the set of states,
2. TCQOX(XZU{e}) X (AU {e}) x Q — the set of transitions,
3. I C Q — the set of initial states,

4. F C Q - the set of final states.
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A configuration of R is a triple (g, u,v) € Q X X* X A*. We define a relation — on
the configurations by (p, au, v) — (g, u, vb) if and only if (p, a, b, q) € T. Using this
relation, we define the transduction of R as function ||R||: X* — P(A*) by

IRI(w)={veA |Ipel:Aqe F: (p,u,e) - (q,&7v)}.

The transduction ||R|| can also be lifted to languages: let L € X* we define ||R||(L) =
Uuer IR (w).

Having defined rational transducers, we can now state Nivat’s theorem.

Theorem 3.2 (Nivat's theorem). Let > and A be two alphabets,and T: P(X*) —
P(A*) be any function. There is a rational transducer R from X* to A* with ||R|| = T
if and only if there exist an alphabet I', a regular language L C I'*, and homomorph-
isms h: ['* — X* and g: ' — A" such that

T(X) = g(h"'(X) N L),
forall X C >*.

One remarkable application of Nivat’s theorem is the closure of cones under
rational transductions. Let us first introduce cones. A family of languages is a
collection £ of formal languages of finite words such that £ contains at least one
non-empty language. Each L € £ is a language over some finite alphabet, but the
alphabets do not need to be the same for two languages from L. A cone is a family of
languages, that is closed under homomorphic images, homomorphic preimages and
intersection with regular languages. For example the family of regular languages
and the family of context-free languages are cones. As immediate consequence of
Nivat’s theorem one obtains the following result.

Corollary 3.3. Let £ be a cone. Then, L is closed under rational transductions.

3.2 Bernoulli Measures on Words and Trees

Consider an experiment like tossing an unfair coin. There are two possible out-
comes: one with probability p and the other with probability 1—p. Such experiments
are called Bernoulli trials. A Bernoulli process consists of finite or infinitely many
independent Bernoulli trials all with the same probability p. Thus, a Bernoulli pro-
cess can be seen as tossing the same unfair coin many times in a row independently
from each other.

Instead of considering only a binary outcome, one may be interested in any
finite number of outcomes. So, instead of tossing an unfair coin, one could also
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roll an unfair die. Thus, there is a finite set M of outcomes. Every m € M occurs
with probability p,, and the mapping m — p,, is a distribution on M. A finite or
infinite sequence of such experiments is called a Bernoulli scheme. Whereas finite
repetition of these trials results in a finite probability space, an infinite number of
experiments yields an uncountable probability space.

Note that the length of a trial or scheme is fixed in advance. Thus, we only obtain
a measure on sequences of the same length.
Definition 3.4. Let M be a finite set and d € A(M) be a distribution on M.

1. For every n € N, we define a measure B, on P(M") by

By({my - my}) = | | dmy),
i=1

forall my,...,m, € M.

2. We define a measure BY on B(M“) by

By (my - micM®) = [ | d(m),
i=1

forallmy,...,mr € Mand k > 0.

In both cases we call B} the Bernoulli measure of d on M" for n € NU {w}.

For any probability value p, we write By for the Bernoulli measure of d,, on {0, 13",
where dj(1) = p and d,(0) = 1 — p. Moreover, we write By (By) for B (Bp) if n is
understood.

For an application to trees, considering a linear sequence of outcomes is not suf-
ficient. Instead, we extend the Bernoulli measure to arbitrary domains. As we only
consider finite trees here, we only give the definition for finite sets. Nevertheless,
an extension to countable domains is easily possible using techniques similar to
Section 5.1.

Definition 3.5. Let D be a finite, non-empty domain, M a finite, non-empty set,
and p a distribution on M. We define a distribution Bg on the finite set MP by

BR@) = | | d(u(x)),

x€D
for all u € MP. As before, we let BE for p € [0,1] be the distribution BdDP on {0, 1}D
where d,(1) = p and d,(0) = 1 - p. If D is understood, we just write By for BdD.

Note that we gave a definition of BdD as distribution MP — [0, 1], but recall that
this definition unique extends to a measure on (MP, P(MP)), as MP is finite. We
will also write B{;) for this measure.
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3.3 Nivat classes for words

Before we give the probabilistic Nivat theorem, we recall some notation. Given a
homomorphism h: I'* — X%, we write h(L) for the image of a language L € I'™
under h, and h™'(K) for the preimage of K C X*. Moreover, for a measure y on
B(X*)and a set L C I'*° such that k(L) is measurable, we write (u o h)(L) for u(h(L)).
Note that p o h is not a measure. Recall that a homomorphism h: X* — ' isa
relabelling if h(a) € " for alla € X.

Definition 3.6. Let X be a finite alphabet. The Nivat-class N'(Z*) consists of all
functions S: X* — [0, 1] such that there are

1. afinite alphabet I" and a finite, non-empty set M,
2. aregular language L C I'™,

3. relabellings h: I'™ — X* and g: I'* — M,

4. a distribution d on M,

with
S(w) = By o g)(h'{whH N L), (3.9)
for all w € X,

In the simple case that I' = X X M, and the functions h and g are the canonical
projections, (3.1) can be written as

S(w) =Ba({u € M” | (w,u) € L}),

where we use tuple notation for words over tuples: let w € X* and u € M*® with
|w| = |u|. We consider the tuple (w, u) as word v over (X X M)* where |v| = |w| and
v = (w, ui)iepos(v) forw = (Wi)iepos(u) and u = (ui)iepos(v)-

Before we come to the main result of this section — the equivalence of Nivat classes
and recognizable functions — we still need to show that the definition is sound, i.e.,
that the set g(h™!({w}) N L) is measurable. As relabellings are essentially projections
and regular languages of words are Borel sets, any set of the form g(h™}({w}) N L)
is an analytic set and therefore universally measurable, i.e., measurable in every
complete probability space. We show in the next lemma, that these sets are even
Borel sets. This will be a consequence from the fact that every regular language is
a Borel set.

Lemma 3.7. Let L € X* be a regular tree language. Then, L is also measurable,
ie, L € B(Z™).
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Proor. Let A = (Q, 8, q,, F, R) be a deterministic and complete Muller-automaton
with L(A) = L. Furthermore, let © = {p € Q“ | inf(p) € R} the set of successful
runs on an infinite word. As seen after Definition 2.17, we already know that S is
measurable in B(Q®).

Letr: X“ — Q“ map every word w to its unique run in A. Since the preimage of
a cylinder set py - - - p,Q® with py = g, under r is given by

r_l(po . .anw) = U Wy anw,
Wi, W E€X

S(pi-1,wi)=p; for all i=1,....n

we conclude that r is a continuous function. Therefore, r () is a Borel set. As
L =r"Y3)U Uyernz{w}, the proof is complete. -

Corollary 3.8. Let L C I'™ be a recognizable language, h: ' — X* and g: ['™ —
M® be relabellings, and w € X®. Then, g(h"}({w}) N L) € B(M™).

Proor. Let 7: I'* — (X X M)*™ be the homomorphism with 7(v) = (h(v), g(v)).
As the regular languages are closed under homomorphic image, the language
L’ = 7(LNT?) is again regular. By Lemma 3.7 we also know that L” € B((X x M)).
Fix w = wywy - -+ € X“ and consider the function x,,: M — (X X M)® given by
kw(u) = (w,u) where (w,u) = (wy,u1)(wz,uz) -+ and u = wuy - - -. Clearly, this
function is continuous and hence measurable. Thus, k,'(L’) € B(Z). Moreover,
we obtain

k(L) ={ueM’|(wu)el'}
={g(v) | v e I'”: h(v) = w}
= g(h'{w}H N (LN T?)).

As the image of finite and infinite words under g are disjoint, we obtain g(h~!({w})N
L) = gh i (w)NnLNI?)u g(h ({w}) N L N I'*) which is measurable, as the second
term is at most countable. -

After having shown that the terms in Definition 3.6 are well-defined, we show a
probabilistic version of Theorem 3.2. This statement resembles the classical result,
only introducing an additional measure. Note that the empty word is handled
differently in probabilistic automata and Nivat classes: as Bg is a probability measure
on ({¢},{0, {e}}), the only possible outcomes for the empty word are 0 and 1. On
the other hand, probabilistic automata can assign any value to the probability of ¢.
Therefore, we explicitly set the value of ¢ to 0 for Nivat classes in the next theorem.
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Theorem 3.9. Let X be an alphabet and S: X — [0, 1] be a probabilistic series.
The following statements are equivalent:

1. S = ||A|| for some probabilistic Muller-automaton A,
2. S, e N(2),

where S;(w) = S(w) for all w # ¢ and S, (¢) = 0. The translations are effective in
both directions.

Before we can prove Theorem 3.9, we need two axillary results: In Proposition 3.10
we give a construction to embed several finite distributions into a single one.
Proposition 3.11 shows the correctness of an automata construction we will use in
two places in the proof of Theorem 3.9.

Proposition 3.10. Let M, ..., M, be finite sets and d; be a distribution on M; for

every i = 1,...,n. There are a finite set M, a distribution d on M, and functions

mi: M — M; such that d;(X) = d(7; /(X)) forevery X C M;and i =1,...,n.
Moreover, the size of M is bounded by }'7_,|M;].

A simple construction with the above properties, except the size constraints,
would be defining (M,d) = ®?=1(Mi,dl-), but the size of M would be [}, |M;|
which would cause an exponential blowup in upcoming constructions. Therefore,
we present a different construction with only polynomial blowup.

ProoF (oF PropPOSITION 3.10). We may assume M; = {1,...,m;} with m; > 1 for
everyi=1...,n Let Vi ={di({1,...,k}) |1 <k <m;}U{0,1} and V = J, Vi.
Thus, |Vi| < 3. m;. Let {vy,...,v¢} = V be an enumeration of V with v; < v; for

all1 <i<j<{ WedefineM ={1,...,¢} and d({i}) = v; — v;-; where we set
vy = 0. As vy = 1, d is a distribution on M. We define the functions 7;: M — M; by

mi(m) = min{k € M; | v, < &i({1,..., kD }.

We show d; = dox; . Letk € M;. By definition of ;, we have 7, '({k}) = {m € M |

di{l,....,k-1}) < v, <di({1,...,k})}. By definition of V there are a m_,m, €
MU{0} withv,_ =d;i({1,...,k—1}) and vy, = d;i({1,...,k}). Thus, d(z;'({k})) =
Yomem +1Om = Vm-1) = Om, = Om_ = di({1,.. ., k}) = di({1,. ..,k = 1}) = di({k}).
This completes the proof. n

Proposition 3.11. Let > and M be alphabets and d a distribution on M. Let further
A" = (0,T,{q.},F,R) be a deterministic and complete Muller-automaton over
2 X M. The probabilistic Muller-automaton A given by A = (Q, 9, 14 F R) and

8(p,a,q) = d({m € M | (p,(a,m),q) € T} satisfies ||Al|(w) = Bg({u € MP>™) |
(w,u) € L(A")}) for all w € X*.
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Proor. For a word w € X we define a function «,,: M* — Q% mapping a word
u € M to the unique run of (w,u) in A’. Fixa w € X*. We show Pr} = Bjox;.

Let qo - gn € Q" with n < |w|. We obtain
PYX(QO Q%) = p(qo) l—[ 5(qi-1, Wi, qi)
i=1

= Tq} rl d{m e M| (gi-1,(wi,m),q;) € T})

i=1

By use of distributivity we obtain

=Ty Z ﬁ d(m;)
1

m,...,mp €M i=
Vi: (qi-1,(wi,mi),qi)€T

=Ty Z By(my - - mpM™)
Vi: (qi-1,(wi,m;),qi)€T

Note that k,,(mymy - - - ) = rory - - - with rg = ¢, and (ri_y, (w;, m;), r;) € T foralli > 1.
Furthermore, a run p = ryry - - - starts with qo - - - g, if and only if p € go - - - ¢, 0.
We conclude

=Bg({mimy -+ | ky(mimz---) € qo - - - 42 Q°})
= (Ba o k;,)(qo - + - gn Q).

Thus, Pr}{ = By o k;,'. Let © C Q% be the set of accepting runs. We conclude
lAll(w) = Pry(8) = By(x;()). Note that «;'(S) contains exactly the words
u € M* with (w, u) € L(A’). This completes the proof. -

We are now ready to prove the equivalence of probabilistic automata and proba-
bilistic Nivat classes for words.

ProoF (oF THEOREM 3.9). Let S be recognizable by some probabilistic Muller-auto-
maton. Using the standard construction one obtains a probabilistic Muller-auto-
maton with unique initial state and ||A|| = S4: given a probabilistic Muller-
automaton A = (Q, 8, i, F, R) recognizing S, one defines a new automaton A" =
(QU{q}, & 1, F,R) with 1/(q,) = 1, pu(q) = 0, (g1, a,9) = Xpep 1(p) 6(ps a, ),
&' (p,a,q) = 0,and §'(q,,a,q,) = 0 for all p,q € Q and a € X. Then, ||A’]| = S+
holds. Thus, we can assume a probabilistic Muller-automaton A = (Q, d, 4, F, R)
with p(q,) = 1for some ¢, € Q, and [|Al| = S;.
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By Proposition 3.10, there is a finite set M, a distribution d on M and for every
(p.a) € Q X X afunction 7, ,: M — Q with §(p, a)(X) = d(ﬁi,_}l(X)) forall X C Q.
LetI' = XXM, and h: I — X* and g: ' — M® the canonical projections.
We define a deterministic and complete Muller-automaton A’ = (Q, T, q,, F, R) by
T = {(p,(a,m), mp4(m)) | p € Q,(a,m) € I'}. This definition implies 5(p, a,q) =
d(np_}l({q})) =d{m e M| (p,(a,m),q) € T}). Thus, by Proposition 3.11, we obtain
lAll(w) = Bg({u € MP*™) | (w, u) € L(A’)}) which is just (3.1). Thus, S, € N (2).

Conversely, assume L, M, d, I', h, and g are given as in Definition 3.6 such that
Si(w) = (Bgog)(h ' (w)NnL)forallw e X%, Let k: I’ — X x M be given by x(a) =
(h(a), g(a)). Then, k extends uniquely to a homomorphism x: I'* — (X X M)®
and the language L’ = k(L) is again regular. Moreover, we have g = 7, o k and
h = m ok, where 7; is the projection on the i-th component. Let A = (Q, T, q,, F,R)
be a deterministic and complete Muller-automaton with L(A) = L. We construct
a probabilistic Muller automaton A" over X by letting A" = (Q, 8, 1(4,}, F, R) with
é(p,a,q) =d({me M| (p,(a,m),q) € T}). We obtain the following:

S+(w) = (Bgo g)(h'({w}) N L)

= By(ma(k(x ™ (m; '({w}) N 1))
Using the general identity f(f (M) N N) = M N f(N) for all functions f: X — Y
andsets M C Y and N C X:

= (Ba o m)(7; '({w}) N k(L))

=By({u e M™ | (w,u) € L'})
By Proposition 3.11 this is just the behaviour of A”:

= |A"[|(w).

Thus, [|A’]| = S;. We still need to extend A’ to recognize S and not S;. Let A = S(e).
We define A; = (Q U{q., qr}, 01, 1, F U {q,}) where p1(q,) = A, iu(qr) =1- A, and
pi(q) = 0 for all g € Q. Furthermore, let 6i(p, a,q) = 5(p, a,q), 6(q,a,r) = 0, and
8(r,a,q) = Ypeo H(p)5(p, a,q) for r € {q;,qr} and all p,q € Q. By construction,
after reading at least one letter, the probability to reach a state ¢ € Q in A’ is
the same as the probability to reach the same state g in A;. By choice of y; we
additionally have [|A;||(¢) = A = S(¢). Therefore, we obtain ||A;]| = S. -

3.4 Nivat Classes for Trees

After having given the definition of probabilistic Nivat classes for words and having
shown their equivalence to the recognizable word series, we next look at finite
trees and transfer these results on words to trees.
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It turns out that there is a difference for trees, whether the regular language,
which occurs in the definition of Nivat class, is recognizable by a top-down determ-
inistic tree automaton or not. This is different from the word case, as every regular
word language admits a deterministic word automaton that recognizes it.

A relabelling between to rank alphabets X and I is a function h: X — I" with
aritys(a) = arityp(h(a)) for all a € X. Then h extends to a function h: Tx — Tr by
pos(h(t)) = pos(t) and h(t)(x) = h(t(x)) for all x € pos(t) and ¢ € T5.

We also use functions mapping tree labels to an arbitrary set M. A function
g: X — M extends to a function g: Tx — Up. p tree domain M" by setting g(t) = 7
where 7: pos(t) —» M with 7(x) = g(t(x)) for all x € pos(¢) and t € Ty. Note
that, g(¢) is not a ranked tree though. As before, we write BdD o g for the function

t e Bg(g(t)).

Definition 3.12. Let X be a rank alphabet. The Nivat-class N'(Tyx) consists of all
tree series S: Ty — [0, 1] such that there are

1. arank alphabet I" and a finite, non-empty set M,
2. aregular tree language L C Tr,
3. relabellings h: I’ - XY and g: ' — M,
4. a distribution d on M,
such that for all ¢ € Tx we have
S(t) = (Ba o g)(H({t)) N L). (3.2)

The deterministic Nivat-class Np(Tx) comprises all tree series S such that condi-
tions 1. — 4. are satisfied, Eq. (3.2) holds, and additionally:

5. L is recognizable by a deterministic top-down tree automaton,
6. the mapping I' — X X M given by a — (h(a), g(a)) is injective.

Similar to the word case we consider the simple case that I" is the ranked alphabet
X x M with arity((f, m)) = aritys(f), and the functions h and g are the canonical
projections. Then, (3.2) can be written as

S(t) = Ba({u € MV | (t,u) € L}),

where we use tuple notation for tree of tuples: let t € Ty and u € MP*®), We
consider the tuple (t,u) as tree t’ over X~ X M where pos(t) = pos(t’) and t'(x) =
(t(x), u(x)) for all x € pos(t).

By definition, Np(Ts) € N (Tx) holds. We show that this inclusion is strict.
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Chapter 3 Probabilistic Nivat Classes

Lemma 3.13. Let X be a rank alphabet with at least one symbol of arity at least 2,
and at least one leaf symbol. Then, there is a tree series S € N (Tx) \ Np(Tx).

If ¥ only contains unary symbols and leaf symbols, tree languages over X are
effectively word languages, and V/(X) = NVp(X). This can be seen from the proof of
Theorem 3.9.

Proor. The argument is similar to the argument why deterministic top-down
automata do not recognize all regular tree languages. Let f, a € X with arity(f) > 2
and arity(a) = 0. We consider the two trees t; = f(a,...,a, f(a,...,a)) and
to = f(f(a,...,a),a,...,a). Let S = 1y ;,; and assume S € Np(Tx). Let I, M, h, g,
L as in Definition 3.12. As S(t;) > 0, there is a tree

s1= u(vy(w, ..., W), Uy ..., 0n) € Tr

with s; € L, h(s;) = t;, and d(g(u)) > 0, d(g(v;)) > 0, and d(g(w;)) > 0 for all

i =1,...,n. Moreover, as S(t;) = 1, there is a tree
4 ’ ’ /7 /7
Sy = u(vl, ce s Ung vn(wl, e, wn)) eTr,

with s; € L, h(sz) = t, and d(g(v!)) > 0, and d(g(w})) > 0 foralli =1,...,n. Note
that the root symbol of s; and s; is the same. We can choose the same root symbol
for s,, as otherwise S(t;) < 1. Since L is top-down deterministic recognizable, L has
the subtree exchange property (see for example [MNSO08]). Thus, the tree s given by

s=(f.w)((@v). (@), .. .. (avn))

is also contained in L. This implies S(t) > 0 for t = f(a, ..., a). A contradiction to
the definition of S. -

3.4.1 Nivat Classes and Probabilistic Tree Automata

We give the relation of Nivat classes for trees to probabilistic tree automata. There
is a connection between deterministic Nivat classes and probabilistic tree automata:
both use the top-down model. Thus, it is not surprising that probabilistic tree
automata correspond to the deterministic Nivat class and not to the full class.

Theorem 3.14. Let S: Tx — [0,1] a tree series. The following statements are
equivalent:

1. S = ||A|| for a top-down probabilistic tree automaton A,

2. Se ND(Tz).
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3.4 Nivat Classes for Trees

The translations are effective in both directions.

The proof of this statement involves a technical difficulty: whereas the Bernoulli
distribution in the definition of N'(Tx) assigns a probability value to every position
in a tree, probabilistic tree automata employ a probability distribution only for
the root node and for the inner nodes, but not for leaf nodes. To overcome this
difference, we use probabilistic tree automata with additional final weights. This
model allows us to assign a probability to leaf nodes. Nevertheless, PTA with final
weights are not more expressive than standard probabilistic tree automata.

Definition 3.15. A probabilistic tree automaton with final weights is a quadruple
A=1(Q,d,u,y) where Q, 8, 1 are defined as in Definition 2.25and y: QX Xy — [0, 1]
is the final weight function.

The behaviour of A is the function ||A]|: Tsx — [0,1] given by

Al = >, mee| [ 866, e, .. plen)

p: pos(t)—Q x€inner(t)

ﬂ y(p(x), t(x)),

xe€leaf(t)
where n, = arity(t(x)).

The behaviour of a PTA with final weights can also be written using induction
on the height of the input tree. For a PTA with final weights A = (Q, J, pt, y) we set

54(a) = y(q.a)
S(fth, -t = >, 8@ )a- g0 | | 80,8,
q15----qn€Q i=1

forae X, feX,t,...,ty € Tx,and n > 0. Using these definitions the behaviour

of Ais given by [|All = X4e0 1(q) q-
Next, we show that final weights do not add expressive power to probabilistic
tree automata.

Lemma 3.16. Probabilistic tree automata and probabilistic tree automata with
final weights are equally expressive.

Proor. The direction from PTA to PTA with final weights is straightforward: given
aPTA A= (Q, 3, y1, F) we define the PTA with final weights A" = (Q, 3, y, 1F). This
automaton recognizes the same tree series.
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Chapter 3 Probabilistic Nivat Classes

Conversely, let A = (Q, 9, p1, y) be a PTA with final weights. We define a probabi-
listic tree automaton which probabilistically chooses an acceptance condition in
every step and verifies in leaf nodes that the chosen condition is actually satisfied.
Let the probability distribution d, on P(Q X %) be given by

dMm=[] rqa [] @a-rga).
(q.0)eM (q:0)€QxZ0\M
This distribution satisfies d,({P € Q X Xy | (q,a) € P}) = y(q,a) for all (¢,a) €
Q X Xy. Let A’ be the PTA A’ = (Q’, &, i/, F’) where

Q' =0xPOxX%),  {({p.P)=pp)d,(P), F ={(pP)a)|(pa)eP}
§((p P U1, R, -, (ras R) = 8, s r) | | iy (Ro).
i=1

We show 3 pcoxs, dy(P) 5(’p P)(t) = 6,(t). First consider a tree a € X, of height 0.
We obtain

> (P, p@= > d(P)Tp(p,a)

PCOXX, PCOXZ,
=d,({P | (p.a) € P}) = y(p,a) = 5p(a).

Next, we consider trees of height at least 1. Let t = f(#;,...,t,) with f € X, such
that the claim holds for every of the ¢;. We conclude for 6, p:

Som®= > &P (P, (rn,P))]—[ 8. ot

(rl’Pl)w-,(rn,Pn)te

n
= > SN[ D P, )
T1yee ' €Q i=1 P;COXXy

By induction hypothesis we have }p,coxs, dy(P;) 5(r P)(tl) = 9,(t;) for all i =
1,...,n.

ST 50 o) | ]800
i=1

As 5(’17, P)(t) does not depend on P at all, we obtain the claimed equality since d, is a

distribution on P(Q X X;). Using this equation, we can now derive the behaviour
of A”:

NGO = > HEP &0 =D up) D, dP)Spp ()

(p,P)eQ’ peQ PCOx%
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3.4 Nivat Classes for Trees

= Z 1(p) Sp(t) = IAII(2).

peQ

This completes the proof. n

We can shift the initial distribution to the final weights, thus obtaining an initial-
normalized PTA with final weights. This is not possible with standard PTA.

Lemma 3.17. Let A be a PTA with final weights. There is a PTA with final weights
A’ such that the initial distribution y’ of A" is of the form p’ = 1, for some state
q, of A'.

Proor. Let A = (Q, 9, pt,y) and define A" = (Q’, &, i’, y’) where

Q" =Qu{q}, fo=Tygy v'(q,a) = {Y(qe a) ifqeQ

lAll(a) ifq=gq,
5(p’f)(q1""’qn) ifp7q17-"’qn€Q
8@ G-, qn) = { Xgeo (@) 5(q: f)(qus - - -, qn) ifp=gqiandq,....q.€Q
0 otherwise.

Note that, by definition of A’, we have &;(t) = §¢(t) for all g € Q and ¢ € T5. Thus,

we obtain the following behaviour of A’ for a tree t = f(#1,...,t,) € Ty withn > 1:
n
AN =8, = (Z ) 5(g. v -, qn)) [BIEAD)
q1---,qn€Q \q€Q i=1
= " (@) 84(t) = IAIl(e).
qeQ

Finally, for a tree t = a € X, we obtain ||A’||(a) = y'(q;,a) = ||All(a) directly by
definition of A’. -

As in the word case, we show the correctness of a particular automata construc-
tion, that we will later use in the proof of Theorem 3.14.

Lemma 3.18. Let M be a finite set, d a distribution on M, A = (Q,6, 1(g},¥)
be a probabilistic tree automaton with final weights and A" = (Q, T, q,, F) a top-
down deterministic and top-down complete tree automaton over X~ x M such that

o, f)(@) =d({me M| (p,(f,m),q) € T}) for every (p, f) € Q X X, withn > 1,
and y(p,a) =d({m € M | (p,(a,m)) € F}) for (p,a) € Q X X,. Then,

IANl(t) = Bp({u € MPD | (t,u) € L(A)}),

forall t € Ty.
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Chapter 3 Probabilistic Nivat Classes

Proor. We show 8,(t) = B,({u € MP*" | (t,u) € L,}), where L, = L(A}) and
Aj = (Q.T, g, F) using induction on the tree height. Let a € X,. Then,

54(a) = v(g,a) = ), d(m) 15(q, (am) = ) d(m) T1(a,m)

meM meM
= Bp({u € MPD | (a,u) € Ly }).

Next, consider the case t = f(t;,...,t,) withn > 0.

Sty=" >, 8a g an | |8t
i=1

We replace § by its representation using T, use the induction hypothesis for &, (t;):

= Z Zd(m)ﬂTQ”(f’m),%---’Qn)ﬁ Z d(ui) 1, (b, wi)

q1s-...qn€Q meM i=1 y; e Mpos(ti)

Using distributivity, we merge the trees u; € MP*(!) for i = 1,. .., n and the symbol
m € M into one tree u € MP*®):

n

= >, B > Tr(g(fru@)qr - q) | | Ve, (tul)
ueMpos(t) ql,...,qneQ i=1

Since A’ is deterministic and complete, the second sum collapses to (¢, u):

= By({u € MP*D | (t,u) € L}).
This completes the proof. n

We now have established all results we need for the proof of Theorem 3.14. The
proof actually shows the equivalence of Np(Ts) to PTA with final weights, which
in turn are as expressive as probabilistic tree automata by Lemma 3.16.

ProOF (oF THEOREM 3.14). Let S be the behaviour of a top-down probabilistic
tree automaton. By Lemmas 3.16 and 3.17 there is a PTA with final weights
A = (Q,d,p,y) such that [|A]| = Sand y = 1, for some state g, € Q. By Pro-
position 3.10 there is a finite set M, a distribution d on M, functions Tp.f): M — o"
for every (p, f) € Q X X" and n > 1, and functions T(pay: M — {0,1} for every
(p,a) € Q x Xy such that 5(p, £)(q) = d(ﬂ(;f)({q})) for all (p,a) e Qx X", qe Q"
n > 1and y(q,a) = d(ﬂ(;a)({l})) for all (g,a) € Q X X. For (p,a) € Q X Xy we
considered the distribution d;, 4) on {0, 1} with d;, 4)(1) = y(p, a).

Let ' = XX M,and g: ' - M and h: I’ — X be the canonical projections.
We define the top-down deterministic and top-down complete tree automaton
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3.4 Nivat Classes for Trees

A =(Q,T,q,F)by

T = {(p,(f, m), wp.rym) | P € Q. (f,m) € T},
F={(g,(a,m)) € O x T | T(p,a) (M) = 1}.

Then, the automata A and A’ satisfy the assumptions of Lemma 3.18. Therefore,
S = |All(t) = (Bg o g)(h"'({t}) N L(A")) as claimed.

Conversely, assume S € Np(Tx). Let I', M, d, g, h, L as in Definition 3.12. Let
k: ' = X X M be given by k(u) = (h(u), g(u)). By definition of Np(Tx), we have
that « is injective. Thus, the tree language k(L) C Txxas is also recognizable by a
top-down deterministic and complete tree automaton A’. Let A" = (Q, T, q,, F). We
construct a PTA with final weights over X by A = (Q, 6, 1(4,,y) with

5(p. (@) =d({m e M| (p.(f.m).q) € T})
v(g.a) = d({m € M| (q.(a,m)) € F}),

forallp € Q, f € X,, and § € Q". As before, the automata A and A’ satisfy the
requirements of Lemma 3.18 and we obtain [|A|| = (By o g)(h"'({t}) N L(A)) = S.u

3.4.2 Nivat Classes and Bottom-Up Probabilistic Tree
Automata

By Lemma 3.13 and Theorem 3.14 we know that top-down probabilistic tree automata
are not powerful enough to describe every function in A/(Tx). In order to obtain a
probabilistic automata model expressive equivalent to A/(Tx) we introduce bottom-
up probabilistic tree automata. Whereas standard top-down probabilistic tree
automata generalise top-down deterministic tree automata, bottom-up probabilistic
tree automata generalise bottom-up deterministic tree automata. Though this step
seems natural, the bottom-up model has gained very little interest before. In fact
we could find just one other reference to it [L94].

Definition 3.19. A bottom-up probabilistic tree automaton is a triple A = (Q, 5, F)
where

1. Q is a non-empty, finite set — the set of states,
2. § = Upso On where 6,: X, X Q" — A(Q) — the transition probabilities,

3. F C Q - the set of final states.
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For a tree t € Ty we define the behaviour ||A|| of A by

lanm = >, || 8¢, p@).. ... pGen)px)),
p: p(os)(t}—)Q xepos(t)
ple)e

where n, = arity(t(x)).

As with top-down probabilistic-tree automaton, we can also define the behaviour
inductively on the height of ¢: let distributions §; on Q be given by

Sl= D, 5(fiqu-an@]| | 6u(a),
i=1

q15----qn€Q

forall t = f(t;,...,t,) € Ty where n > 0. Note that the equation is also valid for
n = 0. In this case the sum is just over the empty sequence of states, and J;(q)
equals §(t)(q) where t € X,. The behaviour ||A]| of A on ¢ is then given by

IAIl(E) = " 8u(q) = 8,(F).

qeF

Bottom-up probabilistic tree automata turn out to be exactly the right automata
class to describe the tree series in NV(Ty).

Theorem 3.20. Let S: Ty — [0, 1] be a tree series. The following statements are
equivalent.

1. S = ||A|| for a bottom-up probabilistic tree automaton A.
2. Se N (TZ)-

The translations are effective in both directions.

We show the behaviour of an automata construction that we use in the proof of
Theorem 3.20.

Lemma 3.21. Let M be a finite set, d a distribution on M, A = (Q, 8, F) a bottom-
up probabilistic tree automaton, and A’ = (Q, §’, F) a bottom-up deterministic
and bottom-up complete tree automaton such that 5(f,q)(p) = d{m € M |

6'((f.m),q) = p}). Then,
I|Al|(t) = Bg({u € MPOs®) | (t,u) € L}),

forall t € Ty.
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3.4 Nivat Classes for Trees

Proor. Lett € Ty and n, = arity(t(x)).

e = > | 8. px,. ... pxr))pex)
pe(Q;"’S(") xepos(t)
p(e)eF

By the choice of M, d and §” we obtain

=2, |l 2, d(m)

os(t) t M
P;(QE;’EF x€pos( )&((t(x),m),p():rll),,,_,p(xnx))zp(x)

Rewriting the conditions on the indices as characteristic functions:
= Z 1r(p(e)) rl Z d(m) 115/((e(x).m), p(x1),....p(xena ) (P(X))
peQpos(t) xepos(t) meM

Using distributivity and commutativity we conclude

=2 || d(’")) >0 160 | | Vs pin...penon ()
ueMpos(t) \ xepos(t) peQPos(t)

xepos(t)

= 1.((t,u))

Note that the second sum can only attain the values 0 or 1, since the automaton A’
is deterministic and complete. We continue

_ Z By({u}) 1.(t,u)

UEMPOs(t)

= By({u € MP* | (t,u) € L})
= (B4 o g)(L N ({t})). .

We are now ready to give the proof of Theorem 3.20.

Proor (or THEOREM 3.20). The proof of both directions is similar to the proof of
Theorem 3.14.

Let S = ||A]| for a bottom-up probabilistic tree automaton A = (Q,§, F). By
Proposition 3.10 there is a finite, non-empty set M, a distribution d on M and
functions m(rg, gy M — Qforall f € %, qi,...,qn € Q, and n > 0 such
that §(f,q1,...,qu)(q) = cl(ﬂ(_fl’q1 ..... qn)({q})) for all ¢ € Q. Define I' = X x M and
let g: ' - M and h: I’ — X be the canonical projections. Furthermore, let the
bottom-up deterministic and bottom-up complete tree automaton A’ be given by
A" =(Q, ', F) where §'((f,m), q1,....qn) = T(f,q,...q.)(m). Let L = L(A").

The automata A and A’ satisfy the requirements of Lemma 3.21. Hence, we obtain
S(t) = IAlI(t) = By({u € MP*!) | (t,u) € L(A)}) = (B, 0 g)(A™'({t}) N L(A)).
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Chapter 3 Probabilistic Nivat Classes

Conversely, assume S € N (Ty). Let M, d, g, h, L as in Definition 3.12 such that
(3.2) holds. Let x: I' — X' X M be given by x(u) = (h(u), g(u)). As in the word case

we obtain
S(t) = Bp({u € MP*D | (t,u) € k(L)}).

Let A* = (Q,d',F) be a bottom-up deterministic and bottom-up complete tree
automaton with L(A") = k(L). Note that this automaton always exists as bottom-
up tree automata are determinisable. We define a bottom-up probabilistic tree
automaton Aby A = (Q,8,F) and 6(f,q)(q) = d({{m € M | 8((f,m),q) = q}) for
all f € X, and g € Q". Again, by Lemma 3.21, we obtain [|A||(t) = B,({u € MPos®) |

(t,u) € L(A)}) = B,({u € MPOS®) | (t,u) € k(L)}) = S(t). This completes the
proof. -

Corollary 3.22. The class of tree series recognizable by top-down probabilistic
tree automata is contained in the class of tree series recognizable by bottom-up
probabilistic tree automata.

Furthermore, if > contains at least one symbol with arity at least 2 and at least
one symbol with arity 0, the inclusion is strict.

Proor. Let At be a top-down probabilistic tree automaton, by Theorem 3.14, we
have ||At|| € Np(Ts). As Np(Tx) € N (Tx), we obtain the existence of a bottom-up
probabilistic tree automaton Ag with ||Ag|| = [|At|| by Theorem 3.20.

Now assume there is a symbol f € X with arity(f) > 2. By Lemma 3.13 we know
there is a tree series S € N(Tx) \ Np(Tx). Again by Theorem 3.20 we conclude
there is a bottom-up PTA Ap with ||Ag|| = S. Assume there is also a top-down PTA
At with ||Ar|| = S. By Theorem 3.14 this implies S € Np(Ts). A contradiction. 5
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Chapter 4
Classical MSO Logic

Predicate logic can be considered as the lingua franca of mathematics and also of
theoretical computer science. An important fragment of predicate logic is monadic
second order (MSO) logic, where quantification is allowed over elements of the
domain as well as over subsets of the domain, but not over relations of arity greater
than two.

In this chapter, we will recall the classical definition of MSO logic over arbitrary
signatures and give the corresponding semantics. We will also show how to apply
these definitions to words and trees. At the end of the chapter, we are ready to
recall Biichi’s famous theorem stating the equivalence of MSO definable languages
and recognizable languages.

4.1 Signatures and Structures

Before we introduce MSO logic itself we define signatures and structures, which
will later be used to give a general definition of MSO logic and probabilistic MSO
logic independent of the actual domain and relations. For an in depth introduction
to model theory see for example [CK12].

Definition 4.1. A signature S = (S, arity) consists of !
1. A set of relation symbols S,

2. A function arity: S — N assigning an arity to every relation symbol.

Definition 4.2. Let S = (S, arity) be a signature. A S-structure is a tuple A =
(A, (RM)ges) where

1. Ais a set — the carrier set,

2. RA ¢ A¥(®) s an arity(R)-ary relation over A for every R € S.

!To avoid confusion with “o-algebra”, we use S for signature instead of o.
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Chapter 4 Classical MSO Logic

If we are only interested in the carrier set, or domain, of A, we write dom(.4) for A.

As we are interested in the MSO formulas that work on words and trees, we give
the signatures and structures used to describe a single word or a single tree below.

The Structure of Words

Let X be a finite alphabet. The word signature Wi is given by Wy = ({<}U{label, |
a € X}, arity) with arity(<) = 2 and arity(label,) = 1 for all a € X. For a finite or
infinite word w = (Wx)xepos(w) € 2, we define a Wy-structure w by

w = (pOS(W), S|pos(w)2» (labely)aez),

where < is the usual order on the integers, and label’’ = {x € pos(w) | wy = a}. It
is easy to see, that w describes the word w uniquely.

The Structure of Trees
Now, assume X is a finite ranked alphabet. Let N = max{n > 0| X, # 0}. The tree
signature 7y is given by

Ts = ({edge,, label, | i =1,...,N, a € X}, arity),

where arity(edge;) = 2 and arity(label,) = 1 for every1 < i < N and a € X. The
unary relations label, serve the same purpose as in the word case, whereas the
relations edge; model the branching structure of the tree. Formally, given a finite
tree t € Tx, we define the 7x-structure ?by

where
edge; = {(x,xi) € pos(t)? | x € pos(t)1<i < N},
label’, = {x € pos(t) | t(x) = a}.

4.2 Syntax and Semantics of MSO Logic

For the rest of this chapter fix two countable, disjoint sets V; and V, and let V = VU
V,. These sets contain the symbols which will be used as first order, second-order,
respectively, variable symbols in MSO logic. For the definition of the semantics of
an MSO formula, we need to assign values to these symbols: given an S-structure
A = (A, (RM)ges), we say that a function a: V — AU P(A) is an A-assignment if
a(Vy) € Aand a(V,) C P(A). For any A-assignment «, variable x € )}, and value
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a € A, we denote by a[x — a] the updated assignment «’, which assigns x to a
and agrees with a everywhere else. Likewise, a[X +— M] denotes the update for a
second order variable X € V), by the subset M C A.

Definition 4.3. Let S = (S, arity) be a signature. The set of all MSO formulas ¢
over § is given in BNF by

@ = R(x1, .. Xariys) | x1=x2 | x €X [ oA |—o|Vx.0|VX.0,

where R € S, x,x1,Xo,... € V; and X € V,. The set of all MSO formulas over S is
denoted by MSO(S).

Given a S-structure A and an A-assignment «, we define the satisfaction relation
(A, @) E ¢ inductively on the structure of ¢:

(A’ 0{) |: R(xl, s ’xarity(s))’ — (a(xl), SRR a(xarity(s))) € RA’

(A, a) F x1 =x; = alx) = alx),

Aa)ExeX = a(x) € a(X),

(A, @) E o1 A @2 & (A ) F ¢1and (A, a) F ¢,

(A a) E-¢ = (A a) e,

(A, a) EVx.@ & (A, a[x — m]) E ¢ forallm e A,
(A, a) EVX.@ — (A, a[X - M])E ¢forall M C A.

We associate with every MSO formula ¢ the set of free variables used in ¢. The
inductive definition is as follows:

Free(x; = x2) = {x1, X2}, Free(s(xy, . . . 7xarity(s))) ={x1,... 7xarity(s)},
Free(x € X) = {x, X}, Free(p; A @2) = Free(¢,) U Free(¢,),
Free(—¢) = Free(p), Free(Vx.p) = Free(p) \ {x},

Free(VX.¢p) = Free(p) \ {X}.

It can be shown that (A,a@) F ¢ < (A,7) F ¢ holds if &|pree(p) = TlFrec(p). We
call a MSO formula ¢ a sentence if Free(¢) = (. Thus, satisfaction of a MSO sentence
does not depend on the assignment at all. Hence, for a MSO sentence ¢, we just
write A | ¢ if (A, @) E ¢ for any A-assignment «.

In order to define the language defined by a MSO(S) sentence ¢, we fix a set of
S-structures C and define the language of ¢ relative in this set. Formally, for a set
C of S-structures and a MSO sentence ¢, let the language defined by ¢ be

Le(p) ={AeClAEo}.
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Chapter 4 Classical MSO Logic

If C is understood, we just write L(¢). We say a language L C C is definable if there
is a MSO sentence ¢ with L = L¢(¢).

When considering the structures that arise from words or finite trees as intro-
duced in Section 4.1, we identify the WWy-structure w with the word w itself. Thus,
for a MSO(Ws)-sentence ¢, we regard Le(¢), where C = {w | w € X}, as a subset
of X*. Likewise, we identify the 7x-structure t with the tree t itself, and consider
Le(¢), where C' = {t | t € Tx}, as set of finite trees.

Example 4.4. We want to describe the language L from Examples 2.2 and 6.4 using
an MSO formula ¢. Recall that L = a(bbUa)* Ua(a*b)®. We split the formula in two
parts, one for finite words, one for infinite words. The formula is not as succinct
as the regular expression. We noted below parts of the formula their intuitive
semantics. We define two separate formulas: one for the finite word part and one
for the infinite word part.

o1 = (Ay.Vx.x < y) A (Ax.label,(x) A Yy.x < y)

finite word first letter is a

AVX. ((cib(X) AVY.cib(Y) = (YxxeY = x€X))

X is maximal consequence sequence of b’s

= 3Y.((3x.xeX/\xeY/\Vy.yeX = x <y)

the first position of X (= u)isin Y

AVxYyy=x+1= (x€Y & y¢Y))

exactly every second position, counted from u, is in Y

AFxxeXAxeYANVyyeX = ny))))

last position in X is notin Y

@2 =V¥x.dy.y > x Ay # x Alabely(y) A dx. label,(x) A Vy.x <y

infinitely many b labelled positions first position is labelled with a

We used the following abbreviations for formulas (cib - closed interval of b’s):
cib(X) = (Ax.Jy.(Vz.(x <z Az < y) & z€X))
A(Vz.z € X = labely(z))),
(y=x+1)=(x2yAx<yAVz(x<zAz<y) = (z=xVz=y)).
Note that any set M which contains every second position starting from some
position x, contains exactly the positions with even distance from x. Thus, the

word from position x to some position y € M including y, has odd length. Defining
® = @1 A @ yields the desired formula with L(¢) = L.
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Example 4.5. As in the previous example, we want to give an MSO sentence for
the tree language from Examples 2.22 and 7.3, i.e. the language L of all languages
over X = {f,a, b} with at least one a labelled node. Such an MSO sentence ¢ can
easily be given:

@ = dx.labely(x).

Note that, in contrast to the previous example, the MSO formula is much shorter
than the regular tree expression.

A famous result by J. R. Biichi states that the languages definable by MSO
sentences over words are exactly the recognizable word languages. The original
statement became known as Biichi’s theorem [B60]. Other versions are provided
by Elgot [E61] and Trakhtenbrot [T61].

Theorem 4.6 (Biichi's theorem). Let L C X*. The following statements are equi-
valent

1. L is recognizable.

2. L = L(¢) for some MSO(Ws)-sentence ¢.

The same statement also holds in the setting of finite trees. This has been shown
by Thatcher and Wright [TW68].

Theorem 4.7. Let L C Ty. The following statements are equivalent:
1. L is recognizable.

2. L = L(¢) for some MSO(Tx)-sentence ¢.
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Chapter 5
Probabilistic MSO Logic

In this chapter we extend MSO logic from Chapter 4 to a probabilistic logic. We
do so by adding probability constants and a new “expected value” second order
quantifier to the logic.

In Section 5.1, we introduce a c-algebra on sets of positions and transfer Bernoulli
measures, that were introduced in Section 3.2, to this algebra. With these definitions
set up, we can define the syntax and semantics of probabilistic MSO logic in
Section 5.2. This syntax is extended in Section 5.3 by additional first order quantifiers
which do not add expressive power to the logic but allows us to write certain
formulas more succinctly. Finally, we show the equivalence of probabilistic MSO
logic and Nivat-classes in Section 5.4.

The results on words have been published in [W12] and the results on finite trees
in [W15].

5.1 Measuring Sets of Positions

In Section 3.2 we defined Bernoulli measures on words and trees over finite (ranked)
alphabets. As the objects in MSO logic are not words, but subsets of an arbitrary
domain, we give a definition of Borel-c-algebra and Bernoulli measure that works
on sets. For countable structures, we can assume an enumeration of the structure
and define a metric similar to the metric on infinite words, c.f. Definition 2.6.

Let A be a countable set and fix an enumeration E = (ay, as, . . . ) of A. We define
a metric dg on P(A) by

de(X,Y) =

g-min{ixlja;eXAY} ify 4y
ifxX =Y,

where X A Y denotes the symmetric difference of X and Y. With this definition
(P(A), dg) becomes a compact metric space. Thus, we can apply Definition 2.7,
and define the Borel-o-algebra B(P(A), dr) over P(A). We will later see that this
o-algebra does not depend on the enumeration E.
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Chapter 5 Probabilistic MSO Logic

Similar to Lemma 2.8 one shows that B(P(A), dg) is generated by the cylinder
sets of the following form:

Cylix)={YcA|Yn{ay,...,an} = X},

for X C {ay,...,a,}. The system of all cylinder sets is intersection closed. Thus,
two probability measures that agree on all cylinder sets are already equal.

Using the cylinder sets, we can transfer the notion of Bernoulli measure, as
introduced in Section 3.2, to the subsets of A. Let p € [0, 1], we define the measure

Bf,}@ on B(P(A), dg) by

By (Cyl(x0) = pX (1= p)" ™.

. . P(A
The existence and uniqueness of a measure B p](:_ ) follows from standard measure

theory: either write BPJ(EA) as countable product measure of a binary distribution, or
apply Carathéodory’s extension theorem directly, see [K08] for details.

As usual, if A is understood from the context, we just write B, ¢ for BZ}(SA)'

Up to now, the c-algebra as well as the measure B, g depend on the choice of
the enumeration E. Whereas the metric dg certainly depends on E, we show that

B(P(A), dg) and B, g actually do not.

Lemma 5.1. Let A be a countable set and E, E’ be two enumerations of A. Then
B(P(A),dg) = B(P(A),dr’) and By g = By .

Proor. Let E = (ay,az,...) and E' = (aj,a;,...). We show that every cylinder
set Cylz(X) is contained in B(P(A),dg’). Let N > 0 such that {a;,...,a,} C
{al,...,ay}. We have

oylp = ) oy, (5.)
X'cla),...ay}
X'n{ay,....an}=X

Thus, Cyl;(X) € B(P(A),dg) for every n > 1and X C A. Hence, B(P(A),dg) C
B(P(A), dg), as the cylinder sets generate B(P(A), dr). By exchanging primed and
unprimed symbols, one proves B(P(A),dr) € B(P(A),dg). This shows the first
part of the lemma.

To show By, g = B, g+, we prove that the equality holds on all cylinder sets Cylz(X).
We use the representation from (5.1). Note that the union in (5.1) is over pairwise
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disjoint sets.

B (Cyi(X) = > Bup(CylN(X)
X'cHai,.ay}
X'n{ay,....an =X

= > pPMa-pv

X'cHaf,...ay}
X'n{ay,....an}=X

Every set X’ must satisfy X € X’ and {ay,...,a,} \ X € {ay,...,an} \ X’. Thus,
|X| elements are fixed in X’ and n — |X| entries are fixed in X€. We continue

= X (1 py I
= B, £(Cyl3(X)).

As the system of cylinder sets Cyl;(X) is an intersection-closed generating system
of B(P(A),dg), we obtain B, = By, . -

By Lemma 5.1, we can omit the index “E” and just write B(P(A)) and B, where
we assume an arbitrary enumeration on A.

The Bernoulli measures on powersets introduced here and the Bernoulli measures
on words and trees introduced in Section 3.2 are connected via the characteristic
function and the support function, respectively.

Lemma 5.2. For any set D, let c: P(D) — {0, 1P map any subset to its character-
istic function. The following statements hold:

1. Let D ={1,...,n} forsome n € N, or D = N and n = w. Then, it holds that
¢ {(B({0,1}")) = B(P(D)) and B, = B, o ¢\,

2. Let D be a finite tree domain. Then, it holds that ¢ }(B({0, 1}VY)) = B(P(D))
and Bg = BZ,?(D) oc,

The measures B; and BI{,j denote the ones introduced in Section 3.2.

Proor. We first consider the finite cases. Since the Borel-c-algebra is just the whole
powerset of D and c is bijective, we immediately obtain that the Borel-c-algebras
transfer. The proof for the statement 2. is analogous to the case D = N, which is
given below.

Assume D = Nand E = (1,2, ... ) the canonical enumeration of D. Let u; - - - uy €
{0,1}". By definition, we have ¢ 1(u; - - - ux{0,1}*) = Cylg(X) where X = {i €
{1,...,k} | w; = 1}. Thus, B(P(N)) € ¢ (B({0,1}*)). Conversely, for every
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Chapter 5 Probabilistic MSO Logic

cylinder set Cyl}]f:(X) for some set X C {1,...,k} define u; = 1x(i) fori =1,...,k.
Then, CylE(X) = ¢ Yu - - - ux{0,1}°) and thus B(P(N)) = ¢ {(B({0,1}*)).

We show By = BZI(SN) oc™! Letuy - - - ux{0,1}“ be a cylinder set in B({0,1}“). Let
dy: {0,1} — [0,1] with d,(1) = p and d,(0) = 1 - p. We conclude

k
B;j(ul e {0,139) = n dy(u;)

:p|X|(l_p)k_|X| WhereX:{lE{l,.,k}lul :1}
=By (CylE(x))

=By (¢ s -+ we{0,11)).
This completes the proof. n

The definitions above allow us to handle countable domains only. While this
is a restriction, most interesting structures in computer science have a countable
domain: all finite structure, infinite words, or infinite trees. Therefore, we assume
for the rest of this chapter that every considered structure is countable. Since, our
probabilistic logic will permit application of a probability measure to a definable
set of subsets, we make the following assumption to ensure well-definedness.

Assumption 5.3. Let A be a S-structure with countable carrier set A. We say
that definable sets are measurable in A if for every n > 1, MSO formula ¢ and
A-assignment « the set

{(My, ..., My) € @Y | (A, a[Xy = M, ..., Xy > M) E o}
is measurable in ®?:1 B(P(A)) for all Xi,...,X, € Voandn > 1.

From now on, for the rest of this chapter, we only consider countable structures,
where every tuple of definable sets is also measurable. Again:

We assume that every structure is countable and,
that definable sets are also measurable.

It can be shown that every such set is a so called projective set, i.e., built from a
Borel set in some Polish space using projection and complement. Those sets are
universally measurable, if the axiom of projective determinacy (PD) is assumed.
Fortunately, we only consider cases, where we can directly show that every definable
set is measurable without additional axioms.
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5.2 Syntax and Semantics of Probabilistic MSO Logic

Proposition 5.4. In the case of finite or infinite words and finite trees, every
definable set is measurable.

Proor. The statement is trivial in the finite case, as B(P(A)) is just P(A) in this case
and every subset of A is measurable. For infinite words, let ¢ be an MSO formula, and
Xty .oy X € V. Let V' = Free(p) U{Xj,..., Xy} and V" = Free(p) \ {Xi, ..., Xn},
ie,V = V"U{Xy,...,X,} and the sets are disjoint. We encode a pair (w, ),
where « is a w-assignment, as word over Ny, = X X {0, l}v/ as usual: the additional
components in Ny mark the positions which are included in the subsets, the
position which is assigned to a first order variable, respectively. By (the proof of)
Bichi’s theorem the language L C N{}’,, which contains all encoded pairs (w, )
with (w, a) | ¢, is regular.

We apply Corollary 3.8 with X’ = X x {0,1}Y", M = {0, 1}1X0X0) T = 5/ 5 M =
Ny, and g: I' - M and h: I’ — X the canonical projections. This yields that the
set

{(u, ..., un) € 0,13 | (w, a[Xs > supp(wy), . .., Xy = supp(un)]) E ¢}

is measurable, where supp maps every word (u;);>1 € {0, 1}* to the set of positions
i with u; = 1. Since ({0,1}")* and ({0, 1})" are homeomorphic to each other, i.e.,
there is a continuous bijective function which has a continuous inverse function,
and the characteristic function ¢: P(N) — {0, 1}* is Borel-measurable, we conclude
that {(My, ..., M,) € (P(N))" | (w, a[X; = M;]_, F ¢} is measurable. -

Assumption 5.3 even holds for infinite trees. This result has recently been shown
by Gogacz, Michalewski, Mio and Skrzypczak [GMMS14].

5.2 Syntax and Semantics of Probabilistic MSO
Logic

At the beginning of this section, we give the definition of the syntax and the
semantics of probabilistic MSO logic. Afterwards, we give some basic semantic
equivalences and derive a normal form for probabilistic MSO formulas.

Definition 5.5. Let S = (S, arity) be a signature. The set PMSO(S) of all probabi-
listic MSO formulas ¢ over S is given in BNF by

p=vylplene|l-e|E,X.0,

where i is an MSO(S) formula, p a probability value, and X a second order variable.
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Let C be a set of S-structures. We define the semantics of a probabilistic MSO
formula in ¢ in C as a function [[¢]- mapping a S-structure 4 € C with A =
(A, (s)ses) and an A-assignment a to a probability value. If C is understood, we
just write [[¢] for [¢]l-. Formally we define

1 if(Aa)EY

0 otherwise,

V1A a) = {

[PI(A, @) =p
[o1 A @2]I(A, @) = [@:](A, @) - [@2](A, ),
[-¢l(A a) =1- [¢l(A a),

[E, X.gl(Aa) = [ [ol(A alX > M]) BAAM).
MCA
In the case of finite structures, no measure theory is necessary to define the
semantics of £, X.¢: assume A is finite, then

[E, X-pl(A @) = ) [@l(A. alX - M]) - pi(1 - p) A,

McA

The semantics of conjunction and negation are motivated from probability theory
as these correspond to the probability of the intersection of independent events,
respectively, to the probability of the complement of an event.

We still need to show that the semantics given in Definition 5.5 is well-defined,
i.e., the integral in the semantics of [, X.¢ is only applied to measurable functions
and attains only values in [0, 1]. The second statement is an easy consequence of
this first one: if [¢] is bounded by 1, one obtains, by monotonicity of the integral,
IE, X.oll < f 1 dB;\ = 1. We show the measurability claim.

Lemma 5.6. Let ¢ be a probabilistic MSO formula, A be an S-structure, a an
A-assignment, and X, . . ., X}, second order variable symbols. The function

(My, ..., M) - [oll(A, a[X; > My, ..., X, = My])
is a measurable function from );_, B(P(A)) to B(R).

Proor. We use induction on the structure of ¢. For MSO formulas the claim is just
the statement of Assumption 5.3. For constant functions, products and sums of
measurable functions the statement follows from standard measure theory.

Let ¢ = £, X.¢'. By induction hypothesis, we know that the function f given by
f(N,My,...,My) = [¢'I(A, a[X; — My, ..., X, = M,][X — N]) is measurable.
We have

Lel(A, a[X; = My, ..., X, = M,]) = N Af(N, Mi,..., M) Pri(dN),
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which is measurable by Fubini’s theorem (Theorem 2.16). -

Though we only included conjunction and negation as Boolean connectives in
the definition of probabilistic MSO, one can obtain the other operators as usual. We
give two examples: let ¢; and ¢, be two PMSO formulas. We define the following
abbreviations:

@1V @2 = ~((—1) A (—¢2)), and @1 — @2 = (=@1) V @2

The explicit semantics are:

[o1V @21 = L1l + [@21 = [@illl@2]l and  [o1 — @21 = 1= [l + [l @21

The semantics of the disjunction can be interpreted as probability: given two events
A and B the probability of their union is Pr(A U B) = Pr(A) + Pr(B) — Pr(AN B). If
furthermore A and B are independent, we obtain Pr(A) + Pr(B) — Pr(A) Pr(B), which
has the same structure as [¢; V ¢, ]. For a MSO formula ¢ and a probabilistic MSO
formula ¢, the semantics of  — ¢ selects the conclusion part of the implication
only if the premise is true:

[ol(A, @) if (A, a) ¢

1 otherwise.

[V — ¢l(A. ) = {

The probabilistic connectives satisfy many laws which one would expect from
Boolean operators. We will give some equalities in the next lemma and state
additional equalities regarding the expected value quantifier. Two probabilistic
PMSO(S) formulas ¢, and ¢, are called equivalent if [¢1](A, ) = [¢2](A, a) for
all S-structures A and A-assignments «. In this case, we write ¢; = @,.

Some equivalences are only valid for a particular set of S-structures. Let C be a
set of S-structures, we write ¢; =¢ ¢ if [¢1](A, @) = [@2]I(A, @) for all A € C and
A-assignments «. In this case ¢; and @, are called equivalent on C.

Lemma 5.7. The following identities hold:
1. opiAN@p2=@a Aprand @1 V @2 = @2 V ¢y,
2. (g1 A@2) N3 =1 A (@2 Ags)and (o1V @2) V @3 = @1V (92 V 93),
3. Yy V(i Ae2) = Vo) AWV @2)and ¥ A (@1 V @2) = ([ A p1) V (Y A 2)

4. TAp=¢pand TV =T,

5. LANp=land LV =g,

63



Chapter 5 Probabilistic MSO Logic

6. ~E,X.0 = E,X.mp,

7. o1 NEy X .2 = E, X.(@1 A @2) if X ¢ Free(y),
8. E, X.¢ = ¢if X ¢ Free(p),

9. E,X.E,Y.¢=E,Y.E,X.q,

where ¢, ¢1, ¢, are probabilistic MSO formulas, ¢ is a MSO formula, T is any
formula with [ T]] = 1, and L is any formula with [L] = 0.

Note that distributivity does not hold in the general case of three probabilistic MSO
formulas, but only if the factored out term is a MSO formula.

Proor. Statements 1 to 5 follow directly from the definition of the semantics.
Statements 6,7 and 8 are a consequence of the linearity of the integral. Statement 9
is Fubini’s theorem. -

Example 5.8. Let ¥ = {a, b} and consider the following PMSO(Ws) formula ¢:
¢ = E, X .Vx.(label,(x) = x € X).

We explicitly compute the semantics of ¢. Let w € X*.

loll(w) = f [Vx.label,(x) = x € X]((w,{X = M}) B,(dM)
MCpos(w)
=B,({M C pos(w) | {x € pos(w) | wy =a} C M})
— piWh
= p™h,

The last equation can be seen as follows: every a-labelled position must always be
included in M with probability p. All other positions can or can not be included in
M, thus, their probability sums up to 1.

Example 5.9. We return to the communication device from Examples 2.19 and 6.16.
We give a PMSO(Wys) formula ¢ with semantics ||A|| from Example 2.19, i.e., [¢] is
the probability that the sequence of wait and input events described by the word
does not overflow the buffer.

p=E,X.E,YIZAx.(Vyx <y Ax ¢ Z) AVxVy.(y=x+1) =
(((x ¢ Z Alabely(x)) = y ¢ Z)A
((x ¢ Z Alabeli(x) Ax € X) = y g Z2)A
((x ¢ Z Alabeli(x) Ax € X) = y € Z)A
((x € Z Alabely(x) Ax €Y) = y ¢ Z)A
((x € ZAlabely(x) Ax ¢ Y) = ye 2)A
((x € Z Alabeli(x)) = (yeZAx€ X)))
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The set variables have the following meaning: X contains all positions where
sending a newly incoming message is successful without previously storing the
message in the buffer, Y contains all positions where sending a buffered message
was successful, and Z contains all positions with full buffer. The second to the last
line of the equation encode the transition conditions as explained in Example 2.19.
Note the last line: if the buffer is full and a new message is received, the buffer is
still full after this step and the newly received message must be sent successfully,
since otherwise the buffer would overflow.

Example 5.10. In Examples 2.26 and 7.17 we considered the ranked alphabet X
with X, = {f} and X, = {a, b}, and the tree series S(t) = erposa(t)(1/2)|x|. We give a
PMSO(7x) formula ¢ with [¢] = S.

¢ = Ey, X.dx.label(x) AVy.(y #x Ay < x)
= (ye€ X & (Jz.edge,(y,2z) Az < x)),

where y < x denotes the prefix relation. This relation can be modelled in MSO(7,)
by

(y<x)= (VX.(x € X ANVuNv.(v € X A (edge,(u,v) V edge,(u,v))
= ueX) = yeX).

In ¢ the set X probabilistically chooses a leaf node by describing a path in the tree:
if x ¢ X go left, otherwise go right. Thus, ¢ checks if the position at the end of the
path described by X path is labelled by a.

As last result of this section, we want to derive a normal form for probabilistic
MSO formulas, where all expected value quantifiers are in front of a Boolean
MSO part and no probability constants occur. This normalisation process involves
renaming of variables. This is easily possible in classical MSO logic and we show
that this property carries over to probabilistic MSO logic.

Lemma 5.11. Let ¢ be a probabilistic MSO formula, A a S-structure and « a A-
assignment. Furthermore, let X and ) be both first order or both second order
variables. The following identity holds:

[ol(A, a[X — aD)]) = [¢[X — D]I(A, a),

where ¢[X « ?)] is obtained from ¢ by replacing every free occurrence of X by 2.
In particular, for a probabilistic MSO formula ¢ and a second-order variable Y
that does not occur in ¢, it holds that E, X.¢p = E, Y.¢[X « Y].
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Proor. The second statement is a direct consequence of the first statement and the
definition of the semantics of [, X. We prove the first statement by induction on the
structure of ¢. For probability constants the statement is trivial. For MSO formulas
the statement is a standard result. For conjunction, the induction hypothesis directly
carries over:

o1 A @2l(A, a[X = a(D)]) = [@ll(A, a[X = aD)]) - [@2](A, a[X = a(D)])

Z [oil% « DNN(A, @) - [02[X — D]N(A, @)
= [(p1 A p2)[X — DII(A, ).

Negation is analogous to this case, and therefore omitted here.

Assume ¢ = E, X.¢". If X = X, then X is not free in ¢. Hence, ¢[X < 9] = ¢.
Furthermore, the value of X in a[X — «(%))] is immediately overwritten by the
application of E, X. Thus, the claim follows.

Assume X # X. We obtain

[E, X0 I(A, a[X = a(D)]) = f[[@']](«‘l,af[36 = a(D)][X = M]) B,(dM)

As X # X, we have a[X — a(9)][X — M] = a[X — M][X — a[Y]. This allows us
to apply the induction hypothesis:

- f 1019 — X]I(A, alX > M]) B,(dM)
= [E, X.(¢'[X — DDI(A. @)

As X # X, every occurence of X is free in ¢ if and only if it is free in ¢.

= [[p[X < D]I(A, a)

This completes the proof. "

As second step towards a normal form for probabilistic MSO formulas, we want
to eliminate probability constants. This is not possible for structures with an empty
domain, as ||E, X.¢||(A, @) = ll¢ll(A, a[X + 0]) holds in this case. Thus, no true
probability values can be introduced by the sole use of the expected value operator.
The situation is different if the domain is non-empty. By fixing exactly one element
of the domain in a set, one obtains exactly the probability p of E, X as constant
value. In the case of words one simply chooses the first position as fixed element.
For trees the root position is definable. For arbitrary structures, it may be the case
that no single position is definable. Thus, we assume that such a MSO formula
exists.

66



5.2 Syntax and Semantics of Probabilistic MSO Logic

Assumption 5.12. Let S be a signature and C a set of S-structures. We say that C
is pointed if there exists a MSO formula fix(x) such that Free(fix(x)) = {x} and for
every A € C with dom(A) # 0, there is an a € dom(.A) such that {a’ € dom(A) |
(A, a[x - d']) E fix(x)} = {a} for all A-assignments a.

The assumption may be violated in structures like bi-infinite words, where every
position is essentially the same with respect to their order, c.f. [PP04]. As we are
ultimately only interested in words and trees here, we assume that Assumption 5.12
holds for the rest of this chapter. This allows us to express probability constants
using the expected value operator over non-empty domains.

Proposition 5.13. Let S be a signature and C a pointed set of S-structures. Fur-
thermore, let fix(x) be the formula from Assumption 5.12. Then

[E, X.3x.x € X A fix(x)[(A &) = p,
for all A € C with dom(.A) # 0 and A-assignments «.

Proor. Let A = dom(A) and a € Asuch that{a’ € A| (A, a[x — d']) E fix(x)} =
{a} for all A-assignments «. Thus, (A4,a) F Ix.x € X A fix(x) if and only if
a € a(X). This yields for every .A-assignment « that
[E, X.3x.x € X A fix(x)[(A, ) =B,({M C A|a € M})=p. .
We will now apply Lemmas 5.7 and 5.11 and Proposition 5.13 to transform every
probabilistic MSO formula into a form where all expected value quantifiers are
at the front of the formula and no probability constants occur any more. As the
elimination of constants is only possible if the domain is non-empty, we can derive
the normal form only if we add an explicit guard which checks if the domain is not
empty.

Lemma 5.14. Let S be a signature and C be a pointed set of S-structures. Fur-
thermore, let ¢ be a probabilistic MSO formula. There are mutually distinct second
order variables Xj, . . ., X;, probability values py, . . ., p,, and a MSO formula ¢ such
that

@ A n=c [Ep1 Xl. cee [EPn Xn.lﬁ,
where 1 = (dx.x = x) is a check, whether the domain is empty.
Proor. We use induction on the structure of the formula. If ¢ is already a MSO
formula, there is nothing to prove: ¢ A n is already in the claimed form. If ¢ = p,

we apply Proposition 5.13. Note that this formula is 0 on structures with empty
domain.
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For ¢ = —¢’, assume ¢’ An = Ep, Xy. - - - Ep, Xp.Y)’". We apply Lemma 5.7 and obtain
(p /\ ’7 = _|((p, /\ ’7) /\ ’7 = _|([Ep1 Xl. M [Epn Xn.lp/) /\ ’7 = [Epl Xl c |Epn Xn.(_ﬂpl /\ ’7)

In case ¢ = E, X.¢’, again assume ¢’ A n = Ep X;.---Ep, Xy’ If X = X; for
some i = 1,...,n, then [[¢'] does not depend on the value of X. Thus, ¢ A p =
¢ An. IfX # X;foralli=1,...,n, we conclude (E, X.¢") An=E,X.(¢' A ) =
[Ep X. I]Epl Xl. M Epn Xn.lp,.

Finally, assume ¢ = ¢; A ¢,. By induction hypothesis o1 An = Ep, Xi. -+ - Ep, Xpn.th
and @; A = g V1. By, Y. Y2 for some py,...,pn,q1,....qm € [0,1], X1,. .., X,
Yi,...,Ym € V, and MSO(S) formulas ¢; and t/,. Using the last statement of
Lemma 5.11 we may assume that the X;’s and Y;’s are pairwise distinct and that
no X; is free in y, and no Y] is free in ¢/; by renaming the quantified variables. By
Lemma 5.7 we have

pAN=(@ADA(@2 AN =Ep Xy Ep, Xn. Eq, Y1+ Eq, Yu(Yy A¥3). o

5.3 Probabilistic Variants of First Order
Quantifiers

The syntax of probabilistic MSO logic has been chosen quite minimal. Nevertheless,
one can define additional logical operations as macros, i.e., they can be translated
into probabilistic MSO as given in Definition 5.5.

5.3.1 Extended Universal First Order Quantifier

As in weighted logics, one can define an extended version of the first order universal
quantifier to be applicable not only to Boolean formulas, but also to formulas that
yield arbitrary values.

Definition 5.15. Let ¢ be a probabilistic MSO formula, we define the semantics of
Vx.¢ by
[¥x.pl(A @) = | [[0I(A alx - a]),
acA

for all S-structures A and A-assignments a.

A translation from this extended quantifier to probabilistic MSO is only possible
if the quantified formula is of a simple form that we call step formula. It can be
shown that, if Vx.¢ is allowed for arbitrary probabilistic MSO formulas ¢, the
expressive power of PMSO is exceeded. This can be seen as follows: consider a
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finite structure A and a PMSO sentence ¢ = E, X;. - - Ep, X;.¢ in normal form.
Whenever ||¢||(A) > 0 holds, then [|¢[|(A) > (c; - - - ¢,)*Y, where ¢; = min(p;, 1 - p;)
fori = 1,...,n. Thus, ||¢|| decreases at most exponentially in the size of the
structure. On the other hand, let A = Vx.Vy.p. By definition, ||A]|(A) = p|A|2. Hence,
[[A]| decreases exponential in the square of the structure size. Therefore, |[A]| is
not equivalent to the semantics of any probabilistic MSO sentence. This is the
same as for weighted logics, where the same restriction is necessary to preserve
recognizability of the formula’s semantics.

Definition 5.16. We call a probabilistic MSO formula ¢ a step formula if it does not
use the expected value operator E, X, i.e., ¢ is a Boolean combination of Boolean
MSO formulas and probability constants.

Lemma 5.17. Let ¢ be a step formula. There is a probabilistic MSO formula 7,
where “Vx.” is only applied to MSO formulas, with [] = [Vx.¢].

PROOF. As ¢ is built using only MSO formulas, probability constants, conjunction
and negation, there are MSO formulas ¢, . . ., ,, and probabilities py, . . ., p, such
that

o= \W = p.
i=1

We define the formula 5 by

n
n= [Ep1 Xi.- [EPn Xn.Vx. /\(lﬁl — X € Xl'),
i=1

where the second-order variables X, ..., X} are new variables not occurring in
¢. We show [[n]] = [Vx.¢]: let A be a S-structure and « be an .4-assignment. We
define ¥; ={ac A| (A, a[x — a]) E {;} forevery i = 1,...,n. We compute

A @ = [ By [ B, @)
lll {1 ifa € M; for all a € A with (A, a[x — a]) E ¢

.1 (0 otherwise

By linearity of the integral, we can move the product in front of every integral:
n .
1 if¥; C M
:l_[fBPi(dM) . . l
i 0 otherwise

= [Bp (M| % c M}
i=1
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We postpone the proof of the next equality to the end of the proof.

n

= 1" ©
i=1
1 I {pi if k € (A a[x = a]) E ¢

i1 gea |1 otherwise

= | [[el(A, alx = a])

acA

[Vx.oll(A, a).

Note that we can rearrange the (possibly infinite) products as only real numbers
from the interval [0,1] occur: a product [];2; A; converges to A if and only if
Yoy —log(A;) converges to —log(4). Here, all summands in this sum are non-
negative reals, hence if the series is convergent it is absolute convergent and
therefore unconditionally convergent. If A = 0, the series converges to +oco and so
does every rearrangement.

We still need to show (x), i.e, B,({M | X C M}) = pXI. For infinite sets X, we use
the usual convention that p* = 0if p < 1and p* =1if p = 1. Let A = dom(.A) and
fix an enumeration E = (ay, az, . . .) of A. Let X C A. We conclude by the continuity
of measures:

By({M | X € M}) = lim Byz({M | X N{as, .., an} € M})

—1; n
= lim > By 5(Cylg(M))
McA{ay,....an}
Xn{ay,....an}M

= lim Z pMa - pyrM

n—oo
Mc{ay,....an}
Xn{ay,....an}M
— llm p'Xm{alvnaanH — p|X|'

n—oo

Hence, by application of the above transformation to every occurrence of Vx.n
in a probabilistic MSO formula, we can obtain a new probabilistic MSO formula,
where Vx is only applied to MSO formulas. -

5.3.2 First Order Expected Value Quantifier

In Definition 5.5 we only gave an expected value operator for second order variables.
We give a first order expected value operator in this section. Whereas the stochastic
process behind [, X was to toss a coin for every position of the domain, we use
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the notion of probability of first success for E, x. Fix some well order C on the
domain. We consider the first element, with respect to C, and toss an unfair coin.
With probability p the process stops and is successful at this element. Otherwise,
with probability 1 — p, the process moves on to the next element of the domain and
starts over. This is also the model of the geometric distribution on N.

Definition 5.18. Let .4 be an S-structure and C a well order on .A. We define the
semantics of the formula £, x.¢ for any PMSO(S) formula by

[E,xpl(Aa)= > [ol(Aalx al)-pi-p),
acdom(A)

where N, ={ad’' € A|d’ Ca,a#ad} e NU{co}.

Like with the extended universal first order quantifier, this operator does not
add any expressive to probabilistic MSO logic. It can be translated to the syntax of
Definition 5.5. Whereas the well order C is inherent to the definition of E, x.¢, it
must be definable in MSO(S) to obtain a PMSO(S) formula equivalent to £, x.¢.

We say C is MSO definable over a set of S-structures C if there is a MSO formula
7(x,y) with Free(r(x,y)) = {x,y} such that a C a’ holds if and only if (A, {x —
a,y— a'}) E t(x,y) foralla,a’ € Aand A € C.

For finite or infinite words one could use the natural order on the set of positions.
On finite trees, the depth first search order is an example of a MSO definable linear
order.

Lemma 5.19. Let C be a MSO definable well order over some set of S-structures C.
Let ¢ be a probabilistic MSO formula, x € V; and p € [0, 1]. There is a probabilistic
MSO formula ¢’ with [|E, x.¢l|(A, @) = [|¢’||(A, a) for all A € C and A-assignments
a.

Proor. Let 7 be the MSO formula modelling E as described below Definition 5.18.
We define the formula ¢’ as

¢ =E, X.(p AJx.x € X),

where X is a new variable symbol not in ¢, and ¢ arises from ¢ by replacing every
occurrence of R(xy,...,x,) forany R € S and xy, ..., x, € V; with

3%, - 3%, RE x~)/\/n\ *i =% ifx # x
. n-ROa, .o, Xy _ ~ :
L X €EXAVyyeX - 1(x,y) ifx=x,

where xi, ..., X,,y are new variable symbols. Formulas of the form x € X and
x; = x; are replaced in the same way. Using structural induction one shows that
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lloll(A, @) = |lell(A, a[x +— minc(a(X))]) for all A-assignment a with a(X) # 0,
where minc (M) for a set 0 # M C A denotes the minimal element with respect to
C. This element always exists as C is a well order.

We show [|¢’|| = ||E, x.¢l|. Let A € C and « an A-assignment. We obtain

o' I(A, &) = [¢1(A, a[X = M]) B,(dM)

M=+

-y fM Ipl(A, alx - min(M)]) By(dM)

acA #0, min(M)=a

= > loll(A alx > al) B,({M | M # 0, min(M) = a}).

acA

Thus, we need to show B,({M | M # 0, min(M) = a}) = p(1 — p)Na to complete the
proof, where N, = |[{a’ € A|ad' E a, a’ # a}|. If p = 0 the whole probability mass
is concentrated in {0}. Thus, B,({M | M # 0}) = 0 and the equation is satisfied.

Assume p > 0. Let E = (a3, ap, . . . ) an enumeration of A with a; T a;4; for all
i > 1. Incase N, = k < oo, we have ay,; = a. We obtain

By({M # 0| min(M) = a}) = B,(Cyl"({a})) = p(1 - p)*.
If N, = oo, there are infinitely many elements less than a. As1—p < 1, we conclude
By({M | M # 0, minc(M) = a}) < nll_)rglo By({M|Mn{ay,...,a,} =0})
lim B,(Cyl}(0))

lim(1-p)" = 0.

Since (1 —p)Ne = (1 - p)™ = 0, the proof is complete. -

5.4 Equivalence to Nivat classes

In this section, we give the proof that probabilistic MSO logic is equally expressive
as probabilistic Nivat classes, and therefore, also equally expressive as probabilistic
Muller-automata, probabilistic bottom-up tree automata, respectively.

Before we can show this statement, we need two preparatory results. In the first
result, we decompose Bernoulli measure over an arbitrary finite set into a product
of binary Bernoulli measures. The second result states that we can switch between
words/trees of tuples and tuples of words/trees without changing the probability.
This is due to the independence of different positions in Bernoulli measures.
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Lemma 5.20. Let M be a finite set and d a distribution on M. There is a number
n > 1, probability values py,...,p, € [0,1], and a function f: {0,1}" — M such
that d = (®?=1 d;) o f71, where d; is a distribution on {0, 1} with d;(1) = p; and
di(0)=1-p;foralli=1,...,n

Proor. Let M = {ay,...,ay}. Define n = m — 1 the values py, . .., p, by

d(a;)

As )" d(a;) =1, we have p; < 1forall i =1,...,n. The function f is given by

ap ifk=min{i|x;=1}and{i|x;=1}#0
an, ifx;j=0foralli=1,...,n

flxt, .. x0) = {

Before we show By = (X[, di) o f~*, we prove that Hj-:l(l -p)=1- ;-:1 d(aj)
via induction over i. For i = 1, the statement is clear. Assume the statement holds
for some i. We obtain for i + 1:

i+1 i d(al+1) i+1
[Ja-pp={1-D dey|[1- —— Z d(a)).
- _day)

Jj=1

Let a; € M. First consider the case k < m. By definition of f we have f~!({ax}) =
{(x1,....,xp) EM | x; ="+ =x3_1 =0, x =1}. Thus,

n k-1
(@di)w%{ak})):pk]_—[a—pi)— d(“")d( )( Zd(a») d(a).

i=1 i=1

For k = m, we have f'({ar}) = {(0,...,0)}. Therefore, (R, d)(f*{am}) =
L=-p)=1- Z:’;l d(a;) = d(ap). This shows that the distributions are equal.g

Proposition 5.21. Letn > 1and N, M, ..., M, be finite setsil a distribution on
N, d; a distribution on M; for i = 1,...,n. Furthermore, let M = M; X --- X M,,
d=d® - ®dyand f: M - N be a functlon such that d = d o f~'. Then the

following statements hold:

1. Let k € NU {w}. Then (le ® - ® B’;n) o (f)_l = BZ on B(N"), where
oMK x k ko o Y _ 1) (m)y\k
f:M - X My — N¥is glvenbyf(u(l),...,u(”)) =(f(u,”,....u;")5,
where u(’) = (u( ))k fori=1,...,n.
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-1
2. Let D be a finite, non-empty set. Then (BdD1 ® - ® Bg) o (f) = BdD

on B(NP), where ]7: MP x ... x MP — NP is given by f(t,...,t,)
(f(a(x), ..., tn(x)))xeD forall t; € MI.D wherei=1,...,n.

Note that if we choose N = M; X --- X M, and f = idy in Proposition 5.21,
we obtain that we can switch from tuples of words/trees in the product space to
words/trees of tuples in the Borel space over tuples of letters.

Proor. We only show the infinite word case of 1., the proof of the finite word case
and the proof of 2. are analogous. Let A = w; - - - w,N® be a cylinder set in B(M®).
Then, the preimage of A is given by

f_l(A) — U >< u(l) X ugl)Mla)’
D u(l)EMi (i=1,...,n)
f(uj(l) (")):wj for all j>1

where )|_, is the n-ary Cartesian product. Let p = BZ ® - ® B} . We obtain

n

4
1 _ (@)
H(F ) = 2 BIECE
ugi),...,uff)eMi (i=1,...,n) =1 j=1
f(uﬁl),...,u;.n)):wj for all j=1,...,¢

¢ n
1] % [

J=1 e (i=1,...,n) =1
f(u(l) u(n)) w;

4
= | [dUdwiby = ﬂd(w»
BN = Bo(A).

Therefore, (B - ® B“’ ) (f) “ on B(N®) as claimed. -

We are now ready to state and prove the two main results of this chapter: the
expressive equivalence of probabilistic MSO logic and Nivat representations for
words and finite trees. We will state these results as two separate theorems. As the
proofs only depends in small parts on the actual choice of the structure, we will
prove the follows two theorems together.

Theorem 5.22. Let X be a finite alphabet and S: X* — [0, 1] be any function. The
following statements are equivalent:
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1. S = [ ¢] for a probabilistic MSO sentence ¢ € PMSO(Ws),
2. 5, e N(Z%),

where S, (w) = S(w) if w # ¢ and S, (¢) = 0. The translations are effective in both
directions.

Theorem 5.23. Let X be a finite ranked alphabet and S: Ty — [0, 1] be any func-
tion. The following statements are equivalent:

1. S = [[¢] for a probabilistic MSO sentence ¢ € PMSO(7),
2. S e N(Ty).

The translations are effective in both directions.

In order to get a unified representation for words and finite trees let S = Wx
or § = Tx. We define for every S-structure A and function f: ¥ — I', the image

of Aby f(A) = (dom(A), (RFM)p.s) where label]aC(A) = Uses, f(a)=a labelﬁ and
RF(A) = RAf R # label, for somea € T.
This definition corresponds to the homomorphic image of words and the image

under relabellings of trees, i.e. f(w) = f(w) and f(¢) = ]?Z;) for all w € X* and
t € Ty, where w, T, f(w) and f(t) are the structures introduced in Section 4.1.

Proor. The proof relies only in small parts on the actual choice of C. Paragraphs
that are only valid for words or trees are marked with w. or t., respectively.

Let S = [[¢]lc for a probabilistic MSO sentence ¢ € PMSO(S). By Lemma 5.14 we
may assume that ¢; = ¢ A 1, where n = dx.x = x, is of the form

qol = [EP1X1. A [Eann~l//a

for probability values py, ..., p, € [0,1], second order variables Xj,...,X,, and a
Boolean MSO formula i. Note that [|¢;|| = S;. We show [¢1] € N (C):

[ol(A) = f f [VICA, £X; = My, .. X > My}) By (dMy)- - - By, (dMy)

By Fubini’s theorem, we can change the iterated integration to a single integral
over the product space:

= [T B M X 0 M) -0 By, A, M)
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As [[¢] attains only values in {0, 1} the integral is just the measure of a set:

— (® Bpi) (M, ..., My,) € P(dom(A))" |
=1 (A X1 My, .. Xy = Ma}) E Y}

Using the measurable mappings P(dom(A))" — ({O, 1} dom(A) )n — ({0,1}" )dom(A)
we obtain, by Lemma 5.2 and Proposition 5.21, a single Bernoulli measure:

=By ({(w, . .., up) € M4 | ()
(A, {Xi = supp(w), . . ., Xn = supp(un)}) E /1),

where we set M = {0, 1}" and the distribution d on M is given by d(ay, .. ., a,) =
imi(@ipi + (1= ai)(1 = py)).
w. In the case of words, consider the alphabet I' = X X M and the language

L={(w,us,...,up) € I'" | (w,{X1 = supp(w1), ..., Xn — supp(un)} F ¥ }.

By (the proof of) Biichi’s theorem, L is a regular language. Moreover, we have
Bis{u € M® | (w,u) € L}) = (x). By setting g: > — M*™ and h: [ — X%
the canonical projections, we see that Sy (w) = [¢1] = (Bg 0 g)(h"'({w}) N L). We
conclude S, € N (Z%).

t. Now, consider the case that C = Ts. We define the ranked alphabet I' = X' X M,
ie., arityp((f,m)) = aritys(f) for all (f,m) € I'. Again, we consider the tree
language

L={(t,uy,...,uy) € Tr | (t,{X1 ¥ supp(wy), ..., X, — supp(un)} E ¢ }.

By (the proof of) Theorem 4.7, we obtain that L is a regular tree language. Thus, by
letting g: Tr — Tjrand h: Tr — T be the canonical projections, we obtain, as in
the word case, S; € NV (Tx).

Conversely, assume S, € N(C). Let I', M, d, g, h, L as in Definition 3.6, Defini-
tion 3.12 respectively. By Biichi’s theorem, there is a MSO sentence {y € MSO(Wr),
¥ € MSO(Tr) respectively, such that L = Lo(¢). Assume I' = {ay,...,an} and
let Yy, ..., Y, be new second order variables. We transform ¢ into a formula l; by
replacing every occurrence of label,, (x) with x € Y;. Then, l]/v does not contain any
atomic formulas of the form label,. Thus, we can regard l; as a MSO formula over
2. Using structural induction one shows

(A al¥i = label AT F ¥ &= (A a) Y, (5:2)

where A is a Wr-structure, 7r-structure respectively, and A’ is a Wx-structure,
Tx-structure respectively, such that A and A’ only differ in their label, relations.
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By Lemma 5.20 there is a number n > 1, probabilities p;, . . ., p, and a function
f:40,1}" - M such thatd = (®?:1 d;) o 71, where d; € A({0,1}) with d;(1) = p;.
Let Xj, ..., X, be new variables. We define a probabilistic MSO sentence ¢; over S,
where part(Y;,...,Y,) is a MSO sentence stating that Y3,. .., Y, are a partition of
the domain:

o1 = Ep X1+ Ep, Xp.3Ys - AV,

st <% o W) 63
a;el’
N (5.4)
e X; f =1
AVx. A xeY, = \/ {x i 1 X 53)
@l (xm)efony” X ¢X; ifx;=0.

Let 4 be the Boolean part of ¢y, i.e. from (5.3) to (5.5). If S = Wy, set " = Wr.
Otherwise, if S = Ty, let S’ = Tr. Let A be a S structure and « an .A-assignment.
We show that (A, ) E 3Y;. - - - AY,,,.14 if and only if there is a S’-structure A" such
that the label relations of A" are a partition of the domain, 4" | ¢, h(A’) = A and
FTay®)s - - -5 Tagx,)(x)) = gla) for all x € labelZ" and a € T.

Assume there is a S-structure A4 € C and a A-assignment « such that (A4, @) E ¢1.
Let My, = a(Yy,) fori = 1,...,m. By (5.3) we derive that (Mg).er is a parti-
tion of dom(A). Moreover, M, C labelﬁ o holds for all a € I'. Define A =
(dom(A), (R )ges’) with labelX = M, foralla € I'and R = RA forallR € &’
with R # label, for all a € T'. From (5.3) we conclude h(A’) = A. By (5.2) we have
A" E . Finally, f(T4x,)(%), ..., Tgx,)(x)) = g(a) for all x € labelf/ and a € T is
just the statement of (5.5).

Conversely, assume there is a YWp-structure, Tp-structure respectively, A’ such
that the label relations in A’ partition the domain, A" E ¢, h(A) = A, and
FOaey (), ..., Tgx,)(x)) = g(a) for alla € I"and x € labelj;l/. By defining sets
M; = label" we conclude (A, a[Y; = M;]™)) F 1 directly from the definition of
Y1 and using (5.2). Thus, (A, @) E 3Y;.--- Y. 01

Using this correspondence we obtain for the semantics of ¢;:

H%MAﬁif~lfﬁﬂu~m%%MAamﬂ+MHJBmwmr~%mmm

We apply Fubini’s theorem to switch to the product space:

=IEHWE%MMMMHHLN®L%M@WWM)
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The integrated function attains only values in {0, 1}, thus, the integral is just the
measure of a set:

- (@ Bpi) ({(M, ..., My,) € P(dom(A))" |
i=1 (A, alX; = ML) E Yy - - 3Ym-¢l})

Moreover, we apply the correspondence between structures over I" and partitions
of the domain that we established before. We continue

) <® Bpi) ({(My, ..., My) € P(dom(A))" | A : h(A) = A, A" E ¢,
= (labelz;v)ae r is a partition of dom(A’),
F(a(x), ..., Ty, (x)) = ga) forall a € T, x € label'})

Taking the preimages under the mappings ({0, 1}")%mA) — ({0, 1}9om(Ayn ang
({0,134 Ay _, (P(dom(A))", which are both measurable, we obtain

) <® Bpl.)({ ue ({0,134 | 34 (A=A, A Ey
= (label" ) er is a partition of dom(.A"),
f(u(x)) =g(a)forallae I, x e labelf’})

By application of Proposition 5.21 we get

= By({u € M®"A | 34 (A=A, Ay
(labelf/)ae r is a partition of dom(.A") (5.6)
u(x) = g(a) for all a € I, x € label'}).

w. Assume A € C is a Wx-structure, i.e., A = w for some w € X*. A Wr struc-
ture A’ with label relations partitioning the domain and h(A") = A corresponds
to the word w' = (W))icpos(w) € I'™ given by w) = aiff i € labelf’ fora € I and
i € pos(w). From h(A’) = A we conclude that i € labelf/ implies i € 1abelh“% 0) for
all i € pos(w). Thus, h(w") = w. Moreover, for every word w’ € I'* with h(w") = w,
we have h(w’) = w. Furthermore, a function u: pos(w) — M with u(x) = g(a) for
alla € I'and x € label;”, corresponds to a word in v’ € M* with |u’| = |w'| and
g(w’) = u’. Thus, we can rewrite (5.6) as

(5.6) = By{u e M™ | AW € L: g(w) =u A h(w) =w})
= (Ba o g)(h'({wh N L)
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=S,(w).

t. Let A € C be a T structure, i.e., A = t for some t € Ty. For a Tp-structure
A’ with label relations partitioning the domain and h(A") = A, let ¢’ € Tr be the
tree given by pos(t’) = pos(t) and t'(x) = fiff x € label]“ﬁv. As in the word case, we
have that t'(x) = f implies t(x) = h(f). Since h is a relabelling, f and h(f) have
the same arity. Therefore, t’ is well-defined as a tree and h(t’) = t. Moreover, for
every tree t’ € Tr with h(t') = t, we have h(t') = T. We conclude

(5.6) = Bg({u € MP*® |3t € L: g(t') =u A (') = t})

=(Baog)(h'({r})NL)
= S.(1).

Therefore, [¢1]] = S+. The only thing left to do is to fix the value for the empty
structure. We define the probabilistic MSO formula ¢ by

@ = (¢1 A Ax.x = x)) V(S(e) A (Yx.x # x)).
Clearly, [[¢]] = S. This concludes the proof. -

Using Theorems 5.22 and 5.23 and Theorems 3.9 and 3.20 from Chapter 3, we
immediately obtain the following two corollaries.

Corollary 5.24. Let X be a finite alphabet and S: X — [0, 1] be any function. The
following statements are equivalent:

1. S = [[¢] for a probabilistic MSO sentence ¢ € PMSO(Wx),
2. S = ||A|| for a probabilistic Muller-automaton A.

The translations are effective in both directions.

Corollary 5.25. Let X be a finite ranked alphabet and S: Ty — [0, 1] be any func-
tion. The following statements are equivalent:

1. S = [[¢] for a probabilistic MSO sentence ¢ € PMSO(Ty),
2. S = ||A|| for a bottom-up probabilistic tree automaton A.

The translations are effective in both directions.

Remark 5.26. The proofs of Corollaries 5.24 and 5.25 make a detour through Nivat
representations for both directions. We are not aware of any direct proof showing
the equivalence of probabilistic automata and probabilistic MSO logic.
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Chapter 6

Probabilistic Regular Expressions
on Words

Regular expressions were introduced by Kleene [K56] in the 1950s. Only some
years later, regular expressions have been extended to the weighted setting by
Schiitzenberger [S61]. Both models only consider finite words. Nowadays, regular
expressions have spread through all of theoretical computer science and enjoy
manifold applications and generalisations to many different settings.

In this chapter, we recall the definition of classical regular expressions in Sec-
tion 6.1. Afterwards, we transfer the classical operations used in regular expressions
to the probabilistic setting and also to infinite words in Section 6.2. Using these
definitions, we introduce probabilistic regular expressions on finite and infinite
words in Section 6.3 and give some basic properties. The last two sections contain
the proof of the expressive equivalence of probabilistic regular expressions and
probabilistic Muller-automata.

The results of this chapter have been published in [W14].

For the rest of this chapter, we fix a finite alphabet X.

6.1 Classical Regular Expressions

In this section, we will first recall Kleene’s notion of classical regular expressions
and afterwards state Schiitzenberger’s extension to the weighted setting.

Rational or regular expressions are built from the empty set and single letters
using the operations union, language concatenation and Kleene-iteration. Every
well-formed term using these operations is a rational expression.

Definition 6.1. The set RE of all regular expressions or rational expressions is given
in BNF by
E:=0|a|EVUE|E-E|E",

where a ranges over all letters a € X.
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With each regular expression E we associate its language L(E). The definition of
L(E) is given inductively on the structure of E below:

L(a) = {a}, L(EU F) = L(E) UL(F),
L(E*) = L(E)", L(E - F) = L(E) - L(F),
L(0) = 0.

We call any language L C X* regular or rational, if there is a regular expression E
such that L(E) = L.

The following theorem is a fundamental result in the theory of formal languages
and became known as Kleene’s theorem [K56].

Theorem 6.2. Let L C X* be any language. The following statements are equival-
ent:

1. L = L(A) for some finite automaton A.

2. L = L(E) for some regular expression E.

Regular expressions describe languages of finite words. There is a simple gener-
alisation to cover languages containing finite and infinite words.

Definition 6.3. The set of all w-regular expressions is given in BNF by
E:=R|R-E|EUE|R”,

where R is any regular expression as defined in Definition 6.1.
The language L(E) C X defined by an expression E is defined by induction on
the structure of E:

L(R) = Lpet. 6.1(R) L(R - E) = L(R) - L(E)
L(E; U E;) = L(E;) UL(E,) L(E®) = L(E)°.

A language L € X* is called w-regular if there is an w-regular expression E with
L(E) = L.

Using the distributivity of - over U, one shows that every w-regular expression is
equivalent to an w-regular expression of the form Ey U | Ji_, E;F;’, where the E; and
Fj are regular expressions.
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Example 6.4. We now come back to the automaton A from Example 2.2. Recall
that the language of this automaton is

L(A) ={aua € X* | u € X, every maximal sequence of b’s in u has even length }
U {aw € Z? | |w|y is infinite },

where X = {a,b}. We now give an w-regular expression E with L(E) = L(A):
E =a(aUbb)'aUa(a™h)”.

For finite words, b occurs only in pairs. Thus, the number of consecutive b’s is
always even. For infinite words, we infinitely often concatenate words that end
with b. Thus, obtaining an infinite word with infinitely many b’s. Conversely,
every finite word with an even number of b’s in any consecutive sequence of b’s
can be decomposed into a sequence of a and bb. Furthermore, every infinite word
containing an infinite number of b’s can be decomposed into words of the form
a*b. This shows L(E) = L(A).

Using Kleene’s theorem for finite words, one also obtains the expressive equival-
ence of Biichi-automata and w-regular expressions.

Theorem 6.5. Let L C X“. The following statements are equivalent:
1. L = L(A) for a Buchi-automaton A.

2. L = L(E) for an w-regular expression E.

6.2 Probabilistic Rational Operations

Before we define the syntax and semantics of probabilistic regular expressions,
we introduce probabilistic versions of the rational operations. The definitions of
sum, concatenation, and Kleene-star correspond to their counterparts in weighted
regular expressions [S61] over the semiring (R, +, -, 0,1), where R, = R, U {co}.
The sum and product is extended to co by letting s+ co = co forall s € R, s-00 = 00
foralls > 0and 0- o0 = 0.

For the rest of this chapter, 1 denotes the function with 1(w) = 1for all w € X*.

Formally, given two functions f,g: X* — R, the operations weighted concaten-
ation and weighted Kleene-star are defined as follows:

(f- 9w = Y. fwg). (fIw) = Y F(w),

uv=w n>0
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where f° = 1y, and f"*! = f- f" Then, f -g and f* are again functions ~* — R,.
Remark that in the semiring R every countable sum converges to a value of the
semiring. Thus, the Kleene-star of a function is always defined. Another common
approach is to require f(¢) = 0. This is not needed here.

We would like to use these definitions also in our probabilistic setting. Unfor-
tunately, even when f and g only attain values from the interval [0, 1], the values
of f - gand f* may be unbounded. Therefore, we first give sufficient conditions
such that the values of concatenation and Kleene-iteration are again interpretable
as probability values.

Definition 6.6. Let f: X* — [0,1]. We call f prefix summable if

> fa <1

usw

for all w € X*.

This definition is a generalisation of prefix free languages: a language L C X is
prefix free if it does not contain two words u and v with u < v, cf. Definition 6.29.
Thus, a language L is prefix free if and only if 1} is prefix summable.

If a language L is prefix free and w € LX*, then there are unique words u, v with
u € L such that uv = w. This property transfers to prefix summable series, which
allows us to interpret the values of weighted concatenation as probability values.

Lemma 6.7. Let f,g: X — [0,1] such that f is prefix summable. The series f - g,
defined by

(f-9)w) = > fwg),

uo=w

is bounded by 1. Moreover, if g is also prefix summable, so is f - g.

PRrROOF. Let w € X*. We obtain (f - g)(w) = Y yomw f(1) g(v) < Yo f(u) < 1, as
f is prefix summable. Thus, f - g is well-defined. Now, assume that g is also prefix
summable. We compute

D= D ey = ), fx) D 9y <1,

uv=w UU=wW Xy=u xv'=w v'=yv
since g and f are prefix summable. Thus, f - g is prefix summable. -

In order to obtain a probabilistic w-iteration, note that for a prefix free language
L ¢ X*, the equation L” = (),>; L"X® holds, see Lemma 6.31. Hence, L can
be regarded as the limit of the sequence L"X“. By transferring this idea to the
probabilistic setting, we obtain the probabilistic w-iteration.
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Definition 6.8. Given a prefix summable series f: X* — [0,1], we define the
probabilistic w-iteration f* by

£Ow) = Tim (£~ T)(w),
where 1: X* — [0, 1] is the constant function with T(w) = 1.

Lemma 6.9. Let f be a prefix summable series. Then, the series f“ is a well-defined
function X — [0,1].

Proor. By Lemma 6.7, we know that (f" - 1)(w) < 1foralln > 0 and w € X*. We
show (f™1 - 1)(w) < (f" - T)(w): let w € X,

n+1 n
Fnw = > [re= > [[f@ D) fam
U Up410=w i=1 U up,v'=w i=l1 Up+10=0"

< D, ﬁf(u» = (f" H(w)

U up,v’'=w i=l1

Thus, the sequence ((f" - ﬂ)(w))nzo is monotonically decreasing and bounded by 0.
Therefore, the sequence converges with limit between 0 and (f° - 1)(w) = 1. -

Finally, we consider the Kleene-iteration. Intuitively, every step of Kleene-
iteration involves two choices: whether to continue the iteration at all and if
so, which word to choose. The choice of the next word is well-behaved for prefix
summable series. To handle the exit condition, we require an extra series g, which
is appended after f*.

Definition 6.10. Let f,g: X — [0, 1]. We call the pair (f, g) an iteration pair if
and only if

D fw)+gw) <1,

usw

forallw e X*.

Lemma 6.11. Let f: X* — [0, 1] be a prefix summable function. Furthermore, let
g: X — [0,1] such that (f, g) is an iteration pair. Then, the series (f* - g) + f is
bounded by 1. Moreover, if f + g is prefix-summable, so is f* - g.

PRroOF. Let 1 be the constant 1 function. For two functions fi, f;: X — R, let
fi < foif filw) < fo(w) for all w € . Note that the probabilistic concatenation is
monotonic in both arguments. Let g be a function such that (f, g) is an iteration

87



Chapter 6 Probabilistic Regular Expressions on Words

pair. We show f**1. 1 + YK f".4 < 1 using induction on k. For k = 0 the
statement is just the assumption that (f, g) is an iteration pair. We have for k + 1:

k+1

k k
A g1 ) g T Y gl
n=0 n=0 n=0

Thus, the series Zﬁ:o( f" - g)(w) converges for k — oo for every w since it is
bounded and monotonically increasing. As the limit of f¥*'- 1 is f*, we obtain
Snso(f" - 9)(w) + f@(w) < 1. Using the absolute convergence of },5o(f" - g)(w),
we can rearrange this sum to obtain the desired bound for f* - g:

DU =0 > gy = >0 @) = (f - 9)(w)

n>0 n>0 uv=w uv=w n>0

Assume that f + g is prefix summable. Thus, (f,g - 1) is an iteration pair and
the function f* - (g - 1) is bounded by 1. By the associativity of the weighted
concatenation, we know that (f* -g)-1 = (f* - g) - 1. Hence, f* - g is prefix
summable. n

6.3 Probabilistic Regular Expressions

We introduce the syntax and semantics of probabilistic regular expressions. Fur-
thermore, we state some basic semantic equalities.

As seen in the last section, the usual approach to define regular expressions on
infinite words, is to first define expressions on finite words, and extend these to
infinite words in a second step. For the probabilistic setting, we have to ensure
that whenever a function f* - g occurs in the semantics of an expression (f, g) is an
iteration pair. Thus, we cannot use such a two parted definition, but have to define
expressions on finite and infinite words simultaneously.

In the following definition we use a new symbol 0O, which serves as a placeholder
in regular expressions for places where other regular expressions can be inserted.
This is necessary as we can only append to expressions which generate prefix
summable series.

Definition 6.12. The set PRE all probabilistic regular expressions is the smallest set
R which satisfies the following conditions:

1. O€R

2. fAC XandE, € Rfora € A, then Y ,cpaFE;, € R,and e+ ) ,ca E; € R
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3. Ifpe[0,1],E€ R, and F € R, then pE + (1—p)F € Rand pE € R
4. fEoe Rand F € R, then EF € R
5. fEO+ F € R, then E*F + E® € R, E*'F € R, and E® € R,

and is closed under the following identities modelling the usual associativity, com-
mutativity, and distributivity laws:

6. E+(F+G)=(E+F)+GandE-(F-G)=(E-F)-G
7. E+ F=F+E
8. E-(F+G)=EF+EGand(E+F)-G=EG+FG

Each identity states that an expression containing the left side of an identity as a
subexpression is in R if and only if the same expression, but with this subexpression
replaced by the right side of the identity, is in R and vice versa.

As in [BGMZ12], we call the rules 6 to 8 ACD rules.

We say an expression E € PRE is a partial expression if O occurs within E,
otherwise we say that E is complete.

Any subterm of an expression is called a subexpression. Note that a subexpression
may not to be an expression.

Note that, the symbol O only occurs in the syntax of probabilistic regular ex-
pressions, but not as actual symbol in the alphabet. Its entire use is to give a
concise grammar for PRE. This is different from the use of variables in regular tree
expressions which actually do occur as distinct letters in the ranked alphabet.

Next, we give the semantics of a PRE as function mapping finite or infinite words
to probability values. Even though the symbol O is only used as a placeholder
expression in the syntax of PRE, we choose to give a meaningful semantics to the
symbol. This will simplify further definitions.

The definition below states the semantics of a probabilistic regular expression
as function mapping to R, and not to [0,1]. We will see afterwards that by the
choice of the syntax of probabilistic regular expressions, any valid expression’s
semantics actually only attains values in [0, 1]. Nevertheless, subexpressions may
violate this property. Consider for example the expression E = (1/2a + 1/2¢)* /2 ¢:
using the definition below, one can see that ||E|[(a") = 1 for all n > 0. Nevertheless,
[[(2a + V2¢)*||(a") = 2 for all n > 0.

The following definition gives the semantics of a PRE using structural induction
on the syntax tree.
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Definition 6.13. Let E be a PRE and w € X*. The semantics of E is a mapping
[|[E||: X*° — R inductively defined by

1 ifw=a _jp ifw=e
lall(w) = {0 otherwise, Ipllew) = {0 otherwise,
lE + Fll(w) = (IIEIl + [IFI[)(w), IE*[I(w) = (IEII")(w),
lE - Fll(w) = (IIEIl - [IF][)(w), IE“l|(w) = (IIE]|”)(w),
loll(w) =1,

forallwe X*,a € X U{e}, and p € [0,1].

We show that the semantics of a probabilistic regular expression is always defined
and attains a value in [0, 1]. Before we prove this statement, we introduce the terms
of an expression, which are independent of the application of the ACD rules. In the
following definition the notation {. ..} is used to describe a multi-set, i.e., a set
with multiplicities. The terms of an expression already appeared in [BGMZ12]. We
extend their definition by splitting the set of terms in head terms and tail terms.
Definition 6.14. Let E be a PRE. We define the set 7 (E) of all terms of E inductively
by

T(x)={x} for x € AU {¢,0},
T(E+F)=T(E)UT(F),
T(E-F)={E -F |E € T(E), FF e T(F)},
T(E") = {E"},
T(E?) = {E”B.
Furthermore, we define the set HT(E) of all head terms of E and the set TT(E) of all
tail terms of E by

HT(E) = {E' | EO e T(E)}},
TT(E) = {{E € T(E) | E # E'D for all E' € HT(E) }}.

Intuitively, the terms of an expression are all summands that occur after applying
distributivity until no product can be expanded. The head terms are all such
summands whose last factor is O, and the tail terms are all other summands.

Since we would like the formula 7(E) = HT(E)o U TT(E) to hold for all ex-
pressions E, we say HT(O) is just the empty expression (not to be mixed with the
expression “¢”). In the next lemma we implicitly assume 1.} as the semantics of
the empty expression.
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Lemma 6.15. Let E be a probabilistic regular expression. Then, ||E|| is a well-
defined function X* — [0,1].

Proor. Given an expression E, we need to show two conditions: that f* and f“ is
only applied to prefix summable functions f, and that ||E|| < 1.

For a probabilistic regular expression E, let H(E) = Y reyr)|ITIl and T(E) =
2.rert®)|IT|l. Let the set M contain all probabilistic regular expressions E, such
that the following conditions hold:

1. The operations * and “ are only applied to expressions with prefix summable
semantics in E, ||E|| < 1, and ||E|| = Xre7g)lITII

2. (H(E), T(E)) is an iteration pair

We prove that M = PRE by showing that M satisfies call conditions of Defini-
tion 6.12.

Clearly, 0 € M holds. Let A C X and assume expressions E, € M for each a € A.
Let E = e+ 4ca aE,. We show E € M. There are no new expressions of the form F*
or F” in E, thus, by assumption on the E,’s, every iteration in E is only applied to a
prefix summable function. Let w € X*. If w = ¢, we have ||E||(w) = 1. Otherwise,
w = aw’, and we conclude ||E|[(w) = 0if a ¢ A or ||E||(w) = ||Eq]|(W) < 1if
a € A, as E; € M. We show that (H(E), T(E)) is an iteration pair. By definition of
E,HT(E) = Ugea aHT(E,) and TT(E) = {e} U Ugea a TT(E,). Let w € X*°. We
show Y, <., H(E)(u) + T(E)(w) < 1. If w = ¢ the statement follows directly from the
definition. Assume w = ayw’. We obtain

D HE)w) + TE)w) = > > (lall HE))@) + 14 (w) + > (llall T(Ey))(w)

usw u<w a€eA acA

If ay ¢ A, we immediately conclude that the value of this expression is 0. If ay € A,
only the summands that start with ||ao|| contribute a positive value. We continue

= > H(Eq,)) + T(Eg,)(w) < 1.
u’<w’

Therefore, (H(E), T(E)) is an iteration pair.

We consider the case E = pE; + (1 — p)E,. The proof of conditions 1. and 2. is
analogous to the previous case and therefore left out here.

Assume E;0,E; € M. As (H(E;O), T(E;O)) is an iteration pair by assumption
and HT(E,0) = 7 (E;), we obtain that ||E;|| is prefix summable. Hence, ||E;||||E2|| is
well-defined by Lemma 6.7. Let w € X, we conclude

D H(ELE)(u) + T(E1Ey)(w)

uw

91



Chapter 6 Probabilistic Regular Expressions on Words

D D, IEl@) HE) ) + D IIEI(w) T(E>)(©)

= Z ||E1||(u)( Z H(E;)(v1) +T(E2)(U))
S 1. 102

Thus, (H(E), T(E)) is an iteration pair and E € M.

We continue with the case E = E;0+ E, € M. We have HT(E) = T (E;) UHT(E>)
and TT(E) = TT(E,). By assumption, (H(E), T(E)) is an iteration pair. In particular,
|E1]| is prefix summable. Hence, ||E||" and ||E||” are well-defined functions to
R.:. As (H(Ey),H(Ez) - T + T(E,)) is also an iteration pair, we additionally have
IEdI"(H(E2) - T+ T(E2)) + I Ell” = Zrerr@e)IE{ Tl - T + ZrertEy) IE{E2ll + EY < 1.
Therefore, (H(E]E2+E®), T(E{E,+E®)) is an iteration pair. We conclude E}E, +E{’ €
M.

The set M is also closed under application of the ACD rules, as the terms of an
expression do not change by application of these rules. -

Example 6.16. We return to the communication device introduced in Example 2.19.
To build an expression for this model, we again consider the two letter alphabet
% ={w, i} for the events “wait” and “input message”. We claim that the following
expression models the probability that the buffer does not overflow:

E= (w+ip+i(1—p)((1—q)w+pi)*qw)w.

The intuition for E is as follows: the expression in the w operator is the probability
to return to the empty buffer state when starting with an empty buffer. If no new
message is received, or a new input messages is received and it can be successfully
sent right away, the buffer stays empty. In case of a new input message that fails to
be sent successfully, this happens with probability 1 — p, the device will try to send
this message on every wait event. This fails with probability 1 — g, and eventually
succeeds with probability q. Any new incoming messages in this state must succeed
to be sent immediately.

We still need to show that E is really a probabilistic regular expression, i.e., that
it can be constructed using the rules given in Definition 6.12. First we show how to
construct the expression ((1 - q)w +pi)'qw0.

O~ qgoO+(1-¢g)O Definition 6.12 (3)
~ w(qo+(1-¢q)O)+ipa Definition 6.12 (2),
pO was obtained using Definition 6.12 (3)
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~ (1-q)w+pi)o+qwo  Using ACD rules
~ (1-qw+p i)*q w O Definition 6.12 (5). (6.1)
We continue and construct the expression E:
O~ pd+(1-p)(1-qw+pi)qwo Definition 6.12 (3) + (6.1)
~wO+ipo+i(l-p)(1-qw +pi)*qw|:| Definition 6.12 (2)
~ (w+ip+i(1—p)((1—q)w +pi)*qw)l:| Using ACD rules
~ (w +ip+il-p)(A-q@w+p i)*q w)w Definition 6.12 (5)

This shows that E is actually a probabilistic regular expression as defined in Defini-
tion 6.12.

Definition 6.17. Let E and F be two PREs. We say that E and F are equivalent if
[|E||(w) = ||F||(w) for all w € X*°. In this case we write E = F.

Next, we show two useful rules for building probabilistic regular expressions.
The first rule states that any O can be replaced by an arbitrary expression. The
second rule allows us to omit summands from an expression.

Lemma 6.18. The following statements hold:
1. Let EO + F and G be PRE, then EG + F is also a PRE.

2. f E+ FisaPRE, sois E.

In order to prove Lemma 6.18 we need the following technical lemma.

Lemma 6.19. Let E be a probabilistic regular expression. The following statements
hold:

1. ZTGT(E) T € PRE and ZTET(E) T =E.

2. Let M C T(E) be a multi-set and E;, Fi, . . ., E,, F, be subexpressions such
that E;0 ¢ M foralll < i < nand MU {EO,...,E,0} C T(E). Then
Yirem T + 27, EiF; € PRE. This is also true, if M = @ or n = 0.

Proor. The first statement can be shown by proving that the set of all expressions
E which satisfy statement 1 satisfies the conditions given in Definition 6.12 and
thus equals to PRE.

We show the second statement using the same technique. Let R be the set of all
expressions satisfying statement 2. Clearly, the statement holds for 0.
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Let AC XY and E, € Rforall a € A and assume E = ¢ + },c4 aE,. By definition,
we have T(E) = {ef} U Uy eafaT | T € T(Ey)}. Let M, = {T | aT € M}} and
E; = q;E] with a; € A and subexpressions E; for all1 < i < n. As E, € R, we have
XM+ XLy .-, EiFi € PRE. By Definition 6.12, we obtain

g+za(zn 3 E;F,.)EH S arsY Y e

acA \aTeM i=1,a;=a aTeM,acA i=1 a€A,a=a;
n
=+ ZT+ZE,F,- € PRE.
TeM i=1

The case E = pF + (1 — p)G is analogous to the previous case.

Let E = FG with FO,G € R. We have T(E) = {T1T, | T € T(F), T, € T(G) }}.
Define multisets My = {T’ | TT’ € M}} for every T € 7T (F). Furthermore,
let E; = TE; with T; € T(F) and E; € T(G). As G € R it follows that Er =
X Mr+ ¥, 1 EiFi € PRE for every T € T(F). Next, we apply the hypothesis
to FO with M = 0 and {T;0, ..., T,0}}y = 7(FO) and F; = E7,. As before, using
distributivity, we obtain E € R.

Finally, we consider the case E = F*G + F” with FO + G € R. All subexpressions
E; must be of the form E; = F*E] with El0 € 7(G). Moreover, M = {F*T |
TeM P} U{F°|F°e M} for some multiset M C 7 (G). We apply the induction
hypothesis to FO + G with M" U T (FO) and subexpressions E, F, . . ., E,, F,. Thus,
2rerray T + Xrerouy T + X1, E{F; is a probabilistic regular expression. As the
first sum is equivalent to FO, we conclude the desired result by Definition 6.12 (5).u

The statements of Lemma 6.18 follow now directly from Lemma 6.19.

Proor (oF LEMMA 6.18). 1. We apply Lemma 6.19 with M = T (F), E; = E,and F; =
G. Thus, M U {E,0}f = T(EO + F) and we obtain Y re7 ) T + EG = F + EG € PRE.

2. Again, we use Lemma 6.19. This time, with M = 7 (E) and n = 0. We obtain
E =7y T € PRE. .

6.4 From Expressions to Automata

In this section, we give a constructive proof that every probabilistic regular ex-
pressions admits an equivalent probabilistic Muller-automaton. The constructions
are based on the ideas of [BGMZ12], but extended to the infinite word setting.
Whereas the constructions themselves are not much more complicated than the
constructions in the finite word case, showing their correctness on infinite words
adds technical difficulties to the proofs.
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For a probabilistic Muller-automaton A = (Q,, 4, F,’R) and a set X C Q, we
denote the probabilistic Muller-automaton (Q, d, p, X, 0) by A[X]r. For a subset
X C P(Q), we write A[X ] for the automaton (Q, §, y, 0, X).

Definition 6.20. Let E be a PRE and A = (Q,d, 1, F, R) a probabilistic Muller-
automaton. We say that A is an automaton for E if there is a partition F = Fy U
Unenr) Fu of F, such that

1. YrerrpllE'll = Aol where Ag = (Q, 6, p, Fo, R)
2. [IH| = ||A[Fuls|| for all H € HT(E)

3. The states in Fy are sinks for every H € HT(E)

Note that if E is a complete expression, i.e., HT(E) = (), and A is an automaton
for E, then the semantics of E already equals the behaviour of A. Thus, our goal for
this section is to show that the set of expressions E, such that there is an automaton
for E, satisfies the closure properties of Definition 6.12.

Lemma 6.21. There is an automaton for O.

Proor. We have HT(O) = {{e}} and TT(O) = 0. Thus, the automaton A given by
A= ({q0},9, T4}, {0}, 0) with 5(qo, a) = O for all @ € X is an automaton for O. 5

Lemma 6.22. Let I' C X and E, be a PRE for every a € I'. Furthermore, assume
there is an automaton for each expression E,. Then there are automata for ¢ +
> aer aEq and for ) o1 aE,.

Proor. Assume E = ¢ + e aE, and A, = (Qg, das Ha» Fa, R4) is an automaton
for E, for every a € I" such that the sets Q, are pairwise disjoint. We define the
automaton A = (Q, 8, i, F, R) by

Q= {90,973V J Qa H(@) = Tig(9),
ael’
F={q}v|JF. R=|JRa
acl’ ael’
Ha(q") ifg=qp,ael',andq € Q,
1 ifg=qo,a¢l',andq = qy
6(q,a)(q) = {(q.a,q") ifq,q" € Qp for some b € ¥
1 ifg=q =qy
0 otherwise.
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By construction, we have ||A||(¢) = 1 and ||A||(aw) = ||A4l|/(w) for all a € T'. For
w' = aw with a ¢ I', we obtain ||Al|(w’) = 0, as A enters gy after reading a with
probability 1, which is not final, but cannot be left again.

We still need to show that A is an automaton for E. By definition we have HT(E) =
{aE' |ae€e X, E e HT(E,) }} and TT(E) = {ef U{aE | A€ X, E € TT(E)}}. Let
a € I'. As A, is an automaton for E, there is a partition F, = F° U Urrent(e,) FaE/
of F, as in Definition 6.20. Let aE’ € HT(E) and A’ = A[Ff’]p. By definition of A
we have ||A’||(¢) = 0 and ||A’]|(bu) = ||Agll(u) if b = a and ||A’||(bu) = 0 otherwise.
Thus, ||A’|| = ||aE’||. On the other hand, let A” = (Q,6, 1, {go} U Ugex F2, R).
Again by definition of A we conclude ||A”||(¢) = 1and [|A”|[(aw) = ||A”||(w), where
A” = (Qa> S4» fla» FY, Ry). By assumption on A,, we have ||A7|| = 2ErertENE Nl
and so ||A”|| = norme + Y 4ex YpetTE)1GEL|l = ZErert(®)||E||. Therefore, A is an
automaton for E.

The case E = ) ,c4 aE, is analogous, the only difference is to omit gy from F in
the construction of A. -

Lemma 6.23. Let E and F be PREs which each admit an automaton. Furthermore,
let p € [0,1]. There is an automaton for pE + (1 — p)F.

Proor. Let A; = (Q;, d;, pi, Fi, R;) for i = 1,2 such that A; is an automaton for E
and A; is an automaton for F. We assume that Q; and Q; are disjoint. We define an
automaton Aby A = (Q; U Q,,8, i, F; U F,, R1 UR;) and

6i(p,a,q) ifp,qe Q;fori=1,2,
0 otherwise,

5(p, a,q) ={

@ = {Pul(q) ifgeQ,
1-p)py(q) ifge Q.

The automaton A chooses in its initial distribution a state from Q; with probability
p and a state from Q, with probability 1 — p. Afterwards A simulates the automaton
A; or Ay, respectively.

The proof that A is indeed an automaton for pE + (1 — p)F is left to the reader. g

Lemma 6.24. Let E;0 and E, be expressions which both admit an automaton.
There is an automaton for E; - E,.

Proor. Let A; = (Q;, 6, pi, Fi, R;) for i = 1,2 be probabilistic Muller-automata such
that A; is an automaton for E;0 and A, is an automaton for E,. The new automaton
A resembles the usual construction for the concatenation of regular languages:
starting in A;, transitions which might enter a final state in A; are detoured to the
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initial states of A,. Unfortunately, as we need the correspondence between final
states of A and head terms of E;E; we have to enlarge the state set to satisfy this
condition.

Let F; = F* U Ugenro) FC and F, = F) U UgenT(r,) Fs' as in Definition 6.20.
Note that TT(E;0) = 0. Thus, we may assume F10 = 0 and R; = 0. Formally, we
define A = (Q, 6, u, F,R) by

Q=0 \FUMHTED) X Q)

61(p, a,q) ifp,ge 1\ Fi
5(p.a.q) = S2(p’,a,q) ifp=(G,p), q=(G,q’) for some G € HT(ED)
o 51(p,a, FO) py(q’) ifp € Q1 \ Fyand q = (G, ¢’) for some G
0 otherwise.
(q) = {Ill(CI) ifge 1\ F
pl(FlG) us(q’) if g =(G,q’) for some G € HT(ED)

F={(G.q)| G e HT(ED), q € F,}
R ={{(G,q9) | g€ R} |Re Ry, G € HT(ED)}.

Note that A is actually a probabilistic Muller automaton, i.e., §(p, a) is a distribution
for every possible choice of p and a.

We show that the constructed automaton is an automaton for EF. Before we
prove the actual statement, we give the following auxiliary result: let G € HT(ED),
Qc = {G} X Q2, and kg: Q7" — QF be the unique homomorphism with kg(q) =
(G, q). Then

Pry((Q1 \ F)"R) = |Ai[FCTell(wr - - - wy) - PIX;‘“'"(KE(R)), (6.2)

for all measurable sets R € QcQ7 .

Let R, = {r € QF | (G,q)t € R}, i.e, all words from R that start with (G, q)
without the first letter. Then, R = [Jye0,(G,q) Rg. Using Proposition 2.20 we
conclude

Pry(Q\R)'R) = >, D Pri(ro--raa(G )Ry
1o, Tn-1€Q1\F g€Q2

Z Z I’ll(ro)(n 5(rl 1> Wlarl)) 5(rn, Wn,F ) .
10, Tn-1€01\F1 g€Q2 ifn>0
- pa(@) Py (G, @)Rg)
D m(FE) (@) Pry (G, q)Ry) =0
q€Q2
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Chapter 6 Probabilistic Regular Expressions on Words

= Z p(ro) 1—[ S(rie1, wi, ;) PFXZHW(K;(R))

ro,...,rn_lte\Fl,rneFlG i=1
= Z ||A1[F1G]F||(W1 e Wn) . PrXZH(K(—;l(R))
n>-1

This completes the proof of (6.2) and we are ready to prove the correctness of A.

For every GH € HT(EF) with G € HT(EO) and H € HT(F) we define Fgy =
{(G,9) €Qlqc€e Ff }. Moreover, we set Fy = {(G, q) | G € HT(ED), q € F; }. Thus,
Fo U UgHent(r) Fon is a partition of F.

We show ||A[Fgulrll = |IGH|| for all GH € HT(EF). Let w = wy---w), € 2.
Note that, by the structure of automaton A, the set of runs with non-zero probability
is contained in Jgent(en)(Q1 \ F1)*({G} X Q2)*. Thus, taking the intersection of any
measurable set M with this set does not change the probability of M. We compute

IA[Frlel(w) = Priy(Q™({G} x Ff))
= > Pri(Q\ R)"QYT{GY x F)

0<n<|w|
Next, we apply (6.2):
= > HALETell(wy - w) Pry™ e QR ({GY x Ff))

0<n<|w|

= > IALF)ell ) P (O

uov=w
By our assumption on A; and A; we have ||A1[FlG]F|| = ||G]| and ||A2[F§]F|| = ||H]|.
Thus

= (IGI - 1HI)(w) = [|IGHI|(w).

Finally, we prove ||A’|| = Y rerrEr)lITll, where A" = (Q, 8, p, Fo, R). At first, we
show the statement for finite words. Let w = wy - - - w},,| € 2™

IA[FJeliw) = > Pri(Q™({G} x BY))
GeHT(ED)

As before, we split the runs in parts running in A; and in Aj:

_ Z (LA [FETE - 1AL [FOTE](w)
GeHT(ED)

By assumption, we have || A2[F} [rll = Xperrr) I HII:

= ), 2, UGl-IHDwW)

GeHT(Eo) HETT(F)
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= > ITIw).
TEeTT(EF)

For the infinite word case let w € X. We obtain

lAll(w) = Pry({p € Q¥ | inf(p) € R})

By construction R contains the kg images of the sets in R;:

- Z Priy({p € Q“ | k5'\(inf(p)) € R2})

GeHT(ED)

The complement of set ( Jg(Q1 \ F1)*({G} X Q2)® has probability zero:

= Z Pry((Qi \ F) {p € ({G} x Q2)” | x5'(inf(p)) € R2})

GeHT(ED)

As before, we can seperate the runs in A; and A;:

D UALEIel - Pra,({p € QF | inf(p) € Ry }))(w)

GeHT(ED)

D0 D (G- IHIwW)

GeHT(EO) HETT(F)

D IITIw).

TeTT(EF)

=4zl

Therefore, A is an automaton for EF and the proof is complete. -

Our final step is to show that the recognizable series are also closed under
iteration, i.e., rule Definition 6.12 (5). Before we can prove this result, we need a pre-
paratory result which shows that the expected values the elements of a convergent
sequence converge to the same value as the sequence itself.

We suppose that the next two results have already appeared in the literature on
probability theory, but we could not find a concrete reference.

Lemma 6.25. Let f: R — R be abounded, measurable function such that the limit
limy_, f(x) exists. Furthermore, let (X,),>1 be a sequence of random variables
over probability spaces (£;, A;, Pr;) such that

1. |E[X,]| < o0 and 0(X,,) < oo for all n > 1,

2. E[X,] — oo forn — oo,
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3. oXn)/E[X,] — 0 for n — oo,

where the expected values and standard deviations are computed with respect to
the corresponding probability spaces. Then, E[ f(X,)] converges for n — oo and

lim E[f(X,)] = lim f(x).

Note that the requirement o(X»)/E[x] — 0 is really necessary. Consider the random
variables X, defined by Pr(X,, = 0) = V2 and Pr(X,, = n) = V2. Thus, E[X,,] = n/2.
On the other hand, let f(x) = Vmax(1,x). We obtain E[ f(X,,)] =2+ 2 /n — V2 #
0 = lim,_,c f(7/2). This does not contradict the above lemma as o(X},) = /2.

ProoF (oF LEMMA 6.25). Let a = limy_,« f(x) and M be a bound of |f]. Let e > 0
be arbitrary. Choose a C > 0 such that 2M < ¢/2C* and N, large enough such that
|f(x) —a| < ¢/2forall x > Ny. Next, choose N; > Ny such that 12E[X,,] > N, for
all n > Nj. Finally choose N, > N; with 8Mc(Xn)*/E[x,]* < €/2 for all n > N,.

We obtain for n > Nj:

ELf(X,)] - d
< f f(X,) - d] dPr

:f |f(Xn) — q dPr+f |f(Xy) — a| dPr
IXn—E[Xn]|21/2E[X,] |Xn—E[Xn]|<12E[X,]
As f is bounded by M and |X, — E[X,,]| < 1/2E[X,,] implies X, > /2E[X,] > Ny by

the choice of Nj, we continue:
1
< 2MPr(|Xn —E[X,] —[E[Xn]) +f If(X,) - al dPr
2 X,=No
By Chebyshev’s inequality and the choice of Ny:
2
<oy IS €
VaE(Xn)? 2
By the choice of N;:

<e.

Hence, we obtain lim,_, E[ f(X,,)] = a. -

Corollary 6.26. Let (a,),>0 a convergent sequence and (X,),>1 Ny-valued random
variables which satisfy conditions 1 to 3 of Lemma 6.25. Then

lim ar Pr(X, = k) = lim a,.

n—o0
k=0
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Proor. We define a function f: R — R by

a, ifx €[n,n+1)forsomen e N

f(X)={

0 otherwise.

As (an)n>0 converges, so does f for x — oo and the limits agree. Furthermore, also
by the convergence of (a,)n>¢, f is bounded. Thus we can apply Lemma 6.25 and
obtain

lim Z ap Pr(X, = k) = lim E[f(X,)] = lim f(x) = lim a,,
n—0oo kZO n—oo X—00 n—oo

where the first equality holds as the X, only attain values in Nj. -

We are now ready to prove the closure of recognizable series under iteration.

Lemma 6.27. Let EO + F be an expression which admits an automaton. There are
automata for E*F + E“ and for E® and E*F.

Proor. We show the “E*F + E“” case. The other cases are analogous. Let A =
(0,6, 1, X,R) be an automaton for EO + F.! There is a partition X = X, U
UFrent(En+F) Xgr such that Definition 6.20 holds. Let Xp = Upgerr(en) Xe. We
may assume p(Xg) < 1. Otherwise, ||E|| = 1 and ||F|| = 0 as all states in Xg are
sinks.

We construct an automaton A’ which simulates the automaton A until it can reach
a state from Xg. At this point, instead of entering X, the automaton accumulates
the acceptance probability of the computation so far, and resets the simulated
automaton to start a new computation. In order to define an acceptance condition
based on the number of computations, we mark states that start a new computation.
Moreover, whenever a new computation is started, we add a factor Wle) to account
for an arbitrary number of computations on the empty word.

For every g € Q let g be a new, marked state and for a set P C Q let P contain
all states p for p € P. We write q if both q and g can be used, i.e., r = ¢ stands for
r=gqorr=gq.Define A’ =(Q",¢, 1, X", R") by

Q" = Qp U Qp where Qg = Q \ X,

5/(5(1 @: 5(p’a’q) lfq:q
> 4, ZrEXE 5(1), a, i") 1_’5(3&_) lfa = q,

'We use X for the final states (exit states) to avoid the name clash
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#(q) o~ =
/@) = 1u<xE) ifg=q
otherwise,
X' =(X\Xp)UX\Xg,
R’ =R UR; where Ry = {RC Q' | Qo N R # 0}.

We show that A’ is an automaton for E*F + E®. Note that TT(E*F+E®) = { E*'F’ |
F e TT(F)} U {E”} and HT(E*F + E®) = { E*'F' | F/ € HT(F) }}.

Let P C Q be a set of states, R C Q' a measurable set of (finite or infinite) runs,
and n > 0. Then for all w € X°:

. (50 V'S Al | 5 sl
AR AP) ( e )Z L in. @)

Uy UpV=w

Let w = (Wj)icpos(w) € 2. We compute
— _\I=
Pry((000Q;) PR)
Every run in (@Q; )"PR contains exactly n + 1 positions from Q, before entering R:

= > p({@d | {i1G €00 = {io.....in),

0=ig<ir<-<in<|w] qi, € P, ¢i,41- - €R})
We apply Proposition 2.20 to move the first i, positions out of Pry/:

= Z Z H (%)(1_[5 (qi- 1,wz,ql)) Prym(q;,R)

0_. . i< — —_ , ~ ql
—l()<11<"'<ln_|W| qo,...,qin,IEQ s qin EP

{ilgi=q; }={ios-..in}
Next, we insert the definition of §’:

_ .U(‘Io)
- Z Z Z 1— u(Xp)

0:i0<i1<...<i,1§|w| qijEQO’qij‘H quﬂ 1€Q0 q,neP

(j=0,...,n-1)
n ij—1
1(q;,) S
6(qi-1, wi, gi) 5(qi -1, Wiy 1) ———— ln+1 (@, R)
J=1 [(i_lij_lL'l rEEX:E ' ! 1- .U(XE) qln
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The sums over g, . - -, qi;,,—1 for j =0,...,n—1are independent from each other.
Thus, we can apply distributivity and move the sums into the product over the j’s:

n

Z l_l % Z Il(CIi,-fl) l_j[ 6(gi-1, Wi, qi)

0=ig<iy<--<ip<|w| j=1 q,-j_l,...,q,-j,leQO i=ij_1+l
q9i;€XE
(@)Pry™ (aR)
(X ) Hg)rr q
—H qeP

Zu(q) Pry, (qR).

q€eP

D 1 IAXE]ell () |
Uy Up V=W =1 1_/J(XVE) /l(X )

Uy,...,Uup €27, 0eX®

This shows (6.3). Next, we apply (6.3) to the case where R is the set of all final states.
Let Y C Qg be a set of states,let Y = Y U Y. We show

IATYJell = IEIFIIA[Y Tell. (6.4)
Let w € X*. We obtain
A’ [Y Tell(w)
= Pr},(Q™Y) + Pr’y(Q™*Y)

We apply (6.3) twice: to the first summand with R = QjY and to the second
summand with R = {¢}:

= 7 IAXETell@) | v p@)
) ; u1~~;:w (jl 1 - p(Xg) )quQ 1(XE) A'( QY)
uy,....up €%, vex*

|A[XE]ll (u;) 1(q)

* Pr%, (q)

2 0 ( )| T P
uy,....un€X*, vex”

Using the series expansion of 1/1-u(xz) and that §” and § agree on runs only containing
states from Q, we obtain:

= Z Z Z (ﬁ p(Xg)i ||A[XE]F|(ui)) p(Xg) Pri(Q;Y)

n>0 ul...un‘U:W+fo’”_,gneN0 j:1
Uly...,Up,VEX

" Z Z Z (ﬁ /l(XE)gjl”A[XE]F”(ui)) p(Xe)™ p(Y)

n>0 Ur-uUn=w ¢, ... ,eNy\ j=1
Ui,... EZ
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Any sequence vy, . . . , v, of words can be bijectively mapped to a sequence u, . . ., uk
of non-empty words and a sequence ¢y, . . ., {, of non-negative integers counting
the empty words between the non-empty ones. Moreover, we can rewrite the
second sum by replacing p(Y) with Pri(Y) = p(Y) 1) (v):

n>0 Ur-upU=w \ j=1
Ut,y..., Up, VEXL®

=5y (ﬁ||A[XE]F||<ui>)(Prz(QaY)+Prz<Y))

= (IEIF ALY Tel(w) -

This shows (6.4). Let E*F’ € HT(E*F + E”). By the above computation we
obtain ||A’[Z;]F|| = ||E*F’||. Thus, A’ satisfies Definition 6.20 (2). By definition
of &, if ¢ € Qp is a sink state in A so is ¢ and g in A’. Hence, the partition
X' =X, U U FIETT(F)X\F// satisfies Definition 6.20 (3).

Next, we show Definition 6.20 (1). First, consider an infinite word w € X“. Note
that the set of runs p with inf(p) € R and the set of runs p’ with inf(p’) € R are
disjoint. Thus [|All(w) = [IA[R]z[I(w) + [IA[R1]r|I(w). We compute ||A[R1]z [l(w):

IA[R1]RII(w) = Pri({qoq: - - - | ¢i = q; for infinitely many i})

As Qg‘@ is prefix-free, we have ﬂnzl(Qg@)"Q"" ={p e Q| inf(p) N @ +0}.

By the continuity of measures we conclude:
. w ~ «\"= ({0
= nh_{lgo Pry ((QOQO) Qo0 )
We apply (6.3) with P = Qy and R = Q"°:

. ||A[XE]F||(ui).

e U A P (©3)

Next, we derive that [|E||* is equal to the expression (6.5).

IEN°(w) = lim > [ JIEN@)
1

Uy Up =W i=
Ut,...,Un€XF, vEXY

n
= lim > | [nena)
n—oo
k=0 U UpU=w i=1

Uy,...,up€X%, vEX?
Hilui#e Y=k
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There are n over k combinations to choose k non-empty words from n possible

words:
k
nlggoz D (Z)(nEn(e))”"‘]—[nEu(ui)
i=1

Uy U V=w
u U EXT, VEXD?
; K EN ()
= lim Z ]—[ l ( )(IIEII(e))" “a - EN))F
nme k=0 Uy Up V=w i=1 1- ||E||( )

Ug,.. U €X1, 0EX?

= ak
(6.6)
Now, we analyse the parenthesised expression ax and show that a; converges for
k — oco. By assumption we have ||E|| = [|[A[XE]r||. As every state in X is a sink
IENI(w)

state, ||E|| is prefix summable. Thus, so is the series S given by S(w) = -TEI®

for w # € and S(e) = 0. We can write a; = (S* - 1)(w). By Lemma 6.7 S* - 1 is
bounded by 1. Since series concatenation is monotonic, we obtain a; = (S¥-1)(w) >
(S5-(S-1))(w) = (S**1-1)(w) = ag41 > 0. Hence, the sequence (aj)iso is monotonic
and bounded, and thus convergent. Therefore, we can apply Corollary 6.26, where
every X, is distributed as a binomial distribution with parameters n and 1 — ||E||(¢),
ie., E[X,] = n(1- |Ell(¢)) and 0(X,) = v/t = IENEDIEN(@). As [IEll(e) < 1 by
assumption, this choice of the X, satisfies the requirements of Corollary 6.26. We
obtain

n
. | El(u;)
(6.6) = lim B 6.7)
= ZW Dl—uEn(s)
Up,... ,Up€XF, veX?

Since ||E|| = ||A[XE]r|| by assumption, we have that (6.5) and (6.7) equal to each
other, and so ||E?||(w) = ||A[R4]ell(w).
We show [|A[RIr|I(w) = Xperr(r)llE*Fll(w). Note that any run p € Q" with
inf(p) € R can only contain finitely many states from Q,. Therefore
IA[R]zll(w) = Pry({p € Q" | inf(p) € R})
= Pry ((@QS)*@R) where R={p € Qf | inf(p) e R}

Since (@QS)*@R = U,,ZO(QQS)”@R and the sets (@Qé)”@R are pairwise dis-
joint for different values of n, we conclude

= > Pry((Qo0:)"QoR)

n>0
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By (6.3) we obtain:
_ A E]Fl () 1(q) v
2, ( 1 u(Xp) ) 24 =) P

n>0 U UpU=w i=1 q€0o
Up,....Up€X7, 0EX?

As A and A’ agree on runs from Q’, X only contain sink states, and R = QyR:

B 1 EN(u) 1 o

n>0 i=1
Up,...,.Up€X7T, vEX?

As before we move from sum over non-empty words, to the sum over all words by
expanding the geometric series:

:Z Z (l:[HEH(u,-)) Z IF’||(v)

n>0 U Up U=w F'eTT(F)
Ut,...,Up€X", vEXY

= > IEFIw).
F’eTT(F)

Now, assume w € X* is a finite word. By (6.4) we have

HALG eI (w) = (EI - ARG = > (IEIIF 1) (w)

F’eTT(F)
= > IHIw).

HEeTT(E*F)

This completes the proof. We have shown that A’ is an automaton for E*F + E®.
The cases E*F and E are completely analogous: in the first case omit all repeated
states in A’, and in the second state omit all final states and include only R; as
repeated states. -

Corollary 6.28. Let E be a PRE. Then, there is an automaton for E.

Proor. By Lemmas 6.21 to 6.24 and 6.27 the set of all expressions E, which admit
an automaton for E, satisfies the closure conditions of Definition 6.12. Therefore,
this set already contains all probabilistic regular expressions. -

6.5 From Automata to Expressions

In this section, we show that there is an equivalent probabilistic regular expression
for every probabilistic Muller-automaton. In contrast to [BGMZ12], where this step
of the proof resembles Kleene’s classical proof, we use a different construction in
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6.5 From Automata to Expressions

order to capture the Muller-acceptance condition. The main tool in our proof are
prefix-free sets of runs. These allow us to uniquely decompose runs which arise
from concatenation or iteration of prefix-free sets of runs.

6.5.1 Prefix-free sets of runs
The following definition is folklore, but repeated here for completeness.
Definition 6.29. Let Q be an alphabet and L € Q™.

1. The set of all prefixes of L is defined by

Pre(L) ={u € Q" | Jve Q" : uv € L}.

2. The set L is prefix-free if for every w € L we have

Pre{w}) N L = {w}.

Concatenation and iteration of prefix-free languages removes the ambiguity from
these operations and yields unique decompositions.

Proposition 6.30. Let L C Q* be prefix-free and K C Q* with L*K N K = (). Then
1. If w € LQ™, then w = uv for unique u € L and v € Q.

2. Ifwe LK, thenw = u - - - u,v for unique an > 0 and uy, ...,u, € L,v € K.

Proor. 1. Assume uv = u'v’ with u,u’ € Land v,v" € Q%. if |u| < |'|, then u is a
strict prefix of «’. This contradicts the prefix-freeness of L. Analogously, |u| > |u'| is
not possible. Thus, u = v’ and v = v’.

2. Consider words u; - - - u,v = u; - - - uy, v’ with u;,u} € L and v, 0" € K. Assume
ani < min(n, m) with u; # u;. Let i be minimal with this property. Thus, u; - - - u,v =
u;---upv € LO*. By 1. we have u; = u]. A contradiction. Hence, u; = u; for all

i < min(n,m). Next, assume n < m, ie,v = u - -u,v’ € KN L*K. This
contradicts the assumption L*K N K = (. Therefore, m = nand so v = v'. -

Lemma 6.31. Let L C Q" be prefix-free. Then L” = ("),¢ L"Q“.

Proor. The direction “C” is clear. Let w € L"Q® for alln > 0. For any n > 0

there are words wi"), ey wﬁ") € Land o™ € Q° with w = wﬁ") e wfl")v(”). Let
0 <n < m Wehave w = wi")~--wfln)v(”) = wim)---wﬁlm)(wf;ﬂ---wﬁnm)v(’”)).

Hence, by Proposition 6.30, we obtain w?") = wl(m) for all 1 < i < n. Thus, the word

m, @

W, W, equals w and we have w € L®. -
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Chapter 6 Probabilistic Regular Expressions on Words

Note that LY = (),5¢ L"Q® does not hold for general languages L. Consider
Q = {a, b} and the sequence (w;);>¢ of words defined by wy = a and w,4; = w''b
forn > 0,ie., w; = ab, w, = ababb and so on. As wj, is a strict prefix of w;4;, there
is a word w € Q® such that every w, is a prefix of w. Let L = {w, | n > 0}. Clearly,
w € L"Q® for every n > 0, but w ¢ L.

Using the results of Proposition 6.30, we can decompose the probability of
concatenation and iteration of prefix-free sets of runs.

Lemma 6.32. Let A = (Q, 6, u, F, R) be a probabilistic Muller-automaton, g € Q,
L C Q" such that Lq is prefix-free, and K € Q*. Then

1. Pra(LgK) = Pra(Lq) - Pra (gK),
2. If (Lq)*"K N K = 0 then Pry (q(Lg)'K) = (PrAq(qu))* - Pry, (gK),

3. Pra, (q(Lg)°) = (Pra,(qlg))",

where A; = (Q, 9,14, F,R) forall g € Q.

Proor. 1. Let w = wy - - - w, € LgK. By Proposition 6.30 there is a unique k > 1
such that wy - - - wi € Lg and wg, - - - w, € K. Thus, the sets (LgN Q™)K are pairwise
disjoint. We conclude

Pry(LgK) = ) Pri((Lg N Q"K)

n>1

- Z Prxl'“w"‘l(Lq Nno™ PrX;'"' gK)

n>1

= (Pra(Lq) - Pr 4,(gK ))(w).

2. Again, by Proposition 6.30, the sets (Lg)"K are pairwise disjoint. Hence

Pr (q(Lq)'K) = > Pry (q(Lg)"K) = »_((Pra,(qLg))" - Pra, .(gK))(w)

n>0 n>0

= (Pra,(qLg))"(w)

3. We apply the result from 1. and the definition of infinity iteration. Thus

Pry (q(Lq)”) = lim Pry (q(Lq)"Q”) = lim ((Pra,(qLg))" - Pra,(gQ“))(w)

lim ((Pra(qLq))” - 1)(w) = (Pra(qLg))”(w). .
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In order to obtain an inductive proof, based on the number of visited states, we
next show how the Kleene-iteration and w-iteration of a set can be decomposed into
iterations of smaller, prefix-free sets. This lemma will be the major ingredient for
the construction of an equivalent probabilistic regular expression for a probabilistic
Muller-automaton.

For any two sets of states F, X C Q let

RY ={p e X?| inf(p) = F}.

Lemma 6.33. Let Q be a finite, non-empty set,  # X C Q a subset of Q, and
X ={x1,..., %y} an enumeration of X. Furthermore, let 0 # F C X. We define the
following sets Cy for 0 < k < m:

X X5xy - - 'xk—1XZxk ifk>0
Cr = )
{¢} ifk =0,

where X; = X \ {x;}. The following equalities hold:

X* = U (Cn)" - Cry - X, (6.8)
k=1

RY =) (@) Cia - R, (6.9)
k=1

RY = (Cm)”, (6.10)

Moreover, the unions in the first and second equation are over pairwise disjoint
sets.

Proor. We show the (6.8). As x; € X and X; C X, the direction “2” is clear. Let
¢: N — {1,...,m} map a positive integer n to the positive remainder when divided
by m, i.e., we have n = a - m + ¢(n) for some a > 0 and all n > 0.

Let w € X*. We inductively define a sequence (n;);>o of non-negative integers
by ny = 0 and

n; = min({k € pos(w) | k > ni_y, wg = x¢(,~)} U {oo})
for all i > 0. Note that n;.; > n; if n; < co. Let N = min{i | n; = oo} and define
forall1 <i< N,

Ui = Wp 417" Wy

L

UN = Wny_+1° " " W)
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Chapter 6 Probabilistic Regular Expressions on Words

We have w = u; - - - un, and for i < N it holds that
X;(i)x(;,(,-) and un € X;(N).

Thus, for every j > 0 of m we have w1 Umjrm € Cfn(. Let N = a-m+ b with
1< b <manda > 0. We obtain
a—1
W=, uy = l_[ Umjst = Umjam | (Umast = Umas(b-1)) Uma-b-
j=0
Thus, w € (Cm) C¢(N) 1 ng(N)

We show that sets of the form (C,,)*Ck_1Lk, where Ly C X;°, are pairwise disjoint
for different values of k. Let k,k” € {1,...,m} and assume w € (Cp,)"Cr_1Lr N
(Cn)*CrraLpr. Let w = uy -~ upvz = up - - w0’z with uy, .., up,ug, ..., u), € Cp,
VECr 1,V €Crr_y,2€ Ly, and 2’ € Ly.

Assume n < n’. Hence, vz = u) - u, ,0'z. Asu) , € Cp, it contains a prefix p
inCy = Ck_lexk, ie., p = pipoxi with p; € Cr_; and p;, € XZ. By Proposition 6.30
we have p; = v. Thus, p,xy is a prefix of z. But z does not contain the symbol xj, so
paxk cannot be a prefix of z. A contradiction. Analogously n > n’ is not possible.
Thus n = n’ and u; = u; for all 1 < i < n as Gy, is prefix-free by Proposition 6.30.
Hence, vz = v'Z’. If k < k’ then vz would have a prefix in Cy/, which results in a
contradiction as before. Similarly, k > k’ is not possible. Therefore, k = k’. This
shows that the unions in (6.9) and (6.10) are unions of pairwise disjoint sets.

Next, we consider an infinite word w € X and show (6.9) and (6.10). In both
cases the direction “2” is clear. We will use the sequence (n;);>¢ as defined above.
We show (6.9). Let w € R)F( with F C X. Thus, there is a x € X which occurs only
finitely often in w. Hence, we have n; = oo for some i > 0. Let N be the minimal
index i with n; = co. We define words u; as in the previous case. As w is infinite, we

have uy € X% ... Furthermore, inf(uy) = inf(w) = F. Thus uy € R;%(N). As before,

$(N)’
we obtain w € (Cm)*C¢(N)_1R)F<¢(N).

We show (6.10). Let w € R§. As every x; € X occurs infinitely often in w, we
have n; < oo for all i > 0. Using the words u; from the previous two cases, we have
ui € Xyiyxgay foralli > Tand w = wyuz - -+ = [1jo0(Wjme1 "+ Ujm+m) € (Cfn()“’. -

6.5.2 Constructing an Expression for an Automaton

The next lemma is an extension of the syntax rule Definition 6.12 (5), which allows
an additional test for the empty word.

Lemma 6.34. If ¢+ EO + F is a PRE, then there are expressions E*, E*, and E® such
that E* = E*, E* = E*, E® = E°, and ¢ + E* + E® + E*F is also an expression.
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6.5 From Automata to Expressions
Proor. By Definition 6.12 (5), we have that E* + E*F + E® is an expression. We
substitute this expression in ¢ + EO + F using Lemma 6.18 and obtain that
e+ E(E*+E'F+E”)+F=¢+EE" + (EE" + ¢)F + EE®

is a probabilistic regular expression. Setting E* = EE* E* = ¢ + EE*, and E® = EE°
completes the proof. -

Lemma 6.35. Let A be a probabilistic Muller-automaton. There is a complete PRE
E with ||All = | EI|.

Proor. Let A = (Q,8, 4, F,R). Given a set X C Q and a state p € Q such that
either p € X or X = (0, we construct expressions Ei,( of the following form:

By =e+ Z EpqB + Z Epqt Z Ep inf=p> (6.11)
qeQ\X qeX 0#RCX
where the subexpressions Eif g and E:;f,inf:R have the following semantics
X *
||Ep,q” = Pra, (pX"q), (6.12)
”E;)f,inf:R” = PrAp({P € X | inf(p) = R}). (6.13)

We use induction on |X|. For X = (), we have IIEg’qII = || aex 0(p, a, q) al|. We con-

struct an expression Eg using Definition 6.12 (1) to Definition 6.12 (3), distributivity,
and associativity:

E2:€+Z(Za5(p,a,q))|:|:£+2a Zé(p,a,q)l:l .

qeQ \aeX aeX  \q€Q

Assume X # 0 and let p € X. Fix an enumeration {xj, ..., xp} with x,, = p of X
and let X; = X \ {x;}. Furthermore, let xy = x,,. By induction hypothesis, there are
expressions

Xiv1 _ Xi+1 Xi+1 Xi+1 Xi+1
Ex" =e+E[S,, O+ E E. 4O+ E Eeq+ E Exl_’mf:R,
qEQ\X qGXi+1 (Z)iRQXHl

for every i = 0,...,m — 1. We show that for every k = 0, ..., m — 1, the following
expression E; is a probabilistic regular expression:

k k-1
; ; X
E;( =e+CrpyOo+ Z Z CiEfé‘;;D + Z Z Cl-Effi’;; + Z CkEx,f;;

qeQ\X i=0 qeX i=0 q€Xk 41
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Chapter 6 Probabilistic Regular Expressions on Words

Xk+1
* 2, Gl
0#RCX i€f0,....k—1}
xi+1¢R

X X; . .
where we set C; = ExOl,xlExl,xZ -+ Byl for i > 0, and Cy as the empty expression.

Fork = 0, E, equals to ExO x- Assume that E; is a probabilistic regular expression for

k < m — 1, we show that the same holds for E,’C .- Using Lemma 6.18, we substitute
the O after Cy; in E; by E Xirz

.. resulting in the following expression:

E'" = ¢+ Crq g+Ex:jka+z|:|+ Z Ef:jﬁqm+ Z ez Z EXke2

Xk+1,9 Xg41,inf=R
qu\X q€Xk+2 0#RC X4z
k
+ 3 Sty 3 e+ 3 ant
qeQ\X i=0 qeX i=0 q€Xf11

Xk+1
* 2 2L GEe
0+RCX i€f0,....k—1}
xi+1¢R

Using associativity, commutativity, and distributivity, we obtain

— k k i
=+ CkHEffkfxml:l + Z Ck+1EffkijD + Z Ci Ex 0

4E0\X
Xk Xk
+> Z CExg + D CeExia +Coa+ Y CenErf?,
qeX i=0 q€Xk 11 q€Xk 42

—quQ Zl =0 Ci Ex,Hc—Il

Xk+1 XH—l
+ ) GElt ) )L GEley
0+RCX if0,....k—1} 0+RCX i=k+1
xi+1¢R xi+1€R

This expression is equal to E . Hence, we obtain that E} is a probabilistic regular
expression for all k = m — 1. In particular, the expression E; _, is of the
following form:

m—1
Xi X
E, _ =¢e+CpO+ Z Z CiEy g0+ Z Z C; Exll;; + Z Cm—1Exl
qeQ\X i=0 qeX i=0 q€Xm
Xm-1
T Z Y™x;,inf=R’
0+RCX iefo,...,m—2}
Xi+1¢R
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Next, we apply Lemma 6.34 iterating C,, and obtain the following expression E"’:

E"=¢+Cl + Z ZC*CE ’*1D+Z§C*CEXI’51

qeO\X i= geX i=0

+ Zc* CrntEam o+ Z Z CrCEY T o+ Co,

q€Xm 0#RcX i=0
Xi+1€R

where we used the expressions E,:,’l, 5;;;, C~3’1 from Lemma 6.34 without the tilde to
increase the readability of the formula.

We define the expressions Effo 7 Ex inf=R’
subset 0 # R € X by

and Efo inf=x for every state g € Q and
ox | D CGE if g # xn
X0,9 Z:noz C* C E l+1 + C+ ifq = Xpm,

m—1
Exo inf=R — Z C Ci Ex l:rllf R’
xil+1gR
X —

Exo,insz - Cfari
Thus, by using commutativity and associativity, we obtain that E”” is in the form of
(6.11).

We still need to show that just defined expressions satisfy the semantics properties
(6.12) and (6.13). We first show (6.12): since C;;, = C;;,Cy,— \EXm we can assume

that Effqu =yt C;}CiE “forallge Q. Letq € Q.

)

Xm-1Xm?>

m—1

[= 2. (s

i=0

By induction hypothesis, we obtain

.

il

Xm-1-Xm

[l

X0,9 X0,X1

m—1

= > (Pra, (ooXxn) - Pra,  (om1Xm))
i=0
“Pra, (xoXix1) - Pra, (xi-1X;x:) Pra, (x:Xi1q)

By Lemma 6.32 we move concatenation and iteration in the probability measure
m—1

= Z (PrAx0 (20X x1 -+ xm_lX;;xm))* Pra, (x0 X x1 -+ x:X}11q)
i=0
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m—
;Z A (00 0G01X5 - X yxm) Xy 21X - X7 XX 1)

m-—

Finally, we apply (6 8) from Lemma 6.33 to obtain
= Pra, (xX"q).

The requirements of Lemma 6.32 in the two equalities * are satisfied: Let C; =
X{x1 -+ 21X x;. We show C.CiX:7, N CX1+1 = forevery 0 <i < m—1. Assume
w e CrCiX:,, NCXY, ie, w = uixqupXy -+ - UpXmv and w = ujx; - - - ulx;0” for
uj,u; € X', veQ,andv € Xl."jl. By Proposition 6.30 we have u; = u] for i < i.
Thus, u;41xi41 - - - Upxv = o', This is a contradiction, as x;.; occurs on the left side
of the equation, but not on the right side. Therefore, C;C; X7y NCiXY, = 0. Hence,
CrKNK =0andsoC;KqgnNKqg=0forall K C C;X{}, and q € Q. Therefore, we
can apply Lemma 6.32 and we obtain (6.12).

For (6.13) first consider the case R # X. The calculation is essentially the same as

in the previous case.

m=1

“Efo,inf:R” = Z(PrAx0 (xoxl*xl) T PrAka1 (xm—lx;;,xm))
i=0
“Pra, (xoXix1) - Pra, (xi1X;x;)

Pea, ({p € X2, | inflp) = R)
As before, we apply Lemma 6.32:

m—1

- ZPrA (x0CCilp € X2, | inf(p) = R})

By Lemma 6.33 we obtam
= PrAxO({p € X“ | inf(p) = R}).

Finally, consider the case R = X. We defined EX - inf=X = (Cn)”. By Lemma 6.32 we

know ||Col| = (PrAxO (xoCm)) = Pra, (x0C};) = Pra, (Cp). Using Lemma 6.33 we
obtain C2 = {p € X? | inf(p) = X }. This completes the proof of (6.13).

Therefore, we obtain that Eg =&+ Xge0Ep Q g T 202RcO EQ r 1s a probabilistic
regular expression. Using Lemma 6.18, we restrlct this expressmn to the valid

summands:
EP:ﬂF(p)£+Z Z p,inf=R"

qeF ReR
By (6.12) and (6.13) we obtain

1A = > (@) IEq .
q€Q
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6.5 From Automata to Expressions
This completes the proof, as E = },c( p(q) Eq is the desired probabilistic regular
expression with ||A|| = ||E||. -

Using the results of Sections 6.4 and 6.5 we have now shown the following
theorem:

Theorem 6.36. Let S: X — [0,1] be a function. The following statements are
equivalent:

1. S = ||A|| for a probabilistic Muller-automaton A.
2. S = ||E|| for a probabilistic regular expression E.

Moreover, the translations between probabilistic Muller-automata and probabilistic
regular expressions are effective.
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Chapter 7

Probabilistic Regular Expressions
on Finite Trees

We will extend the notion of probabilistic regular expressions, which we developed
for words in the last chapter, to finite ranked trees in this chapter.

This chapter is structured as the last chapter: in Section 7.1 we recall the notion
of regular tree expressions for classical tree languages. Afterwards, in Section 7.2,
we introduce probabilistic versions of the classical regular operations. Using these
definitions we define probabilistic regular tree expressions in Section 7.3. Finally,
we use Sections 7.4 and 7.5 to show the expressive equivalence of probabilistic
regular tree expressions and probabilistic tree automata.

The results of this chapter have been published in [W15].

7.1 Regular Tree Expressions

Before we define probabilistic regular tree expressions, we recall the notion of
regular tree expressions. Regular tree expressions play the same role to recognizable
tree languages as regular expressions play to recognizable word languages. In
contrast to regular expressions on words, regular tree expressions make use of an
additional finite set of variables. This is necessary to mark the leaf nodes in a tree
at which substitutions can occur. In the word case, concatenation always appends
to every word in a language. Let V be a finite set of variables, we write Tx(V) for
all trees over the rank alphabet X', where X, = X, forn > 1and X = X, UV, i.e,,
Ts(V) = Ta2'".

Definition 7.1. Let L,K C Tx(V), t € Tx(V) and z € V. We make the following
definitions:

1. The tree concatenationt -, K C Tx(V) of a tree t € Tx(V) and a tree language
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K € Tx(V) is given inductively by
if
0K = {a} ?aiz
K ifa=z
f(tl,...,tn)-zK:{f(sl,...,s,,)|sieti-ZKforlsiSn},
forallae YpuVandt = f(ty,...,t,) withn > 1.

2. The tree concatenation L -, K C Tx(V) of two tree languages L, K C Tx(V) is

L-ZK:Ut~ZK.

3. The Kleene iteration L'* C Tx(V) of a tree language L C Tx(V) is defined by

L* = U L"™* where L%*={z} and L"™ =L, L"*UL".

n>0

Definition 7.2. The set of all regular tree expressions RTE is given in BNF by
Ex=0|z|f(E,...,E)|EVE|E-,E| E*.
N’
arity(f)-times

The language L(E) of a regular tree expression E is the tree language inductively

defined by

L(0) =0

L(z) ={z}

L(f(Es, ..., En) = {f(s1,--.,50) | 5i € L(E;) for 1 < i < n}
L(E; U E) = L(E;) U L(E2)

L(E; -, E2) = L(Ey) -, L(E)

L(E™) =L(E)*.

A tree language L is called regular or rational if there is a regular tree expression E
over some set of variables with L(E) = L.

Example 7.3. Let X = {f, a, b}, where f is a binary symbol and a, b are leaf symbols.
Consider the following expression E:

E=((fly.2)Uf(z.y)” ya) - ((fz.2))" . (aub)).
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We claim that L(E) contains all trees with at least one a labelled node. This can be
seen as follows: the expression (f(y,z) U f(z, y))*y generates all trees of the form
91(g2(- - - gn(y) - - - )) where g;(t) is either f(t, z) or f(z, t). So, intuitively, it generates
one path to a leaf node by making left/right choices. Afterwards, the single y leaf is
replaced by an a. Finally, the remaining labels z are substituted by arbitrary trees,
as L((f(z, z))*Z 2 (@Ub)) =Ts.

The following result is the analogon of Kleene’s theorem for finite ranked trees
is due to Thatcher and Wright [TW68].

Theorem 7.4. Let X be a rank alphabet and L C Ty. The following statements are
equivalent:

1. L = L(A) for a tree automaton A.

2. L = L(E) for a regular tree expression E.

7.2 Probabilistic Operations on Tree Series

In this section, we introduce probabilistic tree concatenation, which is defined as
weighted tree concatenation introduced by Droste, Pech and Vogler [DPV05], but
restricted to so-called substitution summable tree series. Afterwards, we give a new
iteration operation, the infinity-iteration, which will replace Kleene-iteration in
probabilistic regular tree expressions.

We call any function S: Tx(V) — [0,1] a probabilistic tree series or just a tree
series. In order to ease the notation in the rest of the chapter, we introduce the
substitution order. Intuitively, s <y t holds if s can be obtained from ¢ by removing
some subtrees of t and inserting elements from W C V in their place.

Definition 7.5. Let W C V. We define the substitution order <y on Tx(V') by
s dy t &= pos(s) € pos(t) and s(x) = t(x) for all x € pos(s) \ posy,(s).

Let z € V. For convenience, we write <, instead of iz}

The following restriction will ensure the well-definedness of probabilistic tree
concatenation and infinity iteration. We say a tree series S is substitution summable,
if, intuitively, it is for all trees ¢ (at most) a distribution on the trees s which can be
extended to t by substituting any variable from V.
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Figure 7.1: Situation in proof of Lemma 7.8

Definition 7.6. A tree series S is called substitution summable if

Z SGs) < 1,

syt

forall t € Tx(V).

We define probabilistic tree concatenation using the same expression as weighted
tree concatenation over the semiring of non-negative real numbers, but restrict the
operands to substitution summable tree series.

Definition 7.7. Let S be a substitution summable tree series and T be a tree series.
We define the tree concatenation S -, T of S and T by

CROESIEON [l EAP! (71)

s<d,t X€pos,(s)

Next, we show that our definition is sound, i.e., the tree series S-, T is well-defined
and that -, preserves substitution summability.

Lemma 7.8. Let S and T be tree series and S be substitution summable. The
following statements hold:

1. S, T is again a probabilistic tree series, i.e., it only attains values in [0, 1].

2. If T is also substitution summable, sois S -, T.

Proor. 1. As S and T only map to positive values, it is clear, that (S -, T)(¢) > 0 for
all t € T(V). Consider an arbitrary tree . We obtain

S=T6)=>.86) || Tt <Y Sy < > 86s) <1,

st xposz(s) s, t syt
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Thus, S -, T is a probabilistic tree series.
2. Now, assume that T is substitution summable. Let t € Tx(V). We have

2,610 = ) > 50 || TGh. (7.2)

syt syt rd,s xepos,(r)

In order to use the assumptions on S and T we apply the following index transform-
ation to the double sum: let X = {(r,s) [ r <, s Iy t}and Y = {(r, (sx)xepos,(r)) |
r Qy t, s, dy tlyforallx € pos,(r)}. We show that the mapping g: X —
Y given by g(r,s) = (7, (slx)xepos, () is bijective. Let (r, (sx)xepos.(r) € Y. We
construct a tree s by replacing in r every occurrence x of z by s,. More form-
ally s = r[x « sx]xeposz(r). Clearly, we have r <, s. Moreover, we obtain
pos(s) = pos(r) U Uxepos, (r) X POs(sx) € pos(t), as pos(r) € pos(t) and x pos(sx) C
x pos(t|y) € pos(t). In the same way, we obtain that s and t agree on pos(s) \ posy(s)
asr Jy t and s, <y t|y. Thus, g is surjective.

Next, assume ¢(r, s) = g(r’, s’) for some (r,s), (', s") € X. By definition of g we
get r = r’. Let x € pos(s) N pos(s’). If x € pos(r) \ pos,(r), then s(x) = r(x) =
r'(x) = s'(x),asr 4, sand r’ <, s". Assume x € (pos(s) \ pos(r)) U pos,(r). Let
x’ < x maximal with x” € pos(r). Then r(x") = z, since either x" = x € pos,(r) or
x € pos(s) \ pos(r) and x” is labelled by a leaf symbol in r but not in s. Moreover, r
and s are only allowed to differ on pos,(r). Let x = x’x”. We obtain s(x) = s,/(x”) =
s.(x”) = s'(x). So, s and s’ coincide on pos(s) N pos(s’). As we are dealing with
ranked trees, this implies s = s". Therefore, g is bijective.

We continue (7.2):

D= 80 [] Tek=> > s || TG

syt syt rd,s xepos,(r) ravt sdytly x€pos,(r)
(xepos,(r))
=350 [ D) T Y st
rdyt X€POs, (1) sxJyt|x rdyt
This shows that S -, T is substitution summable. -

As probabilistic tree concatenation is just weighted tree concatenation restricted
to substitution summable tree series, associativity directly carries over.

Lemma 7.9. Let R,S,T: Tx(V) — [0,1] be probabilistic tree series and z € V.
Then
R'z(S'zT):(R'zS) 2 T.

This equality does not hold in general, if two distinct variables are used in the
products.
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Proor. Use distributivity and an index transformation similar to the one in the
proof of Lemma 7.8. For details, see [DPVO05]. -

We define the powers of a tree series S with respect to a variable z:
S =1y and S = gL S,

We will make use of the following representation of $™* which can be obtained
using distributivity:

n-1
(1) = > sen ] [] St
19ty Lty 1ty =t i=1 XEPOSZ(ti)

Next, we give the definition of infinity iteration. This will be the iteration
operation that we will use in probabilistic regular tree expressions. There is a
conceptional difference to standard Kleene-iteration: in Kleene-iteration, there is
a choice after substituting a variable by a tree to either continue the process and
substitute the variables in that tree or to stop. In infinity iteration this choice is
removed, variables have to be substituted for as long as possible.

Definition 7.10. Let S be a substitution summable tree series and z € V. We define
the infinity iteration S** of S by

S™%(t) = lim S™*(t),
for all trees t.

One advantage of using infinity iteration is that it works well with substitution
summable tree series: the infinity iteration of a substitution summable tree series
is always well-defined, bounded by 1, and is itself substitution summable.

Lemma 7.11. Let S be a substitution summable probabilistic tree series and z € V.
The following statements hold:

1. 5%% is well-defined, i.e., S®*(t) € [0,1] for all t € Tx(V).
2. 577 is again substitution summable.

3. 5%(t) = 0 if pos,(t) # 0 and S(z) < 1.
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7.2 Probabilistic Operations on Tree Series

Proor. If 5(z) = 1, then S = Ty, as S is substitution summable. Hence, 5% = §
is well-defined and substitution summable. We show statements 1 - 3 for the case
S(z) < 1. We start with statement 3, which is needed for the first statement.

3. We show that S**(t) = 0 if pos,(t) # 0. Note that, since pos,(t) # 0, we also
have pos,(s) # 0 for all s <, t. Let C/(¢) contain all n + 1-tuples (4, . . ., tn+1) of
trees with t; <, t;y; for all1 < i < n, and t,4; = t, such that there are exactly k
indices j € {1,...,n} with t; = £;,;. Using that (C}(¢));_, is a partition of all chains
of length n + 1 below t and that at least one substitution of z by itself has to occur
if t; = tj;; we obtain

s = Y so[] [] Stab<d Y sek

hz e Lptpa=t i=1 xepos,(t;) k=0 (t1,....ta+1)€CL ()

Hence, we need to find an upper bound for |C}'(¢)|. Let N(z) be the number of all
trees s with s <, t. Note that, by definition of CZ(t), there are n + 1 — k distinct trees
in every tuple in C}'(¢). Thus, C/(t) = 0if n+1—k > N(t),ie,k <n+1-N(t). The
mapping g: C2(t) > P({L,...,n} X {s|s <, t}) defined by g(ts, . .., tn) = {(i, 1) |
1 < i < n,t; # tj41} is injective and |g(ty, ..., t,41)] = n — k for every tuple
(t1, - - s tns1) € C(t). We can consider g(ty, . . . , t+1) as partial functionon {1, . . ., n}.
Moreover, g(t1, . . ., ty+1) is strictly monotonic. Therefore,

N(t) -1 N(t) -1
czol=locion = (," ) () = () (V)

The additional “—1” is used as we did not include t,+; = t in g(t1, . . ., tp41). Thus, we
obtain the following:

n-1 n
S™A(t) < Z|C,’j(t)| S(z)* = (Z) (Nrftz; 1) S(z)
k=0 k=0
_ Zn: (n) (N(t) - 1) S < S(z)mN® an (”) (N(t) - 1)
k=n+1-N(t) kj\ n—k k=n+1-N(t) kJ\ n—k
NO-1
< S(z)" - S NON()! Z (k)
k=0
=P(n)

The polynomial P(n) has degree N(t) independent of n. Thus, S™*(t) — 0 asn — oo
since S(z) < 1. Hence, S™%(t) = 0 as claimed.
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1. We consider the case pos,(t) = 0 and show S**(t) € [0, 1]. For this, we prove
the following monotonicity property S™*(t) < S™*%(¢t):

S™A(t) = Z S(tl)ﬁ 1_[ S(tivilx)

11y dptn=t i=1 prOSZ(ti)

As pos,(t) = 0 we just add an empty product in the next step:

n+1
_ > se ] [] Stk
< L bp g1 =ty o=t i=1 xepos,(t;)
n+1
< Z S(t) rl ]—[ S(tistle) = S"A(1).
9, Qptpi1dptne2=t i=1 xepos,(t;)

As S™*(t) < 1for every tree t by Lemma 7.8, the sequence (5™*(t)),>1 is monoton-
ically increasing and bounded. Thus, the sequence converges and the limit also
bounded by 1.

2. We show that S*% is substitution summable. Let t € Tx(V). We conclude

ooz _ . n,z T n,z
ZS (s)—znh_)rg)S (s)—nh_)n(}OZS (s) <1,
syt syt syt

where we could interchange sum and limit, as the sum has a finite index set.
Moreover, we have )4, 5S™*(s) < 1by Lemma 7.8. -

Instead of defining S*°# as limit of powers of S as in Definition 7.10, one can also
characterise S** as unique solution of an equation.

Lemma 7.12. Let z € V and S be a substitution summable tree series with S(z) < 1.
Then, S*# is the unique solution of the equation X = S -, X.

Proor. We first show, that 57 is a solution of X = S -, X. We have the following:
00z _ . n,z
(S8 = 56 [ lims™(th)
st X€pos,(s)
As the product and sum are finite, these can be interchanged with the limit:

lim > s6s) [ | 5™l

st X€pos,(s)

lim (S -, S™)(¢) = lim S™4(¢) = S4(¢).
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7.2 Probabilistic Operations on Tree Series

Thus, S*% is a solution of X = S -, X.

Next, we show that every solution is equal to $°*. Let T be any substitution
summable probabilistic tree series with T = S -, T. Thus, T = S™* -, T for every
n > 0. Taking n to the limit to infinity, we obtain:

T(t) = lim T(¢) = lim (5" - T)(1)

As before, we can interchange the limit with the finite sum:

= > (lmsw) [] T

X€pos,(s)

= >, 5%%s) | ] el

s, X€pos,(s)

By Lemma 7.11, we have S*(s) = 0 if pos,(s) # 0. Moreover, s <, t with s # t
implies pos,(s) # 0. Thus

_ {S‘X’Z(t) if pos,(t) = 0

0 otherwise
= ST4(1).
This completes the proof that S is the unique solution of X = S -, X. -

In [DPV05] another quantitative iteration for weighted tree series was proposed:
a weighted Kleene-iteration. We first restate their definition and then show how
weighted Kleene-iteration relates to probabilistic infinite-iteration. Though the
weighted definitions work with arbitrary semirings, we will only use the semiring
of the positive real numbers here. The product of arbitrary functions S, T: Tx(V) —

[0, c0) is also defined by the right side of (7.1).

Definition 7.13. Let S: Tx(V) — [0, c0) be any function with S(z) = 0. We define
functions ™ for n > 0 by

Syt =0 and SPE =S (SPF + 1),

where 0 is the null-function. Using these definitions, we set SEE() = S?eight(t)’F.

Intuitively, if a tree t does not contain the variable z, then the computation of
*F . . . . 5
S;” has to continue, i.e., the term Ty, is always zero, until no more z’s occur. Thus,

the value of S:F(¢) equals S™*(¢). This is the statement of the next lemma.
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Lemma 7.14. Let S be a substitution summable probabilistic tree series and z € V
with S(z) = 0. Then, S¥%(t) = SiF(¢) forall t € Tx(V \ {z}).

Proor. We show S™*(t) = SZ’F(t) forallt € Ts(V \ {z}). Lett € Tx(V \ {z}). For
n = 0, we have S%*(t) = Ty,;(t) = 0 = 0(¢) = SOF(1). Next, assume the statement
holds for n. We obtain

Sy = Y S6) [ ] (PRt + Tz (tho)

szt X€pos,(s)

By assumption, ¢ does not contain the label z. Thus, 1(,,(t|,) is always zero:

:ZS(s) ]—[ S (1)

st X€pos,(s)
— Sn+1,2(t)‘
In [DPV05] it was shown that S™ () = S?eight(t) ’F(t) for all n > height(t). Thus, we
conclude
$(t) = lim S™(t) = lim S™¥ () = ST V% (1) = 57F(v).
n—>oo n—>oo
This completes the proof. -

7.3 Syntax and Semantics of Probabilistic Regular
Tree Expressions

In this section, we define the syntax and semantics of probabilistic regular tree
expressions and give an example of these definitions at work.

Definition 7.15. The set PRTE of all probabilistic regular tree expressions is the
smallest set R satisfying the following properties:

1. 0 e R

2. ze RforeveryzeV

3. Yrex f(Eif), e ’E(aj:i)ty(f)) € R for all > C X and families of expressions

(ng))fez,iSarity(f) in R

4. pE+(1—-p)F e Rforall E,F € Rand p € [0,1]

5. E,FeRforallE,Fe RandzeV
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6. E°* e RforallE€eRandz eV

As in the word case, the restricted sums do not allow for the usual associativity,
commutativity, and distributivity laws to hold any longer. Thus, these are explicitly
added as additional identities to R:

7. E,(F-,G) =(E-,F)-,G, E+(F+G)=(E+F)+F,and pi(p:E) = (p1p2)E
8. E+F=F+E
9. (E+F),G=E-,G+F-,G, p(E+F) =pE+ pF, and (p; + p2)E = pE + poE

Recall that each identity states that an expression containing the left side of an
identity as a subexpression is in R if and only if the same expression, but with this
subexpression replaced by the right side of the identity, is in R and vice versa.

The semantics of a probabilistic regular tree expressions is defined using struc-
tural induction on the syntax tree:

101(r) = 0,
12l() = {1 o=z

0 otherwise,

illEill(@) iff=g

otherwise,

If (B ... EDII(E) = {0

IPEII(2) = plIEII(2),
IE + FlI(t) = [IEN(®) + |IFII(2),

IE -2 Fllt) = (IEN -2 IFI)(®),
IET#11(2) = IIEII™*(8),

forallt = g(ty,...,t,) € Tx(V) with n > 0.

The following lemma is a direct consequence of the results in the last section.

Lemma 7.16. Let E be a probabilistic regular tree expression. Then ||E|| is a well-
defined function ||E||: Tx(V) — [0, 1]. Moreover, ||E|| is substitution summable.

Proor. Let M contain all PRTEs which satisfy the statement of the lemma. Clearly,

the null-function and 1, are well-defined and substitution summable. Thus, 0 € M
and z € M.
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Assume Egg) € Mforallg € Yand i < arity(g) and E = } s g(El(q), e ,Efzgr)ity(g)).

Lett = f(t,...,t,). Hence, ||E|| = H?:rilty(f)llng)ll(ti) < 1by induction hypothesis.
We show that ||E|| is substitution summable:

arity(f) arity(f)
MUEI =lEN+ > [T 1E 160= [T e Ie) <1,
syt $id,t; i=1 i=1 st

(i=1,....,arity(f))

since ||E||(z) = 0 as only elements of X are included in the definition of E. Hence,
Ee M.

Finally, if E,F € M, we obtain E -, F € M by Lemma 7.8, and E** € M by
Lemma 7.11. Furthermore, application of the ACD rules does not change the se-
mantics and so, membership in M. Thus, M satisfies all closure properties of
Definition 7.15. Therefore, M = PRTE. -

At the end of this section, we give an example how probabilistic regular tree
expressions can be used to define probabilistic tree series.

Example 7.17. We come back to Example 7.3. The regular tree expression given
there is not a probabilistic regular tree expression for two reasons: first, it contains
the Kleene-iteration and not the infinity-iteration, and second, the sum f(y, z)+f(z, y)
is not allowed in PRTE. In fact, we will later see, that the characteristic function of
the language described by the expression given in Example 7.3 cannot be recognized
by a probabilistic top-down tree automaton.

In order to give a probabilistic variant of this expression, we replace this sum by
a probabilistic choice: let X = {f, a, b} we define the PRTE E by

ooz

E = (% fly,z) + %f(z, y) + a)ooy - (f(z, Z)+a+ b)

=E1 =E2

We obtained the expression /2 f(y, z) + 1/2f(z, y) + a using distributivity from the
expression /2(f(y, z) + a) + /2(f(z, y) + a), which in turn can be directly constructed
from the definition. The expression E; assigns the probability (1/2)" to all trees
of the form g1(g(- - - gn(a) - - - )) where either g;(t) = (¢, z) or g;(t) = f(z, t) for all
1 < i < n. For all trees t not of this form, we have ||E;||(t) = 0. The second part of
the expression, E,, assigns probability 1 to every tree in Ty.

Given an arbitrary tree t € Ty and a position x € pos(t) with t(x) = a, let s be
the tree obtained from t replacing all subtrees which are not on the direct path
to x by z’s. Thus, we have ||E||(s) = (1/2)|x|. Conversely, every tree s <, t with
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[IE1]|(s) > 0 uniquely identifies a position x with #(x) = a. Therefore, we obtain

HEN® = D HENG) [ | HENCE) = Y IENG) = ) (%)

sd,t X€pos,(s) s<,t xepos,(t)

Il

7.4 From Expressions to Automata

In the next two sections, we show the expressive equivalence of probabilistic
regular tree expressions and probabilistic tree automata. In this section, we give an
inductive construction of a tree automaton for a given expression. In Section 6.5
we show the converse direction.

As shown in Lemma 7.16, every function ||E|| for a given expression E is substi-
tution summable. In the following definition, we give a syntactic restriction on a
tree automaton A which ensures that ||A|| is also substitution summable.

Definition 7.18. Let A = (Q, J, y, F) be a probabilistic tree automaton over Tx(V).
ForW c VUZXylet Fy = {q € Q| (g,a) € Fforsomea € W} We say A is
substitution summable if the |V| + 1 sets Fx,, Fi; (z € V) are pairwise disjoint and
the set Fy contains only sink states.

We will use the notation Fyy throughout this chapter. For single variables z € V,
we write F, for Fy;.

Lemma 7.19. Let A be a substitution summable probabilistic tree automaton. Then
[|A]|] is also substitution summable.

Proor. Let A = (Q, d, u, F) and the sets Fyy as in Definition 7.18. Instead of showing
the actual statement } ;4 ,[|All(t) < 1forall t € Tx(V), we prove a slightly stronger
statement: let 54(¢) be defined as below Definition 2.25. We show }4,; §4(s) < 1
forall ¢ € Q and t € Tx(V) using induction on height(¢) and showing the statement
for all ¢ € Q at the same time. Thus, let ¢ € Q and t € Tx(V). First, consider the
caset = a € X,. We obtain

#)
36405 = 8@+ . 6,(2) = Try @+ Y Ty (@) < L

syt zeV zeV

where (#) holds as the sets Fx,, F(,) (z € V) are pairwise disjoint. The case t =z € V
is analogous, only the term “d4(a)” is left out.
Assume t = f(ty,...,t,). Note that a tree s <y t is either of the forms=z€e V

ors = f(sy,...,sp) withs; <, t; foralli =1,...,n. Thus, we have
D84(s) =D 8@+ D S5 ss0)
st zeV sidyt;

(i=1,...,n)
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=Y Ie@+ >, D) 5(q,f)(q1,---,qn)]i|5q,-(si)
i=1

zeV sivti gi,....qn€Q
(i=1,...,n)

As the sets F; (z € V) are pairwise disjoint, we have },cy 1p, = Tp,.

=1r @+ ), 5<q,f><q1,...,qn)ﬁZaqi@

q15----qn€Q i=1 sQyt;
Applying the induction hypothesis to each of the J,, we obtain
<T@+ ), 8¢ qn). ()
ql,...,qnGQ

If g € Fy holds, q is a sink state and §(q, f) = 0 Hence, (*) = 1. On the other hand,
if ¢ ¢ Fy, we conclude 1f,(q) = 0 and thus (x) < 1, as §(q, f) is a distribution on
Q" or 0. Finally, for any ¢ € Tx(V), we obtain

I EOEDIPWOOEDWIOPITAOESS
syt syt geQ qeQ syt

This completes the proof. n

The rest of this section is devoted to showing that the class of tree series recog-
nizable by substitution summable probabilistic tree automata satisfies the closure
properties of Definition 7.15. Thus, we will obtain the result that every probabilistic
regular tree expression is equivalent to a probabilistic tree automaton.

Lemma 7.20. Let X’ C X and (A;)f,i for f € 3,1 < i < arity(f) be a family
substitution summable probabilistic tree automata. There is a substitution summable
probabilistic tree automaton A such that

AN = {H?=1IIA;||(t,~) ffer

0 otherwise
forall t = f(t;,...,t,) € Tx(V). Note that empty products are 1 by convention.

PrROOF. Let A} = (Q}, 5},;1}, F}) forevery f € X" and1 < i < arity(f). We assume
that the sets of states Q} are pairwise disjoint. We define A = (Q, 4, y, F) where

0 =A{q}V U Q} and F=1{(qp,a)|aeX nZ}u U F}.
fes fex
1<i<arity(f) 1<i<arity(f)
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Furthermore, we let 4 = 14, and define § by (g, f) for q € Q}, by

SL(qu,....qn) ifgi€ QL foralll<j<n
&%ﬂ@»~4o={g J =Ry

otherwise
and for g = q¢ by

Pop(q) iffeXandq eQlforalll<i<n
5(‘]o’f)(6h,---,qn)={0 nf f

otherwise.

Note that § agrees with 51 on Qf Thus, we also have &, = (5 )q forall g € Qf

To show that A actually satisfies the statement of the Iemma first consider
t = a € Xy. We have ||Al|(t) = 1r(q0,a) = T5/(a). Fort = f(t1,...,t,) withn > 1
we have §(qo, f) = 0if f ¢ X’ and thus also ||A]|(t) = 0. For f € X’ we obtain

Al = . 8(g0, £)qn- -+ n) ﬂ 5q,(t)

q1>---qn€Q
_ (nuf@l )naqm
qleQ} ..... qn€Qf \ ! 1
JIwa(mn
=1 qeQ;
n LA NI(t).

i=1

Thus, A has the claimed behaviour. It remains to show that A is substitution
summable. Let g € Fy. As qo ¢ Fy, thereisa f € X andi € {1, ..., arity(f)} with
q € Qf and thus q € (F )V Hence, 8(q, ') = ]ic(q, f)=0as A} is substitution
summable. Next, assume q € Fyy N Fryy for some u,v € XUV withu # v
and not both in Xy. As g is not in any Fj,,, we have q # qo. Thereis a f € X
and i € {1,...,arity(f)} with q € Q’ and therefore g € (F ){u} N (F ){v} A

contradiction. Tms shows that A is substltutlon summable. -

Lemma 7.21. Let A; and A; be substitution summable probabilistic tree automata
and p € [0,1]. There is a substitution summable probabilistic tree automaton A with

Al = pllAdll + (1 = pllAz]l.
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Proor. Let A; = (Q;, &i, 1i, Fi) and assume that Q; and Q, are disjoint. We define
A= (Q,&,,U,F) Wlth Q = Q1 U Qz,F = F1 UFZ,

51(q,f)(Q1a--~,CIn) ifq,%,-n,CIn € Ql
5(51, f)(Qh ey CIn) = 52(61, f)(CII, ey Qn) lf q9 ql’ ceey Qn € Q2

0 otherwise,

and
_ Jpm(9) ifgeQ
plg) = .
(1-p)p(q) ifqe Q.
Note that § agrees with §; on Q, and with §, on g,. For the behaviour of A we
obtain

AN = > 1@ 34(8) = D p (@) (Br)g(t) + D (1= p) 2 (2)q(2)

qeQ g€ q€Q2
= pllAll(®) + (1 = p) [ A2]I(2).
The substitution summability of A; and A, immediately carries over to A. -

Lemma 7.22. Let A; and A; be substitution summable probabilistic tree automata
and z € V. There is a substitution summable probabilistic tree automaton A with
Al = [l Al -z [|Azll.

Proor. Let A; = (Q;, 9, pi, Fi) fori = 1,2. Let X = (Fy), = {q € 01| (¢g,2) € F;}.
We define A = (Q, d, i, F) by
= (Q1\ X) U Qs, F=FEN\XXx{z}))UF,

/11(61) ifge 01\ X
,Ul(X) p2(q) if g € O,

8(q, £)(ri,- o) | | (ring) g€ @i\ X

5(q )G -+ > qn) = r"EQl .
52(% f)(qla sy qn) lf q, qla sy CIn € Q2

otherwise,

where x: Q; X Q — [0,1] is given by

ifr=gq

k(r,q) = ,ug(q) ifreXandqeQ,
otherwise.
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We first need to show that A is a well-defined substitution summable PTA. By
definition of i and § one sees that y and §(q, f), for g € Q,, are distributions. Let
geQ;\Xand f € X

D, 8@ g0

ql,...,qHGQ

Z Z 51(q, )(re, ... 1n) ﬁ k(i qi)
i=1

-sqn EQ Tseesln te

= Z 51(qaf)(r19'"srn)l—[ZK(ri’q)

Tlseees r,,EQl i=1 qEQ

By definition, x is either Ty, or y, depending on r;:

if}’ieQ\X
= Z o1(q, f)(ry, ... r")l—[{/lz(QZ) ifriEXI

Tyeeny r,,te

= > 8@ )
Flseees rnte

<1

Next, we show that A actually has the behaviour ||A;]| -; ||Az]|. To employ
induction on the height of the input tree, we prove a slightly stronger statement:

84(t) = ((81)q -z 1 A21I)(2) (7.3)

forall t € Tx(V) with and g € Q; \ X, where J; is defined as below Definition 2.25.
Letq € Q1 \ X, t € Tg(V) and assume height(t) = 0, i.e,t = a € Xy U V. We have
8q(t) = 1p,,(q)- In case a = z, (q,2) ¢ F by construction of F. Thus, &,(t) = 0 =
((61)q *z llA211)(¢) since (61)4(z) = 0 by choice of g € Q; \ X. In case a # z, we have
(q,a) € Fiff (q,a) € Fi. Thus, 64(t) = (81)q(t) = (81)(2) + (81)4(2) [1A2]|(2), again, as
(61)q(2) = 0.

Now, consider a tree t = f(ty,...,t,) with n > 1. We obtain

St)=" > 8 )Ngu---rqn | | et
i=1

q1s----qn€Q

Z Z 8i(q, f)(r1, ..., 1n) ﬁ K(ri, qi) 8q,(t:)
i=1

lInEQ r,. rnEQI

D (g . r) ﬂ D (i, @) 84(t)

TseeesTn €01 i=1 qeQ
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_ " (8t ifric QX
= Z 6u(q, f)(r1, ..., rn) 1—[ {quQz p2(q) 8q(t;) ifrieX

T1yee s Tn €01 i=1

By induction hypothesis, we have &;, = (1), "z [|Azl. Moreover, 3’ 0, p2(q) 84(t;) =
A2]I(#;). Finally, remark that (61),, = 1y if r; € X, as every state in X is a sink
state. Altogether we obtain

= >0 8(q ) [ [(@0r, 2 IA2l)E)
i=1

By the upcoming Proposition 7.23 we obtain the following since (d1)4(z) = 0:

= ((81)q -z Il1A211)(2)

This shows (7.3). Finally, we deduce the desired statement about ||A||:

AN = > (@) ) = D m@((B)g = 1A21)®) + >~ (X pa(q) (82)g(1)

q€Q qeQ\X q€Q>

D@ D 00 [ 14alitele) |+ Al A2,

qeQ\X §9.t X€EpOs,(s)

Since g ¢ X in the first sum, (6;)4(z) = 0 as X contains all final states for z. Thus,
we only need to consider trees s # z.

= Al [ 14l + 14z 1411

z#sdt X€EpOs,(s)

= (IlA1ll -z lA21D(®).

This shows the correctness of the construction of A and therefore completes the
proof. n

The next statement is an auxiliary result, which allows us to decompose products
of the form § -, S.

Proposition 7.23. Letz € V, A = (Q, 8, u, F) a substitution summable probabilistic
tree automaton, g € Q a state with (g, z) ¢ F, and S a tree series. We have

Og=9) =" D>, 8g )N a0 | |0 S)t),
i=1

forallt = f(t,...,t,) withn > 1.
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ProoOF. Let z, A, S, and t as in the statement of the lemma. We show the statement
by direct computation. Since (g, z) ¢ F, we have §4(z) = 0:

(Gg=5)0= Y 89 [] st
z#st X€pos,(s)

Every tree s with z # s <, t is of the form s = f(sy,...,s,) with s; <, t; for all

i=1,...,n Hence

) 5(q,f)(q1,...,qn)l_[5ql(s) [] sl

Sidzti q1y..qn€Q x€pos,(s;)

(i=1,...,n)
= > 5(q,f>(q1,...,qn)]_[ 5 2 S)(t). .
q1--qn€Q

Lemma 7.24. Let z € V and A be a substitution summable probabilistic tree
automaton. There is a substitution summable probabilistic tree automaton A" with
Al = [IA]I%=.

Proor. The proof is similar to the proof of Lemma 7.22. Instead of redirecting
transition from a state in F, to the initial states of A,, the transitions are redirected
to enter A again. Additionally, the probabilities of these transitions are multiplied
by a factor A to model arbitrarily many substitutions of z by itself.

Assume A = (Q,5,p,F) and let X = {q € Q| (¢,2) € F}. We may assume
p(X) < 1. Otherwise, ||A|| = Ty, as A is substitution summable and 1% = Ty,.
Let A" = (Q’, &', 1/, F') be given by

Q' =0\X, F' = F\ (X x{z}), #(q) = Au(q)
5@ ) an = Y, 8 ). ..or) | | xriq),
MyeeesTn€EQ i=1
where
1 Tiy(g) ifreq’

=1 ) and k(r,q) = {

Before we show the correctness of the construction, we prove the following auxiliary
equation, which will allow us to use induction on the tree height, for all t =
f(ty, ..., t,) withn > 0:

HAI®=E) = D Au(e) (B -2 1AI™*)(@). (7.4)

qeQ’

Au(g) ifreX.
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As X is disjoint from any other set F,; = {q € Q | (g,a) € F} fora # z and
every state in X is a sink state in A by substitution summability of A, we have
qeor 1(q) 84(t) = |All(¢) for any tree t # z, and J,(z) = 0 for all g € Q'. Therefore

D An@ = A B =2 D lAls) [ ] 1A )

qeQ’ z#£s<d,t X€pos,(s)

= A((IAN = ANl(2) Tyzp) -2 NANT?)(E).

Let S be an arbitrary substitution summable tree series. As S -, S®% = S** by
Lemma 7.12, we obtain

(S=S(2) 1) -2 S =8, 5% = S(2) 5% = (1 - 5(2)) S™*.
Therefore, we obtain the following for S = [|A]|:
(1Al = [1AlI(2) Tyzy) -2 1A

|AJ[%* =
1-1All(2)
_ 1 _ 1 .
As A = S0 = ST this shows (7.4).
We are now ready to prove [|A’|| = ||A||”. We show

58 = (8, - I1AI~2)(2) (75)

for all ¢ € Q" and t € Tx(V) using induction on height(t). Lett = a € X, U V.
We obtain 5:1(61) = 0if a = z and, in case a # z, 5(’1(61) = 1p((q,a)) = 1p((g,2)) =
Oq(t) = 84(t) + 64(2) IIA]|™*(2), as 4(z) = 0 by the choice of g.

Next, assume t = f(t;,...,t,) with n > 1. We compute

n

I = > 8@ g | |60
q1s--,qn€Q’ i=1

By induction hypothesis, &;,(t;) = (&g, - |A|)(t;) fori=1,...,n

= N 8@ N ) [ | @) 6 = 1A
- qn€Q’ 1. n€Q i=1
We apply d15tr1but1v1ty, and insert the definition of «:

- Z (g, f)(ryy ..., rm)

FlseesTn€Q
T 0500 Y 2@ 6y = 1AIT)(8) + 19 () (85, - ANt
i=1 qeQ’

(74) 0
IAII=(t:)
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Since &,, = 1y, for r; € X, we obtain ||A[|™* = 6, -; ||A]|**. We conclude

= > 8@ ) [ [ 141 ()
i=1

Again, we apply Proposition 7.23 using that §,4(z) = 0:

= (5q 'z ”A”ooz)(t)

Therefore, we obtain (7.5). We use (7.4) to show that A’ indeed has the desired
behaviour:

1A= 3 2@ 83ty = > Ap(q)(8, = AN~ = 4]z,

qeQ’ qeQ’

This completes the proof. n

Combining the results from this section, we have proven the following lemma.

Lemma 7.25. Let E be a probabilistic regular tree expression. There is a probabi-
listic tree automaton A with ||E|| = ||A]l.

Proor. Let M = {E € PRTE | dsubstitution summable PTA A: ||A|| = ||E| }.
Clearly, 0 € M and 1, € M for all z € V. By Lemmas 7.20 to 7.22 and 7.24
and the fact that application of the associativity, commutativity, and distributivity

does not change the semantics of an expression, M satisfies the closure properties
of Definition 7.15. Thus, PRTE = M. -

7.5 From Automata to Expressions

This subsection contains the proof of the following lemma. As the proof is one
monolithic argument, it uses all of this section.

Lemma 7.26. Let A be a top-down probabilistic tree automaton over Tyx. There is
a set of variables V and a probabilistic regular tree expressions E over Tx(V) such
that ||All = [|E]|.

Let A= (Q, 4, u, F). We set V = Q. The idea of the proof is similar to the classical
case, but additional care has to be taken to handle the syntax restrictions of PRTE.
Let X € Q and t € Tx(X) with t(¢) ¢ X. We define the following sets of runs over
t: let Ré( (t) contain runs p: pos(t) — Q with
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1. p(e) = q,

2. p(x) € Q\ X forall x € posy () \ {¢},
3. p(x) = t(x) for all x € posy(t),

4. (p(x),t(x)) € F for all x € posy, ().

Intuitively, the runs in Rf]( (t) must start at g and may only attain states from X if ¢ is
also labelled with a state from X at this position, and the two states must match. At
all positions, where ¢ is labelled with some letter from X, only states from Q \ Xare
allowed in the runs. Furthermore, all leaf nodes not labelled by states in ¢t must
satisfy the acceptance condition of A.

With the help of Rff (t), we define the tree series Sé( on Tx(Q) by

8(p(x), t(x))(p(xD), .. ., p(xarity(t(x))))

ift € Ts(X)\ X

0 otherwise.

X _ |} peRX(t) x<inner(t)
Sq (t) - 7

Since, for a tree t € Ty, R,?(t) is the set of all runs of A on ¢ starting in g, we have

AlI(2) = Xgeo 1(q) Sg)(t). We will construct expressions Eff such that ||Efl(||(t) =

Sfl((t) ift € Tx(X)\ X and ||Efl(||(t) = 0 otherwise using induction on |Q \ X]|.
First, we consider the case X = Q. By condition 2, we have Rff (t) # 0 only for

trees of the form t = f(qy,...,q,) with f € X, and ¢; € Q. In this case Rf;(t)
contains the single run with g at the root node and ¢y, . . ., g, at the child nodes.
Thus, Sé( (t) =6(q, f)q1,..-,qn). We construct the expression E? as follows:

Eg= D at ) D 8@ )Gn- ) fqu- . gn).

GEZO fEZn q1s---s qn€Q
(g.a)eF n>1

By Definition 7.15 (2) every state g; is an expression. Hence, Eg is also an expression
by the following Sublemma 7.27.

Sublemma 7.27. For every f € X let X be a finite set and (Aﬁ)xexf be a distribu-
tion on Xy. Furthermore, let ef: Xy — PRTE“™(f) be a mapping for every f € X.

Then,
E=>"% M fles(x)

fEZ XGXf

is also a probabilistic regular tree expression.
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7.5 From Automata to Expressions

PrOOF. Let X contain all function s: X — |Jes X¢ with s(f) € Xy for all f € X.
Then, the function s = []gex Af ) is a distribution on X. We define the expression

E’ by
Z(ﬂ %@) > Flers(F).

seX \geX fex

We have that 3’ rex f(ef(s(f))) is a PRTE for every s € X by Definition 7.15 (3).
Hence, FE’ is also an PRTE by iterated application of Definition 7.15 (4). We still need

to show that E = F’, i.e., that E’ can be transformed into E by application of the
ACD rules:

ZZ(H &@) (er(s(£)

feX seX \geX
=2 2| [ [flersn)
feXsgeXy\gex
(9e2)

=2 2 2 L%t

feXspeXp| s4€Xy  gEX
(9€X.9#f)

3[4 I 3 e

feXspeXy geZ\{f} sg€X,

_Z Z /1 fef(sf)

fex SfEXf
=E.

This completes the proof of Sublemma 7.27. -

Next, we consider the case |Q \ X| > 0,i.e, Q\ X # 0. Let ¢ € Q \ X be some
fixed state. Let X" = X U{q}. We have |Q\ X’| < |Q\ X|. Thus, there are expressions
EY' for all p € Q with [|EY [|(¢) = SX'(¢) for all ¢ € Tx(Q). We show SX =S¥ -, SX
for all p, g € Q. In order to prove this statement, we show how a set of runs can
be decomposed in a top parts only containing g at the leaf nodes, and a bottom
part, where g may occur anywhere. For any run p on t let miny(p) be the set of
prefix-minimal positions in pos(t) with p(x) = g. Recall that a <-antichain is a set
M C pos(t) such that x < y implies x = y for all x,y € M.
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Sublemma 7.28. Let M C pos(t) be a <-antichain. We define a function g on the
set of all runs with p € RY(t) with ming(p) = M by g(p) = (plposymne (Plc)xem),
where plpos\an+ = pos(t) \ MN™ — Q is the restriction of p to all positions above
of M or incomparable to M, and p|,: {y € N* | xy € pos(¢t)} — Q the run below
the position x.

Then, g is a bijection from {p € Rff (t) | ming(p) = M} to the set of tuples

(0, (px)xem) With p € Rif'(t[M «—ql)and py € Rfl((tlx) for all x € M.

Proor. We verify that g is well-defined. Given a tree ¢t € Tx(X), a position x € M,
and a run p € RX(t), we clearly have p|, € Rf;(tlx) as t(x) = q. Moreover, as
the positions in M are minimal the state g occurs only at leaf nodes in the run
P’ = plposr)\mn+- These are exactly the positions where t[M « q] is labelled by q.
Thus, p’ € Rf](/(t[M —q)).

We show that the function h(p, (px)xem) = plx < pxlxem, where p € R;f'(t[M —
ql) and p, € Rff (t|y) for all x € M, is the inverse of g. The well-definedness of h
follows directly from the definition of the sets Rj)f "(t{M « q]) and Rf; (t|x)-

Let (g o h)(p, (px)xem) = (s (p3)xem) and h(p, (px)xem) = 7. As the underlying
trees of the runs coincide, we have pos(p) = pos(p’) and pos(px) = pos(p’) for
all x € M. Let y € pos(p). If y ¢ M, we have p(y) = p[x « pxlxem(y) = 7(y) =
Tlposenmn+(y) = p'(y), and for y € M we obtain p(y) = t{M < q](y) = q and
p'(y) = tIM « q|(y) = q. Hence, p = p’. Next, let x € M and y € pos(py). We
conclude py(y) = p[x < pxlrem(xy) = 7(xy) = 7lx(y) = p}(y). Thus, px = p;. This
implies that g o h = id.

Conversely, assume (h o g)(r) = 7’ and let g(7) = (p, (px)xem)- Let y € pos(t) be
not below any position in M. We conclude 7(y) = o5y \mn+(y) = p(y) = plx «
Pxlxem(y) = 7'(y). Now, assume y = xy’ for some x € M. Hence, 7(y) = 7|,(¢y) =
px(y’) = plx « pxlxem(xy’) = 7/(y). Thus, 7 = v’ and h o g = id. This shows that
h = g ! and g is bijective. -

We use the statement of Sublemma 7.28 to show Sff = Sif' ‘q 55 forall p,q € Q.
Let t € Tx(Q) arbitrary. If t ¢ Tx(X) \ X then either t =r € X or t(x) € Q \ X for
some x € pos(t). In the first case, we have s € Q for all s <, t. Thus, S;('(s) = 0and
S0 (ij/ ‘q S;()(t) = 0. In the second case, we have either t(x) € Q \ X’ or t(x) = g
for some x € pos(t). If t(x) € Q \ X, then for every s <, t either posg,y/(s) # 0
or posQ\X,(t|x) # () for some x € posq(s). Hence, SX'(s) Hprosq(s) S();/(t|x) = 0 and
SO (S;(/ “ Sfl()(t) = 0. In the latter case, i.e., t(x) = q for some x € pos(t), consider
atree s <, t. By definition of <, there is an x” € pos,(s) with x" < x. Since then
posq(t|x/) # () and Sé((Tlx) = 0, we conclude (Sif' q S;()(t) =0.
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7.5 From Automata to Expressions

Now, assume t € Tx(X) \ X. We compute
S0=2 || 86w )ew..... peearity(t(x))))
peR‘ff(t) x€inner(t)

Eachrun p € Rf,( (t) as a unique set mingy(p) of minimal positions labelled with g:

_ Z Z 1—[ 8(p(x), t(x))(p(x1), . . ., p(xny)),

MCpos(t) antichain peR‘ff(t) x€inner(t)
ming(p)=M

where n, = arity(t(x)). We apply Sublemma 7.28 to the index set of the summation:

) 2.

MCpos(t) antichain peRifl(t[M<—q])
preRX(tly) (x € M)

d(plx = prlxem(x), t())(plx — prlxem(xD),...)

xeinner(p[x«px|xem)

Next, we split the product in the inner positions below any element of M and
the inner positions above or incomparable to M. Note that the latter set equals
inner(t[M « q]):

=) 2

MCpos(t) antichain peR;('(t[M<—q])
pXER;((t|X) (x € M)

[T 866, N, ... pxni)

xeinner(t[{M«q])

A1 T1 @ )y, ..., py(eny))

yeM xeinner(t|,)

Using distributivity, we obtain the definitions of ij "and Sff , respectively:
= > sYuM e gD | ] s¥a).
MCpos(t) antichain yeM

Finally, note that the mapping M — t[M « q] is a bijection between the antichains
in pos(t) and the trees s € Tx(X’) with s <, t as q does not appear as label in ¢. The
inverse function of this bijection is s > pos,(s). Thus, we continue:

=856 ] sfel

s3qt yEpos, (s)
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= (S 2 ).

From ij = ij, ‘q Sff we directly conclude two statements: First, when setting p = g,
we obtain Sé( = S;(' "q Sé( and therefore Sé( = (Sff )4 by Lemma 7.12, and so we
conclude S;( = S;f, ‘q (Sf](/)‘x’q. Thus, by induction hypothesis, S[)f = IIE;(’ Il -q IIEQ(’ [|°°%.
We define Eff = Eg' q (Eff/)‘x’q for every p € Q. This definition satisfies ||EI),( | = Sif ,
by the above calculation. Hence, we have completed the inductive construction of
the expressions Eif .

We are now ready to define the expression E with ||E|| = ||A|| using the case
X =0:
E= > u(q)E].
q€Q
This is a valid expression by iterated application of Definition 7.15 (4). As the sets
Rg(t) contain exactly the successful runs of A on ¢ starting in g, we have ||E|| = ||A]|
as claimed. This completes the proof of Lemma 7.26. -

With results of this section and the last section, we finally have proven the
following theorem:

Theorem 7.29. Let X be a rank alphabet and S: Ty — [0, 1] a probabilistic tree
series. The following statements are equivalent:

1. S = ||A|| for a top-down probabilistic tree automaton A.
2. S = ||E|| for a probabilistic regular tree expression over some set of variables.

The constructions in both directions are effective.
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Model Checking LTL over the
Infinite Tree
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Chapter 8

Constraint LTL and Constraint
Buchi Automata

In this chapter, we introduce Constraint Linear Temporal Logic, or cLTL for short, a
variant of Linear Temporal Logic (LTL) with local constraints. A model of a formula
of this logic is a (multi-) data word with data values from some {<, C, S}-structure.
We are particularly interested in the case where this structure is an ordered tree
with prefix order < and lexicographic order E. Our goal of this chapter and the
next chapter is to adjust the automata-based model checking methods known for
LTL to this setting.

For this purpose, we first introduce our notion of the infinite tree in Section 8.1
and Constraint LTL in Section 8.2. Afterwards we recall constraint automata in
Section 8.3. As last part of this chapter we prove in Section 8.4 that satisfiability
and model checking for cLTL formulas with constraints over the full infinitely
branching tree are in PSPACE due to a reduction to the emptiness problem of
tree-constraint automata. The technical core for containment in PSPACE is to
show that emptiness of tree-constraint automata is PSPACE-complete and NL-
complete for fixed dimension. The proof of this result is postponed to Chapter 9.
We conclude this chapter by providing a reduction of the satisfiability and model
checking problem for cLTL over the full finitely branching tree or over the trees
with branching structure w or —w + w to the corresponding problem over the full
infinitely branching tree.

This is joint work with Alexander Kartzow. The results can also be found in
[KW15].

8.1 Data Words over the Infinite Tree

Let us first give an exact definition of “infinite tree”. For this, we extend the notion
of signature introduced in Definition 4.1 to signatures with constants. Special treat-
ment of constants was not necessary in Chapter 4 as a constant can be simulated
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in MSO logic using existential quantification and a unary predicate which is inter-
preted as a singleton set. Formally, a signature with constants or just a signature
is a pair S = (S, arity) such that S is a set and arity: S — Ny is a function. A
S-structure is a tuple A = (A, (R)ges) such that A is any set and R4 € AZ®R) jf
arity(R) > 0 and R* € Aif arity(R) = 0 for every R € S.

Next, we choose a set D € Q which will describe the branching structure of the
tree, i.e., the order structure of the child nodes of any node. We consider the cases
D € {N, Z,Q} which describe infinitely branching trees, and D = {1,. .., k}, for
some k > 1, for finitely branching trees. Note that though the branching degree
may be finite, we always consider trees of infinite height, i.e., trees without leaf
nodes. Furthermore, we introduce a finite number of constants symbols sj, . . ., Sp,
to mark distinguished nodes in the tree. Intuitively, the tree 72)0 is the unlabelled
infinite tree where the children of every node are ordered like (D, <) and nodes
can be compared using prefix order and lexicographic order, i.e., left-right order.
Additionally, a finite set of nodes is distinguishably marked as constants.

Formally, let D be one of the above sets and C = {¢;,...,c,} € D" a set of
constants. Let the signature o be given by 0 = {<,E,s1,...,5n} Where s;,...,sp,
are constants symbols. The infinite tree over D with constants C is the o-structure
72)C given by

7;? = (D*, <p,Ep,C1,C2, ..., Cm),

where <p is the prefix order on D*, and Cp is the lexicographic order on D* with
respect to the natural order on D. Note that, apart from the constants, there
is no labelling on the tree ’TDC. If D is understood, we just write < and C. For
D =1{1,...,k} we also write 77<C instead of 7’5.

In order to reason about elements of 7;)C, i.e., positions in the tree, using automata
or temporal logic, we use data words over D*. Intuitively, a data word is an infinite
word, where a fixed number of elements of D* replaces the symbols of a finite
alphabet. Formally, given a o-structure A = (A, <A A sf‘, 354, .. ,s;ﬁ), an n-
dimensional data word over A is any element of (A")”.

For two positions x, y € D* let x My be the maximal common prefix of x and y, i.e.,
z =xNyifz € D* is the <-maximal position with z < x and z < y. This position
always exists, as ¢ is always a possible choice and the finitely many prefixes of x
(or equivalently y) are linearly ordered by <.

8.2 LTL with Constraints

Constraint LTL has been introduced by Demri and D’Souza [DDO07] for arbitrary
domains. Here, as we are only interested in the case of trees with prefix order and
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lexicographic order, we recall the definition of Constraint LTL for this signature
only.

The logic Constraint LTL over the signature o = {<,C,s;,s2,...,S,} where
S = {s1,...,Sm} is a set of constant symbols, abbreviated cLTL, is given by the
grammar

pr=Xx~s|s~Xx | Xxi~Xx|-ploAp|Xp|oUg,

where ~ € {=, <,C}, i, j are non-negative integers, xi, x, are variables from some
countable fixed set V and s € S is a constant symbol. Note that “X'” is just
shorthand notation for i many Xes. Thus, X' requires space linear in i. Let
A = (A <AcAc,. .. ,Cn) be a o-structure. We evaluate a formula ¢ on n-
dimensional data words (a;);»; over A where xy,...,x, € V are the variables
occurring in ¢. We write a, for the j-th component of ;. We say a word d = (@)1
is a model of ¢, denoted as d |= ¢ or (a;);>1 F ¢, if the following conditions for the
atomic comparisons ~ € {=, <,C} hold:

dE X x) ~ (X x) & df ~df (ie., (af,af) € ~),
dE (X x) ~ S; = af-“ ~A 3}4,
dEsi~ (X xp) = siA ~A af,

where we set =# as the identity on D*, and additionally the usual rules for LTL
apply:

dFE —¢ = (a)iz1 o,

dFE (1 A 92) & (@)i>1 F @1 and (a))i>1 F @2,
dEXe = (@in)iz1 F ¢,

dE o1 U, & thereisak € Ny with (a;4¢)i>1 F @2

and (Gi+j)i>1 F @1 forall 0 < j < k.

Note that the symbol X has two uses in the logic: either in front of a formula to
denote that this formula should hold in the next step, or in front of a variable to
denote that the value of this variable at the next step should be considered.

From the logical and temporal connectives defined above, one can derive dis-
junction, globally, and eventually as usual:

@1V @2 = (@1 A —@2), Fo=TUpg, Gp=-F-g.

Our constraint LTL does not use atomic propositions. On nontrivial structures,
proposition p can be resembled by constraints of the form x; = ¢, where we
introduced a distinct constant c, for every proposition p.

Constraint LTL permits arbitrary finite lookahead. In the next proposition, we
show that a one-step lookahead suffices.
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u = 11 Uy = 2 Us = 1211 Uy = 122
Figure 8.1: 1-dimensional data word u = (u;);>; from Example 8.2 (1)

Proposition 8.1. There is a polynomial time algorithm that computes, on input
of a cLTL-formula ¢, an equivalent cLTL-formula ¢’ such that ¢’ does not contain
terms of the form X' x with i > 2.

ProOF. We can replace any occurrence of (X! x) ~ (X/ y) by X™in()((xi-min()y -
(x/~min(L.j) y)). Now assume that there is a subformula of the form X’ x ~ y (the case
x ~ X/ y is symmetrical). Introducing fresh variables y, yy, . . ., y;_; We replace this
formula by the formula x ~ y; and add the conjunct G(yo = y A /\j-:1 Y = Xyj-1)
to ¢. This replacement yields an equivalent formula. Iterating this process for all
constraints, we obtain the desired formula /. For each atomic comparison, we
add at most |¢| new variables. Thus, the size of the resulting formula is at most
quadratic in the size of ¢. -

Let us conclude this section by giving two examples that show Constraint LTL
at work.

Example 8.2. We give two examples of cLTL formulas and their semantics.

1. Consider the formula ¢; = G(Xx; T XX x; C x1 V x; C X X x1 C X x1), where
C denotes the strict lexicographic ordering, i.e., x C y if x C y and x # y. A data
word satisfies this formula if the data value at every position is strictly between
the two preceding data values. A concrete example of a data word over 7,C that
satisfies this property is (;);»1 With ugry; = (12)11 and ugy,, = (12)F2 for every
k > 0. The beginning of this word is depicted in Fig. 8.1. If we consider ’7;5 as
underlying tree, it suffices to choose data values of length 1: the data word (u;);>1
with u; = @ also satisfies ¢;. Note that the lexicographic order on data words of
length 1 is effectively the natural order < on Q.
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2. Let o = G((Xx1 = x1) A (Xx1 < x2) A F(x; £ x2)). This formula is not
satisfiable, which can be seen as follows: Assume (u;);>o F ¢2. By the first and the
second clause, we have u} b = u} M “1'2 for every i > 0. Moreover, for any index
j with uJ1 £ ujz, we have ujl. M u]‘? < ujl., and therefore u]1 < u]1 As ¢, asserts the
existence of infinitely many such indices j, there has to be an infinite, descending

<-chain in (u})izo. A contradiction.

8.3 Constraint Automata

In the following, we investigate the satisfiability and model checking problems
for Constraint LTL over models with data values in one of the trees 7;)C for D €
{N,Z,Q} or D = {1,...,k} for some k € N. We follow closely the automata
theoretic approach of Vardi and Wolper [VW94] which provides a reduction of
model checking for LTL to the emptiness problem of Biichi automata. In order to
deal with the constraints, we use TDc—constraint automata (cf. [G09]) instead of Biichi
automata. Next we recall the definition of constraint automata and state our main
result concerning emptiness of constraint automata. We then derive analogous
results of Vardi and Wolper’s decidability results on LTL for cLTL with constraints
over 773c. A 7;)C—constraint automaton is defined as a usual Biichi automaton but
instead of labelling transitions by some letter from a finite alphabet we label them
by Boolean combinations of constraints which the current and the next data values
have to satisfy in order to execute the transition.

Formally, assume C = {cy,...,cn} and let S = {sy,. .., sn} be a set of constants
symbols. Let B be the set of all propositional logic formulas with atomic formulas
of the form v ~ v’ where v,v" € {x1,..., %, y1,...,yp} US and ~ € {=,<,C}.
Thus, BS contains all quantifier-free MSO formulas over the signature {=, <,C}
with variables {x;,y; | i =1,...,n}US. For tuplesu = (uy,...,un), 0 = (v1,...,0y)
in (D*)" and a formula € BS, we write (7;)C, u,v) E ¢ if  evaluates to true when
the values u, . . ., u, are used for xy, . . ., x,, the value vy, ..., v, for y, ..., y,, and
the values of the constants from C for the constant symbols S. In other words
(D*,(Zp,Ep), @) E ¥, in the sense of Definition 4.3, where « is any assignment
with a(x;) = u;, a(y;)) = viand a(s;) = cjforalli=1,...,nand j=1,...,m.

Definition 8.3. Let D € {N,Z,Q} or D = {2,...,k} for some k € N, and C a
finite set of constants. An n-dimensional 'Tg-constraint automaton is a quadruple
A=(Q,I,F,J5) where

1. Qis a finite, non-empty set — the set of states,

2. [ C Q - the set of initial states,

149



Chapter 8 Constraint LTL and Constraint Biichi Automata

Yy<x1 ANy 2 x
A X1 £ X

Y1 Xx1 Ay 22 Y1 <x1 Ay 2%
Ax1 & Xy

XICYL AXICy Axy =1

Figure 8.2: Automata described in Example 8.4

3. F C Q - the set of accepting states,

4. 5 C QX BS X Q — the transition relation,

where B is defined as above.

A configuration of the automaton A is a tuple in Q X (D*)". We define a relation
— 4 on the set of configurations by letting (q,u) —4 (p, ?) if and only if there is a
transition (g, B, p) € J such that (7;) ,u,0) E . If Ais understood, we just write —
for — 4.

A run of A is a finite or infinite sequence of configurations r = (c¢j)je;, ] € N
being an interval, such that ¢; — ¢j4; forall j, j+1 € J. For a finite run r = (¢;);,<i<i,
with i; < iy € N, we say that r is a run from c;, toc;,.

An infinite run r = (¢;);en is accepting if ¢; = (q, ds, . . ., dy) for some initial state
q € I and some final state f € F appears in infinitely many configurations of r.

The set of all words accepted by A consists of all wyw, --- € ((D*)")“ such that
there is an accepting infinite run (c;);en With ¢; = (g, ;).

Example 8.4. We come back to the formulas introduced in Example 8.2:

1. The left automaton in Figure 8.2 depicts an 7g—constraint automaton recogniz-
ing the set of data words that model ¢;. Note that ¢; uses a two-step lookahead, thus
we introduced an auxiliary variable x,, which is always assigned to the next value of
x1. The automaton alternately checks that the current value of x; is before the next
and next-next value of x; or after the next and next-next value of xi, respectively.
An accepting run of A on the data word ((11, 2), (2, 1211), (1211,122), . . .) is given
below:

Q- (qg\[ @ \[ q2 qs3 P qs
X1 —> 11 2 1211 122 121211 12122 12121211 |- - - .

Xy — 2 J\1211) \122 ) \121211/ \ 12122 ] \12121211/ \ 1212122

2. The right automaton is built following the intuition of ¢,. At every transition
the next value of x; must be below the current values of x; and x; and infinitely
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often x; must not be a prefix of x,. By the same reasoning as in Example 8.2, the
language of this automaton is empty.

In the following chapter (see Theorem 9.1) we prove that emptiness of n-dimen-
sional 7}5—constraint automata is decidable in space linear in n¥ (log(m) + log(|C]) +
log(]A])) for some global constant K, where m is the length of the longest constant
occurring in C. We next apply this result in order to obtain PSPACE-completeness
of satisfiability and model checking.

8.4 Satisfiability and Model Checking of Constraint
LTL

We define the satisfiability an model checking problem for cLTL over the infinite
tree. We prove that these problems for 7g are decidable in polynomial space
assuming Theorem 9.1. Afterwards, we give a reduction of the the model checking
and satisfiability problem for 7p with D # Q to the case D = Q.

Definition 8.5. Let D € {N,Z,Q} or D = {2,...,k} for some k € N.

Let SAT(7p) denote the satisfiability problem for cLTL over ’773C: given a set of
constants C and a cLTL-formula ¢, is there a data word (w;);en Over 72)0 such that
(Wiien F @7

Let MC(7p) denote the model checking problem for TS -constraint automata
against cLTL: given constants C, a TDC-constraint automaton A and a cLTL-formula
¢, is there a data word (w;);en over TDC accepted by A such that (w;)ien F ¢?

Theorem 8.6. The problems SAT(7g) and MC(7g) are PSPACE-complete.

Our proof of Theorem 8.6 relies on the statement of Theorem 9.1, which is already
given below. As the proof of Theorem 9.1 is rather involved, we postpone this proof
to Chapter 9.

Theorem 9.1. Let C be a set of constants and A an n-dimensional 7}5—constraint
automaton. Let furthermore m = max{|c| | ¢ € C}. It is decidable in space linear in
nX (log(m) + log(|C|) + log(]A])), for some global constant K independent of C and
A, whether L(A) # 0.

Proor (or THEOREM 8.6). Since there is an automaton accepting all data words,
the satisfiability problem reduces to the model checking problem whence it suffices
to prove the claim on model checking. Hardness follows directly from the known
results for LTL.
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Let C € Q" be a finite set of constants, A a %-constraint automaton and
¢ € cLTL. Due to Proposition 8.1 we can assume that all atomic constraints
occurring in ¢ only concern the current and the next data values. Recall that Vardi
and Wolper [VW94] provided a translation from LTL to Biichi automata such that
the resulting automaton accepts some word if and only if the word is a model of
the formula.

This translation lifts to a translation if cLTL over 7g to Tg-constraint automata.
We assume that the reader is familiar with the construction given in [VW94].
A description of this construction can also be found in [BK08, Chapter 5]. We
outline the construction below. Let ¢ be a Constraint LTL formula and x, . . ., x,
be all variables occurring in ¢. We denote by cl(¢) the closure of ¢, i.e., the set of
all subformulas and their negations (where ==t/ and i are identified). As in the
classical construction we first give a generalised Tg-constraint automaton, which is
transformed to a Tg-constraint automaton in a second step. Formally, A generalised
To-constraint automaton is a quadruple A = (Q, I, F, §), where Q, I, and § are the
same as in Definition 8.3, and F C P(Q). An infinite run is accepting in A, if it
starts in an initial state, and visits a state f € F infinitely often for every F € F.
We define a generalised Tg-constraint automaton A = (Q, I, F, §) where

Q ={M € cl(p) | M is maximally consistent },
I={MeQ|peM}
F ={Fpup. | (01 U o) € ()},
S={M, M) | X¢)eM &= yeM,
hUh)eM < Yy, eM V(i Uyp)eB,
B = Nw-oyem(® ~ V') A Asomvnen (v ~ )},

where the v and v’ run over all xy,...,%y, y1,...,y, and constants from C, ~ €
{=.5,Chand Fy y, ={M € Q| (¢1 U @) e M = ¢, € M}. Analogous to the
classical proof, one shows (w;);>1 € L(A) if and only if (w;);>1 ¢ for every data
word (W;);z1.

Let us outline how to obtain a 7g-constraint automaton. See [BK08, Chapter 4]
for details. Assume F = {F, ..., Fx}. We define the automaton A" = (Q’,I’, F/, §’)

WithQ' = O x {1,.. .kL ' = {(¢,1) | g€ I}, F' = {(¢,1) | g € F,} and
8" ={((q.0.8.(¢. 1) | (@.B.4) € 8. =i+ (g},

where we identify (g, k+1) with (g, 1). Note that the number of state of A’ is bounded

by |cl(@)| - |¢|. Thus, the number of states is at most exponential in the size of ¢.
Hence, we obtain a constraint automaton A" such that A" accepts (w;);en if and

only if (w;);en E ¢. Since the usual product construction for Biichi automata lifts
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also to constraint automata, we easily construct an automaton A” such that A”
accepts a word if and only if both A" and B accept this word. Hence, the set of all
words accepted by A” is non-empty if and only if there is a data word (w;);en such
that A accepts (w;)ien and (w;);en | ¢@. Since the translation from an LTL formula
to a Biichi automaton may result in an exponential size blow-up, we cannot pass
this automaton directly to the algorithm checking the emptiness. Instead, using
the same idea as in [VW94], whenever the algorithm needs to guess a state or a
transition we run a PSPACE decision procedure to verify whether an arbitrarily
guessed string of polynomial length is a state or a transition. Furthermore, the size
of a single state or a transition is polynomial. Thus, the claim follows. -

The rest of this chapter is devoted to showing how MC(7;)C) can be reduced to
MC(7;§) in logarithmic space. As first step we introduce o-embeddings which can
be used to map runs to different domains.

Definition 8.7. Let o be a signature, and A and B be o-structures. We say a
function h : A — B is a 0-embedding if it is injective and preserves the relations,
and constants under images and preimages. Formally,

(ar,...,a,) € R & (h(ay),...,h(a,)) € R,
h(c?) = (B,

for all relations R € o, constantsc € o and ay, . .., a, € A.

We will use the following fact in several places throughout this and the next
chapter.

Proposition 8.8. Let 0 = {<,C,S} and A = (Q,T,I,F) be a 72)C—c0nstraint auto-
maton and h: D* — Q" a o-embedding. Then, every finite or infinite sequence
r = (gi, Wi)ier of configurations is a run in A, if and only if the sequence h(r) =
(gi» h(W;))ier, where h(w;) = (h(vvl’.));’zl, is a run in A.

Proor. This is a direct consequence of the fact that h preserves the relations <, C
and the constants in both directions, and that the transition relation — of A only
depends on these relations and constants. -

In the next lemma, we first show that the infinite tree with branching domain
Q, can be {<, C}-embedded in the infinite binary tree. After this, we give several
constructions of c-embeddings.

Lemma 8.9. Let 0 = {<,C}. There is a 0-embedding from 7Tg to 7.
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Proor. We first show how (Q, <) can be embedded into ({1, 2}", C) and afterwards
extend this mapping to 7Tg.

Let O = ({11,22}"12,C) where C denotes the lexicographical order. We show
that O and (Q, <) are isomorphic. The domain of O is countable and does not have
endpoints because (11"12),cn forms a strictly descending sequence such that for
any element x of O there is an n > 0 with (11)*12 C x. Analogously, (22"12),¢y is a
strictly increasing sequence majorising every element. Thus, it is left to show that
C is a dense order. Assume w,v € O withw # vand w C v. Let w = wyw, ... wg
and v = Vv, ... vr with w;, v; € {11,12, 22}. Furthermore, let i be minimal such
that w; # v;. If v; = 12 then w; = 11 and wyw, . .. w;(22)K7112 is between w and v.
If v; = 22 then w; = 11 or w; = 12. Hence, w C wiws . . . w;_122(11) 712 C w. Finally,
the case v; = 11 is not possible as this would imply v © w. Thus, O is a countable,
dense order without end points and therefore isomorphic to (Q, <). For the rest of
the prooflet h: O — Q denote such an isomorphism.

We now extend h to a mapping g: Q* — {1,2}" by defining

9(q192 - - - qn) = h(q1) h(q2) - - - h(qn),

i.e., g is the extension of h to Q" as a homomorphism. We show that g is a o-
embedding.

We show that g preserves < (in both directions). It is obvious from the definition
that w < v implies g(w) < g(v). Now assume that g(w) < g(v) and letw = wy - - - wy,
and v = vy - - - v7. By assumption we have h(wy) - - - h(wp)w’ < h(vy) - - - h(vg). As
{11,22}"12 forms a <-antichain, i.e., all elements are pairwise <-incomparable, any
word u in ({11, 22}712)*, can be uniquely decomposed into words u = u; - - - u; with
u; € {11,22} 12 foralli = 1,.. ., ¢, c.f. Proposition 6.30. Hence, we conclude k < ¢
and h(w;) = h(v;) for all i = 1,..., k. By injectivity of h, we obtain w < v. Note
that this also shows the injectivity of g, as < is a partial order.

We prove preservation of C. Let w = wy - - - wg and v = v; - - - vp. Assume w C v.
If w < v, we have g(w) < g(v) by the previous paragraph. Thus, assume w; < v;
and w; = v; for a i < min(k, {) and all j < i. Since w; < v; implies h(w;) C h(v;),
we conclude g(w) C g(v). Conversely, assume g(w) C g(v). If g(w) < g(v) we
conclude w < v by the previous paragraph. Let i be minimal with h(w;) # h(v;).
Since h(w) C h(v), we obtain h(w;) C h(v;). As h is an isomorphism, we conclude
w; < v; and wj = vj for all j < i. Therefore, w C . -

We are now ready to give the reduction from the model checking problem over
Tp to the model checking problem over 7g.

Lemma 8.10. Let D € {N,Z} or D ={1,...,k} for some k > 2. Then, MC(7p) is
LOGSPACE-reducible to MC(7g).
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Proor. Let C C D* be a finite set of constants, A a ’EDC-constraint automaton and
¢ € cLTL. Assume variables xi, . . ., x,, occur in ¢. We may assume, that C is closed
under prefixes, as any set can be closed under prefixes with only polynomial blowup.
The crucial difference to the case D = Q is that the branching domain is not dense

and possibly bounded. For every i € {1,...,n}, we define the following formulas:
a; = /\ (cj;xl-=>(cj$x,-\/c(j+1)5x,-)),
ceC,jeD:
cj,c(j+1)eC
/\(clgx\/xﬁcl) itD+Z
ﬁlo =3 ceC
T otherwise,
/\(xEcchkﬁx) itD={2,...,k}
ﬁll = qceC
T otherwise,

where T is some fixed tautology. We claim that (C, A, ¢) is a positive instance of
MC(77<C) if and only if (C’, A, ) is a positive instance of MC(’Y&’?), where ¢’ 2 C
additionally contains the constants used in ﬁlo 1 Ais seen as a 7g—automaton, and
Y =9 AGAL(ai AB) A B). Intuitively, ¢ is obtained from ¢ by adding checks
that the data values may not occur between constants of the form ¢j and ¢(j + 1),
and not before the minimal possible data value or after the maximal possible data
value. Thus, we need to show that there is a witness for the instance (C, A, ¢) if
and only if there is a witness for (C’, A, ), i.e., that the following conditions are
equivalent:

1. d ¢ for some d € Lp(A),

2. d | ¢ for some d € Lg(A).

First, assume statement 1 holds. Let d = (u;);»o with d € Lp(A) and d | ¢. As every
u{ is in D*, we automatically obtain d | G(a, A i A fBf'). Moreover, note that |
does not depend on the tree arity. So d £ ¢ regardless of whether we consider ¢
as a formula over D or over Q. Furthermore, d € Lp(A) implies d € Lg(A) as the
automaton only depends on the relations between data values and not on the tree
domain. Together we obtain statement 2.

The converse direction is more involved. We construct a {<, E}-embedding h
which maps a witness of statement 2 to a witness of statement 1. In order to define
this function, we first need to define its domain: let K € Q* contain all words w
such that

1. ciCw = (ci<wVece(i+1)Cw)forallc € D*,i € Qwithci,c(i+1) € C.
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2. if D=NorD={1,...,k},thenciCwforallc e C

3.ifD=A1,...,k},thenw C ck or ck < wforallc € C.

j€A{1,...,n}. We define a mapping {<, E}-embedding h: K — D*. Intuitively, h
maps all nodes of the form cq for some constant ¢ below the node c(j + 1), where
Jj < q is maximal with cj € C. By the choice of K, c¢(j + 1) cannot be a constant.
Let zyin be 1if D =Nor D = {1,...,k} or smaller than any component of any
constant if D = Z. For every c € C let the function i.: Q — D be given by

Clearly, (4i)iz0 E G AL (o A /3(’) A ﬁ{) if and only if u{ € Kforalli > 0 and

@ {max{zﬁqlczeC}+1 if thereisaz < g withcz € C
1(q) =

Zmin otherwise.

Letg: Q* — {1,2}" be a {<, C}-embedding. With the help of 1. we define a function
h: K — D* by

w ifweC
h(w) = §¢ 1.(q) g(qu) if c € C is maximal with ¢ < wand w = cqu

for some q € D, u € D*.

This mapping is a {<, C, S}-embedding. The rather technical proof of this statement
is outsourced to Lemma 8.11.

Now, assume d F ¢ A G(a" A B A B}') for some d € Lg(A). Let d = (u;)ixo.
Thus, we have u{ € K for all i and j. Hence, we can apply h to the data word,
obtaining a data word h(d) = (h(u;))io with h(u;) = (h(w)),...,h(ul")). As his a
{<,E, S}-embedding, we obtain h(d) | ¢ and h(d) € Lg(A) by Proposition 8.8. As
h(d) € (D*)")”, we also have h(d) € Lp(A). This completes the proof. -

Lemma 8.11. We assume the notation of the proof of Lemma 8.10. The mapping
h: K — D*is a {<,C, S}-embedding.

Proor. Recall that we assume the set of constants to be closed under prefixes. We
show that h is well-defined. The only case that may violate well-definedness of h is
D ={1,...,k} that i.(q) > k. Let w = cqx with ¢ < w and ¢ € C maximal. Since
w € K, we conclude g < k. As cq is not a constant, i.(q) < k and h is well-defined.

We prove the following statement for all w € K: if w ¢ C, then h(w) ¢ C. Let
w = cqw’ with ¢ < w maximal and q € Q. Consider the case that there isno z € D
with z < gand cz € C.If D = Z, we have c 1.(q) ¢ C by construction of ;.. If D = N
orD={1,...,k}, we conclude c1 C wasw € K and so 1 < q. Since we assumed
that there is no constant cz with z < g, c1 = c1.(q) is not a constant. As C is closed
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under prefixes h(w) is also not a constant. In the case that there is a z € D with
cz € Cand z < g, let zy be maximal with this property. Since cq € K and cz, E cq,
we have zp = qor zp + 1 < q. As cq ¢ C, only the case zy + 1 < g can occur. Thus,
by maximality of zy, c(z¢ + 1) = ci.(q) is not a constant. Therefore, h(w) ¢ C.

Preservation of <: We show that h preserves < in both directions. Let u,v € K.
Assume v € C. Then, h(v) = v. If u < v, then u is also a constant, and h(u) = u. If
h(u) < h(v) = v, we conclude that h(u) is a constant. By the second paragraph, u is
a constant, and u = h(u) < h(v) = v.

Next, we consider the case thatu € Cand v ¢ C. If u < v, there is a constant
¢ with u < ¢ < v. By definition of h, we obtain h(u) = h(c) < h(v). Conversely,
assume h(u) < h(v). As h(v) is not a constant, there is a maximal constant ¢ € C
with hA(u) = u < ¢ < h(v). Assume ¢ £ v. Let ¢’ be maximal with ¢’ < v. Thus,
¢’ < h(v). By maximality of ¢ we conclude ¢’ < ¢. By definition of 4 and the second
paragraph, ¢’ is the maximal constant that is a prefix of h(v). Thus, ¢ = ¢’ and u < v.

Assume u,v ¢ C. Let u = cqgx and v = ¢'¢’x’, where ¢, ¢ € C’ are maximal with
c<wuandc¢ <v. Ifu <o, thenc=7c,q=¢q,and x < x’" since cq,c'q’ ¢ C. We
conclude h(u) = ci.(q) g(gx) < ci.(q)g(¢’x") = h(v). Conversely, if h(u) < h(v),
we have c 1.(q) g(gx) < ¢’ 1.(q") 9(¢'x"). As before, we conclude ¢ = ¢/, 1.(q) = 1/(¢),
and g(gx) < (¢'x’). As g preserves <, this implies gx < ¢’x’,i.e, g = ¢ and x < x'.
Therefore, u < v.

Preservation of £: We show that h preserves C in both directions. Let u,v € K
with u C v. If u < v holds, we conclude h(u) C h(v), as h preserves <. Assume u =
wgx and v = wq'x” with g < ¢’. If wq and wq’ are constants, we obtain h(u) E h(v)
by definition. Assume that only wq is a constant. Thus, 1.(q") > q and wq E w 1.(q").
This implies h(u) E h(v). Next, assume only wq’ is a constant. Assume there is a
z < g with ¢z € C. Since q < ¢/, we have z < ¢’. Thus, 1.(q) = z+ 1 < ¢’. If there
is no such z, then 1.(q) < ¢’ by definition of i.. In both cases, we obtain i.(q) < ¢
since wi(q) is not a constant by the second paragraph. We conclude h(u) C h(v)
as g preserves L. Finally, assume wq, wq’ ¢ C, but w € C. As I, is monotonic, we
obtain 1,,(q) < 1.(q") and therefore h(u) = w,,(q) g(gx) E wi,(q") g(¢'x") = h(v).
If w ¢ C, we conclude h(u) = h(w)g(gx) and h(v) = h(w)g(q’'x"). As g preserves C,
we obtain h(u) C h(v).

Conversely, assume u,v € K with h(u) C h(v). If h(u) < h(v) we immediately
conclude u € v. Moreover, if u and v are constants, the claim follows immediately.
Assume u € C, v = ¢q’x" with ¢ € C maximal with ¢ < v. Since u = h(u) E h(v) =
ci(q")g(x") and ci.(q) ¢ C, the maximal common prefix of u and h(v) is a strict
prefix of u and c. Thus, u T c. The case that only v is a constant is analogous. We
still need to consider the case that both words u,v are not constants. Let u = cqx
and v = ¢’¢’x’. Assume ¢ = ¢’. Then, either 1.(q) = 1.(q") and g(gx) C g(¢’'x’), or
1.(q) < 1.(q") and q < ¢'. In both cases we conclude u € v. If ¢ < ¢’, we have
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Chapter 8 Constraint LTL and Constraint Biichi Automata

h(cq) C h(c’) and conclude cq C ¢’ as above. Analogously, if ¢’ < ¢, we obtain
c C c¢'q from h(c) C h(c’q’). Thus, assume that c and ¢’ are <-incomparable. Hence,
cccandsourC v.

Injectivity follows from the fact that h preserves the partial order <. This com-
pletes the proof. "

From Theorem 8.6 and Lemma 8.10 we directly obtain the following corollary.

Corollary 8.12. Let D € {Q,N,Z} or D = {1,...,k} for some k > 2. Then,
MC(T) and SAT(T) are PSPACE-complete.

Remark 8.13. Demri and Deter [DD15] conjectured that if the arity k of the tree
is part of the input to the satisfiability problem, it is still in PSPACE. Our proof
confirms that this branching degree uniform satisfiability problem is PSPACE-
complete.
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Chapter 9

Emptiness of Tree Constraint
Automata

Recall that every non-empty Biichi automaton has an accepting run which is
ultimately periodic. We first prove that a nonempty constraint automaton has an
accepting run which ultimately consists of loops that never contract the distances
of data values and keep the order type of the data values constant. We then define
the notion of the type of a run. It turns out that such a non-contracting loop exists
if and only if the automaton has a run realising a type among a certain set. Finally,
we provide a nondeterministic algorithm, which uses space polynomial in the
dimension of the automaton, but logarithmic in the automaton’s size, that checks
whether an automaton realises a given type. Putting all these together yields our
main technical result:

Theorem 9.1. Let C be a set of constants and A an n-dimensional %-Constraint
automaton. Let furthermore m = max{|c| | ¢ € C}. It is decidable in space linear in
nX (log(m) + log(|C|) + log(|Al)), for some global constant K independent of C and
A, whether L(A) # 0.

The proof of this theorem will take up the rest of this chapter.
This is joint work with Alexander Kartzow. The results can also be found in
[KW15].

9.1 Emptiness and Stretching Loops

We first introduce some notation before defining our notion of stretching loop and
characterising emptiness in terms of stretching loops.

From now on a word is always an element of Q, [ ] (M) denotes the (binary)
greatest common prefix operator, and we fix a finite tuple of words C = (¢y, ¢z, . . ., )
called constants. Moreover, we fix a 7$-constraint automaton A with state space

0.
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Chapter 9 Emptiness of Tree Constraint Automata

MCAT(121, 122) MCAT(211, 22)

Figure 9.1: Situation described in Example 9.3. The dotted arrows represent the
isomorphism h: MCAT(121,122) — MCAT(211, 22)

We assume that C is closed under prefixes.

Note that a reference to the prefix of a constant can be stored in space logarithmic
in the number of constants and the maximal length of the constants, by storing
the index of the constant and the length of the prefix. Thus, this assumption does
not increase the space needed by our algorithm as the algorithm never stores the
actual value of a constant, but merely references the constants.

Definition 9.2. Let sy, 55, ... be countable many constant symbols. Given a tuple
w = (wy, wa, ..., w,) of words, the maximal common ancestor tree MCAT(w) of w
is the following o-structure, where o = {<,C, 51,52, ..., Sp}:

MCAT(W) = (M, §|M2, |;|M2, Wi, Wo, ..., Wn) with
M={e} U{[ligwi |0 #1C{1,2,...,n}},

i.e., w; is the interpretation of constant symbol s;.

The (order) type typ(w) of W is the o-isomorphism class of MCAT(w). We define
MCAT¢(w) = MCAT(w, C) and typ-(w) = typ(w, C), i.e., MCAT¢(w) includes all
positions from w as well as all positions from C.

Labelling the words from w by constant symbols has the following consequence: if
typo(w) = typo(0) for w = (wy, wy, ..., wy) and © = (v1, v, . . ., v,) then there is a
unique isomorphism A from MCAT¢(w) to MCAT¢(v) which maps ¢ +— ¢ for every
¢ € C and w; — v; for w; the i-th element of w and v; the i-th element of v.

160



9.1 Emptiness and Stretching Loops

Example 9.3. We consider the 2-dimensional data values u = (121,122) and v =
(211,22) in 7;. In Fig. 9.1 both tuples are shown embedded in the binary tree.
The rectangular nodes correspond to the maximal common ancestor tree of u,
v, respectively. Clearly, we have typ(u) = typ(v). Thus, there exists a unique
o-isomorphism h: MCAT(u) — MCAT(v).

We introduce a partial order <¢ on the set of configurations.
Definition 9.4. We make the following definitions:

1. Let D € Q*. Afunction h: D — Q* is called stretching if |h(e)|—|h(d)| > |e|—|d|
foralld,e € D withd < e.

2. For n € N we define a relation <¢ on configurations from Q x (Q*)" by
(g.w) <c (p,v) if ¢ = p, typ-(W) = typ,(v) and the induced isomorphism
h : MCAT¢(w) — MCAT(v) is stretching.

Intuitively, (g, w) <¢ (g, v) holds if both data tuples have the same order type and
the distances between parent nodes and direct child nodes in MCAT (), seen as a
subtree of Q, are greater than the corresponding distances in MCAT¢(w). Note
that the isomorphism h shown in Fig. 9.1 is not stretching since [12| — |¢| =2 > 1 =
1] = lel = [h(12)] = |h(e)l.

Recall that a well-quasi ordering is a quasi ordering R, i.e., R is reflexive and
transitive, such that for any infinite sequence x1, x, . . . of elements there are indices
i < jwith (x;,x;) € R.

Lemma 9.5. < is a well-quasi order.

Proor. Obviously, <¢ is a quasi order.

Let (w;)ien be an infinite sequence of n-tuples of words. This sequence induces
an infinite subsequence (w;, C);c; such that for all i,j € I typ-(w;) = typ-(w)).
This implies that MCAT¢c(w;) and MCAT¢(w;) are isomorphic for all i, j € I via an
isomorphism ¢; ;.

For every i € I we define a map f; : MCATc(w;)*> — N by (u,v) = |u| — [u Mol
Fix an iy € I and an enumeration of the domain of f;, . This induces an enumeration
of the domain of f; for every i € I by letting (u,v) € dom( f;) be the k-th element if
(@15, (), Pii,(v)) is the k-th element of dom(f;,).

Consider the set { f(w;) | i € I} € N". By Dickson’s Lemma we find tuples w;,
Wi (j < k) such that fi(¢;r(u), ¢jx(v)) > fj(u,v) for all (u,v) € MCATc(w;). From
this we immediately conclude that w; <c wg. -
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Chapter 9 Emptiness of Tree Constraint Automata

We want to show that the order <¢ and the relation — induced by the transitions
of a constraint automaton are compatible in the sense of strong upwards com-
patibility. We say that — is strongly upwards compatible with respect to <c if for
all configurations (q, u), (p, v), and (q, v") with (q,u) — (p,v) and (q,u) <¢ (g, u’)
there is a configuration (p, v’) such that (¢, u’) — (p,v’) and (p,v) <¢ (p,?’).

We prepare the proof of strong upwards compatibility of the transition relation
by formally proving the following intuition: if MCAT(W’) has larger gaps than
MCAT(w) (seen as subtrees of Q*), every extension of MCAT¢(w) to a bigger tree
induces a corresponding extension of MCAT¢(w’) to a bigger tree of the same order
type. The proof of this statement requires the following technical lemma, which
gives constructions of o-embeddings.

Lemma 9.6. Let 0 = {<,C, M}. The following functions are o-embeddings:
1. For any u € Q" the function ,: Q* — Q" given by 1,(w) = uw.

2. For any strictly monotonically increasing, bijective function £: Q — Q, the

function ¢: Q* — Q defined by £(¢) = ¢ and €(q; - - qn) = €(q1)q2 - - * qn-

3. Given two o-embeddings f,g: Q" — Q" and a position z € Q*, the function
h = f|z « g] given by

h(w) = {f (2)g(w') ifw=zw

f(w) otherwise.
Moreover, if f, g are only {<, C}-embeddings, so is f[z « ¢].

4. Let 0 = {Z,C} or 0 = {<,C,M}. Given an infinite sequence of o-embedding
(fi)ien such that for every x € Q" there is an N € N with fi(x) = fj(x) for all
i,j > N. Then, the function f: Q* — Q" given by f(x) = y if fi(x) = y for
almost all i € N is a 0-embedding.

Proor. 1. The statement about 1, follows directly from the definitions of the
relations <, C, and M.

2. Let £: Q@ — Q a strictly monotonic function. Let u,v € Q" withu = u; - - - u,
and v = v+ vy If u < v, then v = uv’ for some v" € Q*. This implies £(u) =
Cuuy -+~ uy < (upuy - - - u,v’ = €(v). Conversely, assume €(u) < €(v). Thus,
n < mand {(u) = {(v1), up = vy, ..., Uy = Uy As C is injective, we conclude u < v.

Assume, u C v. If u < v, we conclude €(u) < €(v). Thus, assume u = xqy
and v = xq'y’ with ¢,q' € Q and q < ¢'. If x is non-empty, we directly conclude
{(u) E £(v) by definition of £. Otherwise, x = ¢ and £(u) = €(q)y C £(q)y" = {(v)
since ¢ is strictly monotonic. Conversely, assume £(u) E €(v). As before, the case
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9.1 Emptiness and Stretching Loops

(u) < £(v) follows from the previous paragraph. Thus f(u) = xqy and {(v) = xq'y
with ¢ < ¢’. If x is non-empty, we have u = xyqy and v = xyq’y’ for some x, € Q*
and so u C v. If x = 0, we conclude g = €(qo) and q" = {(qj,) for some qq, q; € Q.
As ¢ is strictly monotonic, this implies go < q;. Hence, u C v.

Note that £ is bijective as ¢ is bijective. Thus, ¢ preserves I as it preserves < in
both directions.

3. Let f, g,z as in the assumptions of the statement. Let u,v € Q*. If u and v
are either both suffixes of z or both strict prefixes of or incomparable to z, then
the function A is essentially only the function f or the function g applied to both
values. Thus, the statement follows directly by the assumptions on f and g.

Assume u is a strict prefix of z or incomparable to z and v = zv'". If u < v, we
conclude h(u) = f(u) < f(z) < f(z) g(v’) = h(v). Conversely, assume h(u) < h(v).
Thus, h(u) = f(u) is either a strict prefix or a suffix of f(z). If f(z) < f(u), then
z < u since f preserves < in both directions. This contradicts the assumptions on
u. Hence, u < z < v. Next, we consider the case u C v, i.e., u = xqy and v = xq'y’
with ¢ < ¢’. Since x < uMwv, we have x < z. Thus, xq’ < z and h(xq’) < h(v). Since
xq C xq are <-incomparable, the same holds for f(xq) and f(xq’). We conclude
h(u) C h(v) since f(xq) < h(u) and f(xq") < h(v). Conversely, assume h(u) E h(v)
and h(u) £ h(v). Hence, h(u) = xqy and h(v) = xq'y’ with ¢ < ¢’. Since u is
not a suffix of z, f(u) is not a suffix of f(z). Hence, x is a strict prefix of f(z).
Therefore, xq¢' < f(z) and f(u) C f(z). Since xq’ is also a prefix of f(z), we obtain
that f(u) and f(z), and u and z are <-incomparable We conclude u C zand u C v
as z < v and u and z are <-incomparable. Finally, we show that h preserves .
Note that since, u is not a suffix of z, we have u Mo = u Mz < z. We conclude
h(unov) =h(unz) = f(unz) = f(u)N f(z) = h(u) M h(v), since f(u) is not a suffix
of f(z).

The case that u is a suffix of z and v is not a suffix of z is analogous to the previous
case.

4. Consider two words u, v € Q*. By definition of f, there isa N > 0 such that
f(u) = fn(u) and f(v) = fn(v). As fy is a c-embedding, the claim follows. -

Lemma 9.7. Let 0 = {<,C,M}. Let further be {¢} € A C Q* finite and closed
under greatest common prefixes, and f a stretching o-embedding on A. Then, f
extends to a stretching o-embedding g: Q" — Q.

Proor. We use induction on |A|. For A = {¢}, the mapping g is just the identity on
Q*.

Assume A 2 {e}. We show the case |A| = 2 separately. Let x = x;---x,, € A
and f(x) = x" = x{---x, withm’ > m as f is stretching. Fix strictly monotonic,
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bijective functions £;: @ — Q for 1 < i < m with £;(x;) = x! for i < m. Define g by

f(X)ym+1---yn ifx <y -y
g(yl"'yn) = fl(yl)"'fn(yn) ifyl- Yp <X
G(y1) - G )Yk - - - yn  otherwise,

where k < n is minimal with y; - - - y £ x. Obviously, g(x) = f(x). The function g
can be written using the operations and functions defined in Lemma 9.6 as follows:

1.

g =id[e & O][x; & O)[xixy  C3] -+ [x1- - Xy e C][ X1+ - X — 1y

’
m+1 xm'

By the results of the same lemma, g is a 0-embedding.

Next, assume |A| > 2. Choose a position y € A such thattheset X = {x € A|y <
X, Yy # x} is non-empty and contains only <-incomparable elements. Let A; = A\ X
and fy = fla,. By induction hypothesis there is a o-embedding g, on Q* which
extends fy. Let X = {x1,...,x,} with x; € x;4; forall1 < i < m. As Ais closed
under maximal common ancestors, there are rational numbers ¢; < --- < g, and
words uy, . . ., Uy such that x; = yq,u;. For any two indices 1 < i < j < m, we have
x; Mxj =yandso f(x;) M f(x;) = f(y), as f is compatible with M. Since f(y) is the
maximal common prefix of any two values x; and x;, there are rational numbers
q; < -+ < qpand words uj, . .., u;, with f(x;) = f(y)q;u;. Next, choose a bijective,
strictly monotonic function £: Q — Q with £(q;) = q; for all 1 < i < m. For every
i€{l,...,m}let fi: {e,u;} — Q" be given by fi(u;) = u;. Using the case |A| < 2
we obtain a o-embedding g;: Q* — Q which extends f;. We define g by

f@Wq;g,(u) if w=yquforsomeiec{l,...,m},
gw) =1 f)l@u ifw=yquandq¢{q....qm}
go(w) ifw £ z.

Using the notation of Lemma 9.6, we can represent g as follows:

By the choice of gy, . . ., gm, g is an extension of f. Furthermore, g is a c-embedding
by Lemma 9.6. -

We are now ready to proof the strong upwards compatibility of — and —~! with
respect to <¢, where — ! is the inverse relation i.e., (p, #) =7 (¢, v) if and only if

(q,0) = (p, u).

Proposition 9.8. — and — ™! are strongly upwards compatible with respect to <c.
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Proor. Given k-tuples w, U, W' and states g and p such that there is a transition
(g, W) — (p,?) and such that w <c W' we have to show that there is some 7’ such
that o <¢ ¥’ and (¢, W) — (p, ).

Since W <¢ W', the isomorphism h : MCAT¢(w) — MCATc(W') extends (by
Lemma 9.7) to a stretching {<,C, M}-embedding h:Q* - Q* Setting v} = fz(vi)
for each v; € © we obtain with o’ = (vf, ..., ;) that (p,v) <c (p,?’) and (¢, W') —
(p,?") as desired.

The argument for —~1

is completely analogous. -

We now consider a particular (<, C, M, S)-embedding: the insertion of an m-gap
at some u which is not prefixed by a constant from C. This preserves the type and
leads to a <¢ larger tuple.

Definition 9.9. Let u be a word and m € N. We define the insertion of an m-gap at
utobe ! : Q" — Q given by 1)(w) = u0™v if w = uv and i) (w) = wifu £ w.

Clearly, /) is also a stretching function. Hence, it preserves <¢ on the configura-
tions. Iterated use of this fact and Proposition 9.8 proves the following lemma.

Lemma 9.10. Given two configurations (g, w), (¢, v) such that typ-(w) = typ(v)
then there is a configuration (g, u) such that (¢, w) <¢ (¢, u) and (g, ) <¢ (g, u).

Proor. Let d € N be maximal such that there are x;, x, € MCAT(w) with x; < x;
and |x;| — |x1] = d. Inductively, from the <-maximal elements to ¢ we insert a
d-gap at each y € MCAT¢(v) if y is not prefixed by a constant from C. All these
iterated insertions result finally in a tuple u such that (¢, ) <¢ (g, %) and for all
21,23 € MCATc(u) such that z; < z; and z; is not prefix of any constant from C,
then |z;| — |z1| > d. Thus, by definition of d also (g, w) <¢ (g, u) holds as desired. g

We are finally ready to characterise the non-emptiness of %—constraint automata
by the existence of particular loops.

Definition 9.11. A loop is a finite run r = (¢;)i<, With ¢o = (¢, W), ¢, = (¢,v) and
typo(w) = typo(v). We say that a loop r = (c;)i<n is stretching if ¢y <c cp.

Lemma 9.12. Let A be a constraint automaton. A has an accepting run if and only
if there are finite runs ry, r, where r; starts in an initial configuration and ends in
some configuration ¢ whose state is a final state, and where r; is a stretching loop
starting in c.
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PrOOF. (=). Let r = (¢;);en be an accepting run. Since r contains infinitely many
configurations with a final state and <c¢ is a wqo, we can find numbers n; < n,
such that c,, <c c,, whence (cy)n<n,, (cn)n,<n<n, are the desired runs.

(&). Assume ry is a run from some initial configuration to ¢; whose state is a final
state f € F and r; is a stretching loop starting in ¢; and ending in c,. Since ¢; <¢ c3,
iterated use of strong upwards compatibility (Proposition 9.8) yields runs r; from
ci—1 to ¢; such that ¢;_; <¢ ¢; forall i > 3. Clearly, the composition of r1, 72, 3, 14, . . .
is an accepting run. »

9.2 Stretching Loops and Types of Runs

The last subsection provided a characterisation of loops using concrete data values.
In order to obtain a decision procedure we abstract from these concrete values in
this subsection. We give a characterisation of loops that lead to an accepting run,
which only depends on the relations between the data values.

Definition 9.13. Let r = (¢;)o<i<n be a finite run, with ¢y = (¢, w) and ¢, = (p,0).
Setting 7 = typ.(w, ), we say r has type typ(r) = (q, 7, p).

Definition 9.14. Let w, v be k-tuples of words such that typ.(w) = typ-(v) and
let h be the induced isomorphism from MCAT¢(w) to MCAT(0). (w,0) is called

contracting if one of the following holds.
1. There is some d € MCAT(w) such that h(d) < d.
2. There are d,e € MCATc(w) such that d < e, h(e) = e and d < h(d).

We call a loop r from (g, w) to (g, v) contracting if (w, v) is contracting. Otherwise,
we call it (and its type) noncontracting.

Remark 9.15. As contracting only depends on the relations =,<, and E and not
on the actual values of the positions in MCAT¢(w) and MCAT¢(v), it only depends
on typ-(w, v) whether (w, v) is contracting.

Let us explain the term “contracting”. Fix a loop from (g, w) to (q,v). The
isomorphism h : MCATc(w) — MCAT¢(v) relates for every pair x < y with
x,y € MCAT¢(w) the interval (x, y) with the interval (h(x), h(y)). By definition, for
every contracting loop there is an interval (x, y) such that |y| — |x| > |h(y)| — |h(x)|.

The technical core of this section shows that if an automaton admits a noncon-
tracting loop then it admits a stretching loop with the same initial and final state.
This allows to rephrase the conditions from Lemma 9.12 in terms of types.
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For runs r = (¢;)ier and v’ = (d;);e; we write r <c r’ if ¢; <c d; foralli € I.

Recall from Proposition 8.8, that given a (<, C, S)-embedding f the sequence
r= ((q,-,W,-))l.21 isarunin Aif and only if f(r) = ((q,-,f(W,-)))l.21 isarunin A. In
particular, this holds if f = 1]}, i.e., the insertion of an m-gap at position u.

Let w,v € Q. We say that w and v are comparable if w < v or v < w holds.
Otherwise, we call u and v incomparable. In this situation, we distinguish two cases:
we say w is incomparable left of v if w E v and w £ v. In the same situation we
call v incomparable right of w.

Proposition 9.16. Let r be a noncontracting loop. Then, there is a stretching loop
r’ such that r <c r'.

Proor. Let r from (g, w) to (g, v) be a noncontracting loop and h : MCAT-(w) —
MCAT¢(v) the induced isomorphism. We iteratively define a sequence r = ry <¢
r <c -+ <c¢ ry of runs until r, is stretching.

We call a pair (uj, uz) € MCATc(w)? problematic (with respect to r) if u; < u
and |uz| — |ug| > |h(uz)| — |h(uy)|. Recall that in this case u; and h(uy), respectively,
are not prefixes of any constant ¢ from C because h fixes all such elements and C.
Let P, be the set of all problematic pairs. We split the set of all problematic pairs
into three parts, which we handle separately (cf. Figure 9.2 for an example). Let

L, = {(u1,us) € P, | up incomparable left of h(uy)},
R, = {(uy, u3) € P, | u; incomparable right of h(u;)}, and
D, = {(wy, uy) € P, | up comparable to h(uy) }.

L-Step: If L, is nonempty, choose the C-minimal u, such that there is u; with
(u1, uz) € L,. Now fix u; such that (uy, uz) € L, andd = (Jua|—|u1])—(|h(uz)|—h(u1)])
is maximal. Let 1 = ’Z(uz) be the insertion of a d gap at h(u;) and r’ = i(r). Denote
by «(w) («(v)) the data values of the first (last, respectively) configuration of r’.
Let b’ : MCAT¢(«(w)) —» MCATc(«(v)) be the corresponding isomorphism. By
definition the set L., = {(x1,x2) € P, | x, incomparable left of h'(x;)} does not
contain a pair (u, i(uz)) for any u € MCAT¢(«(w)). Nevertheless, r' may admit
problematic pairs that are not problematic with respect to r. This can happen if there
are x1, xo € MCAT¢(w) such that x; < h(uz) < x holds, but h(x;) < h(us) < h(x3)
does not. Then, the distance between i(x;) and i(x;) is greater than the distance
between x; and x; (by d). On the other hand, either both or none of h’(i(x;)) and
h’'(1(x2)) are shifted by the insertion of the gap whence their distance is equal to
the distance of h(x;) and h(x;).

In this case, possibly (i(x7), i(x2)) is problematic w.r.t. v’ while (x,x;) is not
problematic w.r.t r. Since u, is incomparable left of h(u;) and h(u;) < x2, we have
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Figure 9.2: Example for Proposition 9.16: In the first tree (u;, u;) is problematic,
insertion of a gap (D-Step) at h(u;) makes (the pair corresponding to)
(%1, x2) problematic; insertion of a gap (L-Step) at h(x;) makes (y1, y2)
problematic; insertion of a gap (L-Step) at h(y,) makes the tree stretch-
ing.

that u; is incomparable left of x, and x; is incomparable left of h(x;). Whence the
same holds for i(x;), b’ («(x2)) = 1(h(x2)) and 1(uy). Thus, if (1(x1), 1(x2)) is problematic,
then (1(xy), ((x2)) € L,» and «(uy) is strictly incomparable left of i(x;).

Thus, iteration of this step only creates problematic pairs that are more and more
to the right with respect to typ.(w,) = typo(1(w)). Since typ-(w,) is finite, we
eventually do not introduce new problematic pairs and obtain a run r; such that
Ly, = 0 and r <¢ r; because r; results from insertion of several gaps in r.

R-Step: If R, # 0, proceed as in (L-Step), but exchange “left” and “right”.

D-Step: If L, = R, = () and r is not stretching, then D, # 0. Choose u; E-minimal
in MCAT(w) such that there is some u; with (uy, us) € D, and choose u; < u, in
MCAT¢(w) such that d = (Juz| — |ug|) — (|A(u1)| — |h(uz)|) is maximal. Since r is not
contracting we have u; < h(uz) and wy < h(uy). Assume uy = h(uz), then uy < h(u)
as (u1,uz) € D. This contradicts that r is not contracting. Thus, u, < h(uz). Again,
let 1 = lZ(uz) and r’ = i(r).

Define «(w), i(v) and A’ as in the L-step. Again there may be a pair (xy, x;) which
is not problematic with respect to r while (1(x;), i(x2)) is problematic with respect
to r’. If R,» or L, are nonempty, we can deal with those problematic intervals using
R- or L-steps. This finally leads to a run r; with R,, = L,; = 0. Moreover, for every
pair (x1, x) such that this pair is not problematic with respect to r but (¢(xy), 1(x2))
is problematic with respect to r’, we conclude that x; is strictly below u; whence
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1(x3) is strictly below 1(uz) w.r.t. <. Thus, the endpoints of problematic pairs move
downwards (in typ-(w, D) = typ-(Ww’, 7)) and eventually all problematic pairs are
removed. Once r; is a loop without problematic pairs, it is stretching. -

Corollary 9.17. The set of words accepted by an automaton A is nonempty if
and only if there are runs r; and r, such that r; is a noncontracting loop starting
in configuration (f,w) where f is a final state and r; is a run from an initial
configuration to some configuration (f, ) such that typ-(w) = typ,(0).

Proor. Due to Lemma 9.12 and the fact that every stretching loop is also non-
contracting, only (<) requires a proof. Assume that there are runs ry, r, as stated
above. By Lemma 9.10, there is a configuration c¢q with (f,?) <¢ ¢y and (f, w) <¢ co.
Using Lemma 9.7, we obtain a stretching c-embedding g: Q" — Q" which maps
(f,w) to co. Applying g to every configuration in r; results in a new run r;, >¢ r».
As g is an o-embedding, r; is also non-contracting. Whence by Proposition 9.16
there is a stretching loop ) with r; <c r;. This loop starts in some configuration
¢y such that (f,9) <¢ ¢;. Applying Proposition 9.8 to r; and ¢, we obtain a run r;
from an initial configuration to c,. Thus, r{ and r;’ match the conditions of Lemma
9.12 which completes the proof. -

9.3 Computation of Types

In order to turn this characterisation of emptiness in terms of types into an effective
algorithm for the emptiness problem the last missing step is to compute whether a
given type is realised by some run of a given automaton. Let us first define the set
of all types and the associated product operation.

Recall that BS contains all propositional logic formulas where the atomic formulas
are given by v ~ v’ with v,v € {x1,...,%p, y1,...,ys} UC and ~ € {=, <,C}. We
say an isomorphism type 7 = typ-(w, v) satisfies a formula 8 € BS, written 7 | f,
if (7;5,% v) | B. Note that this definition is well-defined, i.e., if typ.(w,v) =
typc(w', ) then (7§, w,0) | g if and only if (75,W',7) | f as MCATc(w,v) and
MCAT¢(w',7") are isomorphic.

Definition 9.18. We make the following definitions:
1. Let RunTypesC denote the set of all types (q, 7, p) where ¢,p € Q and 7 =

typo(w, v) for some n-tuples of words w and .

2. We equip the power set oRunTypesi, yith a product - as follows: let S, T C
RunTypesS, then S - T contains all types (p, 7, q) such that there are words
u,v,w € (Q")"and astater € Qwith (p, typ(4,0),r) € S, (r, typc(0, W), q) €
T, and 7 = typ-(u, w).

169



Chapter 9 Emptiness of Tree Constraint Automata

3. The set of types of one-step runs Ty € RunTypes is given by t = (¢, 7,p) € Ty
if there is a transition (g, 8, p) of A such that r satisfies p.

Using the just introduced product operation, we define the iteration of an element
asusual: T := T and T"*! := T"-T. Furthermore, the set T* given by T* = [ J,5; T"
contains all types that appear in some power of T. The product operation resembles
the composition of types. As a consequence one can connect the runs of A and T;".

Next, we show that for every run r its type is contained in T", i.e., typ(r) € T;".
We also show the converse direction, that every type ¢t € T," admits a run r with
typ(r) = t. Thus the elements of T are exactly the types of the runs of the
automaton. We will later use this correspondence to check if an arbitrary type can
be realised in the automaton, i.e., is the type of a run.

Lemma 9.19. For every run r = (¢;)1<i<k With k > 1, we have typ(r) € le_l.

Proor. For k = 2 the claim follows by definition of T>~! = T;. We proceed by
induction. Write ¢; = (g;, wi, cees wé). Let v’ = (¢i)1<i<k-1 and rx—1 = (¢;)k-1<i<k- By
induction hypothesis typ(r’) = (q1, 7, qk-1) € le—z with

— 1 1 1 k-1 k-1
”_typc(wl’wz,---’wg,wl ""’Wf )’

and typ(rr-1) = (qk-1, k-1, qx) € Ty with

_ k-1 k-1, k k
Tk = type(wy .o Wy Wi, ., wy).
Thus, the tuples w%, R w;, w{"l, e w?'l, wf, e, wéf witness that

(g1, 7', i) := typ(r) € typ(r') - typ(ri_y) € T2 - T, = T},

which completes the proof. "
Lemma 9.20. Letk >1andt € le. There is a run r = (¢;);=1,.._k+1 With typ(r) = t.

Proor. We use induction over k. For k = 1, we have t € Ty and so t = (p, 7, q) such
that there is a (p, #,q) € T and « | . Choose u, v with MCAT¢(u,v) = 7. Then,
(p,u) — (g, ) is the desired run of length 2.

Assume k > 1. Let t € {to} - {;} with tp € T¥"'and t; € T;. Let t = (p, 7, q),
to = (p, mo, ), and t; = (r, 7y, q). By definition of the type product, there are tuples
of words X, y, and z with 7y = typ.(X,7), m = typ-(y,z), and & = typ.(x,z). By
induction hypothesis, there is a run ry = (qi,ﬂi)é‘:l with typ(ro) = to, i.e., p1 = p,
pi = r, and typc(u1, uk) = typc(x, ).
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Let h: MCATc(x,y) — MCATc(us, ux) be an isomorphism. We modify the
image of h to obtain a stretching isomorphism. Let N be the maximal distance
between to adjacent nodes in MCAT (X, 7) and define the function f: Q* — Q* by

fx) =c oNxjoNxjoN - - - 0N xj0N,

where x = cx’ with ¢ € C maximal with ¢ < x and x’ = x{ . ~x2.

< Clearly,
f is a (%,E,M,S)-embedding and the composition f o h: MCAT¢(x,y) —» Q*
is stretching. Moreover, we have f(MCAT.(u)) = MCATc(f(u)) for all tuples
of words u. By Lemma 9.7, there is a o-embedding h': Q* — Q* which ex-
tends f o h. Let hy the restriction of &' to MCAT(x, 7, z) and define w = hy(z).
Thus, A is a isomorphism MCAT¢(x,y,z) — MCATc(f(w), f(ux), w). Therefore,
type(%. 9. 2) = type(F@), £, W). Let £(r) = (pis f@))L,. Then f(r)isalsoarun
and typ(r) = typ(f(r)) holds as f is a o-embedding. Furthermore, as typ-(y,z) =
typo(f(ux), w) and t; € T;, we conclude that v’ = (py, f(u1)) - - - (px, f(ur))(q, w) is a
run. As 7 = typo(x, z) = typo(f(u1), W), we obtain typ(r) = . -

From the last to lemmas we immediately conclude the following result.

Corollary 9.21. There is a finite run of A of type t if and only if t € T".

9.4 Representation of Tree Types

Before we state our complexity result, we investigate how to efficiently store tree
types in memory. Let 7 = typ(u) for some tuple of words u. The naive approach
would just store every component of u as a list of pairs of integers. Unfortunately,
the size of such a representation requires space which is not logarithmic in the size
of the constants. There are two reasons for this:

1. A suffix u; of a constant ¢ includes the whole constant ¢ in its naive repres-
entation,

2. Ifc, cqy, cqs are constants and u = cq; for qi, g2, g3 € Q, the size of the integers
representing g, might be linear in the size of ¢, gs.

We fix the first issue by writing u; = c;u; where ¢; € C is maximal with ¢; < u; and
only storing the index of c; and u;. To overcome the second issue, we do not store the
exact values of u, but any values v] with MCATc(ug, . . ., u,) = MCATc(vy, . . ., vp).
The values vlf can be chosen to be always in {1, .. ., n}. This transformation does
not preserve the left-right-order of the v;’s with the constants. Therefore, we store
for every i the maximal constant ¢; which is left of u; and on the same level. Recall,
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that the set of constants is closed under prefixes. This process results in a small
representation of typ.(u). This will be formalised and proven in the next lemma.

Note that any finite set A € Q*, which is closed under maximal common prefixes,
can be {<, C, M}-embedded in a tree with branching degree at most |A| and height at
most |A|. Thus, the {<, E, M}-isomorphism class of (A, <, C, M) can be represented
in space at most |A]? log(|A|). Moreover, any set A’ can be closed under maximal
common prefixes by adding of at most |A’| elements to A’

Lemma 9.22. Let n > 1and TreeTypesS = {typ-(u) | € (Q*)"}. Moreover, let
the set of representation RS be given by

RS = {((ci.6o)), € (CPx {1,....n}=")"

¢ < G, 6] - leil < 1forall i},

where {1,...,n}*" = Lol n}i. Then, there is a surjective function h: RS -
TreeTypesC, such that for every r € R the relations < and C in h(r) can be computed
from r in logarithmic space.

Especially, it is possible to represent an element of RunTypesS in space linear in

log(|Q|) - n(log(|C|) + log(m)) - nlog(n) where m = max{|c||c € C}.

We will use the rest of this section for the proof of this lemma.

Let r = ((ci, i, v1)); € Rg. For every i = 1,...,n choose words u; as follows: if
v; is <-minimal in {v; | ¢; = ¢;, {; = {;} assume CN¢;Q = {ciq1, .. ., ciqi}, if € = ¢
set u; = ci(q1 — 1) (or u; = ¢;1if k = 0). Otherwise, {; = c¢;q; and we define u; = ¢;q
with g = 1/2(g; + gj+1) (or just ¢ = g; + 1if j = k). If v; is not <-minimal in {v; |
¢j = ¢, {j = ;i }, let v; = v;v’, where v; is minimal, and set u; = u;v’, where u; is
the element construction in the first case. We define h by h(r) = typ-(uy, . . ., up).

The chosen elements uy, . . ., u, satisfy

ci=max{ceClc=<u}, ti=max{€ €Clc LT u, |f|—|c| <1},
= c (9.1)
MCAT(U; | Cj = ¢, fj = fz) = MCAT(’U] | ¢ = Cl',[j = fi),
where u; = c;u for i = 1,.. ., n. This can be seen directly from the definition of u;’s,

but also makes use of the fact that C is closed under prefixes.

Before we show surjectivity, we argue that any representation r = ((c;, £;, v;))l,
satisfying (9.1) carries enough information to reconstruct the relations < and C on
type(us, . . ., un). We begin with <:

Sublemma 9.23. u; < u; if and only if one of the following conditions holds:
1. ci<cjandv; =¢

2. ¢i=cj,{;=tjand v; < v;
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Proor. We distinguish three cases:

¢; = c¢j Assume u; < u;. Assume thereisan ¢ € C with¢; < ¢, C u; butu; C £.

Thus, u; < ¢ < uj, which contradicts the maximality of c;. Therefore, £ C u;
iff £ C uj and so {; = {;. Hence, u; < u; implies v; < vj.

Conversely, assume ¢; = {; and v; < v;. This implies u; < u]’ and thus u; < u;.

¢i < ¢j Assume u; < u;. By maximality of ¢;, we have u] = ¢ in this case, and thus
v; = € (Recall that the MCAT always includes ¢.)

Conversely, v; = ¢ implies u] = ¢. Thus, u; < u;.

¢j < ¢; By maximality of ¢, u; cannot be a prefix of u; in this case. Moreover, neither
condition 1 nor 2 are satisfied. -

Next, we establish the corresponding result for C.

Sublemma 9.24. u; C u; if and only if one of the following conditions holds:!
1. ¢illcjand ¢; E ¢
2. ¢c;=cjand ({; C ¢ or ({; = ¢; and v; C v)))

ci)

4. ¢; > Cj and ((Ci C fj and fj || C,‘) orc¢j < fj < C,‘)

3. ci<cjand (£ Ecjand ¢; || ¢j) or ¢;

Proor. We consider four cases:
¢i |l c; Wehaveu; Cu;j & c¢;Cc; & condition 1. Thus the claim holds.

c;=cj Assume u; C ujand {; C {;. We have {; C u; C u; and so {; C {;. This
implies ¢; = ¢;. Thus, we obtain u] C uJ’., as u; C u;.

Conversely, assume condition 2. For ¢; C ¢}, assume u; C u;. Thus {; C ¢;, a
contradiction. Otherwise, {; = {; and v; C v; and hence u] C u]’..

ci < cj Assume u; C u;. If u] = ¢, we obtain £; = ¢;. We now consider the case
u; # ¢,ie., ¢j || u;. Assume ¢; # ¢;. Assume c; C ¢;. Thus, ¢; C u; and u; C ;.
A contradiction. Hence, ¢; C c;. Next, assume ¢; < {; < ¢;. We have {; C u;,

as ¢; || u;, and thus ¢; C u;. A contradiction. Thus, ¢; || ;.

Conversely, assume condition 3 holds. For u; = ¢, we immediately obtain
u; C u;. Thus, assume u; # ¢. Next, assume ¢; = ¢;. If u; C u;, then ¢; C u; and

Ix || ymeans x £ yand y £ x.
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thus there is a ¢; < ¢ < ¢; with ¢ C u;, which contradicts the maximality of ¢;.
Finally, let ¢; || ¢jand ¢; C c;. If u; C u;, then ¢j C u;, thus thereisac; < ¢ <¢;
with ¢ C u;. As {; C cjand ¢; || ¢j, we have ¢; C ¢, which contradicts the

maximality of ¢;. Therefore, u; < u;.

¢; > ¢j Assume u; C u;. First, assume ¢; || ¢;. Assume ¢; C ¢;. As ¢; E uj and ¢; || uj,
thereis a c; < ¢ < ¢; with ¢ C u;. As {; C c, this contradicts maximality of
¢j. Hence, ¢; C ¢;. Next, assume {; = c;. As before, there is a c¢; < ¢ < ¢; with
¢ C uj, this contradicts maximality of ; = c;.

Conversely, assume condition 4 holds. Assume ¢; || ¢; and ¢; C ¢;. Thus,
u; C ¢; C u;. Next, assume ¢; < {; < ¢;. By maximality of c;, we have u; || ¢;
and thus ¢; C uj, and so u; C u;. Finally, assume ¢; < {; < ¢;. As {; C u; and
¢j || uj, we obtain ¢; C u; and so u; C u;. -

Thus, using the above two Sublemma, we obtain that if r = ((¢;, ;,v;))!, € R
is a representation and uy, . . ., u, € Q* such that (9.1) is satisfied, we have h(r) =
type(us - . ., Upn).

We show surjectivity. Let t = typ-(u) withu = (u, ..., u,) € (Q*)" we define
words ¢; and ¢;, an v; just by (9.1). Note that the ¢; and ¢; are uniquely determined
by (9.1) and values v; can always be chosen as any n tree nodes can be represented

as subtree of {1,...,n}=" preserving < and C. Let r be the representation r =
(c1, 61, v1) - - - (cpy Uny vn). We show h(r) = t. Assume h(r) = t' = typ.(w) where
w = (wy,...,wy). As u and w both satisfy (9.1) using this representation r, we

obtain by the above two Sublemma that typ.(u) = typ,(w).

Moreover, the conditions given in Sublemma 9.23 and Sublemma 9.24 can be
checked in logarithmic space given a representation r. Therefore, the proof of
Lemma 9.22 is completed. "

9.5 Emptiness of Constraint Automata

We are ready to state our decision procedure for the emptiness of 7g—constraint
automata in this section. As preparatory step, we argue that it can be checked in
logarithmic space whether a type is contained in the product of two singleton sets
of types.

Proposition 9.25. There is a nondeterministic algorithm that, given three run
types to, t;, t, represented as in Lemma 9.22, checks in space linear in nX (log(|A4|) +
log(|C|) + log(m)) whether ty € {t;} - {t»} for some fixed K € N.
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ProoF. Let Rﬁ be the sets from the last chapter. Let t; = (p;, 75, q;) fori = 0,1,2
with p;,q; € Q and 7; € TreeTypesg. We assume that the 7; are represented
as elements from RS. The algorithm guesses a element from r = RS . Assume
h(r) = typo(x,y,z) and then checks whether py = p1, @0 = q2, ¢1 = p2, and
type(x,z) = mo, typo(X,y) = m and typ-(y,z) = m,. These checks can be carried
out in logarithmic space, as the relations on representation, i.e., elements from
RC, can be decided in logarithmic space. Correctness follows directly from the
surjectivity of h: If this algorithm accepts an input, then X, 7, z are witnesses for
the product. Conversely, if ty € {t;} - {2}, then there are words X, y, z as above. As
h is surjective the algorithm can guess a representation r with h(r) = typ.(X,y,2).a

We now prove the main theorem of this chapter, which we already stated at the
beginning of the chapter.

Theorem 9.1. Let C be a set of constants and A an n-dimensional 7g-constraint
automaton. Let furthermore m = max{|c| | ¢ € C}. It is decidable in space linear in
nX (log(m) + log(|C|) + log(]A])), for some global constant K independent of C and
A, whether L(A) # 0.

Proor (Proor oF THEOREM 9.1). By Corollary 9.17 and Lemma 9.21 it suffices that
the algorithm guesses a type (i, 7, f) and a non-contracting type (f, 7', f) such
that i is an initial state, f is a final state, and the order type of the last elements of 7
coincides with the order type of the first elements of 7/, and then verifies whether
these types are realised by actual runs.

This test is carried out as follows: First, guess an initial type t; € T;. Afterwards
iteratively guess types t,+; and one-step types s,+1 € T3, and verifying that t,4; €
{ta} - {sn+1}. In every step check whether t, = (i, 7, f) or t, = (f, 7, f). Note that
after the completion of a single step, the space occupied by ¢, can be reused for the
next step. As the number of run types is exponential in n(log(|C|)+log(m)+nlog(n)),
a counter requiring space linear in the same term is used to guarantee termination. g

Using this result, we conclude the desired complexity of the model checking for
cLTL.

Corollary 9.26. The model checking problem for cLTL is PSPACE-complete.

Proor. PSPACE-hardness follows directly, from the corresponding result for LTL
model checking. We show containment in PSPACE. The algorithm runs the de-
cision procedure for emptiness of ﬁ-constraint automata from Theorem 9.1 on the
automaton arising from the cLTL formula and the input automaton as laid out in
section 8.4. Though this automaton has size exponential in the input, we can apply
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the same trick as in [VW94] to obtain a PSPACE decision procedure: instead of
constructing and storing the automaton explicitly, whenever the algorithm needs
to guess a state or a transition, the algorithm actually guesses some arbitrary string
(of polynomial length) and then verifies that this string represents a state or a
transition. This verification can run in polynomial space. Furthermore, a state of
this automaton can also be remembered in polynomial space. -

Finally, the question arises what the exact complexity of the emptiness problem is.
It turns out that the use of an arbitrary number of dimensions separates between
NL and PSPACE.

Proposition 9.27. The following statements hold:
1. The emptiness problem for 7g-constraint automata is PSPACE-complete.

2. For any fixed n > 1, the emptiness problem for n-dimensional 7g-constraint
automata is NL-complete.

Proor. We start with statement 2: for fixed n, containment in NL is the statement
of Theorem 9.1. Hardness follows by reducing from graph reachability.

We show statement 1. The proof is inspired by the proof of PSPACE-hardness
of timed graph reachability given in [CY92]. We reduce the LBA (linear bounded
automaton) word acceptance problem to emptiness of constraint automata.

Given a LBA A and an input word w, we construct a set of constants C and an
|w|-dimensional 7$-constraint automaton B. Let A = (Q, X, I, T, qo, F, O), where
X is the input alphabet, I' is the tape alphabet, T € Q X I' X Q X I X {L,R,H} is
the transition relation, qo € Q is the initial state, F C Q is the set of final states,
and O € I is a dedicated blank symbol. We may assume that every symbol in the
tape alphabet I of A occurs in at least one transition of A, thus, the size of the
encoding of A is at least |I'|. Moreover, we assume that the only transitions possible
in a state in F are self-loops. Choose |I'| many distinct elements of the domain, i.e.,
C = {¢, | y € I'}. This set can be computed in P, for example choose C = {1’ |
i <|I}.

The automaton B keeps track of the LBA’s state and head position in its state
space, and uses the values of the |w| dimensions to remember the tape contents.
More formally: B = (Q’,I’, F/, T’) where 1 ¢ Q is a new symbol and

O ={UQx{L....|w} I={1, F=Fx{1...|wl,
T" = {(1 2, (90, D} U {((q, n), Buy,y- (¢-n)) | Aq,v. ¢y, d) € T: 0’ = n+e(d)},
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where e(d) = 1,-1,0 for d = R, L, H, respectively, and

a = /\ (Yi = cw,), ,Bn,y,y’ = (xp = Cy) A (yn = Cy’) N /\ (xi = yp).

i=1,...,|w| izl_,...,|w|
i#n
Clearly, there is a one-to-one correspondence between the configurations of A and
B (except for 1). Moreover, this correspondence is compatible with the respective
transition relations. Thus, we have (g, n,u) —4 (¢, n’, ) ifand only if ((g, n), v) —5
((¢,n'),?"), where u; = y iff v; = cyforalll < i < mandu = (uy,...,up),
0= (v,...,0).

The additional state : checks if u, in a input data word (u;);>1 encodes the word w
and moves to the initial configuration of A. As A enters a loop around a final state
when accepting a word, an accepting configuration of A translates to an infinite,
accepting run in B and vice versa. -
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List of Symbols

|w| Length of word w
a[X — M] Modified assigment o mapping X to M
By Either BdD , B, or BY depending on the argument type

Bg Bernoulli measure on MP for d € A(M) and finite set D

B) Bernoulli measure on M" for d € A(M)
BY Bernoulli measure on M“ for d € A(M)

B, Either Bf ,B,, By, or BZ,D(A) depending on the argument type
Bj? Bernoulli measure on {0, 1} for p € [0,1] and finite set D
B, Bernoulli measure on {0, 1}" for p € [0, 1]

By Bernoulli measure on {0, 1}* for p € [0, 1]

BP@

) F Bernoulli measure on P(A) constructed with enumeration E of A

B(X) Borel-c-algebra of metric space (X, d) where d is implicitly given
B(X,d) Borel-c-algebra of the metric space (X, d)

‘2 Tree concatenation

Ty Characteristic Function of M

Cyl%(X) Cylinder set of the first n positions in X w.r.t. enumeration E
d4(t) Probability of accepting t, starting in state q

A(M) Set of all distributions on M

Ao(X) Set of all distributions and the null function on X
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List of Symbols

dom(A) Domain of structure .4

E[f] Expected value of function f

Free(¢) Set of free variables in MSO formula ¢
inner(t) Set of inner positions in ¢

f f dp Integral of function f w.r.t. measure p

f f(x) p(dx) Integral of function f w.r.t. measure p
C Lexicographic Order

L(A) Language recognized by the automaton A
L(E) Language of the regular (tree) expression E
Lc(e) Language of the MSO formula ¢ as subset of C

<c  Relation on configurations — (¢q,u) <¢ (p,?) if induced isomorphism is
stretching

leaf(¢) Set of leaf positions in ¢

PMSO(S) Set of all probabilistic MSO formulas over signature S
PRE Set of all probabilistic regular expressions

PRTE probabilistic regular tree expressions

RE  Set of all regular expressions

MCAT(w) Maximal common ancestor tree of w

MCATq(w) Maximal common ancestor tree of w with constants C additionally
included

MC(7Tp) Constraint LTL Model Checking Problem
MSO(S) Set of all MSO formulas over signature S
N Natural numbers starting with 1
No  Natural numbers starting with 0

N(Z*) Nivat-class of X
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N (Ts) Nivat-class of Tx

Np(Tx) Deterministic Nivat-class of Tx

|[All  Behaviour of the probabilistic automaton A
R,  Non-negative real numbers with co

pos(t) Set of positions in tree ¢

pos(w) Set of positions in word w

pos,(t) Set of positions in ¢ with label from A
pos,(w) Set of positions of w labelled by a

< Prefix Order

R Real numbers

R,  Non-negative real numbers

RunTypesS Set of all types typ(r) for runs r
SAT(Tp) Constraint LTL Satisfiability Problem
[¢llc Semantics of probabilistic MSO formula ¢ in set C
0(£) o-algebra generated by £

X Finite words over alphabet »

X% Set of finite and infinite words over X

2“  Infinite words over alphabet X

Tx  Signature modelling finite or infinite trees
Wy Signature modelling finite or infinite words
<w  substitution order

M Maximal common prefix

List of Symbols

’TDC Infinite tree with branching structure D and distinguished constants C

typ(w) Type of w, i.e., it’s {<,C, sy, .. ., sp, }-isomorphism class

189



List of Symbols

typ(r) Type of arunr = ((gi, Wi))i=o.....n is (qo, tyPc(Wo, Wn), qn)

typo(w) Type of w with constans from C additionally included

€ Empty word
T Tx-structure associated with tree ¢
w Ws-structure associated with word w

A[X]r Automaton defined as A but with no final states and Muller-condition X
A[X]r Automaton defined as A but with final states X and empty Muller-condition

B¢ Set of propositional logic formulas build from comparison v ~ v’ for v, v’ €
{xi,y; |i=1,...,n}US

dg Metric on P(A) where E is an enumeration of A
dx Metric on finite or infinite words over X~
f(t,...,t,) Tree constructed by joining trees t, .. ., t, under new root node f

L-K Concatenation of languages L and K

L* Kleene-iteration of L

L? w-iteration of L

S§*%*  Infinity iteration of tree series S

t[M « s] Substitution of the subtrees at all positions from M in t by s
t[x < s] Substitution of the subtree at x in ¢ by s

cLTL Set of all Constraint LTL formulas
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Symbols
o-Algebra, 14
o-Embedding, 153

A

Alphabet, 9

Antichain, 25

Assignment, 53

Automaton for an expression, 95

B

Biichi’s theorem
Trees, 55
Words, 55

Bernoulli measure
Subsets, 58
Trees, 35
Words, 35

Borel-o-algebra, 16

C
Characteristic function, 9
Concatenation
Languages, 10
Tree language, 118
Tree series, 120
Weighted, 86
Words, 10
Constraint automaton, 149
Constraint LTL, 147
Model checking problem, 151
Satisfiability problem, 151

Continous function, 15
Contracting loop, 166

Cylinder set
Subsets, 58
Words, 16

D

Definable language, 54
Distribution, 13, 15

E
Embedding, see 6-Embedding
Expected value, 18

F

Finite automaton, 11
Finite Measure, 14
Formal language, 9
Free variables, 53

G
Generated c-algebra
By preimage of measurable func-
tion, 17
By system of sets, 14

H
Homomorphism, 10

|

Infinite tree, 146
Infinity iteration, 122
Inner position, 24
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Index

Integrable function, 18
Integral, 18
Iteration pair, 87

K

Kleene’s theorem
Trees, 119
Words, 84

Kleene-iteration, 10
Tree language, 118
Weighted, 86

Kleene-star, see Kleene-iteration

L

Language, 9

Leaf position, 24
Lexicographic order, 10

M
Maximal common ancestor tree, 160
Maximal common prefix, 146
Measurable function, 16
Measurable set, 14
Measurable space, 14
Measure, 14
Measure space, 14
Metric

Words, 15
MSO formula, 53
MSO sentence, 53
Muller-automaton, 11

N

Nivat-class
Deterministic, 41
Trees, 41
Words, 36

(o)
Omega-iteration, 10
Probabilistic, 87
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Omega-regular expression, 84
Open set, 15

P
Pointed set of structure, 67
Prefix order, 10
Prefix summable, 86
Probabilistic automaton, 13
Probabilistic MSO formula, 61
Probabilistic Muller-automaton, 20
Probabilistic regular expressions, 88
Probabilistic regular tree expression,
126
Probabilistic tree automaton, 28
Bottom-up, 47
Top-Down, 28
With final weights, 43
Probabilistic tree series, 119
Probability measure, 14
Probability space, 14
Product c-algebra, 19
Product measure, 19

R

Ranked alphabet, 24

Rational expression, see Regular ex-
pression

Rational Language, 84

Rational transducer, 33

Recognizable function, 14, 21

Recognizable Language, 11

Recognizable tree language, 26

Regular expression, 83

Regular tree expressions, 118

Regular Tree language, 118

Relabelling
Trees, 41
Words, 10

S

Set of positions, 9



Signature, 51
With constants, 146

Sink state, 20

Step formula, 69

Stretching function, 161

Stretching loop, 165

Strongly upwards compatible, 162

Structure, 51

Substitution, 24

Substitution order, 119

Substitution summable
Probabilistic tree automaton, 129
Tree series, 120

Subtree, 24

T
Terms of an expression, 90
Tree, 24

Tree automaton, 25

Tree series, 119

Type of an tuple, 160

w

Word
Finite, 9
Infinite, 9

Index
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