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Chapter 1
Introduction

Description Logics (DLs) [BCM™ 03| are a family of logic-based knowledge representation
formalisms, which can be used to represent the conceptual knowledge of an application
domain in a structured and formally well-understood way. They allow their users to de-
fine the important notions of the domain as concepts by stating necessary and sufficient
conditions for an individual to belong to the concept. These conditions can be atomic
properties required for the individual (expressed by concept names) or properties that
refer to relationships with other individuals and their properties (expressed as role re-
strictions). The expressivity of a particular DL is determined by what sort of properties
can be required and how they can be combined.

The DL £L, in which concepts can be built using concept names as well as the concept
constructors conjunction (I1), existential restriction (3r.C'), and the top concept (T),
has drawn considerable attention in the last decade since, on the one hand, important
inference problems such as the subsumption problem are polynomial in ££, even with
respect to expressive terminological axioms [Bra04]. On the other hand, though quite
inexpressive, £L£ can be used to define biomedical ontologies, such as the large medical
ontology SNOMED CTE] In £L£ we can, for example, define the concept of a happy man
as a male human that is healthy and handsome, has a rich and intelligent wife, a son
and a daughter, and a friend:

Human M Male ' Healthy M Handsome I
Jspouse.(Rich M Intelligent 1 Female) M (1.1)
dchild.Male M Jchild.Female M friend. T

For an individual to belong to this concept, all the stated properties need to be satisfied.
However, maybe we would still want to call a man happy if most, though not all, of the
properties hold. It might be sufficient to have just a daughter without a son, or a wife
that is only intelligent but not rich, or maybe an intelligent and rich spouse of a different
gender. But still, not too many of the properties should be violated.

In this thesis, we introduce a DL extending £L that allows us to define concepts in
such an approximate way. The main idea is to use a graded membership function m,
which instead of a Boolean membership value 0 or 1 yields a membership degree from
the interval [0,1]. We can then require a happy man to belong to the ££ concept
with degree at least .8. More generally, if C'is an £L concept, then the threshold concept
C> for t € [0,1] collects all the individuals that belong to C' with degree at least ¢. In

!see http://www.ihtsdo.org/snomed-ct /



2 Chapter 1. Introduction

addition to such upper threshold concepts, we will also consider lower threshold concepts
C<; and allow the use of strict inequalities in both. For example, an unhappy man could
be required to belong to the £L£ concept with a degree less than .2. Using these
constructors and defining their underlying semantics based on a graded membership
function, we define the family of DLs 7€£(m) where m is a parameter of the logic
representing the chosen function.

We then go further and define a particular membership degree function deg. Its
definition is a natural extension of the homomorphism characterization of crisp mem-
bership in ££. Basically, an individual is punished (in the sense that its membership
degree is lowered) for each missing property in a uniform way. For instance, suppose
that some individual d belongs to the sets corresponding to Human and Healthy under
some interpretation, but does not belong to the ones corresponding to Handsome and
Male. Then, regarding the concept description Human " Male M Healthy M Handsome,
the computation of deg will punish d for the two missing properties, and give the value
deg(d,Human M Male M Healthy M Handsome) = 1/2 as the degree of membership of d in
that concept (see Chapter {4| for the precise details).

From a technical point of view, this function is akin to the similarity measures for ££
concepts introduced in [LT12] [Sun13], though only [Sunl3| directly draws its inspirations
from the homomorphism characterization of subsumption in ££. The threshold logic
TEL(deg) induced by deg constitutes the main subject of study in Chapters [f] and [6]
where we investigate the complexity of reasoning in 7€ L(deg) with respect to the empty
terminology and to a particular form of acyclic TBoxes.

The last part of the thesis is devoted to better understand the relationship between
concept similarity measures and our threshold logic formalism. We will describe a partic-
ular form of constructing membership degree functions from concept similarity measures,
which then originates a wide family of threshold Description Logics. In this way, we ob-
tain a variety of logics that could be useful in diverse scenarios according to the specific
properties of their underlying similarity measures.

The remainder of this introduction is concerned with an overview on related work,
and a more detailed summary of the subsequent chapters in this document.

1.1 Related work

We now provide an overview of some of the existing approaches to represent imprecise
knowledge in Description Logics. We consider the ones that we believe look closest to
our work. Nevertheless, there exists a vast number of other proposals. See for example
[PZ13] for an extension of £L£ with the notion of rough sets, |[LS10| for a family of
probabilistic DLs, and [LS08] for a survey on managing uncertainty and vagueness in
Description Logics.

1.1.1 Fuzzy DLs

The use of membership degree functions with values in the interval [0, 1] may remind the
reader of fuzzy logics. However, there is no strong relationship between this work and
the work on fuzzy DLs [BDP15| for two reasons. First, in fuzzy DLs the semantics is
extended to fuzzy interpretations where concept and role names are interpreted as fuzzy
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sets and relations, respectively. Basically, given an interpretation Z = (A%, .%) and a set
of truth values 93:

e concept names A are interpreted as fuzzy sets AT : AT — B, and
e role names r as binary fuzzy relations 7% : AT x AT — B,

The membership degree of an individual to belong to a complex concept is then computed
using fuzzy interpretations of the concept constructors (e.g., conjunction is interpreted
using an appropriate triangular norm ®).

In our setting, we consider crisp interpretations of concept and role names, and di-
rectly define membership degrees for complex concepts based on them. Second, we use
membership degrees to obtain new concept constructors, but the threshold concepts ob-
tained by applying these constructors are again crisp rather than fuzzy. Additionally,
for our threshold logics the membership degree value in a complex concept need not be
systematically determined by the membership degree values of its parts. Let us illus-
trate this situation with a simple example. Consider the following two fragments of the

concept (|1.1)):

Human M Male and Human Handsome

For an individual x in an interpretation Z that only belongs to the concept Human, the
intuition explained above for deg yields the membership degrees:

deg(x,HumanM Male)=1/2 and deg(xz,Human M Handsome)=1/2

Now, the relevant aspect is that, when computing deg(z, Human M Male 1 Human M
Handsome), we do not want to count the fact that x is a Human twice, but rather give 1/3
as the membership degree of x in the composed concept. This intuition will be captured
in one of two conditions that membership functions are required to satisfy. Hence, if a
specific t-norm ® were to be used to interpret conjunction in this particular scenario, it
would satisfy 1/2 ® 1/2 = 1/3. However, let us further consider two more concepts:

Human M Male and Handsome M Healthy
If in addition, x also belongs to Healthy we obtain similar values as before:
deg(x,Human M Male)=1/2 and deg(xz,Handsome M Healthy)=1/2

The difference is that the membership degree of x in the concept representing the com-
position of these two concepts, as already explained above, is deg(x, Human M Male M
Handsome M Healthy) =1/2. Obviously, this is not consistent with the initial definition
of ® for the pair (1/2,1/2), as required before.

1.1.2 The logic sim-ALCQO

In [LWZ03|, the authors introduced the Description Logic sim-ALCQQO for expressing
“vague” concepts and reasoning about them. This logic is obtained as the result of
combining the DL ALCQO [HS01], and the logic MS introduced in [WZ03]| for reasoning
about metric spaces. In particular, the integration of MS with ALCQQO allows to
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express concepts of the form E<?C' (among others). The interpretation of such a concept
description collects the set of all individuals x that are similar to at least one instance y
of C with degree at most a. Here, x and y are elements of a domain W and the similarity
is measured by a distance function d, where <W,d> is a metric space.

In principle we could try to express a threshold concept Cs; as the sim-ALCQO
concept E<U=YC. This is based on the idea that by using a distance function, the
closer two individuals are the more similar they are. Therefore, if y is an instance of C
and d(z,y) < 1—t, we could interpret this as that x is an element of C>;. However, the
most important difference to our approach is that [LWZ03] do not fix an specific distance
function d, but reason with respect to all possible such functions. This, for example,
includes distance functions which do not take into account the conceptual structure of
the domain elements in an interpretation to measure the distance between them.

1.1.3 Concept similarity measures

In the last few years, the idea of measuring similarity between concepts described
in DLs has received considerable attention. Many concept similarity measures have
been proposed to approach problems from a different/new perspective in very dis-
similar domains. See for example [BWHO05| for an early survey on the topic, and
[dSF08, dFEQ06, [EPT15, [Sunl3] for recently proposed measures and their applications.

One particular application of concept similarity measures to DLs is suggested in
[EPT14, [EPT15]. Instead of requiring that an individual is an instance of a query con-
cept, the authors only require that it is an instance of a concept that is “similar enough”
to the query concept. A somehow related approach has been presented in [TS14], but
following the ideas exposed in [Sunl3]. As we will show in Chapter (7, such kind of
relaxed instance queries can be expressed as instance queries with respect to threshold
concepts of the form Cs;. However, the new family of DLs introduced in this thesis
is considerably more expressive than just such threshold concepts since we also allow
the use of comparison operators other than > in threshold concepts, and the threshold
concepts can be embedded in complex £L concepts.

1.2 Structure of the Thesis

In the following, we briefly describe the contents of each chapter of the thesis.

e Chapter [2| formally introduces the lightweight Description Logic ££. We start
by presenting the syntax and semantics of £L£, as well as defining some technical
notions that will be important for the rest of the thesis. To conclude, we then
recall the well-known characterization of element-hood in £L concepts via existence
of homomorphisms between £L£ description graphs (which can express both ££
concepts and interpretations in a graphical way).

e In Chapter [3] we introduce our new family of DLs 7EL(m). We extend £L by
new threshold concept constructors which are based on an arbitrary, but fixed
graded membership function m (hence the name 7€L(m)). We will impose some
minimal requirements on such membership functions, and show the consequences
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that these conditions have for our threshold logic. Afterwards, we define descrip-
tion graphs and the notion of 7-homomorphisms for 7€L(m). Based on them we
show that membership in 7EL(m) concept descriptions can be characterized by
the existence of 7-homomorphisms. Such a characterization is independent of the
used graded membership function, and will be crucial for the study of the com-
putational complexity of inference problems carried out in subsequent chapters.
Finally, we provide algorithms that for finite interpretations, can be used to decide
membership in 7EL(m) concepts according to the given characterization.

e Chapter [ introduces the graded membership function deg. We show that deg
is well-defined and satisfies the properties required for membership functions in
Chapter [3] In the last part of the chapter, we look at the relationship between its
induced threshold logic 7€L(deg) and the DL ALC [SS91]. On the one hand, we
show that full negation is not expressible in 7€L(deg), and thus there are ALC
concept descriptions that cannot be expressed in T7EL(deg). On the other hand,
we prove that 7EL(deg) is a fragment of ALC.

° Chapter investigates the computational properties of 7€L(deg). We start by con-
sidering satisfiability and subsumption as the standard reasoning tasks concerning
terminological reasoning. In contrast to £L, the satisfiability problem is not triv-
ial and it turns out to be NP-hard. A matching upper bound is obtained due
to the existence of polynomial size models for all satisfiable concepts. Then, we
demonstrate, that the ideas used to construct such small models can be extended
to concepts of the form C M —D where C and D are TEL(deg) concepts. Since
TEL(deg) cannot express negation of 7EL(deg) concepts, this comes in handy to
prove that subsumption is a complete problem for the class coNP. Finally, we are
able to extend these ideas further to deal with assertional knowledge, and show that
ABox consistency is NP-complete whereas the instance problem is coNP-complete
(w.r.t. data complexity).

e Chapter |§| is concerned with extending our logic 7€L(deg) to consider concept
descriptions defined in a background TBox. We first extend well-defined graded
membership functions to compute membership degrees with respect to acyclic ££
TBoxes. Subsequently, 7€L(m) and 7EL(deg) TBoxes are defined taking into
account some necessary restrictions. We will see that the presence of TBoxes
apparently increases the computational complexity of the satisfiability and sub-
sumption problems, namely, they become II¥- and Y1'-hard, respectively. These
hardness results hold already with respect to acyclic 7€L(deg) TBoxes. Regard-
ing upper bounds, we design a non-deterministic polynomial space algorithm that
solves both problems, thus providing membership in PSPACE for both of them.
Moreover, these PSPACE upper bounds carry over to reasoning with respect to
acyclic T€L(deg) knowledge bases.

e In Chapter (7} we study the relationship between our threshold DLs 7€£(m) and
concept similarity measures. The chapter is organized into three main parts. To
start, we show that a variant of the relaxed instance query approach of [EPT14]
can be used to turn a similarity measure > into a well-defined graded membership
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function mq, and consequently > induces a threshold logic 7EL(mq). In addi-
tion, we show that the relaxed instance queries of [EPT14] can be expressed as
instance queries w.r.t. threshold concepts of the form Cs;. The second part of the
chapter explores the computational complexity landscape of reasoning in such a
big family of threshold logics. We obtain undecidability and decidability results,
as well as more precise complexity results for logics induced by a particular class of
measures satisfying certain properties. Last, we present the framework simi intro-
duced in [LT12] for defining similarity measures, and identify a concrete subclass
of its instances exhibiting those properties. Moreover, it turns out that, applied
to a simple instance pa' of simi, our construction actually yields our membership
function deg.

e In Chapter [8] we summarize our results and point out several directions for future
work.

e Appendix [A] contains missing proofs of some results needed along this document.

The results of this thesis consisting of the definition of the family of DLs 7€L£(m), the
graded membership function deg and the computational properties of 7EL(deg) studied
in Chapter |5} have previously been published in [BBG15a] and [BBGI5D].



Chapter 2
The Description Logic ££

We start by introducing the Description Logic ££. Starting with finite sets of concept
names N¢ and role names NR, the set Cgr of £L concept descriptions is obtained by
using the concept constructors conjunction (C 1 D), existential restriction (Ir.C') and
top (T), in the following way:

Cx=T|A|CnC | 3rC

where A € N¢, 7 € Ng and C € Cg,.

An interpretation T = (AT, 1) consists of a non-empty domain A% and an interpre-
tation function . that assigns subsets of A to each concept name and binary relations
over AT to each role name. The interpretation function .z is inductively extended to
concept descriptions in the usual way:

T .= AT
(cn D)t :=ctnD?*
(3r.C)E = {z € AT | Jy.[(z,y) € T Ay e CI]}

Given C, D € Cgr, we say that C is subsumed by D (denoted as C C D) iff CZ C D*
for every interpretation Z. These two concept descriptions are equivalent (denoted as
C =D)iff CC Dand D C C. Finally, C is satisfiable iff C* # () for some interpretation
T

Information about specific individuals can be expressed in an ABox. An ABox A
is a finite set of assertions of the form C(a) or r(a,b), where C is an EL concept
description, » € Ng, and a, b are individual names. For example, if HUGUITO, JULIA
and SANTIAGO are individual names, one can state that HUGUITO is a human male,
JULIA is his daughter and SANTIAGO his son, through the following ABox .A:

A :={Human(HUGUITO), Male(HUGUITO), Male(SANTIAGO), Female(JULIA),
child(HUGUITO, JULIA), child(HUGUITO, SANTIAGO) } (2.1)

Concerning the semantics, in addition to concept and role names, an interpretation 7
now assigns domain elements a” to individual names a. An assertion C(a) is satisfied
by Z iff a* € CT, and r(a,b) is satisfied by T iff (a®,b?) € . The interpretation Z is a
model of A iff T satisfies all assertion in A. The ABox A is consistent iff it has a model,
and the individual a is an instance of the concept C in A iff a* € C? holds in all models
of A. We denote the set of individual names occurring in A as Ind(.A).
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We now define some notions related to £L£ concept descriptions that will be useful for
subsequent chapters.

Definition 2.1 (sub-description). Let C' be an £L£ concept description. The set
sub(C) of sub-descriptions of C' is defined in the following way:

{C} if C' =T or C € N,
sub(C') := ¢ {C'} Usub(Cy) Usub(Cy) if C is of the form C; M Cy,
{C} Usub(D) if C' is of the form 3r.D.

Note that the number of sub-descriptions |sub(C')| of a concept C' is linear in the size
of C. Next, we define the role depth of a concept description C.

Definition 2.2 (role depth). The role depth rd(C) of an EL concept description C' is
inductively defined as follows:

rd(T) =rd(A) := 0,
rd(C1 M Cy) := max(rd(Cy), rd(Cy)),
rd(3r.C) := rd(C) + 1. ¢

A concept description is called an atom iff it is a concept name or an existential
restriction. The set of all ££ atoms is denoted by N4. Additionally, every £L£ concept
description is a conjunction C7 M ... C, of atoms. These conjuncts are called the
top-level atoms of C' and the set {C4,...,Cy} is denoted as tl(C).

Finally, given two interpretations Z and J, we say that Z is contained in J (denoted
ICJ)iff ATC AT and XT C X7 for all X € (Nc UNR).

2.1 Characterization of membership in ££

Our definition of graded membership will be based on graphical representations of con-
cepts and interpretations, and on homomorphisms between such representations. For
this reason, we recall these notions together with the pertinent results. They are all
taken from [BKM99, Kiis01, Baa03].

Definition 2.3 (££ description graph). An £L£ description graph is a graph of the
form G = (Vig, Eg, {g) where:

e Vg is a set of nodes.
e Fo C Vg x Nj x Vg is a set of edges labeled by role names,
e (o : Vg — 2Nc is a function that labels nodes with sets of concept names. &

The empty label corresponds to the top concept T. In particular, an ££ description
tree T is a description graph that is a tree with a distinguished element vy representing
its root. In [BKM99], it was shown the correspondence that exists between £L concept
descriptions and £L description trees, i.e., every £L concept description C' can be trans-
lated into a corresponding description tree T and vice versa. Furthermore, every inter-
pretation Z = (AZ,.7) can be translated into an ££ description graph Gz = (Vz, Bz, {1)
in the following way [Baa03|:
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Tci Vo - {A} GI: al {A}
v1 : {A, B} v : {A} ag: {A,B} | r

| :

v {} as : {B}

Figure 2.1: £L description graphs.

o VI — AIa
o Bz ={(vrw) | (v,w) € '},
o (7(v) ={A|ve AT} for all v € V7.

The following example illustrates the relation between concept descriptions and de-
scription trees, and interpretations and description graphs.

Example 2.4. The £L concept description
C:=AN3r.(AnNBN3Ir.T)N3r.A

yields the £L description tree T depicted on the left-hand side of Figure [2.1] The
description graph on the right-hand side corresponds to the following interpretation:

L4 AZ = {a17a27a3}7
o AT :={a1,as} and B := {ay, a3},

o 1T = {(a1, a2), (a2, a3), (a3, a1)}. ¢

Now, we generalize homomorphisms between €L description trees [BKM99| to arbi-
trary graphs.

Definition 2.5 (Homomorphisms on ££ description graphs). Let G = (Vi, Eg, {c)
and H = (Vi,Eg,lg) be two EL description graphs. A mapping ¢ : Vg — Vg is a
homomorphism from G to H iff the following conditions are satisfied:

1. lg(v) C Ly (p(v)) for all v € Vi, and
2. vrw € Eg implies p(v)ro(w) € Ep.

This homomorphism is an isomorphism iff it is bijective, equality instead of just inclusion
holds in , and biimplication instead of just implication holds in . &

In Example the mapping ¢ with ¢(v;) = a;41 for i = 0,1,2 and p(v3) = as is a ho-
momorphism. Homomorphisms between €L description trees can be used to characterize
subsumption in £L.
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Theorem 2.6 (|[BKM99]). Let C,D be EL concept descriptions and Tc,Tp the cor-
responding EL description trees. Then C T D iff there exists a homomorphism from Tp
to Tc that maps the root of Tp to the root of Tc.

The proof of this result can be easily adapted to obtain a similar characterization of
element-hood in EL, i.e., whether d € CZ for some d € AZ.

Theorem 2.7. Let T be an interpretation, d € AT, and C an EL concept description.
Then, d € CT iff there exists a homomorphism ¢ from T to G such that p(vy) = d.

In Example the existence of the homomorphism ¢ defined above thus shows that
a1 € CT. Equivalence of EL concept descriptions can be characterized via the existence
of isomorphisms, but for this the concept descriptions first need to be normalized by
removing redundant existential restrictions. To be more precise, the reduced form of an
EL concept description is obtained by applying the rewrite rule Ir.C' M 3Ir.D — Ir.C' if
C C D as long as possible. This rule is applied modulo associativity and commutativity
of M, and not only on the top-level conjunction of the description, but also under the
scope of existential restrictions. Since every application of the rule decreases the size of
the description, it is easy to see that the reduced form can be computed in polynomial
time. We say that an £L concept description is reduced iff this rule does not apply to it.
In our Example , the reduced form of C'is the reduced description AN3r.(ANBMIr.T).

Theorem 2.8 (|Kiis01]). Let C,D be EL concept descriptions, C", D" their reduced
forms, and Tor, Tpr the corresponding EL description trees. Then C = D iff there exists
an tsomorphism between Tor and Tpr.



Chapter 3
The Logic 7EL(m)

Our new logic will allow us to take an arbitrary ££ concept C and turn it into a
threshold concept. To this end we introduce a family of constructors that are based
on the membership degree of individuals in C. For instance, the threshold concept
C- g represents the individuals that belong to C' with degree > .8. The semantics of
the new threshold concepts depends on a (graded) membership function m. Given an
interpretation Z, this function takes a domain element d € AT and an ££ concept C as
input, and returns a value between 0 and 1, representing the extent to which d belongs
to C'in 7.

The choice of the membership function obviously has a great influence on the semantics
of the threshold concepts. In Chapter [4] we will propose one specific such function deg,
but we do not claim this is the only reasonable way to define such a function. Rather, the
membership function is a parameter in defining the logic. To highlight this dependency,
we call the logic TEL(m).

Nevertheless, membership functions are not arbitrary. There are two properties we
require such functions to satisfy:

Definition 3.1. A graded membership function m is a family of functions that contains
for every interpretation Z a function m? : AZ x Cep — [0, 1] satisfying the following
conditions (for C, D € Cgr):

M1 :deCt o m?(d,C)=1 forallde AT,
M2 :C=DeVIVde AT :m%(d,C) =m?(d, D). &

Property M1 requires that the value 1 is a distinguished value reserved for proper
containment in a concept. Property M2 requires equivalence invariance. It expresses
the intuition that the membership value should not depend on the syntactic form of
a concept, but only on its semantics. Note that the right to left implication in M2 is
already a consequence of M1: suppose for a contradiction that C' £ D. This would
imply that for some interpretation Z and d € A%, d € C* and d ¢ D* (or the opposite).
Then, by M1 and the right-hand side of M2 we would obtain m?(d, C) = 1 = m*(d, D),
which clearly yields a contradiction against d € D? and property M1.

We now turn to the syntax of 7€L(m). Given finite sets of concept names N¢ and
role names Ng, TEL(m) concept descriptions are defined as follows:

Co=T|A|CNC|3rC | Eu

where A € N¢, 7 € Nj, ~ € {<,<,>,>},t € [0,1]NQ, E is an EL concept description

11
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and C is a TEL(m) concept description. Concepts of the form E.; are called threshold
concepts. We denote by NE the set of all threshold concepts.

Using this newly introduced constructors, we can define ABoxes in 7EL£(m) as a nat-
ural extension of ££ ABoxes. A 7EL(m) ABox is an ££ ABox that, in addition, is
allowed to contain assertions of the form C(a), where Cisa TEL(deg) concept descrip-
tion. Hence, if we know that another individual JACINTA is healthy and handsome with
degree at least .8, we can now enrich the information provided in the ABox by
adding the assertion ((Healthy 1 Handsome)> ) (JACINTA).

The semantics of the new threshold concepts is defined in the following way:

(E)F == {d e AT | m%(d,E) ~ t}

The extension of .2 to more complex concepts is defined as in ££ by additionally con-
sidering the underlying semantics of the newly introduced threshold concepts.

Requiring property M1 has the following consequences for the semantics of threshold
concepts.

Proposition 3.2. For every EL concept description E we have
Es1=F and Eo =-FE,
where the semantics of negation is defined as usual, i.e., [~E]* .= AT\ EZ,

The second equivalence basically says that 7€L£(m) can express negation of £L£ con-
cept descriptions. This does not imply that 7€L£(m) is closed under negation since the
threshold constructors can only be applied to £L£ concept descriptions. Thus, negation
cannot be nested using these constructors. A formal proof that 7€L(deg) for the mem-
bership function deg introduced in the next section cannot express full negation can
be found in Section However, atomic negation (i.e., negation applied to concept
names) can obviously be expressed. Consequently, unlike ££ concept descriptions, not
all 7€L(m) concept descriptions are satisfiable (i.e., can be interpreted by a non-empty
set). A simple example is the concept description A>; M A<j, which is equivalent to
AM—A.

Last, some other notions defined for ££ in Chapter |2| extend naturally to 7€L(m):

e role depth: extends to TEL(m) concept descriptions by defining rd(E.:) := 0 for
all threshold concept E.; € Ng,

o sub-description: for all E; € Ng, sub(E;) := {E}.

3.1 Description graphs and homomorphisms in 7E£(m)

Our next goal is to extend the characterization of membership in ££ (see Theorem
to 7€L(m). In addition, we will show that given a 7€L(m) ABox A and an interpre-
tation Z, the satisfaction relation Z = A can also be characterized by the existence
of homomorphisms. Such characterizations will be useful later on to provide decision
procedures for specific instances of 7EL(m).
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Te: vo : {A, E>o8} Te: vo : {A}
7N 7N
v1:{A,B,E<os5}  vs:{A} vy : {A, B} vg s {A}
vy : {JE<1} vy l !

Figure 3.1: 7EL(m) description trees.

We start by extending the notion of description graphs from EL to 7EL(m). This is
done by allowing the use of threshold concepts as labels.

Definition 3.3 (7££(m) description graph). A 7€£(m) description graph is a graph
of the form G = (Vg, Eg, {g) where:

e 1 is a set of nodes,
e Fg C Vg x Nj x Vg is a set of edges labeled by role names, and
° ZG Ve — 9NcUNE 5 a function that labels nodes with subsets of Nc U NE. &

Likewise for £L (see Deﬁnition, a 7EL(m) description tree T is a 7EL(m) description
graph that is a tree with a distinguished element vy representing its root. Therefore, we
can establish a similar relationship between concept descriptions and description trees
in 7EL(m), i.e., every TEL(m) concept description C can be translated into a TEL(M)
description tree T and vice versa. The following example illustrates such a relationship.

Example 3.4. Let E be an £L concept description. The 7EL(m) concept description
6 =AM Esgg M HT(A nBmM E§0.5 Il E|T‘.E<1) ndr.A

yields the 7EL(m) description tree T & depicted on the left-hand side of Figure .

Note that the translation of C into T is an extension of the one used for ££ concept
descriptions, where threshold concepts E.; are treated like concept names. The £L£
description tree T¢ depicted in the right-hand side of Figure [3.1] corresponds to the £L£
description tree that results by ignoring the threshold concepts in the labels of T5. <

Now, for ABoxes, the use of individual names and role assertions excludes the possi-
bility of representing them as a description trees. Individuals in the ABox may have no
relation at all or it could also happen that role assertions enforce the existence of a cycle
involving some of them. In fact, the translation of concept descriptions into description
trees in £L is adapted in [KMO02| for an ABox A into a description graph G(A).

We lift the very same translation (see Section 3 in [KM02]) to ABoxes and description
graphs in 7€L(m). Some of the notation used in [KMO02] is slightly changed for the sake
of readability within this document.

Definition 3.5 (ABoxes and 7E£(m) description graphs). Let Abea7&L(m) ABox.
A is translated into a 7€L£(m) description graph G(A) in the following way:
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éal =ANB 6'% =T é(A)I ar : {4, B} as : {}
R R s
Ca2 = FE Ca4 =3dr.A " \r

v:{A}

az : {F«} - as : {}

Figure 3.2: 7€L(m) description graph associated to an ABox.

e For all a € Ind(A), the TEL(m) concept description C, is defined as:

Co= [ D
D(a) €A

If there exists no assertion of the form ﬁ(a) in A, then Co:=T.

e For all a € Ind(A), let f(a) = (Va,Ea,a,?a) be the 7EL(m) description tree
corresponding to the concept éa where a itself represents its root. Without loss
of generality let the sets V, with a € Ind(A) be pairwise disjoint. Then, é(A) =
(Va, Eq,ly) is defined as:

- Va= U V.,
a€lnd(A)
- Ex= U E,U{arb|r(a,b) € A}, and
a€lnd(A)
- Z_A(U) = Za(v) for v € V. $

The following example shows the idea of the previous construction.

Example 3.6. Let E be an £L concept description and A the following ABox:
A:={A(a1), B(a1), E<i(az), (Ir-A)(as), (a1, az), (a2, a3), s(a3, a1) }
The corresponding 7E€L(m) description graph G(A) is depicted in Figure O

Based on the notion of 7€L£(m) description graphs, we define homomorphisms from
7EL(m) description graphs to the associated £L£ description graph of an interpretation
Z. To differentiate these kinds of homomorphisms from the classical ones, we name them
7-homomorphisms and use the Greek letter ¢ (possibly with subscripts) to denote them.

Definition 3.7. Let H = (Vi, Ex, ZH) be a 7EL(m) description graph and Z an inter-
pretation. The mapping ¢ : Vi — V7 is a 7-homomorphism from H to Gz iff:

1. ¢ is a homomorphism from H to Gz in the sense of Definition (ignoring thresh-
old concepts in the labeling of Vi), and

2. forallve Vg if E.; € ZH(’U), then ¢(v) € (E)~. &
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We denote by dom(¢) and img(¢) the domain and image of ¢, respectively. This is,
dom(¢) := Vi and img(¢) := {¢(v) | v € Vi }.

We now use 7-homomorphisms to characterize membership in 7€£(m). Such a char-
acterization is based on the existence of a T-homomorphism and generalizes Lemma

from EL to TEL(m).

Theorem 3.8. Let C be a TEL(M) concept description and T = (AT, %) an interpreta-
tion. The following statements are equivalent for all d € AT:

1. de C7.

2. there exists a T-homomorphism ¢ from Tz to Gz with ¢(vo) = d.

Proof. The 1) — 2) direction is shown by induction on the role depth of C, while the
other direction is proved by induction on the number of nodes in T. The details of the
proof are deferred to the Appendix [A] O

Using the previous lemma we give a similar characterization for the satisfaction relation
between interpretations and ABoxes in 7EL(m).

Theorem 3.9. Let A be a TEL(m) ABox and T = (AL, 1) be an interpretation. The
following statements are equivalent:

1. T is a model of A.

2. there exists a T-homomorphism ¢ from @(A) to Gz such that ¢(a) = a* for all
a € Ind(A).

Proof. 1) — 2). Assume that T is a model of A. Then, a% € DT and (aZ,b%) € rZ hold
for all assertions D(a) € A and r(a,b) € A, respectively. Consequently, by definition of
C, we have that aZ € (C,)7 for all a € Ind(A). Hence, we can apply Theorem to
obtain a 7-homomorphism ¢, from 7T'(a) to G with ¢,(a) = a® (recall that a is the root
of T(a)).

Finally, since aZrb? € Ez for all r(a,b) € A, and the sets V,, used in the construc-
tion of @(.A) are pairwise disjoint, it is easy to verify that ¢ := Uaelnd(A) Qg 1 a T-
homomorphism from G(A) to Gz such that ¢(a) = a7 for all a € Ind(A).

2) — 1). Assume that the statement 2) holds. We show that Z satisfies all assertions
in A:

e r(a,b) € A. By construction of G(A) we know that arb € E4. Since ¢ is a
homomorphism from G(A) to Gz, this means that ¢(a)r¢(b) € Er as well. Con-
sequently, it follows from ¢(a) = a® and ¢(b) = b’ that a’rb? € Ez. Thus,
(at,bt) € rt.

e D(a) € A. By construction of G(A) one can see that the description tree T(a) is a
sub-graph of G(A). Therefore, ¢ is also a 7-homomorphism from 7'(a) to Gz with

¢(a) = aZ. An application of Theorem then yields: at € (Cy)t. Thus, since D
is one of the conjuncts in the definition of Cy, it follows that o € DZ. O
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3.2 Deciding the existence of a T-homomorphism

If the interpretation Z is finite and m is computable, then the existence of a 7-homomorphism
can be decided. We present two algorithms that (under the previous conditions) can be
used to decide the relations characterized by Theorems and Our starting point

is the polynomial time algorithm (Algorithm (1| below) introduced in [BKM99| to decide
the existence of a homomorphism between two £L£ description trees.

Algorithm 1 Homomorphisms between €L description trees.

Input: Two £L description trees T1 and T5.
Output: “yes”, if there exists a homomorphism from T to T5; “no”, otherwise.

1. Let Th = (Vi, E1,v9,¢41) and Ty = (Va, B, wg, f2). Further, let {vq,...,v,} be a
post-order sequence of Vi, i.e., v; is a leaf and v,, = vg.

2: Define a labeling 6 : Vo — 2"1 as follows.

3: Initialize 0 by d(w) := 0 for all w € Va.

4: for all1 <i¢<ndo

5: for all w € V5 do

6: if (¢41(v;) C ¢2(w) and for all v;rv € E; there is w’ € V5 such that
7: v € 0(w') and wrw’ € Ey) then

8: d(w) = d6(w) U {v;}

9: end if

10: end for

11: end for

[
[\]

: If vg € §(wp) then return “yes”, else return “no”.

Theorem characterizes elementhood in TEL(m) concept descriptions via the exis-
tence of a 7-homomorphism from a 7€L£(m) description tree Tz to an £L£ description
graph G7 associated to an interpretation Z. If 7 is finite, then Algorithm [I| can be used
to decide whether there exists a mapping satisfying Condition [I] in Definition One
needs only to replace the last line by vy € 6(d) for some d € AZ, since now T becomes
Gz. In order to verify the second condition in Definition we modify the test in line[0]
to also consider whether m?(d, E) ~ t for all E; € ZT@ (v;). Algorithm [2| implements
this modification.

Then, if one wants to know whether a precise element e € AZ belongs to (6)1,
Algorithm [2] shall be invoked on T and Z. Note that a simple modification in line ,
namely testing whether vy € d(e), adapts the algorithm to answer the question for e.

Now, the main difference between Algorithms [I] and [2]is that the latter might need to
compute m? to verify whether m?(d, E) ~ q. Therefore, its computational complexity
may depend on how difficult is to compute m? for a chosen m. In particular, if m? can
be computed in polynomial time as for the graded membership function deg introduced
in the next section, Algorithm [2] will run in polynomial time.

Regarding the characterization given in Theorem for the satisfaction relation be-
tween interpretations and ABoxes, note that the description graph @(A) associated to
an ABox A is not necessarily a tree. Therefore, finding a 7-homomorphism ¢ from
@(.A) to Gz includes finding a homomorphism between two graphs, which in general
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Algorithm 2 7-homomorphism from a 7€L(m) description tree to G7.

Input: A 7EL(m) description tree T and a finite interpretation Z.
Output: “yes”, if there exists a 7-homomorphism from 7" to Gz; “no”, otherwise.

1: Let f = (Vp, ET,U(),?T) and Gt = (Vz, Bz, 01). Further, let {Ul, ey Un} be a post-
order sequence of Vr, i.e., vy is a leaf and v, = vp.

2: Define a labeling 6 : V7 — 2V7 as follows.

3: Initialize 6 by §(w) := 0 for all w € V7.

4: for all 1 <7 <ndo

5: for all d € A do

6: if ((7(v;) C ¢z(d) and [E; € lp(v;) = m%(d, E) ~ t] and
7: [virv € By = 3d' € AT : v € §(d')] and drd’ € Ez) then
8: d(d) :=0(d) U{v;}

9: end if

10: end for

11: end for

. If there exists d € AT such that vy € 6(d) then return “yes”, else return “no”.

—
N

is an NP-complete problem [GJ79]. However, by Definition it can be seen that
G(A) has a particular form where cycles only involve nodes and edges corresponding
to the individual elements and role assertions, respectively, occurring in A. Moreover,
since Theorem requires ¢(a) = a” for all a € Ind(A), this means that the wanted
T-homomorphism is partially fixed with respect to those elements. Hence, it suffices to
check whether the interpretation of the individual names satisfies the role assertions in
A and aZ € (C,)% (see Definition [3.5)), for all a € Ind(A). The following algorithm uses
Algorithm 2| to decide whether a finite interpretation Z satisfies an ABox A.

Algorithm 3 7-homomorphisms for ABoxes and interpretations.

Input: An ABox A and a finite interpretation Z. R
Output: “yes”, if there exists a 7-homomorphism ¢ from G(A) to Gz with ¢(a) = a*
for all a € Ind(.A); “no”, otherwise.

Let G(A) be as in Definition
for all r(a,b) € A do
if (aZ,b?) ¢ r* then
return “no”
end if
end for
for all a € Ind(A) do
if aZ ¢ (C,)% then // this can be checked using Algorithm
return “no”
end if
: end for
: return “yes”

= = e
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Chapter 4

The membership function deg

To make things more concrete, we now introduce a specific membership function, denoted
deg. Given an interpretation Z, an element d € A%, and an ££ concept description C,
this function is supposed to measure to which degree d satisfies the conditions for mem-
bership expressed by C'. To come up with such a measure, we use the homomorphism
characterization of membership in £ concepts as starting point (see Theorem. Ba-
sically, we consider all partial mappings from T¢ to Gz that map the root of T to d
and respect the edge structure of Tx. For each of these mappings we then calculate to
which degree it satisfies the homomorphism conditions, and take the degree of the best
such mapping as the membership degree deg”(d,C).

Example 4.1. Figure shows the £L description tree corresponding to the £L£ con-
cept description C' := AMBM3s.(B1M3r.B3M3r.By) and a fragment of an interpretation
graph Gz. In addition, it depicts two mappings from V7, to Vz. The one represented
by the dashed lines and a variation represented with the dotted lines. One can see that
none of them is a homomorphism from T¢ to Gz in the sense of Definition In fact,
since obviously d € CZ, by Theorem there exists no such homomorphism.

To compute the membership value induced by an specific mapping, we count the
number of properties of vy (say m), see how many of those does d in Z actually have (say
n) and give - as the membership degree value. In our example vg has three properties,
e.g., A, B and the existence of an s-successor (represented by v1) with certain properties.
Interesting to see is that for both mappings, the selected s-successor of d does not satisfy
all the properties of v1. Should we just assume that d does not have this last property
and give % as the membership degree value? Instead of that, we would like to compute
a value that expresses to which degree the s-successor of d (to which v; is mapped to),
satisfies the conditions for membership expressed by the subtree of T rooted at v1. This

will be done using the very same idea recursively. &

As mentioned before, we consider partial mappings rather than total ones since one
of the violations of properties demanded by C could be that a required role successor
does not exist at all.

Example 4.2. Consider the description tree T and the interpretation Z depicted in
Figure Obviously, there exists no total mapping from T to Gz since neither d; nor
ds have a successor. Thus, restricting to consider only total mappings would give zero as
the membership degree value of d in C'. This is not desired, since just like concept names
may be missing and the membership value does not become zero, also role successors
(required by C') may be missing and the membership degree need not be zero. &

19
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To: Gz
s {4, B} <-ereroccasananoeeeas, 4+ {4)
v : {B1} dy : {B1} “udy i {B1}
N el N
Vg ! {33} | .vz : {Bg} ds : {B3} ds : {} d?»7 {

Figure 4.1: Mappings from T¢ to G7.

Tc: vo : {A} Gr: d:{A}
YN\ YN\
V1 - {Bl} V2 {BQ} d1 : {Bl} dQ : {BQ}
3
A\
V3 . {B3}

Figure 4.2: An example where no total mapping exists from T to G7.

4.1 The membership function deg

To formalize the previously exposed ideas, we first define the notion of partial tree-to-
graph homomorphisms from description trees to description graphs. In this definition,
the node labels are ignored (they will be considered in the next step).

Definition 4.3 (Partial tree-to-graph homomorphisms). Let T' = (V, Ey, 4, vp)
and G = (V,, Ey4,¢,) be a description tree (with root vg) and a description graph, re-
spectively. A partial mapping h : V; — V, is a partial tree-to-graph homomorphism
(ptgh) from T to G iff the following conditions are satisfied:

1. dom(h) is a subtree of T" with root vy, i.e., vg € dom(h) and if (v,r,w) € E; and
w € dom(h), then v € dom(h);

2. for all edges (v,r,w) € Ey, w € dom(h) implies (h(v),r, h(w)) € E,.

To abbreviate, from now on we will write ptgh(ptghs for the plural) instead of partial
tree-to-graph homomorphism. &

In order to measure how far away from a homomorphism (in the sense of Definition [2.5)
such a ptgh is, we define the notion of a weighted homomorphism between a finite £L£
description tree and an £L£ description graph.
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Definition 4.4. Let T be a finite ££ description tree, G an £L description graph and
h:Vp — Vg a ptgh from T to G. We define the weighted homomorphism induced by A
from T to G as a recursive function h,, : dom(h) — [0..1] in the following way:

1 if [br(v)| + E*(v) =0
hw(V) == Q ler() Nt (h@)] + £ hu(v:)

1<i<k
[er (v)] + k* (v)

otherwise.

The elements used to define h,, have the following meaning. For a given v € dom(h),
k*(v) denotes the number of successors of v in T, and vy, ..., v, with 0 < k < k*(v) are
the children of v in T" such that v; € dom(h). O

It is easy to see that h, is well-defined. In fact, T is a finite tree, which ensures
that the recursive definition of h,, is well-founded. In addition, the base case of the
definition guarantees that division by zero is avoided. Using value 1 in this case is
justified since then no property is required. In the second case, missing concept names
and missing successors decrease the weight of a node since then the required name or
successor contributes to the denominator, but not to the numerator. Required successors
that are there are only counted if they are successors for the correct role, and then they
do not contribute with value 1 to the numerator, but only with their weight (i.e., the
degree to which they match the requirements for this successor).

When defining the value of the membership function deg” (d,C), we do not use the
concept C' directly, but rather its reduced from C”. This will ensure that deg satisfies
property M2.

Definition 4.5. Let Z = (AT, .%) be an interpretation, d an element of AZ and C an
EL concept description with reduced form C”. In addition, let H(T¢r, Gz, d) be the set
of all ptghs from Tcor to Gz with h(vg) = d. The set VI(d, C") of all relevant values is
defined as:

VI, C") = {q | hw(vo) = ¢ and h € H(Ter, Gz, d}

Then we define deg”(d, C) := max VZ(d,C"). O

In case the interpretation Z is infinite, there may exist infinitely many ptghs from T
to Gz with h(vg) = d. Therefore, it is not immediately clear whether the maximum
in the above definition actually exists, and thus whether deg”(d,C) is well-defined. To
prove that the maximum exists also for infinite interpretations, we show that the set
VI(d,C") is actually a finite set. To this end, we introduce canonical interpretations
induced by ptghs.

Definition 4.6 (Canonical interpretation). Let Z = (A%, .7) be an interpretation,
C an £L concept description and h be a ptgh from Tor to Gz. The canonical interpre-
tation I, induced by h is the one having the description tree 77, = (Vz,, E1, , vo,¢z,)
with
Vz, = dom(h),
Ez, = {vrwe Er,, |v,w € dom(h)}
l7,(v) = L1 (v)NLlz(h(v)) for all v € dom(h).
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Remark 4.7. One can see that Tz, satisfies Vz, C V.., E7, € B0, £7,(v) C 10 (V)
and ¢z, (v) C ¢z(h(v)) for all v € dom(h). Moreover, the construction of Zj, verifies that
the mapping h is a homomorphism from 77, to Gz. &

Lemma 4.8. Let T = (AT,.7) be an interpretation, d € AT and C an EL concept
description. The set VI(d,C") contains finitely many elements.

Proof. Let Ty be the set of all canonical interpretations induced by all h € H(T¢r, Gz,d),
ie.,

I’H = {Ih ’ h e H(Tcr, GI, d)}

From Remark we have that Vz, C Vr,,., Bz, C Er,, and {7, (v) C {1, (v) for
all v € dom(h). This implies that the description graph 77, induced by Zj, is a subtree
of Ter. Hence, the set Zy; must be finite, i.e., there are only finitely many different
canonical interpretations induced by ptghs h € H(Tcr, Gz, d).

Now, consider any h € H(Tcr,Gz,d) and let i%» : dom(h) — V7, be a mapping such
that 7 (v) = v for all v € dom(h). Note that % is well-defined by definition of Zj,, and
it is easy to see that it is a ptgh from T+ to Tz, . Furthermore, let VI be the set:

VIn .= {q | iZh(vg) = q for all h € H(Tcr,Gz,d)}

Since dom(h) C V7, , there are finitely many sets that could act as the source for a
mapping i7». Moreover, Ty is a finite set of finite interpretations. Hence, there can only
be finitely many different mappings i%». Consequently, the set VZ# must be finite. In
addition, one can see that the following three properties hold:

e dom(i’*) = dom(h),
o (1, (iTh(v)) = L1, (v) N Lz(h(v)) for all v € dom(h), and

e for all v,w € dom(h): if vrw € E7,,, then h(v)rh(w) € Ez and iZt (v)rith (w) €
Er,.
Therefore, from Definition it follows that h,(vg) = iZr(vg). This means that for

all h € H(Tor, Gz, d) it is the case that hy,(vg) € V. Hence, VI(d,C") C VI# and

VI(d,C") is a finite set.

Thus, max V(d,C") exists and deg”(d,C) is well-defined. O

If the interpretation Z is finite, deg?(d, C') can be computed in polynomial time for all
d € AT and all ££ concept descriptions C. The polynomial time algorithm described
below (Algorithm [4) is inspired by the polynomial time algorithm for checking the exis-
tence of a homomorphism between £L£ description trees [BKM98,  BKM99|, and similar
to the algorithm for computing the similarity degree between £L concept descriptions
introduced in [Sunl3|.

Algorithmconsiders each pair (v, e) with v € Vz,,, and e € A7 only once. Therefore,
it is easy to see that it runs in polynomial time in the size of C' and Z. The following
lemma shows that Algorithm 4] computes the value of deg?, i.e., S(vo,d) = deg”(d,C")

(see Appendix [A)).
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Algorithm 4 Computation of deg”.

Input: An £L concept description C, a finite interpretation Z and d € AL,
Output: deg?(d,C).

1: Let C" be the reduced form of C, Gz = (Vz, Ez,¢1) and {v1,...,v,} be a post-order
sequence of Vr,, where v, = vp.

2: The assignment S : V. x Vz — [0..1] is computed as follows:

3: for all1 <i<ndo

4: if MTCT (vz)| + k*(vl) =0 then
5: S(v;,e) := 1 for all e € AT
6: else

7: for all e € AT do

8: c:= ‘ETC’I‘ (1)2) N KI(e)|

9: for all v;rv € Er.,,. do
10: c:=c+max{S(v,e) | (e,e) € rt}
11: end for

12: S(U,‘,e) = m
13: end for

14: end if

15: end for

16: return S(vp,d)

Lemma 4.9. Let C be an EL concept description, I a finite interpretation and d € AT,
Then, Algorithm terminates on input (C,Z,d) and outputs deg” (d,C), i.e., S(vo,d) =
degt(d,CT).

Finally, it remains to show that deg satisfies the properties required for graded member-
ship functions.

Proposition 4.10. The function deg satisfies the properties M1 and M2.

Proof. We first show that M1 is satisfied by deg. Assume that d € CT. Since C is
equivalent to its reduced form, we also have d € (C")%. The application of Theorem
yields that there exists a homomorphism ¢ from Ter to Gz with ¢(vg) = d. Then it is
easy to verify from Definition that ©w(vo) = 1 and consequently, max VX (d,C") = 1.
Thus, deg”(d,C) = 1. Conversely, assume that deg”(C,d) = 1. This means that there
exists a ptgh h from Ter to Gz with h(vg) = d and hy,(vg) = 1. Similar as before, it is
easy to see that h is a homomorphism according to Definition [2.5 The application of
Theorem yields d € (C™)? and consequently, d € CZ.

Concerning M2, as mentioned in Chapter [3] the right to left implication is already a
consequence of M1, which we just proved to be satisfied by deg. Assume that C' = D,
then by Theorem there exists an isomorphism v between Tor and Tpr. Consider
an arbitrary interpretation Z and any element d € AT. We show that deg”(d, cr) =
deg® (d, D"), which obviously implies deg”(d, C) = deg*(d, D) (see Definition

Let h be a ptgh from Ter to Gz with h(vg) = d and hy,(vg) = max VE(d, C"). Since v
is an isomorphism, the composition h o is a ptgh from Tpr to Gz, with (ho)(vg) = d
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and (h 0 1)w(v0) = hw(vo). This means that deg”(d,C") < deg®(d,D"). The same
reasoning can be applied starting with Tpr to obtain deg?(d, D") < deg?(d,C"). Thus,
we have shown that deg”(d,C") = deg”(d, D"). O

Note that M2 follows from the fact that we use the reduced form of a concept descrip-
tion rather than the description itself. Otherwise, M2 would not hold. For example,
consider the concept description C' := Jr.A M Ir.(A M B), which is equivalent to its
reduced form C" = 3r.(AM B). Let d be an individual that has a single r-successor
belonging to A, but not to B. Then using C' instead of C" would yield membership
degree %, whereas the use of C” yields the degree %

4.2 Two useful properties of deg

The following lemma shows that deg satisfies a monotonicity property with respect to
two interpretations Z and J which are related by a homomorphism.

Lemma 4.11. Let 7 and J be two interpretations such that there exists a homomor-
phism ¢ from Gz to G7. Then, for any individual d € AT and any EL concept descrip-
tion C it holds: deg”(d,C) < deg” (p(d), C).

Proof. Let C" be the reduced form of C' and h be any ptgh from T to Gz with h(vg) = d.
Since ¢ is a homomorphism from Gz to G 7, the mapping ¢ o h is a ptgh from Tor to
Gz with (¢ o h)(vo) = ¢(d).

Then, we have that for each v € dom(h) the homomorphism ¢ makes ¢z(h(v)) C
L7((¢p o h)(v)). In addition, for each r-successor w € dom(h) of v in T, we have that
h(w) is an r-successor of h(v) in Gz. Therefore, (¢ o h)(w) is also an r-successor of
(poh)(v) in Gy. Hence, it follows from Definition that hy(vo) < (@ o h)y(vo) for
all ptghs h from Ter to Gz with h(vg) = d.

Thus, we can conclude that deg”(d, C) < deg” (p(d), C). O

Now, using this monotonicity property and elements from the proof of Lemma [.8 we
can show that the value deg” (d,C) is preserved by the canonical interpretation corre-
sponding to a ptgh h such that hy,(vo) = deg”(d, C).

Lemma 4.12. Let T = (A%, .7) be an interpretation, d be an individual of AT and C
an EL concept description. Let h be a ptgh from Tor to Gt such that h(vg) = d and
how(vo) = degt(d,C). In addition, let T}, be the canonical interpretation induced by h.
Then, deg™ (vo,C) = deg”(d,C).

Proof. Assume that deg”(d, C) = q. From Definition we have:
deg?(d,C) = max VI (d,C") = hy(vg) = ¢

In the proof of Lemma we saw that i7» is a ptgh from Teor to Tz, with ith (vg) =
vo and hy(vo) = iZh(vg). Hence, deg?'(vy,C) > q. Remark tells us that h is a
homomorphism from 77, to Gz with h(vg) = d. Then, the application of Lemma
yields:

deg™ (vo, C) < deg”(d, C)

Thus, deg? (vy,C) = q = deg?(d, C). O
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4.3 Relation to the Description Logic ALC

We now investigate the relation between our threshold logic T€L£(deg) and the DL ALC
[SS91]. On the one side, we show that full negation of EL£ concept descriptions cannot
be expressed in 7EL(deg), and consequently there are ALC concept descriptions that
cannot be expressed in 7€L(deg). On the other side, we will see that every 7EL(deg)
concept description has its corresponding equivalent concept in ALC, but the provided
translation involves an exponential blow up.

Let us start by briefly introducing the DL ALC. The set of ALC concept descriptions
is the smallest set such that:

e T is an ALC concept description,
e if A € Nc, then A is an ALC concept description,

e if C, D are ALC concept descriptions and r € N, then ~C, C M D and 3Jr.C' are
ALC concept descriptions.

The semantics of the negation constructor under an interpretation Z is given as:
(-O)F :={de AT |d¢gC?}

As usual, Vr.C' is an abbreviation for =3r.—~C and C' U D for =(=C 1 —-D).
Before going on to the main details of this section, we need to define the notion of a
concept part of an £L concept description.

Definition 4.13 (concept part). Let C' be an £L concept description. The set of
concept parts Part(C) of C' is the smallest set such that:

e {T,C} C Part(C).
e if Ir.D € Part(C), then Ir.D’ € Part(C) where D" € Part(D).

e if C; M Cy € Part(C), then Cf M CY € Part(C) where C] € Part(Cy) and C) €
Part(Cs). ¢

4.3.1 Full negation is not expressible in 7€L(deg)

In Chapter [3| we mentioned that although 7EL£(m) can express negation of £L£ concept
descriptions, negation cannot be nested using the constructors of 7EL(m). We prove
that full negation cannot be expressed in 7€L(deg), by showing that 7€L(deg) cannot
express the simple ALC concept description Vr.A.

The semantics of Vr.C' can be expressed as follows:

(vr.0)F = {d € AT |Ve € AT.[(d,e) e T = e € CT]}

Lemma 4.14. In 7EL(deg), there is no concept description C such that Vr.A = 6,
where A € Nc.
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Proof. Suppose that there exists a 7EL(deg) concept description C such that Vr.A = C.
Then, for all interpretations Z we have (Vr.A)X = CZ. Consider the interpretation
Ty = ({d}, .%0) such that X% = () for all X € Nc UNg. Obviously, d € (¥r.A)%0 and by
our initial assumption it also holds d € %o,

By Theorem there exists a 7-homomorphism ¢ from T to Gz, with ¢(vg) = d.
Since d has no r-successors in A%0 nor it is an instance of any concept name, this means
that C must be of the following form:

(BY) oty Mo (B,

where each E' is an £L concept description. Let us now consider the interpretations Z;
and Zs which have the description graphs shown below.

Io;d:{} Ilidll{} 1—23d2:{}
ds: {} ds : {A}

In addition to d € (¥r.A)%0, it is also the case that dy € (Vr.A)¥2. Hence, since
C = Vr.A, we also have dy € C?2. This means that d € [(E?),]% and dy € [(E)., ]2
for all 1 < i < q. Further, it is easy to see that Lemma[£.11] can be applied to obtain for
all1 <1< ¢

deg™(d, E") < deg™ (d1, E") < deg™(da, EY)

Therefore, it is immediate to see that di € [(E¥)~, ]t for all conjuncts (E)~;, of C,
and consequently d; € CTr. Our initial assumption Vr.A = C implies that dy € (Vr.A)1,
but this is a contradiction since d; has an r-successor ds and d3 ¢ AT'. Thus, there is
no 7€L(deg) concept description C such that C = Vr.A. O

Lemma [.14] implies that full negation of £L£ concept descriptions cannot be ex-
pressed in 7EL(deg). Otherwise, since Vr.A = —3r.—A, there would be a 7EL(deg)
concept description D such that D = ~3r.—A contradicting the lemma. Moreover, since
dr.mA = Ir.A-q, this implies that neither negation of 7€L(deg) concept descriptions
can be expressed.

4.3.2 Expressing 7EL(deg) concept descriptions in ALC

Since £L is a fragment of ALC, the concept constructors we need to look at are the
ones corresponding to threshold concepts E.;. In particular, a direct consequence of the
semantics corresponding to such constructors are the equivalences:

Eoy=-FE> and E< =-Ey

The four possibilities are gathered in the following proposition.
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Proposition 4.15. Let E.; be a threshold concept. The negated concept = E.s is equiv-
alent to the threshold concept E, (), where X is the following mapping:

(<)== x(£)=> x(>)=< x(>):=<

Thus, since ALC allows full negation of concept descriptions, we can restrict our
attention to threshold concepts of the form E.; with ~ € {>,>}. For all 7€L(deg)
concept descriptions C , its corresponding ALC concept description [6]* is recursively
defined as follows:

}* = A, if A€ Nc¢

[ENt]* = _'[Ex(w)t]*v if ~¢€ {<7 S}
] ~ ~
]

It remains to define the transformation [E.;]* for E.;, when ~ € {>,>}. We show
that such threshold concepts E.; can be equivalently expressed in ALC as a disjunction
of EL concept descriptions Ej U ... U Eg, such that E; (1 <1i < q) is a concept part of
E".

Let Z be an interpretation and d € AT such that d € (E.;)%. We make two observa-
tions about ptghs h and their induced interpretations Zj,.

1. Let h be ptgh in H(Tgr,Gz,d) and Z}, its induced canonical interpretation. Since
T7, is a tree, we can speak of its associated ££ concept description C7z,. Further-

more, from Remark [4.7| we know that A is a homomorphism from Tz, to Gz. Thus,
since h(vgp) = d, we can apply Theorem [2.7|to obtain d € (Cz, )Z.

2. It is clear from the construction of Zj, in Definition [£.6] that C7, is a concept part
of E”.

In view of Lemma and the fact that ~ € {>,>}, the first observation tells us
that: d € (E-t)? iff d € CT for some £L concept description C, whose associated €L
description tree T corresponds to an interpretation Zo such that degIC (vo, E) ~t. In
addition, the second observation implies that it is sufficient to consider concept parts of
E". We now formally define the set of such relevant concepts.

Definition 4.16. Let E.; be a threshold concept with ~ € {>,>}. For all X €
Part(E"), we assign to X the value v(X) € [0..1] computed as:

o(X) = deg™ (vo, E)
Then, the subset R(E~;) of relevant concepts in Part(E") is defined as follows:
R(E~t) :={X | X € Part(E") and v(X) ~ t} &

The following lemma shows that membership in E.; is equivalent to membership in
at least one concept description from R(E.;).
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Lemma 4.17. Let T be an interpretation, d € AT and E-; a threshold concept with
~ € {>,>}. The following statements are equivalent.

1. de (E,\,t)z.
2. There exists X € R(E~t) such that d € XT.

Proof. 1) — 2). Assume that d € (E~;)%. Then, there exists a ptgh h in H(Tgr, Gz, d)
such that:
h(vg) =d and hy(vg) = degz(d, E)~t

By Lemma [4.12] the canonical interpretation Zj satisfies
deg™ (vo, E) = deg” (d, E) ~ t

As observed above, we have that d € (Cg, )% and C7, is a concept part of E". Hence,
since v(Cz,) = deg™ (vg, E) ~ t, this means that C7, € R(E~;).

2) — 1). Assume that there exists X € R(E.;) such that d € XZ. By definition
of R(E~;) we know that deg?X (vg, E) ~ t. Moreover, since d € X7, there exists a
homomorphism ¢ from 77, to Gz with ¢(vg) = d (Theorem. Hence, the application
of Lemmato Tx and T yields deg™ (vo, E) < deg”(d, E).

Thus, deg”(d, E) ~t and d € (E)~. O

The previous lemma tells us how to build an equivalent ALC concept description
[E]* for E;. The existential quantification in the second statement is expressed using
disjunction, and since R(E.~¢) is a finite set, we translate E.; into the following ALC

concept description:
Ew* = || X
XER(E~t)

One can still reduce the size of [E]*. Let (R(E~t),C) be the partially ordered set
defined by C on R(E.;). Using Lemma and the characterization of subsumption
in £L (Theorem , it is easy to prove that for all pairs of concepts X, Y € R(E~;)

XCY = v(X)>o(Y)

This means that it is enough to consider the concept descriptions in R(E~;) that are
mazimal (or the most general ones) with respect to C. Let Rpyax(F~:) be the set of
maximal concepts in R(E.;) with respect to C. We redefine [E.;]* as:

[E]* = |_| X

XeRmax(ENt)
Lemma 4.18. Let E.; be a TEL(deg) threshold concept with ~ € {>,>}. Then,

E/\/t = [E/\/t] *
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Proof. Let Z be an interpretation and d € AZ. Assume that d € (E~;)%. The application
of Lemma yields that there exists X € R(E~¢) such that d € XZ. Obviously, there
exists Y € Rumax(F~¢) such that X C Y. Consequently, d € Y7 and d € ([E]*)7.
Therefore, (E;) C ([Ei]*)?.

Conversely, suppose that d € ([E~¢*)%. This means that there is X € Ruyax(Ent)
such that d € XT. Hence, since Ruyax(F~t) € R(E~¢), the application of Lemma m
yields d € (E)%.

Thus, we have shown that E.; = [E]*. O

Lemma completes the translation [.]* presented above. Then, one can easily show
by induction on the structure of C that C = [@]* for all 7EL(deg) concept descriptions
C. Thus, we have shown that 7EL(deg) is a fragment of the DL ALC. However, as we
will see in the following, this translation may produce a concept [6]* of size exponential
in the size of C.

Let Cp, (n > 1) be the £L concept description C), M C%, where C¥ (x € {r,s}) is
inductively defined as follows:

e )JzA ifn=1
T Fm(AnCE ) ifn>1

The size of C,, is linear in n, ie., s(Cy) = O(n). Our translation into ALC of the
threshold concept (C,)< 1 yields an ALC concept description [(Cy,)<1]* of size exponen-
25 =3
tial in n. Let us explain this in the following example for n = 3.

Example 4.19. The £L description tree depicted on the right-hand side of Figure
corresponds to the concept description C'5. Now, the left-hand side of the same figure
contains the representation of four ££ description trees. In particular, we can say the
following about T%:

e its associated concept description D a is a concept part of C3, and

T
e deg %(Uo, C3) = %, where I% denotes the interpretation with description graph 7

IS

and vg its root. Consequently, there exists h € H(TC3,T% ,v0) such that hy(wp) =
1/2.

Therefore, D4 € R((C3)~1). Furthermore, the r-branch in T¢, is fully present for vy
4 =2
in T4, whereas the s-branch is completely missing. This means that they contribute to

4
the top-level of the computation of h,,(wp) with the values v, =1 and v =0, respectively.
Hence, D4 must be maximal in R((C3) 1 ) with respect to C, for otherwise any concept

X € R((é’g)zé) satisfying D% CXand X IZ D% is such that v, <1 and vy =0. This
would imply that deg™ (1107(03)2%) < 3 which contradicts X € R((Cg,)zé). Thus,
D% € Rmax((cg)zé) and it is one of the disjuncts in [(Cg)zé]*.

The same conclusion can be drawn for the other three description trees. Basically, the
values of the pair (v, vs) for Ts, T2 and T will be (3/4,1/4),(2/4,2/4) and (1/4,3/4),
respectively. Then, finding a more general concept X for D i (1 <i < 3) would mean
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Tes: wo : {} T{ {} T%: {}
T S ' 7/ \9
A A {+
A A T T S
A A {+
A {4 A
A A
r s Tz:  {} T )
| | 7\ 7\
{ { { A
A A { A
A A A {}

Figure 4.3: Exponentially many concepts in Ruyax((C3)

that one of v,., vs decreases while the other one remains the same. Overall, this means
that D1 U D2 U D3 U Da is a fragment of [(C3)s1]"
4 4 4 4 =2

Thus, generalizing this idea for all n we obtain that s([(Cp)s1]*) > 2n—1, &

1
2

In conclusion, the DL 7€L(deg) is a fragment of ALC, but so far we do not know
whether it is more succinct than ALC.




Chapter 5
Reasoning in 7EL(deg)

We now study the complexity of reasoning in the DL 7€L(deg). We start with investi-
gating the complexity of terminological reasoning (satisfiability, subsumption), and then
turn to assertional reasoning (consistency, instance checking).

Using a very simple reduction from a variant of the propositional satisfiability problem,
we show that satisfiability and non-subsumption in T€L(deg) are NP-hard. To provide an
NP upper bound for satisfiability, we establish a polynomial bounded model property for
satisfiable 7€ L(deg) concept descriptions. A key ingredient to obtain this property is the
characterization of membership in 7€L(deg) concept descriptions settled in T heorem 3.8
Afterwards, starting with a polynomial size model of a concept C we show how to extend
it into a model of a concept C'M—D that is still polynomial in the size of C and D. This
will gives us membership in NP for the non-subsumption problem, and thus a matching
coNP upper bound for subsumption in 7EL(deg).

Regarding assertional reasoning, the consistency problem can be tackled in a similar
way as the satisfiability problem, by using Theorem as a characterization of the sat-
isfaction relation for 7€L(deg) ABoxes. Then, similar to our treatment of subsumption,
the bounded model of an ABox can be used to obtain a bounded model property for the
non-instance problem. Therefore, we obtain that ABox consistency is NP-complete and
the instance problem is coNP-complete (w.r.t. data complexity).

5.1 Terminological reasoning
We start by recalling the first two decision problems we will look at:

e concept satisfiability: Let C be a TEL(deg) concept description C. The concept C
is satisfiable iff there exists an interpretation Z such that CT # 0.

e subsumption: Let C and D be two TEL(deg) concept descriptions. C is subsumed
by D iff CT C D? for every interpretation Z.

The size s(C) of a TEL(deg) concept description C is the number of occurrences of
symbols needed to write C.

In contrast to £L£, where every concept description is satisfiable, we have seen in Chap-
terthat there are unsatisfiable 7€ L(deg) concept descriptions such as A>;MA<;. Thus,
the satisfiability problem is non-trivial in 7€£(deg). In fact, by a simple reduction from
the well-known NP-complete problem ALL-POS ONE-IN-THREE 3SAT (see [GJ79],
page 259) we can show that testing 7EL(deg) concept descriptions for satisfiability is
actually NP-hard.

31
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Definition 5.1 (ALL-POS ONE-IN-THREE 3SAT). Let U be a set of proposi-
tional variables and C be a finite set of propositional clauses over U such that:

e each clause in C is a set of three literals over U, and

e 10 ¢ € C contains a negated literal.

ALL-POS ONE-IN-THREE 3SAT is the problem of deciding whether there exists a
truth assignment to the variables in U, such that each clause in C has exactly one true
literal. &

Let C = {c1,...,cn} be aset of clauses over U. We now show how to build a 7€L(deg)
concept description éc such that U has a truth assignment where exactly one literal per
clause in C is true iff 6’@ is satisfiable. Each propositional variable u € U is identified with
the concept name A,. In addition, to each clause ¢; = {w1, w2, u;3} in C we associate
an EL concept description D; of the form A, M Ay, M Ay,,. Then the concept Ce is

defined as follows: .

Ce = [11(Di) <2 N (D)

: 3!
i=1
The main idea underlying this reduction is that for any three distinct concept names
A;, Aj, A, an individual belongs to (A; M A; M Ag) 1 M (A; M A; M Ag)s 1 iff it belongs
=3 =3

to exactly one of these three concepts.

Lemma 5.2. éc is satisfiable iff there exists a truth assignment to the variables in U
such that each clause in C has exactly one true literal.

Proof. (=) Assume that Qc is satisfiable. Then, there exists an interpretation Z such
that (Ce)T # 0, ie., d € (Ce)T for some d € AT. We construct an assignment t for U in
the following way:

t(u) = true iff d € (A,)%, for all u € U (5.1)

Now, let ¢; = {u;1,ui2,u;3} be any clause in C. Since d € (6'(;)2, this means that
d e [(Di)S%]I and d € [(Di)zé]z. Therefore, deg”(d,D;) = % and by definition of
deg”, d is an instance of exactly one of the concept names Ay,,, Ay,,, Au,;. Thus, by
construction of t in , exactly one literal in ¢; is assigned to true.

(<) We assume that there exists a truth assignment t to the variables in U such
that exactly one literal is true for each clause in C. Then, we build a single-pointed
interpretation Z = ({d},.%) in the following way:

d € (AT iff t(u) = true, for all u € U

The properties satisfied by t (with respect to C) imply that d is an instance of exactly one
concept name in the definition of D;. Hence, for all 1 < i < n we have deg” (d,D;) = 4

~ o~ - g.
Thus, d € (Ce)? and Z satisfies Ce. d

This also yields coNP-hardness for subsumption in 7& L(deg) since unsatisfiability can
be reduced to subsumption: C'is unsatisfiable ift C C A>q M A<;.

Lemma 5.3. In 7EL(deg), satisfiability is NP-hard and subsumption is coNP-hard.
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To show an NP upper bound for satisfiability, we use the 7-homomorphism character-
ization of membership for 7€L(m) concept descriptions introduced in Chapter 3| Using
Theorem @ we prove a bounded model property for 7EL(deg) concept descriptions.

Lemma 5.4. Let C be a TEL(deg) concept description of size s(C). I]i@ is satisfiable,
then there exists an interpretation J such that CY # () and |AY| < s(C).

Proof. Since Cis satisfiable, there exists an interpretation Z such that d € C7 for some
d € AT. Therefore, there exists a 7-homomorphism ¢ from T5 to Gz with ¢(vg) = d
(Theorem [3.8). The idea is to use ¢ and small fragments of Z to build J and a 7-
homomorphism from T to G 7, and then apply Theorem E to C and J.

The interpretation J is built in two steps. We first use as base interpretation Zy the
one associated to the description tree Tz, where we ignore the labels of the form E.; (i.e.
the description tree T, see Figure . It is easy to see that the identity mapping ¢;q
is a homomorphism from Ts to Gz,. However, this interpretation and homomorphism
need not satisfy Condition of Definition There may exist v € A0 such that
E e ZTé(v), but v € (E~)?. To repair this we extend Zy to J by adding appropriate
fragments of Z.

More precisely, for such a node v in Zg we know that ¢(v) € (E~;)%, and consequently
deg? (¢(v), E) ~ t. By Lemma we do not need all of Z to obtain deg”(4(v), E) for
vin J. It is sufficient to use the canonical interpretation Z; induced by a ptgh h from
Trgr to Gz such that:

e h(wo) = ¢(v), and

o degt(¢(v), E) = hy(wp).
Here, wy is the root of Trr. We rename it as v (the corresponding problematic node in
Tp) for the rest of the proof. We denote Z;, as ZE and the ptgh h which induces Zj, as hZ.
Now, let J be the family of all interpretations Z% needed to repair the inconsistencies in
I(), i.e., .
J:={IF |lve AP E_ € lr,(v) and v ¢ (BT}

. B E. ~ ! TE2 . . L. .
For all pairs Z;', 7. € J we assume A* and A*" to be pairwise disjoint in the
following sense: if v # w they have no element in common, otherwise only v is shared.
In addition, for all ZF € J the sets AT ghare only the distinguished element v with
ATo. Once these disjointness assumptions have been established, J is constructed as
follows:
e AT = Ay |J AK,
Ked
e X7 :=x%oy | XX forall X € (Nc UNR).
Ked
We now prove that Condition [2| of Definition is satisfied by ¢;; and J. For all
v € Vi, and E; € 1, (v), we distinguish two cases:

e ~ ¢ {>,>}. Suppose that v € (E.;)%. Since Ty C J, this makes Lemma
to be applicable to Zy, J and Hence, we have deg™ (v, E) < deg” (v, E) and

!The identity mapping from A% to A7 is a homomorphism from Gz, to G.7 (recall the definition of
Z C J in Chapter [2).
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obviously v € (E~;)7. Conversely, assume that v ¢ (E.;)%. The selection of ZF
to build J and the application of Lemma yields:

deg™ (v, E) = deg”(¢(v), E)

This means that v € (E,)% , since ¢(v) € (E~¢)L. Moreover, from the construc-
tion of J it follows that If C J. Then, a second application of Lemma to
TF, J and v yields v € (E;)7.

e ~c {<,<}. Since ¢(v) € (E~;)%, we intend to use again Lemma with respect
to J and Z. For this, we build a mapping ¢ from V7 to V7 such that ¢(w) = ¢(w)
for all w € A%0, and show that it is a homomorphism from G 7 to Gz.

p:=0¢U U hfi

IEed

Recall from Remark H that hZ is a homomorphism from T7e to Gz. Conse-

quently, ¢ is defined for all d € A7 and since ¢ and each hZ have V7 as their
images, ¢ is certainly a mapping from V7 to Vz. In addition, by the disjoint-
ness assumptions made to build A7 and the fact that hZ is chosen such that
hE(w) = ¢(w), we further have that ¢ is unambiguous and ¢(w) = ¢(w) for all
w e Ao,

Let us now see why ¢ is really a homomorphism in the sense of Definition 2.5}
— For all d € A, we either have d € AT and

lg(d) =tz () U | Lzp(d) (w=4d)
TEe]d

or d € ATv for some IEF € 3 and (7(d) = zr(d), where w # d. Since
¢ is a homomorphism from Tz to Gz, this means that (z,(d) C lz(é(d)).
Since each h% is also a homomorphism from T7e to Gz, this means that

lre(d) C ¢7(hE(d)). Hence, by the way ¢ has been defined we can conclude
that £7(d) C lz(o(d)) for all d € A7,

— dyrdy € Eg. If dy,dy € A0 then ¢ implies that ¢(dy)re(ds) € Ez. Other-
wise, di,do € A7 for some TZFE € 7. Then, the corresponding homomorphism
hE guarantees that o(dy)r(ds) € Fr.

Consequently, ¢ is a homomorphism from Gz to Gz. Since p(w) = ¢(w) for all
w € ATo and v € A%, the rest relies in applying Lemma with respect to 7,
7 and v to obtain v € (E;)Y.

Thus, we have shown that ¢4 is 7-homomorphism from T to G 7. Since ®ia(vo) = vo,

the application of Theorem yields vg € 7.
To conclude, we look at the size of J. By construction of 7 we have:

AT =A%)+ ) A%
Ked
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It is not hard to see that the size of Zy is bounded by the size of C (without counting
the threshold concepts). In addition, any occurrence of a threshold concept E.; in C is
considered at most once to build 7. Moreover, each canonical interpretation Z” € J is
selected with respect to E™ and its size is bounded by the size of E” (see Definition .
Since E" is obviously not bigger than F, this implies |AI$E | < s(E~t). Thus, it is clear
that |A7| < s(C). 0

This lemma yields a standard guess-and-check NP-algorithm to decide satisfiability
of a concept C. The algorithm first guesses an interpretation J of size at most 5(6'),
and then checks whether there exists a 7-homomorphism from T to G 7. To verify the
existence of a 7-homomorphism it uses Algorithm [2] in Section Since deg can be
computed in polynomial time (Chapter , Algorithm [2[ runs in polynomial time with
respect to deg.

Remark 5.5. We would like to point out that the construction presented in the previous
lemma yields a tree-shaped interpretation 7, i.e., Gz is a tree. The base interpretation
Ty is tree-shaped since its description graph has the structure of T, and so are the
canonical interpretations used to extend Zy into J. This combined with the applied
disjointness assumptions guarantee that the resulting graph G 7 is a tree. Additionally,
the element vg € AY corresponding to the root of G 7 satisfies vy € C C7 . &

A coNP upper bound for subsumption cannot directly be obtained from the fact that
satisfiability is in NP. In fact, though we have CCDif Crn—-D is unsatisfiable, this
equivalence cannot be used directly since ~D need not be a 7€ L(deg) concept description
as shown in Section [£.3.I] Nevertheless, we can extend the ideas used in the proof of
Lemma [5.4] to obtain a bounded model property for satisfiability of concepts of the form
Cn=D.

Lemma 5.6. Let C and D be TEL(deg) concept descriptions of respective sizes s(C)
and s( ) If Cn-D is satisfiable, then there exists an interpretation J such that
CIN\ DI #0 and |A7| < s(C) x s(D).

Proof. Assume that C 1 =D is satisfiable. Then, there exists an interpretation Z such
that d € CT and d ¢ DT for some d € AT. We first apply the construction used in
Lemma to build (with respect to Z) an interpretation Jy such that CJo # () and
|A%| < '5(C). From Lemma we know:

o Gy, is a tree and vy € .

e ¢ is a T-homomorphism from T to Gz with ¢(vg) = d.

® ¢4 is a T-homomorphism from T5 to Gg,.

e ¢ is a homomorphism from G 7, to Gz with p(w) = ¢(w) for all w € Ao,

Since p(vg) €& Dt , the idea is to use ¢ to extract from Z the necessary information
to extend Jj into an interpretation 7 that falsifies D in v, while keeping vy € CY. In
order to do this, we consider all the nodes in A7 in a top-down manner starting with
the root vy.
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We construct a series of pairs (Jp, So) &71, S1) ..., where each Ji 1s an interpretation
and S; is a set of pairs of the form (v, F) being v € AJO and F a TEL(deg) concept
description. The initial pair (Jo, So) is set as (Jo, {(vo, D)}) The sequence is built such
that p(v) & FZ represents an invariant for all pairs (v, F) € S;. This will then be used
to show that v € F7, and hence vy ¢ DY .

Each pair (J;, S;) (i > 0) is computed from the pair (J;—1, Si—1) as follows:

e First, an auxﬂlary set S is computed with the purpose to decompose concepts F

of the form F1 M...Mn F More precisely, for all (v, F ) € S;_1 exactly one conjunct
F = F (1<j< n) is selected such that p(v) & (F) The set S} is defined as

follows.
Sf=8au J {(wF)}
(v,F)€Si1

e Then, S; is obtained from S as:
S = {(u,ﬁ) | (v,3r.F) € S¥, (v,u) € 1% and u € ﬁjo}

e Regarding J;, for all (v, E.;) € S such that v € (E.;)7 we select a canonical
interpretation ZZ (as for the proof of Lemma with hZ(wp) = ¢(v). Now, let
J; be the following set:

= {ZF | (v, E<;) € §; and v € (E;)7}

Using the same disjointness assumptions as in Lemma J; is built as follows:

- AT= ATy | AK
KeT;

— XJi:= XJi-1y |J XK forall X € (Nc UNR).
Keg;

~

As we will see later, whenever (v, F}y M...M ﬁn) € S;_1 for some ¢ > 0, there always
exists 1 < j < n such that p(v) & (ﬁ) Moreover, the tree shape of Jy makes this
construction to consider every node in A% at most once in the following sense. On
the one hand, a node v does not occur in more than one set S; (i > 0). Therefore, at
some point the iteration terminates for some p where S, = (). On the other hand, if
(v, F ) € S;, there is no other pair (v, ) occurring in S;. This further implies that at
most one canonical interpretation is added for each v € A7, Moreover, observe that
for all (v, F ) € SF the concept description Fisa sub-description of D. In particular, for
(v, E~t) € Sf it follows that \AI | < s( D). Then, since |A%| < s(C), once the iteration
finishes we will have |A7?| < s(C) x s(D)

The next step is to show that vg € C% and vy & D7 . Consider the mapping ¢* from
Vjp to VI.

P
o=pul]) U W
1=1TFej;

One can show that ¢* is a homomorphism from Gz, to Gz with ¢*(w) = ¢(w) for
all w € A0, The proof uses the same arguments showing that ¢ is a homomorphism
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from Gz to Gz in Lemma Then, ¢;4 remains a 7-homomorphism from T to Gg,.
Similar as in Lemma one can use Lemma to prove that v € (E;)7r for all
E. . € ?Té (v). If ~ € {>,>}, it follows from the fact that Jy C J, and v € (E;)%.
Otherwise, the argument relies on the homomorphism ¢* from G 7, to Z, ¢*(v) = ¢(v)
and ¢(v) € (E;)*. We thus have vy € Co.

Before going into the main details of why vy & 13*71’, we clarify why the invariant
mentioned before is satisfied along the construction of J):

(v, F) € S; = p(v) ¢ F? (5.2)

The initial pair (vo, D) satisfies it, since p(vg) = d and d ¢ D%. By definition, all
the pairs in S clearly satisfy the property. Now, let (’U,E’T’.ﬁ ) € S7. Starting with
o(v) & (3r.F)Z, for any r-successor u of v the homomorphism makes (¢(v), p(u)) € rZ.
Therefore, ¢(u) & FT and (u, F ) satisfies the property as well. Consequently, S satisfies
. Applying the same reasoning inductively shows that remains invariant for all
S;. Note that this additionally implies that F’ can always be selected when constructing
Sr.
To finally prove that vy & ZADJP, we show the following more general claim.

Claim: for all 0 < i < p, if (v, ﬁ) €S thenv & £
The proof goes by induction on the structure of F. Let (v, ﬁ) € S} for some 0 < @ < p:

o Fis of the form T or A € Nc. The case F = T never occurs, since o(v) ¢ FT.
Otherwise, if F' = A this means that p(v) ¢ A%. Since ¢* is a homomorphism
from Gz, to Gz with ¢*(v) = ¢(v) for all v € A%, it must be that v ¢ A%

e F is of the form E.;,. By we have p(v) € (E;)%f. Moreover, we know
that Jo C J, and ¢* is a homomorphism from Gz, to Gz with ¢*(v) = ¢(v) for
all v € A%, Hence, when v & (E;)%, Lemma ensures that v & (E;)7?.
Otherwise, v € (E~t)7 and the construction of J, adds an interpretation Z such

that deg” (v, E) = deg” (p(v), E). Since ZF C 7, again we obtain v & (E;)7.

e F = F1...MF,. By construction of S there is }?’j (1 <j <mn),such that p(v) &
(F;)* and (v, F;) € S;. The application of induction to Fj yields v ¢ (F;)7.
Hence, v & F».

e F is of the form 3r.F’. Since each node is considered only once while building 7,
one can see that each direct r-successor of v in G 7, is a node in AY . Let u € AT
such that (v,u) € r70. We distinguish two cases:

— u € (F')%. This means that (u, F') € S; and consequently (u, F’) € S
Then, the application of induction hypothesis yields u & (ﬁ "o,
—u & (ﬁ’)jo. This means that u is not relevant to obtain S; from S}, and

since Gz, is a tree neither of its successors is considered in the construction
of Jp. Therefore, the elements reachable from u in J, are exactly the same

as in Jy. Suppose now that u € (ﬁ/)JP, then by Theorem there exists a
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7-homomorphism ¢ from T to Gz, with ¢/(wo) = u (wp is the root of Tz).
But then, it would also be a 7-homomorphism from T to Gz, contradicting
u ¢ (F)%. Consequently u & (F')7.

In conclusion, we have that for any u € A9 such that (v,u) € 77 it is the case
that u ¢ (F")7». Hence, v & (3r.F")7>.

Then, (vo, D) € ST implies vy & DJ». Al in all, we have (C 1 —D)% # () and |A|7» <
s(C) x s(D). Thus, J, is the interpretation J satisfying our main claim. O

The lemma yields an obvious guess-and-check NP-algorithm for non-subsumption,
which shows that subsumption is in coNP. Like for the satisfiability problem, the algo-
rithm guesses an interpretation J of size s(C) x s(D), and then checks if d € C7 and
d ¢ DY for some element d € AY. This can obviously be done, in polynomial time, by
using Algorithm

Overall, we thus have shown:

Theorem 5.7. In 7EL(deg), satisfiability is NP-complete and subsumption is coNP-
complete.

5.2 Assertional reasoning

Let us now look at reasoning in the presence of 7€L(deg) ABoxes. We study the following
two decision problems.

o ABoz consistency: Let A be a 7EL(deg) ABox. The ABox A is consistent iff there
exists an interpretation Z which is a model of A (denoted Z |= A).

e instance checking: Let A be TEL(deg) ABox, C a TEL(deg) concept description
and a an individual. The individual a is an instance of C in A (denoted A = C(a))
iff o € CT holds in all models of A.

We define the size s(A) of an ABox A as:

s(A) = > s+ > 1

Cla)eA r(a,b)eA
a€lind(A) a,b€Ind(A)

Since satisfiability can obviously be reduced to consistency (é is satisfiable iff {? (a)}
is consistent), and subsumption to the instance problem (C' C D iff {C(a)} = D(a)),
the lower bounds from Lemma also hold for assertional reasoning.

Lemma 5.8. In7EL(deg), ABox consistency is NP-hard and instance checking is coNP-
hard.

Regarding upper bounds, we proceed in the same way as for concept satisfiability and
subsumption. We first show a bounded model property for consistent ABoxes, which
yields an NP upper bound for ABox consistency. Then, similar to our treatment of
subsumption, this bounded model can be used to obtain a bounded model property for
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the complement of the instance problem (a is not an instance of C in A). However,
as we will show, the bound of the model has the size of C in the exponent. For this
reason, we obtain a coNP upper bound for the instance problem only if we consider data
complezity [DLNS94|, where the size of the query concept C is assumed to be constant.

The consistency problem can be tackled in a similar way as the satisfiability problem.
As we have shown in Section based on the translation given in [KMO02], 7€L£(m)
ABoxes can be translated into 7€L(m) description graphs and consistency can be char-
acterized using 7-homomorphisms (see Theorem . We use this characterization to
prove the following bounded model property.

Lemma 5.9. Let A be an ABox in TEL(deg) of size s(A). If A is consistent, then there
exists an interpretation J such that J = A and |A7| < s(A).

Proof. Assume that A is consistent, then there exists an interpretation Z such that
Z E A. Therefore, there exists a 7-homomorphism ¢ from G(A) to Gz such that
#(a) = a® for all a € Ind(A) (Theorem [3.9).

We proceed in the same way as in Lemma [5.4 The base interpretation Z is the one
having the description graph @(A), where we ignore the labels of the form E.;. Again,
the identity mapping ¢;4 is a homomorphism from é(A) to G'z,, but need not satisfy
Condition [2] of Definition The interpretation Zy has the following shape:

Gz, : ai

Here, {ai1,a2,...,an} = Ind(A) and T'(a1),T(az2),...,T(a,) are the TEL(m) descrip-
tion trees corresponding to Cy,, Cy,, . - ., C, , respectively (see Definition . The inner
area of the diagram consists of the role assertions in A, i.e.,

(a,b) € E4 iff r(a,b) € A

We extend Zy into J using the same construction of Lemma @ 1 e., a canonical
interpretation Z» is attached to Zy for all v € V4 such that E.; € £A+( ) and v &
(E~¢)%o. Note that besides the structure required by the role assertions in A, the rest
of Gz, consists of disjoint description trees whose roots are individual elements of A.
Therefore, for two different individuals a,b € Ind(A), reparations needed in T'(a) and
T'(b) can be done independently of each other. Then, one can show that there is also
a homomorphism ¢ from G to G7 with p(w) = ¢(w) for all w € A0, Once we have
this homomorphism, the same arguments used in Lemma [5.4] will show that ¢4 is a
7-homomorphism from G(A) to G7. Finally, by setting a/ = a we obtain ¢;4(a) = a7
for all a € Ind(.A). Thus, the application of Theorem [3.9) yields J = A.

Now, similarly as for C in Lemma the size of Zy is bounded by the size of A
without counting the threshold Concepts. Moreover, threshold concepts occurring in
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concept assertions of A are also used at most once to build 7. Thus, it easily follows
that |A7| < s(A). O

Using this lemma we can design an NP-algorithm to decide the consistency problem.
The algorithm guesses an interpretation J of size at most s(A). Afterwards, it checks
using Algorithm [3] in polynomial time, whether there exists a 7-homomorphism ¢ from
G(A) to Gy with ¢(a) = a7 for all a € Ind(A).

We now turn into the instance checking problem. The model J of A obtained in the
previous lemma can be used as starting point to obtain a bounded model property for
non-instance, i.c., a is not an instance of C with respect to A iff AU{=C(a)} is consistent.
However, dlfferent from the interpretation Jy used in the construction of Lemma [5.6]
the bounded model for an ABox obtained in Lemma[5.9] does not necessarily have a tree
shape. As a _consequence, using the procedure described in Lemma [5.6] to construct a
model J of C M —-D would require to consider nodes from A more than one time.

Example 5.10. Let E be the ££ concept description Jr.AM3dr.B. Consider the follow-
ing ABox A and 7EL(deg) concept description C'

A:={r(a,a)} and C:=3r...3r.E
p

It is easy to see that a is not an 1nstance of C' with respect to A. The - following
single-pointed interpretation K (with a® = d) is a model of A not satisfying C (a).

G :

r

/O

{A B}

This means that AU {ﬁC’ (a)} is consistent. Let us now try to adapt the construction
in Lemma 5.6/ to .4 and —|C( ). It starts by choosing Jy as the bounded model of A
given by Lemma ﬂ Such a model has a similar shape as K, but with A7 = BJ0 = 0.
The iteration is then guided by an interpretation Z such that Z = A and a” ¢ C and
generates the following sequence of sets:

So = {(a,C)}

Si={(a,3r...3r . E.1)} (1<i<p)

p—1i

Sp = {(a,E<1)}
Sp+1 :Q)

One can see that the iteration still terminates. The difference now is that not being
G g, a tree, the element a is considered several times. In particular, since S, = {(a, E<1)}
and a € (E<1)7°, this means that Jy will be extended by adding a canonical interpreta-
tion which has the same description tree as E:
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GJPZ
.
(ay aQ ", (B}

Since p(a) ¢ (E<1)?, this will ensure that a ¢ (E-1)7?. Unfortunately this is not suf-
ficient to achieve a ¢ C7. The set Sp—1 contains the pair (a, 3r.E<;), which intuitively
asks for a to satisfy a ¢ (Ir.E-1)7». Clearly, the addition of the two r-successors of a
implies that this is not the case. To repair this new problem, the natural extension of
the procedure is to reconsider S,_1 with respect to the newly added elements. Such a
repetition would then yield the following interpretation:

Gyg,:
B r r r B
{}\{A} r aor {B}/{}
W T

Note that after fixing the problem for S,_1, the same issue will arise with respect to
(a,3r3dr.E<1) € Sp—2 and so on. Therefore, whenever a node v requires the addition of a
canonical interpretation and has additional constraints (as just explained), the same idea
needs to be recursively applied with respect to its new successors and those constraints.

Finally, one can see that this recursive application of the procedure leads to a model
of size exponential in the size of C. This, however, does not necessarily imply that this
is the best bound we can hope for. In fact, as illustrated above, K is a very small model
satisfying AU {~C(a)}. It is just that the procedure does not realize that a can be an
instance of A and B in Jp without contradicting Jy = A. We do not yet know whether
there is a better bound which applies to all possible combinations of A and C. &

Based on the intuition given in Example[5.10] we extend the construction from Lemmal5.6
to ABoxes of the form AU{~C(a)}. We introduce a set of rules to transform AU{~C(a)}
into an ABox A’, which contains additional assertions that (when consistent with A)
are sufficient to falsify C(a) in a model of A. These rules are similar to some of the
pre-processing rules defined in [BH91l [Hol96|, with the addition of specific rules to deal
with the negation of threshold concepts. For the rest of this section we will use ABoxes
that may also contain assertions of the form e (a). In case we want to refer to an ABox

strictly in 7EL(deg) we will mention it explicitly.

Definition 5.11 (pre-processing rules). Let A be an ABox. We define the following
pre-processing rules:

o A= n AU{-D(a)}_ - L
if =C(a) € A where C' is of the form Cy1...1Cy, =C;(a) ¢ Aforalli € {1...n}
and D = C; for some i € {1...n}.

o A— 3 AU{-D(b)} ~
if (=3r.D)(a) € A, r(a,b) € A and ~D(b) € A.

e A—~__ AU {EX(N)t(a)}
if ~Evi(a) € Aand E\ () (a) € A.
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e A= 4 AU{Ai(a)}
if A€ Nc, -A(a) € Aand Acq(a) € A. O

A pre-processing of A is an ABox A’ obtained by a sequence of rule applications such
that no further rule application is possible over A’. Note that if A is a 7€L(deg) ABox,
the unique pre-processing of A is A itself. The rules —_. and —_ 4 are supported by
the equivalences ~E.t = E,(.); and =4 = A (see Proposition @l and Chapter (3).
The rule —_n has a non-deterministic flavor. It can be seen as the counterpart of the
guided choice made in Lemma to obtain a set S;. Regarding —_3, it has a similar
aim as the construction of S; from S} in Lemma [5.6]

One can see that a rule application introduces neither a new individual nor a new
role assertion. Therefore, A and A’ have the same set of individuals and role assertions.

Furthermore, only new assertions of the form —C(a), Ey(~y(a) or Acq(a) results from

a rule application. In the first case Cisa sub-description of some concept D such that

—D(b) is an assertion initially in A, whereas no rule is applicable to the other two cases.

Hence, since A is finite, there can never be an infinite sequence of rule applications.
Now, we can prove the following proposition (see Appendix .

Proposition 5.12. Let A be an ABox. Then, A is consistent iff there exists a consistent
pre-processing A’ of A.

The following remark is a direct consequence from the proof of the previous proposi-
tion.

Remark 5.13. Let A be an ABox and Z an interpretation. If Z |= A, then there exists
a pre-processing A’ of A such that Z = A’. O

Before moving on to the last results of the section, it would be useful to introduce
some notation. An ABox containing only one individual name and no role assertions is
called a single-element ABox. Additionally, given an ABox A, the ABox A(a) consists
of all the concept assertions D(a) or =D(a) occurring in A. Furthermore, A7 is defined

as:
at= | D@iv | {ran)
D(a)eA r(a,b)eA
aclnd(A) a,b€lnd(A)

and A~ is defined as: R
A== |J {-D(a)}
-D(a)eA
a€lnd(A)

We are now ready to show a bounded model property for consistency of ABoxes of the
form AU {—@ (a)}. The proof consists of three lemmas. Given a consistent ABox A and
an arbitrary model Z of it, one can select a pre-processing A’ of A such that Z = A’. In
particular, we focus on the ABoxes A’(a) for all a € Ind(A). Even when such ABoxes
may contain assertions over negated concepts, they are nevertheless simpler than A, in
the sense that only contain one individual name and no role assertions. Our first step is
to show how to provide a model of bounded size for this particular type of ABox. The
following lemma offers such a construction (its proof is deferred to the Appendix .
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Lemma 5.14. Let A be a consistent single-element ABox and I an interpretation such
that T = A. In addition, let J be the bounded model of AT obtained in Lemma with

respect to L. Then, there exists a tree-shaped interpretation IC such that:
1. KE A,
2. there exists a homomorphism ¢ from Gx to Gr with ¢(a®) = a*, and

3. |AX| < |AT| x p, where:

1, if A =10
p:= 1 s(D), otherwise.
—~D(a)e A~

Once the previous lemma is applied to all the ABoxes A’(a), the second step is to
combine all those models into a model of A of bounded size. More precisely, we show
that the disjoint union of all those models together with the role assertions in A yield
the wanted model. This is formalized in the following lemma (see Appendix |A| for its
proof).

Lemma 5.15. Let A be an ABox, T an interpretation satisfying A and A" a pre-
processing of A such that T = A’. Moreover, for all a € Ind(A), let Z, be a tree-shaped
interpretation satisfying the following:

b Ill ): A/((Z),
e there exists a homomorphism g from Gz, to Gz with @.(a’*) = a”.

Last, let J be the following interpretation:

e AV = |y AT,
a€lnd(A)

e A := |J A% forall A€ Nc,
aclnd(A)

o r7 = {(ale,b") | r(a,b) € A}U | rZe for all r € Ng, and
a€lnd(A)

e a7 :=ale, for all a € Ind(A).

where the sets ATa are pairwise disjoint. Then, J = A.

Using these two lemmas we can now established the final result. Recall that sub(é)
denotes the set of sub-descriptions of a concept description C.

Lemma 5.16. Let A be an ABoz in TEL(deg) of size s(A), C a TEL(deg) concept
description of size s(C) and a € Ny. If AU{=C(a)} is consistent, then there exists an
interpretation J such that:

1. J = AU{-C(a)},
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2. J is the result of the construction in Lemma
3. for all a € Ind(A):

|AZe| < s(A(a)) x [s(C)]*, where u = |sub(C)|

Proof. Let Z be an interpretation satisfying AU {—@ (a)}. By Remark [5.13 there exists
a pre-processing A" of AU{—=C(a)} such that Z = A’. We apply Lemma to A'(a)
for all a € Ind(.A), and obtain a tree-shaped interpretation Z, such that:

o T, = A(a),
e there exists a homomorphism ¢, from Gz, to Gz with ¢, (a) = a’.
Then, we can apply Lemma to obtain an interpretation J such that:

JlEA and AT = U Ae
a€lnd(A)

We now look at the size of Z,. For all a € Ind(A), let J, denote the bounded model of
A'*t(a) obtained in Lemmawith respect to Z. The construction of Z, in Lemma
yields:

|ATa| < |ATa] x I s (5.3)
-D(a)eA'~(a)
One can see that each assertion in A'*(a) is either of the form D(a) € A(a) or Ey (o)t

The latter case results from applications of the rules —_. and —_4. For the rule —_4,
A<y corresponds to Ay (>y;. In Lemma the interpretation 7, is built starting with

the interpretation Zo which have the description graph G(A'*(a)) = (Var+(ay - - -) (with-
out thresholdAconceptS)7 and it is then extended by considering the threshold concepts
occurring in G(A*(a)). We know the following about them:

e for all threshold concepts F.; occurring in A/+(a)7 either E.; occurs in an assertion
of A(a) or it has been introduced by an application of —_. or —_4 (i.e., it is of
the form E, (. y(a)),

e except for assertions of the form E, (. (a),
D(a) € At (a) iff D(a) € A(a)
Thus, [Vl = ‘VA/+(a)| and by construction of 7, we obtain:

AT < Vgl + Y s(Ba) + > S(Ex(m)
Bt € G(A(a)) Ey(~ye(a) € G(A(a))

Note that the partial sum of the first two elements in the right-hand side of the inequality
is actually bounded by the size of A(a). In addition, since s(Ey(.);) > 1 we further have:
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|A72| < s(A(a)) x I1 S(Ex(~t) (5.4)
By(yela) € G(A)

It is not hard to see that for all ~D(a) € A"~ (a) and Ey(wyi(a) ¢ G(A(a)), the concepts

D and E. (or A for —_4) are sub-descriptions of C. Hence, the combinations of

inequalities ((5.3)) and (5.4) yields:
AT < s(A(a)) x [s(O))" O

Based on the previous results, we devise the following non-deterministic procedure to
decide consistency of an ABox of the form AU {=C(a)}.

1. For all a € Ind(A), guess an interpretation Z, of size at most:

s(A(a)) x [s(O)]"

2. Construct J using all the interpretations Z, and A, as described in Lemma [5.15]

3. Check whether J |= A. This can be done in polynomial time (in the size of J and
A) by using Algorithm If it is not the case, then the algorithm answers “no”.
Otherwise, it remains to verify whether a7 ¢ CY.

4. To verify a7 ¢ c7 , by Theorem it is enough to check that there is no 7-
homomorphism ¢ from Ty to Gz with ¢(vg) = a’. This can also be checked
in polynomial time by Algorithm [2l If there is no such 7-homomorphism the
algorithm answers “yes”, and “no”otherwise.

If the size of C is considered as a constant, this algorithm becomes an NP-procedure
for consistency of AU {—=C(a)}, and consequently a coNP-procedure to decide instance
checking with respect to data complexity. Altogether, we thus have shown:

Theorem 5.17. In 7EL(deg), consistency is NP-complete, and instance checking is
coNP-complete w.r.t. data complexity.

The instance problem becomes simpler if we consider only ££ ABoxes and positive
TEL(deg) concept descriptions, i.e., concept descriptions C that only contain threshold
concepts of the form E>; or E+;. Basically, given an ££ ABox A, a positive 7EL(deg)
concept description 6, and an individual a, one considers the interpretation 7 cor-
responding to the description graph G(A) of A, and then checks whether there is a
7-homomorphism ¢ from Tz to Gz with #(vo) = a. The following lemma supports the
previous idea.

Lemma 5.18. Let A be an EL ABoz, a € Ind(A) and C a positive TEL(deg) concept
description. Additionally, let T4 be the interpretation corresponding to the description
graph G(A) with a?A = a for all a € Ind(A). Then, the following statements are equiv-
alent:
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1. A= C(a), and
2. acCla,

Proof. 1) — 2). Assume that A = C(a). Then, for every model Z of A we have a € CZ.
Since Z 4 is obviously a model of A and a4 = a, this means that a € CZa,

2) — 1). Assume that a € C74. The characterization for membership in TEL(deg)
given in Theorem yields a 7-homomorphism ¢ from Ty to G(A) with ¢(vo) = a.
Now, consider any model Z of A. The application of Theorem yields the existence
of a 7-homomorphism ¢ from G(A) to Gz such that p(a) = a” for all a € Ind(A). We
then show that the mapping ¢ o ¢ is a 7-homomorphism from 75 to Gz:

e From ¢ we know that {7, (v) C £a(¢(v)) for all v € V. Similarly, ¢ implies that
La(a) C lz(p(a)) for all a € V4. Hence, b1, (v) C €z((¢ 0 ¢)(v)) for all v € V7.
The edge preserving relation can be verified in a similar way.

e Let v € Vr, and E; € ?Té (v). Since ¢ is a 7-homomorphism, this means that
#(v) € (Et)™. Furthermore, the application of Lemma to Z4, J and ¢
yields:

deg™ (¢(v), E) < deg” (p(¢(v)), E)

Since C is positive, this means that ~ is either > or >. Consequently, (poo)(v) €
(Bt

Hence, ¢ o ¢ is a 7-homomorphism from T to Gz with (¢ o ¢)(vo) = a®. Altogether,
this means that aZ € CZ for all models T of A. Thus, A = C(a). O

Finally, since Z 4 is linear on the size of A, checking whether a € CZ4 can be done in
polynomial time in the size of A and C by using Algorithm . Therefore, we obtain the
following proposition.

Proposition 5.19. For positive TEL(deg) concept descriptions and EL ABoxes, the
instance checking problem can be decided in polynomial time.



Chapter 6
Adding Terminologies to 7EL(m)

Until now, we have only considered the basic concept language and background knowl-
edge represented in the form of assertions about specific individuals. Nevertheless, most
DLs also allows to store terminological knowledge about the application domain in a
TBox. The aim of this chapter is to take initial steps in extending our logic TEL(deg)
towards background knowledge represented in the form of axioms in a TBox.

We start by introducing €L TBoxes, and some related properties and technical notions
concerning them. We will then turn to the definition of 7€L(m) and 7EL(deg) TBoxes.
To accomplish this, there are two important aspects that we take into account. On the
one hand, graded membership functions will now compute membership degrees to £L£
concepts defined with respect to an ££ TBox. To handle this, we propose a general way
to extend all functions m through unfolding, and hence restrict threshold concepts E.;
to have E defined with respect to an acyclic ££ TBox. On the other hand, since we
also intend to use TBoxes to define 7EL(m) concept descriptions, further constraints are
needed to exclude definitions of not well-formed 7€L(m) concepts.

Once 7EL(deg) TBoxes are defined, we direct our attention to study the computational
complexity of reasoning in the presence of acyclic 7EL(deg) TBoxes. It turns out that the
possibility of succinctly representing exponentially large concept descriptions in a TBox,
combined with the semantics of threshold concepts in 7€ L(deg), makes satisfiability and
subsumption to be Hf - and 22P -hard, respectively. Additionally, we provide a sound
and complete non-deterministic PSPACE procedure to solve both problems, and later
extend it to also consider assertional knowledge in an ABox. Such an extension keeps
the use of space polynomial, an thus yields a PSPACE upper bound for all the standard
reasoning tasks (including instance checking w.r.t. combined complexity).

6.1 £L TBoxes

A concept definition is of the form A = Cj4, where A is a concept name and C4 an
EL concept description. An £L£ TBox 7T is a finite set of concept definitions such that
no concept name occurs more than once on the left-hand side of a definition in 7.
Concept names occurring on the left hand side of a definition are called defined concepts
while all other concept names are called primitive concepts. The sets of defined and
primitive concepts are denoted as Nger and Nppim,, respectively. A knowledge base (KB)
K = (T,.A) consists of a TBox and an ABox.

We denote by ¥ the set of all ££ TBoxes. Given 7 € ¥, def(7) stands for the set
of defined concepts in 7. Moreover, the size s(7) of T corresponds to the following
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expression:

S(T) = |def(T)| + D s(Ca)

A=Cy€eT
Finally, the size s(K) of a KB IC = (T,.A) is simply s(7") + s(A).

Concerning the semantics, an interpretation Z is a model of a TBox 7 (in symbols
IZET)iff
AT = (Cp)f foral A=CaeT

We denote as T(Z) C T the set of all ££ TBoxes T such that Z = T. The satisfaction
relation for KBs is defined in the usual way: Z is a model of a KB K = (T,.A) iff
T satisfies both 7 and A. Now, given two £L concept descriptions C' and D, C' is
satisfiable with respect to K iff CT # () for some model Z of K. In addition, we say that
C is subsumed by D with respect to K (denoted C Cx D) iff CT C D? for all models
Z of K. They are equivalent with respect to K (denoted C' = D) iff C Cx D and
D Ck C.

TBoxes can be classified regarding the dependencies between its concept definitions.
More precisely,

Definition 6.1 (££ cyclic/acyclic TBoxes). Let 7 be an ££ TBox. We define —
as a binary relation over the set def(7) to represent direct dependency between defined
concepts in the following way.

A defined concept A directly depends on a defined concept B (denoted as A — B) iff
A=Cy €T and B occurs in C4. Let —T be the transitive closure of —. The TBox
T contains a terminological cycle iff there exists a defined concept A in T that depends
on itself, i.e., A =T A. Then, T is called cyclic if it contains a terminological cycle.
Otherwise, it is called acyclic. &

For acyclic TBoxes, the relation —7 induces a well-founded partial order < on the set
def(7), i.e., A <X B iff B -1 A. Furthermore, the unfolding ur(C) of an £L concept
description C' with respect to 7 can be defined as follows:

ur(C N D) = ur(C)Nur(D)
ur(Ir.C) = Irur(C)

(A) A if Ae Nprimu
(7 =
7 wr(Ca) fA=CaeT.

It is well known that, regarding acyclic TBoxes, the meaning of concept descriptions
follows directly from the meaning of their corresponding unfolded descriptions. The
following is the equivalent, for ££, of Proposition 1 in [Neb90].

Proposition 6.2. For every acyclic EL TBox T, every EL concept description C and
every model I of T :
= ur(O)*

As an immediate consequence of this equality, we obtain C =7 uy(C). This also has
its counterpart from the model-theoretical point of view. Similar to Proposition 2 in
[INeb91|, we have the following for £L.
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Proposition 6.3. Let T be an acyclic EL TBoxz. Any interpretation J of Nprim and
NRr can be uniquely extended to a model of T.

These type of partial interpretations are called primitive. They do not assign any
meaning to the defined concepts in 7. We say that an interpretation Z is based on a
primitive interpretation 7 iff it has the same domain as 7 and coincides with J on Ng
and Npm‘m.

6.2 TBoxes for 7€L(m) and 7EL(deg)

We would now like to use sets of concept definitions to define 7EL(m) concept de-
scriptions. These concept definitions come in two forms. For example, the ££ concept
definition £ = 3r.A M 3Ir.B, can be used to build the threshold concept E<g. Fur-
thermore, on top of that, one could also have T€L(m) concept definitions of the form:

a=C, (6.1)
where o € Ngey and éa is a T€L(m) concept description. For instance, the definition of
E together with a = AT E<g, can be used to define the 7€L(m) concept description
ds. AN Jr.a.

In what follows, we first revisit the notion of membership degree functions from Defi-
nition and define 7€L(m) TBoxes. Afterwards, we provide a general way to extend
such functions to consider concept descriptions defined in acyclic ££ TBoxes. In par-
ticular, these two aspects are combined to extend our logic T7€L(deg) towards T7EL(deg)
TBoxes. Last, preliminary aspects related to reasoning in 7EL(deg) with respect to
acyclic TBoxes are discussed as a starting point for subsequent sections.

The use of defined £L£ concepts to build threshold concepts compels us to revisit the
definition of membership degree functions. In this new setting, the equivalence relation
between concept descriptions is defined modulo the TBox definitions, i.e., =. Therefore,
to maintain the equivalence invariance property, the condition M2 from Definition 3.1
should be redefined with respect to =7. This means that the definition of m? with
respect to the set of definitions in a TBox 7T only makes sense for models Z of T.

Definition 6.4. A graded membership function m is a family of functions that contains
for every interpretation Z a function m? : AT xCgr xT(Z) — [0, 1] satisfying the following
conditions (for C, D € Cgg and T € T(1)):

M1T cdeCt e m?(d,C,T)=1 forallde AT,
M2T :C=r DeVIE=TVde AT :mT(d,C, T)=mt(d,D,T).
Note that this is a generalization of Definition where T is the empty TBox. &
Now, our idea of a 7€L(m) TBox is to combine definitions from £L TBoxes with
concept definitions having the form of (6.1)). The following example shows that such a

combination should not be arbitrary, for otherwise not every defined concept will be a
well-formed 7EL(m) concept description.
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Example 6.5. Let Tg, be the following ££ TBox:
Ter :={E =3Ir. AN 3Ir.B}

and T, the following set of concept definitions:

T a=ds.AN3Ir.p
T B8=AnN Ecs

Here, the definition of E corresponds to the £L concept description Ir.A M Ir.B.
Moreover, o and /3 define well-formed 7€L(m) concept descriptions. For example, the
unfolding of « with respect to 7; U Tg yields the 7EL(m) concept description 3s.A M
Ir.(AM (3r.AN3r.B)<g). Suppose now, that o has the following definition in 7;:

a=3s.AN3r.(B<1)

Even though (ja looks like a syntactically well-formed 7€L£(m) concept description, the
unfolding of « yields 3s. AM3r.[AN(3r.AN3r.B) < g]<1 and the problem arise immediately:
[AM(3r.AN3r.B)< g]<1 is not a valid threshold concept. Consequently, o does not define
a well-formed 7€ L(m) concept description. Thus, we should require for all E.; occurring
in definitions of 7; that E is not defined in terms of any other threshold concept. O

Definition 6.6. Let {N,, Ngef} be a partition of Nger. A 7EL(m) TBox T is a pair
(Tr, Ter) satisfying the following conditions:

e 7. is a set of concept definitions of the form o = éa such that:
— a €Nj,, and Cy is a TEL(m) concept description.
— for all threshold concepts E.; occurring in a definition of 7;, E is defined
over Ngef U Nppim.
e Ter is an £L TBox such that:
— Fe Ngef, for all defined concepts in Tgp.

— for all o € Ngefv « does not occur in any definition of Te,. &

Restricting threshold concepts to be defined over Nge U Nprim and Tgg not to contain
occurrences of defined concepts in 7, guarantees the a always defines a well-formed
TEL(m) concept description for all « = C, € T;.

Remark 6.7. We have not been very precise about well-formed 7€L(m) concept de-
scriptions externally defined over the signature of a 7€L£(m) TBox T. Hereafter, we
understand by that any string of symbols C generated by the grammar in Chapter ,
such that C complies with the same restrictions imposed on the defined concepts in 7T .
More precisely, the set of definitions 7 U {a = C} is still a 7€L(m) TBox, where a is a
fresh concept name from N7, £ &

__Consequently, we define a 7€L(m) knowledge base K as a pair K = (T, A) where
T is a TEL(m) TBox, and for all C'(a) € A the concept description C' is defined over
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7. As we will introduce next, the satisfaction relation between interpretations and KBs
allows to replace the assertions C'(a) in A with az(a) , by adding the concept definition

ag = C to Tr where o is a fresh concept name from N7, £ Therefore, from now on we

assume that all the concept assertions in A are of the form a(a) where a € def(T).

The satisfaction relation for 7€L£(m) TBoxes depends on the chosen function m. An
interpretation Z satisfies a 7€L(m) TBox T =(Tr, Tec) iff T |= Ter and of = (Co)* in
TEL(m) for all @« = C, € T;. Finally, 7 satisfies a knowledge base K = (T, A) it T =T
and Z = A.

We now turn to extending graded membership functions to deal with concept descrip-
tions defined with respect to a background ££ TBox Tg,. Since m is a parameter for
the logic, besides the properties required in Definition there is not much information
about how defined concepts should be taken into account to compute membership de-
grees. Initially, one idea could be to treat defined concepts simply as concept names in the
computation of m. This, however, would mean that the definition of a concept E in Te,
is not really used to compute m*(d, E, Ter) whenever d & EZ, i.e., m*(d, E,Tgz) = 0,
rather than giving a more approximate value based on the definition of . The following
example explains this situation for the membership function deg.

Example 6.8. Consider the following ££ TBox T¢, and interpretation Z:

Ei=3r.ANn3ar.B Gr: di:{A Ex}
Tec = Ex=AN3s.Es
E3 =Bn EIT.EQ r s r

d2 : {A} d5 : {B,E,j}

Here, Z |= Ter and dy € (E1)*. Treating F; as a concept name in the computation
of deg yields degI(dl,El, Ter) = 0. In other words, deg would ignore the fact that dy
has an r-successor which is an instance of A. In contrast, using directly the definition
of Ey, we have deg”(dy,3r.AM3Ir.B, Ter) = 1/2. This shows the limitations of treating
defined concepts as concept names when computing deg, but more importantly it tells
us that deg would then violate property M27 since F; =7, Ir AN 3Ir.B.

One way to repair this is to consider the unfolding wr.,.(E1) of E; to compute
deg?(dy, Ev, Ter), ie., degt(dy, Ey, Ter) = degI(dl,uTgL (E7)). Obviously, this will not
work for Fo and Fj3 since they are defined in a cyclic way, and this means that they
cannot be unfolded. &

Based on the previous arguments, we extend the computation of graded membership
functions towards £L concept descriptions defined over acyclic ££ TBoxes.

Definition 6.9. Let 7 be an acyclic £L£ TBox, C' an £L concept description and m a
graded membership function. m is extended to compute membership degree values with
respect to T as follows:

mZ(d,C,T) == mZ(d,ur(C)) &

Being m a graded membership function in the sense of Definition it satisfies M1
and M2. Hence, since C' =7 uy(C), the definition of m with respect to 7 satisfies M1 T
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Moreover, C' =7 D implies that ur(C) = wy (D). From this it is easy to verify that m
also satisfies M27. Additionally, since the unfolding of an ££ concept description with
respect to an acyclic TBox yields another ££ concept description, well-definedness of m
implies its well-definedness with respect to 7.

So far, we have first restricted sets of definitions in order to avoid nesting of threshold
concepts. Afterwards, we have extended the computation of membership degree func-
tions to concept descriptions defined with respect to acyclic ££ TBoxes. Now, since deg
is a well-defined graded membership function in the sense of Definition [3.1] its extension
according to Definition [6.9] is also well-defined. Thus, we can now consider threshold
concepts defined with respect to a background TBox in 7€L(deg). To emphasize that
deg is defined for acyclic ££ TBoxes, we define a 7€L(deg) TBox as a 7EL(m) TBox
T = (T7, Ter) where Ter is an acyclic ££ TBox.

Despite the acyclicity restriction on Tep, 7T is allowed to have terminological cycles in
the sense of Definition [6.1] This is considering the relation — and its transitive closure
—T over defined concepts in 7. Consequently, we can talk about cyclic and acyclic
TEL(deg) TBoxes. In particular, the notion of unfolding transfers naturally to acyclic
ones. The constructors M and 3r.C' are treated in the same way and two new rules are

added:

uz(a) = u%(éa), for all a = Cy € T
uz(Ent) = [ur, (E)lw

Since Tg is an acyclic TBox, this means that w7, . (E) is an £L concept description.
Consequently, (u7.,(E))~t is a well-formed threshold concept, and thus the unfolding
u%(ENt) is well-defined. Then, the counterparts of Propositions and also hold
for acyclic 7EL(deg) TBoxes.

Proposition 6.10. For every acyclic T€L(deg) TBox T, every TEL(deg) concept de-
scription C and every model Z of T :

Proof. The proof is the same as for ££, except that in addition, one has to consider
the unfolding of threshold concepts F.; where E is defined with respect to T¢o. This
is not a problem, since E =7.,. u7.,.(F) and therefore, property M27T implies that
Bt =5 [ure, (E)]~t. O

Proposition 6.11. Let T be an acyclic T€EL(deg) TBox. Any primitive interpretation
T can be uniquely extended to a model of T .

Proposition tells us that the unfolding of concepts preserves equivalence, i.e.,
C == u?(é) This together with Proposition allow us to reduce reasoning with
respect to acyclic 7€L(deg) TBoxes to reasoning in the empty terminology, by using
unfolding. However, there are two reasons why this could not yield worst-case optimal
decision procedures for the different reasoning tasks. On the one hand, as shown in
[Neb90|, the unfolding of a concept description may result in a concept description of
exponential size. This was actually shown for the description logic FLy. The following
example shows the corresponding version for £L.
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Example 6.12. For all n > 0, the ££ TBox 7, is inductively defined as follows:

To:={ap=T}
Ti:=ToU{a1 = Ir.apMIs.ap}

Tr = Tn—1 U{ay = Irap_1 MNIs.apn_1}
Regarding the size of 7, and ur, (o), we have s(7,) = ©(n) and s(ur, (ay)) > 2". &

On the other hand, concept satisfiability is NP-complete in 7€L(deg) with respect to
the empty TBox. Therefore, given a 7EL(deg) acyclic TBox T and a TEL(deg) concept
description C , unfolding C with respect to 7 and then using the NP decision procedure
from Chapter [5] yields in general a non-deterministic exponential time algorithm for
concept satisfiability with respect to acyclic 7€L(deg) TBoxes.

Two natural questions arise from the previous discussion: Can we do it better than
in NEXP?, and more hopefully, could it still be decided in non-deterministic polynomial
time? We give a positive and a negative answer, respectively, to these questions. In fact,
we will see that the possibility of using acyclic TBoxes to express exponentially large
concept descriptions in a succinct way combined with the use of threshold concepts,
makes the concept satisfiability problem harder than all the problems in NP (unless
NP=II}).

6.3 Models of non-polynomial size

We start by showing that, different from the empty TBox case, 7EL(deg) concept de-
scriptions do not enjoy the polynomial model property when defined with respect to
acyclic TEL(deg) TBoxes. More precisely, for all n > 0 there is a TBox ’ﬁ and a defined
concept ay, such that «, is satisfiable with respect to ’72, but not in models of size poly-
nomial in s(ﬁ) There are two purposes in doing this. It automatically rules out the
possibility of designing an algorithm that searches for a model of polynomial size, as for
the case where T = (. Further, the structure that an interpretation Z needs to have in
order to satisfy «, in ﬁ will be suitable to show that concept satisfiability is at least as
hard as the problems contained in the class II5.

Consider the ££ TBox 7, from Example and let T,, be the description tree
corresponding to ur, (o). Additionally, let Z,, be the primitive interpretation with
description graph T, , and dy € A%en the element representing its root. Z,, can be
uniquely extended to a model of 7, (Proposition , and this extension is such that
do € (an)*en. Moreover, the following is an easy consequence from the definition of 7,.

Proposition 6.13. Let T be a model of T,, and d € AT. For all0 < j < n: if d €
(aj)E, then for each word x € {r,s}J there exists a path drid; ...x;d; in Gz such that
d; € (Ozj,i)z foralll <i<j.

The reason why |AZen| > 27 is that all pair of paths (71, m2) in T, corresponding to
two different words z,, zr, € {r, s}", are disjoint in their last nodes. This can obviously
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be avoided, the interpretation Zy (in the picture below) is a model of 7, satisfying a,
and has size O(1) with respect to the size of Tp,:

Gz, : T, s
do

Qpy ... Qp

In fact, in £L regardless which type of TBox is considered, every satisfiable concept
description is satisfiable in an interpretation of polynomial size.

Our aim is to transform 7, into a 7€L(deg) TBox ’7A;l such that each model Z of 771
satisfying cu, is of size at least 2". To this end, we use 2n auxiliary primitive concept
names Ay, ..., Ap, A1, ..., A,. The intention is to enforce for each word x € {r, s}" the
existence of at least one path dgx1d; ...z,d, in Gz such that:

dp€ (At iffz;=r (1<i<n) (6.2)

Note that for two different words z,y € {r,s}" and the corresponding paths m, =
dox1 ... Tndpg, Ty = doyi . . . Yndny in G7 satisfying the equivalence in (6.2)), there must
exist ¢ such that x; # y;, and this would imply:

dna € (AT iff dyy & (A)7

Hence, d,,, and d,,,, must be two different domain elements in AZ. This argument extends
to all pair of words in {r, s}". Thus, since there are 2" words in {r,s}", in this way A
would need to have at least 2" elements.

So far, the structure of 7, already guarantees the existence of a path from dy for all
z € {r,s}", but not the satisfaction of . One needs to be able to express within the
logic the correct propagation of the concept names along each path. For example, for
n = 3 and z1, one possible way to do it is redefining as as:

a3 = 3r. (ag M |_| V:Ug$3.A1> Mds. (ag M |—| \V/xzxg._\fh) (6.3)

z2,x3€{r,s} z2,x3€{r,s}

Unfortunately, as shown in Section [£.3.1] the simple concept Vr.A cannot be expressed
in 7EL(deg). Moreover, in general this idea would require the use of exponentially many
V-restrictions. Nevertheless, Vr.—A can actually be expressed, and this is where the
concept names A; come into play. Their role is to be complementary with A; at d,,.

Our first step is to assert a weaker version of the equivalence in using A; andf_li.
For each 1 < j < n, we define two TBoxes 77 and 77 as follows. We select 77 and 77 as
two copies of T;_; (from Example , where each defined concept a; (0 <i<j—1)

is renamed as EZ] and Ef ,in 77 and 77, respectively. Then, Eg and Eé are redefined as

Eg = An_j_l,_l and Eg = A,_j+1. The union of all these TBoxes is denoted as T, paths:

n

7;L,paths = U (T] U 7-3)

=1



6.3 Models of non-polynomial size 55

Let us illustrate this construction and explain why it will be useful.

Example 6.14. Let n = 3. Starting from 73,77 and T, the ££ TBoxes 72,72 and T

consist of the following set of definitions, respectively:

E3=3r.FEn3s.E3 E? =3r.E2n3s.E2 E} = A3
E}=3r.E3N3s.ES E2= A,y
B = A

The TBox 7 corresponds to the case where j = 3. Note that n — j 4+ 1 = 1 matches the
index of A; in the definition of E3 The same applies for E2 and E}, since as j decreases
the index ¢ increases accordingly. TBoxes 7'3 72 and 71 have the same structure except
that A1, As and A3 are used instead.

Let now TES’ and TES’ be the £L description trees corresponding to the unfolding of

E3 and E3 in T3 and T3, respectively:

TN TN
Aoy o

A A A Al A A A

We exploit the structure of these trees in two directions. First, both of them provide
a succinct representation of all the possible paths corresponding to words in {r,s}2.
Second, for an interpretation Z the threshold concept (E3)<q tells the following about
any d € AT:

o if dzodarsds is a path in G7 where {2, 23} C {r,s} and d3 € (A;)%, then there is
an equal path vzovexsvs in TES" Now, the partial mapping A from TES’ to Gz with
h(v) = d and h(v;) = d; (i = 2,3) satisfies hy,(v) > 0. Therefore, d & [(E3)<o]*.

e Conversely, if no such path exists for d, then for all paths vzsvezsvs in TES and
all partial mappings h from TES to G such that vs € dom(h), it is the case that

h(v3) & (A1)*. Therefore, by definition of A, it must be the case that hy,(v) = 0.
Consequently, deg?(d, E3, T3) =0 and d € [(F3)<]*.

The same reasoning applies for Eg’ and A;. The good that comes from this is that we
obtain the following equivalences:

(Eg)go =73 |_| Vl’gmg.—uzh and (Eg)go 57—3 |_| Vm2x3.—\A1

x2,03€{r,s} x2,23€{r,s}

Since —A; is meant to represent Ay, as in (6.3) it would be possible to propagate correctly
A1 according to the value of x; in all paths. &
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Based on this, one can in general use the threshold concepts (E§—1)§0 and (E§—1)§0
to represent the generalization of the value restrictions used in (6.3]) to arbitrary lengths.

Proposition 6.15. For all models I of Ty, paths, d € AT and1 < j<n:

1. de [(Ej_l)go]z iff d € ( |—| Vl‘.—\/_ln_j_H)Z.

ze{r,s}i—1

2.de [(Ejjil)go]I Zﬁd S ( I—I V.%'._'An_j+1)l.

ze{r,s}i—1

Proof. We only give the proof for the first statement (the second one can be shown

using the same argument). We denote as T},; the description tree corresponding to
-1

the unfolding ur; (E5—1) of E5—1 in 77. For simplicity, we use just £ (without subscript)
to refer to the labeling of T,
J

—1
(=) Assume that d € [(E;_I)SO]I. Since E7_, is a defined concept in T7, this implies:

deg”(d, E]_,,T?) = deg” (d,urs(El_})) =0

For a contradiction, suppose that:

d¢ ( |_| V:z:.ﬁﬁn,jJrl)I

ze{r,s}i—1t

Then, there is a word ; ... x;—1 € {r,s} ! such that d € (Vz1...7j_1.mAn_j+1)%. The
semantics of the value restriction constructor yields the existence of a path of the form
dzridy .. .xj_ldj_l in G7 such that dj_l € (An_j+1)I.

By definition of E]]A_1 in 77, there is a path voz1v1 . . . Zj_1Vj—1 in TE’j,l with £(vj_1) =

{A,_j41}, where vy is the root of Ty; . Therefore, the ptgh h from T,; to Gz with

-1 G—1
h(vg) = d and h(v;) = d; (1 < i < j— 1) induces a weighted homomorphism h,, such
that: hy(vo) > 0. This contradicts our initial assumption since it implies:

deg” (d,uri (E?_;)) > 0

Thus, the left to right implication holds.

(<) Assume that
_ z
de( [ Yordusn)

ze{r,s}i—1

This implies that d € (V.. .xj_l.ﬂAn_jH)I for all words z1,...,2;-1 € {r, sp—L
Hence, any path of the form dx1d; ... x;_1d;j—1 in Gz is restricted to have:

dj—1 & (An—ji1)*

Let now voz1v1 ... zj-1vj-1 be any path in Tp; . By definition of Eg_l in 77 we know
) _ it

that 21 ...2j_1 € {r,s} "t and £(vj_1) = {An_j41}. Therefore, for all ptgh h from T,

J

—1
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to Gz having h(vg) = d and v;—; € dom(h), it is the case that A,_;j+1 & lz(h(vj_1)).
Hence, since v;_1 is a leaf in T; , this means that hy(v;—1) = 0.
j—1

Overall, we have shown that for all leaves v in T;  and all ptgh h with v € dom(h),
i—1

J
it holds that h,(v) = 0. Then, since £(v) = ) iff v is a non-leaf node, there is no possible
way in which hy,(vg) > 0. Consequently, it follows:

deg” (d, ur; (EI_,)) =0
Thus, d € [(E]_,)<o]®. O

Having these equivalences, the next step is to generalize the intuition expressed by
the combination of (6.3) and Example |6.14] More precisely, we integrate the threshold

concepts of the form (E7_;)<o and (E_;)<o into 7, as follows. For all 1 < j <n:

aj; = 3Ir. (a1 N (Ef_l)go) M3s.(aj—1 1 (Eg—l)SO)

We name the resulting TBox as 7, . Note that T, pens is acyclic and (Tn,r, Tn paths)
satisfies the conditions required in Deﬁnition Therefore, (7,7, T paths) is a TEL(deg)
TBox. We can now state for (7, -, Tn paths) the equivalent of Proposition .

Proposition 6.16. Let T be a model of (Tnr, Tnpaths) and d € AT, Forall0<j<mn:
if d € (aj)%, then for each word x € {r,s}’ there exists a path dzidy ...zjd; in Gz such
that for all 1 < i < j,

o di € (o),
® d; € [(E;:f+1)§0]1 if x; = r, otherwise d; € [(Eg:f+1)§0]z.

We continue with the previous example to see how 73, looks like, and explain what
is still missing to achieve our goal.

Continuation of Example 6.14. After integrating the new threshold concepts into
T3, the TEL(deg) TBox T3 - consists of the following set of definitions:
g = 37“.(042 1 (Eg’)go) M 38.(0{2 M (E
g = Ir.(ay M (EH <o) N 3s.(a N (E
ap = 37".(040 1 (Eé)go) M 38.(0{0 M (E
(67s) =T

Ol ol Nl
~— ~—
IN - IA
(=] [=]
~— ~—

~—

IA
(=)

~—

Let 7 be an interpretation such that Z = (73 -, T3 paths), do € AT and dgy € (a3)%. The
addition of the threshold concepts gives us the following. For all words x € {r,s}3 there
is at least one path doxidixadoxsds such that:

(z; =7) = ds & (4;)"
A

(.T}Z' = S) = dj ¢ ( ) (6.4)
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For instance, the words rrr and srr yield two paths dgrdirdsrds and dgseiresres in
Gz, where d3 € (—A;) and e3 € (=A4;)%. However, since no relationship has yet been
established between A; and A;, there is no inconsistency between —A; and ~A;. Hence,
ds and e3 can be merged into one while keeping dy € (a3)%. Overall only non-membership
is required at the end of each path. Consequently, Zy is still good enough to be a model
of (Ts.rs Tipaths) satistying a. o

In general, if dy € ()%, this construction tells us that for each word € {r, s}" there
exists at least one path dox1d; ... z,d, in Gz such that:

dy, € (A;)* = x; = r (the contraposition of [6.4)

To have this implication also valid in the opposite direction, we use again threshold
concepts to make A; and A; complementary at d,, i.e., d, € (Ai)I iff d, & (A;)*. To
each pair (A;, A;) we associate the concept definition F; = A; M A;. The TBox Tn,comp
is defined as:

n
%,comp = U {FZ = A'L M Az}
i=1
Using this, ag is redefined in 7,  as:

n

a0 = [1(F)-

i=1
Remark 6.17. Defining 4; = (A;)<1 (1 <i <n)in T, makes d € (4;)% iff d & (A;)7
not only for d = d,,, but for the whole interpretation domain. This is simpler than the
definition of ag. However, it would make (E;_l)go (with j = n—1i41) not a well-formed

threshold concept since A; is used to define Ej_l. &

Finally, putting all these parts together, we end up with the 7€£(deg) TBox ﬁ =
(Tn7 Tn.er) where:
7;L,€£ = ﬁz,comp U ﬁz,paths

We now proceed to show that satisfying a, in ’72 requires interpretations of size expo-
nential in n.

Lemma 6.18. For all n > 0 and all interpretations T such that T = T,, and (o)T # 0,
we have AT > 2m.

Proof. Let T be an interpretation such that Z = 7,, and (an)% # 0.

The case n = 0 is trivial since AT is a non-empty domain. To see that the statement
of the lemma is also true for an arbitrary n > 0, we show that for all subsets X of
{Aq,..., A} there exists an element dx € A’ such that:

dx e (A)Fif 4, e X (1<i<n) (6.5)

Let d € AT be such that d € (a,)%. In addition, let us fix a set Y C {A1,...,A,} and
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define its corresponding word y € {r, s}" as:
y=riff ;€Y (1<i<n) (6.6)

By applying Proposition to d, we know that there is a path dyid; ... y,d, in G1
such that for all 1 <3 < n:

o di € (an—i),
e d; € [(E"~ ) o]T if y; = 7, otherwise d; € [(Eg:zﬁ)go]z
In particular, the suffix d;y;+1 ... ynd, is of length n — i. Therefore, we further have:
yi=r=di € (B~ <o)
= di € (YWigp1 ... yn.—A)T (Proposition applied to d; and EZ:;H)
= d, & (A4;)*

Symmetrically, y; = s implies d,, ¢ (A;)%. Now, we know that F; = A; 11 A; € Tn.comp
and «q is of the form:

Since d,, € (ag)?* it follows:
dp € (AT iffy;=r (1<i<n)

From the way the word y is defined in , we can conclude that d, is an element of
AT satisfying (6.5) with respect to Y.
Thus, one can easily see why AZ > 27 O

To finally fulfill the initial aim of this section, it remains to show that «,, is indeed
satisfiable with respect to 7,,.

Lemma 6.19. «,, is satisfiable with respect to 7?1

Proof. We take the interpretation Z,, and extend it into a model fan of 731 satisfying au,.
By construction, Z,, is tree-shaped and has 2" leaves. Moreover, there is a one-to-one
correspondence between words in {r, s}" and the leaves in T,,,. The leaf d, corresponding
to the word x is the one reached from dy through the path dozid; ... x,d,.

Let L,, denote the set of leaves of T, . The interpretation of A;, A; under ian is
defined as follows. For all 1 <17 < mn:

(Ai)f“” ={dy | dy € L,,, and x; =1}
(Ai)i“" :={dy | dx € L4, and z; = s} (6.7)

Hence, for all leaves d of Ty, and all i € {1...n} we have:

d e (A;)Ten iff d & (A;)Tn (6.8)
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Since T, and T, ¢ are both acyclic, there is a unique way to extend fan into a model

of 7,,. Having done so, let 7(d) denote the height of a domain element d in T,,,. We
show by induction on n(d) the following claim:

for all d € ATen: d € (ay(g)) e

Induction Base. d € Alen and n(d) = 0. Then, d is a leaf in T,,,. Recall that ag is
defined in 7, ; as:

a0 = []1(F)

r (Fz)zé]

VI

Consequently, since F; is defined in Ty, comp as F; = A; 11 A;, using we obtain
d € [(F;)c1 M (F;)s1])%en. Thus, d € (ag)*en holds.
=3 =32

Induction Step. Let d € AZan with 0 < n(d) < n. We assume our claim holds for all
e € Afen with n(e) < n(d).
To start, (g is defined in 7, ; as:

. d n(d)
Qy(d) = Er.(an(d),l M (EZ((d))fl)SO) [l 38.(04,7(d),1 M (EZ((d))fl)SO)
By construction of Ty, , there exists e € AZen such that (d,e) € rZan and n(e) = n(d)—1.

The application of induction hypothesis to e yields e € (an(d)_l)zan.

Consider now any word y € {r, s}"®=1. Since n(e) = n(d) — 1, by definition of T,
there is a unique path of the form eyies ...y, a)—1€y@)-1 in Ta,,, Where €,(g)_1 is a leaf.
Moreover, such a path is suffix of a path dox1d; ...d;z5exjiq ... 25d,, where d; = d,
xj =1 and e,g)—1 = dy. Then, we obtain the following equalities:

n—(G+1)=nd-1)—-1
n—n(d+1=j

Since x; = r, by 1} we obtain that d, € (An_n(d)ﬂ)f&n, and by dy, &
(An—n(d)+1)1a"- Hence, as y was chosen arbitrarily from {r, s}"(9 =1 we have just shown

that:
Za

n

€€ |_| Vy'_‘len—n(d)-‘rl

ye{r,spnid-1

The application of Proposition [6.15( then yields e € [(EZ((Z))A)SOFQ”' For the Js restric-
tion in the definition of «,,4), the corresponding result can be shown in the same way.

Therefore, d € (an(d))Ian.
Using this result and the fact that dy is of height n in T, , we can conclude that
do € (ay)*en. Thus, a, is satisfiable with respect to 7y,. O

Finally, let us look at the size of ’ﬁ Tn,r and Ty, comp are both of size O(n). Let us

Bl
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recall the definition of T, pasns:

n

E,paths = U (T] U Tj)

j=1
Then, it can be equivalently expressed as follows:
7;z,paths = ﬁz—l,paths uT"u Tﬁ

Since 7" and 7™ have the same size as the ££ TBox T,_1, and s(7,) = O(n) for all
n > 1, we obtain:
S(ﬁt,paths) = S(ﬁz—l,paths) + 2% O(n - 1)

where s(71 paths) = ¢ > 1 and ¢ € N is a constant.

~

Hence, si’ﬁl) = O(n?) for all n > 1. Now let T be a model of 7, satisfying o,,. By

Lemma [6.18| we know that |AZ| > 27, and consequently |AT] > 20(v s(7n), Therefore,
the size of Z is not polynomial in the size of 7.

~

Theorem 6.20. For all n > 0 there exists a TEL(deg) acyclic TBox T, with a defined

concept au,, such that s(T) is polynomial in n, but all models satisfying oy, are of size at
least exponential in n.

6.4 Reasoning with respect to acyclic 7L (deg) TBoxes

The result obtained in Theorem does not imply that there is no NP decision pro-
cedure for concept satisfiability. Even when, in general, models of polynomial size sat-
isfying a concept description do not exist, it may well be the case that such very large
models have abstract representations of polynomial size which can be used to design an
NP procedure, or simply there is a different way to do it. Unfortunately, this seems
to be very unlikely. We show that concept satisfiability and subsumption are Hf -hard
and YF-hard, respectively, with respect to acyclic 7€L(deg) TBoxes. Additionally, we
provide a PSPACE algorithm that is sound and complete for both problems. Finally, the
algorithm will be extended to reasoning with respect to acyclic T€L(deg) KBs without
giving up its polynomial space property.

6.4.1 Lower bounds

We reduce the problem V43S AT to concept satisfiability with respect to acyclic 7EL(deg)
TBoxes. This problem is well-known to be complete for the class IT’ (see [Sto76], Section
4).

Definition 6.21 (V33SAT). Let u = {u1,...,u,} and v = {vy,..., vy} be two disjoint
sets of propositional variables. Additionally, let ¢(u,v) be a formula in 3CNF defined
over uUw, i.e., p(u,v) is a finite set of propositional clauses C = {c1,...,c;} such that:

e Each clause ¢; is a set of three literals {{;1, £i2, €3} over u U w.
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A formula (Vu)(3v)e(u, v) is satisfiable iff for all truth assignments t for the variables in
u there is an extension of t for the variables in v such that it satisfies p(u,v). VI3SAT
is then the problem of deciding whether given a 3CNF formula ¢(u,v), the formula
(Vu)(Fv)p(u, v) is satisfiable or not. &

The idea for the reduction goes as follows. Each 3CNF formula ¢(u,v) is translated
into a 7€L(deg) TBox 7,¢ containing a defined concept ay, such that: (Vu)(Fv)p(u,v)
is satisfiable iff v, is satisfiable with respect to 7.7 (here, the value n corresponds to the
number of universally quantified VariableAs). We have seen in the proof of Lemma
that satisfiability of «,, with respect to 7, requires interpretations Z containing for all
subsets X of {A1,...,A,} an element dy € AZ such that: dy € (A;)% iff 4; € X.
We take advantage of this to encode the universal quantification (Vu). The existential
quantification can be simulated by the very nature of the concept satisfiability problem.
We will obtain 7,¥ from 7A;L, by modifying the definition of ag in 7, -, and adding new
definitions to 7, comp- In the following we provide the details of the translation and
prove its correctness.

For each variable u; € u, the literals u; and —u; are identified with the concept names
A; and A;, respectively. Similarly, for literals over v we introduce new primitive concept
names By, By, ..., By, By,. More formally, to each literal ¢ over u U v, the mapping ~
assigns a primitive concept name as follows:

Ai if ¢ = Uj,

/L' if ¢ = —Uyg,
v(€) = .

B; if { = vy,

o if L= ;.

To encode p(u,v), each clause ¢; = {{;1,4;2,¢;3} in C is represented by the £L con-
cept description D; := y(€;1) M (li2) M y(¢i3). Then, we define the 7€L(deg) concept
description C, corresponding to ¢(u,v) as:

The idea is that an individual dx belongs to (D;)-1 iff it belongs to at least one
=3

concept name y(¢;;) (1 <1 < 3). To constrain B; and B; to be complementary at dx,
for all 1 < j < m we add to T, comp the concept definition G; = B; N Bj. The last step
is to adjust the definition of g in 7, ; to take into account the formula ¢p(u,v) and the
newly introduced concept names corresponding to the variables in v:

a0 = Co N [][(F)<y N (F) 1(Gy)z4] (6.9)

1
2

N

1
2

N []1G))<
j=1

To avoid confusions we denote by ’77;'?7 and ’ﬁfcomp the modified TBoxes, and by ag
the altered ag. Then, 7 := (T, Ti.comp U Tnpaths)-
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Lemma 6.22. Let u = {uy,...,un}, v ={v1,...,un} be sets of propositional variables,
and p(u,v) a formula in SCNF defined over wUwv. Then, (Yu)(Jv)p(u,v) is satisfiable
iff o, is satisfiable with respect to T .

Proof. (=) Assume that (Vu)(3v)p(u,v) is satisfiable. In the previous section (see
Lemma we have constructed an interpretation fan such that dy € ()%, and
d € (ag)ten for all leaves d in T,,,. We extend ian into a model féfn of ¥ satisfying o, .

The new interpretation ffn extends fan with the interpretation of the concept names
Bi,...,B,,,By,...,B,,. The positive side of using fan as a starting point is that since
T paths does not change and 7, » only changes in the definition of «y, it is enough to
extend 7, in such a way that d € (af)&n holds for all leaves d in T,,,.

Let d be a leaf of T,,,,. We define the assignment t; for v U v as follows. First,

ta(u;) = true iff d € (4;)Ton (1 <i<n)

Second, t4 assigns truth values to the variables in v such that it satisfies ¢(u,v). This is
always possible because (Vu)(3v)p(u,v) is satisfiable. If there is more than one possible
way any of them can be used. Then, Zg§, extends Z,, as follows. For all 1 < j < m:

(Bj)fg" ={d| de Ly, and t4(v;) = true}
(BJ)Ifn = {d | d € Ean and td(UJ) — false} (610)

Now, let us see why d € (ag)fgn. From 1} it follows directly that for all 1 < j7 < m:
d € (Bj)"n iff d ¢ (Bj)™

A similar relationship exists between d and A;, 4; (1 <i < n), since d € (ao)ian. Thus,
we have:

n m f(fn
de ([NE N Ey)n 162162y

Regarding 6@7 let (Di)Z% be any of its conjuncts and ¢; = {¢;1, 2, i3} its associated
clause in ¢(u,v). Since tg satisfies p(u,v), this means that there is ¢; (1 <1 < 3) such
that t;(¢;;) = true. Once we know that, the constructions of v and t4 in combination
with the properties of d mentioned above imply that d € [W(Eil)]fgn. ‘Consequently,

de [(Di)>%]z(fn for all 1 <i <k, and thus d € (C,,)%%. Hence, d € (af)%n.

Since d is an arbitrary leaf, the same result is valid for all the leaves in Ty, . As already
mentioned, this guarantees that «v, is satisfiable with respect to T7.

(<) Conversely, assume that «, is satisfiable with respect to 7,¥. This means that
there exists a model T of 7,¥ and d € AZ such that d € (an)?.

Let us fix a partial truth assignment t covering all the variables in u. We show that t
can be extended to v in such a way that it satisfies p(u, v). The subset X¢of {A41,..., Ay}
is induced by t as follows:

Xe:={4; | t(w;) = true} (1 <i<n)
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Now, since 7A7f only differs from 7?1 in the definition of g and the inglusion of the
G;’s in Ty, comp, Propositions [6.15 and [6.16| still apply to Z as a model of 7,f. Following
the proof of Lemma [6.18] with respect to Z and 7,¥, we obtain that there exists di € AZ
such that:

e d € (AZ')I iff A; € X, (iff t(ul) = T)v

o di € (af)t.

We use d; to extend t to v as follows. For all 1 < j < m:
t(v;) = T iff dy € (B;)*

Therefore, since d; satisfies the complementary restrictions required in the definition
of o for Ay,..., Ay, A1,..., Ay and By,..., By, By, ..., By, we further obtain for all
literals ¢ over u U v:

t(0) = true iff d; € (v(¢))* (6.11)
Moreover, since d; € (QO)I we have that d; € [(Di)Z%]I for all 1 < ¢ < k. By definition

of deg and D; there must exist £; in ¢; such that di € (y(¢;))%. It then follows from
that t satisfies every clause ¢; € C, and consequently it satisfies ¢(u,v).

Since the partial truth assignment t for u was chosen arbitrarily, we thus have shown
that (Yu)(3v)e(u,v) is satisfiable. O

The construction of 7\;2" modifies ’7? in two ways. First, T, comp is extended by adding
the definitions of the concepts G for all 1 < j < m. This yields a TBox ’ﬁfcomp such
that:

S(chomp) = 5(7;1,comp) + O(m)

Second, Ty - results from Ty, ; by redefining « (renamed as o) as described in .
It is not hard to see that the definition of oy is of size polynomial in ¢(u,v). Recall
that s(ﬁ) is a polynomial in n. Hence, since n and m are the number of variables in u
and v, respectively, this means that s(7,¥) is a polynomial in the size of (Vu)(Jv)p(u, v).
Thus, V33SAT is polynomial-time reducible to satisfiability in 7€L(deg) with respect
to acyclic TEL(deg) TBoxes. The reduction of satisfiability to subsumption still holds,

and therefore we obtain the following lower bounds.

Lemma 6.23. In 7EL(deg), satisfiability is 11§ -hard and subsumption is ¥8 -hard, with
respect to acyclic TEL(deg) TBoes.

6.4.2 Normalization

To simplify the technical development of the decision procedures presented in the next
section, it is convenient to use TBoxes in a special form. We now introduce normalized
TEL(deg) TBoxes in reduced form, and show that one can (without loss of generality)
restrict the attention to this kind of TBoxes.

Let us start by recalling the normal form for ££ TBoxes introduced in [Baa02]. An
EL TBox T is said to be normalized iff « = C,, € T implies that C,, is of the form:

P . NP, 3r.pr ... 3r,.Le
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where m,n > 0, Py,..., Py € Nypm, and B1,...,8, € Ngeg. We extend this form

to 7EL(deg), and say that a 7EL(deg) TBox T = (T+,Ter) is normalized iff Tz, is
normalized and o = C,, € T, implies that C,, is of the form:

Pin...NP,N3r.piM...M0 3.5,

where m,n > 0, for all 1 < ¢ < m either ]31 € Nprim or it is of the form E.; with
E e N?lefv and Bq,...,0, € NG s U N?lef'

To illustrate this normalization process we start with a simpler version of Example 12
in [Baa02].

Example 6.24. Let T be the ££ TBox consisting of the following definitions:

a1 = Py Mag M 3dry.drg.as
ag = P Magn 38.(043 M Pg)

az = Py
Using auxiliary definitions we obtain a new TBox 7":

ay =P MasMN3dr.fy

B1 = Jra.ag

as = Py MagM3s.6y
Bo = azMP3

ag =Py

This step is formalized as the exhaustive application of the rule R3.

Condition: applies to concept definitions of the form o = Cy M... M C, if there is
an index ¢ € {1,...,n} with C; = 3r.D and D & Ng.;.

Action: its application replaces the conjunct C; by Jr.5, and introduces a new
definition 8 = D, where 8 € Ngcy is a fresh concept name.

Since a1, o and B9 contain top-level atoms which are defined concepts, 7’ is not yet
normalized. The original normalization process is devised to handle cyclic ££ TBoxes
that can be interpreted by different types of semantics. Consequently, the approach used
to overcome this problem varies according to each semantics. In our case, however, this
becomes simpler since the EL TBox Te,s we are dealing with is acyclic. The solution for
this follows from the discussion presented in [Baa02| for the general case, and consists
of substituting these occurrences of defined concepts by their definitions. Following the
example we obtain the following TBox:

oar =P MNP, N PyMds.Be M dr.fq
B = Ir.az

oy = P Py M3ds.5

B2=PyNPs



66 Chapter 6. Adding Terminologies to TEL(m)

az = Py

We name the corresponding rule R, and formally define it as follows.

Condition: applies to concept definitions of the form o = Cy M... M C, if there is
an index ¢ € {1,...,n} with C; =fand B =Cs € T.

Action: its application replaces C; by C3.

Then, once R3 can no longer be applied, an exhaustive application of the rule R, will
produce a normalized acyclic ££ TBox. However, to have a polynomial time procedure
generating a new TBox of polynomial size, the sequence of applications of R, should
not be arbitrary. This is achieved by following the order < induced by —T, i.e., R,
can be applied to a concept definition a@ = C\, only if it has already been applied to all
B € def(T) such that 5 < a. o

Each application of R3 replaces a top-level atom of the form dr.D with a new atom
Jr.3, and introduces a simpler definition 8 = D. Concerning R,, such an ordered
sequence of rule applications will always terminate since we are dealing with acyclic
TBoxes. Moreover, the idempotency of M can be exploited to avoid duplications. Hence,
R, is only applied one time for each top-level atom of the form 8 € Ng.s occurring in
the TBox that results from the application of R3, and it does not cause an exponential
blow-up of the size of the TBox. Thus, the described normalization procedure runs in
polynomial time and produces a TBox 7" of size polynomial in the size of 7.

This procedure can be easily adapted to normalize acyclic TEL(deg) TBoxes. The
rules R3 and R, can be applied to 7, in the same way. The only difference is that to
apply R in 7T, the definition 3 = Cg may also occur in Tg,. Additionally, it is required
that all occurrences of threshold concepts E.; in T are such that E is a defined concept
in 7¢,. For example, a1 could have been defined as:

a; =P N Elrl.[(Pg ([ El’I“Q.Pg)S.g] M 3ry.3ry.a3

To handle this we use a new rule R...

Condition: applies to concept definitions of the form o = 61 M...Mn 6n € T, if there
is an index ¢ € {1,...,n} with C; = D and D ¢ Ngef.

Action: its application replaces the conjunct @ by (Ep)~t, and adds a new definition
Ep =D to Ter, being Ep a fresh concept name in Ngef.

Thus, the normalization will yield the 7€L(deg) TBox T = (T+, Ter) consisting of the
following two sets of definitions:

a1 = P M 3r.y N 3r. 61

Ba=FE<g

p1 = TIrz.a3

o = Po M Py M ds.59
P2 =Py P

Ckgip4
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and Tg¢, the following set:
E =P MN3ry.Ps

Notice that in order to trigger the application of R., the concerned existential re-
striction in the definition of a; had to be first decomposed by applying R3. With this
in mind, we define the normalization procedure for acyclic T€L(deg) TBoxes as the
execution of the following steps.

—_

. Apply the rule R3 exhaustively to 7.

[\

. Apply the rule R. to 7T, as long as possible.

3. Normalize the augmented £L£ TBox Tef.

-

Apply the rule R, exhaustively to 7.

The applications of R3 and R, to T, modify only 7, while no new threshold expres-
sions are introduced. Regarding the second step, as D.; is such that D is defined over
Ngef U Npyim, the threshold concept (Ep)~¢ introduced by the application of the rule
R.; is still defined over Ngef U Nppim. Furthermore, adding Ep = D to Tg, does not
introduce any concept name o € N7, sin definitions of T¢,. Finally, the normalization of

Ter only transforms the structure of Te,.. Therefore, 77 satisfies the restrictions required
for 7€L(m) TBoxes in Definition [6.6] and it is easy to see that no cycles are introduced
in it.

Now, after the first step has been executed, all occurrences of threshold concepts in
T- appear as top-level atoms on its concept definitions. Consequently, the application of
R.. in the second step will cover all of them. Moreover, the normalization of T¢, before
the final step guarantees that R3 need not be applied in case R, applies to a defined
concept in Tg,. Overall, this implies that the resulting TBox 77 is normalized.

Last, one can see that the rule R. is applied at most one time for each threshold
concept D.; occurring in a definition of the initial TBox 7T;. Consequently, at most
polynomially many new definitions of the form EFp = D are added to T¢y. Thus,
using the same arguments given for the application of R3 and R, in the £L setting,
the devised normalization procedure runs in polynomial time and yields a normalized
acyclic TEL(deg) TBox T of size polynomial in the size of T.

We now show that normalization preserves the unfolding of defined concepts.

Lemma 6.25. Let T be an acyclic TEL(deg) TBox and T' the TEL(deg) TBox that
results from a single application of a normalization rule. Then, for all defined concepts
ain T, uzp(a) = uz (@)

Proof. Let R be a normalization rule and 8 = 65 € 7T the concept definition that R has
been applied to. We use well-founded induction on the partial order induced by —T on
def (7). For all defined concepts « in 7 we distinguish two cases:

e o # (. This means that R was not applied to o = éa, and consequently o = éa €
T’. The top-down recursive application of unfolding through the structure of C,
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with respect to T and T’ may only result in different concept descriptions if:
uz(a') # uz ()

for some symbol o’ occurring in CA’a that corresponds to a defined concept name in
T. However, « = o and the application of the induction hypothesis to o’ imply
that this is never the case. Hence, uz(a) = uz ().

e o= p. Let 65 be of the form C; M...MC,. We analyze the outcome of applying
each of the three possible rules to 8 = Cg:
— R.: the rule was applied to a conjunct C such that C D.;and D ¢ N def

Its application replaces Cz- by (Ep)~t in Cﬁ, and adds Ep = D to T{, where
Ep is a fresh concept name. By definition of unfolding we have:

|_|u7.a uz(D) Ntﬂ|_|u7.a)

Jj=t+1

and,
n

i—1
uz (8) = [ 1uz(C)) M [uz(Ep)lae 1 [] uz(Cy)
j=1

j=i+1

Applying the same inductive argument used above we obtain UT( ]) =
u?/(C’j) for all j # 4 (likewise for D). Thus, since uz, (Ep) = uz (D) it
follows that u=(8) = uz(3).

— Eg: the rule has beEn applied to an atom @ of the form Jr.D such that
D & Ngey. Hence, C; is substituted in Cg by 3r.3; with 3; being a fresh
concept name and 81 = D € T'. By definition of unfolding we have:

n

|_|u7_ ) M Jruz(D) |—|'|_| uz(C;)
and,

uz (3 |_|“T' (@) 1 3raup(B) 0[] (@)

We know that uz(81) = u
yields uz(a) = uz, ().

— R,: thereis an index 1 < ¢ < n such that @ is of the form 31, and 81 = 651 S
T. The application of R, to 1 replaces it in 55 with 651. Since 8 —T1 S,
the application of induction hypothesis yields u=(81) = uz (61) = u%,(agl).
Again, u= (C )= uT’(Cj) for all j # 4, and the rest follows from the definition
of unfoldlng on f. O

%,(IA?). Hence, the same reasoning used for R.
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This property is then invariant under any number of rule applications. Therefore, the
following proposition is a direct consequence of Lemma [6.25

Proposition 6.26. Let T be an acyclic TEL(deg) TBox and T' the normal form of T.
For all defined concepts o in T, uz(a) = uz ().

Proposition implies that reasoning with respect to an acyclic T€L(deg) TBox T
can be reduced to reasoning with respect to its normal form 7. T herefore, from now
on we only consider normalized TBoxes.

We still require one more transformation. Recall that for acyclic ££ TBoxes, the value
of deg” (d,C,T) is defined in terms of applying the basic definition of deg (Chapter
to the unfolding of C' in 7. Moreover, deg needs to further translate wy(C) into its
reduced form [ur(C)]". Since uy(C) may result in a concept of exponential size, it is
certainly not a good idea to unfold and then compute the reduced form. To have this
issue handled in a more transparent way by the decision procedures presented in the next
section, we introduce the reduced form for acyclic ££ TBoxes. The ideas that follow are
based on the results shown by Kiisters in [KiisO1].

Definition 6.27. Let 7 be an acyclic ££ TBox and C' an £L concept description. Then,
C is reduced with respect to T iff:

e ('is reduced according to Kiisters’ definition modulo T (i.e., C7 is used to identify
redundancies instead of C).

We say that 7 is in reduced form iff for all « = C € T the concept Cy is reduced
with respect to 7. O

The benefit of using these type of TBoxes is that the unfolding of a defined concept
will always result in a reduced concept description.

Lemma 6.28. Let T be a normalized acyclic EL TBox in reduced form. Then, for all
a = Cy the EL concept description ur (o) is reduced.

Proof. We use well-founded induction on —7* over def(7). Since T is normalized, C,
has the following structure:

Pim...NP,N3ri.cq MN...M03r,.an

Clearly, @ —T «; for all 1 < i < n. Therefore, the application of induction hypothesis
yields that ur(a;) is reduced. Now, since C, is reduced with respect to T, for all pairs
(Iri.04, Irj.a) we have:

e 75 Trj, Or
o a; L7 aj and o LT 0.
In addition, we know that a; =7 ur(a;) and o =7 ur(cy). This means that having

ri = rj, it will be the case that ur (o) € ur(cy) and ur(a;) £ ur(ey). Finally, since
ur () is the following concept description

P Py 3rur(ag) M. 0 3r,ur(an)

we can conclude that uy(a) is reduced. O
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To translate acyclic ££ TBoxes into its reduced form, the algorithm sketched in
[Kiis01] (derived from Proposition 6.3.1.) to compute the reduced form of £L£ con-
cept descriptions comes in handy. By using T instead of C, it will be able to compute
the reduced form C"(7) of a concept C' with respect to 7. Since Ty is decidable in
polynomial time in ££ [Baa03], the modified procedure also runs in polynomial time.
Moreover, the concept C™(7) satisfies C =5 C7(T),

Based on this we can devise a very simple polynomial time transformation that given
an acyclic ££ TBox T outputs and equivalent TBox 77 in reduced form. The translation
and its correctness are given in the following lemma.

Lemma 6.29. Let T be a normalized acyclic EL TBox. The TBox T' obtained from
T by the substitution of a = Cqy for a = (Co)"T) (for all a = Cy € T) satisfies the
following:

1. T and T’ are equivalent.
2. T is in reduced form.

Proof. 1) We show that every model of 7 is a model of 7 and vice versa. Let Z be a
model of T, then o = (C,)* for all @ = C,, € T. Since Cy =7 (Cy)"(7), this means

z
that of = [(CQ)T(T)] for all a = (C,)" ) € 7. Hence, T = T".

Conversely, let Z' be a model of 77. We take a model Z of T such that AT = AZ" and
XT = X7Z foral X € Nprim U NR. Such a model exists because of Proposition We
prove that of = oZ for all @ = C, € T. The proof goes by induction on the partial
order induced by —*. Since T is normalized, each top-level atom of C,, is of the form
A € Npypim or 3.3, where § = Cg € T. Moreover, the set of atoms occurring in (C’a)”(T)
is a subset of the corresponding set for C. Therefore, we distinguish two cases for all
top-level atoms At of Cy:

e At occurs in (Cy)"(7). If At = A, by selection of T we have AT = AT, Otherwise,
At = 3.8 and o —T 8. The application of induction yields X = 8" and thus
(3r.8)% = (3r.8)Y". Hence, it is not hard to see that for all d € AT, d € o implies
dear.

e At only occurs in C,,. There must be a top-level atom At’ in C, such that At’ T At
and At’ does occur in (Cy)"(7). From the previous point we know that (At')Z =
(At)T'. Therefore, if d € (At')? we also have d € (At)? and d € At’. Hence,
de o implies d € oZ.

Thus, we have shown that aZ = oZ". This implies the following equalities:
o' =af = (Coc)I = (UT(Ca))I

Then, since Z and Z' have the same interpretation for Nprim U NR, this means that
[ur(Co)]E = [u(Cy)]E . Hence, for all @ = C, € T we have:

/

of = [UT(Ca)]I

U

Consequently, o = (Cy)% and T’ is a model of T
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2) Assume that 77 is not in reduced form. Then, there exists o = (C,)"(7) € T’ such
that (Cy)"(7) is reducible with respect to 77. This means that there are two top-level
atoms At; and Aty in (Ca)T(T) such that At; 4 Aty. Since we just have shown that T
and 7’ are equivalent from a model-theoretic point of view, we also have At; T Ats.
Hence, we obtain a contradiction against the fact that (C)"(7) is reduced with respect
to 7. Thus, 7" is in reduced form. O

To sum up, given an acyclic 7€L(deg) TBox T = (T, Ter), we have demonstrated
the following along this section:

e 7 can be normalized in polynomial time into an acyclic TBox 77 = (T!,T¢;), such
that reasoning w.r.t. 7 can be reduced to reasoning w.r.t. 7.

e The new TBox T/, can be translated in polynomial time into an equivalent ££
TBox 7;’5 in reduced form.

e The computation of the reduced form only removes atoms from concept definitions.
Therefore, ’Tg//ﬁ remains normalized.

Hence, reasoning in 7€L(deg) with respect to acyclic TBoxes can be restricted to
normalized acyclic TBoxes in reduced form.

Proposition 6.30. Satisfiability and subsumption on concepts defined in an acyclic
TEL(deg) TBox can be reduced in polynomial time to satisfiability and subsumption on
concepts defined in a normalized acyclic TEL(deg) TBox in reduced form.

6.4.3 Upper bounds

We now provide a PSPACE algorithm to decide satisfiability and subsumption with
respect to an acyclic 7EL(deg) TBox 7. Note that one can focus on satisfiability of
concepts o and subsumption questions of the form 51 E5 52, where a, 81, B2 € def ('7')
Any concept description C can be equivalently replaced with a fresh defined concept ag,
by adding the definition ag = C to T-.

As explained in Section [6.2 by using unfolding, satisfiability and subsumption with
respect to acyclic 7€L(deg) TBoxes can be reduced to reasoning with the empty TBox.
In addition, in Chapter |5| we showed that a concept description of the form Cn-D is
satisfiable in 7EL(deg) iff there ex1sts an interpretation Z such that CZ \ DT # 0 and
|AT| < s(C) X s(D) (see Lemma Hence, given an acyclic 7€L(deg) TBox 7 and
two of its defined concepts aq and ao: aq Mg is satisfiable with respect to T iff there
exists an interpretation Z over Np,;, U Ng such that:

o [uz(an)]F\ [us(a2)]* # 0, and
° |AI| < s(uﬁ:(al)) X S(U,T.(OQ)),

Now, there is unique way to extend Z into a model of T (Proposition . Therefore,
we obtain the following bounded model property for satisfiability of concepts of the form
a1 M =g in the presence of acyclic 7EL(deg) TBoxes.
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Proposition 6.31. Let T be an acyclic TEL(deg) TBox and o, gy two defined concepts
in T. If an M=y is satisfiable in T, then there exists an interpretation T =T such that
(@)™ \ (a2)" # 0 and |AT] < s(uz(an)) x s(uz(az)).

For the empty terminology |A?| is polynomial in the size of C and D. This was used
to provide an NP-algorithm for satisfiability of concepts of the form C M —D, which

uses non-determinism to guess the whole interpretation Z. Therefore, since uz(a1) may

result in a concept description of size exponential in s(7), the same procedure applied
to uz(a1) or uz(a) M-uz(az) would give a NEXP-algorithm for concept satisfiability
and non-subsumption with respect to acyclic 7€L(deg) TBoxes.

Our aim is to design a PSPACE algorithm that solves these problems. Obviously, such
a procedure cannot store the whole interpretation Z. However, the proof of Lemma [5.6]
tells us the following:

~

e T is tree-shaped,

e the depth of the associated description tree T7 is bounded by:
rd(uz(a1)) + rd(uz(az))

e the domain element dy of Z corresponding to the root of 7’7 satisfies:

do € [uz(a1) M ﬂu%(OQ)]Z

Fortunately, the depth rd(uz(a1)) + rd(uz(az2)) is always polynomial in s(7). Thus,
despite its size, it is possible to non-deterministically generate Z in a top-down fashion,
while keeping the used space polynomial in s(%) Let ? and b > 0 be natural numbers.
The following procedure is meant to generate all the tree-shaped interpretations Z over

Nprim U NR, such that |AZ| < b and the depth of T7 is not greater than 0:

1: procedure A(0d: N, b : binary)
2: b:=b-1 // counts the individual represented by the current call

3: non-deterministically choose a subset P of Npim,

4: if (0+#0) and (b # 0) then

5: for all r € Nr do

6: non-deterministically choose 0 < b, < b // by : binary
7 b:=b-—b,

8: for all1 <i<b, do

9: non-deterministically choose 0 < b% < b // bL : binary
10: b:=0b—b

11: A(@—1,68 +1)

12: end for

13: end for

14: end if
15: end procedure

Note that each recursive call decreases the value of 9, which implies that this is a ter-
minating procedure executing at most 0 nested recursive calls. Moreover, the parameter
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P = {A,B}
P b =2,b,=1 TP: UO:{AvB}
bl =1,2=3,bl =0

v {A}  wve:{} wv3:{A4}

Zi«::{lA} P={} P ={A} )
b%:() br:(),[JS:O br=0,b5:0

vy - {B}
P = {B}

Figure 6.1: A run p of A and its induced ££ description tree T),.

declaration b : binary states that A works with the binary representation of the value b.
As mentioned above, we are dealing with interpretations that may have size exponential
in s(%), and that is why the use of a binary counter to represent the value of b. Finally,
the set of variables b, and b% can be reduced to two variables since they are only used
within the scope of the for loops. Therefore, each run of A uses space polynomial on 0
and the number of bits needed to represent b.

The general idea of the procedure is as follows: each recursive call represents an
individual of the domain and the recursion tree lays out the tree-shaped form of an
interpretation. The set P contains the primitive concept names that a domain element
is an instance of, the number b, stands for the number of r-successors, and b’ means
that the interpretation rooted at the i-th r-successor has at most b’ + 1 elements. To
formalize this intuition we define the notion of a run of A.

Definition 6.32. A run p of A on (9,b) is a tree of recursive calls T{; ) such that:

e its root vy is labeled by the non-deterministic choices P, b, for all r € Ng, and b’
for all 1 <14 < b,.

o for all » € NR, there are exactly b, successors v,1, ..., v, of vy such that, the tree
rooted at vy; is a run of A on (9 — 1,b%. + 1). &

Figure|6.1]| depicts a run p of A (left-hand side). Such a run induces the ££ description
tree T, (right-hand side) with the same structure, where its nodes are labeled with
the corresponding sets P chosen by p and the edges with the role names generating
the corresponding recursive call (line [5] in A). Therefore, we say that p induces the
interpretation Z, that has the description tree T),.

Conversely, for all tree-shaped interpretations Z of size at most b and depth not greater
than 0, there is always a run of A describing 7.
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Lemma 6.33. Let 0 > 0 and b > 0 be two natural numbers. For all tree-shaped inter-
pretations T over Ny UNR with at most b elements and depth not greater than 0, there
exists a run p of A on (0,b) such that T =TI,.

Proof. Let T be a tree-shaped interpretation of depth d(Z) such that |AZ| < b and
d(Z) < 0. We show how to guide a run p of A such that Z, = Z. The proof goes by
induction on the number d(Z).

Let dy € AT be the root of T7. For all » € Ng we denote as 7(do) = {e1,...,en}
(n > 0) the set of r-successors of dp in Z. In addition, for an r-successor e; of dy, Tr|e;]
denotes the subtree of 77 rooted at e;, and Z,, the associated interpretation. Then, when
A is invoked on (9, b) it makes the following non-deterministic choices:

o P =/{1(dy),
e for all r € Ng: b, = |r(do)],
e for all r € Ng and e; € r(dp): bZ = |AIei| -1

e for all r € Ng and 1 < i < b,., the recursive call A(d — 1,bZ + 1) follows a run p’
such that Ipi =17,

n

Since |AZ| < b and d(Z) < 9, the first three choices are consistent with the execution of
A. Regarding the last choice, since T7 is a tree we know that d(Z.,) < d(Z). Consequently,
d(Z.,) <0 — 1 and the induction hypothesis can be applied to obtain the proper run pi.
Therefore, p induces an ££ description tree T}, such that:

e its root vy is labelled with ¢7(dp),

e for all 7 € Ng: vp has exactly [r(dp)| children vy,...,v).(4,), each edge (vo,v;)
(1 < i < |r(do)]) is labelled with 7, and the subtree T),[v;] rooted at v; in T, is
equal to Tz[e;].

Thus, we can conclude that 7, = 7. ]

The previous lemma ensures that, by choosing d as rd(uz(a1)) + rd(uz(az2)) and b as
s(uz(a1)) xs(uz(az)), the set of runs of A on (9, b) covers all the relevant interpretations
to find out if u=(a1)M—uz(ag) is satisfiable. Therefore, it remains to see how to verify for
each run p of A, whether its induced interpretation Z, fulfills do € [uz(c1) M —uz (ag)]*e
We have already provided an algorithm to do that (Algorithm [2| in Chapter [3), which
is based on Theorem [3.8] Nevertheless, on the one hand it is not immediate to link
Algorithm 2| to the way A generates Z,; and on the other hand due to the possible
exponential size of uz(a1) and uz(az), special care would be required in doing so.

To address these concerns, we go back to the initial formulation of our problem: search
for a model J ofT such that (a; M—ag)? # (. Contrary to models of T interpretations
induced by runs of A do not interpret defined concepts in T. However, there is a unique
way to extend each of them into a model of T (see Proposition . Hence, since Z,, is
tree-shaped, it is possible to compute such an extension in a bottom-up manner. From
now on we will use indistinctively Z, to identify both, a primitive interpretation and its
unique extension into a model of T.
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The idea is then to compute for all o = (7& € 7\’, whether dy € o». To this end, we
modify procedure A such that each run p additionally computes a set Ex C Ng.y with
the following meaning:

Ex:={a|a=C,eT and dy € o’}

The special forms introduced in Section [6.4.2] 2| for acyclic TBoxes are of great help in
computing Ex. In particular, the normal form of T provides the following shape for C’

Pin...nP,N3ri.arM...M3Irp.am

Consequently for all d € ATe, d € o iff:
1. d e (P)% forall 1 <i <n, and
2. for all 1 < i < m, there exists d; € A%» such that (d,d;) € (r;)% and d; € (a;)%.

The computation of Ex will be based on checking these two conditions for dy. If E is of
the form A € Ny, verifying whether dg € A%r is simple since T, already contains that
information (the non-deterministic choice in line . To check whether dy € (E~;)%r, we
further extend A to compute for all runs p an assignment D : def(7¢z) — [0, 1] such
that:

D(E) i= deg™ (do, urs. (E))

Once D is computed for dy, it is immediate to verify whether dy € (E~;)%. Regarding
Condition 2, as explained before the successors e of dp in Z, are the roots of the interpre-
tations induced by runs corresponding to the recursive calls triggered by p. Hence, the
sets Ex. computed by such calls provide the necessary information to determine whether
do € (Elri.ai)IP for all 1 < ¢ < m. However, since dy may have exponentially many direct
successors in Z,, a PSPACE procedure cannot store all the corresponding sets Ex.. To
deal with this, A will compute a relation of the form z C (Ng x def(7)) U (€ X Nppim)
such that: (r, ) € z iff there is e € A% satisfying (do, e) € r%» and a € Ex.. In this way
we can keep the relevant information needed to verify whether dy € (Ir;.a;)%, while
using polynomial space.

Putting all these ideas together, we transform A into the following function:

1: function A(d : integer, b : binary)
2 b:=b-1

3 non-deterministically choose a subset P of Npim,
4: initialize v and z

5: if (0#0) and(b # 0) then
6: for all r € Ng do

7 non-deterministically choose 0 < b, :< b
8

9

b:=b—b,
: for all 1 <4< b, do
10: non-deterministically choose 0 < b;‘; <b
11: b:=b— bfn
12: (Ext, D%) :=A(d — 1,b% + 1)

13: update v
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14: update z
15: end for
16: end for

17: end if
18: D := SUBDEG(v)
19: Ex := SUBEX(D, z)
20: return (Ex, D)
21: end function

The subroutines SUBDEG and SUBEX invoked in lines [18] and [19| correspond to the
computation of the assignment D and the set Ex, respectively. The execution of line
updates the relation z using the content of Exfa after each recursive call has been executed.
Regarding the symbol v in line as we explain below it represents a table used to help
the computation of D.

Let us now move on to the details of the computation of Ex and D. We start with the
computation of D, and afterwards explain how to compute Ex.

Due to the normal form of ’7', the £L concept F in E.; is a defined concept in Tg.
Therefore, by Definition for all d € A

d € (Bw)% iff deg’ (d,ut.,(E)) ~t
Coming back to Chapter |4 we know that deg”(d,ur.,(E)) is the maximal value of
hw(vo) among all ptghs h € H(T“ng (g), G1,,,d), where vy is the root of the description

tree TUT%(E). Note that we use directly T, (g, since being Ter in reduced form
implies that w7, . (F) is reduced (see Lemma [6.28). Now, E is defined in 7¢. as follows:

EF=p~Pn0..MP,N3r.EyN...N3r,.E,
This gives us the following information regarding TuTgﬁ( B):
e the label of vy in TuTEC(E) is the set {P1,..., Py},
e v has exactly n (n > 0) successors vy, ...,v, in T“TsL(E)’

e for all 1 < i < n, the subtree TUT%(E) [v] of TUT“(E) rooted at v; is exactly the
description tree associated to ur. . (E;).

Additionally, the computation of h,,(vg) is based on the following expression:

1 ifm+n=0

haw(V0) = § [{PrPud N bz, @1+ 5 o (w)
1<i<k .
T otherwise.
where wi, ..., w; are the children of vy in TuTgc( g) mapped by h. Now, regarding a ptgh

h yielding a maximal value for h,,(vg) we observe the following:

e if (d,e) € (r;)%r for some e € A%, then we can assume that v; € dom(h).
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e Let h(v;) = e; where e; € AT, Then, hy(v;) = deg™(e;,ur.,(E;)). This is a
consequence of v; being the root of the description tree corresponding to ur. . (E;),
and the fact that h,(vg) is maximal.

Therefore, deg?*(d, uT,,(E)) can be expressed as:

{Py,. .\ P} 0 b (d)] + ; max{deg® (e, uze, (1)) | (d;e) € (ri) %}

6.12
m-+n ( )

Thus, knowing the values deg” (e, ur.,(F)) for all successors e of d in Z, and all
F € {Ei,...,E,}, it is straightforward to compute degIP(d,uTgﬁ(E)). Therefore, sim-
ilar to the computation of Ex the assignment D for dy can be computed by using all
the assignments D recursively computed for all successors of dy in Z,. Once more,
the problem related to the possible exponentially many successors of dy needs to be
addressed. Here is where the aforementioned table v comes into play. It is defined
as v : (Nr x def(Tgz)) U (e X Npprimy) — [0,1] and each entry v[r, E] stores the value
max{D.(E) | (dy,e) € rtr}, where D, is the assignment D for e, and v[e, P] = 1 iff
P € P (0 otherwise). The following fragment of pseudo-code updates v within a run of

A:

1 v[r, E] =0 for all (r, E) € (Ng x def(Tgz)) U (€ X Nprim) // Initialization
2: U[G,P] =1iff PeP

Di:=A(d—1,bl4+1)

for all (E =Cg € Ter) do

if D{(E) > v[r, E] then
vlr, E] := DL(E)

end if

9: end for

Here, D! stands for the assignment D corresponding to the root element of the inter-
pretation induced by the recursive call. In other words, the i-th r-successor of dy in Z,,.
After all the recursive calls have been executed, v is used to compute D as described in
the following subroutine:

procedure SUBDEG (v : (Nr x def(Tgz)) U (€ X Nppim) — [0, 1])
for all (K =Cpg € Tgr) do
c:=|{P|P e tl(Cg) and v[e, P] = 1}
for all 3r.E' € ti(Cg) do

c:=c+o[r, £
end for
D(E) = miéy
end for
return D

end procedure

It remains to see the details of the computation of Ex. The updating of the relation z
in A is carried out as follows:
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—_

z:={(e,P)| P € P} // Initialization

Ext:= A —1,bl +1)

for all (o« =C, € T) do

if o € Ex. then
z:=zU{(r,a)}

end if

end for

Then, using D and z Conditions [I| and [2] can be verified, and Ex can be computed in
the following way:

procedure SUBEX(D : def(Tzz) — [0,1], 2 € (Ng x def(7)) U (e x Nprim))
s:=1
for all (« =C, € '7') do
if ([P € t1(Ca)] = (¢, P) € z) and ([B~; € t1(Ca)] = D(E) ~t) and
(Br-g € t(Ca)] = (r,0) € 2) then
s:=sU{a}
end if
end for
return s
end procedure

Thus, using the function A we define our non-deterministic algorithm to decide satis-
fiability of concepts of the form a; M —ay with respect to acyclic 7€L(deg) TBoxes.

Algorithm 5 Satisfiability of a; M —ag w.r.t. acyclic 7€L(deg) TBoxes.

Input: An acyclic 7€L(deg) TBox T and two defined concepts a1, g in T.
Output: “yes”, if oy M -y is satisfiable in T, “no” otherwise.

b :=s(uz(a1)) x s(uz(az)) // b is stored in binary
= rd(uz(1)) + rd(uz(a2))

(Ex, D) := A(d,b)

if a1 € Ex and as ¢ Ex then
return “yes”

end if

return “no”

Since A terminates, this implies that Algorithm [5] terminates as well. In the following,
we show that Algorithm [5| is sound and complete. Let us start by showing that A
computes the right values for D and Ex.

Lemma 6.34. Let 0 > 0 and b > 0 be two natural numbers, and p be a run of A on
(0,b). Then,

1. D(FE) = deg (dOaung( ), for all E = Cg € Ter.

2. Ex={a|a=C,eT anddy € o™}
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Proof. Let d(Z,) denote the depth of Tz,. We prove our claims by induction on d(Z,).
To start, we fix a role name r € Ng and define r(dy) = {e1,...,en} to be the set of
r-successors of dg in Z, (with n > 0). By construction of Tz,, p does exactly n recursive
calls A(d — 1,b2) (1 < i < n). Let p. denote the run corresponding to the i-th call.
Then, the interpretation Z,; induced by pi is the one having the description tree 17, [e:],
i.e., the subtree of Tz, rooted at e;.

The tree shape of Z, implies that d(Z,: ) < d(Z,). Therefore, induction hypothesis can
be applied to obtain:

. ZZ
Dy(E) = deg (i, ut; . (E))
ExX. ={a|a=C,eT and ¢ Gazf’?}

The same reasoning applies for all the other role names s € Ng. Note that since Z; is
a subtree of Z,, those two equalities are also valid for Z,,, i.e.:

Dy(E) = deg™(ei, u7,.(E))
Equ:{a\aiéae?andeie(xzﬁ}

Therefore, after all the recursive calls have been executed and the values in table v and
relation z have been fully updated, we have for all (r, E) € Ng x def(7¢.):

v[r, EB] = max{deg™ (e, ut.,(E)) | (do,e) € r**} (6.13)
and,
z={(r,a) | e AT (dy,e) € r¥ and e € o¢} (6.14)

Looking at the subroutine SUBDEG, for all E = Cg € Tg¢, the value D(FE) is computed
by the following expression:

(Ce)NPI+ > v E
Ir.E'etl(Cr)

D(E) = t(Cpg)

Now, by construction of Z, we have that ¢z,(dp) = P. Hence, replacing v[r, E'] by the
right-hand side of the equality in (6.13)) we obtain the expression in (6.12). Consequently,
we have shown that:

D(E) = deg” (do, v ()
Last, let a = C*a € T with C*a of the form:
Pin...nP,M3r.aiM...M3Irm.am
According to SUBEX, «a € Ex iff:
o foralll <¢ < n: if 131 is of the form E.; then D(FE) ~ t, otherwise 131 € P, and
o (rj,aj) €z, forall 1 <j<m.

Since ¢7,(do) = P and D(E) = deg* (do, ur.,(E)), the first statement is equivalent
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to have dy € (P;)% (1 < i < n). Furthermore, (6.14) makes the second statement
equivalent to having dy € (Irj.a;)% (1 < j <m). Thus, « € Ex iff dy € o™r.
Note that the base case for the induction is already contained in the proof. O

Using Lemma we now prove that Algorithm [5]is sound and complete.

Lemma 6.35. Let T be an acyclic TEL(deg) TBox and oy, a9 two defined concepts in
T. Then,

Algorithm @ answers “yes” iff aq I —ag is satisfiable in T.

Proof. (=) Suppose that the algorithm gives a positive answer and let p be the run of
function A that leads to it. Then, we can talk about the interpretation Z, induced by
p. The “yes” answer means that for p, a; € Ex and ag € Ex. Then, the application of
Lemma [6.34] yields:

dog € (Ozl I —|042)I”

with dy € A%». Hence, oy M —ay is satisfiable with respect to T.

(<) Assume that ag M —ag is satisfiable with respect to 7. This means that there
exists an interpretation Z such that Z = T and (a1M=ag)® # 0. By Proposition and
its subsequent remarks one can assume that Z is tree-shaped and satisfies the following
properties:

1. AT has at most s(uz(a1)) x s(uz(az)) elements,
2. the depth of Tz is not greater than rd(uz(a1)) + rd(uz(az)), and
3. its root element dy satisfies: dy € (aq M —ug)I.

The selection of 9 and b in Algorithm [5]and the application of Lemmal[6.33] guarantee the
existence of a run p of A on (9,b) generating the restriction of Z to Npim U Ng. Hence,
the application of Lemma [6.34] implies that the conditional in line [] must evaluate to
true for such a run p. Thus, Algorithm [5| answers “yes”. O

Algorithm uses space polynomial in the size of T to store the binary representation of
b. Furthermore, z and v are also stored within polynomial space, and the two subroutines
run in polynomial time. Therefore, since each run p of A on (0,b) does at most 0 many
nested recursive calls, p uses space polynomial in s(7A') In addition, it is easy to see that
both b and ? can be computed in time polynomial in s(?) Thus, Algorithm [5|is a non-
deterministic polynomial space decision procedure for satisfiability of concepts of the
form «; M —ay with respect to acyclic T€L(deg) TBoxes. This means that satisfiability
and non-subsumption are in NPSPACE. Then, by Savitch’s theorem [Sav70] and since
PSPACE is closed under complement, we obtain the following results.

Lemma 6.36. InTEL(deg), satisfiability and subsumption are in PSPACE, with respect
to acyclic TEL(deg) TBoxes.
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6.4.4 Reasoning with acyclic knowledge bases

We show in this section that satisfiability and subsumption are still decidable in PSPACE
with respect to acyclic knowledge bases. Furthermore, we also consider the consistency
and the instance problem. Let K = (T, .A) be an acyclic 7T€L(deg) knowledge base:

e KC is consistent iff there is an interpretation Z such that Z = K.
Additionally, let a € Nj be an individual name and « a defined concept in T:
e ¢ is an instance of o with respect to K iff for all models Z of I it holds that
T 7
a” € a’.

Without loss of generality, we can restrict our attention to the consistency problem
for KBs of the form (7, AU{—a(a)}), since all the other problems can be reduced to it.

Proposition 6.37. Let K = (’7A', A) be an acyclic TEL(deg) KB, o, 1 and oo defined
concepts in T and a € Ny. Then,

1. « is satisfiable with respect to K iff ('7:,./4 U {a(b)}) is consistent, where b is an
individual name not occurring in A.

2. aq 1is subsumed by o with respect to K (in symbols a; T ) iff the knowledge
base (T, AU {a1(b), ~aa(b)}) is inconsistent, where b is an individual name not
occurring in A.

3. a is an instance of o in K (in symbols K = a(a)) iff (T, AU {~a(a)}) is not

consistent.

Further, since T is acyclic, by using unfolding we can again get rid of the TBox and
reduce reasoning to consistency with respect to the empty terminology. The unfolding
of a T€L(deg) ABox A with respect to 7 is defined as follows:

uz(A) = |J {up@l@y v |J {r@@b)}
a(a)eA r(a,b)eA
a€lnd(A) a,belnd(A)

Proposition 6.38. Let K = (7A', A) be an acyclic TEL(deg) KB, « a defined concept in
T and a € Ni. (T, AU{—a(a)}) is consistent iff uz(A) U {[~uz(a)|(a)} is consistent.

In what follows, we show how to reuse the idea of Algorithm [5|to decide consistency of
uz(A)U{[~uz(a)](a)}. Lemma tells us that if uz(A) U{[-uz(a)](a)} is consistent,
then it has a model J of the following form,
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where Ind(A) = {a1,a2,...,a,} and Zy,,Zy,,. .., Zs, are tree-shaped interpretations.
The inner area of the diagram consists of the satisfaction of the role assertions in A,
ie., (a7,b7) € r7 iff r(a,b) € A. Additionally, Lemma provides an upper bound
for the size of these tree-shaped interpretations. We will later talk about how big this
bound could be, but for the moment let us focus in how to reuse Algorithm [5

To start, it is clear that by choosing the appropriate values for d and b, the interpre-
tations Z, can be independently generated using the function A. It is important to keep
in mind that a%e is the root of Z,. Consequently, a run p, of A inducing Z, will compute
two sets Ex, and D, with the following meaning:

Do(E) = deg*(a**,ur.,(E)), for all E = Cg € T

Exa:{ﬂ\ﬁiage'?andaz“eﬁz“}

Recall that technically Z, (as generated by A) only interprets symbols from Np,.;, UNR,
but when writing 5% we meant its unique extension to a model of T. The veracity of
the previous two equalities has been shown in Lemma [6.34] Now, the construction of
the model J depicted above combines all those interpretations in the following way (see

Lemma [5.15):

e AT = |J Als,
a€lnd(A)

° AJ — U AI“ fOI‘ all A S Np'r‘im7
a€lnd(A)

e r7 = U rZeU{(ae,b%) | r(a,b) € A} for all 7 € Ng, and
a€lnd(A)

e a7 =a’a, for all a € Ind(A).

This means that given an individual a € Ind(.A), a defined concept 5 and an element
d € Ale it is not necessarily the case that d7 € 37 iff 3 € Exq (similarly for the
membership degrees and the assignment Dg). The reason is that the role assertions
between individual names are used to build 7, but they are not taken into account by
pa to compute Exg; and Dy. Fortunately, this could only be the case for the domain
elements a7 = a’* corresponding to the individual names of A. This is a consequence of
something that we have already observed in Chapter |5 for all a € Ind(A) and d € AZe
such that d # a’e, no path in G 7 starting at d reaches a domain element b7 (b € Ind(A)).
As a result we obtain the following:

deg” (d,uz(E)) = deg™ (d,uz(E)), for all E = Cg € Ter

de B iffde fl, foral f=CseT

Therefore, if we can compute the correct content/values of Ex, and D, for the unique
extension of J satisfying ’?, it will be possible to verify whether J satisfies u7A-(A) U
{[Fuz(a)](a)} (as it is done for subsumption in the previous section). There are two
obstacles that we need to overcome. The first one is that Ex, and D,, as computed by
Pa, do not contain enough information to obtain the ones corresponding to 7.
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Example 6.39. Let a;,a2 € Ind(A) and r(ai,a2) € A. Suppose that a run p,, of A
representing Z,, yields D, (E) = t1 for some E = Cg € T¢r. Likewise, Dy, (E') = to
for some run p,, representing Z,, and E' = Cpg € Tgr. In addition, there is a top-level
atom in Cg of the form Ir.E’.

As explained above, the value of D,,(E’) has not been considered in the computation
of Dy, (E), and it may well be the case that it actually affects D,, (F) in the big model
T, ie., deg” ((a1)7, uz(E)) > t1. This could happen if for all r-successors d of a1 in Iy,
we have that degZ1 (d, uz(E")) < tz. Clearly, this is not something that can be inferred
from D,,, but from the table v computed for a; by pa, .

Similarly, assume that 8 & Ex,, for some g = CAZ'@ € T-. This means that a’e ¢ gZe.
It could happen that ap satisfies properties in J that would make (a;)? € 57. Then,
we would need to look into the relation z computed for a; by ps,, to discern such a
change. &

To deal with that, we rearrange the structure of function A such that it returns the pair
(z,v) instead of (Ex, D). The following sketches how to modify A accordingly.

1: function A(d : integer, b : binary)

2: .

3: initialize v and z

4:

5: (22, v8) :=A(0 — 1,65 + 1)
6:  Dj:=SUBDEG(v})

7. Ex\:=SUBEX(DL, z})

8: update v

9: update z

0.

11: return (z,v)

12: end function

Note that in the previous version of A, the computation of D and Ex’. are the last
operations executed inside the recursive call A(d — 1,b% + 1), and v, 2 are updated right
away after that. This order of actions is kept in the new definition given above. Since
the computation of D’ and Ex. only requires of v. and 2%, and these are returned by A,
the new modifications preserve the properties of A.

The next step is to recompute z, and v, for all a € Ind(A) using the information
provided by the role assertions in A. Following Example since b7 is related to a”
by the role name r, this means that v, and z, must be updated with respect to r, Ex;
and Dy. Obviously, changes in v, and z, should be propagated to the individuals that a
is related to, and so on. The function A can cope with such propagation in a bottom-up
form, because it is computing a tree-shaped structure. However, this is no longer the
case for the individuals in A, since role assertions can define cycles involving them.

To solve this we appeal to the acyclic nature of f and Tep. It allows to traverse the
structure of any defined concept (bottom-up) based on the partial order < induced by
—7T on def (7A‘) Note that now we limit our attention to the fragment of J corresponding
to the role assertions in A, which is part of the input. Therefore, provided that (z4,vs)
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has been computed for all a € Ind(A), the following subroutine updates all those pairs
with respect to the combined interpretation 7.

1: procedure UPDATE( )
2 compute D, := SUBDEG(v,) // for all a € Ind(A)

3 let {E1,..., E,} be a post-order of < (induced by —7 on def(7zz))
4: for all1 <i<ndo

5: for all r(a,b) € A do

6 if Db(El) > UQ[T‘, Ez] then

7 ’Ua[’l“, El] = Db(Ez)

8 end if

9: end for

10: re-compute D, // for all a € Ind(A)

11: end for

12 compute Ex, := SUBEX(Dq, 24) // for all a € Ind(A)

13: let {B1,...,Bn} be a post-order of < on def(T)

14: for all1 <i<ndo

15: for all r(a,b) € A do

16: if 5; € Ex; then

17: Za =2 U{(r,B:)}

18: end if

19: end for

20: re-compute Ex, // for all a € Ind(A)
21: end for

22: end procedure
Let us prove that UPDATE does what we have claimed.

Lemma 6.40. For alla € Ind(.A), let pg be a run of A and Z, its induced interpretation.
Moreover, based on these interpretations let J be the interpretation that results from the
combination presented in Lemmal|5.15 Then,

1. Do(E) = deg” (a7 ,ur..(E)), for all E = Cg € Ter.

2. Exa:{ﬁ\ﬁiage?andajeﬁj}

Proof. We give the proof for the assignments D,. The case for Ex, can be done using
the same idea and Lemma To differentiate the final assignment D, from the initial
one computed by p,, we denote the latter as DY (likewise for v, and v?). We show the
claim by well-founded induction on the partial order <.

Let a € Ind(A) and E = Cg € Tgz. Since Tgr is normalized, the concept description
Cg has the following structure:

Pn..nP,N03dr.EyN...03r,.E,

Clearly, when m = 0 the value deg” (a”, Utz (E)) does not depend on any successor of
a?. Moreover, by construction of J we know that a7 € (P;)7 iff a’s € (P;)% for all
1 <i¢ < n. This implies that:

deg” (a7 ure, (E)) = deg™ (a™, ur,, (E))
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Then, by Lemma [6.34 we obtain that:
Dy(E) = deg” (a7 ur: (E))

Looking at SUBDEG one can see that the computation of DY(E) depends only on the
values v0[e, P]. Furthermore, it is easy to see that those values are never changed by a
run of UPDATE. Hence, v,le, P] = v0[e, P] and D,(E) = DJ(E). Thus, D,(FE) is the
right number.

Now, to show the claim for m > 0 we start by making some observations for all
b € Ind(A). Let F be a defined concept in Tgr:

e By Lemma m the initial table 1)8 satisfies the following;:
vp[r, F] = max{deg” (d,ur,,(F)) | d € AT and (b™,d) € r?}
As explained above, since d # b% it further satisfies:

vp[r, F] = max{deg” (d,ur.,(F)) | d € AT and (b™,d) € r™} (6.15)

Additionally, let j be the index of F in the post-order created in line [3] Then,
e the value of v,[r, F] only changes at the ;' iteration of the outer-loop in line

e let k be the largest index of F/ among all the top-level atoms of the form Jr.F’ in
the definition of F'. Then, taking into account the previous statement, the value
of Dy(F) never changes after the k' iteration of the outer-loop.

e since F' < F, this means that j > k. Consequently, the final value of Dy(F) is
computed before the iteration corresponding to F'.

Coming back to the defined concept E, we know that £ < E; for all 1 < j < m.
Then, the application of induction hypothesis yields:

Da(Ej) = deg” (a7, ur (Ej)) (6.16)

Moreover, since at the moment of updating v,[r, E;] the value of Dy(Fj;) is the one in

(6.16|) for all b € Ind(A), using (6.15) we obtain:
va|r, ;] = max{deg” (d,ur.,(E;)) | d € AV and (a”,d) € r7}
Thus, by the same arguments given in Lemma it follows:

Da(E) = degj(ajvufsz:(E)) O

By the previous lemma, once (Ex,, D,) has been computed by UPDATE for all a €
Ind(A), it is easy to verify whether J satisfies A U {—«a(a)}. Therefore, it remains to
make sure that enough candidates J are considered to decide the satisfiability status of
uz(A) U{[~uz(a)](a)}. This relies on estimating the appropriate values for 9 and b.
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e Let myg(A) be the maximal role depth of a concept D occurring in an ABox A,
ie.,

mra(A) := max{rd(D) | D(a) € A}

Coming back to Chapter [5 the construction described in Lemma to obtain a
bounded model J of AU {~C(a)}, uses Lemma to obtain the interpretations
7, for all a € Ind(A). Basically, Z, is built by extending the description tree of
A(a) with canonical interpretations representing threshold concepts that either
occur in A or are sub-descriptions of C. Hence, it is not hard to see that the depth

d(Z,) of Z, can be bounded by:

~

d(Za) < mea(A(a)) + rd(C)
In the present context this means that 9, can be chosen as:
mrd(uz(A(a))) + rd(uz())
e By Lemma we have an upper-bound for |AZe|, namely,
A% < s(A(a)) x [s(C)]"
where u = \sub(a)\. Translating this bound to our current setting, we obtain:

|A%] < s(ug(A(a))) x [s(ug(a)))"

with u* now being |sub(uz(a))|.

Putting all the given arguments together, we devise Algorithm [6]as a non-deterministic
procedure to decide consistency of (7, AU {—a(a)}). The following lemma shows that
it is correct.

Lemma 6.41. Let K = (T, A) be an acyclic TEL(deg) KB, o a defined concept in T
and a € Ind(A). Then,

Algom'thm@ answers “yes” iff (T, AU {~a(a)}) is consistent.

Proof. (=) Suppose that the algorithm gives a positive answer, and for all a € Ind(.A)
let p, be the run of A that leads to it. Then, we can talk about the interpretation Z,
induced by p,. Now, let J be the interpretation that results from the combination of all
the fragments Z,, and the role assertions occurring in A (as done in Lemma. A “yes”
answer implies that the for loop described between lines [7] and [I3] never falsifies 8 € Ex,
for all concept assertions 5(b) € A. By Lemma this means that the extension of J
satisfying T is also a model of A.

In addition, the conditional in line [I4] must evaluate to true. Consequently, for the
same reasons explained above, we obtain that o/ ¢ . Thus, (T, AU {-a(a)}) is
consistent.

(<) Conversely, assume that (7, AU{=a(a)}) is consistent. This means that there is
an interpretation J |= K such that a ¢ o/. By Proposition and Lemma one
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can assume that J is of the form described in Lemmal5.15, Therefore, for all a € Ind(.A)
the corresponding interpretation Z, is tree-shaped and satisfies:

o d(Z,) < myd(uz(A)) + rd(uz(a)), and
o |ATe| < s(uz(A)) x [s(u%(a))]u* (note that s(uz(A(a))) < s(uz(A))).

By the selection of 9 and b in Algorithm [6] and an application of Lemma there
is always a run p, of A generating Z, for all a € Ind(A). Then, by Lemma after
executing UPDATE none of the subsequent conditionals could evaluate to false. Thus,
the algorithm answers “yes”. O

Algorithm 6 Consistency of (T, AU {-a(a)}).

Input: An acyclic KB (7\', A), a defined concept « in 7 and a € N,.
Output: “yes”, if (T, AU {—«a(a)}) is consistent, “no” otherwise.

1 b:=s(uz(A)) x [s(u%(a))]“* // b is represented in binary
2: 0= myd(uz(A)) + rd(uz())
3: for all b € Ind(A) do

4: (Zb, Ub) = A(D, b)

5: end for

6: UPDATE( )

7. for all b € Ind(A) do

8: for all (b) € A do

9: if g ¢ Ex;, then

10: return “no”

11: end if

12: end for

13: end for

14: if o & Ex, then

15: return “yes”

16: end if

17: return “no”

Regarding the computational complexity of Algorithm [0, one can see that the value of
0 is a polynomial in the size of K. Furthermore, since there are polynomially many indi-
vidual names, this means that any run of the algorithm uses polynomial space (including
the execution of UPDATE), except maybe for the number of bits needed to represent b.
Indeed, the expression that calculates b is exponential in «*. To give a preliminary
approximation of how big b could be, we observe that due to unfolding we may end up
with the following worst-case lower bounds:

227) < s(u=(A)) and 227 < s(u=(a))

Uz

In particular, u* corresponds to the number of sub-descriptions of u?(a). Hence, in view
of the lower bound for the size of u2(a) one might think that the following lower bound
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also holds:

*

77 < [s(up(a))]" (6.17)

2
Therefore, in the worst-case we would end up with an EXPSPACE non-deterministic
procedure. However, on the one side, a closer look at the reductions in Proposition (6.3
reveals that there are better choices for b depending on the reasoning problem. On the
other side, the statement in is actually false.

o Knowledge base consistency and satisfiability: in these cases the problem reduces to
consistency of a T€L(deg) ABox. Consequently, such double exponential explosion
does not exist. Thus, b simply becomes s(uz(A)) or s(uz(AU {a(b)})).

e Subsumption: the reduction produces an ABox of the form:
AU {1 (b), naz(b)}

The key aspect is that b does not occur in 4. This means that the pre-processing
propagation of the negative assertions does not go through the cycles that may
occur in A. This obviously avoids the exponential explosion and b can be selected
as:

s(uz(A)) + [s(ug(n)) x s(uz(az))]

e Instance checking: According to (6.17), in this case the algorithm would need to

store a value b > 227 However, one can show that the number of sub-descriptions
in uz(a) is actually bounded by s(7) (see Corollary in Appendix . Hence,
the statement made in (6.17)) is false and b can be chosen as:

s(uz(A4)) x [s(uz(a))]*7

Consequently, the binary representation of b needs only polynomially many bits
in the size of T.

Thus, reasoning in 7€L(deg) with respect to acyclic KBs is in PSPACE.

Theorem 6.42. InTEL(deg), satisfiability, subsumption, consistency and instance check-
ing are in PSPACE with respect to acyclic TEL(deg) knowledge bases.



Chapter 7

Concept similarity measures, relaxed
instance queries and 7EL(m)

This chapter consists of three sections. First, we show how to use the relaxed instance
query approach from [EPT14] to turn a concept similarity measure (CSM) < into a
membership degree function my. Such a membership degree function, however, need
not be well-defined. We present two properties that when satisfied by <, are sufficient
to obtain well-definedness for myq. Consequently, such CSMs induce a family of DLs
TEL(Mm). Additionally, we show that the relaxed instance queries from [EPT14] can be
expressed as instance queries with respect to threshold concepts of the form Cs;.

Afterwards, in Section [7.2) we investigate the computational properties of such induced
family of threshold DLs. We will see that there are undecidable threshold logics, but
also show that computability of a CSM 1 is sufficient to have a decidable DL 7&L(m).
Moreover, we will present more specific results for logics belonging to a particular sub-
class of the considered family.

Last, we present the framework simi introduced in [LT12], which can be used to define
a variety of CSMs. It turns out that all instances of simi satisfy the properties required
to obtain well-defined graded membership functions. Then, we consider their induced
threshold DLs and see how the previously investigated computational properties apply
to them. We further show that a particular instance ' of this framework turns out to
be equivalent to our membership degree function deg.

7.1 Defining membership degree functions

In its most general form, a concept similarity measure < is a function that maps each
pair of concepts C, D (of a given DL) to a value C' < D € [0, 1] such that C' < C = 1.
Intuitively, the higher the value of C'>x D is, the more similar the two concepts are
supposed to be. Such measures can in principle be defined for arbitrary DLs, but here
we restrict the attention to CSMs between £L concepts, i.e., a CSM is a mapping
D Cgﬁ X Cgﬁ — [0, 1].

Ecke et al. [EPT14l [EPT15] use CSMs to relax instance queries, i.e., instead of re-
quiring that an individual is an instance of the query concept, they only require that it
is an instance of a concept that is “similar enough” to the query concept.

Definition 7.1 (JEPT14, EPT15]). Let > be a CSM, A an ££ ABox, and ¢ € [0, 1).
The individual a € N is a relazed instance of the EL query concept @ w.r.t. A, <, and
the threshold ¢ iff there exists an £L concept description X such that Q) x X > ¢ and

89
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A E X(a). The set of all individuals occurring in A that are relaxed instances of @
w.r.t. A, >, and ¢ is denoted by Relaxj*(Q, .A). $

We apply the same idea on the semantic level of an interpretation rather than the
ABox level to obtain graded membership functions from similarity measures.

Definition 7.2. Let < be a CSM. Then, for each interpretation Z, we define the function
mL, i AT x Cer — [0,1] as

m(d,C) := max{C =D | D € Cer and d € D*}. o

For an arbitrary CSM <, the maximum in this definition need not exist since D ranges
over infinitely many concept descriptions. However, two properties that are satisfied
by many similarity measures considered in the literature are sufficient to obtain well-
definedness for myq. The first is equivalence invariance:

e The CSM < is equivalence invariant iff C = C" and D = D’ implies
C<xiD=C">D forall C,C",D,D" € Cgr.

To formulate the second property, we need to recall that the role depth of an £L concept
description C' is the maximum nesting of existential restrictions in C' (see Chapter
for the formal definition); equivalently, it is the height of the description tree T¢. The
restriction Cy of C' to role depth k is the concept description whose description tree is
obtained from T by removing all the nodes (and edges leading to them) whose distance
from the root is larger than k. More formally,

Crp:=C ifCe€NcorC=T,
Cr = [Ci]g M ... O [Chlk fC=Ccin...naCy,,
T it k=0
[Fr.Cy := ' _’
Ir.[Clg—1 otherwise.

e The CSM i is role-depth bounded iff C' <1 D = C} <1 Dy, for all C, D € Cep and
any k that is larger than the minimal role depth of C, D.

Role-depth boundedness implies that, in Definition [7.2] we can restrict the maximum
computation to concepts D whose role depth is at most rd(C') + 1. Since it is well-known
that, up to equivalence, Ce, contains only finitely many concept descriptions of any fixed
role depth (see Proposition 13 in [BSTQT7]), these two properties yield well-definedness for
Mpyq. For myg to be a graded membership function, it also needs to satisfy the properties
M1 and M2. To obtain these two properties for myq, we must require that < satisfies
the following additional property:

e The CSM i is equivalence closed iff the following equivalence holds:
C=DifCxD=1.

Proposition 7.3. Let <t be an equivalence invariant, role-depth bounded, and equiva-
lence closed CSM. Then myq is a well-defined graded membership function.
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Proof. Let T be an interpretation, d € AT and C an £L concept description of role-
depth k. Since < is role-depth bounded, this means that qu(d, (') can be equivalently
expressed as:

max{C 1 D | D € Cer,d € DF and rd(D) < k+1}

Now, let D; be an £L concept description such that d € [D1]*. Since < is equivalence
invariant, this means that for any other ££ concept Do such that Dy = Do, the values
C > Dy and C 1 Dy are the same. Therefore, since there are finitely many concepts
in Cer of depth at most k£ + 1 (up to equivalence), it follows that the maximum always
exists.

Since X is equivalence closed, it easily follows that my satisfies property MI1. As
mentioned in Chapter [3] the right to left implication in M2 already follows from M].
The left to right direction is a consequence of the definition of my, and the fact that
is equivalence invariant. Hence, my satisfies property M2.

Thus, my is a well-defined graded membership function. O

Consequently, an equivalence invariant, role-depth bounded, and equivalence closed CSM
> induces a DL 7€L(myq). Moreover, as we show in the following, computing instances
of threshold concepts of the form @)<; in this logic corresponds to answering relaxed
instance queries with respect to <.

Proposition 7.4. Let <t be an equivalence invariant, role-depth bounded, and equiva-

lence closed CSM, A an EL ABoz, and t € [0,1). Then
Relax;*(Q, A) = {a | A E Q>i(a) and a occurs in A},

where the semantics of the threshold concept Q¢ is defined as in TEL(Mp).

Proof. (=) Let a € Ind(A) such that a € Relax;*(Q,.A). Then, there exists an £L
concept description X such that A = X (a) and @ > X > t. Since A |= X (a), this means
that for each interpretation J such that J = A, it happens that a/ € X7. Hence, by
definition of my we have my,(d, Q) > t for all models of A. Thus, A = Q=¢(a).

(<) Conversely, assume that A = Qs¢(a). By definition of myq, we know that for
each model J of A there exists X7 such that a/ € (X7)Y and Q >x X7 > t. However,
to guarantee that a € Relax;*(Q,.A), we need to show that there exists one such concept
which is common for all models of A.

To this end, consider the description graph G(.A) induced by A. Additionally, let Z 4
denote the interpretation corresponding to G(A) such that a4 = a for all a € Ind(A).
The following facts are easy consequences of Theorem [3.9}

e 74 A, and

e for each J such that J | A, there exists a homomorphism ¢ 7 from G(A) to Gz
with ¢(a) = a7 for all a € Ind(A).

Since Z4 = A, this means that there exists an ££ concept description X such that
Q > X >t and a4 € XTA. The membership characterization via homomorphism
in Theorem yields the existence of a homomorphism ¢; from Tx to G(A) with
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©1(vg) = a. Then, the composition ¢ 7o yields a similar homomorphism to each model
J of A, which implies a” € X7. Therefore, A = X (a) and thus, a € Relax}*(Q,.A). O

7.2 Reasoning in 7EL(my)

Definition allows to create a wide range of well-defined graded membership functions
M and their corresponding DLs 7E€L(my). In this section, we carry out a preliminary
study of the computational properties of such a big family of threshold DLs. We will
present undecidability and decidability results, as well as more fine-grained complexity
results for specific classes within this family.

7.2.1 Undecidability

We present some uncomputability results concerning the type of CSMs being considered
and their induced threshold DLs. To start, based on a specific kind of binary relations
between £L concept descriptions, we introduce a very simple form of CSMs satisfying
the three properties required in the previous section. We will see that it is not difficult
to put a subset of such measures into a one-to-one correspondence with the power set of
the natural numbers.

Definition 7.5. Let R be a binary relation over C¢y and 0 < a < 1 a fixed rational
number. Then, R induces the following CSM g:

1 ifC=D

Cixag D = .
u(C, D) otherwise.

where p is defined as follows:

a ifrd(C)=rd(D) and (C,D) € R
u(C, D) = () = rd(D) end (D)
0 otherwise.
In addition, we say that R is equivalence invariant (w.r.t. =) iff C = C' and D = D’
implies:
(C,D)e R& (C',D')e R o

For equivalence invariant relations R, the induced CSM < satisfies the three prop-
erties required in Proposition

Lemma 7.6. Let R C Cep X Cer be equivalence invariant. Then, X is an equivalence
wwvariant, role-depth bounded and equivalence closed CSM.

Proof. That < is equivalence closed follows directly from its definition. Let us look at
the other two properties.

1. equivalence invariance: let C,C',D,D’ € Cg¢, such that C = C' and D = D'.
According to the definition of xip there are three possible cases for the value
C >XR D:



7.2 Reasoning in TEL (M) 93

e C xig D = 1. This means that C = ¢/ = D = D’, and by definition
C[><IRD:C/[><IRD/:1.

e ('xaig D = 0. There are two possibilities:

— rd(C) # rd(D). Since C = C" and D = D', this means that rd(C’) #
rd(D"). Hence, C' xig D' = 0.

— (C,D) ¢ R. Since R is equivalence invariant, C = C’ and D = D’ imply
that (C’,D’) € R. Therefore, C' >xip D' = 0.

o C>xig D = a. Then, C # D, rd(C) = rd(D) and (C,D) € R. Similarly as
in the previous case, we obtain ¢’ # D', rd(C") = rd(D’) and (C’, D’) € R.
Thus, C' xig D' = a.

2. role-depth boundedness: let C,D € Cgr. Whenever rd(C) = rd(D) the role-depth
boundedness condition trivially holds for C' and D, since for any k > rd(C) it is the
case that C' = Cj, and D = Dy, It remains to look at the case where rd(C) # rd(D).
It follows from the definition of <z that C <xig D = 0. Now, without loss of
generality, let rd(C) < rd(D). For any value k& > rd(C') we have rd(Cy) < rd(Dy).
Then, rd(C)) # rd(Dy), and consequently Cy xig Dy, = 0= C g D. O

Now, let us fix the sets Nc = {A} and Ngr = {r}. For all N C N, its corresponding
binary relation Ry on £L concept descriptions defined over N¢c U NR, is built as follows:

(C,D) e Ry & rd(C) e N (7.1)

Obviously, since C = C’ implies that rd(C') = rd(C’") and membership in Ry only
depends on the role depth of C, it follows that Ry is equivalence invariant. Hence, each
subset IV of the natural numbers induces an equivalence closed, equivalence invariant
and role-depth bounded CSM <ig,,. More importantly, for all pairs of distinct subsets
N1, Ny € N, the induced CSMs >Ry, and MRy, are different. Just take a number n
such that n € N; and n € Na (or vice versa). Then, take two concepts C' and D such
that rd(C) = rd(D) = n and C # D (the fixed signature Nc U Ng ensures that this is
always possible). By definition we will obtain C' < Ry, D =aand C g, D =0.

Hence, there are as many CSMs of this type as subsets of the natural numbers, namely,
uncountably many. Since there are only countable many Turing Machines, there must be
non-computable CSMs which are equivalence invariant, role-depth bounded and equiv-
alence closed.

Proposition 7.7. The set of equivalence invariant, role-depth bounded and equivalence
closed CSMs on EL concept descriptions, contains non-computable functions.

On the side of the induced threshold DLs, Proposition implies that my Ry is a well-
defined graded membership function for all N' € N, and it induces the DL 7€L(muy, ).
Moreover, the very simple definition of t<ig, makes possible to use satisfiability in
Tg£<meRN) as a component of an algorithm computing g, . More precisely, given
two £L concept descriptions C' and D:

1. C=D = Cwxp, D=1, and rd(C) # rd(D) = C g, D =0.
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2. Otherwise, the computation of C' >, D solely depends on whether rd(C) € N.
This can be alternatively solved by asking for satisfiability of the concept C'<,MC'>,
in TEE(mMRN) whenever C' # T. A positive answer corresponds to C' i, D = a,
while the opposite one yields C' iz, D = 0. Why is this true?

e Satisfiability of C<,MC5, implies that for some interpretation Z and d € AZ:

mquN (d,C)=a

This means that for some concept F, C' g, F' = a which by definition of
b, implies rd(C) € N.

e Conversely, let C<, M C>, be unsatisfiable. Except for C' = T, for all ££
concept descriptions C' there is always an interpretation Z and d € AT such
that d ¢ CT. This means that quRN (d,C) < 1 for such a particular case.

Since we are in the unsatisfiability case, it must be that mZ _ (d,C) = 0.
N

Moreover, since d € TZ, the computation of C Mg, | must have value 0.
Thus, again by definition of bap, it follows that rd(C') & N.

3. If C = T, the dichotomy used in the previous step cannot be directly applied
since T<4 T >, is actually unsatisfiable. However, once the algorithm reaches the
second step, the goal is to decide whether rd(C) € N. Hence, since rd(T) = rd(A),
A can be used instead of T to solve the issue.

The first step of the previously describe procedure consists of solving “fairly” easy
tasks. Consequently, it becomes clear that decidability of the satisfiability problem
in a DL Tgﬁ(meRN) implies computability of the CSM g, . Hence, the following
undecidability result follows.

Proposition 7.8. Let N C N and Ry its corresponding relation defined as in . If
MRy 15 a non-computable CSM, then it induces an undecidable threshold DL TSL(mMRN ).

Summing up, on the one hand, we have seen that there are non-computable CSMs that
are equivalence invariant, role-depth bounded and equivalence closed. This has been
established by setting a one-to-one correspondence with the power set of the natural
numbers. On the other hand, a subset of all non-computable CSMs induces a set of
undecidable DLs that are constructed as described in Definition [7.2] Nevertheless, it is
not yet clear to us whether non-computability of a CSM i always implies undecidability
of the induced DL 7EL(mu).

7.2.2 Decidability

We will now show that whenever < is computable, the standard reasoning problems in
the corresponding logic 7€ L£(my) are decidable. To this end, we establish the following
three properties for myq and 7EL(my). First, we prove that computability of >t implies
that my, is computable with respect to finite interpretations. Second, TEL(my) enjoys
the finite model property. Last, we show that there is a computable function that given
a concept C finds a number representing a sufficiently large upper bound for the size of
models satisfying C.
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Lemma 7.9. Let 01 be an equivalence invariant, role-depth bounded and equivalence
closed CSM. Further, let T be a finite interpretation, C' an EL concept description and
d € AT. If > is computable, then mk,(d,C) is computable.

Proof. By definition of my, we know that:
mZ(d,C) =max{C 1D | D € Cer and d € D*}

Since X is equivalence invariant and role-depth bounded, we can restrict our attention
to concepts D in reduced form whose role depth is at most rd(C) 4+ 1. As explained
before, up to equivalence, Cg, contains finitely many concept descriptions of role depth
at most rd(C) + 1. Therefore, it is enough to consider the concepts D in reduced form
identifying the corresponding equivalence classes.

Now, the set of such concept descriptions can be enumerated in finite time. Let [CE ]
denote the set of all the representatives of role depth at most & > 0. For role depth
0, there are exactly 2/Ncl equivalence classes. These are represented by all the concept
descriptions of the form A;M...MA,, wheren >0, {A1,...,A,} C Nc and A; # A; (for
all i # j). The particular case of n = 0 corresponds to the T concept. Consequently,
[C2,] is the following set:

et = (b U {74}

SCN¢e (AesS
S#0D

To continue the enumeration for larger values of k, we inductively describe how to
generate [CX ] from [C(’;Zl] First, every concept description C' of role depth k£ > 0 is of
the following form:

A1|_|...|_|An|_|381.01|_|...|_|E|chq

where n > 0, ¢ > 1 and for all i € {1,...,q}, rd(C;) < k. In addition, at least one C;
must have role depth equal to kK — 1. Moreover, since we are interested only on concepts
in reduced form, C satisfies the following conditions:

e for all 1 <i <gq, C; is a concept in reduced form.

e for all s € Ng, let s(C) denote the following set:
s(C):={D|3s.D € tl(C)}

Then, s(C) must be an antichain with respect to the subsumption relation, i.e., if
Cy,Cs € s(C) neither C1 C Cy nor Cy C € holds. The same must be true for the
set {A1,..., An}.

Then, once [C’gzl] has been generated, it can be extended to [CE,] as follows:

1. Auz =10
2: Let {r1,...,7|ng ) be the enumeration of the role names in Ng.
3: for all (S, 51,..., ng|) € 9Ne 9l % . x 2l¢2'] do

INR|
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: if (S; is an antichain for all 1 <i < |Ng|) and
5: (Fi3dD s.t. D € S; and rd(D) = k — 1) then
: construct the £L£ concept description X as follows:

INg|
X = |—|ATI |_| |—|E|ri.Y
A€eSe i=1Y€eS;
7 Auzx := Auz U {X}
8: end if
9: end for
10: [CE,] = [C?Zl] U Auz

Starting from [C2.], the iteration of this procedure can be used to enumerate all
the concepts D identifying the equivalence classes in C’Ig - Hence, computing mi,(d,C)
reduces to use this enumeration up to rd(C) + 1, and keep the maximum value C >1 D
among those satisfying d € DZ. Checking for d € D? in £L can be done in polynomial
time in the size of D and Z, whenever 7 is finite. Thus, since > is computable, mZ (d, O)
can always be computed. O

Let us now turn into the finite model property. We will see that the method used to
provide a small model property for 7€L(deg) can be used to establish the finite model
property for 7EL(myq). The base argument for this comes again from the definition of
Mmyq and the basic properties required of 1. There is always an ££ concept description
D of role depth at most rd(C) + 1 such that:

d € D* and m%,(d,C)=C > D

Membership of d into DT implies that the structure of Tp can be extracted from G7.
The idea is that Tp can play the same role as the canonical interpretations Zj do for deg,
in the construction introduced in Lemma In what follows, after formally defining
the analogous of canonical interpretations for the current scenario, we show that such
interpretations and m;q exhibit the necessary properties to achieve the correctness of the
construction in Lemma [5.41

Definition 7.10. Let Z = (AZ,.7) be an interpretation, d € AZ and D an £ concept
description such that d € D*. The canonical interpretation Zp induced by D is the one
having the description tree Tp. &

Like Lemma for deg, the monotonicity property generalizes easily to all graded
membership functions my..

Lemma 7.11. Let <1 be an equivalence invariant, role-depth bounded, and equivalence
closed CSM. Additionally, let T and J be two interpretations such that there exists a
homomorphism ¢ from Gz to G 7. Then, for all d € AT and all EL concept descriptions
C it holds:

mi(d, C) < mi((d), C)
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Proof. By definition of my, we know that:
mZ(d,C) =max{CwaD | D € Cer and d € D*}

Let D be one such maximal concept description. Then, d € DT implies the existence of a
homomorphism ¢p from T to Gz such that ¢p(vg) = d, where vy is the root of Tp. The
composition ¢ o ¢p yields a homomorphism from Tp to G 7 with (¢ o ¢p)(vg) = p(d).
Hence, ¢(d) € D7 and we have:

C > D <md((d),C)

Thus, mZ,(d,C) < mZ,(p(d), C) follows. O

The next step is to show that the value of mZ (d, C) is preserved by canonical interpre-
tations Zp corresponding to a concept D, such that the value C' > D is the maximum
with respect to the definition of m..

Lemma 7.12. Let T = (A%, .2) be an interpretation, d € AT and C an EL concept
description. For all equivalence invariant, role-depth bounded and equivalence closed
CSM :

mqu (U()? C) = mlz:q(dv C)

for all D € Cep such that d € DT and mL,(d,C) = C > D.
>

Proof. Since Zp corresponds to Tp and d € D*, this means that there is a homomor-
phism ¢ from Gz, to Gz having ¢(vg) = d. Then, applying Lemma we obtain:

miP (vo, C) < mi(d, C)

On the other side, we know that mZ,(d, C') = C 1 D. Since vy € D*P, the maximum
in the definition of my implies:

m;(d, C) < m;D(vo,C) 0

At this point we observe the following commonalities between deg and my.

e The characterization of membership for 7€L(m) given in Theorem applies to
all graded membership functions m. Therefore, it holds for 7€L(my) as well.

e Lemmas and are for myq, the same as Lemmas and are for deg
in Section 4.2

e If d € D?, there is always a homomorphism ¢ from Zp to Z with ¢p(vg) = d.
e Canonical interpretations Zp are tree-shaped as 7y in Definition

Hence, the same construction used in Lemma for 7EL(deg) applies to T7EL (M)
by using interpretations Zp instead of the canonical interpretations Zj,. More precisely,
suppose that E.; € {r,, (v) and v & (E;) for some v € A%, Then, the interpretation
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Tp used to repair this problem would be such that ¢(v) € D¥ and mZ (¢(v), E) = E < D.
Since all those interpretations Zp are finite and tree-shaped, we obtain a finite tree model
property for 7EL(m).

Proposition 7.13. Let <1 be an equivalence invariant, role-depth bounded, and equiva-
lence closed CSM. For all TEL(myq) concept descriptions C, if C' is satisfiable then there
is a finite tree-shaped interpretation J such that C7 # ().

This form of finite model property is not sufficient to obtain decidability of the satisfi-
ability problem in 7E€L£(my). To achieve that, we show that a bound for the size of such
models can always be computed. Let Z be a model of C. Following the construction in
Lemma the size of the finite model J resulting from Proposition corresponds
to the following expression:

AT = AR+ Y AT
Ip€ed

Recall that Zy corresponds to the description tree T (this is T without labels of the
form E.;) and J the set of canonical interpretations used to extend Zy into J. The
unclear part is to know how big ATP can be. Those interpretations Zp are introduced
for threshold concepts of the form E+; or E>; occurring in C. Moreover, they correspond
to the description tree of a concept D satisfying d € D¥ and mZ,(d, E) = E > D, for
some d € AT. Hence, a trivial choice to provide such a bound is the size of the largest
concept D in reduced form, whose role depth is at most rd(F) + 1.

We have already seen in Lemma [7.9] that the set of all those concepts can be enu-
merated in finite time. Then, the algorithm computing the bound b(C’) for the size of
models satisfying C does the following:

1. list the occurrences in C of threshold concepts ﬁl, . ,ﬁq of the form E-; or E>y.
2. let k; = rd( ;) for all 1 < i < ¢, and k the largest value among them.

3. enumerate the set of £L£ concept descriptions in [Ckﬂ] For all 1 <i < gq, let D;
be one of largest size among those with role depth at most k; + 1.

4. the bound b(C) for the size of J is given as:
q
A%+ s(D
i=1

Thus, satisfiability of a concept Cint€ L(mpq) can be decided by first computing b(a ),
and then looking for an interpretation J of size at most b(C) satisfying C. Checking
whether 7 satisfies C can be done using Algorithm [2 I since My has been proven to be
computable in Lemma [7.9]

With respect to the other reasoning problems, observe that the interpretation J ob-
tained in Proposition [7.13]is tree-shaped. Therefore, it can be used as a base to extend
decidability to the other reasoning problems by following the same constructions pro-
vided for 7€L(deg) in Chapter
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e non-subsumption: Lemma [5.0] describes how to build a bounded model for satisfi-
able concepts of the form C' 1 -D. The construction starts with a model J of C
that is extended into a model 7}, of cn ﬂD, by attaching canonical interpretations
7;. The arguments used to show (5 r —f))jp # () that depends on the nature of
deg can be separated into two groups.

1. The results from Lemmas .11} £.12) and 5.4l They all have a corresponding
version for 7EL(My).

2. The value deg”(d,C) only depends on the fragment of G that is reachable
from d. This property is exploited at the end of Lemma Now, the
computation of mZ (d, C) depends on the £L concept descriptions D satisfying
d € DT. Hence, we can also say that mZ (d, C) only depends on the fragment
of G that is reachable from d.

Thus, the construction of Lemma can be applied to 7EL(mx) to obtain finite
models for satisfiable concepts of the form C M —D.

e consistency: uses Theorem[3.9as a characterization of ABox satisfaction for all DLs
TEL(m). The construction of the corresponding bounded model in Lemmal 5.9 uses
basically the same arguments as the ones provided in Lemma for satisfiability.

e non-instance: the bounded model obtained for 7€L(deg) is a combination of Lem-
mas and (see Lemma . The properties of deg needed in the proofs
are the same as the ones used for non-subsumption. Hence, the same construction
is also valid for 7EL(my).

A common aspect of all these constructions is that they extend J by plugging canon-
ical interpretations Z. Moreover, the proofs in Chapter [5] are constructive and describe
how those canonical interpretations are obtained from the threshold concepts occurring
in an instance of a problem. Hence, the procedure computing b(@) can be adapted to
estimate a sufficient upper bound for the size of models satisfying concepts of the form

C M =D and/or ABoxes of the form AU {~C(a)} in 7EL(mp.).

Theorem 7.14. Let <1 be an equivalence invariant, role-depth bounded and equivalence
closed CSM. If< is a computable function, then in TEL(my) satisfiability, subsumption,
consistency and instance checking are decidable problems.

Overall, we have provided decidability for 7€L(my,) based on a strong form of the
finite model property. It comes as a result of adapting the methods used to obtain “small”
models for TEL(deg). However, other than decidability, the previous construction does
not give us much insight on how difficult is to reason in a particular logic 7EL(ms). In
fact, the computation of the upper bound b(é’) is merely based on the structure of C
and the described enumeration, not to mention how big it could be in its general form.
In conclusion, CSMs are treated just as “black boxes” satisfying the properties required
in Proposition to induce the corresponding threshold DL, and none of its internal
technicalities are taken into account.

For a particular CSM <1 there are two main aspects to be considered in this regard:

e the complexity of computing i,
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e the machinery that results from the interaction between the internal characteristics
of >1 and the maximization mechanism defining 7E€L(my).

Obviously, the set of CSMs of this kind is very wide, and as shown in the previous
section it even contains functions that are uncomputable. From now on we focus our
attention to CSMs that can be computed in polynomial time. In the next two sections
we intend to take some initial steps towards understanding the computational properties
of a logic TEL(my) where 1 is polynomial time computable. First, we will show that
this low-complexity family of CSMs has members whose induced threshold DL is at
least PSPACE-hard. Notice that this will be the case, despite our initial requirement
of CSMs to be defined over finite alphabets of concept and role names. Afterwards, we
will provide a sufficient condition on CSMs that determines a better behaved (in terms
of worst case complexity) family of threshold DLs.

7.2.3 A polynomial time CSM and its PSPACE-hard threshold DL

In the following, we define a polynomial time computable CSM satisfying the properties
required in Proposition such that the satisfiability problem in the induced threshold
logic is at least PSPACE-hard. To define such a CSM we start by defining a particular
relation R,, and then follow the construction provided in Definition to obtain Mg, .

Note that the abstract definition of g sets up a special connection between the value
a and membership in R. This permits to fix any subset of £L£ concepts (provided that the
resulting relation R is equivalence invariant) as the relevant ones to obtain the similarity
value a when compared to a concept description C. In particular, there are concepts in
reduced form that grow exponentially (with respect to the size of C') in its width, having
in this way description trees that represent exponentially large structures. Then, asking
for satisfiability of the 7EL(m) concept C<, M C>q in 7EL (M) could be used to test
whether C' satisfies a specific property on such type of structures. We will exploit this
to obtain our PSPACE-hard threshold logic. The hardness result will be established by
a reduction from the problem of deciding the validity of quantified Boolean formulas
(QBF), which is introduced in the next definition.

Definition 7.15. A quantified Boolean formula consists of a pair P.p where:
e (o is a propositional formula, and

e the prefix P is a sequence of the form Qqz1,...,Qnx,, Where x1,...,x, are the
propositional variables occurring in ¢ and @; € {3,V} (1 <i < n). We say that
P is of length n.

A quantified Boolean formula P.¢ can be seen as a first-order logic closed formula,
where its variables z1,...,x, are interpreted over a two-element domain {true, false}.
For simplicity, we use the semantics defined in [DLNS94] (Section 5.2.2), where QBF is
used to establish a PSPACE-hardness result for the DL ALE.

A P-assignment is a mapping t : {z1,...,2,} — {true,false}. An assignment t
satisfies a literal x; if t(x;) = true, and its negation —x; if t(z;) = false. An assignment
t satisfies a clause c if t(¢) = true for at least one literal £ of c. A set S of P-assignments
is canonical for P if it satisfies the following conditions:
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1. § is non-empty,

2. P=3x,.P:
e for all t1,ty € 5, it holds t;(x1) = to(x1).

e if P’ is non-empty, then the set {t(5, . 4.} |t € S} is canonical for P'.

3. P=Vur.P"

e S contains an assignment t such that t(z1) = true, and if P’ is not empty the
set {t|{zy,.. 2,y | t €S and t(z1) = true} is canonical for P'.

e S contains an assignment t such that t(x1) = false, and if P’ is not empty
the set {t{z,,.. 2.} | t €S and t(x1) = false} is canonical for P'.

Then, P.¢ is valid if there exists a set S of P-assignments that is canonical for P such
that every assignment in S satisfies every clause in . &

QBF is a PSPACE-complete problem [GJ79], and this is still the case even if ¢ is in
conjunctive normal form (CNF) and the quantifiers in P alternate. Moreover, by using
dummy variables when needed, we can assume without loss of generality that P begins
with 3. Consequently, we denote as P, “the” prefix of length n.

We now move into the details of the PSPACE-hardness result. First, we need to fix
our particular threshold logic. To this end, a relation R, is defined to obtain the CSM
<p, (according to Definition , and the logic 7EL(My, ). Afterwards, we provide
the translation reducing QBF to concept satisfiability in 7&L(mpy_ ). The reduction is
based on the following ideas.

e FEach set of P-assignments S that is canonical for P can be represented as a concept
description Dg. As one may expect, such a concept Dg is of size exponential on
the size of P.p. Nevertheless, we want to stress that they are not involved in the
translation, but are used to define the relation Rs and subsequently the target DL
TEL(Mpag, )-

e Likewise, a propositional formula ¢ in CNF can be translated into an £L£ concept
description C, but this time C, is polynomial on the size of ¢.

e R can be defined such that (C,, Dg) € R, iff every assignment in S satisfies .
Then, the singularity of the value a in the definition of txg, can be used to link
validity of P.¢ to satisfiability of (Cy)<a M (Cy)>q in TEL(Msqy)-

Let us start with the encoding of a set S of P-assignments. Let A be a distinguished
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concept name, for all n > 0 we inductively define the string D,, := 3r.D{ as follows:

DY = X)M3r. (AN DY) N3s.Di
DY := 3r.DY
D} :=3r.D}

2(i+1)) 2(i+1)

D}, =X}, NIr(ANDY. Hn3sDFL (0<j<2)
J.=3r.D . (0<j <2

D/

T if n is even
= (7.2)

X7 otherwise.

The symbols ng’ 41 represent variables that are to be instantiated to obtain ££ concept
descriptions. Let X,, be the set of all variables occurring in D,,, i.e.:

X, ={X},1|1<2+1<nand0<j<2}

We denote by X, the set of all total mappings 6 : X, — {T,A}. The application of
one such 6 to D,, is denoted as 6[D,,] and consists of substituting each variable X3, 41 In

D,, by G(Xgi +1)- Then, X,, generates the following family of ££ concept descriptions:
D, :=1{0[D,] |0 € X,,}

To be consistent later on, we define Dy as the empty set. Additionally, since the
“branching” in the definition of the string D,, is defined using two different role names r
and s, one can see that all concept descriptions in ®,, are in reduced form. The purpose
of these sets is that each concept in ©,, identifies a set of P-assignments that is canonical
for the prefix P of length n. The following example gives the intuition underlying such
a correspondence.

Example 7.16. Let P, be the prefix of length 4, i.e., Py = dz1VxodxsVry. Let t1,to, 13
and t4 be the following Pj-assignments:

t1(z1) = true  ti(x2) = true ti(x3) = false t1(x4) = true

to(z1) = true  ta(x2) = true  ta(x3) = false to(xy4) = false
t3(z1) = true  t3(x2) = false tz(xz) = true t3(z4) = true
ty(z1) = true  t4(x2) = false ty4(x3) = true t4(x4) = false

One can easily see that the set S = {1, t2,t3,t4} is canonical for Py. Now, the string
D, contains the set of variables X4 = {X?,Xg, X%} Let 0 € X4 be the mapping such
that (X)) = A, (X) = T and 6(X3) = A. This yields the ££ concept description
Dg := 6][Dy4] having the description tree depicted on the left-hand side of Figure [7.1]



7.2 Reasoning in TEL (M) 103

00 Tpg. : &

7\ 7N\
{4} { {4} U
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A4y O A4 4y 0 A

r

Figure 7.1: £L description trees corresponding to canonical sets of P-assignments.

Consider the left-most path in Th,:

r

Tm: {} — {A) (4 —"—— 0 —"—q(

Denoting the nodes in 7y, from left to right as vy, ...,v4, the assignment t; can be
obtained as follows. For all 1 < < 4:

N Jtrue if Uy, (Vi) = {A}
t@) = { false i £, (v1) = {}

Conversely, the path 7, can be constructed from t; using the inverse correspondence
between {true, false} and { A, T}. The same relationship can also be established between
the other three paths in Tpy and the assignments tg, t3, t4, respectively. Hence, the idea
is that for all sets S that are canonical for Py, there is an instance 8[D4] such that each
assignment t € S corresponds to a path m in Typ,; and vice versa. For example, the
variation of S where t;(x1) = ta(z1) = t3(x1) = tu(z1) = false, t1(z3) = ta(x3) = true
and t3(z3) = t4(w3) = false, would correspond to the concept 0*[D4] where 6*(X)) = T,
0*(XJ) = A and 6*(X3) = T. The description tree in the right-hand side of the same
figure is the one associated to 6*[Dy]. O

Let us formally define the correspondence illustrated in the previous example, and then
show that it actually exists.

Definition 7.17. Let n > 0 be a natural number, m = voriv; ...r,v, a path of length
n in some £L description tree T' and t a truth assignment of the variables x1,...,z,.
We say that 7 and t are corresponding iff for all 1 < i < n:

t(x;) = true < lp(v;) N{A} = {A}
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Additionally, let S be a set of P,-assignments that is canonical for P, and D € D,,.
We further say that S and D are corresponding iff:

o for all t € S exists a path 7 in T'p of length n, such that t and m are corresponding,
and

e for all paths 7 of length n in Tp there is t; € S, such that t, and 7 are corre-
sponding. O

The proof of the following lemma is deferred to the Appendix [A]

Lemma 7.18. Let n > 0 be a natural number. Then,

1. for all sets S of Py-assignments that are canonical for P,, there exists Dg € ®,
such that S and Dg are corresponding, and

2. for all D € ®,,, exists a set Sp of P,-assignments that is canonical for P, such
that Sp and D are corresponding.

Next, we describe how to encode the structure of a propositional formula ¢ in CNF into
an £L concept description C,. We need to use an additional concept name I. Let ¢ be
the conjunction of clauses c1A. . .Acg, and 1, . . ., ,, the propositional variables occurring
in . For each ¢; (1 < j < ¢q) we define its corresponding ££ concept description C; as
Elr{.Ej , where E{ is of the following form:

El = 'y{ r EIT%.E%
Ef = ’yzj M Elrg+1.Eg+1 (1<i<mn)

B} =,

Here fyg = I if x; does not occur in ¢;. Otherwise ’yg = A whenever z; is a literal in
c¢; and 'yg = T for —x;. One can assume that x; and —z; do not occur at the same
time in any set c;, since otherwise ¢; is always satisfied and it can be removed from ¢.
Regarding T{, ey T‘ZL, they correspond to any of two fixed role names r and s as follows:
if 'yg =Aor %j = [ then rlj = 7. Otherwise, 'rg = s. Then, the £L concept description
C, encoding the structure of ¢ is defined as:

Example 7.19. Let ¢ be the following propositional formula in CNF:

{1,722, 23} A {21, 24, 23} N {24, 22, 23}

A total of four propositional variables occur in . Then, the concept description Cy, is
the one having the following £L description tree:



7.2 Reasoning in TEL (M) 105

{4y 2 {4 {1}

4

Te,: {1} ——{}

N

{4 =00

r

{I} — {4} — {4}

Each branch of the tree corresponds to a clause in . In particular, the nodes at the
i'" level (except for the root) tell us in which form the variable z; occurs in each clause
of ¢. For z2, the empty set (or T) is used in the upper branch to represent a negative
occurrence in c¢q, I in the middle branch expresses that s is irrelevant for ¢y, and A is
used in the last branch to state that xs occurs in c3. The same idea applies for the rest
of the variables occurring in ¢. &

So far, we have a way to encode propositional formulas and sets of P-assignments into
concept descriptions. Then, the role of Ry is to verify whether a formula ¢ is satisfied
by all the assignments of a set S. The definition of R, is based on the representation
of concepts as description trees. Let 171 and T5 be two £L description trees, and 7 =
VTV - - - TpUp, Ty = WQSIW] - - - SpWy, two paths of length n in 77 and 75, respectively.
We say that m has a coincidence in o (denoted w1 > o) iff there is 0 < ¢ < n such
that:

p (vi) N{A} = by, (wi) N{A} and I & by, (vi) (7.3)

For all £L description trees T we denote by II(T) the set of all paths in T starting at
its root, and by II,(T") C II(7T") the subset of those having length p > 0. Then, using the
relation > we define a family of binary relations >, (for all p € N) over the set of ££
description trees as follows:

(T1,T2) €Dy
iff
Vg € Hp(TQ) Vm € Hp(Tl), it holds 1 > 79

Using this family of relations together with the family of sets ©,,, the relation R is
defined as follows:

Rs = {(C, D) ‘ iD* € Qrd(C) s.t. D = D* and (TCT,TD*) S Drd(C’)}
The following lemma shows that R is equivalence invariant (see Definition .

Lemma 7.20. The relation R is equivalence invariant.

Proof. Let C,C’, D and D' be £L concepts such that C' = C’ and D = D’. We need to
show that (C, D) € R iff (C’, D) € R;. Some simple facts follow:

e Since C' = €', we have that rd(C) = rd(C’) = k for some k > 0. Moreover, by
Theorem [2.§] there is an isomorphism between Tcr and Ticryr.

e Let D* € D4, k> 0. Then, D = D' implies that D = D* iff D’ = D*.
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For k = 0, the claim trivially holds since ®¢ is empty and there is no D*. Otherwise,
suppose that (Tor,Tp«) € >k To see that also (T(cryr,Tp+) € By, let mer and 7p~
be arbitrary paths of length &k in T(cr)r and Tp-, respectively. Using the isomorphism
mentioned above, one can find a path 7¢ in Ter such that 7o = 7er. Since (Tor, Tp+) €
>, this means that 7o > mp«. Consequently mer > mp«, and we have thus shown that
(Ter, Tp+) € >y, = (T(¢ryr, Tp~) € >k The implication in the opposite direction can be
obtained in a similar way.

All these elements combined imply that Ry is equivalence invariant. O

Hence, R induces a CSM g, that is equivalence invariant, role-depth bounded and
equivalence closed (see Lemma . To see how difficult it is to compute g, , let us
look at the abstract formulation of g in Definition [7.5] The computation of C <xip D
first discriminates between whether C = D or not. Checking equivalence of concept
descriptions in £L is a polynomial time problem. In case of a negative answer, C' t<ig D
corresponds to the value p(C, D). Since verifying whether rd(C) = rd(D) is also a
polynomial time issue, the difficulty of computing xiz will then depend on how hard it
is to check for membership in R.

Let rd(C) = k. In particular, checking for membership in Ry consists of two steps.

1. Test whether there is D* € ®j such that D = D*. If such D* exists, then there
is an isomorphism between (D*)" and D" (by Theorem [2.8). The computation of
reduced forms is in polynomial time, and we know that D* is already in reduced
form. Moreover, concepts in ®j, result from different instantiations of the variables
occurring in Dy. Fortunately, the definition of Dy follows a very simple pattern
that simplifies the quest of whether such concept description D* exists.

From a graphical point of view, this means that in Tp+ every node at an even level
(the root node is at level 0) has exactly one r-successor, whereas the ones at odd
levels have exactly one r-successor and one s-successor labeled with {A} and {},
respectively. Testing whether D" has such a shape (up to isomorphism) can be
done by traversing its structure. Since s(D") < s(D), this is a polynomial time
procedure in the size of D.

2. Check if (Ter, Tp+) € k. Note that D" and D* need not be syntactically equal,
but they have nevertheless exactly the same paths. Hence, this step is equivalent
to verifying whether (Ter, Tpr) € D>y.

e deciding > for paths of length & is obviously linear in k.
e the number of paths of length k in Ter and Tphr can be bounded by s(C™)
and s(D"), respectively.
Therefore, checking whether (Tor,Tpr) € > can be done in time O(s(C") x
s(D") x k).

Finally, counting that concepts in reduced form are the smallest elements in their
equivalence classes, we have that pap, is computable in polynomial time.
Next, we continue Example to see how all these pieces fit together.

Continuation of Example 7.19. Consider the set S = {t1, to, t3, t4} from Example|7.16
and the corresponding concept description Dg. One can easily see that t; satisfies the
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clause c3 in ¢ whereas t3 does not. From a graphical perspective, c3 corresponds to the
third path (from top to bottom) of the description tree Tg, and t; (t3) to the first (third)
one (from left to right) in Ty, i.e.:

Te {I} r {I} r {A} S {} S {}
Tyt ) {A) {4 —— ) —— {4}

Tyt {} —— (A} —— {} —— {4} {4}

Note that m., and m, agree on the third position according to , but this is not
the case for any position regarding m., and my,. This means that 7., m, and mq, > 7, .
The intuition here is that > can be used to verify whether a clause c is satisfied by an
assignment t. Hence, membership /non-membership of (¢, Tpy) in >4 would determine
whether every assignment in S satisfies ¢ or not. Contrary to T, for the description
tree Tpg. corresponding to 0*[D,] (see Figure it is the case that (T, Tpg.) € >a.
This would mean that the canonical set corresponding to 8*[Dy] certifies the validity of
the formula Jz1VaodzsVas.o.

Overall, membership in >4 leads to membership in R;, and subsequently to the sim-
ilarity value a when computing g, . Since Rg emphasizes that only those concepts in
D, are relevant, this will make satisfiability of (Cy)<q M (Cy)>a in TEL(Mxay, ) to be
equivalent to validity of dz1VredzsVry.¢. &

Obviously, the correctness of the previous idea relies on comparing all the paths in T¢,
to all the paths in Tp,, when assessing the value of C,, xig, Dg. Since the definition of
R, uses 1>, with respect to concept descriptions in reduced form, it would be a problem
to have a reducible concept Cy,. The following lemma shows that the particular use of r
and s when building C, guarantees that this is never the case.

Lemma 7.21. Let ¢ be a propositional formula in CNF. The concept description Cy, is
in reduced form.

Proof. Recall that we restrict our attention to clauses where x and —x do not occur at
the same time. Additionally, one can also assume that no two clauses of ¢ are equal.
We denote by V(c) the set of variables occurring in a clause c.

Now, let ¢; and ¢; be two clauses of ¢. Following the construction of C,, they corre-
spond to the top-level atoms Iri.Ei and EIr{.E{ in C,. We want to prove that ri = r{
implies E! [Z E{ and E{ [Z Ei. To this end, we distinguish two cases regarding V (¢;)
and V' (c;):

e V(c;) # V(cj). This means that there is at least one variable « such that = occurs
in ¢; and not in ¢; (or vice versa). By construction of Cy, ¢; and ¢; contribute to
Te, with two paths of the form:

73
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7.72 Ti t
1 x

T {I}——e o« &
7"{ T

T I} ———e o {I}

where & stands for {A} or {} and 7’ for r or s, depending on how z occurs in
ci. By construction of Cy,, the possible combinations for (&, %) are ({},s) and
({A},r). Then, it is not hard to verify that no subsumption relation exists between
E% and EY.

e V(¢;) = V(cj). Since ¢; # c¢j, this means that there is € V(¢;) such that z

occurs in ¢; and -z in ¢; (or vice versa). Thus, the corresponding paths have the
following structure:

¢t {1} o {4}
cjt {I} - o {

Again, it is immediate to see why E} Z E{ and E{ Z EX.
Hence, these arguments prove that Cy is already in reduced form. 0

Altogether we have a polynomial time computable CSM g, that is equivalence in-
variant, role-depth bounded and equivalence closed. Moreover, <ig, has been defined
over the finite sets {A, I} and {r,s} of concept and role names, respectively. Conse-
quently, it induces the DL 7&L(mp, ) as described in Section Then, we reduce
QBF to satisfiability in 7€ L(myy,_ ) as follows. Given a quantified Boolean formula P.¢,

it is translated into the 7€L(m) concept description ap defined as follows:

6@ = (ap)Sa M (C@)Ea

The following lemma shows the correctness of the reduction.

Lemma 7.22. Let P.p be a quantified Boolean formula. Then, P.¢ is valid iff ap 18
satisfiable in TEL(Myqy, ).

Proof. Let n > 0 be the length of P, c1,...,¢, the clauses of ¢, and z1,...,z, the
propositional variables occurring in .

(=) Assume that P.¢ is valid. To prove that ap is satisfiable in 7EL(mpqy_ ) we select
the interpretation Z having the following £L description graph:

{»@bf‘l},. N {4
f »
d ! dy e T

0 r 1 r
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Our goal is to show that dy € (@w)z . By Definition

m,, (do,Cp) = max{Cy <p, D | D € Cgr and dy € D'}

Since dy ¢ I*, this means that for all the candidate concepts D we have Cy, # D.
Therefore, mqug (do,Cyp) < 1. In particular, if D € ©,, it is easy to see that there
is a homomorphism ¢ from Tp to Gz mapping the root vy of Tp to dy. Hence, by
Theorem we obtain dy € DZ.

Now, since P.¢p is valid, there is a set S of P-assignments that is canonical for P such
that every truth assignment t € S satisfies . Let Dg € ®,, be an £L concept description
such that S and Dg are corresponding (see Lemma . Then, we know the following
about C, and Dg:

e rd(C,) =rd(Dg) = n,
e dy € (Dg)t, and
o Cgp >R, DS < 1.

Let us now establish that (T¢,,Tpg) € >,. Consider two arbitrary paths 7 and 7,
of length n in Tpy and Tg,,, respectively. By construction of Cy, and Definition we
have:

e 7; corresponds to the clause ¢; in ¢.

e since S and Dg are corresponding, there exists t; € S such that t; and 7 are
correspondinyg.

As t; satisfies ¢;, it must exist at least one literal ¢ in ¢; such that t;(¢) = true. Let
z; be the variable corresponding to £. Then, for the i*" node v; of T

by, (vi) = {A} if £ = @i, and Ly, (vi) = {} if £ =~z (7.4)
and (since t, and 7 are corresponding) for the node w; of =
tr(2;) = true < lp, (w;) N{A} = {A} (7.5)

Hence, one can see that t satisfies £ iff {7, (vi)N{A} = {1, (wi)N{A}. Consequently,
m; > 7. Since these two paths have been chosen arbitrarily, we just have shown that
(Tc,,Tps) € >pn. Having Dg € D, further implies that (Cy,, Ds) € Rs, and this
means that C, g, Dg = a (see the expression p(C, D) in Definition [7.5). Thus,

~

mqus (do, Cp) = a and dy € (C,)7.
(<) Assume that 650 is satisfiable in 7&L (M, ). Then, there exists an interpretation
7 and d € AT such that d € (ap)z. This means that mquS (d,C,) = a. Thus, there

exists a concept D such that d € DT and Cy, Xig, D = a. By definition of >xp, this is
the case if (Cy, D) € Ry, and membership in R, for (C,, D) implies the existence of a
concept D* € ©,, such that:

D= D" and (TCWTD*) S
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Now, by Lemma [7.18| there is a set of P-assignments Sp- such that:
e Sp- is canonical for P, and
e Sp« and D* are corresponding.

The rest consists of proving that each assignment in Sp« satisfies . Let t € Sp« and
¢; (1 <37 < q) be a clause of ¢. Again, by construction of C, and Definition we
obtain:

e ¢; corresponds to a path m; in T¢, .

e since Sp+ and D* are corresponding, there exists a path 7 in T+ of length n such
that t and ¢ are also corresponding.

From (Tc,,Tp+) € By, it follows that there is 0 < ¢ < n such that (7.3) holds with
respect to m; and 7y, i.e.:

U, (vi)) V{A} = lr,. (w;)) N {A} and I & U, (vi)

Note that I € chv (vp), and consequently @ > 0. Let ¢ be the literal corresponding
to the occurrence of the variable x; in ¢;. The relationships from and are
also valid in this case. Then, combining them with the previous equality ensures that t
satisfies ¢;. This will always be the case for all t € Sp+ and ¢; in ¢. Thus, P.y is valid.[J

Thus, we have shown PSPACE-hardness for satisfiability in 7EL(mp, ).

Corollary 7.23. In 7EL(My, ), concept satisfiability is PSPACE-hard.

The standard reductions from satisfiability to the other reasoning problems (subsump-
tion, consistency and instance) yield PSPACE-hardness for them as well.

Now, some additional information emerges from the previous result and its proof. The
specific set of all satisfiable 7€ L(my<y, ) concept descriptions of the form 6¢ constitutes
a PSPACE-hard language. Moreover, the proof of Lemma shows that all these con-
cepts are satisfiable in a model of polynomial size. Intuitively, the source of complexity
resides on the fact that model checking (C,)<q(Cy)>q requires to consider concepts of
size exponential in @0. These are the ones fixed by the definition of R, and its structure
is succinctly encoded within the shape of the interpretation Z selected in Lemma

Based on these observations, we now move into defining a bounding condition that is
sufficient to safely disregard such a big concept descriptions.

7.2.4 Bounded CSMs

This section is organized as follows. We start right away by defining the bounded
condition on CSMs. Afterwards, we shall restrict our attention to polynomially bounded
CSMs, and study the computational aspects of the DLs induced by such a family of
measures.

Definition 7.24. A filter I is a subset of Cg, such that for all C, D € F:
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e CMDEeF, and
e C'C C'implies C' € F.

The set of all filters is denoted as §. Now, let ¢ : N — N be a function. We say that a
CSM i is g-bounded iff for all EL concept descriptions C and all filters f € §, there is
D € f such that:

e OxiD=max{CxX | X € f}, and
* 5(D) < g(s(C))- &

Establishing g-boundedness for a CSM < provides a form to estimate a more ac-
curate bound for the size of models resulting from the general construction offered in
Section In particular, when g is a polynomial p(n) = n*, it yields a polynomial
model property for the induced logic 7€ L(my).

Proposition 7.25. Let p(n) = n* be a polynomial and C a TEL(M) concept descrip-
tion. Moreover, let > be an equivalence invariant, role-depth bounded, equivalence closed
and p(n)-bounded CSM. [fC is satisfiable in TEL (M), then there exists a tree-shaped
interpretation J such that C7 # 0 and |A| < p(s(C)).

Proof. Let (E1)~t,, ..., (En)~s, be the threshold concepts occurring in C with ~ € {>
,>}. Conversely, let (F1)~s,, ..., (Fg)~s, be the ones where ~ € {<,<}. Then, the size

of C' can be expressed as:

q
IATo| + Z Dets) + Zs )~s;)

Jj=1

Proposition in the previous section shows that the construction used in Lemma
can be applied to 7EL(myq) to obtain a finite interpretation J satisfying C' such that:

n
AT | = AT + AT
i=1
Here, Zp, is a canonical interpretation in the sense of Definition[7.10} that by construction
of J has been “extracted” from Z. This means that there is an element d € AZ such
that d € (D;)%. Moreover, D; satisfies mZ,(d, ;) = E; <1 D;, and by definition of m

we then have:
Ei>aD; =max {E;>1D | D € Cer and d € D¥} (7.6)

Now, D; generates the filter f; containing all the concepts X such that D; C X. There-
fore, there are two things one can say about f;:

e de X% forall X € f;, and

e p(n)-boundedness of >a yields a concept D} € f; such that:
— E;xDf =max {E; X | X € f;},
— s(D}) < p(s(Ey)).
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Since D; € f; and f; is a subset of the set considered in , this means that E;
D; = E; 1 Df. Hence, Lemma makes possible to choose D in the place of D; to
build 7. Therefore, without loss of generality, we can assume that |A?:| < p(s(E;)) for
all 1 <14 < n. Taking this into account, the size of J can be bounded by the following
expression:

AT < [A%] + ) p(s(Er)) (7.7)
i=1
Thus, since p(n) = n*, this means that |A7| < p(s(C)). O

Hence, p(n)-boundedness defines a family of CSMs for which the logic 7EL(mw) en-
joys the polynomial model property. The proof of Proposition describes how to
compute such a bound, provided that p(n) is known. Furthermore, contrary to g,
and 7EL(Mpqp, ), model checking a concept C on an interpretation Z will not need to

consider exponentially large concepts in the size of C. We denote by Fuq[poly] the fam-
ily of equivalence invariant, role-depth bounded and equivalence closed CSMs, that are
polynomially bounded. Later in Section we will identify a concrete set of CSMs that
are part of this family.

Now, since we have focused our interest in CSMs that are computable in polynomial
time, one might think of the algorithm presented in Chapter [5| (for deg) as a general
purpose NP-algorithm to decide satisfiability in 7€L(m). However, differently from
7EL(deg) a polynomial bound does not ensure that such algorithm will always run in
non-deterministic polynomial time. Intuitively, there are two reasons for this:

® My is defined as maximization on top of <, and

e the NP-decision procedure from Chapter [5] uses Algorithm [2] to check the existence
of a 7-homomorphism. In particular, in line [f] it is required to check whether
mi,(d, E) ~ t for some d € AT and a threshold concept E.;.

Where could the interaction of these two aspects be harmful? Being the threshold
concept of the form Es; or E>;, the maximization in the definition of my allows to
handle this by simply guessing an £L£ concept description D such that d € D% and
E > D >t (or >). Here, the second benefit of having p(n)-boundedness comes into
play: the size of such D is polynomial in the size of E. The problem arises, however,
in the presence of threshold concepts of the form E.; or EF<;. In this case the same
strategy will not suffice, since for instance having E <1 D < t for a particular D does
not ensure mZ (d, E) < t.

A natural way to repair this problem is to use an NP-algorithm as an oracle, which
verifies whether there exists D such that d € DT and E > D > t. Then, a “no” answer
from the oracle will definitely certify that mZ (d, F) < t. The following lemma provides
an NPNP_algorithm that decides concept satisfiability in TEL (M), provided that > is
polynomially bounded and polynomial time computable.

Lemma 7.26. Let p(n) = n* be a polynomial and > an equivalence invariant, role-depth
bounded, equivalence closed and p(n)-bounded CSM. Additionally, > can be computed
in polynomial time. Then, in TEL(Myq) it is in NP to decide whether a concept is
satisfiable.
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Proof. Assume that we want to decide satisfiability of the concept C in TEL(Myq). The
NP-algorithm we are going to use as an oracle solves the following problem:

e Instance: A tuple (Z,d,C,t,~) where T is a finite interpretation, d € AT, C a
concept description, t € QN [0,1] and ~ € {>,>}.

e Question: Is there an £L concept description D such that d € D and C' 1 D ~ t?

Based on the definition of my, and the special properties satisfied by <, we observe the
following;:

e mi(d,C) ~ t iff there exists such a concept D. This is a consequence of the
maximization used to define my, and ~ € {>, >}.

e p(n)-boundedness of >d means that mZ(d,C) = C 1 D', where d € (D')? and
s(D') < p(s(C)).

These observations permit to reduce the search space to concepts of size at most
p(s(C)). Moreover, testing for d € D* and computing C 1 D are both polynomial time
tasks in the size of Z, C' and D. Hence, the algorithm first guesses a concept description
D of size at most p(s(C)), and then verifies whether d € D* and C 1 D ~ t. It answers
“yes” if both checks succeed, and “no” otherwise.

Now, the NPNP_procedure behaves as follows:

1. Guess an interpretation J of size at most p(s(C)) (or use expression (7.7) for a
tighter bound).

2. Use Algorithm [2| to check whether there exists a 7-homomorphism from T to G 7
with the following modifications. Whenever the test m7 (w, E) ~ t in line(@ needs
to be executed, it is handled by calling the oracle on (J,w, E,t,¢) where ¢ is se-
lected as > if ~€ {<, >}, or as > otherwise. The resulting pair (~, oracle’sanswer)
determines the truth of the aforementioned test as follows:

e the pairs (<,‘no”), (<, no”), (>,“yes”) and (>,“yes”) result in a positive answer
to the question of whether m7 (w, E) ~ t. In any other case the statement is
false.

3. Answer C is satisfiable iff there exists a 7-homomorphism from T to G 7.

By Proposition [7.25] it is sufficient to look only at interpretations of size at most
p(s(C)). The characterization of membership for 7€£(m) given in Theorem does
not depend on which graded membership function m is considered. Hence, it is correct
to use Algorithm [2| for 7E€L£(my). Furthermore, it is not hard to see that the intro-
duced modification is consistent with whether my,(w, E) ~ t. For instance, to check
mJ(w, E) < t the oracle is invoked with ¢ = >. A “no” answer means that there is no
D such that w € DY and E 1 D > t, which clearly implies mZ,(w, E) < t. Finally,
the number of calls to the oracle is at most s(C) x |A7|. These arguments prove that
concept satisfiability in 7€ L (mpq) is in NPNP, O]
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The use of an oracle by this procedure is somehow forced by the fact that we stick to
a specific approach, and in particular such method uses Algorithm [2] to decide a model
checking problem. Moreover, as we will see in Section [7.3.2] deg is a function that can
be obtained from a CSM < of the kind being considered, but its satisfiability problem
is in NP. Therefore, an obvious question is whether this is a really “naive” way to decide
satisfiability for the family of logics induced by such a class of CSMs.

We will now define a CSM that, at least in terms of worst-case complexity, suggests
that the previous algorithm may not be so bad. More precisely, we slightly modify R, into
R such that the CSM g« obtained as in Definition is polynomially bounded and
induces a logic 7€ L (M, ) where concept satisfiability is both NP-hard and coNP-hard.
The problems we are going to use for the reductions are satisfiability and unsatisfiabil-
ity of propositional formulas in conjunctive normal form, which are well-known to be
complete for the classes NP and coNP, respectively [GJT79).

Since propositional satisfiability corresponds to validity of quantified Boolean formulas
of the form P.¢ where P only contains existential quantifiers, the elements defining R,
can be modified to obtain R}. Basically, starting with the relation > a family of binary
relations > (for all p € N) is built as follows:

(Tl,TQ) S D;
iff
dmy € Hp(TQ) s.t. Vm € Hp(Tl), it holds 1 > o

Then, the relation R} is defined in the following form:
R: = {(Cv D) ’ (Ter, Tpr) € D:d(C)}

There are two main differences between R, and Rj. First, the definition of I>7 poses an
existential quantification over II,(7%). This has to do with the fact that for propositional
satisfiability only one “good” assignment (path in a description tree) needs to be found.
Second, the special concepts used to represent the structure of certificates for QBF are no
longer needed. Therefore, the final definition of R} is limited to checking for membership
into Dfd(c)'

Concerning its computational properties, checking for membership into >; requires
at most the same number of comparisons as for >, and as explained in the previous
section for >, it can be done in polynomial time. Therefore, bg: is a polynomial time
computable CSM. In addition, the following lemma shows that ><ig: is polynomially
bounded.

Lemma 7.27. The CSM <y is linear bounded.

Proof. Let us fix a filter f € § and a concept description C' with rd(C) = k. Now, let
D € f such that C >aps D = max{C <igx X | X € f}. We make a case distinction on
the possible values of C g D (see Definition :

e U xigs D =1. Then, C' = D and obviously C € f.

e C >ps D = a. This means that C' # D, rd(C) = rd(D) and (C,D) € R;. By
definition of R} we know that (Tcr,Tpr) € 5. Then, there exists a path mp of
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length k in Tpr such that for all paths 7o € g (Ter), it is true that 7o > 7mp.
Let mpr be the path that results by replacing the labels in 7p by their intersection
with {A} (as required in the definition of >). We denote as D’ the EL concept
description corresponding to 7/ (when seen as a description tree).

— Clearly, ¢ > mps still holds for all paths 7o € Iy (Ter). This means that
(Ter, Tpr) € >3, and consequently (C, D) € R} (notice that D’ is already in
reduced form).

— It is not hard to see that D C D’. This implies that D’ € f, and since D has

been assumed to be maximal within f for C' t<gx D, it must be the case that
C # D'. For otherwise, it would contradict C' >ig: D = a.

Overall, this means that C' >ag: D' = a.

o C g D = 0. Clearly, T € f since D E T. Moreover, the maximality of D
implies that C' >ags T = 0.

In any case, there is always a concept D’ such that D' € f, C ag: D’ is maximal in f
and s(D') < g(s(C)) where g(n) = n. Thus, g+ is linear bounded. O

Finally, likewise R the relation R} is equivalence invariant.
Lemma 7.28. The relation R} is equivalence invariant.

Proof. Let C,C’,D and D’ be £L concepts such that C = C’ and D = D’. We show
that (C,D) € R} iff (C',D’) € R}. As pointed out for Rj:

e Since C = C' and D = D', we have that rd(C) = rd(C’) = k for some k£ > 0.
Moreover, by Theorem there are isomorphisms between Tcr and T(¢v)r, and
between Tpr and T(prr.

Suppose that (Tcr, Tpr) € 5. This means that there is a path 7p in Tpr of length
k, such that for all paths 7 € g (T¢r) it holds mo > mp. Using the isomorphism
mentioned above, one can find a path mp/ in Tipryr such that 7p = wp/. To see that
also (T(cnyr, T(pryr) € >, let mor be an arbitrary path of length k in Ti¢ryr. It will be
enough to show that mev > mps. Again, the isomorphism yields a path m¢ € i (Ter)
such that m¢c = m¢r. Hence, since mo > mp and mp = mwpr, this implies that mr > 7pr.

We have thus shown that (Tcr, Tpr) € >} = (T(cryr, T(pryr) € 1. The implication
in the opposite direction can be obtained in a similar way. Therefore, (C,D) € R} <
(C',D') € R%, and R} is equivalence invariant. O

Thus, MM is a well-defined graded membership function and it induces the DL
TEL(Miay, ). To show NP-hardness of satisfiability in 7EL(Mpay,. ), we use exactly the
same translation as in the previous section: given a propositional formula ¢ in con-
junctive normal form its corresponding 7EL(m) concept description ap is of the form

(Cso)éa M (Cw)zw

Lemma 7.29. Let ¢ be a propositional formula in CNF of the form ci A ... Acq, and
x1,...,Ty the variables occurring in @. Then, ¢ is satisfiable iff C, is satisfiable in

TEL(Mpayy )



116 Chapter 7. Concept similarity measures, relaxed instance queries and TEL(m)

Proof. (=) Assume that ¢ is satisfiable. To show that ap is satisfiable in 7€ L (M, )
we choose the interpretation Z that has the following ££ description graph: '

r

do: {} ———dy : {Ay —" 4y {4} d, : {A}

We want to show that dy € (da)z. By Definition n we have:
m, . (do,Cy) = max{C, s D | D € Cer and do € D'}

Now, since ¢ is satisfiable, there is a truth assignment t satisfying each clause in ¢.
Such an assignment induces the ££ concept description D¢ = 3r.F}:

Ff =X\ N3rFy
Fl:=X\N3nFYy, (1<i<n)

Fl =)\,

where t(z;) = true implies \; = A, and A\; = T otherwise. It is straightforward to see
that there is a homomorphism from T, to Gz mapping the root of T, to dg. Therefore,
do € (Dy)*. Let us now look at the value Cy Mg Dy.

e The description tree Tp, has a single path m¢ = worw; ... rwy, and its labeling is
determined by the values Ay, ..., \y.

e There are g paths my,...,m; in T, such that 7; is induced by the top-level atom
Cj in Cy,. At the same time, C; corresponds to the clause c; of ¢.

e Let £ be a literal in ¢; such that t(¢) = true and z; the corresponding variable (it
exists because t satisfies ¢). By construction of Cj, we have two possibilities:

— { = z; and {1, (v;) = {A}. Since t({) = true, this means that \; = A and

ET% (v;) = KTD:P(w,;) = {A}. Thus, according to 1’ it follows m; > .
— ¢ =~w; and {7, _(v;) = {}. The same argument as before yields A; = T and
Ure, (vi) = brp, (wi) = {}. Consequently, 7; > 7.

Overall, this means that 7; > m for all 1 < j < ¢. Hence, (Tc,,Tp,) € >, and
Cy Xg: Dy = a. Moreover, dy ¢ I implies Cy, # D for all D such that dg € DZ. Thus,
we can conclude that mZ, (do,C,) = a and dy € (C'\@)I.

R

(<) Assume that aeo is satisfiable in 7€ L (1M, ). Then, there exists an interpretation
T and d € AT such that d € (@,)f. This means that mqu* (d,C,) = a. By definition

of M there must exist a concept D such that d € D¥ and C r: D = a. Moreover,
since gx is based on the relation R as constructed in Definition we further have
that rd(C,) = rd(D) = n and (T¢,,Tpr) € >;. Hence, there exists a path 7 in Tpr
such that for all 1 < j < ¢ it holds 7; > 7w, where m; is the path in T, corresponding
the clause c; of ¢.
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Let m be of the form woriw; ...r,wy,, the assignment t, is built as follows. For all
1<i<n
t if Aebr . (w;
o) o= { e A A€ e ()
false otherwise.

Then, we show that t, satisfies ¢. For any clause c; of ¢, its corresponding top-level
atom C; in C, induces a path m; = vor1v1...75v, in Tc,. We have already seen that
mj > m, and this means that there is 0 <7 < n such that:

€TC¢ (UZ) N {A} = ETDr (wl) N {A} and I ¢ chw (Uz)

Since I € ET@ (vo), we know that ¢ > 0. This means that the variable x; occurs in ¢;.
If 2; occurs in a positive form, by construction of C,, we have that {7, (v;) = {A} and
A € Uy, (w;). Hence, it must be the case that t;(x;) = true and t, satisfies ¢;. The
case where —x; occurs in ¢; can be treated in a similar way.

Thus, we have shown that t, satisfies . O

Next, we establish the coNP lower bound by a reduction from the non-satisfiability
problem. Based on the previous reduction, notice that (Cy,)<, represents that an as-
signment t does not satisfy ¢. However, since unsatisfiability means that all possible
assignments fail to satisfy ¢, we additionally need to ensure that all of them are taken
into account. To this end, we introduce the concept C7}, := 3Ir.A} where AT is of the
following form:

AT = A 3r.A}
AP = AN 3rA?, (1<i<n)

AM = A

Then, given a propositional formula ¢ in CNF its corresponding 7EL(m) concept
description Cy+ has the following definition:

~

Gy i= (Cp)ea Cly
Lemma 7.30. ¢ is unsatisfiable iff CAQP* is satisfiable in TEL(Myq, ).

Proof. (=) Assume that ¢ is unsatisfiable and let Z be the interpretation having the
following description graph:

do: {} ——dy {AY — "y {4y

dn : {A}
We want to show that dy € (ap* )2, Notice that this is exactly the description tree
associated to the concept C7);, and consequently dy € ( 2”)1 . Hence, it remains to show

~

that do € [(Cy)<q)*. By Lemma|7.29| we obtain that C,, is unsatisfiable in 7EL(me, ).
Looking at the definition of @0, this means that for all interpretations J and d € A7 it
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holds:
d ¢ [(ap)ga M (Cso)za]j

Therefore, there are two possible scenarios for d:
miRz (d,C,) <a or miRz (d,Cyp) > a

Since the similarity values computed by >g: range over the set {0,a,1}, the second
case is only valid when d € (Cy)7 (p: is equivalence closed). Now, the concept
name [ is a top-level atom of C,. This means, that whenever d ¢ I 7" it must be that
m[;ZR; (d,C,) < a. This is actually the case for dy in Z. Thus, mqug (do,Cy) < a and
dO € [(Cgo)<a]z'

(<) Conversely, suppose that ¢ is satisfiable. Based on a truth assignment t satisfying
, in the proof of Lemma a concept Dy is built such that:

Ccp I><IR: Dt:a

Moreover, it can also be seen that Dy is such that C7}, © D;. Hence, for all interpre-
tations Z and d € A, having d € C " implies:

mqug (d,Cy,) > a

Thus, a{,* is unsatisfiable in 7EL (M, ). O

As a consequence of the previous two lemmas, we obtain the following computational
lower bounds for satisfiability in 7EL(Myq,, ).

Lemma 7.31. In 7EL (M, ), satisfiability is NP-hard and coNP-hard.

Overall, p(n)-boundedness of a CSM x yields the following results for 7EL(my).
Theorem 7.32.

1. For all € Fuqlpoly], if < is polynomial time computable and the polynomial p(n)
corresponding to its boundedness is known, then in TEL(my) satisfiability is in
P,

2. There is at least one CSM <€ Fuq[poly| (for instance g« ), such that in 7€ L(Mp)
satisfiability is NP-hard and coNP-hard.

Similar to the decidability results from Section [7.2.2] the base model built in Proposi-
tion and the p(n)-boundedness property can be used to obtain a polynomial model
property for satlsﬁablhty of concepts of the form Cn-D. Hence, the procedure de-
scribed in Lemma can easily be extended to obtain an NPNP-decision procedure
for the complement of the subsumption problem. Likewise, such a small model prop-
erty exists also for consistency of ABoxes of the form AU {~C(a)} with respect to the
size of A. Therefore, by using Algorithm [3| we obtain an NPNF-algorithm to solve the
consistency and the non-instance problem (data complexity). Thus, the first result in
Theorem can be extended to include the rest of the reasoning tasks.
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Theorem 7.33. For all <1 € Fq[poly], if > is polynomial time computable and the
polynomial p(n) corresponding to its boundedness is known, then in 7EL(my) consistency
is in X8, and subsumption and instance checking (data complexity) are in I15.

Summing up, based on the polynomial boundedness property we have obtained a
family of DLs 7EL(ms) with a satisfiability problem in ¥%. This upper bound has been
established by applying the methods introduced in Chapter |5|for 7€ L(deg) to the class of
polynomially bounded and polynomial time computable CSMs. Nevertheless, this only
represents a sufficient condition to obtain our results, and it does not prevent CSMs
outside Fiq[poly] to induce equally behaved threshold logics.

7.3 The simi framework

Lehmann and Turhan [LT12] introduced a framework (called simi framework) that can
be used to define a variety of similarity measures between £L concepts satisfying the
properties required by our Propositions and They first define a directional
measure simiq, and then use a fuzzy connector ® to combine the values obtained by
comparing the concepts in both directions with simigy. Given two £L concepts C' and
D, one could say that simi uses simig to measure how many properties of C' are present
in D and vice versa. Then, the bidirectional similarity measure simi is defined as:

simi(C, D) := simig(C", D") ® simiq(D",C")

The fuzzy connector is an operator ® : [0,1] x [0,1] — [0, 1] satisfying (among others)
the following two properties (see [LT12]). For all z,y € [0, 1]:

e xRy =1y®x (commulativity),
e r <y = 1®z<1®y (weak monotonicity).
In addition, ® is monotonic if for all z,y,z € [0, 1]:
e r<y=r®®2<y®=z.
Examples of monotonic fuzzy connectors are the average and minimum operators, and
all bounded t-norms (see |[LT12] for more information). In the following we recall the

general definition of simig.

Definition 7.34 (JLT12]). Let C, D be two £L concept descriptions. If one of these
two concepts is equivalent to T, then:

1 ifC=T

imiq(C, D) :=
simia(C’ D) {o fC£TandD=T

Otherwise, let t/(C) and tl(D) be the set of top-level atoms of C' and D, respectively.
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Then, simiy is defined as follows:

2

) > |:g(C”) X ) (<3) simid(C’,D’):|
SESUCY S G if [#1(C)| > 1 or [t(D)| > 1
o C’eti(C)
simid(C, D) = { po(c, D) if C,D e N¢
pm(r, s)[w+ (1 —w)simig(E,F)] if C =3r.FE and D = 3s.F
0 otherwise.

Let us now explain the meaning of the parameters used in the definition of simig.

e The symbol g stands for a function mapping the set of £L£ atoms N4 to a value in
Rsg. The idea is that g : N4 — R+ assigns a weight to each atom in N4. This
could be helpful, for instance, if one wants to express that some atom contributes
more (is more important) to the similarity than others.

e The purpose of the value w € (0, 1) is the following. Given two concept descriptions
Ir.C and 3s.D, if simig(C, D) = 0, having w > 0 allows to distinguish between
the cases r = s and r # s.

e pm : (Nc x N¢) U (Nr x Ng) — [0,1] is a primitive measure for concept and role
names satisfying the following basic properties (different from [LT12] we do not
deal with role inclusion axioms):

— pm(A,B)=1iff A= B for all A, B € Nc,
— pm(r,s) =1iff r = s for all r, s € Ng.

In particular the default primitive measure pm, is defined as:

1 ifA=B
my(A, B) :=
pma( ) {0 otherwise.
and
(. 5) 1 ifr=s
my(r,s) ==
pratts 0 otherwise.
e Finally, the operator & represents a bounded triangular-conorm. One can find in
ILT12] arguments in favor of using this type of operator. The max operator is a
particular case of a bounded t-conorm. &

The following two properties of simiy are presented in [LT12| (see Lemma 1). They
will be useful later on to obtain our results. Let C, D and E be £L concept descriptions,
then:

simig(C,D) = 1ifft DC C (7.8)

DCE = simig(C,E) < simig(C, D) (7.9)
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The proofs can be found in the extended version [Lehl12] of [LT12] (Lemma 14 and
Lemma 15). They indicate that these properties hold regardless of whether the concepts
C, D and E are in reduced form or not.

Finally, one can easily see that simi only defines CSMs that are equivalence invariant,
role-depth bounded and equivalence closed. The equivalence invariance property follows
from the fact that simig is computed using the reduced forms of C' and D, and the
fact that C' = C” implies that the structures of C" and (C")" are isomorphic (see Theo-
rem . In addition, its structural definition implies that simi is role-depth bounded.
Regarding the third property, it has been shown already in |[LT12| that this is the case
for any instance of simi. Hence, for all instances b of simi the induced my. is a well-
defined graded membership function (Proposition . From now on, for any instance
>t of simi we denote as < the corresponding instance of simiy, and will use g in infiz
notation.

7.3.1 A polynomially bounded family of instances of simi

We now identify a family of instances of simi that are polynomially bounded. Let F
be the family of CSMs that are instances of simi, where @ is selected as max, ® is a
monotonic fuzzy connector and pm is the default primitive measure pm . The following
example gives an intuition of why CSMs in F; are polynomially-bounded.

Example 7.35. Let xi*e Fj such that g assigns value 1 to every atom and w = 0.5. In
addition, let C' and D be the following concept descriptions:

C:=ANB N3r(AN3Ir.Bn3s.A)

D:=ANByN3r(AN3Ir.AN3ds.B)MN3Irs.A

Let us look at the atoms in D chosen by & = max along the computation of C' >} D.
To illustrate this, we use the following picture:

Al B° ar.()2 Al By 3@)2 3r.()
Al Elr,(l)2 33_()3 Al Elr.(l)2 33.()3 Eis.(/)

how o

The left-hand side of the picture depicts the structure of C' and the right-hand side does
the same for D. The superscripts are used to denote the pairings done by ¢ = max in
the computation of C < D. For instance, at the top level of C, A' means that A4 is
paired with the top-level atom of D exhibiting the 1 superscript (which is also A). The
superscript 0 is used to denote that no such match exists, i.e., every possible match gives
value 0. This is the case for By at the top-level of C, since By ><j A = By < By =
By 3r.(...)=0.
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Our interest is to see what is the effect of removing the unmatched atoms from D. In
our example, doing that yields the following concept description:

Y:=AN3r(ANIr.TMN3s.T)

From the definition of simiy and the particular characteristics of %, it is easy to see that
Coxif D=Cr Y = %. This means that the unmatched atoms are actually irrelevant
to obtain the value C' < D. However, this need not be the case for the computation
of C'><x* D. In fact, one must not forget that o< is used in both directions to compute
C <* D. But still, there is something special in the structure of Y: it is a concept part
of both C' and D (see Definition . Some consequences follow from it:

o s(Y) <s(C),
e D C Y. This means that for all filters f, D € f implies Y € f,
e C LY. By property (7.8), it is the case that Y <} C' = 1.

Therefore, although the relationship between C' < D and C' <* Y (if ® were not
monotonic) is not clear in general, for a monotonic fuzzy connector it holds C' <* D <
C <* Y. Consequently, even though C' <" Y may not preserve the value C' < D, the
concept Y represents a better choice towards bounding < for C' and a filter f containing

D (as required in Definition [7.24]). &

Let us now generalize the intuition presented in the previous example. First, we show
that such a concept Y always exists. Afterwards, we use its properties to establish that
all CSMs in F; are linear bounded.

Lemma 7.36. Let > be a CSM in Fy. For all EL concept descriptions C and D, there
exists a concept description Y such that:

e CCY and DCY,
e Oy D=CwyY, and

e s(Y) <s(0).

Proof. We use induction on the structure of C to prove the claim.

e (C is of the form A € N¢c or T. For C = A, the value C <y D is the result of the
following expression:

g(A) x max{Awy D' | D' € ti(D)}
9(4)

The use of the primitive default measure in > implies that A<y D = 1if A €
tl(D), otherwise A <ty D = 0. Choosing Y := A or Y := T, accordingly, ensures
that the claim is true. If C' = T, then the definition of simiy implies C'xg X =1
for all concept descriptions X. Thus, setting Y := T satisfies the claim.
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e C=C1MN...NC, with n > 1. In this case we have:

Z g(CZ) X max{C’Z- >g D’ ‘ D' e tl(D)}
C X D= =1

Let D; (1 <i < n) be the top-level atom of D that maximizes the value C; <y D’
among all D’ € #I(D). The application of the induction hypothesis to C; and D;
yields a concept description Y; such that:

— C;CY;and D; C Y],

— Cixg D =Ciy Y5,

- s(Yi) <s(Cy).
Obviously, C1M...MC, CY1N...NY, and D:M...ND, E YiM...NY,. Therefore,

the concept description Y := Y11M...MY,, satisfies CC Y, D C Y and s(Y) < s(C).
Now, the value of C <3 Y is computed by the following expression:

n

> [g(Ci) x max{C; >4g Y' | Y € ti(Y)}
C X4 Y = =1

Suppose that for some C; (1 < i < n), C; >y Y; is not the maximum among all
the values Cj b<g Y'. Then, there is Y; € t{(Y') such that i # j and C; <3 Y; <
C; >4 Y. From this we obtain:

Cixg D; =Ci g Y;
< C; <y }/]
< C; =y Dj (Dj EYj and (7.9))
Hence, it follows that C; >xq D; < C; g D; which contradicts the maximality of

D; with respect to C;. Hence, C; <y Y; is actually the maximum and once this is
true, it is easy to see that C <y D =C g Y.

e (' is of the form 3r.C’. Let D* be the top-level atom of D maximizing the value
C < D*. If D* is not of the form 3r.D’, then C <y D = 0. This is a consequence
of the general definition of simig and the use of pmy. Then, choosing YV := T is
enough. Otherwise, C iz D can be expressed as:

C<ig D = [w+ (1 —w) x (C' g D')]

The application of induction hypothesis to C' and D’ yields a concept description
Y’ such that:

- C'CY and DCY’

-’ >g D =C >q Y/, and



124 Chapter 7. Concept similarity measures, relaxed instance queries and TEL(m)

- s(Y’) <s(C).
Then, for the concept Y := Ir.Y’ we have that C C Y, D C Jdr.D' C Y and
s(Y) <s(C). Additionally,

CrogY = [w+ (1 —w)x (C'xqq V)]
ThuS,CNdD:ClX]dY. ]

Next, using Lemma [7.36] we show linear boundedness for the family Fj.
Corollary 7.37. Let < be a CSM in Fy. Then, < is linear bounded.

Proof. Let f be a filter and C' a concept description. Moreover, let D € f be a concept
description such that C' >t D = max{C < X | X € f}. From the abstract definition of
stmi we have:

Cx<aD=(C"g D")® (D" g C") (7.10)
The application of Lemma [7.36] to C" and D" yields a concept description Y such that:
CrCY,D'CY,C bag D" = C" > Y and s(Y) < s(C7)

From C" T Y = Y7, it follows that Y" <y C" = 1 (see property ) In addition,
property and Y = Y" imply that C" < Y = C" xg Y. Hence, C <Y can be
expressed as follows:

CxY =(C"qg D")® 1 (7.11)

Since fuzzy connectors are commutative, the monotonicity of ® implies that it is mono-
tone in both arguments. Then, due to and we obtain (C'>< D) < (CY).
Hence, (C'>x D) = (C 1Y), for otherwise it would contradict the maximality of C' >1 D
(D" C 'Y implies that Y € f). Finally, since reduced forms are the smallest concepts in
their equivalence classes, we have s(Y') < s(C") < s(C'). Thus, the concept ¥ witnesses
that > is linear bounded. O

Corollary implies that F1 C Fiu[poly]. Then, since all its elements are linear
bounded CSMs, the upper bounds shown in Section with respect to Fuq[poly| also
apply for any DL 7€£(my) induced by a CSM < € Fj.

Let us now continue Example to illustrate that the same arguments failed for
arbitrary primitive measures.

Continuation of Example 7.35. Let us slightly modify >* such that pm(B;, Bs) =
pm(Ba, B1) = 0.8. Now, By becomes a relevant atom for the computation of C' < D,
since By <ij Ba # 0. Like in the first part of the example, the picture below shows the
matches performed by @& = max.

Al B3 EI?“.()2 Al By EIrﬁ/)Q Ir.(
Al EI?“.(I)2 Els.()?’ Al Elr.(l)2 3s.()3 Els‘.(/)

;
/
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Following the same idea as before, ¥ becomes the following concept description:
AN By MIr. (AN Ir. T MN3s.T)

Obviously, we still have C >} D = C' > Y, but now C' [Z Y. Hence, Y" > C" < 1
and in principle one can no longer assume that (C' <* D) < (C <" Y') as before. In fact,
a closer inspection of the computation of > shows that Y o< C" < D" <} C", and by
monotonicity of ® it follows (C' ¥ Y') < (C <* D). We will not enter into the details of
the computation (they are very tedious), but let us briefly explain the idea behind this.
The construction of Y excludes the right-most top-level atom of D. However, one can
see that the structure of 3r.94s.A can be entirely “mapped” into the structure of C'. This
means that as a top-level atom of D, it contributes with value 1 to the computation of
D" >} C". Therefore, we end up with the following expressions:

a+1
4

Y’”NﬁC’”:g and D" < O =

where a is a real value smaller than 3, which proves that Y o<} C" < D" < C".
Hence, throwing away the atom 3r.ds.A decreases the value of the right to left compar-
ison when computing >*. This means that the arguments used to prove linear bound-
edness in Corollary are not valid in this case.

One could still wonder whether it is possible to remove less information from D, while
keeping the value C" <y D" and the size of the resulting concept small enough. Notice
that the concept description Y Mdr.ds. A represents such a possibility. Nevertheless, this
is a very particular case where the size of D is actually not much bigger than C'. Suppose
for instance, that pm(r,s) = pm(s,r) = 0.9 and D is extended into D’ as follows:

D' =DM 3rIr.BN3Is.Ir.AMN3Is.3s.A

A consequence of having such a high similarity between r and s is that now 3r.B <
3ds.B > 3r.B <3 Ir.A. The picture below shows the change of scenario in the mapping
corresponding to the top-level atoms of the second level.

Al B3 Elr.()z Al B3 Elr.g/)2 Elr.(k...
Al 37".(1)3 33.()2 Al 37".(])2 33.()3 35.(/)

| L

Consequently, the same way of selecting Y would result in the following concept
description:
AN ByM3Ir.(ANIr.AN3s.B)

Notice that all the newly added existential restrictions are irrelevant for the selection
of Y. In addition, there are at least exponentially many top-level atoms in D" (with re-
spect to rd(C)), namely the ones corresponding to the atoms 3r.3s.A, Ir.3r.B,Is.3s. A
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and ds.dr.A. Furthermore, due to the primitive similarity between r and s, such atoms
contribute with value 1 (or very close to 1) to the computation of (D')" b C". There-
fore, likewise for Jr.ds.A and D, throwing away any of them will decrease the value
(D) v O &

To conclude, the previous example tells us that if D’ is the selected maximal concept
with respect to C' and a filter f, one cannot use the idea from Corollary to extract
a “small” fragment Y of D’ such that C" <} (D')" = C" <3 Y7, and then exploit the
monotonicity of ® to obtain C' <x* D' < C'<* Y.

At this moment, it is not clear to us whether for non-default primitive measures the
resulting instances of simi are polynomially bounded or not. An alternative could be to
drop the requirement of having C" iz (D')" = C" <1g Y, but find a different method
to build Y such that at the end C 1 D' < C' <1 Y while keeping Y small enough. We
do not know if it is possible to do that by only knowing that the fuzzy connector ® is
monotonic.

7.3.2 Relation to the membership degree function deg

To conclude the section, we show that our graded membership function deg can be
obtained from a CSM <!, using the construction in Definition The function ><! is
defined as the following instance of simi:

e the fuzzy connector is defined as ® = min and the bounded t-conorm @ as max,

e the function g maps every atom to 1, pm is the default primitive measure pmy and
the value w is selected as 0.

There is a minor detail in the definition of ' regarding the simi framework, namely,
w = 0. The simi framework defines w € (0, 1) for two reasons. First, using w = 1 would
nullify the recursive computation of simi on existential restrictions. Secondly, w > 0
is desired in order to be able to distinguish between different role names, as explained
above. However, any instance of simé with w = 0 still complies with the basic properties
shown in [LehI2] that have been used so far. Therefore, ! is equivalence invariant,
role-depth bounded, equivalence closed, and induces a well-defined graded membership
function myq . Moreover, since min is a monotonic fuzzy connector, this means that >t
satisfies all the same properties as those CSMs in the family F;. Notice that the value
of w is irrelevant for the results shown for CSMs in F7, and one could say that '€ F7.

Our main goal now is to show that deg = m, 1. We start by proving that selecting
® = min makes the value D" D<1(11 C" irrelevant for the computation of C' ' D. The
proof is supported by the application of Lemma in the context of pa'.

Lemma 7.38. For all interpretations I, d € AT, and EL concept descriptions C we
have:
mL,(d,C) = max{C" >y D" | D € Cgz and d € D*}

Proof. By Definition

ml.(d,C) =max{C ' D|D € Cer and d € D*}
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For all concept descriptions D, by definition of ' we know that
C ' D =min{C" >}, D", D" >} C"}
Hence, it follows that C >a! D < C" Ddgl D" and we obtain:
mL,(d,C) < max{C" 1} D" | D € C¢r and d € D*} (7.12)

Now, let X be a concept description such that d € X% and C” l><lcll X7 gives the maximum
in (7.12). The application of Lemma to C" and X7, yields a concept Y such that:

e C"CY and X"LCY,
e CTxdh X" =CT" <l V.

Since Y = Y”", having C" C Y implies that Y" Nclz C" =1 (see (7.8)). Additionally,
(7.9) further implies C" Dd(li Y=C" D<1[11 Y". Hence, we obtain the following sequence of
equalities:

C<' Y = min{C" >} Y7, V" b}, C"}
=C b YT
=C" <} Y
=C" ) X"

Moreover, d € X and X" C Y imply that d € YZ. This means that Y is one of the
candidate concepts in the computation of qul (d,C). Therefore,

C" >y X™ < mli(d,C) (7.13)

Thus, by the way X was chosen and the combination of (7.12)) and (7.13]), our claim
follows. m

Once we know that D" Ddé C" can be forgotten when computing C' ' D, a basic
relationship between l>4(11 and deg is established in the following lemma.

Lemma 7.39. Let X be an EL concept description and Tx be the interpretation cor-
responding to the EL description tree Tx. Then, for each EL concept description C, it
holds:

C" b X = deg™ (dy, C)

where dy is the domain element corresponding to the root of Tx .

Proof. We prove the claim by induction on the structure of C.

Induction Base. C € Nc or C = T. Then, C = C". If C" is of the form A, then A l><1€11
X =1 when A € #/(X) and 0 otherwise. A similar relationship holds for deg™ (do, A),
but with respect to whether dy € ATX. Since A € tI(X) iff dy € AT, this means that
A<} X = deg?™ (do, A). The case for T is trivial, since T <} X = deg”™ (dp, T) = 1.

Induction Step. We distinguish two cases:
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e ( is of the form JIr.D. Then, C" is of the form Ir.D". By definition of l><1€11 and

deg, it is easy to see that whenever X does not have a top-level atom of the form
Jr. X', it is the case that:

Ir.D" 1} X = deg? (dy,3r.D) =0

Hence, without loss of generality, we focus on the cases where there exists at least
one top-level atom in X of the form Ir.X’. Consequently, since |t(Ir.D")| = 1,
we have:

Jr.D" 1} X = max{D" >} X' | Ir. X" € t1(X)} (7.14)

Since Zx is induced by T’x, then for each atom Jr. X’ € tI(X) there exists a corre-
sponding domain element e € AZX such that (dg,e) € #2¥. This correspondence
also holds in the opposite direction. Moreover, it is easy to see that the tree rooted
at e in T'x corresponds to the £L£ description tree Tx:. Hence, the application of
induction hypothesis to D yields:

D" >} X' = deg™ (e, D), for all Ir.X’ € tI(X)
Therefore, it follows from the equality in ((7.14):

Jr.D" >} X = max{deg?¥ (e, D) | (do,e) € rT*} (7.15)

Now, let T5, pr be the corresponding £L description tree of dr.D" and vy its root.
Obviously, there exists exactly one r-successor v of vg in 15, pr and moreover, the
subtree of T3, pr rooted at v; is exactly the £L description tree Tphr associated to
Dr. Consider, then, the set H(T5, pr, Gz, ,dp). By Definition we have:

deg™ (do, 3r.D) = max{hy(vo) | h € H(T5.pr,G1y,do)} (7.16)

Now, let h be any ptgh in H(T5, pr,Gzy,do) with h(v1) = e, for some e € ATx
such that (dg,e) € rX. We know that there exists at least one and any ptgh
R' of a different form will not be interesting, since k!, (vg) = 0. By definition of
h (Definition [£.4)), it follows that hy(vo) = hw(vi). Additionally, for any ptgh
h € H(T5.pr, Gz, ,do) with h(vi) = e, its restriction to (Vry . \ {vo}) is a ptgh
in H(Tpr,Gz,,e). Conversely, any ptgh g in H(Tpr,Gz,,e) can be extended
to a ptgh in H(T5,.pr,G1y,do), by defining g(vg) = dp. Hence, can be

transformed into:

degIX(do,Elr.D) = max {gw(v1)| g€ H(Tpr,Gz,,€)}

(do,e)ertx

Finally, since for each e € AZX there exists a ptgh g € H(Tpr, G1,,e) such that
deg™x (e, D) = gy(v1) and gy (v1) gives the maximum value, we further obtain the
following equation:

deg™ (dy, 3Ir.D) = max{deg™ (e, D) | (dp,e) € r7x} (7.17)
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Thus, the combination of ((7.15)) and (7.17]) yields

Ir.D" 1} X = deg®X (dy, 3r.D)

e (U isof the form CiM...MC%. Then, its reduced form C” is of the form D1M...MD,,,
where 1 < n < k and each Dj is the reduced form [C;]" of some conjunct C;. Now,
it is easy to see from the definition of N(liv that C” Ddé X can be equivalently
expressed as:

n
> (Dj >y X)

Jj=1

CT il X = (7.18)

n

Furthermore, though more involved, it is not hard to see from the definitions of
deg and h,,, that a similar situation occurs with respect to deg:

Z de.gIX (dOa D])
deg™ (dg, CT) = =1 (7.19)

n

Then, for each D; one can apply the induction hypothesis to the atom C; that has
[Ci]" = Dj to obtain D; x}; X = deg™ (do, C;). Since deg is equivalence invariant
(in the sense of property M2), we have D; >} X = deg™ (do, C;) = deg™* (dy, D;).
Hence, the combination of d7.18[) and (]7.19[) yields C" >l X = deg* (dy,C). O

Finally, using the previous two results, one can show the equivalence between mg g
and deg.

Theorem 7.40. For all interpretations I, d € AT, and EL concept descriptions C we
have m’,(d,C) = degt(d,C).

Proof. (=) From Lemma we know that there exists an £L concept description X
such that mZ,(d,C) = C" q} X" and d € X. The application of Lemma to C

and X yields:
C" b X = deg™ (do, O)

Recall that due to property 1} cr Dd}i X =0 Mcll X". Since d € XZ, the charac-
terization of crisp membership in £L£ yields the existence of a homomorphism ¢ from
Gz, (or Tx) to Gz with ¢(dg) = d. Hence, the application of Lemma [4.11]to Zx and Z
implies deg?X (dy, C') < deg®(d, C). Therefore, we obtain:

mk.(d,C) < deg*(d,C) (7.20)

(<) Consider a ptgh h € H(Tcr,Gr,d) such that hy,(vg) = deg”(d,C). Let Tp, be
the canonical interpretation induced by h. Since T7, is a tree, we can speak of its
corresponding £L concept description C7z,. Then, we obtain the following equalities:

deg?(d,C) = deg® (vo, C) (Lemma [£.12)
= C" < O, (Lemma [7.39)

= "o} (On, )" (property [79)
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Furthermore, it is easy to see that by definition of 7, it holds that d € [Cz, ]*. Hence,
Lemma implies that C" <} (Cz,)" < mZ,(d,C) and consequently:

deg*(d,C) < m,(d,C) (7.21)

Thus, our claim follows from the combination of inequalities ([7.20)) and (7.21]). O

Once we have established this equivalence, Proposition [7.4] thus implies that answering
of relaxed instance queries w.r.t. ' is the same as computing instances for threshold
concepts of the form @~ in T€L(deg). Since such concepts are positive, Proposition
yields the following corollary.

Corollary 7.41. Let A be an EL ABox, QQ an EL query concept, a an indz’m’cfua,l name,
and t € [0,1). Then it can be decided in polynomial time whether a € Relax;® (Q,.A) or
not.

Note that Ecke et al. [EPTI14, [EPT15] show only an NP upper bound w.r.t. data
complexity for this problem, albeit for a larger class of instances of the simi framework.



Chapter 8
Conclusions and Future Work

We have introduced a family of DLs 7€L(m) parameterized with a graded membership
function m, which extends the popular lightweight DL £L£ by threshold concepts that
can be used to approximate classical concepts. Inspired by the homomorphism char-
acterization of membership in ££ concepts, we have defined a particular membership
function deg and have investigated the complexity of reasoning in 7EL(deg). It turns
out that the higher expressiveness takes its toll: whereas reasoning in ££ can be done in
polynomial time, it is NP- or coNP-complete in 7€L(deg), depending on which inference
problem is considered.

The membership function deg has been further extended to consider £L£ concepts
defined with respect to acyclic TBoxes. Based on this, we have defined 7€L(deg) TBoxes
as pairs (7;,Ter), where T, contains concept definitions that use threshold concepts
defined over Tgz. Obviously, reasoning with respect to acyclic 7EL(deg) TBoxes can
already be handled by the basic approach through unfolding. We hoped that the possible
exponential blow-up due to unfolding could be avoided, but unfortunately this is not the
case. In fact, we have seen that the satisfiability and subsumption problems with respect
to acyclic 7€L(deg) TBoxes are I1{-hard and ¥¥'-hard, respectively. In Section a
PSPACE decision procedure is provided to solve these problems, and it is later extended
to tackle all the standard reasoning problems with respect to acyclic knowledge bases,
while keeping the use of space polynomial in the size of the input.

We have also shown that concept similarity measures satisfying certain properties can
be used to define graded membership functions. This extensive family of CSMs contains
non-computable functions, and some of them induce undecidable threshold logics. On
the positive side, however, a computable CSM < always induces a decidable threshold
DL 7EL(m). Decidability is achieved by adapting the decision procedures provided
for 7EL(deg) to this more general class of DLs. To gain a preliminary insight into
the computational complexity landscape exhibited by this family of decidable logics,
we restricted our attention to polynomial time computable CSMs. It turns out that
the maximization mechanism used to define a membership function my may yield a
PSPACE-hard logic 7EL(ms). A sufficient bounding condition on CSMs is then defined
to obtain a subfamily of logics whose satisfiability problem is in 25 .

Concrete examples of polynomially bounded CSMs have been presented in Section|[7.3.]]
as a particular subset of instances of the simi framework of Lehmann and Turhan [LT12].
Their induced threshold logics inherit the computational complexity results derived for
the whole class of polynomially bounded CSMs. In particular, our function deg can be
constructed from a polynomially bounded CSM <!. Nevertheless, our direct definition
of deg based on homomorphisms is important since the partial tree-to-graph homomor-
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phisms used there are the main technical tool for showing our decidability and complexity
results. For instance, satisfiability in 7€L(deg) is shown to be NP-complete, in contrast
to the general NPNY upper bound obtained from the polynomial boundedness property.

While introduced as a formalism for defining concepts by approximation, a possible
use-case for TEL(deg) is relaxation of instance queries, as motivated and investigated in
[EPT14, [EPT15]. Compared to the setting considered in [EPTI14l [EPTI5|, 7€L(deg)
yields a considerably more expressive query language since we can combine threshold
concepts using the constructors of £L£ and can also forbid that thresholds are reached.
Restricted to the setting of relaxed instance queries, our approach actually allows relaxed
instance checking in polynomial time. On the other hand, [EPT14, [EPT15] can also deal
with other instances of the simi framework.

8.1 Future Work

Last, we sketch some ideas and point out several directions for future work.

Membership functions for cyclic and general TBoxes. We would like to extend our
function deg to be able to compute membership degrees for concepts defined with respect
to cyclic and general TBoxes. To do this, homomorphisms probably need to be replaced
by simulations [Baa03|. On the side of concept similarity measures for DLs, a specific
measure has been proposed in [EPT15| to deal with general TBoxes. In particular, such
a CSM is akin to the simi framework in the sense that it also combines directional
values to compute the similarity between two concepts. We believe that it is possible
to exploit the ideas from [EPT15], and use the directional computation to extend deg
towards concepts defined with respect to general TBoxes. This is joint work in progress
with Andreas Ecke.

Nesting of threshold concepts. Extending our introduced family of DLs with nesting
of threshold concepts is an interesting topic for future work. To go further in this
direction, the initial step is to understand how to come up with a well-defined and
meaningful semantics to interpret the resulting concept descriptions. Since a graded
membership function m provides the interpretation for simple threshold concepts in a
logic TEL(m), one idea that seems natural is to interpret nested threshold concepts by
recursively applying the definition of m bottom-up. More precisely, suppose we have a
nested threshold concept X~ 5 where X is of the following form:

Healthy M (3spouse.(Rich M Intelligent 1 Female))> 7

To compute m?(d, X) the function would first calculate m?(d, Ispouse.(. . .)) using the
base definition of m to obtain the corresponding value t. Afterwards, m is applied one
more time to compute the value m?(d, X). Here, the inner threshold concept in Xs 5
would be treated as an atom, where the previously computed value ¢ determines whether
d has the property (Ispouse.(...)))>.7 or not. For example, let d be the following element
in some interpretation Z:
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spouse _
d : {Healthy} {Intelligent, Female}

In our logic TEL(deg) we have deg”(d,Ispouse.(...)) = 2/3. This means that d ¢
[(3spouse.(...))>7]F. Therefore, applying the idea presented above we would obtain
deg?(d, X) = 1/2, since d € (Healthy)? and d ¢ [(3spouse.(...))>7]F. Thus, d ¢
(X-5)%. Obviously, one can object that d is quite close to the crisp set defined by
(3spouse.(...))>.7, and consequently it should not be considered in such a way. In-
stead, maybe a more suitable idea could be to give a membership degree value for d in
(3spouse.(...))>.7 and use it to compute deg?(d, X). At this moment it is still unclear
to us which one would be a better choice or if both are useful in different scenarios.

Finally, from a computational point of view, one would expect the reasoning problems
to become harder. In fact, looking at the equivalences in Proposition it is not
hard to see that one can express ALC concept descriptions by just using the threshold
values {0,1}. For instance, =3r.—A would correspond to the nested threshold concept

(3T.A<1)<1.

Cyclic 7€L(deg) TBoxes. Since deg is well-defined with respect to acyclic ££ TBoxes
Ter, there is nothing to prevent us to have cyclic definitions in a TBox 7. We would
like to comsider this in the future. Note, that since Vry,...,r,.mA can be expressed
in 7€L(deg), it seems to be possible to encode cyclic TBoxes in the DL FLy into
cyclic TEL(deg) TBoxes. In particular, subsumption in FLy for cyclic terminologies
is PSPACE-complete w.r.t. descriptive semantics [KdNO03|, Baa96]. This would give a
preliminary PSPACE-hardness result for the subsumption problem in the presence of
cyclic TEL(deg) TBoxes.

Bounded CSMs. The polynomially bounded condition is still too strong to be satisfied
by many useful CSMs. It would be important to find out how to relax it, without losing
the good properties that it gives for a logic TEL(my). This could, for example, provide
more information about the logics 7EL(m) induced by instances of the simi framework
that use non-primitive measures pm.

Additionally, polynomial boundedness only gives a general NPNF upper bound for the
satisfiability problem. It would be interesting to characterize which conditions a CSM
in Fiq[poly] must satisfy in order to have a satisfiability problem in NP, like it happens
for ' and T7EL(deg).

Open theoretical problems. The exact computational complexity of reasoning with
respect to acyclic 7€L(deg) TBoxes (between %£ /TIY and PSPACE) remains open. Re-
garding the relationship between 7€L(deg) and ALC, we do not know whether 7€L(deg)
is exponentially more succinct than ALC.
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Appendix A

Missing proofs

Missing proofs of Chapter 3|

Theorem Let C be a TEL(m) concept description and T = (AL, T) an interpre-
tation. The following statements are equivalent for all d € AT:

1. de CT.

2. there exists a T-homomorphism ¢ from Tz to Gz with ¢(vo) = d.

Proof. Let Tz = (VT,ET,UO,KT) be the descrlptlon tree associated to C' and C be of
the form 51 M...Mn C M 3rq. D1 M...Mn Elrn Dn, where each C is either a concept name
A € N¢ or a threshold concept ENt € NE

(=) Assume that d € CT. Then, d € (@)I and d € (Elrj.ﬁj)z forall 1 < <gq
and 1 < j < n. We show by induction on the role depth of C that there exists a
7-homomorphism ¢ from T to Gz with ¢(vo) = d.

Induction Base. rd(C) = 0. Then, n = 0 and T5 consists only of one node vy
(the root), it has no edges and ¢7(vg) = {C1,.. .. ,éq}. The mapping ¢(vg) = d is a 7-
homomorphism from T to Gz. For each C; of the form A € N¢ we know that A € ¢7(d),

and consequently ¢ satlsﬁes Condition L I in Definition In case a is of the form F.;,
the fact that d € (C’ )% implies that ¢ satisfies Condltlon in Definition

Induction Step. Assume that the claim holds f(/)\r all the concepts with role depth
smaller than k. We show that it also holds for rd(C)) = k. First, consider the concept
Dy = CiM...MCy One can see that Tf)o = (Vo, Ep, vo, {y) is exactly the description
tree with Vo = {vo}, Eo = 0 and o(vo) = 1 (vg). Since d € (D)T and rd(Dy) = 0, by
induction hypothesis there exists a 7-homomorphism ¢q from TA to Gz with ¢g(vg) = d.

Now, consider any edge vor;Vj in Ep. By the relationship between Tg and C there
exists a top-level concept Jr;. D of C such that T (V],Ej,v],é-) is precisely the

subtree of T5 with root v;. In addition, blnce de (Elr]. j) there exists d; € AT such

that drjd; € Ez and d; € (D )F. Since rd(D ;) < k, the application of the induction

hypothesis on d; and D] yields a 7-homomorphism ¢; from T to Gz with ¢;(v;) = d;.
J

It is not hard to see that for all nodes v € Vr, there exists exactly one of such 7-
homomorphism ¢; (0 < j < n) such that v € dom(¢;). Based on this, we build a
mapping ¢ from Vr to Vz as ¢ = [Jj_y#;. Note that ¢(vg) = d by definition of ¢o.
Hence, it remains to show that ¢ is 7-homomorphism.

135
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1. ¢ is a homomorphism from 7T¢ to Gz: Let v be any node in V. We know that
v is a node of one description tree Tﬁj and ¢(v) = ¢;(v) for the corresponding
mapping ¢;. Since ¢; is a homomorphism, this means that ¢;(v) C fz(¢;(v)).
Therefore, £(v) = £;(v) implies £(v) C lz(¢(v)). Now, let vrw be any edge from
Ep. There are two possibilities:

e vrw is of the form vyr;jv;. As explained before we have ¢(vo) = d, ¢;(v;) = d;
and dr;d; € E7. Hence, ¢(vo)rj¢(vj) € Ex.

e v, w € dom(¢;) for some j € {1...n}. By construction of ¢ and the fact that
¢; is a homomorphism, it follows that ¢(v)r¢(w) € Ez.

2. Condition [2] in Definition follows from the fact that ¢ is constructed using
T-homomorphisms.

Thus, ¢ is 7-homomorphism from Ty to Gz with ¢(vg) = d.

(<) Assume that there exists a 7-homomorphism ¢ from 7, & to Gz with o(vo) = d.
We show by induction on the size of Vp that d € CT. R R R

Induction Base. |Vp| = 1. Then, C is of the form C; M ... N C, and ¢p(vg) =
{61, e 6(1}. We distinguish two cases for all C; € ZT(’U()):

e C; is of the form A € Nc. Since ¢ is 7-homomorphism, it is also a classical
homomorphism in the sense of Definition [2.5] and hence, ignoring the labels of the
form E.; we have 7(vg) C ¢7(d). Thus, d € AZ.

e C; is of the form E.;. By Definition we also have d € (E.;)Z.

Thus, d € (@)I for all conjuncts @ of C. Consequently, d € CT.

Induction Step. Assume that the claim holds for |Vr| < k. We show that it also holds
for |Vp| = k. Since k > 0, there exist nodes ULy Un in Vi such that vor;v; € Ep. This
also means that C is of the form C1 L C’ n Elrl.lA?l M...n Ern.ﬁn with n > 0, and
the description tree Tf)j = (V;, Ej, v, Ej) associated to lA)j is the subtree of T rooted at
vj. We consider the following two cases:

e ¢>0. Then, d € (C’) can be shown in the same way as for the base case.

e Consider any Hrj.Dj, with j € {1...n}. Since ¢ is also a homomorphism from
T5 to Gz and wvorjv; € Er, then there exists e; € AT such that drje; € Ez and
¢(v;) = ej. Moreover, it is clear that |V;| < |[Vp| and it is not difficult to see that
the restriction of the domain of ¢ to Vj is also a 7-homomorphism from TA to G1

with ¢(v;) = e;. Hence, the induction hypothesis can be applied to obtaln that
ej € (D;)t. Hence, d € (Ir;. j)z.

Thus, we have shown that d € %3 ]

Missing proofs of Chapter 4

Definition A.1. Let C' be an £L concept description and T its corresponding L
description tree. For all nodes v € V. we denote by T [v] the subtree of T rooted at
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v. Furthermore, the £L£ concept description Clv] is the one having the description tree
Tc[v]. Finally, the height n(v) of a node v in T¢ is the length of the longest path from
v to a leaf of T. &

In the proof of Lemma we will use concepts and description trees of the form
Tc[v] and C[v]. We would like to point out that for all concept descriptions C” in re-
duced form, the concepts C"[v] are also in reduced form (for all v € Vr,.). This is a
consequence of the fact that to obtain the reduced form of a concept C' the rules are not
only applied in the top-level conjunction of C', but also under the scope of existential
restrictions (see Chapter [2)).

Lemma Let C be an EL concept description, T a finite interpretation and d € AT,
Then, Algom'thm terminates on input (C,Z,d) and outputs degI(d, ), i.e., S(vg,d) =
deg?(d,CT).

Proof. To see that the algorithm terminates, it is enough to observe that Tor and Gz
are finite and the algorithm consists of nested iterations over the nodes and edges in Tor
and Gz. To show that S(vg,d) = deg®(d,C"), we prove a more general claim:

Claim: S(v,e) = deg*(e,C"[v]) for all v € Vi, and e € AT.

Note first, that for each pair (v, e) the value of S(v,e) is assigned only once during a
run of the algorithm. We prove the claim by induction on the height n(v) of each node
vin Tor.

Induction Base. n(v) = 0. Then v is a leaf in Tor. This means that v has no successors
and for all e € AZ there exists a unique ptgh h from Tgr[v] to Gz with h(v) = e. One
can see in Algorithm 4] that the special case where |¢7,,, (v)| + k*(v) = 0 is properly

treated. Otherwise, we have ¢ = |l7,, (v) N lz(e)| and S(v,e) = m. Note that
Ccr

this is exactly the value of h,(v) in Definition Since h is unique, this means that
deg® (e, C"[v]) = S(v, e).

Induction Step. n(v) > 0. Let v1,...,v; be the children of v in Tor such that if vg is
an r-successor of v in Tor, then e has at least one r-successor in Gz. The application
of the max operator in line selects for each r-successor v; of v an r-successor e; of
e in AT that has the maximum value for S(v;,e;). Such a value is then used in the
computation of ¢. Let (v;,e;) be the pairs representing such a selection for all v;. Two
observations are in order:

e Since v; is a child of v, it occurs first in the post-oder selected in line[Il Therefore,
the value of S(v;, e;) is computed before the computation of ¢ for (v, e).

e The value of S(v,e) as computed by Algorithm 4| corresponds to the following
expression:

k
(1o (v) Nlz(e)| + ; S(vi, €;)

S(o-e) = Cren (0) + & (0)]

(A1)

e Since n(v;) < n(v), the application of the induction hypothesis yields

S(vi, e) = deg®(e;, C[vg)) (A.2)
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Now, let h; be a ptgh from Ter|v;] to G such that h;(v;)) = e; and h;, (v;) =
deg(e;,C"[v;]) for all 1 < i < k. It is easy to see that the mapping h = h; U

.U hpU{(v,e)} is a ptgh from Ter[v] to Gz with h(v) = e. Moreover, combining
and it is also true that hy(v) = S(v,e). Hence, by Definition we have
S(v,e) € VI(e,C"[v]). Suppose, however, that S(v,e) < maxVZ(e,C"[v]). We show
that this is not the case by reaching a contradiction.

Having S(v, ) < max VI (e, C"[v]) implies the existence of ptgh h' from Tcr[v] to G
with h/(v) = e such that hl (v) > hy(v). Looking at h,, in Definition the fact that
h(v) = h/(v) implies that the difference must be on the values of hy,(v;) and hl,(v;).
More precisely, there must exist at least one successor v; of v such that hl,(v;) > hi, (v;).
Based on this, we distinguish two cases:

o W (v;) # hi(vy), ie., the ptgh h' maps v; to a different element in AZ. But, if
that were the case, then the application of the max operator in line [10] would have
chosen h/(v;) as the pairing for v;, instead of e;.

e h/(v;) = h(v;) = e;. This case would contradict the induction hypothesis, since
hiy(vi) > hi, (vi) would imply S(vi,e;) < deg” (ei, C"[vi]).

Hence, we obtain by contradiction that S(v,e) = max VZ(e, C"[v]) and consequently,
S(v,e) = deg*(e,C"[v]). Since S(vo,d) is a particular case, we thus have shown that
S(vo,d) = deg(d,CT). O

Missing proofs of Chapter

Proposition Let A be an ABozx. Then, A is consistent iff there exists a consistent
pre-processing A" of A.

Proof. (=) Let T be an interpretation such that Z = A. One can see that for any
assertion —C( ) that a rule is applicable to, if Z = —C( ) there is a way to apply
the rule such that Z also satisfies the newly introduced assertion. The case for —_3
is clear. For the rule —-n, if 7 = ~C(a) then there exists a conjunct C; such that
T k= —C;(a). This can be the non-deterministic choice made by the application of —_p.
Last, for assertions of the form —FE.; and —A the applicable rules are —_. and —_4,
respectively. Since =E ;s = FE,(.); and =A = Ay, we have that 7 satisfies F,(.); and
Acq.

Thus, since 7 satisfies every assertion in A we can conclude that there exists a pre-
processing A" of A such that Z = A'.

(<) This direction is trivial since A C A’ O

Lemma Let A be an ABox, T an interpretation satisfying A and A’ a pre-
processing of A such that T |= A'. Moreover, for all a € Ind(A), let Z, be a tree-shaped
interpretation satisfying the following:

o Zo = Ala),

o there exists a homomorphism ¢, from Gz, to Gz with (pa(aI“) =aZ.
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Last, let J be the following interpretation:

e AV = |y AT
a€lnd(A)

o A7 := |J Ale forall A€ N,
a€lnd(A)

o 77 = {(ale,bP) | r(a,b) e AJU | 1% for all v € Ng, and
a€lnd(A)

e a7 :=a’e, for all a € Ind(A).
where the sets ATa are pairwise disjoint. Then, J = A.

Proof. We start by considering the following mapping from V7 to Vr:

= U ¢a

a€lnd(A)

Since the sets AZe are pairwise disjoint, the mapping ¢* is unambiguous. Moreover, we
know that (af,b%) € rT for all r(a,b) € A, p4(ate) = a® and (%) = b%. Therefore,
(o*(ata), p*(b™)) € rT for all (a®e,b%) € r7. Consequently, it is clear that ¢* is a
homomorphism from Gz to Gz with p*(a”) = a? for all a € Ind(A).

We now show that J = A’. Since A C A, this will imply J E A. Recall that
r(a,b) € A" iff r(a,b) € A. By construction of J we have (a%e,b%) € r7 for all
r(a,b) € A, and a7 = a’e for all a € Ind(A). Hence, r(a,b) € A’ implies (a7 ,b7) € r7.
Thus, it remains to show that each concept assertion in A’ is satisfied by J.

We first prove that 7 = A", Let a € Ind(A) and C(a) € AF. From I, = A'(a)
we know that Z, = C(a) and aZe € C%=. Then, the application of Theorem [3.8] yields a
7-homomorphism ¢ from T to Gz, with ¢(vg) = a’e. We want to show that ¢ is also a
7-homomorphism from T@ to G 7. The construction of J indicates that Z, C 7. This
means that ¢ is a classical homomorphism from T to G 7, which means that Condition
in Definition is satisfied. Hence, it remains to show that the second condition is also
satisfied.

Since 7, is required to be tree-shaped, it is clear that ¢(v) = a’e only if v = vg. Let
veVr, and E; € Z\Té (v), we distinguish two cases:

e v = vg. By the relationship that exists between 7EL(m) concept descriptions
and T7EL(m) description trees (see Section 3.1), we have that E.; is a top-level
atom of C. Therefore, a’s € (E-;)% and a? € (E.;)%. Additionally, we have
that Z, C J and ¢* is homomorphism from G 7 to Gz with ¢*(a”) = a. Thus,
Lemma can be applied with respect to Z, and J (if ~ € {>,>}) or to J and
T (if ~ € {<,<}), to obtain a7 € (E;)7.

e v # vg. As said before, we have ¢(v) = e with e # a?e and e € Afe. Since Gz,
is a tree, the reachable elements from e in A7 through role relations are exactly
the same as in AZe. Then, it is easy to see that deg’(e, E) = deg” (e, E), and
e € (Ey)*e implies e € (Ey)Y
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Thus, ¢ is 7-homomorphism from Ty to Gz with ¢(vg) = a?. The application of
Theorem yields a7 € CY. Since we have chosen a and C (a) arbitrarily, we can
conclude that J = AT

We now turn into A~ i.e., we prove J = —C(a) for all assertions =C(a) € A’
The proof is very similar to the analogous case in Lemma [5.6] for the non-subsumption
problem. We use induction on the structure of C.

e C is of the form E.; or A. Then, rules —_. and —_4 are applicable, and its
application yields E,..(a) € A* and A_i(a) € At. Since ~E.; = E,(~y and
—A = A (see Propositions and respectively) and J = A, this means
that a7 ¢ c7.

e C is of the form 51 M...Mn CA'n By the definition of pre-processing, the rule —_n
must have been applied adding an assertion of the form ﬁé\'i(a) to A’ for some
i € {1,...,n}. The application of the induction hypothesis to @ yields that
JE ﬂa(a) and a7 ¢ (/C\,)J Thus, a7 ¢ C7 and J = —C(a).

e C is of the form 3r.D and (~3r.D)(a) € A’. Assume that (a7, d) € r7 for some
d € A7. We have two cases:

— d = b7 for some b € Ind(A). By construction of J we have r(a,b) € A.
Hence, the rule —_3 is applicable and its application adds ﬂﬁ(b) to A’. The
application of induction to D yields J = —D(b), and therefore b7 & DY .

—d # b7 for all b € Ind(A). Then, by construction of J we have d € Ale,
Since, (—=3r.D)(a) € A'(a) and I, = A'(a), it holds that d ¢ D%. Now,
suppose that d € D7, By Theorem there exists a 7-homomorphism ¢
from T to Gz with ¢(vg) = d. But, if that is the case, by the disjointness
assumptions made to build J and the fact that Gz, is a tree, we would have
that ¢ is also a 7-homomorphism from T’ to Gz,, contradicting the fact that

d ¢ D% Thus, d ¢ D7
Overall, we just have shown that for each r-successor d of a7 it is the case that
d ¢ DJ. Hence, a? ¢ (Ir.D)? and J = —~3r.D(a).
Thus, J = A'~ and consequently J = A’ O

Lemma Let A be a consistent single-element ABox and T an interpretation such
that T = A. In addition, let J be the bounded model of At obtained in Lemma with
respect to T. Then, there exists a tree-shaped interpretation K such that:

1. K= A,

s

2. there exists a homomorphism ¢ from Gx to G with ¢(a*) = a*, and

3. |AX| < |AT| x p, where:
1, if A= =1

b= [I s(D), otherwise.
~D(a) € A~
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Proof. We start by recalling some elements from the proof of Lemma [5.9] that are useful
to prove our claims.

e ¢ is a 7-homomorphism from G(A") to Gz with ¢(a) = aZ.
e ¢4 is a T-homomorphism from G(AT) to G with ¢iq(a) = a7 .
e ¢ is a homomorphism from G 7 to Gz with ¢(v) = ¢(v) for all v € V4.

e Since A contains only one individual name and no role assertions, this means that
G(A™) is a tree and by construction of J in Lemma G 7 is also a tree.

Let #(.A) denote the number of concept assertions occurring in .A. We prove our claim
by induction on the number #(A7).

Induction Base. #(A~) = 0. Then, we have that A~ = (). Therefore, A = A7 is
a TEL(deg) ABox. We choose K to be the interpretation J. Hence, we have J = A,
|A7| < |A7|, and as explained above G 7 is a tree. Finally, J interprets the individual
name a as a” = a, which means that p(a”) = a’ (see the mappings ¢ and ¢ above).

Thus, we have shown our claims for the chosen interpretation /C.

Induction Step. Assume that the claim holds for all consistent single-element ABoxes
B with 0 < #(B7) < k. Then, we show that it also holds for consistent single-element
ABoxes A with #(A7) = k.

As in the base case, we know that J = AT. However, J need not satisfy A~ since
the assertions from 4~ were not taken into account to obtain it. The idea for the rest
of the proof is to start with an ABox A reflecting the structure of 7. Then, we will
consider a pre-processing A’ of A7 U A~ guided by Z, and show how to use it to extend
J into an interpretation K satisfying our claims.

Let G 7 be the description graph associated to J (recall that it is a tree). The ABox
A is built as follows:

Az:= |J (Aoyu J (1.0}
beVy brceE s
AEEJ(b)

where Ind(A7) = A7 = V5.

We name the element a7 in J as a in the new ABox A 7. In addition, for all b €
Ind(Az) such that b # a, we make b7 = b. Then, since all the concept assertions in
A are of the form A(a) with A € N¢, it is easy to see that J = A7. We now extend
the interpretation Z to the individual names in A7 to make Z a model of A7, namely,
br = ¢(b7) for all b € Ind(Ay). Since p(a’) = a, this means that the element a”
does not change. Hence, ¢ is a homomorphism from G 7 to Gz with p(b7) = b* for all
b € Ind(Ay). Using ¢, from b7 € A7 we get b* € AZ for all A(b) € Az. Similarly, we
obtain (a?,b?) € 7% for all r(a,b) € A7. Thus, Z = Az and consequently Z = A7UA™.

By Remark there exists a pre-processing A" of A7 U A~ such that Z = A’
Additionally, we have that Ind(A7) = Ind(A’) (recall that Ind(A) = {a}). Based on A’,
our first goal is to find interpretations Z; for all b € Ind(Ay), such that Z, = A’(b) and
they can be combined using Lemma into a model of A7 U A™.
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For all individuals b € Ind(Ay), let A} be the following ABox:

A= | {Byu®u  |J  {~3rD0)}

Ey(mye(D)EA! —3r.D(b)e A’

Here, E,(.)(b) is an assertion that results from the application of rule —_. or rule
—-4. For the rule —_ 4, we also represent A<1 as E, .y, since it is obtained from —A
and A = A>q. Then, the ABox Ay is defined as:

Ay:=A,0 | {A®D)}
A(b)e A

The difference between A, and A’(b) is that A, does not contain assertions of the
form —C'(b) where C' is a conjunction or a threshold concept E.;. Let us now show that

#(Ay) < #(A7).
e J is tree-shaped and A7 = Ind(Az).

e Let a be the individual in A7 corresponding to the root of Ti7. If E, () (a) € A,
it must have been obtained by an application of —_. (—-4) to an assertion
of the form —E. (a) (—A(a)). Since a is the root element in the tree structure
of A7 U A7, such a negative assertion is either initially in A~ or results from
the application of -1 to -C (a) € A~. This last argument also applies to the
assertions ~3r.D(a) € A.. Since —_n can be applied only once to C(a), this
implies that #(A%) < #(A7).

e Taking a as the base case, the same can be shown for the rest of the individuals
using induction on the depthlﬂ of each node in V.

Once it is known that #(A}) < #(A7), we can then find the interpretations Z,. Let
B C Ind(Ay) be a set such that b € B if, and only if, Aj contains at least one assertion
of the form E, (.),(b). We distinguish two cases:

1. b € B. This means that #(A, ) < #(A~). Hence, we can apply induction to A,
to obtain a tree-shaped interpretation Z; and a homomorphism ¢, from Gz, to Gz
such that: 7, = Ay and @y (b%) = b7.

2. b ¢ B. Consider the single-pointed interpretation Z, = ({b},.%¢) that is the re-
striction of 7 to {b}. The ABox A, contains only assertions of the form —3r.D(b)
or assertions from Ay. Since J | Ay, it is clear that Z, = A, and ¢, with
op(b?*) = b is a homomorphism from Gz, to G7.

To fulfill our intermediate goal it remains to show Z; also satisfies the rest of the
assertions in A’(b). For assertions of the form —FE._;(b) and —A(b), the application of
the rules —-. and —-4 ensures that E,.).(b) and A<1(b) are in A;. Since T = Ay,

~Et = Ey (v and =A = Ay, it follows that Z;, |= = E.(b) and 7, = = A(b). The other

!The depth of a node in a tree is the length of the path from the root of the tree to the node. The
root of the tree has depth 0.
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case corresponds to -C (b) € A" where C is of the form C;M...MC,. By the application
of the rule —_n we know that there is some @ such that —@i(b) e A’. Since —@i is of
one of the previously considered forms, it then holds that Z; = ~C (b).

Altogether, we have shown that Z, = A’(b) for all b € Ind(A 7). Therefore, considering
the sets At pairwise disjoint, we can apply Lemma to Ay U A~ to obtain an
interpretation K such that £ = Az U A7. Thus, it remains to show that K is a
model of AT as well. Note that K is the result of extending the base interpretation J
satisfying A", by attaching to it the interpretations Z,. This means that ¢;q is also a
classical homomorphism from G(A*1) to Gx with ¢ig(a) = a7. To see that it is also a
7-homomorphism we observe the following.

e 7 CK.

e The homomorphism ¢* from G to Gz constructed in Lemma [5.15]is such that,
©*(b) = pp(b) = bT for all b € A7. Moreover, b was defined as p(b”) and b7 = b.
Hence, ¢*(b) = p(b) for all b € A7.

e By construction of J in Lemma we know that G(A") is a subgraph of Gz
and p(v) = ¢(v) for all v € V4+. Hence, ¢* is a homomorphism from G to Gz
such that ¢*(v) = ¢(v) for all v € Vy+.

Hence, similar to the way it is done for Zy and its extension J in Lemma|@7 we can
use the monotonicity property of deg introduced in Lemma to show that ¢;; is a
7-homomorphism from G(AT) to Gx with ¢;4(a) = a7. Thus, since a7 = aX we can
apply Theorem to obtain K = AT,

Next, to see that K is tree-shaped, note that J and all the interpretations Z; are tree-
shaped. Consequently, since Gz corresponds to the structure of A7, the construction
in Lemma, yields a tree-shaped interpretation K.

Last, let us look at the size of K. If b ¢ B we have |AZ%| = 1, otherwise 7 is obtained
by the application of the induction hypothesis to Ap. Let J, be the bounded model for
A; constructed in Lemma Then,

A <A%< ] s(D) (A1)
-D(b) € A,

A closer look at A;" shows that it only contains assertions of the form B, (~):(b), or A(b)
with A(b) € A7 and A € N¢. Furthermore, it contains exactly one individual name and
no role assertions. Hence, the construction of Jj, in Lemma [5.9] yields:

AT < YT (B
B (2 (b) € AF

Now, s(Ey(vy) > 1 allows to transform this inequality into the following one:

A% < ] By (A.2)
Ey (i (b) €A,
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The ABox Aj is included in the pre-processing A" of A7 U A~. Consequently, for all
assertions —Elr.ﬁ(b) € A, , the concept Disa sub-description of a concept C such that
-C (a) € A”. In addition, each threshold concept E, .y € A is the result of applying
the rule —_. to a concept —=FE.;. Again, E.; has to be a sub-description of a concept
C such that —@(a) € A-. Since Gz is a tree, each concept assertion ﬁé(a) e A
contributes with at most one of these concepts to Aj. We have shown above that

#(A}) < #(A7). Therefore, the combination of (A.1]) and (A.2)) yields:
Ak < [ s©

-C(a) € A-
Finally, since |AY| = |Ind(A7)]|, the construction of AX yields:

A < Y AR < (AT xp
belnd(Ay) ]

Missing proofs of Chapter [0
Lemma A.2. Let T be an acyclic EL TBoz in normal form. Then, for all o € def(T)

the number of sub-descriptions of ur(«) is at most s(T).

Proof. Recall the definition of sub(C) in Definition Let sub™(C) C sub(C) be the
following set:

{C} if C =T or C € Nc,
sub®(C) := < {C} Usub*(C1) Usub*(Cy) if C is of the form Cy M Oy,
{3r.D} if C is of the form 3r.D.

Furthermore, for all « = C, € T, let —1(a) denotes the set of defined concepts in T
that o depends on, i.e.:

—H(a):={B| B € def(T) and a =7 3}

We prove the following claim about the set sub(ur(a)):

sub(ur(a)) = sub®(ur(Cy)) U U sub®(u7(Cps)) (A.3)
ﬁiCBET
Be=*(a)

The proof is by well-founded induction on the partial order < induced by —* on
def(T). Let « = C, € T, due to the normal form of 7 the concept C,, has the following
structure:

P1[—|...Pq|—]E|T1.ﬁ1|—]...|_|E|Tn.,3n

The unfolding of o with respect to T is the following concept description:

ur(a) = PN Py 3riur(Br) M. 1 3rp.ur(Bn)
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By the definitions of sub and sub®, we can express the set sub(uy(«)) as follows:

n

sub(ur(a)) = sub™(ur(Cy)) U U sub(ur(5i)) (A.4)

=1

Now, the application of the induction hypothesis to each 8; (1 < i < n) yields:

sub(ur(f;)) = sub™(ur(Cp)) U )  sub*(ur(Cp))
B=CseT
Be—=1(6i)

Hence, substituting the previous equality in (A.4)) we obtain the following one:

sub(ur(a)) = sub*( U [sub ur(Cg)) U | sub*(ur(Cp))
i=1 B=CseT
Be—=1(8:)

Finally, since =+ (a) = | ({51} U —>+(ﬁ,~)), it is clear that the set defined by the
i=1

big union in the previous eq_uality is equal to the one represented by the big union in

(A.3). Thus, our claim in (A.3)) is true.

According to the definition of sub*, for a top-level atom 3r;.5; of C,, the set of concepts
sub®(3r;.ur(B;)) corresponds to {Ir;.us(B;)}. Hence, it is not hard to see that for all
a = Cy €7 it holds:

|sub™(ur(Ca))| < s(Ca)

Thus, using (A.3) we can conclude that |sub(uy(a))| < s(7) for all « € def(7). O

Now, since sub(E.;) is equal to {E.;}, the previous result also applies to acyclic
TEL(deg) TBoxes.

Corollary A.3. Let T be an acyclic TEL(deg) TBoz in normal form. Then, for all
a € def(T) it holds: R

|sub(uz(a))| < s(T)
Missing proofs of Chapter [7]

Lemma Let n > 0 be a natural number. Then,

1. for all sets S of P,-assignments that are canonical for P,, there exists Dg € D,
such that S and Dg are corresponding, and

2. for all D € ®,,, exists a set Sp of P,-assignments that is canonical for P, such
that Sp and D are corresponding.

Proof. We prove the claim by induction on the number n. We start by considering two
base cases:
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e n = 1. The prefix P; corresponds to dx;. Therefore, there are only two sets
of Pj-assignments that are canonical for P;. Namely, Sy = {{t(z1) = true}}
and Spse = {{t(x1) = false}}. Now, the string D; is of the form Ir.X? (recall its
definition in (7.2))). Hence, the instances Oyye[D1] and Oz5¢[D1] where Qye (X7) =
A and 9false(X) = T, are corresponding concepts in ®1 for Siye and Spyse,
respectively.

e n = 2. The prefix P» is of the form Jx1.Vzs. In this case there are also two sets of
Ps-assignments that are canonical for P,, but they are of the following form:

Strue = {{t1(x1) = true, t1(x2) = false}, {ta(x1) = true, ta(x2) = true}}
Staise = {{t1(x1) = false, t1(x2) = false}, {t2(x1) = false, to(x2) = true}}

The string Dy is of the form 3r.(X) M 3r.AM3s.T). Thus, Oye[Do] and Ofaise (Do)
are also corresponding concepts in Do for Syye and Spyse, respectively.

Notice, that in both cases the selected concepts from D; and Dy are actually the only
concepts contained in those sets. Therefore, the statement 2.) also holds for both base
cases.

Induction Step. Let us assume that the claim holds for all natural numbers smaller
than n. We show that it also holds for all n > 2.

1.) Let S be a set of P,-assignments that is canonical for P,. Since P, is of the
form 3z;.P’, by definition of canonical we have that the set S = {{|(z, . 4. | t € S}
is canonical for P’. Moreover, P’ is of the form Vxs.P”, and P” is not empty because
n > 2. Hence, there exist two sets Sye and Spyse that are canonicals for P” of the
following form:

Strue = {Y{zg,...n1 | t € 5" and t(z2) = true}

Stalse = {t|{x3,...,zn} | te S’ and t(xo) = false}

Note that P” is actually the prefix P, o when shifting the indexes of the variables
{zs,...,xy} to {z1,...,xy—2}. Therefore, we can apply the induction hypothesis to
obtain two concept descriptions Dg, and Dg, in ®,_9 such that they are corresponding
concepts for Syye and Spyse, respectively. We now use these two concepts to construct
a corresponding concept for S. Let us start by observing the following facts about Dg,
and Dyg,.

e There are mappings 01,02 € X,,_o such that 6,[D,,_2] = Dg, and 02[D,,_2] = Dg,.

e For all i such that 1 < 2i+1 < n—2, D,,_ contains 2¢ variables ng‘+17 . ,X;;:ll

e D, o can be transformed into the strings Elr.Dg and EIr.D% that are used to con-
struct the string D,,, by renaming its variables. We define two renamings r; and
ro as follows. For all i > 0 and all j such that 1 <2i+1<n—2and 0<j < 2

)= XI. and ro(XI )= X2t
: 2i+3 2\A2i41/ - 2i+3

1 (X%H-l

It is not hard to see that applying r1 (r2) to D,_2 yields the string Jr.D§ (3r.D3).
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Based on r; and ry, we define the mapping 0 : X,, — {T, A} as:
6 :=r1(61) Ura(f2) U{(X?, M)}

where r1(01) and r2(62) stands for the renaming of the variables in the domain sets of
01 and 02, and A = A if x; is mapped to true or T otherwise (recall that z; is mapped
to the same truth value by all the assignments in S). Hence, 6 € X,, and 0[D,] has the
following description tree:

Tps,

{

r

{A}

Tpg,

We now show that 6[D,,] and S are corresponding.

e Let t by an assignment in S. If t(z2) = true, then the restriction tyue 1= {|{z,,.. 2.}
of t is obviously an assignment in Sy.. By induction hypothesis, there is a cor-
responding path of the form {}rm in Tpg, for tiue. Since Dg, = 01 [Dy,—2], by
construction of # the following is a path in Typ,:

r r

vo : {}

{A} {A} m

Hence, taking into account the way A has been selected and the fact that t(z2) =
true, this is clearly a corresponding path for t. The case where t(z2) = false can
be handled symmetrically.

e Conversely, let 7 be a path in Tj(p,]. Again, we can consider one of two symmetric
cases. For example,

r

s r

vo : {} {A} {} u

By construction of 0[Dy], {}rn’ is a path in Tp, . Again, by induction hypothesis
there is an assignment t' € Sf5. such that {}rn" and t’ are corresponding. Let t be
the truth value of 21 in S, we build a P,-assignment t as t' U {(x2, false), (z1,t)}.
Obviously, t € S, and moreover t and 7 are corresponding.

Thus, we have shown that S and 0[D,,] are corresponding, and consequently our first
claim is true. Regarding our second claim, a similar line of reasoning as the one just used
can be applied. Basically, we start with a concept 8[D,,] € ©,,, the mapping 6 yields two
mappings 61,02 € X,,_o, and then the induction hypothesis can be applied to obtain two
P, _s-assignments Sy and Spqse with similar properties as the ones discussed above.
From them, one can obtain a P,-assignment S such that it is canonical for P,, and S
and 0[D,] are corresponding. O
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