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Abstract  
The dissociative mechanism of nickel in silicon has been studied experimentally, 

assuming the near equilibrium represented by eq
s

eq
V

eq
isVi // CCCCCC = , where subscripts i, 

V, and s represent interstitial nickel atoms, vacancies, and substitutional nickel atoms, 
respectively, superscript eq represents the thermal equilibrium, and AC  is the concentration 
of component A. However, the assumption of the near equilibrium has not yet been verified 
experimentally, because it is difficult to measure VC  in silicon. In the present work, the 
simultaneous diffusion equations of the dissociative mechanism of nickel in silicon are solved 
numerically by double-precision FORTRAN without assuming the near equilibrium under the 
condition of in-diffusion of nickel into a silicon specimen, and the establishment of the near 
equilibrium is verified. It is also clarified that the near equilibrium is a transitional process 
which continues until the thermal equilibrium is reached. After the near equilibrium is 
reached, the very small difference of two nearly equal terms is an important factor in solving 
the diffusion equations. In other words, high accuracy is necessary to solve the diffusion 
equations. Concerning this, it is verified that the accuracy of double-precision FORTRAN is 
sufficiently high to solve the diffusion equations in the present work. 
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1. Introduction 
In 1964, Yoshida and Furusho [1] studied the diffusion of nickel in silicon at 

750~1200 Co  and concluded that most of the nickel atoms are located at the interstitial sites. 
In 1967, Yoshida and Saito [2] further studied the nickel diffusion and concluded that about 
one thousandth of the total number of nickel atoms are electrically active and are located at 
the substitutional sites, and that nickel diffuses dissociatively. In 1982, Kitagawa et al. [3] 
reaffirmed experimentally the dissociative mechanism of nickel in silicon.  

The dissociative mechanism was first proposed by Frank and Turnbull [4] in 1956 for the 
diffusion of copper in germanium. They also proposed eq

s
eq
V

eq
isVi // CCCCCC = , where 

subscripts i, V, and s represent interstitial impurity atoms, vacancies, and substitutional 
impurity atoms, respectively, superscript eq represents the thermal equilibrium, and AC  is 
the concentration of component A. Penning [5] reported that, if this equation is satisfied, the 
quasi equilibrium is established in the reaction among interstitial copper atoms, vacancies, 
and substitutional copper atoms. 

It is interesting to see that several different terms are adopted by several researchers in 
place of quasi equilibrium. Goesele et al. [6] and Goesele et al. [7] proposed the kick-out 
mechanism for the diffusion of gold in silicon and assumed that the local equilibrium 
represented by eq

i
eq
s

eq
IisI // CCCCCC =  is established, where subscript I represents 

self-interstitials. In silicon, both vacancies and self-interstitials coexist in the thermally stable  
state. Concerning this, Goesele et al. [8] reported that the model of Sirtl [9] implies the 
establishment of the local equilibrium in the reaction of the Frenkel defect formation, which is 
represented by eq

V
eq
IVI CCCC = . The relation, eq

V
eq
IVI CCCC = , was termed the local 

dynamical equilibrium by Tan et al. [10] and the near equilibrium by Dunham. [11] In the 
present work, the dissociative mechanism of nickel in silicon is studied and the term of near 
equilibrium is adopted following Dunham, as shown in the title of the present work. The 
reason for this is described in Section 3. 

In ref. 2, implicitly assuming the near equilibrium represented by 
eq
s

eq
V

eq
isVi // CCCCCC = , the diffusion of nickel in silicon was studied and it was concluded 

that nickel diffuses dissociatively. However, the assumption of the near equilibrium was not 
verified experimentally, because it is difficult to measure the concentration of vacancies in 
silicon. 

In the present work, the simultaneous diffusion equations of the dissociative mechanism 
of nickel in silicon are solved numerically by double-precision FORTRAN without assuming 
the near equilibrium under the condition of in-diffusion of nickel into a silicon specimen. The 
present work has two purposes. Purpose 1 is to obtain the relation between the value of the 
factor for the dissociative mechanism, dα  of eq. (3), and the time at which the near 
equilibrium is reached. Note that in the study for Purpose 1, the role of near equilibrium in the 
process of diffusion is clarified. Purpose 2 is to quantitatively investigate the relation between 
the near equilibrium and the diffusion equation of substitutional nickel atoms from a 
viewpoint of accuracy of calculation. 

Although Morooka and Yoshida [12] and Kitagawa and Yoshida [13] solved the 
simultaneous diffusion equations of the dissociative mechanism, the kick-out mechanism, and 
the Frenkel defect formation without assuming the near equilibrium of these reactions, they 
did not study the near equilibrium in detail.  
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2. Diffusion Equations without Assuming Near Equilibrium 
The dissociative mechanism of nickel in silicon is expressed by the chemical reaction, 
 

        sub Ni ⎯⎯ ⎯← ⎯⎯ →⎯
b
dis

f
dis

k

k
 int Ni + V.                                     (1) 

 
In the present work, only the in-diffusion of nickel into a silicon specimen is studied. 
Therefore, only the sinks and sources of vacancies are taken into account, and we have  
         

            V ⎯⎯ ⎯← ⎯⎯ →⎯
Vg

V

k

k
 sinks and sources.                                  (2)              

 
It is assumed that the sinks and sources of vacancies are dislocations.  

In reactions (1) and (2), f
disk , b

disk , Vk , and Vgk  are the respective rate constants.  
We have [14]  

 
            ),(4 ViiVd

b
dis DDrk += πα                                       (3) 

          

            
)/ln(

2

0d

Vd
V rr

Dn
k

π
= .                                              (4) 

 
In eq. (3), dα  is a factor for the dissociative mechanism described in Section 1, iVr  is the 
shortest distance for the recombination of an interstitial nickel atom and a vacancy, and AD  
is the diffusion coefficient of component A. On the basis of the definitions of dα  and iVr , 

iVdrα  is defined as the effective distance for the recombination of an interstitial nickel atom 
and a vacancy. In eq. (4), dn  is the dislocation density, dr  is half of the mean distance of 
two adjacent dislocation lines, given by  
 
             dd /1 nr π= ,                                               (5) 
 
and 0r  is the shortest distance from a dislocation for the capture of a vacancy by a 
dislocation. 

The overall reaction rates of reactions (1) and (2), disR  and VR , are given by 
 
            Vi

b
diss

f
disdis CCkCkR −= ,                                       (6) 

 
            VgVVV kCkR −= .                                            (7) 
  
At the thermal equilibrium, we have 
 
            0eq

V
eq
i

b
dis

eq
s

f
disdis =−= CCkCkR ,                                 (8) 
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           0Vg
eq
VVV =−= kCkR ,                                       (9) 

       
resulting in 

            
eq
s

eq
V

eq
ib

dis
f
dis C

CC
kk = ,                                         (10) 

 
            eq

VVVg Ckk = .                                              (11) 
 
From eqs. (7) and (11), we obtain 
 
            )( eq

VVVV CCkR −= .                                        (12) 
 

On the basis of reactions (1) and (2), or eqs. (6) and (12), the diffusion equations of 
substitutional nickel atoms, interstitial nickel atoms, and vacancies are given by 
 

            disVi
b
diss

f
dis

s RCCkCk
t

C
−=+−=

∂
∂

,                             (13) 

 

            Vi
b
diss

f
dis2

i
2

i
i CCkCk

x
C

D
t

C
−+

∂

∂
=

∂
∂

,                            (14) 

 

            )( V
eq
VVVi

b
diss

f
dis2

V
2

V
V CCkCCkCk

x
C

D
t

C
−+−+

∂

∂
=

∂
∂

.            (15) 

 
For the in-diffusion of nickel into a silicon specimen of thickness L, eqs. (13)-(15) are solved 
under the conditions of 
 
            0Vis === CCC     at Lx <<0   and 0=t ,                  (16) 
             
            eq

ss CC = , eq
ii CC = , eq

VV CC =     at 0=x  and L  and 0≥t .    (17) 
 
3. Diffusion Equation under Assumption of Near Equilibrium 

From eqs. (13) and (15), we obtain 
 

           )()( V
eq
VV2

V
2

VVs CCk
x
C

DCC
t

−+
∂

∂
=+

∂
∂ .                       (18) 

 
Equation (18) has two unknowns, sC  and VC . Therefore, one more equation composed of 

sC  and VC  is necessary to solve eq. (18). For this purpose, reaction (1) is assumed to be in 
the near equilibrium, and we have from eq. (6) 
 
            0Vi

b
diss

f
disdis ≈−= CCkCkR .                                  (19)            

 
© 2009, M. Yoshida
Diffusion Fundamentals 9 (2008) 4.1 - 4.16



 

 5

Because 0dis ≈R  is not suitable for mathematical treatment, disR  of eq. (6) is assumed to 
be 0dis =R , and we have from eqs. (6) and (10) 
          

eq
s

eq
V

eq
i

s

Vi

C
CC

C
CC

= .                                         (20) 

 
0dis ≈R  of eq. (19) is the reason why the term of near equilibrium is adopted in the present 

work. Exactly speaking, 0dis =R  is satisfied only in the case of eq. (8). It is also assumed 
that interstitial nickel is in the thermal equilibrium, or 
 

eq
ii CC = .                                                (21)      

 
From eqs. (20) and (21), we obtain 
 

             
eq
s

eq
V

sV C
C

CC = .                                             (22)       

 
Substitution of eq. (22) into eq. (18) yields 
 

           )( s
eq
sVdis2

s
2

Vdis
s CCk

x
C

D
t

C
−+

∂

∂
=

∂
∂

,                             (23) 

 

            
eq
s

eq
V

eq
V

VVdis CC
C

DD
+

= ,                                       (24)      

 

            
eq
s

eq
V

eq
V

VVdis CC
C

kk
+

= .                                        (25) 

 
Equation (23) is solved under the conditions of    
 
            0s =C     at Lx <<0   and 0=t ,                           (26) 
             
            eq

ss CC =     at 0=x  and L  and 0≥t .                       (27) 
 
4. Solution of Diffusion Equation under Assumption of Near Equilibrium 

Defining mς  and mξ  by    
 

            
tD

xmL
m

Vdis2
+

=ς ,                                             (28) 
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tD
xLm

m
Vdis2
)1( −+

=ξ ,                                           (29) 

  
the solution of eq. (23) under the conditions of eqs. (26) and (27) is given by 
 

     ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−−−−= ∑

∞

=0
Vdiseq

s

s )]erfc()[erfc()1(1)exp(1
m

mm
mtk

C
C

ξς .            (30) 

  
From eq. (30),  
 

     ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−−−=

∂
∂

∑
∞

=0
VdisVdis

s
eq
s

)]erfc()[erfc()1(1)exp(1
m

mm
mtkk

t
C

C
ξς               

 

          { }∑
∞

=
−−++−+−

−
+

0

22

3
Vdis

Vdis )exp(])1[()exp(][)1(
2

)exp(

m
mm

m xLmxmL
tD

tk
ξς

π
.   (31) 

  
Equation (31) is used for Purpose 2. 

Tanaka and Kitagawa [15] obtained the diffusion profiles of substitutional nickel in 
silicon, using phosphorus-doped, n-type, dislocation-free FZ silicon. In their experiment, the 
thickness of specimen is 15.0=L cm, and the diffusion temperature is C980 o . The 
diffusion profiles of substitutional nickel at diffusion times of s100.6 2×=t , s108.1 3× , 
and s102.7 3×  are shown in Fig. 1.  

These experimental profiles are used for simulation by eq. (30) to determine the values 
of the constants in Section 2. Although dislocation-free silicon was used in the experiment, it 
was found that the sinks and sources of vacancies in the bulk are necessary for the simulation. 
Therefore, they are assumed to be dislocations with a dislocation density of dn . 

From eq. (5) of ref. 2, 13eq
s 1039.3 ×=C 3cm−  is obtained. From eq. (22) of Yoshida[16] 

in the study of phosphorus diffusion in silicon, 5
V

1070.1 −×=−D 12scm −  is obtained. For 

the simulation, 313eq
s cm1040.3 −×=C , 125

V scm1070.1 −−×=D ,  310eq
V cm1000.7 −×=C , 

and 23
d cm1000.3 −×=n  are adopted. Note that 116eq

VV scm1019.1 −−×=CD  is obtained 

from the values described above and also from eq. (11) of ref. 2. 8
0iV 1035.2 −×== rr cm are 

determined from the distance between nearest-neighbor atoms in the silicon lattice. Using 
these  values, sC  of eq. (30) at s100.6 2×=t , s108.1 3× , and s102.7 3×  are shown in 
Fig. 1 for the simulation. It is seen in Fig. 1 that the simulation is good. The three different 
lines for 010=α , 610− , and 710−  in Fig. 1 are explained in Section 6.  

Although eq
iC  and iD  are not included in eq. (30), they are included in Section 2. 

Therefore, their values are obtained in this section. We have from Fig. 2 of ref. 1 
 
 326eq

i cm)/33.2exp(1020.6 −−×= kTC  (T in K)  at 750922 ≥≥ T Co ,     (32) 
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Fig. 1. Experimental profiles of sC  at 980 Co  
and their simulation. The main parameter is the 
diffusion time, s,100.6 2×=t  s,108.1 3×  and 

.s102.7 3× The specimen thickness is 
.cm15.0=L  For the simulation, sC  of eq. 

(30) and the general solutions of sC  for 

,100
d =α  ,10 6−  and 710−  are shown. 
 
   

(10-2 cm)

s  
(c

m
-3

 )

6.0   102

6.0   102

1.8   103

1.8   103

7.2   103

7.2   103x

x

x

x

x

x

x

C

eq. (30)
d=100α

αd=10-7

0 2 4 6 7.5
1012

1013

1014

d=10-6α s
s
s

s

s

s

)/98.0exp(1026.1 21eq
i kTC −×=  3cm−  (T in K)  at 9221100 ≥≥ T Co ,    (33) 

 
where k is the Boltzmann constant in eV/K and T is the temperature. At 1100>T Co , it is 
difficult to express eq

iC  by a formula. Therefore, eq
iC  at 1100>T Co  is not shown. 

Although eqs. (32) and (33) were shown in ref. 13, they were misprinted. Therefore, the 
corrected formulas are shown in eqs. (32) and (33). From eq. (33), 17eq

i 1044.1 ×=C 3cm−  is 

obtained. From ref. 1, we have 4
i 1000.1 −×=D 12scm − . These values are adopted for the 

simulation.  
The values of the constants determined in this section are listed in Table I, together with 

L. The value of eq
s

eq
V

eq
i / CCC , which is used to obtain Normalized sVi / CCC  of eq. (41), is 

also listed in Table I. For the value of dα  of eq. (3), refer to Section 6.  
 
 

Table I. Values of constants.  
eq
sC  

( 3cm− ) 

eq
iC  

( 3cm− ) 

eq
VC  

( 3cm− ) 

eq
s

eq
V

eq
i / CCC

( 3cm− ) 

iD  
( 12scm − ) 

VD  

( 12scm − ) 
131040.3 ×  171044.1 ×  101000.7 × 141096.2 ×  41000.1 −× 51070.1 −×  

 
dn  

( 2cm− ) 
iVr  

(cm)  
0r  

(cm)  
L  

(cm)  
31000.3 ×  81035.2 −×  81035.2 −× 11050.1 −×
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5. Single Diffusion of Interstitial Nickel Atoms and Vacancies 
Diffusion equations for the single diffusion of interstitial nickel atoms and vacancies are 

given by 
 

            
2

i
2

i
i

x
C

D
t

C
∂

∂
=

∂
∂

,                                             (34) 

 

            )( V
eq
VV2

V
2

V
V CCk

x
C

D
t

C
−+

∂

∂
=

∂
∂

.                              (35) 

  
Equations (34) and (35) are solved under the conditions of 
 
            0Vi == CC     at Lx <<0   and 0=t ,                       (36) 
             
            eq

ii CC = , eq
VV CC =     at 0=x  and L  and 0≥t .              (37) 

 
Solutions are 
 

   ∑
∞

= ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −+
+

+
−=

0 ii
eq
i

i )
2

)1(erfc()
2

erfc()1(
m

m

tD
xLm

tD
xmL

C
C

.                  (38) 

 

 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −+
+

+
−−−−= ∑

∞

=0 VV
Veq

V

V )
2

)1(erfc()
2

erfc()1(1)exp(1
m

m

tD
xLm

tD
xmLtk

C
C

.   (39) 

 
6. Numerical Solutions of Diffusion Equations without Assuming 
 Near Equilibrium 

Equations (13)-(15) are solved numerically by double-precision FORTRAN under the 
conditions of eqs. (16) and (17), applying the Crank-Nicolson implicit method and the 
Gauss-Seidel iterative method [17] and adopting the values listed in Table I.  For dα  of  
eq. (3), we have  

 
        n10d =α ,                                                   (40) 
 

where n  is an integer from 0 to -12. Hereafter, the solutions of sC , iC , and VC  thus 
obtained are termed the general solutions of sC , iC , and VC , and in this section, for 
simplicity, they are termed only sC , iC , and VC . Note that sC  obtained from eq. (30), for 
example, is termed sC  of eq. (30). 

It was found that at 210≥t s, sC  for dα  from 010  to 510−  are nearly equal to sC  

of eq. (30). Therefore, sC  for 0
d 10=α  is shown in Fig. 1. It was also found that sC  for 

6
d 10−=α   at 2100.6 ×=t s  and sC  for 7

d 10−=α  at s100.6 2×=t , s108.1 3× , and 
3102.7 × s deviate slightly from sC  of eq. (30). Therefore, they are shown in Fig. 1. Because 
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(s)

s  
(c

m
-3

)

10-10
10-8

10-7

10-6

100

10-11

10-12

eq. (30)

t

C
10-9

x   L= /2

10-1 100 101 102 103 104 105108

109

1010

1011

1012

1013

1014

10-1 100 101 102 103 104 105

1018

1017

1016

1015

1014

1013

1012

(s)

i  
(c

m
-3

)

x   L= /2

eq. (38)
αd=100

C

t
10-1 100 101 102 103 104 105

t (s)

1011

1010

109

108

107

106

105

C V
  (

cm
-3

)

eq. (39)

100
10-4

10-6

10-8

10-12

10-7

x   L= /2

Fig. 3. Time dependences of iC  of eq. (38) 

and general solution of iC  for 0
d 10=α  at 

2/Lx =  

Fig. 4. Time dependences of VC  of eq. (39) 
and general solution of VC  at 2/Lx = . The 
parameter is dα . 

sC  for 8
d 10−≤α  deviate considerably from sC  of eq. (30), they are not shown in Fig. 1.  

To investigate the deviation of sC  from sC  of eq. (30) with the decrease in dα , the 

time dependences of sC  of eq. (30) and sC  for 0
d 10=α  and 610−≤  at 2/Lx =  are 

shown in Fig. 2. It is seen that sC  for 8
d 10−≤α  deviate clearly from sC  of eq. (30) and 

that sC  for 9
d 10−≤α  decrease almost proportionally to dα  with the decrease in dα . 

Figure 3 shows the time dependences of iC  of eq. (38) and iC  for 0
d 10=α  at 

2/Lx = . It is seen that they are nearly equal. Because the time dependences of iC  for dα  

from 010  to 1210−  at 2/Lx =  are nearly equal,  only that for 0
d 10=α  is shown. These 

results show that the diffusion of interstitial 
nickel atoms is not affected by the dissociative 
mechanism. 

Figure 4 shows the time dependences of 
VC  of eq. (39) and VC  for several values of 

dα  at 2/Lx = . It is seen that at 0102×>t s, 

VC  for 0
d 10=α  deviates considerably from 

VC  of eq. (39). After this time, the deviation 
from VC  of eq. (39) gradually decreases with 

the decrease in dα , and VC  for 12
d 10−=α  

is nearly equal to VC  of eq. (39). This means 
that the effect of the dissociative mechanism 
on the diffusion of vacancies disappears at 

12
d 10−=α .  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                          

 
 
 

 

Fig. 2. Time dependences of sC  of eq. (30) 
and general solution of sC  at 2/Lx = . The 
parameter is dα . 
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Yoshida [18] studied the criterions for the assumptions of the thermal equilibrium of 
interstitial impurity atoms and vacancies in the dissociative mechanism. He emphasized that 
the thermal equilibrium concentration, as well as the diffusion coefficient, is an important 
factor for the criterions. If the diffusion coefficient of interstitial impurity atoms is higher than 
that of vacancies and other factors are the same, interstitial impurity atoms reach the thermal 
equilibrium more rapidly than vacancies. [5] In the case of the in-diffusion of impurity atoms, 
if the thermal equilibrium concentration of interstitial impurity atoms is higher than that of 
vacancies and other factors are the same, the relative decrease in the concentration of 
interstitial impurity atoms caused by recombination with vacancies is smaller than that of 
vacancies, and interstitial impurity atoms reach the thermal equilibrium more rapidly than 
vacancies. On the basis of these criterions, if eq

VV
eq
ii CDCD >  is satisfied, interstitial 

impurity atoms reach the thermal equilibrium more rapidly than vacancies. From the values 
listed in Table I, this is satisfied, and iC  for 0

d 10=α  reaches the thermal equilibrium 

value more rapidly than VC  for 0
d 10=α , as seen in Figs. 3 and 4. 

 
7. Establishment of Near Equilibrium 

On the basis of eqs. (19) and (20), Normalized sVi / CCC  is defined as 
       

        Normalized sVi / CCC
s

f
dis

Vi
b
dis

Ck
CCk

=
eq
s

eq
V

eq
i

sVi

/
/

CCC
CCC

= .                (41)   

 
If Normalized 1/ sVi ≈CCC  is satisfied, that is, if eq. (19) is satisfied, the near equilibrium 
is established in the dissociative mechanism. 

Purpose 1 of the present work is to obtain the relation between the value of dα  and the 
time at which the near equilibrium is reached. Substituting the general solutions of sC , iC , 
and VC  into eq. (41), the time dependence of Normalized sVi / CCC  at 2/Lx =  is 

obtained and is shown in Fig. 5, where the parameter is n  of n10d =α  of eq. (40). When 

Normalized sVi / CCC  changes from 1.01 to 1.00 at nett =  with increasing t , net  is 

defined as the time at which the near equilibrium is reached.  net   is shown by a circle in 
Fig. 5 and is also listed in Table II as a function of dα . In the case of 0

d 10=α , the near 

equilibrium is reached at 1ne 105.5 −×=t s. Note that the effective distance for the 
recombination of an interstitial nickel atom and a vacancy defined in Section 2 is 

8
iVd 1035.2 −×=rα cm at 0

d 10=α . In the case of 8
d 10−≤α , the near equilibrium is not yet 

reached at 510=t s. Therefore, net  for 8
d 10−≤α  is not listed in Table II. 

To investigate the detail of how the near equilibrium is reached, the time dependences of 
the general solutions of sC , iC , and VC , and Normalized sVi / CCC  at 2/Lx =  and 

0
d 10=α  are listed in Table III. It is seen that, even if sC , iC , and VC  are much smaller 

than their thermal equilibrium values at 55.0=t s, the near equilibrium is reached. Although 
not listed in Table III, sC , iC , and VC  reach their thermal equilibrium values at 

s,101.1 5×=t  s,104.1 2×  and s,102.1 5×  respectively. The near equilibrium is a 
transitional process which continues until the thermal equilibrium is reached. This is the role 
© 2009, M. Yoshida
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10-1 100 101 102 103 104 105

10-1

100

101

102

103

104

(s)

x   L= /2

N
or

m
al

iz
ed

C
 C

   
C

i  
 V

/  
 s

t

10-2
t neαd =10n

0
-1

-1 -2 -3 -4 -5 -6 -7

-2
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Fig. 5. Time dependence of Normalized 

sVi / CCC  at 2/Lx = . The parameter is n  of 
n10d =α . net  is shown by a circle. 

of near equilibrium in the process of diffusion. Figure 5 and Table III show the transitional 
process described above.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table II. Relation between dα  and net  at 2/Lx = . 

dα  010  110−  210−  310−  
net  (s) 1105.5 −×  0108.1 ×  0106.3 ×  1102.2 ×  

   
dα  410−  510−  610−  710−  

net  (s) 2100.2 ×  3109.1 ×  4105.1 ×  4106.4 ×  
  
 

Table III. Time dependences of general solutions of sC , iC , and VC , and Normalized sVi / CCC   

at 2/Lx =  and 0
d 10=α .  

t  
(s) 

sC  

)(cm 3−  
iC  

)(cm 3−  
VC  

)(cm 3−  

Normalized 
sVi / CCC  

0.10  361003.2 −×    301074.3 −× 81072.1 ×  1.07 
0.50 11005.1 −×  41063.3 ×  81058.8 ×  1.01 
0.55 01032.1 ×  51017.4 ×  81043.9 ×  1.00 

010  51006.2 ×  101059.3 ×  91071.1 ×  1.00 
110  101062.1 ×  161069.2 ×  81079.1 ×  1.00 
210  111071.1 ×  171042.1 ×  81058.3 ×  1.00 
310  121068.1 ×  171044.1 ×  91046.3 ×  1.00 
410  131037.1 ×  171044.1 ×  101082.2 ×  1.00 
510  131039.3 ×  171044.1 ×  101099.6 ×  1.00 
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Fig. 6. Dependence of Normalized sVi / CCC  

on x  at 2100.6 ×=t s.  The parameter is 
dα . 
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It is seen in Fig. 1 that the general solutions of sC  for 6
d 10−=α  and 710−  at 

2100.6 ×=t s deviate from sC  of eq. (30). It is also seen in Fig. 5 that at 2/Lx =  and 
2100.6 ×=t s, the near equilibrium is not yet established in the case of 5

d 10−≤α . Therefore, 
it is expected that the deviation of the general solutions of sC  described above is caused by 
the nonestablishment of the near equilibrium. 
To verify this, Normalized sVi / CCC  for 

,100
d =α  ,10 6−  ,10 7−  and 810−  at 

2105.70 −×≤≤ x cm and 2100.6 ×=t s are 
shown in Fig. 6. In these ranges of x  and t ,  
we have Normalized  sVi / CCC 00.1≈  at 

dα  from 010  to 410−  and 02.1≈  at 
5

d 10−=α . Therefore, Normalized sVi / CCC  

for dα  from 110−  to 510−  are not shown in 
Fig. 6. Comparing Fig. 1 with Fig. 6, it is 
verified that the deviation of the general 
solutions of sC  from sC  of eq. (30) is 
caused by the nonestablishment of the near 
equilibrium. 

Next, we investigate the relation between eqs. (13) and (31) from the viewpoint of 
accuracy of calculation. This is Purpose 2. As described in Section 6, the simultaneous 
diffusion equations of eqs. (13)-(15) are solved numerically by double-precision FORTRAN. 
When the near equilibrium is established, we have  Vi

b
diss

f
dis CCkCk ≈  from eq. (19), and 

the very small difference, Vi
b
diss

f
dis CCkCk +− , gives disR−  and tC ∂∂ /s  of eq. (13). In 

Purpose 2, it is investigated whether or not the accuracy of disR−  of eq. (13) is sufficiently 
high for solving  eqs. (13)-(15). Note that under the assumption of near equilibrium, 

tC ∂∂ /s  is also given by eq. (31). 

For Purpose 2, s
f
disCk , Vi

b
dis CCk , disR− , and Normalized sVi / CCC  at 2/Lx =  and 

510=t s are listed in Table IV, where the parameter is dα . Because the numerical values of 

s
f
disCk  and Vi

b
dis CCk  for the same value of dα  are nearly equal, their numerical values 

have a space to obtain their difference, disR− , easily. At 0
d 10=α , s

f
disCk  and Vi

b
dis CCk  

are on the order of 1710  and their difference, disR− , is on the order of 610 . Therefore the 

numerical values of  s
f
disCk  and Vi

b
dis CCk  have the space after the first 11 digits.    

In Table IV, with the increase in dα ,  s
f
disCk  and Vi

b
dis CCk  increase almost 

proportionally to dα , but their difference, disR− , converges to a constant value of 
61089.3 × 13scm −− . Therefore, the highest accuracy is necessary at the largest value of dα , 

or at 0
d 10=α , to obtain a correct value of disR− . The increase in  s

f
disCk  and Vi

b
dis CCk  

described above will be discussed  in the final part of this section.  At 0
d 10=α ,  because  

Normalized sVi / CCC  is 1.00 and the near equilibrium is established, values of disR−  and 
© 2009, M. Yoshida
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tC ∂∂ /s  of eq. (13) and tC ∂∂ /s  of eq. (31) should be equal to each other. Although not 

listed in Table IV, we have 6
s 1089.3/ ×=∂∂ tC 13scm −−  of eq. (31), which is equal to 

disR−  and tC ∂∂ /s  of eq. (13) for 0
d 10=α . Therefore, the accuracy of calculation by 

double-precision FORTRAN is sufficiently high for the present work. This accuracy is 
verified in the appendix, too, in which the accuracy of a very small difference of two nearly 
equal terms is investigated directly.  

 
 

Table IV. Dependences of  s
f
disCk , Vi

b
dis CCk , disR− , and Normalized sVi / CCC  on dα  at 2/Lx =  and 

510=t s. Numerical values of s
f
disCk  and  Vi

b
dis CCk  have a space to obtain their difference, disR− , easily.       

 

dα  s
f
disCk   )s(cm 13 −−  

Vi
b
dis CCk   )s(cm 13 −−  

disR−  

)s(cm 13 −−  

Normalized 
sVi / CCC  

010   3.4767332005  4063 1710×  
 3.4767332005  7950 1710×  

3.89 610×  1.00 

110−  3.476733220  43444 1610×  
 3.476733220  82306 1610×  

3.89 610×  1.00 

210−  3.47673318  079489 1510×  
 3.47673318  468110 1510×  

3.89 610×  1.00 

310−  3.4767329  9456175 1410×  
3.4767330  3342484 1410×  

3.89 610×  1.00 

410−  3.476730  66849826 1310×  
3.476731  05725640 1310×  

3.89 610×  1.00 

510−   3.47670  753623606 1210×  
 3.47671  143646226 1210×  

3.90 610×  1.00 

610−   3.4764  7322707852 1110×  
 3.4765  1350514929 1110×  

4.03 610×  1.00 

710−   3.473  77561009421 1010×  
 3.474  31978460946 1010×  

5.44 610×  1.00 

810−  3.4  0452304940905 910×  
3.4  3477157514792 910×  

3.02 710×  1.01 

910−  2.02044231924644 810×  
3.26092120645935 810×  

1.24 810×  1.61 
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Fig. 7. Time dependences of tC ∂∂ /s  of 
eq. (31) and disR−  at 2/Lx = . The 
parameter is dα . 

To see the overall relation between disR−  
of eq. (13) and tC ∂∂ /s  of eq. (31), their 
time dependences at 2/Lx =  are shown in 
Fig. 7, where the parameter is dα . At 

210>t s, disR−  for 0
d 10=α  agrees well 

with tC ∂∂ /s  of eq. (31). Because disR−  

for dα  from 110−  to 510−   agree well with 

that for 0
d 10=α  at 210>t s, they are not 

shown. At 42 1010 ≤≤ t s, disR−  for 
9

d 10−≤α  decrease almost proportionally to 

dα . At 510=t s, disR−  increases with the 

decrease in dα  from 010  to 910−  then it 

decreases with the decrease in dα  from 910−  

to 1210− . The increase  in disR−  described 
above is also seen in Table IV.                                                     

As described before, s
f
disCk  and Vi

b
dis CCk  listed in Table IV increase almost 

proportionally to dα  with the increase in dα . Because the near equilibrium is established 

with the increase in dα , the values of sC  of s
f
disCk  in Table IV converge to a constant 

value given by eq. (30), resulting in a nearly constant value of ViCC  of eq. (20). As seen in 

eqs. (3) and (10), b
disk  and f

disk  are proportional to dα . Therefore, s
f
disCk  and Vi

b
dis CCk  

are almost proportional to dα . 
 
8. Conclusions 

In the experimental study of the dissociative mechanism of nickel in silicon, the near 
equilibrium is assumed. However, it is difficult to verify the near equilibrium experimentally.  

In the present work, the simultaneous diffusion equations of the dissociative mechanism 
of nickel in silicon are solved numerically by double-precision FORTRAN without assuming 
the  near equilibrium,  and the establishment of the near equilibrium is verified.  In the 
case  of   ,cm1040.3 313eq

s
−×=C    ,cm1044.1 317eq

i
−×=C    ,cm1000.7 310eq

V
−×=C  

,scm1000.1 124
i

−−×=D ,scm1070.1 125
V

−−×=D and 8
iVd 1035.2 −×=rα cm, the near 

equilibrium is reached at 1ne 105.5 −×=t s. It is clarified that the near equilibrium is a 
transitional process which continues until the thermal equilibrium is reached.  

After the near equilibrium is reached, the very small difference of two nearly equal terms 
is an important factor in solving the diffusion equations. In other words, high accuracy is 
necessary to solve the diffusion equations. It is verified that the accuracy of double-precision 
FORTRAN is sufficiently high in the case of the numerical values described above. 
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j  c  
g  

-9 1.414213  56237310 910−×

1.414213  63508698 910−×
-10 1.414213  56237310 1010−×

1.414213  19099777 1010−×
-11 1.4142  1356237310 1110−×

1.4142  2429322802 1110−×
-12 1.4142  1356237310 1210−×

1.4142  0208876752 1210−×
-13 1.414  21356237310 1310−×

1.414  42413337245 1310−×

Table IA⋅ .  Dependences  of c and  g on j of 
eq. )2(A⋅ . The numerical values of c and g have a 
space to see their difference easily. 

Appendix: Accuracy of Calculation 
The purpose of the appendix is to directly investigate the accuracy of the very small 

difference of two nearly equal terms in Table IV, which are obtained by double-precision 
FORTRAN. For this purpose, the following calculation is done. 

Mathematically we have 
 

caca =−+ )( .                                              )1(A⋅  
 

The following values are used, 
 

== 3a 1.73205080756888,  
 

== 2b 1.41421356237310,   
 

jbc 10×= ,                                                 )2(A⋅  
 
where j  is an integer. For the purpose of the appendix, f  and g  are defined as 
 

caf += ,                                                 )3(A⋅  
 

afg −= .                                                )4(A⋅  
 

c  of eq. )2(A⋅ , f  of eq. )3(A⋅ , and g  of eq. )4(A⋅  are calculated by 
double-precision FORTRAN. g  is then compared with c . Mathematically, g  should be 
equal to c . The difference of g  from c  is caused by an error in the numerical calculation. 

In the case of 0
d 10=α  in Table IV, 

we have 11
s

f
disdis 10/ −≈− CkR . This 

corresponds to 11−=j  of eq. )2(A⋅ .  
Therefore, c  and g  for j  from -9  
to -13 are listed in Table IA⋅ . Because 
the numerical values of c  and g  for 
the same value of j  are nearly equal, 
their numerical values have a space to see 
their difference easily. 

In Table IA⋅ , the first 5 digits of c  
and g  are equal at 11−=j , showing 
that the first 5 digits of g  are correct. 
Therefore, it is verified that the first 3 
digits of disR− 61089.3 ×= 13scm −−  are 
correct. Note that this value is given also 
by tC ∂∂ /s  of eq. (31), showing that 
this value is correct. 
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