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Chapter

Introduction

Let us consider a diffusion on a potential landscape which is given by a sufficiently
smooth Hamiltonian function H : R™ — R. We are interested in the regime of small
noise ¢. The generator of the diffusion has the following form

L=e¢A—VH-V. (1.1)

The associated Dirichlet form is given by

&)= [C-Lntan=c [ Ve (12)
The corresponding diffusion &; satisfies the stochastic differential equation

dé, = —VH(&) dt + v2e dB;, (1.3)

where B; is the Brownian motion on R". The last equation is also called over-damped
Langevin equation (cf. e.g. [LL10]). Under some growth assumption on H there exists an
equilibrium measure of the according stochastic process, which is called Gibbs measure
and is given by

pu(de) = Zlﬂ exp <— H i"”) dr  with 2, = / exp <—H§x)> dz. (1.4)

With the help of the Gibbs measure and the generator we can give an evolution equa-
tion for the density of the process given in (1.3). Therefore, let us assume that law (&)
is absolutely continuous w.rt. to p. Then, we can find a non-negative f, € L'(u)
with law (§y) = fou being the initial density of the process. We call fj the relative initial
density of . After time ¢ the density of &, is given by law(&;) = fiu. The relative den-
sity f; solves the evolution equation, also called Fokker-Planck equation (cf. e.g. [Oks03]
or [Sch10])

Ouft = Lfy =eAfy —VH-Vfy. (1.5)
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The solution f; can be expressed in terms of the semigroup (P;);>o generated by the
operator L. The semigroup is formally given by P, = e'l and satisfies the relations
Py =1d, fi = Pifoand Px ft = [ fo dp. The generator L and the semigroup are both
invariant and symmetric with respect to the Gibbs measure .

We are particularly interested in cases where H has several local minima. Then, the
process shows metastable behavior for small € in the sense that there exists a separa-
tion of scales. On the fast scale, the process converges quickly to a neighborhood of a
local minimum. On the slow scale, the process stays most of the time nearby a local
minimum for an exponentially long waiting time after which it eventually jumps to
another local minimum.

This behavior is well known in the context of chemical reactions. The exponential wait-
ing time follows Arrhenius’ law [Arr89] meaning that the mean exit time from one local
minimum of H to another one is exponentially large in the energy barrier between
them. By now, the Arrhenius law is well-understood even for non-gradient systems by
the Freidlin-Wentzell theory [FW98], which is based on large deviations.

A refinement of the Arrhenius law is the Eyring-Kramers formula which additionally
considers pre-exponential factors. The Eyring-Kramers formula for the Poincaré inequal-
ity goes back to Eyring [Eyr35] and Kramers [Kra40]. Both argue that also in high-
dimensional problems of chemical reactions most reactions are nearby a single trajec-
tory called reaction pathway. Evaluating the Hamiltonian along this reaction coordinate
gives the classical picture of a double well potential (cf. Figure 1.1) in one dimension
with an energy barrier separating the two local minima for which explicit calculations
are feasible.

A

saddle

energy barrier

local minima

global minima

Figure 1.1.: General double-well potential A on RR.

However, a rigorous proof of the Eyring-Kramers formula for the multidimensional
case was open for a long time. For a special case, where all the minima of the potential
as well as all the lowest saddle points in-between have the same energy Sugiura [Sug95]
defined an exponentially rescaled Markov chain on the set of minima in such a way
that the pre-exponential factors become the transitions rates between the basins of the
rescaled process. For the generic case Bovier, Eckhoff, Gayrard and Klein [BEGK04,
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BGKO5] obtained first order asymptotics that are sharp in the parameter €. They also
clarified the close connection between mean exit times, capacities and the exponentially
small eigenvalues of the operator L given by (1.1). The main tool of [BEGK04, BGK05] is
potential theory. The small eigenvalues are related to the mean exit times of appropriate
subsets of the state space. Further, the mean exit times are given by Newtonian capacities
which can explicitly be calculated in the regime of small noise ¢.

Shortly after, Helffer, Klein and Nier [HKN04, HN06, HNO05] also deduced the Eyring-
Kramers formula using the connection of the spectral gap estimate of the Fokker-Planck
operator L given by (1.1) to the one of the Witten Laplacian. This approach makes it pos-
sible to get quantitative results with the help of semiclassical analysis. They deduced
sharp asymptotics of the exponentially small eigenvalues of L and gave an explicit ex-
pansion in ¢ to theoretically any order. An overview on the Eyring-Kramers formula
can be found in the review article of Berglund [Ber11].

On the one hand, this works aims to provide a new proof of the Eyring-Kramers for-
mula for the first eigenvalue of the operator L, i.e. its spectral gap, and on the other hand,
to extend the approach to the logarithmic Sobolev inequality, which was unknown be-
fore. We will refer to this as the Eyring-Kramers formula for Poincaré and logarithmic
Sobolev inequality. Therefore, let us introduce, in the next section the Poincaré and log-
arithmic Sobolev inequality and explain why we are interested in the asymptotically
optimal constants in these inequalities.

1.1. Poincaré and logarithmic Sobolev inequality

Definition 1.1 (PI(¢) and LSI(p)). Let X be an Euclidean space. A Borel probability
measure y on X satisfies the Poincaré inequality with constant o > 0, if for all test func-

tions f: X — R*
2
1
var (f) = [ (f— / fdu> ans = [19ifap PI(0)

In a similar way, the probability measure p satisfies the logarithmic Sobolev inequality
with constant o > 0, if for all test function f : X — R™ holds

1 2

Ent,(f) := /f log f du — /f dp log </f d,u) < o |V2§] du. LSI(a)

The gradient V is determined by the Euclidean structure of X. Test functions are those

functions for which the gradient exists and the right-hand-side in PI(p) and LSI(«) is
finite.

Remark 1.2 (Continuous and discrete spaces). The most common case in this work will
be the continuous case X = R", then the gradient V is the canonical gradient identified
as row vector of the partial derivatives

X =R": Vf(x)=(01f(x),...,0nf(x)).
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For the discrete case, i.e. X = (V, E) is an undirected graph or as special case X = Z",
holds

X=WV,E): V@) =) (fy) - f(2)),

Yy~

where © ~ y means that x is adjacent to y, i.e. for X = Z", that |x — y| = 1. A special
case occurs if X = {0,1} is a two point space, then

X ={0,1}: Vf(0)=-Vf(1)=f(1)— f(0)

Remark 1.3 (Equivalent formulations of LSI(«)). In the continuous case is LSI(«) equiv-
alent by a change of variable f — f2 to

ut, (%) < 2 [ 197 de (1.6)

Note, that for a discrete state space with a discrete gradient this equivalence is no longer
true. Besides the question, whether to discretize LSI(«) or (1.6), arises also the question
how to discretize the Fisher information on the right-hand side of LSI(«), which has in
the continuous setting the possible representations among others

2 ) 2
I(fulp) = ‘VZJ;J dﬂ:/f‘vf Zlogf’ d,u:/2|v\/?|2dlu,

A more or less full investigation of the possible resulting discrete logarithmic Sobolev
inequalities was done by Bobkov and Tetali [BT06].

Remark 1.4 (Relation between PI(p) and LSI(«)). LSI(«) is stronger in the sense that it
implies PI(p). Therefore, we set f = 1 4 ng for n small and find

Ent,(f?) = 2n var,(g) + O(n®) aswellas / V> dp = n? / IVg|? dp.
Hence, if ;1 satisfies LSI(«) then p also satisfies PI(«), which always implies a < p.

The connection of the Poincaré inequality to the spectral gap of the operator L in (1.1) is
the variational characterization of the latter one.

Lemma 1.5 (Variational characterization of the spectral gap of L). The spectral gap osc
of the operator L has the variational characterization

2
osG = inf £(7) _5-fM

VS N ) Salesc)

where the infimum runs over all non-constant test functions f : R™ — R.
From the defintion of P1(p) and SG(gsc) follows that the operator L has a spectral gap of size
osc = oe if and only if the Gibbs measure p satisfies P1(p) with optimal constant .
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Remark 1.6. The right-hand side of PI(p) given by [ |V f 1 dy is also a Dirichlet form,
namely of the rescaled generator L := 1L = A—1VH . V. In this case, the definition
of ﬁ(@) and §é<§s(}) coincide and hence ¢ = gsg. The operators L and L consider
the process &; given in (1.3) on different time-scales. The operator L corresponds to the
slow time-scale, where the diffusion constant vanishes and the drift stays order one.
Otherwise, the operator L corresponds to a diffusion of order one and drift increasing
to infinity.

The above Lemma 1.5 is one of the main motivations to study the sharp constant
in PI(p). Moreover, the inequalities PI(p) and LSI(«) are already enough to show con-
centration properties of the associated semigroup {P,},.,, which we formulate in the
following theorem. -

Theorem 1.7 (Concentration induced by PI(p) and LSI(«)). Let f; be the relative density
of the process &; (1.3) with a relative initial density fo, i.e. the solution to (1.5). Further, assume
that the Gibbs measure p satisfies P1(p) with o > 0, then it holds the exponential concentration
in variance

var,, (f;) < e” %% var,(fo). (1.7)

Likewise, assume that the Gibbs measure v satisfies LSI(«) with o > 0, then it holds the
exponential concentration in entropy

Ent,(fi) < e”***" Ent,(fo).

Proof. The result is derived from a Gronwall argument. Therefore, let us consider the
time derivative of var,(f;)

(L5) 12)

(0)
O vary(fi) :2/ft8ft du = 2/ftht du(— —25/’Vf2 du PISQ —2eovar,(fi)-

An application of the Gronwall Lemma shows (1.7). Similarly, we consider the time
derivative of Ent,,(f;)

Oy Ent,(f;) = /atft (log fy +1) du = /Lft (log fi + 1) du

2 LSI(a)
(E’—S/Vft -V(log fi) dp = —¢ W]{t' dp < —2eaEnt,(f;).
t

O]

Theorem 1.7 shows that detailed knowledge about the constants ¢ and « in PI(p) and
LSI(«), especially there e-dependence, leads to sharp asymptotics of the long time be-
havior of the process & (1.3).

Besides these immediate consequences from Lemma 1.5 and Theorem 1.7, the Poincaré
and logarithmic Sobolev inequality give also bounds in the concentration of measure phe-
nomenon (cf. [Led99al)).
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1.2. Setting and assumptions

Before starting the precise assumptions on the Hamiltonian , we introduce the notion
of a Morse function.

Definition 1.8 (Morse function). A smooth function H : R" — R is a Morse function, if
the Hessian V2H of H is non-degenerated on the set of critical points. More precisely,
for some 1 < Cy < oo holds

1
VeeS:={reR": VH =0} : & S IV2H (z)| < Cy. (1.8)

We make the following assumption on the Hamiltonian H which despite the non-
degeneracy only matter if the domain of H is unbounded. Hereby, we have to assume
stronger properties for H if we want to proof a logarithmic Sobolev inequality.

Assumption 1.9 (Poincaré inequality). We assume that H € C3(R"™, R) is a Morse func-
tion. Further, for some constants Cy > 0 and Ky > 0 holds

T|—0o0
llir|n inf [VH|> — AH > —Kp. (A2p1)
T|—00

Assumption 1.10 (Logarithmic Sobolev inequality). We assume that H € C3(R™,R) isa
Morse function. Further, for some constants Cy > 0 and Ky > 0 holds

[VH(x)]” — AH(x)

lim inf 5 >C. (AlLs1)
inf V2H (z) > — K. (A251)

Remark 1.11 (Discussion of assumptions). The Assumption 1.9 yields the following con-
sequences for the Hamiltonian H:

e The condition (Alp;) ensures that e is integrable and can be normalized to a
probability measure on R". Hence, the Gibbs measure p given by (1.4) is well
defined.

e A combination of the condition (Alpr) and (A2p1) ensures that there exists a spec-
tral gap for the operator L given by (1.1), the argument is presented in the Ap-
pendix C. Equivalently, this means by the variational characterization of the spec-
tral gap of L (cf. Lemma 1.5) that the Gibbs measure p given by (1.4) satisfies a
Poincaré inequality for sufficiently small ¢.

o Basically, the Lyapunov-type condition (A2p1) allows to recover the spectral gap of
the full Gibbs measure 1 from the spectral gap of the Gibbs measure 1. restricted
to some ball B with radius R > 0 not necessarily large (cf. Chapter 3).
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The Morse Assumption (1.8) together with the growth condition (Alpr) ensures
that the set S of critical points is discrete and finite. In particular, it follows that
the set of local minima M = {my, ..., mys} is also finite i.e. M = #M < cc.

Similarly the Assumption 1.10 has the following consequences for the Hamiltonian H:

To illustrate the differences between the assumptions on H for the Poincaré and
the logarithmic Sobolev inequality, it shall be pointed out that (Alpr) means at
least linear growth at infinity for H, whereas a combination of condition (Alpsz)
and (A2.gr) yields that H has at least quadratic growth at infinity; that is

lim inf M Z CH (AOLSI)
jal 00 |2]
In addition, (Algsr) and (A2;s1) imply (Alpr) and (A2pr), which is only an indica-
tion that LSI(«) is stronger than PI(p) in the sense of Remark 1.4. Especially, the
Assumption 1.10 is more restrictive than the Assumption 1.9 and whenever we

refer to Assumption 1.9 the properties in question hold also under the Assump-
tion 1.10.

Since, the condition (A0.sr) ensures quadratic growth at infinity of H, e % can
be normalized to a probability measure. Moreover, quadratic growth at infinity is
also a necessary condition to have a logarithmic Sobolev inequalities (cf. [Roy07,
Theorem 3.1.21.]).

Again, the condition (Al.sr) is a Lyapunov type condition, but only implying a
defective Wl-inequality (cf. Appendix D). To deduce a logarithmic Sobolev in-
equality additionally (A2.s1) has to be enforced (cf. Chapter 3).

The next additional non-degeneracy assumption is not directly needed for the proof of
the Eyring-Kramers formula, but more to keep the presentation feasible and clear. Let

us introduce the saddle height H (m;, m;) between two local minima m;, m; by

H(m;, m;) = inf {srg[gﬁ} H(v(s)) : v € C([0,1],R"),7(0) = mi,¥(1) = mj} :

Assumption 1.12 (Non-degeneracy). There exists § > 0 such that:

(i)

(ii)

The saddle height between two local minima m;, m; is attained at a unique critical point
si; € S, ie. it holds H(s;;) = H(mg,m;). The point s; ; is called optimal or com-
municating saddle between the minima m; and m;. It follows from Assumption 1.9
that s; ; is a saddle point of index one, i.e. {x € R™: (V2H(s;;)z,x) <0} is one-
dimensional.

The set of local minima M = {mq,...,mpr} is ordered such that m; is the global
minimum and for all i € {3,..., M} yields

H(SLQ) — H(mz) > H(Sl,i) — H(m,) + 0.
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Remark 1.13 (Weaker degenerate assumptions). In Section 4.5 we give an argument,
how the Eyring-Kramers formulas will look like without the Assumption 1.12 (i), i.e.
if there exist more than one communicating saddle between certain minima. Likewise,
the role of Assumption 1.12 (i7) becomes after the deduction of the Eyring-Kramers
formulas in Section 2.4.3 apparent. In Remark 2.30 we argue that explicit formulas
will strongly depend on the specific model and cannot give meaningful insights for the
present general case.

Remark 1.14 (Comparison with the assumptions of [BGKO05]). Between the Assump-
tion 1.9 and Assumption 1.12 and ones used by [BGK05] are two minor differences:

e For convenience, we assume that the domain of H is R"™. As in [BGKO05], our
argument would also work for any open and connected subset domain D C R"
satisfying H(z;) — oo whenever z; — x € 9D.

o Note that the non-degeneracy assumption (1.8) holds for all critical points  of H.
In [BGKO05], the assumption (1.8) is only needed for the local minimum m; and
the saddles s; ;. We need this slightly stronger assumption only in the alternative
proof of the local Poincaré inequality (cf. Theorem 2.19 and Chapter 5). The con-
struction of the Lyapunov function in the proof of Theorem 2.19 and Theorem 2.21
of Chapter 3 does not rely on this non-degeneracy assumptions. In the argument
of [BGKO05] the need of a local Poincaré inequality is circumvented by the use of
regularity theory for elliptic operators.



Chapter

Outline and main results

This chapter contains the main results of this work and gives an outline of the proofs
of the Eyring-Kramers formulas. The proof is mainly motivated by the heuristics of
the splitting into two time-scales: one describing the fast relaxation to a local minima of
H and the other one describing exponentially long transitions between local equilibrium
states.

The heuristics motivate a divide-and-conquer strategy. Therefore, the first Section 2.1 con-
sists of the observation that the splitting of a measure into a conditional and a marginal
measures can be lifted to a splitting for the variance and entropy. In Section 2.2 we spec-
ify the splitting and introduce local measures living on the basin of attraction of the local
minima of H. Since, we can lift this splitting to the variance and entropy, we obtain in
this way local variances and entropies as well as coarse-grained variances and entropies. It
turns out, that the coarse-grained variances have the form of mean-differences. How-
ever, we have to do some work for the coarse-grained entropies to obtain a discrete log-
arithmic Sobolev type inequality in Section 2.3, which allows for an estimate in terms
of local variances and mean-differences.

At this point, we will have prepared all the ingredients to state the main results in Sec-
tion 2.4, which consist of good estimates for the local variances and entropies (cf. Sec-
tion 2.4.1) and very sharp estimates for the mean-differences (cf. Section 2.4.2). With the
help of the main ingredients, the Eyring-Kramers formulas are simple corollaries and
are deduced in Section 2.4.3. We close this chapter with a discussion of the optimality
of the Eyring-Kramers formula for the logarithmic Sobolev inequality in Section 2.5.

2.1. Splitting of measures and functionals

The variance var,(f) and relative entropy Ent,(f) on the left-hand side of PI(p) and
LSI(«) fall in a general class of relative distances on absolutely continuous probability



2. Outline and main results

measures, which can be characterized by Definition 2.1. We will see that all distances
of this kind can be split into conditional and marginal measures.

Definition 2.1 (Distance functional). For a convex function £ : R — R U {400} and an
absolutely continuous probability measure p on R", distance functional 2, : D,,(£) — R¢
is defined by

=)= [enan—s([ran). where Do ={r: [etnan<ocf. @

Remark 2.2. The positivity of =, follows from the convexity of { since by Jensen’s in-
equality holds & ([ fdu) < [&(f) du.

Furthermore, if £ is strictly convex, then =, (f) = 0 if and only if f is constant.

Example 2.3. (i) We can set (z) := 2” and obtain that the distance functional Z,, of
Definition 2.1 becomes the variance

2a0) = [ 7 du- </fdﬂ>2=/<f/fdu>2du=varu(f)-

(ii)) Likewise, we can set {(x) := xlogx for z > 0 and &(x) = 400 for z < 0 and re-
cover the relative entropy between fp and p, where now D, (¢) C {f : R" — R }

=) = [ fogs dn— [ £ dutog (/fdu) = [ logﬁfdu dy = Ent(f).

In the following, X will be a subset of R™ or R itself.

Definition 2.4 (Conditional and marginal measure for general coordinates). A family
{1, 1 Y. = X}, are called general coordinates for the absolutely continuous probabil-
ity measure p on X, if for every x € X exists exactly one pair (y, ) such that x = 9. (y)
and there exists a family of probability measures x(-|z) on Y, for z € Z and a probability
measure fi(-) on Z satisfying

u(dz) = p(dy|z) p(dz), where = =1.(y), in the weak sense, (2.2)

i.e. for any test function f : X — Rholds [y f(z) u(dz) = [, [} fov.(y) u(dyl2) a(dz).
Then we call the measures y(-|z) conditional measures and the measure ji(-) marginal
measure.

The Definition 2.4 is quite general and the precise definition of s (-|z) and f(-) heavily
depends on the structure of Z and regularity properties of {+. : Y, — X }. In general, it
will rely on change of variables formulas and the coarea formula (cf. [EG92]). Therefore,
let us illustrate the Definition 2.4 with two prototypical examples:

Example 2.5. (i) Let X be a measurable subset of R" and let us consider some ab-
solutely continuous probability measure uon X. We set Z = {1,...,m} and let
{Y;}7" | be a measurable partition of X,ie. Y;NY; =0 fori # jand |J;~,Y; = X.

10



2.1. Splitting of measures and functionals

Then, we can choose ¢;(y) = y for y € Y;, i.e. the natural embedding. The
conditional and marginal measures in (2.2) have the form

p(ay) = )

7 #y)dy and = 2101+ + Zndm, where Z; = u(Y;).

(2.3)
In this case, we say that i has the representation of a mixture, i.e.

p=Zpu([1) + -+ Zip(-fm).

(i) For X = R" withn > 2, weset Z = S"1, Y, = RT for n € S~ ! and choose
Yy(r) = rnfor r € R*. The conditional and marginal measures have the form

pldrin) = — ey dr and ) = [ e dr

where dr is the one-dimensional Lebesgue measure and d7 the surface element
on S"~L. This is just u represented in polar coordinates.
Lemma 2.6 (Splitting lemma). If u(dx) = pu(dy|z) i(dz) is a splitting of p into conditional
measures ji(-|z) and the marginal measure [i(-) in general coordinates {1, : Y, — X} ., inthe
sense of Definition 2.4, then this splitting carries over to the distance functional of Definition 2.1
via

Eu(f) = By (Epudyls) (f 0 =) + Zjudz) (Epqaylz) (f 0 ¥:2())) -

Proof. We start with the definition of the distance functional Z,(f) from (2.1) and use
the splitting of 1 into conditional and marginal measures w.r.t. general coordinates
given in (2.2)

= [ [ et ot il s~ (| fdu>
-/ < [ (7000 il ( / o (y) uldylz )))ﬂ(dz)
+/Z€<Yzfowz() ) ) (s (//fo% pldyle) pld) )

O

Corollary 2.7. The variance and entropy allow the splitting in general coordinates in the sense
of Definition 2.4

var,(f) = Eyaz) (var,aylz) (f © ¥2(y))) + varzas) (f(2)) (2.4)
Ent,,(f) = Ejaz) (Ent,ay)s) (f © ¥2(y))) + Entgas (f(2)) (2.5)
where f(z) := B ay|z) (f 0 ¥=(y)).

Remark 2.8. Depending on the specific choice of the general coordinates, we will call
var,(dy|z) (f © ¥:(y)) in (2.4) microscopic, local or radial variances. Similarly, the term
vary (4. (f(2)) is called macroscopic, coarse-grained or polar variance. However, we will of-
ten treat the latter term not as a variance and will take advantage of its special structure
induced by the according choice of the general coordinates. The according descriptions
are used for the entropies appearing in (2.5).

11



2. Outline and main results

2.2. Partition of the state space

Motivated by the fast convergence of the diffusion ; given by (1.3) to metastable states,
we decompose the Gibbs measure ;1 into a mixture of local Gibbs measures p; in the
following way: To every local minimum m; € M fori =1, ..., M we associate its basin
of attraction Q; defined by

Q= {y e R": lim yy = mi, g0 = =V H(ye), yo = y} : (2.6)

Up to sets of Lebesgue measure zero, the set Py = {Qz}f‘il is a partition of R". We are
in the setting of Example 2.5 (i) and can associate the local Gibbs measure p; to each
element of the partition €; as the restriction of

1
ZiZ,

H(z)

pi(dz) ==

1o, (x) exp <— > dz, where Z; = u(;). (2.7)
The marginal measure i is given, according to (2.3), as a sum of Dirac measures i =
Z161 + -+ + Zpop. We note that ), Z; = 1, since {Ql}f\il is a partition of R” and x a
probability measure. The starting point of the argument is a representation of the Gibbs
measure p as a mixture of the mutual singular measures p;, namely

=2+ + Zppnr (2.8)

We can apply Corollary 2.7 which lifts the decomposition of 1 to a decomposition of
the variance var,(f) and entropy Ent,(f). The representation below was also used
in [CM10, Section 4.1].

Lemma 2.9 (Splitting of variance and entropy for partition). Forall f : R™ — R holds

M M

var,(f) = Z Zivary,(f) + Z Z ZiZ; (Em(f) — Eu,j(f))z (2.9)
i=1 i=1 j>i
- J

Ent,(f) = Z Z; Ent,,, (f) + Entj (f) . (2.10)

We call the terms var,,(f) and Ent,,, (f) local variance and local entropy. Furthermore, the

term (B, (f) — By, (f ))2 is called mean-difference and Enty(f) denoted by coarse-grained
entropy is given by

Ent (f) = ZZfZ log Zf (2.11)
where f(i) = f; = E,, (f).

Proof. The equations (2.9) and (2.10) are immediate consequences of (2.4) and (2.5). The
only non-obvious step is the representation of the coarse-grained variance vars(f) in

12



2.3. Discrete logarithmic Sobolev type inequalities

terms of the second term of the right-hand side in (2.9). We will use the convention
S, =M and have to check the following identity

2
vara(f) = > Zifi? — (Z ijj> =S"Nzzi (- 1) (2.12)
( J

i j>i
By expanding the square, we can write the left-hand side of (2.12) as
> Z;f - N ZiZififi =Y Zi(1- Z) -2 NN ziZifif;. (2.13)
i ij i i j>i
The first term on the right-hand side of (2.13) can be rewritten by using the identity
1-Zi=%,,7Zjas

S zi-2)5 =3 22,5+ 22,7 =SS 2.2 (ff v sz) . (2.14)
i i j<i i j>i i j>i

Hence, we finally get the desired identity from combining (2.13) and (2.14)

2
N zif? - <Z ijj) =N 2z (R -2+ B =YY 22 (F- )
( J

i g>i i g>i
O

2.3. Discrete logarithmic Sobolev type inequalities

From (2.10) we have to estimate the coarse-grained entropy Enty(f). From the heuristic
explanation, we expect that the main contribution comes from this term, which we
want to treat further. If H has only two minima, we can use the following discrete
logarithmic Sobolev inequality for a Bernoulli random variable, which was found by
Higuchi and Yoshida [HY95] and Diaconis and Saloff-Coste [DSC96, Theorem A.2.] at
the same time.

Lemma 2.10 (Optimal logarithmic Sobolev inequality for Bernoulli measures). A Ber-
noulli measure i, on X = {0,1}, i.e. a mixture of two Dirac measures 1, = pdo + qd1 with
p + q = 1 satisfies the discrete logarithmic Sobolev inequality

By, (%) < 10 (/0 = (1) (215)

with optimal constant given by the logarithmic mean

pP—4q .
A = A = lim A =p.
(p,q) logp —logq’ forp#q  and Alp,p) = lim A(p,q) =p

Some properties of the logarithmic-mean are outlined in Appendix A.

We want to handle the general case with more than two minima. Therefore, we need
to answer the question of how to generalize Lemma 2.10 to discrete measures with a
state space with more than two elements. A possible answer was given by Diaconis
and Saloff-Coste [DSC96, Theorem A.1.], which turns out to be not optimal for our
application.

13



2. Outline and main results

Lemma 2.11 (Logarithmic Sobolev inequality for finite discrete measure). For m € IN let
pm = Y ity Z;0; be a discrete probability measure and assume that Z, := min; Z; > 0. Then
for a function f : {1,..., m} — R holds the logarithmic Sobolev inequality

Ent,, (f?) < WZZZZ — f())%. (2.16)

=1 j>1

Remark 2.12. Note that the right-hand side of (2.16) is by the proof of Lemma 2.9 just
the variance, hence we have

Ent,,, (f?) < A vary,, (f). (2.17)

It turns out using the estimate (2.17) is not optimal for our application. We have to use
a refined version of (2.16), which can be seen as an immediate generalization of (2.15)
to the m-point case.

Lemma 2.13 (Logarithmic difference inequality for finite discrete measures). For m € IN
let i, = > i, Z;6; be a discrete probability measure and assume that min; Z; > 0. Then for a
function f : {1,...,m} — RJ holds the logarithmic difference inequality

Ent,,,(f?) < ZZ A Z“Z —fi)?. (2.18)

i=1 5>

Proof. We conclude by induction and find that for m = 2 the estimate (2.18) just be-
comes (2.15), which shows the base case. For the inductive step, let us assume that (2.18)

holds for m > 2. Then let us rewrite the entropy Ent,,,, ,, (f?) as follows

Enty,,., (f*) = Z Zi f108(f7) + Zinr1 i1 108 (frmi1)

=1
- (Z Zifi2 + Zm+1f72n+1> log (Z ijj2 + Zm+1f72n+1>
i=1 j=1
(1 2o B (s g[S i
— 1= Zmnn ‘= /|

+ (1 —ZerI)E:l_iijL1 log Zm — log ZZJf + Zmi1 frin
=1 ;

i=1
+ Zms1 fri | 1og(fq1) — log <Z ijjz + Zm+1fr2n+1>

i=j
= (1= Zmn41) Entg,, (f?) + Ent, (f),

14



2.3. Discrete logarithmic Sobolev type inequalities

where the probability measure fi,, lives on {1, ..., m} and is given by
m
_ Zi
=y ——9.
fim ; "

FNurther, v is the Bernoulli measure givenby v := (1—Z,,,11)d0+Zy,+161 and the function
f:{0,1} — R is given with values

m 2 ~
fo = E Al and  fi = f7,.
=1 Zm "

Now, we apply the inductive hypothesis to Ent;,, (f2) and arrive at

(1 = Zyny1) Entp,, (f2) < (1 = Zima ZZ o A(—ZZW;; (fi— f;)°

where we used A(+,-) being homogeneous of degree one in both arguments (cf. Ap-
pendix A), i.e.
A(Aa, \b) = AA(a, b) for A a,b>0.

We can apply the inductive base to the second entropy Ent, (f), which in this case is
the discrete logarithmic Sobolev inequality for the two-point case (2.15)

I3 Zm+1 1 - m+1
Ent, (f) < N Zoor 1= Zod) (\/ﬁ— \/ﬁ) (2.19)

2
The last step is to recover the square differences (f; — fm+1)2 from (\/E — \/E) ,

which follows from an application of the Jensen inequality

(D S s ey [T By
i=1

m—+41

>Z lfl

=1 1— Zm+1
7.
< Z 1771 (fi — fm—i—l)z‘

We obtain in combination with (2.19) the following estimate

m

Zm+1 2
Zi (fi — fm :
A(Zm+1> 1- Zm+1) ; (f f +1)

Entl,(f) <

To conclude the assertion, we first note that 1 — 7,11 = Z;”Zl Z;j > Zijforj=1,...,m.
Further, A(a, -) is monotone increasing for a > 0, i.e. dA(a,b) > 0 (cf. Appendix A).
Both properties imply that A(Z,41,1 — Zpm41) > A(Zym41, Z;) for j = 1,...,m, which
finally shows (2.18). O
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2. Outline and main results

Remark 2.14 (Relation between Lemma 2.11 and Lemma 2.13). Let us give a example,
which shows that neither the estimate (2.16) is a consequence of the estimate (2.18) nor
vice versa. Therefore, let us consider a tree point measure p3 = 2101 + Z202 + Z3d3 with
distribution

Zi=1—e% —e %, Zy=e" " and Z3=e
for some 0 = 21 < 29 < z3 to be fixed later. Then, it follows Z, = Z3 and therefore

1 ~ log(1—e™) + 23 P e
NZ.,1—-2Z) 1—2e % 12

= 23+ O(z3e ™).

By similar reasons, we deduce

1

(e o\ e D))
N7 7)) (zj —2zi)e" + O((z — z)e ).

fori < j:
Now, let us compare the estimate (2.16) and (2.18) by first considering a test function

f:{1,2,3} = R only supported on {1, 2}

(216)  Enty,(f2) < (23 +O0(e ™)) 2122 (f1 — f2)°
(2.18) Ent,, (f%) < (22 + 0(e™2)) 2122 (f1 — f2)°,

whereas, if f is only supported on {2, 3}, then we arrive at

(2.16)  Enty,(f%) < (23 + 0(e*)) 2225 (f2 — f3)°
(2.18)  Enty,(f?) < (23 — 22)e® + O(e”72))) 2,75 (fo — f3)° .

In the first case, we see that (2.18) gives a better bound. In the second case, if we
choose 27 large enough, we find that (2.16) yields the better estimate.

An immediate consequence of Lemma 2.11 and Lemma 2.13 is the following combined
bound.

Corollary 2.15. Let for m € IN be ji,,, = Y\ | Z;0; a discrete probability measure and assume
that Z, = min; Z; > 0. Then for a function f : {1,...,m} — R holds the estimate

Bty (1) < X i iz U0 SO

Open question: What is the optimal family of constants {C; ;};",_; not depending on f
in the inequality

nty, () < DD Cij (F() = f()? 7 (2.20)

i=1 j>i
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2.3. Discrete logarithmic Sobolev type inequalities

Remark 2.16. The question (2.20) is related to the recent works of Maas [Maall], Erbar
and Mass [EM11] and Mielke [Miell]. [Miell] proved that every finite Markov chain is
geodesic A\-convex w.r.t. to an entropic gradient structure. Independently, at the same
time [Maall] also found the gradient structure for finite Markov chains. Based on this
work, [EM11] defined a Ricci curvature, which allows to prove modified logarithmic
Sobolev inequalities similar to (2.16) in the positive curved case. In all three works the
logarithmic mean plays a crucial role for defining the gradient structure as well as for
obtaining bounds for the involved quantities (A-convexity or curvature).

We are now able to estimate the coarse-grained entropy Ent ﬂ(ﬁ) occuring in the split-
ting of the entropy (2.10) with the help of Lemma 2.13. This generalizes the approach
of [CM10, Section 4.1.] to the case of finite mixtures with more than two components.

Lemma 2.17 (Estimate of the coarse-grained entropy). The coarse-grained entropy in (2.11)
can be estimated by

i=1 \ j#i J>i

Entj (ﬁ) Z (ZA Varm ) + ZA ZZ,Z E. (f) E“](f))2)

where f2: {1,...,M} — R is given by f2 := B,,,(f?) and A(Z;, Z;) = ﬁ is the
logarithmic mean between Z; and Z;.

Proof. Since ji = Z161+ - -+ Zpdyy is finite discrete probability measure, we can apply
Lemma 2.13 to Ent(f?)

Ent;(f2)) < Z;JZ; A <\/> \/> > (2.21)

The square-root-mean-difference on the right-hand side of (2.21) can be estimated in
several ways. [CM10] multiplies the square out and use the Jensen inequality

By (/) B, () < /By (), (£2).

This strategy leads to the same result as [JSTV04] obtains by using the fact that the
function (z,y) — (vx — /y)? is convex. For this trick they reference [KOV89]. Indeed,
for two random variables X,Y such that X ~ p; and Y ~ p; by an application of
Jensen’s inequality holds the estimate

2
(VB = VBl = (/B 100 = By UV P))
< By ((F(X) = F(Y))?) (2.22)
Eﬂi(fZ) - 2EMi(f)Euj(f) + E,uj(fZ)
= vary, (f) + vary, (f) + (B, (f) — By, (£)°.

17



2. Outline and main results

Now, we can combine (2.21) and (2.22) to arrive at

Ent;(f?) < ZZ A(?“ZJZ]) (Varm(f) +vary, (f) + (B, (f) — Euj(f))z)

=1 j>1i
S 7.7 2
- ;; N7 7)) vary, (f) + ;% A Z“ Z By, (f) — By (f))

The combination of the splitting Lemma 2.9 with the above Lemma 2.17 results in an es-
timate of the entropy in terms of local variances, local entropies and mean-differences.

Corollary 2.18. The entropy of f with respect to p on a partition {Qz}f\i 1 with restricted
probability measures p; on $; can be estimated by

Ent,,(f?) <ZZ Enty, (f?) +ZZAZ 77y wlf)

I (223)
2 2
*2.3 577 B - B ()

where N(Z;, Z;) = ﬁ is the logarithmic mean between Z; and Z ;.

2.4. Main results

The main results of this work are good estimates of the single terms on the right-hand
side of (2.9) and (2.23). In detail, we need local Poincaré and local logarithmic Sobolev
inequalities provided by Theorem 2.19 and Theorem 2.21. Furthermore, we need good
control of the mean-differences, which will be the content of Theorem 2.23. Finally, the
Eyring-Kramers formulas in Corollary 2.26 and Corollary 2.28 are simple consequences
of all these representations and estimates.

2.4.1. Local Poincaré and logarithmic Sobolev inequalities

Let us now turn to the estimation of the local variances and entropies. From the heuris-
tic understanding of the process §; given by (1.3), we expect a good behavior of the local
Poincaré and logarithmic Sobolev constant for the local Gibbs measures j; as it resem-
bles the fast convergence of &; to a neighborhood of the next local minimum. Therefore,
the local variances and entropies should not contribute to the leading order expansion
of the total Poincaré and logarithmic Sobolev constant of ;.. This idea is quantified in
the next both theorems.

18



2.4. Main results

Theorem 2.19 (Local Poincaré inequality). The local measures {y;}2~,, obtained by restrict-
ing p to the basin of attraction §); of the local minimum m; (cf. (2.7)), satisfy PI1(;) with
0, =0(e).

(2

Remark 2.20. Using the variational characterization of the spectral gap (cf. Lemma 1.5)
one can easily see the following consequence of Theorem 2.19: The spectral gap of the
diffusion &; given by (1.3) reflected at the boundary of a basin of attraction §2; is at least
of order 1. This reflects the heuristic idea of a scale separation of the diffusion ¢; into a
fast and a slow scale.

Theorem 2.21 (Local logarithmic Sobolev inequality). The local measures {y;}>.,, ob-
tained by restricting p to the basin of attraction §; of the local minimum my; (cf. (2.7)), satisfy
LSI(cv;) with
a7t =0(1).

Even if there are simple heuristics for the validity of Theorem 2.19 and Theorem 2.21,
we need the elaborated machinery of Lyapunov functions for the proof. The reason is that
our situation goes beyond the scope of the standard tools for Poincaré and logarithmic
Sobolev inequalities. We outline the argument for Theorem 2.19 and Theorem 2.21
in Chapter 3. Moreover, in Chapter 5 we give an alternative proof of Theorem 2.19
completely avoiding the use of Lyapunov conditions.

Remark 2.22 (Optimality of Theorem 2.19 and 2.21). We will indicate in Section 3.3,
that the results of Theorem 2.19 and Theorem 2.21 for a Gibbs measure obtained from
restricting its Hamiltonian H to the basin of attraction {2 of a local minimum is the best
behavior, which one can expect in general. Especially, H is not convex and can even
have further critical points on the boundary of the basins of attraction. The indication
is given through the one-dimensional case, where the Muckenhoupt functional [Muc72]
and Bobkov-Gotze functional [BG99] are available for showing upper and lower bounds
for p and «.

2.4.2. Mean-difference estimate

Let us now turn to the estimation of the mean-difference (E,,(f) — E,, (f ))2 From
the heuristics and the splittings (2.9) and (2.23), we expect to see in the estimation of
(B (f) — By, (f))? the exponential long waiting times of the jumps of the diffusion &
given by (1.3) between the basins of attraction 2, We have to estimate the mean-
differences on the right-hand side of (2.9) in terms of the Dirichlet energy [ |V f|*dpu.
Namely, we have to find a good upper bound for the constant C in the inequality

(B () = By ()" < 0/ V2 dp.

Therefore, we introduce in Section 4.1 a weighted transport distance between probability
measures which yields a variational bound on the constant C. By an approximation
argument (cf. Section 4.2), we give an explicit construction of a transport interpolation
(cf. Section 4.3), which allows for asymptotically sharp estimates of the constant C'.
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2. Outline and main results

Theorem 2.23 (Mean-difference estimate). The mean-differenices between the measures fu;
and pjfori=1,...M —land j =i+ 1,..., M satisfy

. Z Idet V2H (5:,)]
(Eps (f) =By (£)” (27r£)% A (50g)] ) /|Vf du, (2.24)

where X~ (s; j) denotes the negative eigenvalue of the Hessian V2H (s; ;) at the 1-saddle s; ;.
The symbol < means < up to a multiplicative error term of the form

1+ O(y/e |log €|%)

The proof of Theorem 2.23 is carried out in full detail in Chapter 4.

Remark 2.24 (Multiple minimal saddles). In Assumption 1.12, we demand that there
is exactly one minimal saddle between the local minima m; and m;. The technique
we will develop in Chapter 4 is flexible enough to handle also cases, in which there
exists more than one minimal saddle between local minima. We outline the according
adaptions and the resulting Theorem 4.18 in Section 4.5.

Remark 2.25 (Relation to capacity). The quantity on the right-hand side of (2.24) is the in-
verse of the capacity of a small neighborhood around m; w.r.t. to a small neighborhood
around m;. The capacity is the crucial ingredient of the works [BEGK04] and [BGKO05].
Therefore, we will exploit in Section 4.6 how the weighted transport distance (cf. Sec-
tion 4.1), which is the crucial ingredient to proof (2.24), could lead to a general varia-
tional principle for obtaining lower bounds for capacities.

2.4.3. Eyring-Kramers formulas

Now, let us turn to the Eyring-Kramers formulas. Starting from the splitting obtained in
Lemma 2.9 and Corollary 2.18, we will see how a combination of Theorem 2.19, Theo-
rem 2.21 and Theorem 2.23 immediately leads to the multidimensional Eyring-Kramers
formulas for the Poincaré inequality (cf. [BGKO05, Theorem 1.2]) and logarithmic Sobo-
lev inequality.

Corollary 2.26 (Eyring-Kramers formula for Poincaré inequality). The measure j1 satisfies
PI(o) with

1 Z, 2 det V2(H H(s1,9)
_ rs 21Z2 lu’ = 7T€\/’ ei ( (8172))| 6%7 (225)
0 (2me) 2 A7 (51,2)]

where X\~ (s1,2) denotes the negative eigenvalue of the Hessian V> H (s1 2) at the 1-saddle sy ».
Further, the order is given such that H(my) < H(m;) and H(s12) — H(m2) is the energy
barrier of the system in the sense of Assumption 1.12.

Proof. We start from the decomposition of the variance into local variances and mean-
differences given by Lemma 2.9. Then, an application of Theorem 2.19 and Theo-
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rem 2.23 yields the estimate

() € 3 vt ()+ 303 72 (Bl ) =B ()"

i j<i (2.26)

Z; 7, Z 2mey/|det VZH (s;,5)| Hesig) 2
VFl*du + 2 e e /V du.
/’ f| H z;; 27‘(’6 A" (565 VI dp

The final step is to observe, that by Assumption 1.12, the exponential dominating term
in (2.26) is given for ¢ = 1 and j = 2. O

In [BGKO5, Theorem 1.2]) it is also shown that the upper bound of (2.25) is optimal by
an approximation of the harmonic function. Therefore, in the following we can assume
that (2.25) holds with = instead of <.

Remark 2.27 (Higher exponential small eigenvalues). The statement of [BGKO05, Theo-
rem 1.2] does not only characterize the second eigenvalue of L (i.e. the spectral gap)
but also the higher exponentially small eigenvalues. In principle, these characteriza-
tions can be also obtained in the present approach: The dominating exponential modes
in (2.26), i.e. those obtained by setting i = 1, correspond to the inverse eigenvalues of L
for j = 2,..., M. By using the variational characterization of the eigenvalues of the op-
erator L (cf. Lemma 1.5), the other exponentially small eigenvalues may be obtained by
restricting the class of test functions f to the orthogonal complement of the eigenspaces
of smaller eigenvalues.

Corollary 2.28 (Eyring-Kramers formula for logarithmic Sobolev inequalities). The mea-
sure i satisfies LSI(«) with

YAV, ZM 27r5\/|det v2(H(81,2))’ H(s1,2) 1

1
MZy, Zs) (27e) % A= (s1.2)] T P ANZ 7)) o (2.27)

2 <
aN

where N\~ (s1,2) denotes the negative eigenvalue of the Hessian VQH(SLQ) at the 1-saddle s ».
Further, where we assume that the ordering is given such that H(my) < H(m;) and H(s;2) —
H (my) is the energy barrier of the system in the sense of Assumption 1.12.

Proof. The starting point is the estimate in Corollary 2.18 from which we are left to
bound the local entropies and variances as well as the mean-differences. The according
bounds are the statements of Theorem 2.19, Theorem 2.21 and Theorem 2.23 and lead
to

Ent, (f2) < O(1 Zz/yw\ dpui + O(e ZZAZ n /yw\ dpu

i=1 j#i
Z, 2mey/|det V2H(s; ;)| H<Sz:j>/ 2
+ - e = V£|7dp.
;§A422m2 (o) VT
(2.28)
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2. Outline and main results

The first term on the right-hand side of (2.28) isjust O(1) [ |V f | dp. For estimating the
second term, we have to take care of the expression and use the one-homogeneity of
A(-,-) (cf. Appendix A)

ZiZi _ 518 Z Z;P (Z) here  P(z) i= 257
=7 =Z;P (%), where x) = .
A(Z’L7Z]) % —1 Z]

J

— (2.29)

The function P(x) is decreasing and has a logarithmic singularity in 0. Therefore, we
have to check when % becomes small. Let us therefore do an asymptotic evaluation
J

of %, which can be deduced from

2,2, = / ei’dx:< (2me)2 +0(e"¥1)> e, (2.30)
Q;

det VZH (m;)
This formula immediately leads to the identity
; 2H(m;) _ HOm)—H(m;)
Zi V2H(m;) . (2.31)
V4 7 VQH (mz)
which becomes exponentially small provided that H(m;) > H(m;). In particular, using
the expression (2.30) in (2.29) results in
7,7,

N7 7))~ Z;0(e™h). (2.32)

Hence, also the second term in (2.28) can be estimated by O(1) [ |V f \ du. This shows
that the third term dominates the first two on an exponentlal scale. This leads to the
estimate

Z, 2me\/|det VZH (s;;)] Hlig) 2
ZZAZZ,Z © /|ny dp

Ent -
(2me)2 |A~ (si5)l

i=1 j>1
From Assumption 1.12 together with (2.30) and (2.32) follows that the exponential lead-
ing order term is given for i = 1 and j = 2. O

Corollary 2.29 (Comparison of ¢ and « in special cases). Let us state two specific cases
of (2.25) and (2.27). Firstly, if H(my) < H(mg), it holds

1 1 2me/|det V2(H (s12))] eH('”‘Q)E—H(mQ), (2.33)
4 det V2H (ms) A~ (51,2)]

2 H(mgy) — H(my) 1 det VZH(m1)\\ 1

- < -1 —= —. 2.34
a ™ < € * 2 %8 \ det V2H(m2)) ) o (234)

A special case occurs when H(mq) = H (mz2) and the constants take the form

1 ~ 2775\/\det V2(H(5172))| eH(Sl,z);H("Lz) 7(235)
0 \/detVZH(my) + \/det V2H (ms) A (s1,2)]
2 < 1 27T5\/|de‘iv2(H(5172))| eH(51 2)—H(my) (2.36)
@ A (VAU VZH (ma), /det V7 H (ms) ) A~ (s1.2)]
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2.4. Main results

Proof. 1f H(m1) < H(mz), then holds by (2.30) Z; =1+ O (e_ H(mz)gmml)). Therefore,
the factor 7 Zgﬁ evaluates with (2.30) to
TE
707 ZM - 1 _ H(:Tz)

(2me)2 T /det ng(m2)€ 7

which leads to (2.33). For the logarithmic Sobolev inequality, we additionally have to
evaluate the factor m which can be done with the help of (2.31)

1 Z; _H(mg)=H(mp\\ (2.31) V2H (m;) _Hm)-H(m;)
S J(1+O(e - )) = log [ M) - .
ANZi,Z) — 8z S\ V2 H(m)

That is already the estimate (2.34).

Let us turn now to the case H(m1) = H(mz2). Let us introduce the shorthand notation
det V2H (m;). Then, we can evaluate Z,, like in (2.30) and obtain by assuming

H(ml) = H(mg) =0

Therewith, the factor 7125 (2Z“) T results with (2.30) in
e
Z, (2me)s Z1Z, Za2Z, 111 1
Z1Z2 n [ n = 1 1 . = )
(2me)2 Zy  (2me)2 (2me)2 o+ K1 K2 K1t A2

which precisely leads to the expression (2.35). By using the homogeneity of A(-,-)
(cf. Appendix A) and (2.30) follows for the logarithmic Sobolev inequality

D7y Zy 1 1
N(Zy, Z) (27e) 2 A <(27rs)3 (2we)’5) A(kg, k1)
ZQZH ’ ZlZH
Finally, the result (2.36) is a consequence of the symmetry of A(-, ). O

Remark 2.30 (Higher degree of symmetry). In Assumption 1.12 (i), we only allow for
two global non-degenerate minima. Equations (2.35) and (2.36) are consequences of this
assumption. If there is even more symmetry in the system, then it is also possible to
obtain formulas for ¢ and a. In the present generality of the assumptions, the resulting
expressions will become cumbersome. Here one needs to rely on specific models and
investigate the according symmetries of the model.

Remark 2.31 (Identification of & and p). Remark 1.3 shows that always o < p. Let us
introduce the shorthand notation x; = +/det V2H (m;). We want to compare the case
when H(m;) = H(mgy) where we observe by comparing (2.35) and (2.36)

K1tk2

WL (2.37)

1<2g
(0%
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2. Outline and main results

The quotient in (2.37) consists of the arithmetic and logarithmic mean. The lower bound
of 1 can also be observed by applying the logarithmic-arithmetic mean inequality from
Lemma A.1. Moreover equality only holds for k1 = k2. Hence, only in the symmetric
case with k1 = k3 holds p = a.

Remark 2.32 (Relation to mixtures). If H(m;) < H(mg), then (2.34) gives

a ™ 2 K1
which shows a inverse scaling in ¢. Different scaling behavior between Poincaré and
logarithmic Sobolev constants was also observed by Chafai and Malrieu [CM10] in a
different context. They consider mixtures of probability measures 1y and v satisfying
PI(g;) and LSI(«;), i.e. for p € [0, 1] the measure v, given by

1 H(mg)—H(my) 1
2 < log <H2€ S ) ~ 5 llog Z5|, where Zs = u(Q2). (2.38)

vp =pro+ (1 —pr.

Then, they deduce conditions under which also v, satisfies PI(o,) and LSI(¢,) and give
bounds on the constants. They show in the one-dimensional case examples where the
Poincaré constant stays bounded, whereas the logarithmic Sobolev constant blows up
logarithmically, when the mixture parameter p goes to 0 or 1. The common feature of
the examples they deal with is 1 < v or vy < vy. This case can be generalized to the
multidimensional case, where also a different scaling of the Poincaré and logarithmic
Sobolev constants is observed. The details can be found in Chapter 6.

In the present case the Gibbs measure ;1 has also a mixture representation given in (2.8).
In the two-component case it looks like

p= Zip1 + Zopz.

Let us emphasize, that ;11 L po. (2.38) shows also a logarithmic blow-up in the mixture
parameter Z for the ratio of the Poincaré and the logarithmic Sobolev constant.

2.5. Optimality of the logarithmic Sobolev constant in one
dimension

In this section, we want to give a strong indication, that the result of Corollary 2.28 is
optimal. Therefore, we will explicitly construct a function attaining equality in (2.27)
for the one dimensional case. This is the same strategy, which was used by [BGKO05]
to proof the optimality of Corollary 2.26. The proceeding of this section is similar to
the one of Felix Otto given in a lecture! proving the Eyring-Kramers formula for the
Poincaré inequality in one dimension.

Let 1« be a probability measure on R having as Hamiltonian H a generic double-well
(cp. Figure 2.1). Namely, H has two minima m; and mg with H(m;) < H(mg) and a
saddle s in-between. Then, Theorem 2.28 shows

inf J(g")?dp > N(Zy, Zy) 2me \/|H" (s)] 6@
gfo2du=1 [ g*logg*dp ~  Z1Z»  Zy 2me '

(2.39)

Lone of the Ringvorlesungen at the MPI in November 2011
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2.5. Optimality of the logarithmic Sobolev constant in one dimension

energy barrier

N .

mi

Figure 2.1.: Double-well potential H on R (labeled).

We have to construct a function g attaining the lower bound given in (2.39) satisfying
H(mp) < H(mg). We make the following ansatz for the function g and firstly define it
on some small J-neighborhoods around the minima m;, ms and the saddle s:

g(ml) , T € B§(ml)
y—s)2
9(x) == § g(m1) + %\/%ml) f;:“ T dy ,x € Bs(s)
g(ma) ,x € Bs(ma).

The ansatz contains the parameters g(m;), g(mz) and o. Furthermore, we assume that
in-between the J-neighborhoods g is extended to a smooth function in a monotone
fashion.

The measure 1 is given by

1 _HE® _H(=)
p(dr) = —e = where Z,= [ e = da.
Zy

We fix Z,, by assuming that H(m) = 0. We can represent 1 as the mixture
p=Zip + Zop,  where  pp = and  pp =,

hereby, 21 = (—o00,s) and Qy = (s,00) and Z; = u(€;) for ¢ = 1,2, which implies
Zy + Zy = 1. Then, for the ansatz g, we find via an asymptotic evaluation of [ g*dpu

[ P Zig?m) + Zag?ma) 1. (2.40)

This motivates the choice

1- 1-
g*(m1) = le and g*(my) = ZQT =1 ;1, for some 7 € [0, 1] (2.41)
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2. Outline and main results

The choice (2.41) is picked to fulfill the constraint (2.40). Let us now calculate the de-
nominator of (2.39)
1—171

/92 log g>dp = 7log S (1 —17)log . (2.42)
Z Z

The final step is to evaluate the Dirichlet energy [(¢')?du. Therefore, we do a Taylor
expansion of H around s. Furthermore, since s is a saddle, it holds H”(s) < 0

[@paus G g [ kot
Bs(s)

Z, 2neo

(g(ma) — g(m1))? / (e et )
- ZN 2meo Bs(s)
(2.43)

Z, 2neo
( 7 /1—T>2 V2re _ne 1 1
~ - — E—— — € &
Zl ZQ ZM 271'80_ /g—{—H”(S)

where we assume that o is small enough such that 2 + H”(s) > 0. The last step is to
minimize the right-hand side of (2.43) in o, which means to maximize the expression
20 + 0?H"(s) in 0. Elementary calculus results in 0 = — H,,l(s) = H,,I(S” > 0 and

therefore )
neq ([T J1=7\" V2me [H"(s)| _He
/(g) du ~ < 7 7 > Z, 5 € . (2.44)

Hence, we have constructed by combining (2.42) and (2.44) an upper bound for the
optimization problem (2.39) given by a one-dimensional optimization in the still free
parameter 7 € (0,1)

R
Bs(s)

2
1—
inf f(g’)2d,u < o (\/ Zil Y, ZJ) V2re /|H"(s)| _Hs
in e min e = .
o:f g?du=1 [ g2log g2du ~ r€(0,1) T log 7+ (1—7)log 12;27 Z, 2me

The minimum in 7 is attained according to Lemma A.3 for 7 = Z, resulting in
2
T [l=T
(\/ Z o\ 7z ) A2, Z5)

min =
7€(0.1) Tlog 7- + (1 — 7) log IZ_—ZT AV
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Chapter

Local Poincaré and logarithmic
Sobolev inequalities

In this chapter, we want to proof the local Poincaré inequality of Theorem 2.19 and the
local logarithmic Sobolev inequality of Theorem 2.21. Therefore, we consider only one
of the basins of attraction 2; for fixed 7 and we can omit the index i. We will write Q
and p instead of €2; and p; respectively. Further, we assume w.l.o.g. that 0 € Q is the
unique minimum of H in 2.

Let us begin with stating the two classical conditions for Poincaré and logarithmic So-
bolev inequalities. The first one is the Bakry-Emery criterion which states the convexity of
the Hamiltonian and positive curvature of the underlying space exhibits good mixing
for the associate Gibbs measure. Since we are working in the flat space, we formulate it
only in terms of the Hessian of the Hamiltonian.

Theorem 3.1 (Bakry—Emery criterion [BE85, Proposition 3, Corollaire 2]). Let H be a
Hamiltonian with Gibbs measure pu(dx) = Z,; le=<"'H(®@) Ay and assume that V2H (z) > X >
0 for all x € R™. Then y satisfies P1( o) and LSI(«) with

0> and a >

o | >
™[>

The second condition is the Holley-Stroock perturbation principle, which allows to show
Poincaré and logarithmic Sobolev inequalities for a very large class of measures. How-
ever, in general the constant obtained from this principle will be not optimal in terms
of scaling with the temperature .

Theorem 3.2 (Holley-Stroock perturbation principle [HS87, p. 1184]). Let H be a Hamil-

tonian with Gibbs measure p(dx) = Z;le_gle(w)dx. Further, let 1 be a bounded function
and denote by [i the Gibbs measure with Hamiltonian H + 1, i.e.

1 x ]_ T T

pu(dx) = Z—e* " 4 and a(dx) = 7 g~ T

B i

dz.
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3. Local Poincaré and logarithmic Sobolev inequalities

Then, if u satisfies P1(o) or LSI(«) then also fi satisfy PI1(p) or respectively LSI(&). Hereby
the constants satisfy the relations

0> 6_‘TQ and a>e e q (3.1)

where osc 1) := sup ¥ — inf .

For the proofs relying on semigroup theory of Theorem 3.1 and Theorem 3.2 we refer
to the exposition by Ledoux [Led99b, Corollary 1.4, Corollary 1.6 and Lemma 1.2]. The
only difference is, that we always explicitly express the temperature ¢ and consider H
being e-independent.

Let us summarize the reasons, why we cannot directly apply the above standard criteria
for the Poincaré and logarithmic Sobolev inequalities to a Hamiltonian restricted to the
basin of attraction of a local minimum.

e The criterion of Bakry-Emery [BE85] does not cover the present situation, because
in general H is not convex on the basin of attraction €.

e The perturbation principle of Holley-Stroock [HS87] cannot be applied naively
because it would yield an exponentially bad dependence of the Poincaré con-
stant g on .

Nevertheless, we will use both of them in the proof. The perturbation principle of
Holley-Stroock will be used very carefully. In particular, we will compare the mea-
sure ;1 with a measure /i, which is obtained from the construction of a perturbed Hamil-
tonian H. such that |H — H.|. = O(¢) in Q. The condition of slight perturbation al-
lows to compare the Poincaré and logarithmic Sobolev constants of ;1 and i upto an
e-independent factor. The second step consists of a Lyapunov argument developed
by Bakry, Barthe, Cattiaux, Guillin, Wang and Wu (cf. [BBCGO08], [BCG08], [CG10],
[CGWO09] and [CGWWQ(9]). The Lyapunov conditions shows similarities to the charac-
terization of the spectral gap by Donsker and Varadhan [DV76]. We will state a Lya-
punov function for ji, which will allow to compare the scaling behavior for the Poincaré
and logarithmic Sobolev constants with the truncated Gibbs measure i, (cf. Defini-
tion 3.5 and Lemma 3.6).

The following definition is motivated by the Holley-Stroock perturbation principle and
becomes eminent from the subsequent Lemma 3.4.

Definition 3.3 (e-modification H, of H). We say that H.isa e-modification of H, if for
all e small enough H. is of class C?(2) N C°(Q) and satisfies the condition: H. is e-close
to H, i.e. there exists an e-independent constant C'; > 0 such that

Vo € Q: |H.(z) — H(z)| < Cge. (H.)

The associated modified Gibbs measure /i obtained from the e-modified Hamiltonian
H. of H is given by
1
S (de) —
fi(dx) Z

_He
e = dz.
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3.1. Lyapunov conditions ...

Lemma 3.4 (Perturbation by an e-modification). If the e-modified Gibbs measure [i satisfy
PI(p) and LSI(&) then the associated measure y also satisfies P1(o) and LSI(«), where the
constants fulfill the estimate

—QCI_"I é

o>e and a>e g, (3.2)

Proof. We just can apply Theorem 3.2 with H replaced by H and ¢ = H — H. Finally,
observe that by (H.) holds

osctp = sup(H — H) —inf(H — H) < 2|H — H| < 2Cpe.
Therewith, the bound (3.1) becomes (3.2). O

Definition 3.5 (Truncated Gibbs measure). To the Gibbs measure y we associate by /i,
the truncated measure obtained from p by restricting it to a ball of radius a+/e around

0 for some a > 0
to(da) = 2 1 -4
fia( 55)—2 Baﬁ(ﬂﬂ)e ¢ dz.

Lemma 3.6 (PI and LSI for truncated Gibbs measure). The measure fi, satisfies P1(g) and
LSI(&) for € small enough, where

= 0(e). (3.3)

Proof. In the local minimum 0 of €2 the Hessian of H is non-degenerated by Assump-
tion 1.9 or 1.10. Therefore, for € small enough, H is strictly convex in B,, N and satisfies
by the Bakry-Emery criterion (cf. Theorem 3.1) PI(4) and LSI(&) with ¢ and & obeying
the relation (3.3). O

3.1. Lyapunov conditions...

3.1.1. ...for Poincaré inequality

In this subsection, we will show that there exists an e-modified Hamiltonian ﬁg which
ensures that the Poincaré constant of i is of the same order as the Poincaré constant
of the truncated measure i, from Definition 3.5. Therefore, we will state a Lyapunov
function for the measure /. Firstly, let us introduce the notion of a Lyapunov condition.

Definition 3.7 (Lyapunov condition for Poincaré inequality). Let H : @ — R be a

Hamiltonian and let

Lo() e de
Zy

p(dz) =
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3. Local Poincaré and logarithmic Sobolev inequalities

denote the associated Gibbs measure p at temperature . Then, W : @ — [1,00) is a
Lyapunov function for H provided there exist constants R > 0, b > 0 and A > 0 such
that

1
~ LW < AW 4 g, (3.4)

[BBCGO8] is recommended for further information on the use of Lyapunov conditions
for deducing Poincaré inequalities. The main ingredient of this technique is the follow-
ing statement:

Theorem 3.8 (Lyapunov condition for PI [BBCGO08, Theorem 1.4.]). Suppose that H ful-
fills the Lyapunov condition (3.4) and that the restricted measure g given by

pr(de) = p(dz)iq,= Lo () p(dx), where Qr=QNBg
1(2R)

satisfies PI(or). Then, p also satisfies P1(p) with constant

0=

b+ or Ok

Proof. Having the Lyapunov condition (3.4) the proof of Theorem 3.8 becomes simple
and only relies on the symmetry of L in L?(u). Let us just outline the argument for
which more the details can be found in [BBCGO08]. Let us rewrite the Lyapunov condi-

tion (3.4) and observe

LW b
< _ g, .
<=0 T aten (3:5)

The next observation to use the symmetry of 1L in L?(dy), i.e.

/f(—iLg)d/L:/(Vf,Vm du

for deducing the estimate
2 (=LW) _/ f?
/f 5 dp = \Y W , VW ) du
o[ Wd [ VWP
_2/W(Vf,V )ydp / 2 dp

—/]Vde,u—/'Vf—VJ;/VW
< [19sP an

) (3.6)
du

Therefore, we can estimate the variance by first using var,(f) < [ (f — m)*du for any
m € R with equality if and only if m = [ fdu and then estimating with the help of (3.5)
and (3.6) as well as the local Poincaré inequality for pp
—LW b
< —m)?du < —m)? = —m)?
()< [ -mraus [(om? G d [ m

b

3.7)
<3 [IviPdu+ A/QR (f —m)* d.
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3.1. Lyapunov conditions ...

The last step consists of setting m = [ fdur and observing that the last integral in the
right-hand side of (3.7) becomes var,,(f), which can be estimated since ;1 satisfies
PI(or) by assumption. O

We want to apply Theorem 3.8 to our situation. Hence, we do not only have to verify the
Lyapunov condition (3.4) but also have to investigate the dependence of the constants
R, band X\ on the parameter «.

We will use the Lyapunov approach given in Definition 3.7 and will explicitly construct
an e—modification H. of H in the sense of Definition 3.3. More precisely, we deduce
the following statement:

Lemma 3.9 (Lyapunov function for PI). Without loss of generality we may assume that
0 € Q is the unique minimum of H in Q. Then, there exits an e —modification H. of H in the
sense of Definition 3.3 such that for some constant a > 0 large enough holds with Ao > 0

1 - 1= o Ao
— - < —= > . .
2€AHE(x) 122 \VH(z)|” < . forall |z| > av/e (3.8)

In particular, H. satisfies the Lyapunov condition (3.4) with Lyapunov function

1 - b
W(x) = exp <26H€(:n)> and constants R = a/e, b < ?0’ and \ >

A
22 39
€

If the above lemma holds true the content of the local Poincaré inequality of Theo-
rem 2.19 is just a simple consequence of a combination of Theorem 3.8 and Lemma 3.4.
We will outline the proof in Section 3.2

Likewise, the statement of Lemma 3.9 directly follows from the following two observa-
tions.

Lemma 3.10. Assume that the Hatniltonian H satisfies the Assumption (A2p1). Then, there is
aconstant 0 < Cg < oo and 0 < R < oo such that
AH(z) |VH(z)? Ch ~
e T a2 < - forall |x| > R. (3.10)
Moreover, let us assume that H is a Morse function in the sense of Definition 1.8. Additionally,
let S denote the set of all critical points of H in ), that is

S={yeQ|VH(y) =0}.

Then, there exists a constant 0 < cy depending only on H such for a > 0 and € small enough
holds

\VH(z)| > ciav/e forallz ¢ | ) B, z(y)- (3.11)
yeS

In particular, this implies that there is a constant Cy > 0 such that

2 C
M; €<$> _ Wif €<§>| < Cu forallz € B\ | Boyely).  (312)

€
yeS
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3. Local Poincaré and logarithmic Sobolev inequalities

Proof. The proof basically consists only of elementary calculations based on the non-
degeneracy assumption on H. For showing (3.10) we use the assumptions (Alpr) and
(A2p1). Therefore, we define R such that

Vi|z| > R: \VH| > C;—H and |VH|- AH(z) > —2Kp.

Therewith, it is easy to show, that for |z| > R holds

2 2 2 2
AH@) VH@P 1 (11 \Ci\_ Ch o 1 Ch
2 4 32¢ 4C% + 8Ky

2¢ 42 ~ e

2¢e

which proves the statement (3.10). The condition (3.11) is first checked for a J-neigh-
borhood around the critical points y € S. There, by the Morse assumption on H (cp.
Assumption 1.9 and Definition 1.8), we can do a Taylor expansion of H around the
critical point y and find for x € Bs(y)\B,,z(v)

IVH ()| > |Amin(VZH ()] av/z + O(5%). (3.13)

This shows, that (3.11) holds for x € Bs(y)\B,,/z(y)- To conclude, we assume that (3.11)
does not hold for some critical point y, i.e. for every ¢ > 0 and cy > 0 and a > 0 we
find z ¢ B, /z(y) such that [VH(z)| < cgay/e, which by (3.13) contradicts the Morse
assumption (1.8) for ¢ small enough. Finally, (3.12) is a conclusion of a combination
of (3.10) and (3.11). O

The second observation needed for the verification of Lemma 3.9 is given by the fol-
lowing statement, which is the main ingredient for the proof of the local Poincaré in-
equalities.

Lemma 3.11. On a basin of attraction ) there exists an e —modification H. of H in the sense
of Definition 3.3 satisfying

(i) The modification H. equals H except for small neighborhoods around the critical points
except the local minimum of H, i.e.

H.(x) = H(z), forall z ¢ U B, z(y).
yeS\{0}

(ii) There are constants 0 < Cg and a > 1 such that for all small ¢ it holds

AH_(z) |VH.(z)]? Cy
- <= | . .
5 122 < forall =z € B, z(y) (3.14)
yeS\{0}

Proof of Lemma 3.11. By the property (i) of Lemma 3.11, it is sufficient to construct the e-
modification H. on a small neighborhood of any critical point y, which is not the global
minimum of H in 2. By translation, we may assume w.l.o.g. that y = 0.

Because the Hamiltonian H is a Morse function in the sense of Definition 1.8, we may
assume that u;, i € {1,...,n} are orthonormal eigenvectors w.r.t. the Hessian V2H(0).
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3.1. Lyapunov conditions ...

The corresponding eigenvalues are denoted by \;, i € {1,...,n}. Additionally, we may
assume w.l.o.g;that M,y e < 0and Apyq,..., A, > 0forsome ¢ € {1,...,n}. Ifall
Ai < 0,weset H.(z) = H(z) on B, ;(0) and directly observe the desired statement (ii).

For the construction of H., we need a smooth auxiliary function ¢ : [0,00) — R that
satisfies

€(z)=—-1 forlz| < %\@ and —-1<¢(2)<0 forze[0,00) (3.15)
as well as for some C¢ > 0 and any |z| < ay/e

€"()] < and () =&(2) = €"(2) =0 for 2| = ave. (3.16)

e

Let us choose a constant § > 0 small enough such that

l
—0 = (n—2€5+zx\ <0 and 5§%min{)\i:i:€+1,...,n}. (3.17)

=1
Because u1, ..., u, is an orthonormal basis of R", we introduce a norm | - |5 on R" by
2
|x’6_z 6 [(ui, | +Z (Ai = 0) |[(us, )|
i= €+1

The norm |-|; is equivalent to the standard euclidean norm || and satisfies the estimate

. < < max
Sl < Jaf} < S

O <, (3.18)

where A\l = max{)\; :i =¢+1,...,n}. With the help of the function
Hy() ==& (|f3) . (3.19)

we define the e-modification H. of H on a small neighborhood of the critical point 0 as

H.(z) = H(z) + Hy(x).

Note that by definition of Hj, holds H.(z) = H(z) for all |z|; > ay/z. Therefore, the
property (i) of Lemma 3.10 is satisfied by the equivalence of norms on finite dimen-
sional vectorspaces (3.18).

For the verification of the statement (i7) of Lemma 3.10, it is sufficient to deduce the
following two facts: The first one is the estimate

AH()<—3  forallf]s < g\/g. (3.20)

The second one is that there is a constant 0 < Cy such that for a large a > 1 and small
enough ¢ holds

; T ()2
AH;(@“) — |VF{:8(x)| <-Cgx  forall g\/g < |z|s < av/e. (3.21)
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3. Local Poincaré and logarithmic Sobolev inequalities

Let us have a look at (3.20). Because the function ¢ has derivative —1 for |z|s < §4/¢,
straightforward calculation yields

n

0
VPH(x) = V?H(z) =Y dui®@u;— Y (A —0) u; @ us.
=1

i={+1

Taking the trace in the above identity results in

AH(z) = AH(z) — zn: i+ (n—20)8
i=0+1

By the Taylor formula there is a constant 0 < C' < oo such that
|AH(z) — AH(0)| < C|x|.

Therefore, we get for |z|s < §1/c

AH(z) = AH(0) — zn: A+ (n—20)8 + AH(x) — AH(0)
i=0+1

L
a G17) . 5
<§ , — hd < - < -
> )\z+<n 2£)(5+C2\@ S (5+CG\/E_ 9 for \[_Ca

i=1

which yields the desired statement (3.20).
Let us turn to the verification of (3.21). On the one hand, straightforward calculation
reveals that there exists a constant 0 < Ca < oo such that

AH(z) < Ca for all %\/E < |zls < av/e. (3.22)
Indeed, we observe

~ 2
AHL(x) = AH(z) + €' (o) [V1al?] +€ () Alaf

<0 >0
(3.16) Ce | & ’
SAH( )‘i‘ig Z uu uz+ Z uw ui
\/g i=1 i=0+1
Ce
< AH(z )+—Agaxyx\2gCH+—a2a§CH+Ca2ﬁ§CA,
Ve Ve ¢

for some Ca and € small enough, which yields (3.22).

On the other hand, we will deduce that there is a constant 0 < ¢y < oo such that
IVH.(z)]>> ey a®c  forall g\@ < |z|s < av/e. (3.23)

We want to note that the observations (3.22) and (3.23) already yield the desired state-
ment (3.21). Indeed, we get for a® > 4%

AH.(z) |VH.(z)?  Ca cya? Ca a
- <—=—-—=< —— for all —
2e 4e? - 2 de = 2 ora 2\6 < lals < ave,
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3.1. Lyapunov conditions ...
which is the desired statement (3.21). Therefore, it is only left to deduce the esti-
mate (3.23). By the definition of H. from above, we can write

VH(2)]” = |[VH(2)* + |VHy(x)|* + 2 (VH(z), VHy(z)) - (3.24)

Let us have a closer look at each term on the right-hand side of the last identity and let
us start with the first term. By Taylor’s formula we obtain

|VH(z) = V2H(0)z| < Cyz3 (3.25)
where 0 < C'v < oo denotes a generic constant. Therefore, we can estimate
\VH(z)|> > |[V2H(0)z|* — Cya’e? for |z|s < av/e. (3.26)

By the definition of Ay, ... \,, we also know

IV2H ( ZA (g, 2)]? . (3.27)

Let us have a closer look at the second term in (3.24), namely |V H(z)|2.

definition (3.19) of |V Hy(x)|? follows

IV Hy(z)]* = € (|=]3)] (252 wi,)|” + Z (i = 0)° |{uiy @ >’> (3.28)

i=0+1

From the

S 2)‘$ax |‘T|6 .

Now, we turn the the analysis of the last term, namely 2 (VH (z), VH(x)). By using the
estimates (3.25) and (3.28), we get for |z|5 < av/e.

(VH(z),VHy(2)) = (V2H(0)z, VHy(z)) + (VH(z) — V?H(0)z, VHy(x))
(3

<V2H(O)x VH(2)) = 209 Amax|z[3 (3.29)
> — Zm\g |(3) | [(us, )] — Z A\ = 8) € (123) | (s, @) |* = 205 Amaxa®e?.
i=0+1

Combining now the estimates and identities (3.24), (3.26), (3.27), (3.28) and (3.29), we
arrive for |z|s < a4/ at

¢ 2
Vil (x Z(A = 81¢ (lB)]) " s, 2)

M\w

£ (= i) [ (2B)]) N )P~ 40T A fea®

i=0+1

By (3.15) holds |¢/(|z|2)| < 1, which applied to the last inequality yields

3

\VH.(z) ]2>622|ul, )2 — 40y AE a2,
=1
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3. Local Poincaré and logarithmic Sobolev inequalities

Because uq, . . . u,, is an orthonormal basis of R", the desired statement (3.23) follows for
aT\/E <|z|s < ay/e from

- (3.18) 2(52
VH(2)]? > = *[a]? = 40y Mbaxa®e? > 2} — 4CoAfaa’e?
) j max 2
> T a’e —ACy A, a®e2 > eya’e
for some cy < and € small enough. ]

2A$nx

We have collected all auxiliary results needed in the proof of Lemma 3.9.

Proof of Lemma 3.9. The condition (3.8) is a consequence of (3.10) from Lemma 3.10 and
of (3.14) from Lemma 3.11. Now, we verify the Lyapunov condition (3.4) and calculate

with W = exp (iﬁg)
1 LW 1 . - 1 ~ 1 ~ 1 - 1 .
—=— = —AH. + —|VH.|* - —|VH.]? = —AH, — —|VH.*.
e W 2 E+4z~:2| 2 252| 2 26 ° 452N g
Choosing |z| > a+/e := R one obtains from (3.8) the estimate A > % If |z| < ay/e, we
note that H. = H in B, /z(0). Furthermore, H is quadratic around 0 and therefore is
bounded by H(z) < Cya®c for |z| < ay/e. Using, this in the definition of W, we arrive
at the bound for |z| < ay/e

CHa

W(z) =e2 2 H@) < ¢
This yields the desired estimate on the constant b, namely for |z| < ay/e

CHa2
1 1 CHe 2 bo
—LW < —AH(z)W < ——m =1 —
~LW(2) < 5-AH (@)W (2) < 1= 2,

which finishes the proof. O

3.1.2. ...for logarithmic Sobolev inequality

The Lyapunov condition for proving a logarithmic Sobolev inequality is stronger than
the one for Poincaré inequality. Nevertheless, the construction of the e-modified Hamil-
tonian H. from the previous section carries over and we can mainly use the same
Lyapunov function as for the Poincaré inequality. The Lyapunov condition for log-
arithmic Sobolev inequalities goes back to the work of Cattiaux, Guillin, Wand and
Wu [CGWW09]. We will apply the results in the form of the work [CGW09]. We will
restate the proofs of the main results in [CGWO09] for two reasons: Firstly, to adopt the
notation to the low temperature regime and more importantly, to work out the explicit
dependence between the constants of the Lyapunov condition, the logarithmic Sobolev
constant and especially their e-dependence.
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3.1. Lyapunov conditions ...

Theorem 3.12 (Lyapunov condition for LSI [CGW09, Theorem 1.2]). Suppose that there
exists a C%-function W : Q — [1, 00) and constants X\, b > 0 such that for L = eA — VH -V

holds

1L
wreo: LW < =Xl|z|? +b. (3.30)
e W

Further assume, that V*H > —Kp for some K > 0 and p satisfies P1(p), then p satisfies
LSI(«) with

1 1(1 2 Ky K 2N +2
TN = b+ )\/ﬁ(|x| ) + H + H(b+ )‘,U(|x‘ )) + 5)" (331)
Q A2 2eA 0EA

where u(|z|*) denotes the second moment of .

Lemma 3.13 ([CGW09, Lemma 3.4]). Assume that U is a non-negative locally Lipschitz
function such that for some lower bounded function ¢

LeY

— =LU+e¢ |VU|? < —e¢ (3.32)

in the distributional sense. Then for any g holds

/¢92du§/Vg\2dﬂ-

Proof. We can assume w.l.o.g. that g is smooth with bounded support and ¢ is bounded.
For the verification of the desired statement, we need the symmetry of L in L?(yu):

[-Logdu= [ f-ygdn=< [ Vs Todn, (3:33)
and the simple estimate
2gVU - Vg < |VU|* > + |Vg|?. (3.34)
An application of the assumption (3.32) yields
(3.32)
E/¢g2du < / (—LU—&\VU|2> g*dp

(3.34)

which is the desired estimate. O

The proof of Theorem 3.12 relies on an interplay of some other functional inequalities,
which will not occur anywhere else. Therefore, in Appendix D a condensed summary
may be found.
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3. Local Poincaré and logarithmic Sobolev inequalities

Proof of Theorem 3.12. The argument of [CGW09] is a combination of the Lyapunov con-
dition (3.30) leading to a defective WI inequality and the use of the HWI inequality
of Otto and Villani [OV00]. In the following, we will use the measure v given by
v(dzx) = h(z)u(dz), where we can assume w.l.o.g. that v is a probability measure,
i.e. [ h dp = 1. The first step is to estimate the Wasserstein distance in terms of the total
variation (cf. Theorem D.2 and [Vil09, Theorem 6.15])

W3 (v, 1) < 2|1 (v — )|z (3.35)

For every function g with |g| < ¢(z) := A|z|*>, where X is from the Lyapunov condi-
tion (3.30) we get

/gdy /¢dy+/kmm U/A@Pmm¢MAmg+/¢du+qu(a%)

We can apply to [(A|z]* — b)h du Lemma 3.13, where the assumption is exactly the
Lyapunov condition (3.30) by choosing U = log W and arrive at

‘/Qu|—bhdu</WVJ’ |deﬂ—1HWm, (3.37)

by the definition of the Fisher information. Taking the supremum over g in (3.36) and
combining the estimate with (3.35) and (3.37) we arrive at the defective WI inequality

W3 ) < AR = )l < 1)+ b+ (o). (3.38)

The next step is to use the HWI inequality (cf. Theorem D.6 and [OV00, Theorem 3]),
which holds by the assumption V2H > — Ky

Bty (h) < Wa(v, i)/ 2T ) + 2 W0, ).

Substituting the defective WI inequality into the HWI inequality and using the Young
inequality ab < Za® + 5-b? for 7 > 0 results in

Ent,(h) < 7I(v|p) + <21 + I§H> W3(v, 1)

g () 10d 5 (24 S 0o,

The last inequality is of the type Ent,(h) < aidl (v|u) + B [ hdp and is often called
defective logarithmic Sobolev inequality dLSI(cag, B). It is well-known, that a defective
logarithmic Sobolev inequality can be tightened by a Poincaré inequality PI(p) to a
logarithmic Sobolev inequality with constant (cf. Proposition D.9)

(3.39)

1 1 B+2
LR (3.40)
o ag 0
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3.1. Lyapunov conditions ...

A combination of (3.39) and (3.40) reveals

;:T+21A(71_+I2H> +z<i <i+K€H> (b+u(¢))+2>
11 (1 b+u(<b)) +KH +KH(b+u(¢))+25)\ _

_ i el — ‘
_T+7')\ 2e\ 0 T+T+CQ'

2 0

The last step is to optimize in 7, which leads to 7 = /c1 and therefore é = 2,/c1 + co.
The final result (3.31) follows by recalling the definition of ¢(z) = A |z|>. O

For proofing the Lyapunov condition (3.30) we can use the construction of an e-modifi-
cation done in Lemma 3.11.

Lemma 3.14 (Lyapunov function for LSI). There exists an e-modification H. of H satisfying
the Lyapunov condition (3.30) with Lyapunov function

1 - b A
W(x) = exp <26H5(x)> and constants b = ;O, and X\ > ?Ofor some by, A\g > 0

and Hessian VQI:I(x) > —K g for some Kz > 0.

The proof consists of three steps, which correspond to three regions of interests. First,
we will consider a neighborhood of oo, i.e. we will fix some R > 0and only consider
|x| > R. This will be the analog estimate to formula (3.10) of Lemma 3.10. Then, we
will look at an intermediate regime for ay/e < |z| < R, where we will have to take
special care for the neighborhoods around critical points and use the construction of
Lemma 3.11. The last regime is for |z| < ay/e, which will be the simplest case.

Therefore, besides the construction done in the proof of Lemma 3.11, we need an anal-
ogous formulation of Lemma 3.10 under the stronger assumption (Al.s1).

Lemma 3.15. Assume that the ﬁamiltonian H satisfies Assumption (Alisr). Then, there is a
constant 0 < Cy < coand 0 < R < oo such that for e small enough

AH(z) |V H(x)|? <

9 2 = forall |z| > R. (3.41)

Cu | 2
—— |z
£

We skip the proof of the Lemma 3.15, because it would work in the same way as for
Lemma 3.10 and only consists of elementary calculations based on the non-degeneracy
assumption on H. The only difference, is that we now demand the stronger state-
ment (3.41), which is a consequence of the stronger assumption (Alsr) in comparison
to assumption (A2p1).

Now, we have collected the auxiliary statements and can proof Lemma 3.14.

Proof of Lemma 3.14. First, let us check the lower bound on the Hessian of H. We will
use the same construction as of the Poincaré inequality in Lemma 3.11. Therefore, the
support of H — H is compact and H is composed only of smooth functions, which
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3. Local Poincaré and logarithmic Sobolev inequalities

already implies the lower bound on the Hessian for compact domains. Outside a suffi-
cient large domain, the lower bound is just the Assumption (A2.s1). Now we can turn
to verify the Lyapunov condition (3.30) and calculate with W = exp(4- H:)

1

1w 1
2e

% 1 12 1 12
7AH5+47€2|VH€| 727€2|VH5‘ =

- 1 -
= AH. — —|VH.|%
e W 2 ¢ 452’ el

If || > R with R given in Lemma 3.15, we apply (3.41) and have the Lyapunov condi-
tion fulfilled with constant A = %" This allows us to only consider z € By N €2, which
is of course bounded. In this case, Lemma 3.9 yields for ay/z < |z| < R the estimate

(3.42)

For |z| < ay/e holds by the representation (3.42) since H is smooth and strictly convex
in B,/ the bound

A combination of (3.42) and (3.43) is the desired estimate (3.30). O

3.2. Proof of the local inequalities

In the previous Section 3.1, we were able to construct Lyapunov functions for the
Hamiltonian restricted to the basin of attraction for each minimum. This is sufficient to
finally prove the local Poincaré and logarithmic Sobolev inequalities of Theorem 2.19
and Theorem 2.21, which consist of mainly checking, whether the constants in the Lya-
punov conditions show the right scaling behavior in €. Let us start by restating the local
Poincaré inequality.

Theorem 2.19 (Local Poincaré inequality). The local measures { Mz}f\i 1, obtained by restrict-
ing u to the basin of attraction §; of the local minimum m; (cf. (2.7)), satisfy P1(o;) with

0; ' = 0(e).

Proof. We prove the theorem for each y; individually and omit the index ¢. The first step
is the application of the Holley-Stroock perturbation principle in Lemma 3.4, which
ensures that whenever H. is an e-modification of H, i.e. sup,cq|H-(z) — H(z)| < C 7€
the Poincaré constants are of the same order in terms of scaling in ¢, i.e.

0> e 2Cag. (3.44)

In the next step, we construct an explicit e-modification H satisfying the Lyapunov
condition Definition 3.7. Therefore, we can apply Theorem (3.8) with constant A and b
satisfying the bounds (3.9) from Lemma 3.9. This leads to a lower bound for g by

AOR S A0OR

. 3.45
+or ~ bo+cor (3.45)

o >
e=5%
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3.2. Proof of the local inequalities

The final step is to observe that, since R = a+/c, we can assume that the measure fip =
fLB, e is just the measure fi,. Therefore, it holds ggl = O(e) by Lemma 3.6, which
leads by combining the estimates (3.44) and (3.45) to the conclusion p~! = O(e). O

Before continuing with the proof of the local logarithmic Sobolev inequality Theo-
rem 2.21, we want to remark, that the Lyapunov condition for the Poincaré inequality
and in particular for the logarithmic Sobolev inequality imply an estimate of the second
moment of .

Lemma 3.16 (Second moment estimate). If H fulfills the Lyapunov condition (3.4), then
has finite second moment and it holds

2
[ 1ol ntde) < 25 (3.46)

Proof. We use the equation (3.7) from the proof of Theorem 3.8, where have deduced
that for a nice function f and any m € R holds

/(f—m)Qduéi/\Vﬂ?duﬂLi/ﬂR(f—m)?du.

We set f(z) = |z| and m = 0 to observe the estimate (3.46). O

The construction done in Section 3.1.1 leads to the immediate results.

Corollary 3.17. If H fulfills the assumptions (Alpr) and (A2p1), then p has finite second
moment and it holds

/ 2] p(dz) = O(e).

Proof. We cannot apply the previous Lemma 3.16, but first have to do a change of mea-
sure to a measure fi, where ji comes from an e-modified Hamiltonian H. of H

/yg;ﬁdﬂ < eQCﬁ/deg.

Moreover, Lemma 3.9 ensures that H. satisfies the Lyapunov condition (3.4) with con-
stants A > 22, b < % and R = a./c. Now, we can apply the previous Lemma 3.16 and
immediately observe the result. O

Theorem 2.21 (Local logarithmic Sobolev inequality). The local measures {,ul}f\i 1, 0b-

tained by restricting p to the basin of attraction S; of the local minimum m; (cf. (2.7)), satisfy
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3. Local Poincaré and logarithmic Sobolev inequalities

Proof. For the same reason as in the proof of Theorem 2.19, we omit the index i. The
first step is also the same as in the proof of Theorem 2.19. By Lemma 3.4 we obtain that,
whenever H. is an e-modification of p in the sense of Definition 3.3, the logarithmic
Sobolev constants o and & of p and /i satisfy a > exp(—2C)a.

The next step is to construct an explicit e-modification H satisfying the Lyapunov con-
dition (3.30) of Theorem 3.12, which is provided by Lemma 3.14.

Additionally, the logarithmic Sobolev constant & depends on the second moment of .
Since H. satisfies by Lemma 3.9 in particular the Lyapunov condition for the Poincaré
inequality (3.4) with constants A > %, b < %0 and R = a+/e, we can apply Lemma 3.16

and arrive at
14+ R% 1+ bya?
/|x\2dﬂ§ TAD TR _ o).
A Ao

Now, we have control on all constants occurring in (3.31) and can determine the loga-
rithmic Sobolev constant & of fi. Let us estimate term by term of (3.31) and use the fact
from Theorem (2.19), that /i satisfies P1(g) with ! = O(¢)

~ 2
2 % (;Jrlwg(m')) < 2\/;O <;+0(1)> — O(V5).

The second term evaluates to % = O(1) and finally the last one

Ki(b+ Ni(|z*) +2en

ot (1 (2 +010) o) =0t

0EN
A combination of all the results leads to the conclusion &' = O(1) and since H. is only
an e-modification of H also a~! = O(1). O

3.3. Optimality in one dimension

We want to close this chapter with a remark regarding the optimality of Theorem (2.19)
and Theorem (2.21). We claim that the results are optimal in terms of scaling w.r.t.
for measures obtained by restricting a Gibbs measure to the basin of attraction of a lo-
cal minimum of its Hamiltonian. We will indicate the optimal behavior by estimating
the Poincaré and logarithmic Sobolev constant for a characteristic energy landscape in
one dimension. There exist two functionals, namely the Muckenhoupt and Bobkov-Gotze
functional, which allow to determine the Poincaré and logarithmic Sobolev constants
for a given one dimensional measure up to a universal multiplicative factor. This is
enough to show the optimal scaling behavior in €. Let us now introduce the Mucken-
houpt and Bobkov-Gotze functional and after that apply them to a specific one dimen-
sional example.
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3.3. Optimality in one dimension

3.3.1. Muckenhoupt and Bobkov-Go6tze functional

Theorem 3.18 (Muckenhoupt functional). Let . be a probability measure on R with density
e~ (@) with respect to the Lebesgue measure on its support. Then, the constants B;, and B,

defined by
B,, = sup </ eH(y)dy/ eH(y)dy>
x<m x —00

B = sup < / W)y / eH(wdy)
x>m m x

are finite for pi-a.e. m if and only if they are finite for one common m.

(3.47)

Further, u satisfies a Poincaré inequality PI(o) if and only if B,, and B\, are finite. In this
case o obeys the estimate

max { (1 — F,(m))B,,, F,(m)B}} < o' <4max{B,,, B},

where F,(m) = p((—oo,m]). Especially, by setting m = m* with m* the median of p, i.e.
F,(m*) = %, then it holds

1 _ _ _
§max{Bm*,B:g*} <o l< 4max{Bm*,B;,TL*}7

In the original work [Muc72], the main interest was to show the existence and to find
estimate on the optimal constant in weighted Hardy type inequalities. For the proof
and the detailed references how Theorem 3.18 evolved from [Muc72], we refer to Sec-
tion 5.3.

After bringing the Muckenhoupt functional [Muc72] in the context of Poincaré inequal-
ities, the question arose, whether there exists an analogous functional for the logarith-
mic Sobolev inequality. It was discovered by Bobkov and Gotze [BG99] and we will
refer to it as the Bobkov-Gotze functional.

Theorem 3.19 (Bobkov-Gotze functional [BG99, Theorem 1.1]). Let p be a probability
measure on R with density e~ "(®) w.r.t. to the Lebesgue measure on its support. Then, the
measure  satisfies LSI(c) for some constant o if and only if D~ + D < oo. In this case,
satisfies

1
Ko(D~+D") <= < Ky(D™ + D7),

Q

where Ko and K are certain positive constants and D~ and D™ are given by
D™ = Vdyl g
g ([t (=g ) [ <00
y)d x
Dt = sup (/ ®)dy log ( y) / eH(y)dy>
x>m T m

and m is the median of the probability measure

(3.48)
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3. Local Poincaré and logarithmic Sobolev inequalities

3.3.2. Application to characteristic energy landscape

In this section, we want to estimate the Poincaré and logarithmic Sobolev constant in
the regime of low temperature ¢ < 1 for some a Hamiltonian being itself the basin of
attraction. The Hamiltonian function is given by

re[-1,1]: Hxz)=1-(1-2%? and z¢[-1,1]: H(z) = co. (3.49)

The according Gibbs measure at temperature € has the form

1

1 _H@ _H(=z)
p(dr) = —e "= dz and Z, = e = dax. (3.50)
Z, 1
A
- ¢00 -
ol
] 0 >

Figure 3.1.: Cartoon of a basin of attraction in one dimension

Lemma 3.20. The Gibbs measure p given by (3.50) with Hamiltonian (3.49) satisfies for e <1

3

— < B"=DB" <Cpge (3.51)
Cg
1
— <Dt=D" <C)p. (3.52)
Cp
In particular, the measure p satisfies P1(p) and LSI(«) with
iglgéBs and ~1 _lgép.
Cp 0 Ch &

Proof. The median m of p is equal to 0, due to p is symmetric. Another consequence
of the symmetry is that by definition (3.47) holds B,;, = B;, and also definition (3.48)
implies D;} = D,, . Therefore, we can concentrate on the evaluation of B;}, and D, and
consider the functions for z € (0, 1)

T 1
B*(m):/ eH(y)dy/ eHWdy
0 T

T

1 Z
+(r) = H(y) —H(y) H
and D7 (x) / e dy/m e dy log (fxle = y>
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3.3. Optimality in one dimension

The upper bound for BT (z) follows from the observations
Vy € [0,2]: H(y) < H(z) - (y—x)* and Vye€ [x,1]: H(y) > H(z)+ (y—x)*. (3.53)

Therewith, we can estimate B (x)

(353) [T H@) _(y-o)? I he) o2 T2 l—z 2
B (z) < / e s e dy/ e ‘yedy—/ e_ysdy/ e Fdy< e
0 x 0 0 4

where in the last step we extended the domain of integration onto [0, co) for both inte-
grals and evaluated the Gaussian integrals. For the lower bound, it is enough to give a

lower bound for B (z) for one single specific z. We will use the choice z = % For the
estimate we use the rough bound 0 < H(z) < 22% on [-1, 1] and calculate

Ve 1 2
- 2 H 22 VEVE [V _&2
B(Z)Z/O eady/\fe Edy2771 e 2dy

2 2
e _ye CH
> — z2dy =: —
_4/16 Yy 487

where we assumed in the last estimate ¢ < 1. Hence, we finished the proof of (3.51)
with constant Cp = max { I, 4}.

For the function D (r), we first have to asymptotically evaluate Z,,

Zy, = \/§ﬁ+0(5).

Since, we are not interested in the asymptotic sharp estimate, it is enough to use the
bounds obtain by comparing with Gaussian integrals by using 2? < H(z) < 22°
on [—1,1]

\/z\@ < Z, < /e (3.54)

Furthermore, we need an improved bound for the integral fxl e_@dy, which is again
obtained by the upper bound H(z) < 2x2 on [-1, 1] by comparing

1 1,2 2 =) 2
/ e*Hiy)dy Z/ efQ‘Tdy = \gg e~ /of e*%dy. (3.55)

For bounding the remaining Gaussian integral, we can simply use the rough estimate
where the concrete constants are chosen for convenience

%min{\/%,%r} S/Ore_y;dygmin{\/g,r}. (3.56)

Hence, for the estimate of D' (z) we can use the same strategy like in the estimate
of BT (z), especially employing the property (3.53), but now with an improved upper
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3. Local Poincaré and logarithmic Sobolev inequalities

H(y) . .
bound for fxl e~ dy to compensate the logarithmic term

B33) [T M) (y-u)? 1 (@) _ (y=x) V
A e R
0 . fa: e~ (y)dy

(3.55) = 2 l—z 2 /Te
< / e_y?dy / e_y?dy log - iﬂ(i@ -
0 0 % e 5 InG e~ zdy

0
Ve yry/5

222
(356) ‘ 2/me e
< 4/ZV/e /< min z, %( —z)¢ lo
< ave Jamin{ 5\ /20 -0 | 1o FR W ey

< I 4 Toelog(2y/T) — \/§sw (jimin{\/?, @(1 —x)}) :

where ¢(z) := z log 2, which is bounded from below by —1. Hence, we obtain the first
part of (3.52), i.e. the bound D (z) < § + O(e) for # € [0,1]. The lower bound can
be obtained in the dual way. Observe that H also satisfies the bound 1 — 4(z — 1) <
H(z) < 1— (z —1)? < 1, which leads to the following estimate of the single factors of

<

DT (z), where we choose z = 1 — % and assume againe <1

1—78 1 2 1
/ e dy > ez /\/E e_%dy = ei\/g/l e dy = e%\/g c. (3.57)
0 2 2
For the second term, we simply obtain the lower bound
! _H) _1.e
1 JE e = dy >e = 5 (358)
T2

Additionally, we need an upper bound for the same term, where we use H(z) < 1 —
(z—1)?

! H()
/ Vil S dy <e
-2

A combination of the estimates (3.54), (3.57), (3.58), (3.59) results in the lower bound

DY (1 - %) >e %1 log ( "26) = %1 + O(e).

2

1
[Pt et e [Pty et e 659
0 0

5

o [=

1

e € \ecy
Finally, this shows (3.52) and finishes the proof. O
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Chapter

Mean-difference estimates
— weighted transport distance

This chapter is devoted to the proof of Theorem 2.23. We want to estimate the mean-
difference (E,, f — E,, f )2 for i and j fixed. The proof consists of four steps:

In the first step, we introduce the weighted transport distance in Section 4.1. This distance
depends on the transport speed similarly to the Wasserstein distance, but in addition
weights the speed of a transported particle w.r.t. the reference measure .. The weighted
transport distance allows in general for a variational characterization of the constant C'
in the inequality

(Ep (f) = By (1) < C/ IV £%dp.

The problem of finding good estimates of the constant C is then reduced to the prob-
lem of finding a good transport between the measures 1; and j; w.r.t. to the weighted
transport distance.

For measures as general as p; and p;, the construction of an explicit transport interpo-
lation is not feasible. Therefore, the second step consists of an approximation, which
is done in Section 4.2. There, the restricted measures y; and 1 are replaced by sim-
pler measures v; and v;, namely truncated Gaussians. We show in Lemma 4.7 that this
approximation only leads to higher order error terms.

The most import step, the third one, consists of the estimation of the mean-difference
w.r.t. the approximations v; and v;. Because the structure of v; and v; is very simple, we
can explicitly construct a transport interpolation between v; and v; (see Lemma 4.12 in
Section 4.3).

The last step consists of combining the results of Lemma 4.7 and Lemma 4.12 (cf. Sec-
tion 4.4). To demonstrate the flexibility of the weighted transport distance, we will
deduce a mean-difference estimate, where the non-degeneracy Assumption 1.12 is not
completely fulfilled in Section 4.5.
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4. Mean-difference estimates — weighted transport distance

4.1. Mean-difference estimates by transport

At the moment let us consider two arbitrary measures 1y < p and v; < p. The overall
aim is to estimate the mean-difference

(]EVO(f) - ]EVl (f))2 .

The starting point of the estimation is a representation of the mean-difference as a trans-
port interpolation. This idea goes back to Chafai and Malrieu [CM10]. However, they
used a similar but non-optimal estimate for our purpose. Hence, let us consider a trans-
port map U between 1 and vy, i.e. the push forward of vy under the map U is given
by U = v1. Further, let (®5)¢[0,1) be a smooth interpolation between the identity and
the transport map U, i.e.

(I)O = Id, <I>1 = U, and ((I)S)ﬁVU = Us.

The representation of the mean-difference as a transport interpolation is attained by
using the fundamental theorem of calculus, i.e.

©0) - = ([ [ 412, dy0)2 ([ [iwrewa. b an d)

At this point it is tempting to apply the Cauchy-Schwarz inequality in L?(dv xds) lead-
ing to the estimate of Chafai and Malrieu [CM10]. However, this strategy would not
yield the pre-exponential factors in the Eyring-Kramers formula (2.25) (cf. Remark 4.2).
On Stephan Luckhaus’” advice the author realized the fact that it really matters on which
integral you apply the Cauchy-Schwarz inequality. This insight lead to the following
proceeding

(Eu () — Euy ())? = ( / 1 [ 7@, du ds>2

1 2

= (/ /(Vf,<i>30¢;1> ds ds)
0
1 2
< ([ [ 1600 S asan)
0 du
L. dv 2
< [([roat e as) au [19sFan @
0 du

Note that in the last step we have applied the Cauchy-Schwarz inequality only in
L?(dy) and that the desired Dirichlet integral [ |V f|* dy is already recovered.

The prefactor in front of the the Dirichlet energy on the right-hand side of (4.1) only
depends on the transport interpolation (®s)c[o,1)- Hence, we can infimize over all pos-
sible admissible transport interpolations and arrive at the following definition.
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4.1. Mean-ditference estimates by transport

Definition 4.1 (Weighted transport distance 7,). Let p be an absolutely continuous
probability measure on R™ with connected support. Additionally, let 1y and v be two
probability measures such that vy < p and vy < p, then define the weighted transport
distance by

L. dv 2
) 1 s
7o) =t [ [1ds00 §2 as) an 12)

The family (®5),¢[0,1) is chosen absolutely continuous in the parameter s such that @y =
Id on supp v and (®1)3v0 = v1. For a fixed family and (®;),¢(o,1) and a point x € supp i
the cost density is defined by

1
Alz) = / by 0 @71 (2)] va(z) ds. (4.3)

Remark 4.2 (Relation of 7,, to [CM10]). In general, the transport cost 7, (v, v1) is always
smaller than the constant obtained by Chafai and Malrieu [CM10, Section 4.6]. Indeed,
applying the Cauchy-Schwarz inequality on L?(ds) in (4.2) yields

L. dv Ldy
2 . —12 S S
n(uo,yl)glgf//o By 007 dﬂds/O T da d

1 dv 1 5
< . S
< 1(£15f (sgp ( du (x) ds) //0 |Ds|° ds dyo) ,

where we used the assumption that vs <  for all s € [0, 1] in the last L!-L> estimate.

Remark 4.3 (Relation of 7, to the L?—Wasserstein distance W ). If the support of x is
convex, we can set the transport interpolation (®;),¢|o 1] to the linear interpolation map
O (z) = (1—s)x+sU(z). Assuming that U is the optimal Ws-transport map between vy
and 14, the estimate in Remark 4.2 becomes

L,

7;2@0, v) < <sgp/0 i (x) ds) W2(v,v1). (4.4)

Remark 4.4 (Invariance under time rescaling). The cost density A given by (4.3) is inde-
pendent of rescaling the transport interpolation in the parameter s. Indeed, we observe
that

1 T
Alx) = / By 0 5 1(2)]| va(x) ds = / BT o (0F) ()] v (x) dit,

where &/ = &,/ and v} =1, /T

In this paragraph, we show that 7,,(-, -) actually is a distance justifying the term weighted
transport distance. It turns out that the distance 7, (-, ) is a metric on a subspace of the
space of probability measures on R" with finite second moment. The main restriction
is that the weighted transport distance is very sensitive to support constraints, which
are difficult to check for interpolations between general measures.
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4. Mean-difference estimates — weighted transport distance

Proposition 4.5 (7, as a distance). Assume that j1 is absolutely continuous w.r.t. the Lebesgue
measure. Additionally, assume that p has convex support and finite second moment. Then
Tou(-,-) is a distance on the space

P, :={v € P(R") : v < p, supp v compact} .
Proof of Proposition 4.5. The symmetry follows from the observation that if s — ®; is
an optimal interpolation between 1 and v, then s — ®;_, is an optimal interpolation

between 1 and 1.
Let us consider the definiteness. Therefore, we assume that 7, (v, v1) = 0, then

1 d
/0 |Dy 0 @Y d:S ds =0, p-a.e.

Hence, by integrating w.r.t. 1 and interchanging the order of integration we obtain

I dv I I
O:/ /]CDSo(I);l > du ds :/ /]CI’SO<I>S_1\ dvs ds :/ /|<I>S] dug ds.
0 dp 0 0

This shows that ®; = 0 on suppry. Therefore, it holds ®; = Id |supp o resulting in
vs =1y forall s € [0, 1].

Let us consider the triangle inequality. We have to show that for arbitrary measures
Y0, V12, V1 < p holds

Tu(vo, v1) SE(VO,V%)—i-n(V%,Vl). 4.5)

Let (®;)s¢(0,1) be an interpolation between 1 and v such that [0,1] > s +— @5 is an
interpolation between v and v 5 and [0, 1] > s+ ®, /55 is an interpolation between
v1/2 and v1. An application of the triangle inequality in L*(dy) yields the estimate

1 : 1 dV 2 %
< — S
E(V(]vVl)— /(/0 ‘(I)SO(I)S ‘ d,u,d8> du
1
1 d dy 2 2
= /(/2@50@31\ s ds +/y¢> 007! Td )dﬂ
0
2 d
/ /|<i>soq>;1| Us ds du + / /\cp 0@ dvs 4
0 du

Because of the invariance of the cost density under rescaling of time (cf. Remark 4.4)
and the arbitrariness of the transport (®5),co,1), the last inequality already implies the
desired triangle inequality (4.5).

In the last step we show that 7, (v, 1) < oo for vy, € P,,. For that purpose, we apply
the bound in terms of the Wasserstein distance (4.4). Then, it is sufficient to show that

IA
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4.2. Approximation of the local measures ji;

v € P, has finite second moment provided that ;. has finite second moment. This fact
follows from the change of measure

lzPdv = [ |z)? dyd < lz?dp < .
du oo

% < 00, which holds due to the
1 Loo

compactness of the support of v. O

In the last inequality we used the observation ‘

Remark 4.6 (p-weighted transport distance 7, ,,). Itis also possible to define a p-weighted
transport distance for p € [1, 00) by

Tpu(vo, 1) ::< inf /(/ |<I> od l\dys s) )
56[01

4.2. Approximation of the local measures /;

3=

In this subsection we show that it is sufficient to consider only the mean-difference
w.r.t. some auxiliary measures v; approximating p;. More precisely, the next lemma
shows that there are nice measures v; which are close to the measures p; in the sense of
the mean-difference.

Lemma 4.7 (Mean-difference of approximation). Let v; be a truncated Gaussian centered
around the local minimum m; with covariance matrix ¥; = (V2H (m;)) ™1, more precisely

1 R ) 7 z—m,)
vi(dx) = 7 e~ 2= 1g/(x)dzx, where Z, = / e = dx (4.6)
v; E;

Here and further on, we use the convention that for a matrix M and a vector x we write
Mlz] := (x, Mz) .
The restriction E; is given by an ellipsoid
Ei={zeR": |E;%(x —my)| < V2 w(e)}. 4.7)

Additionally, assume that 11; satisfies P1(o;) with o;* = O(e).
Then the following estimate holds

(Bu() ~ By (1) < OE2(0) [ 197 dn «8)
where the function w(e) : RT — R in (4.7) and (4.8) is smooth and monotone satisfying

w(e) > |log5|% fore < 1.
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4. Mean-difference estimates — weighted transport distance

The first step towards the proof of Lemma 4.7 is the following Lemma.

Lemma 4.8. Let v; be a probability measure satisfying v; < ;. Moreover, if p; satisfies P1(o;)
for some o; > 0, then the following estimate holds

(B (1) = By () < v, (d) R (49)

Proof of Lemma 4.8. The result is a consequence from the representation of the mean-

difference as a covariance. Therefore, we note that dv; = d/’f du; since v; < p; and use

the Cauchy-Schwarz inequality for the covariance

()~ B = [ s [ o= [ 1 8% aui— [ s [ 52 o

dy; dy; =1
= COV 2 <dﬂz’f> S Varm <dlul> Var'ui(f).

Using the fact that p; satisfies a Poincaré inequality results in (4.9). O

The above lemma tells us that we only need to construct v;, which approximates p; in
variance. The following lemma provides exactly this.

Lemma 4.9 (Approximation in variance). Let the measures v; be given by Lemma 4.7. Then
the partition sum Z,, satisfies for € small enough

Z,, = (2me)2 \/det T; (14 O(V/z)). (4.10)
Additionally, v; is a good approximation in variance of p;, i.e.
var, (jff) = O(vE W (e)). (4.11)

Proof of Lemma 4.9. The proof of (4.10) reduces to an estimate of a Gaussian integral on
the complementary domain R™\ E;. By recalling, that (27¢)2 \/det %; is the normaliza-
tion for a Gaussian with covariance matrix X;, we arrive at

E 1[’1‘ m;] n
Zy, = / e 2= dx=(2me)2z+/det; (1
E;

2e

T_mz]
— dzx | .
(2me) a\/m / B )

The integral on the complementary domain R™\ E; evaluates by the change of variables
Ty = (2821‘)_% (x —m;) to

/ 5 e mzld 1 / g n /OO n—1,-12 3
e 2¢ T = — e Yy=—- r' e r
(2me) 5\/det > n\E T2 JR™\B, o F(% +1) w(e)

00 n 2
P(f) w?(e) (5)
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4.3. Affine transport interpolation

where I'(%, w?(¢)) is the complementary incomplete Gamma function. It has the asymp-
totic expansion [Olv97, p. 109-112] given by

T (g,w2(€)> = 0(e O 2(e)), forw(e) > V.

We obtain (4.10) by the choice of w(e) > |log | %, since the error becomes
O(e*wz(e)w"”(a)) = O(e |loge|> 1) = O(Ve), fore <e ™.

For the proof of (4.11), we compare the asymptotic expression for Z,, = ZiZMes_lmi
from (2.30) and Z,, and obtain

Ly, = Zy, + O(\ﬁ) (4.12)

The relative density of v; w.r.t. y; can be estimated by Taylor expanding H around m;.
By the definition of »; given in (4.6), we obtain that X, [y —m,] — H;(y) = O(|ly — m4|*).
This observation together with (4.12) leads to
dI/Z‘
dy,

Z/ii — L y—mi]+ L Hi(y) Zm M 3
(y) = 76 2e et ]lEz(y) = 76 € ﬂEz(y) =1+ O(\/gw (6))

Now, the conclusion directly follows from the definition of the variance

var (dl}l)—/ <dyi>2d -—( dvi d .>2
ri\ g 1, 5, dﬂi Hi d,ui i

= [ 140/ ) - (/E d) S 14 O(VEL(E) ~ 1.

O]

Proof of Lemma 4.7. A combination of Lemma 4.8 and Lemma 4.9 together with the as-
sumption g; ! = O(¢) immediately reveals

, (49),@11) 5
<

(B, (f) B (1)? < O(e2w3(e))/|Vf|2dm.

4.3. Affine transport interpolation

The aim of this section is to estimate (IE,,(f) — Ey, (f ))2 with the help of the weighted
transport distance 7,(v;,v;) introduced in Section 4.1. The main result of this section
estimates the weighted transport distance 7, (v;, v;) and is formulated in Lemma 4.12.
For the proof of Lemma 4.12, we construct an explicit transport interpolation between v;
and v; w.r.t. the measure . We start with a class of possible transport interpolations
and optimize the weighted transport cost in this class.
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4. Mean-difference estimates — weighted transport distance

Now, we state the main idea of this optimization procedure. Recall that the measures v;
and v; are truncated Gaussians by the approximation we have done in the previous Sec-
tion 4.2. Hence, the measures v; and v; are characterized by their mean and covariance
matrix. We will choose the transport interpolation (cf. Section 4.3.1) such that the push
forward measures v := (®,)y1p are again truncated Gaussians. Hence, it is sufficient
to optimize among all paths v connecting the minima m; and m; and all covariance
matrices interpolating between ¥; and X;.

4.3.1. Definition of regular affine transport interpolations

Let us state in this section the class of transport interpolation among we want to opti-
mize the weighted transport cost.

Definition 4.10 (Affine transport interpolations). Assume that the measures v; and v;
are given by Lemma 4.7. In detail, v; = N(m;, e 1%;) E; and v; = N(mj, e 13;) E;
are truncated Gaussians centered in m; and m; with covariance matrices e~ 1Y, and
e71%;. The restriction E; and E; are given for [ = 1,2 by the ellipsoids

1

B ={reR": |3 *(x—m)| < V2 w(e)},  wherew(s) > |loge|? .

A transport interpolation ®, between v; and v; is called affine transport interpolation if
there exists

e an interpolation path (vs)c[0,7] between m; = o and m; = 7 satisfying

v = (Vs)sepr) € CH([0,T],R")  and  Vs€[0,T]:%s€ 5", (4.13)

e an interpolation path (3s),c[0 7] of covariance matrices between ¥; and X; satis-
fying

Y = (Zs)sepr) € C2([0, T, RE 1), To=3%; and Xp =13,

such that the transport interpolation (®5)c[o,7) is given by

1

Dy(z) =223, 2(x — mo) + s (4.14)

=

Since the cost density A given by (4.3) is invariant under rescaling of time (cf. Re-
mark 4.4), one can always assume that the interpolation path ~, is parameterized by
arc-length. Hence, the condition 45 € S"! (cf. (4.13)) is not restricting.

We want to emphasize that for an affine transport interpolation (®;),c(o,7) the push
forward measure ()49 = v, is again a truncated Gaussian N (v, e~ 1%,)LE;, where
E is the support of v, being again an ellipsoid in R" given by

Es;={zeR": \Es_%(:z: —7s)] < V2 w(e)}. (4.15)
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4.3. Affine transport interpolation

Therewith, the partition sum of v; is given by (cf. (4.10))
Z,, = (2me)2\/det (1 4+ O(VE)). (4.16)

1
By denoting o, = 3§ and using the definition (4.14) of the affine transport interpola-
tion (®5),e[0,7], We arrive at the relations

05 (@ — mo) + s,
005 (Y — 7s) + mo,
$, 007 (y) = 6505 Hy — 7s) + As-

Among all possible affine transport interpolations we are considering only those satis-
fying the following regularity assumption.

Assumption 4.11 (Regular affine transport interpolations). The affine transport interpola-
tion (s, Xs) sejo,1) belongs to the class of regular affine transport interpolations if the length
T < T* is bounded by some uniform T* > 0 large enough. Further, for a uniform constant
¢y > 0 holds

i {r(2,9,2) 2,9,z €vo £y £z Fay e, (4.17)

where r(x,y, z) denotes the radius of the unique circle through the three distinct points x,y and
z. Furthermore, there exists a uniform constant Cx; > 1 for which

C5'Id <Y, < Cxld  and  ||S] < Cs. (4.18)

The infimum in condition (4.17) is called global radius of curvature — J°
(cf. [GMSvdMO2]). It ensures that a small neighborhood of size %
around v is not self-intersecting, since the infimum can only be at-
tained for the following three cases:

(i) All three points in a minimizing sequence of (4.17) coalesce to
a point at which the radius of curvature is minimal.

(i) Two points coalesce to a single point and the third converges
to another point, such that the both points are a pair of closest
approach.

yr

Figure 4.1.
Global radius
of curvature

(iii) Two points coalesce to a single point and the third converges
to the starting or ending point of ~.

In the following calculations, there often occurs a multiplicative error of the form 1 +
O(v€ w3(g)). Therefore, let us introduce for convenience the notation “~” meaning
“=""up to the multiplicative error 1 + O(y/¢ w3(¢)). The symbols “<” and “>" have the

analogous meaning.

Now, we can formulate the key ingredient for the proof of Theorem 2.23, namely the
estimation of the weighted transport distance 7,(v;, v;).
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4. Mean-difference estimates — weighted transport distance

Lemma 4.12. Assume that v; and v; are given by Lemma 4.7. Then the weighted transport
distance T,,(v;, vj) can be estimated as

! dv 2
2 . + —1 S
T, (vi, vj) :lcif/(/o |®s 0 D, i ds> du

! dv 2
< : _1 s
_1£f/</0 |Ws oW i ds> dp (4.19)
L71 P
< Zu_ one V/|det(V2H (si,5)] LTCY) F e e
(2me)> A (5i)l 2me

where the infimum over W only considers reqular affine transport interpolations U in the sense
of Assumption 4.11.

In particular, if we choose w(e) > |log €| 2, which is enforced by Lemma 4.7, we get the estimate

Z,  2me\/|det(V2H (s;;)| Heip
n e €
(2me)2 A~ (si,5)]

T (vi,vg) <

(1+0(Wew?(e)). (4.20)

The proof of Lemma 4.12 presents the core of the proof of the Eyring-Kramers formulas
and consists of three steps carried out in the following sections:

o In Section 4.3.2, we carry out some preparatory work: We introduce tube coordi-
nates on the support of the transport cost A given by (4.3) (cf. Lemma 4.13), we
deduce a pointwise estimate on the transport cost .A and we give a rough a priori
estimate on the transport cost A.

e In Section 4.3.3, we split the transport cost into a transport cost around the sad-
dle and the complement. We also estimate the transport cost of the complement
yielding the second summand in the desired estimate (4.19).

o In Section 4.3.4, we finally deduce a sharp estimate of the transport cost around
the saddle yielding the first summand in the desired estimate (4.19).

4.3.2. Preparations and auxiliary estimates

The main reason for making the regularity Assumption 4.11 on affine transport inter-
polations is that we can introduce tube coordinates around the path . In these coordi-
nates, the calculation of the cost density A given by (4.3) becomes a lot handier.

We start with defining the caps E; and E as
Ey ={z € Ey: (x—0,%) <0} and E; :={x€ Er:{(x—yr,9r) > 0},

The caps E;; and E7 have no contribution to the total cost but unfortunately need some
special treatment. Further, we define the slices V with s € [0, T

_1
V. = { € span {#:}" 1 [T 22| < V2 w(e)}
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4.3. Affine transport interpolation

In span Vs we can choose a basis €Z,...,e" smoothly depending on the parameter s.
Especially there exists a family of rotational matrices (Qs)scpo,7] € C?([0,T],S0(n))
satisfying the same regularity assumption as the family (3:),¢(o, 7] such that

Qset = A, Q.e’ = eé, fori=2,...,n, (4.21)
where (el,..., ") is the canonical basis of R™.

Let use now define the tube F as

E= ) (n+V).
s€[0,7T

The support of the cost density A given by (4.3) is now given by

suppA= | ) E,=E; UEUE]. (4.22)
s€[0,7T
By the definition (4.15) of E; and the uniform bound (4.18) on 3, holds
diamVy < 24/2eCy w(e). (4.23)

Therewith, we find
supp A C By 5265 w(e) (1) refo) = {x eR": |z — v,] < 24/2eCx w(a)} .

The assumption (4.15) ensures that By 05 (s)(<7T)TE[O,T]> is not self-intersecting for

ECE w
any € small enough. The next lemma just states that by changing to tube coordinates in

E one can asymptotically neglect the Jacobian determinant det J.

Lemma 4.13 (Change of coordinates). For the change of coordinates (7,2) — x = v, + zr
with z; € V; holds for any function £ on E that

T
[e@dem [ [ et dean
E o Jv,

Proof of Lemma 4.13. We use the representation of the tube coordinates via (4.21). There-
with, it holds that z = v, + @Q,z, where z € {0} x R""!. Then, the Jacobian J of the
coordinate change = — (7, Q;z) is given by

J =% +Qrz,(Qr)2, - .., (Qr)n) € R™*,

where (Q:); denotes the i-th column of Q;. By the definition (4.21) of Q- follows ¥, =
(Q+)1. Hence, we have the representation J = Q; + )z ® e;. The determinant of J is
then given by

det J = det <QT +Qr2® 61) = det(?T) det (Id +(QIQTZ) & 61) =1+ (QIQTz)l .

By Assumption 4.11 holds ||Q.|| < Cf, from which we conclude (Q, Q,2)11 = O(2).
Since @,z € V;, we get O(z) = O(v/c w(e)) by (4.23). Hence we get

det J =1+ O(v/e w(e)),
which concludes the proof. O
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4. Mean-difference estimates — weighted transport distance

Figure 4.2.: The support of A in tube coordinates.

An important tool is the following auxiliary estimate.

Lemma 4.14 (Pointwise estimate of the cost-density .A). For x € supp A we define

T = arg min |x — 74| and Zr =X — Yy (4.24)
s€[0,7T

Then the following estimate holds

n— = 57 zr] 27 o]
A(.’IJ) S (QWE)_Tl\/detl,l(Q;rZ;lQr) 6_2 2e =P 6_2 2, (425)
where Q. is defined in (4.21) and X" is given by
= 1
St =20 - = 0 5 (4.26)

! 27_1[77]

Further, detq 1 A is the determinant of the matrix obtained from A removing the first row and
column.

Remark 4.15. With a little bit of additionally work, one could ~show that (4.25) holds
with “~” instead of “<”. It follows from (4.26) that the matrix X! is positive definite.
Hence, A is an R"~!-dimensional Gaussian on the slice v, + V; up to approximation
errors.

Proof of Lemma 4.24. We start the proof with some preliminary remarks and results. By
the regularity Assumption 4.11 on the transport interpolation, we find that for all z €
supp A holds uniformly

Ir(z) :=={s: B, > x} satisfies H'(I7(z)) = O( st}diam(Es)) = O(Ve w(e)).
s€[0,T

This allows to linearize the transport interpolation around 7 given in (4.24). It holds for
s such that x € E

e+ 2 — ] + O3 (e))
U = 8)3r + 2] + O(e263 ().

-1 o
Y [:E - '73] - (427)
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4.3. Affine transport interpolation

For similar reasons, we can linearize the determinant det X5 and have det X3 = det X, +
O(v/e w(e)). Finally, we have the following bound on the transport speed

050 07! (2) 1, (2) = |6505  (x — s) + s | L, (2)
(‘dsagl(m - ’VS)} + |’YS‘) 1g,(x) (4.28)
(Cs |z =75+ 1) 1g,(2) = (1 4+ O(Ve w(e))) 1, ().

Let us first consider the case x € E. We use (4.16), (4.27) and (4.28) to arrive with
T =~ + 2z where z; € V; at

<
<

= P,od 1 (x 1 ex fi Tz — T)ds
Aw) = [ o8] 5 e (g5 - 1) d

Zy, 2
1 1+ O(vE w(e)) -
< (27r5)% /IT(x) NN exp <—2€28 Yo — ’ys]> ds
= (27“5)7211/@ /Rexp <_2152;1[(T — )Y + ZT]> ds (1 + O(Ve wi(e)))

v/ det E;l \2me

d
(271'8) 2;1[,}/7]

N3

exp (—218271[%0 (1+0(Ve w'(e)),

where the last step follows by an application of a partial Gaussian integration (cf.
Lemma B.1). Finally, by using the relation (B.2), we get that

DI -
ST = dety 1 (QE71Q,),
ETl[%']

and conclude the hypothesis for this case.
Let us now consider the case z € E, U E;. For convenience, we only consider the
case x € E; . By the definition of £; holds 7 = 0. The integration domain I (z) is now
given by

Ir(z) = 10,s%) with s*=0(Vew(e)). (4.29)

Therewith, we can estimate A(x) in the same way as for z € £ and conclude the proof.
O

We only need one more ingredient for the proof of Lemma 4.12. It is an a priori estimate
on the cost density A.

Lemma 4.16 (A priori estimates for the cost density .A). For A it holds:
/ A(z)dz < T, and (4.30)

n—1

A(x) ( Cx ) M for z € supp A. (4.31)

N

2me
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4. Mean-difference estimates — weighted transport distance

Proof of Lemma 4.16. Let us first consider the estimate (4.30). It follows from the charac-
terization (4.22) of the support of A that

/ A(z) do = /E A(z) da + /E A a (4.32)

Now, we estimate the first term on the right-hand side of the last identity. Using the
change to tube coordinates of Lemma 4.13 and noting that the upper bound (4.25) is a
(n — 1)-dimensional Gaussian density on V; for 7 € [0, 7], we can easily infer that

/A(az) de<hl<T
E

Let us turn to the second term on the right-hand side of (4.32). For convenience, we
only consider the integral w.r.t. the cap £, . It follows from (4.28) and (4.29) that

1 s*
A(z) dz < / / vs(z) ds da = / / vs(z) dz ds
By By Jo o JE;

< [ [ aras=s =0tz wie),

which yields the desired statement (4.30).

Let us now consider the estimate 4.31. Note by Remark 4.15 the matrix 3! given
by (4.26) is positive definite and the matrix we subtract is also positive definite. There-
fore, it holds in the sense of quadratic forms

0<xt=x"1— yleoxt<nl

=7 e
Now, the uniform bound (4.18) yields

- n-1
\/detl,l(Q;rE;lQT) < 022 .
Then, the desired statement (4.31) follows directly from the estimate (4.25). O

4.3.3. Reduction to neighborhood around the saddle

Firstly, observe that from (4.31) follows the a priori estimate

AQ(IL‘) CE n-l 1y
< e € (x)
S <2m> Z, eH@), (4.33)

Hence, on an exponential scale, the leading order contribution to the cost comes from
neighborhoods of points where H(x) is large. Therefore, we want to make the set,
where H is comparable to its value at the optimal connecting saddle s; ;, as small as
possible. For this purpose, let us define the following set

Eyy:={zesuppA: H(z) > H(s;;) — EwQ(s)} : (4.34)
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4.3. Affine transport interpolation

Therewith, we obtain by denoting the complement Z . := supp A\Z, » the splitting

2 2
@) [ A
() ES s p(x)
The integral on By can be estimated with the a priori estimate (4.33) and Lemma 4.16

as follows

dz.

T (vi,vg) < /

=v,2

/ A2(z) de (424)2 eH(?,j)_wz(E)/ A2(z) da
=c M($) - " =c
v,2 —v,2

n—
2

(4.31) H(s; ;) nl
R <CE> / Aw) da (4.35)
1

2me

4.30 H(s; ; 5
(<)Zpe e (O 7 g
~ 2me

We observe that estimate (4.35) is the second summand in the desired bound (4.19).

4.3.4. Cost estimate around the saddle

The aim of this subsection is to deduce the estimate

A2(z) de < Z, eM 2me/|det(V2H (s; )|

=5 HE@) 7 (2me)? (A~ (si,5)]

. (4.36)

Note that this estimate would yield the missing ingredient for the verification of the
desired estimate (4.19).

By the non-degeneracy Assumption 1.12, we can assume that ¢ is small enough such
that £, U E;C - Ef/ 5. It follows that =, 57 C E. We claim that the transport interpola-
tion ®, can be chosen such that there exists a connected interval I7 C [0, 7] satisfying

ZnC |JVetr) and  H'(Ir) = O(VE w(e)). (4.37)

s€lr

Indeed, the level set {z € R" : H(z) < H(s;;) — cw?(e)}
consists of at least two connected components M; and
M;j such that m; € M; and m; € M. Further, it holds

dist(M;, Mj) = inf | fo—y|= O(Ve w(e)),
T i i

which follows from expanding H around s; ; in direc-
tion of the eigenvector corresponding to the negative
eigenvalue of V2H(s; ;). We can choose the path ~ in
direction of this eigenvector in a neighborhood of size Figure 4.3.: Neighborhood
O(y/€ w(¢)) around s; j, which shows (4.37). around saddle
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4. Mean-difference estimates — weighted transport distance

Combining the covering (4.37) and Lemma 4.13 yields

the estimate ) )
AN) 4 < / A +2) g, g5 (4.38)
E’y,E ILL(:E) IT Vs /J’(/ys + ZS)

Recalling the definition (4.21) of the family of rotations (Qr)r¢[o,7), it holds that 2, =
Q-z with z € {0} x R""1. Hence, the following relation holds

A2(’YT + ZT) / / AQ(’Y‘F + QTZ)
At g, 4 = Ty (Qra) T 92 44z (439
/IT V- :u(r)/’r + ZT) ! {O}X]R"_l Ir v (Q ) /"6(77' + QTZ) ! ( )

The next step is to rewrite H (v, +Q-z). By the reason that |z.| = O(v/e w(e)) for z, € V;
and the global non-degeneracy assumption (1.8), we can Taylor expand H (v, + 2.)
around s; ; = v+ for 7 € It and z; = Q-2 € V;. More precisely, we get

%)

H(yr + Qrz) — H(sij) = %VQH(&,;’)[% + Qrz — 555+ O(lyr + Qrz = sij
= SV H(si5)le — ] + 5 V2 H (5[0
+(Qrz, V2 H (si5) (v = 7r+)) + Ollyr + Qrz =77 [*)
Now, further expanding v, and @, in 7 leads to
Yo =+ 3o (7 = 7) £ O = 7)), and Qrz = Qrez +O(|r — | [2]).
For the expansion of H, we arrive at the identity
H(vr + Qrz) — H(sij) =
S VAH (50l (7 = 7°) 4+ Ol = 7" ) 4+ 5 V2 H (50)[Q-2 + O(|7 — 7] |2])
+(Qrez+ O = 7*120), V2H(s5i) (3 (7 = 7) + O(r = 7[%)))
+O(lyr + Qrz — 7= |%)
= SV H(si5) ] (7 = 7 4 SV (50)[@r2) 4 (@2, V2 H (s51)3) (7 — )
+O0(r =P 2l [r =7, |2 | = 7. |2°).

Using |7 — 7*| = O(v/e w(e)) and |z] = O(y/e w(e)) we obtain for the error the esti-
mate s
O(r =7, [zl Ir = 717, |2 |7 = 7], |2]°) = O(e w*(e)).

The term (Q,-z, VZH(s;;)¥-+) (T — 7*) in the expansion of H has no sign and has to
vanish. This is only the case, if we choose 4+ as an eigenvector of V2H (s; ;) to the
negative eigenvalue A\~ (s; ;), because then

(Qrez, V2H (51) ) (T = %) = A7 (8i3) (Qre2,7+) = 0.
Additionally, by this choice of 4.~ the quadratic form V?H (s; ;)[¥.+] evaluates to

V2H (8i,5) ] = A7 (8i5) |3 > = A7 (s4)-
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4.3. Affine transport interpolation

Therefore, we deduced the desired rewriting of H (v, + Q,%) as
H(vr + Qr2) = H(sij) — [\ (sij)|(r — 7)% + §V2H(Si,j)[Qr*Z] +0(e2 w(e)). (4.40)

From the regularity assumptions on the transport interpolation we can deduce that

2@ 2

£21Qr2) + O(Ir — 7 [2%)
£ Qrz + O — 7] [2)] + O(I7 — [ |2]*)
HQr 2] +O(5%w3(5)).

Then, it follows easily from the definition (4.25) of P; that

I
M

P, ~ P.-. (4.41)

Applying the cost estimate (4.25) of Lemma 4.14, the rewriting (4.40) of H(v, + Q-2)
and the identity (4.41) yields the estimate

A2(y; + Qr2) HGij) @S -V2H(i ) Qrxsl  N (i j)l(r=7")

DR S A 5 Z.e = Pie 2e 2e . (442)
p(yr +Qrz) ~

-
The exponentials are densities of two Gaussian, if we put an additional constraint on
the transport interpolation. Namely, we postulate

25 —V2H(s;;) >0 on spanV,«

in the sense of quadratic forms. Note that span Vy« = Q, ({0} x R"™1) = span {#+}*
is the tangent space of the stable manifold in the 1-saddle s; ;. With this preliminary
considerations we finally are able to estimate the right-hand side of (4.39) as follows

Az(fY’T + Qr2)
s2) ————=drd
/{O}XRn—l /IT 1. (Qr2) w(yr + Qr2) T

(442)  Hsiy) , L VRHG R NG| )2
5 Z/J e ¢ P’T* e 2e 2e d’r dz
{0}xR7—1 J Iy

Hsq,5) \2me
£

S =V2H (s }))[Q, 2]

<Z,e —— P2 e 2% dz
g VIAT (sig)l Jopxmn—2
7 Hsij)  +/2me P2 (2me) " (4.43)
=4pce e . T* ~
VIA(si)] \/detl,1 (QL(gz;} - VZH(SZ-J))QT*)
_ Z, eH(zz‘,ﬁ 2me detl,l(QI*i;lQT*)

(2me)? VIA~ (si)] dety 1 (QI*(QENJ;} - VQH(S@J)WT*) |

to optimize!

The final step consists of optimizing the choice of Y,«. Let us use the notation
A = QLY!'Q. and B = QL. H(si;)Q-+. Then the minimization problem has the

63



4. Mean-difference estimates — weighted transport distance

structure
det11 A
inf L :24-B>0 on {0} xR"'}. (4.44)
AG]R:;;:JF \/detm <2A — B)

In the appendix, we show in Lemma B.2 that the optimal value of (4.44) is attained at
Y} = V2H(s; ) restricted V;-. The optimal value is given by
det171 A
\/detm (2A - B

- = \/detLl(QI*V2H<Si7J)QT*)‘

Because V.- is the tangent space of the stable manifold of the saddle s; ;, it holds
det(V2H(8i,j)) N ’ det(VQH(si,j))\

A~ (i) A= (i)l
The final step is a combination of (4.38), (4.39), (4.43) and (4.45) to obtain the desired
estimate (4.36).

dety 1(QL.V?*H(s; /)QL.) = (4.45)

For the verification of Lemma 4.12, it is only left to deduce the estimate (4.20). For that
purpose we analyze the error terms in the estimate (4.19) i.e.

n—1
Z, s 2m<\/ldet(v2H(8m‘)|+T(Cz) ; e_wz@),

TLQ Vi, Vj S
p vis¥) 2 (o2y)] =

=0(1) —O(e B e—w2(e))
By the choice of w(e) > |log¢] %, enforced by Lemma 4.7, we see that
O(e 2 ")) = 0(v2).

Recalling, that “<” means “<” up to a multiplicative error of order 1+ O(/z w3(e)) we
get

Zy oy V1A (V2 (si)] (1+0(Vewi(2)) (1+0(/E).

T2 n
(2me) 2 A= (si,5)]

. (Vi vj) <

The last inequality already yields the desired estimate (4.20) by using the observation
(1 +O(ve w?’(s))) (1 + O(\@)) = (1 +O(ve wS(e))) .

Remark 4.17. Let us summarize the additional constraints on the transport interpolation
besides the Assumption 4.11 of a regular affine transport interpolation to obtain the
desired estimate (4.19):

e 7 passes the saddle point s; ; at the passage time 7* in direction of the eigenvector
to the negative eigenvalue A~ (s; ;) of VZH (s; ;)

e 7 stays in the sublevel set { H(z) < H(s;;) — ew?(¢)} up to a small time interval
of order /= w(e) around the passage time 7*

e Itholds X' = V2H(s; ;) on the stable manifold of s, ;.
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4.4. Conclusion of the mean-difference estimate
4.4. Conclusion of the mean-difference estimate

With the help of Lemma 4.7 and Lemma 4.12 the proof of Theorem 2.23 is straightfor-
ward. We can estimate the mean-differences w.r.t. to the measure 1; by introducing the
means w.r.t. the approximations v; and v;.

2

(B, (F) = By ()" = (B, (f) = Bu (f) + Bo, (f) = Euy (f) + o, (f) — By (f))

We apply the Young inequality with a weight that is motivated by the final total multi-
plicative error term R(¢) in Theorem 2.23. More precisely,

2

(B, () = T, ()" < (14 e26%(6)) (Bui () = Buy ()
21+ 750 7(9) (B () = Bu () + (B () — By (1))°)
Then, the estimate (4.8) of Lemma 4.7 yields
(]Eﬂz(f) - Euj (f))2 < (1 + \E w3(€)) (Ew(f) - ]EVj (f))2 + 0(5) / |Vf‘2 du’ (446)
which justifies the statement, that the approximation only leads to higher-order error

terms in €. An application of (4.1) to the estimate (4.46) transfers the mean-difference to
the Dirichlet form with the help of the weighted transport distance

(B () — By () < (1 +vE (@) T2(winry) + O(E)) / V2 dp,

The weighted transport distance 7,(v;, v;) is dominating the above estimate. Finally,
we arrive at the estimate

2
(B (1)~ B, ()" S T20my) [ (94 dn
Now, the Theorem 2.23 follows directly from an application of the estimate (4.20) of

Lemma 4.12 and setting w(e) = |log €| 2.

4.5. Transport across several saddles

In this section, we want to demonstrate that the transport technique introduces in Sec-
tion 4.1 is flexible enough to handle degenerate cases, in which we are not enforcing
Assumption 1.12.

4.5.1. Splitting of the transport
The transport cost 7, (g, v1) from Definition 4.1 works with transport maps, or more

precisely, with interpolations between transport maps. It would be desirable to trans-
late the setting, like for the Wasserstein distance, to transport plans which admit more
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4. Mean-difference estimates — weighted transport distance

flexibility. However, from the structure of the definition of the weighted transport dis-

tance, it is not obvious how to achieve such a reformulation. A first step in this direction

is the following idea. Let us represent the measures vy, v; < j as a possible infinite con-
. . k ; .

vex combination of measures {v} e and {vi} pen 1€

o0 o o
vy = Zpky{f and v = Zpkyf with Zpk =1.
k=1 k=1 k=1

Then the mean-difference (I, (f) — E,, (f))? can be decomposed into

oo 2
(Euo(f) ~ By (1) = (Zpk (B(h - Eyf(f))> .
k=1

Therewith, we can again do the estimate (4.1) and arrive at a slightly more general
definition of the weighted transport distance

2

. . > L. duk

Ti(vo,n) = Jnf - inf / ( Pk /0 |5 o (D) duds> du,  (447)
- Sttty g k=1

in which the first infimum denotes all possible convex representations of vy and 1
such that the elements v/} and v¥ are absolutely continuous w.r.t. to ;. The cost density
is defined analogous to (4.3) by

1
A () = /0 B o (5)71(2)| vk (x) ds.

4.5.2. Mean-difference estimate with several saddles

The preliminary consideration of Section 4.5.1 allows us to drop Assumption 1.12 (7).
Therefore, let m; and m; be two local minima of H with domain of attraction 2; and
€2;. Then let u; and 1 be the measures obtained from p by restricting to €2; and €2;. We
want to recall the notion of the saddle height between m; and m;, which is given by

() = i { e F3(9) 7 € 01 R, 2(0) = (1) =

Then, between m; and m; exists N; ; > 1 distinct saddles {sf J}g;{ satisfying

o~ N1,7
H(m;,mj) = H(S’Ll_]) == H(Si,jj)'

Therewith, we can reformulate Theorem 2.23 in the following way.

Theorem 4.18 (Mean-difference estimate in the degenerate case). The mean-differences
between the measures 1; and ju; satisfy

A 2re L5 (. 1 2
By (f) = By (1) € = — QEH(mZ’m])/IVf du,
( H Hj ) (2775)2 Ei\f;i Rlzl

66



4.5. Transport across several saddles

where \™(s; ;) denotes the negative eigenvalue of the Hessian V>H (s; ;) at the 1-saddle s;
and {mk}g:{ is given by

|det VQH(sﬁj)|
P

Rl =

Proof. The proof consists of the same steps as presented in Sections 4.2 to . Since we
have all the preliminary work done and all necessary Lemmata by hand, we can present
the proof in a very condensed form. Let us recall that the measures p; and p; (cf. (2.7))
are obtained from a Gibbs measure y of a Hamiltonian H by restriction to the basin
of attraction ; (cf. (2.6)) of the minima m; and m; w.r.t. to the deterministic gradient
flow. Since the proof relies on an explicit construction of a transport interpolation map,
we have to use approximated measures v; and v; of y; and p; obtained by Gaussians
with covariance matrices given by the Hessian V?H evaluated in the minima m; and
m; restricted to small neighborhoods. In Lemma 4.7, where also the precise definition
of v; and v; is given, we obtained the approximation in mean-difference by the estimate

(Buy(f) — By ()2 < O(e36(0)) / VP dp. (4.48)

Therewith, we can argue, like in the derivation of (4.46), that it is sufficient to estimate
the mean-difference of the approximated measure (]E,,l( f)—E,(f ))2. Therefore, we
can now choose the modified transport given in (4.47). We can choose the convex com-
bination v; = Zg;i prv; with Ziv;{ pr. = 1. The strategy of the evaluation of the trans-
port cost is the same as already presented in Section 4.3, but now we have to construct
N, ; transport interpolations.

Every transport interpolation (®%),cjo 1, for k = 1,..., N; ; is parameterized by a path
(7§)se[o,Tk] and a path of covariance matrices (Ef)se[o,m satisfying for each k the As-
sumption 4.17. In other words, (®%)c(o.1,) is for each k a regular affine transport interpo-
lation. Then, we can introduce tube coordinates on every A" separately as described in
Section 4.3.2. Therewith, the cost densities A" satisfies for k = 1,... , N; j the bounds
obtained in Lemma 4.14 and Lemma 4.16.

Let us now use the splitting described in Section 4.3.3, where we introduced the set
iy = {a; €suppA: H(x) > ﬁ(mi,mj) — an(E)}

and its complement =° ; := supp A\E, 5. We can choose the transport paths (vs) se(o,7,]/

such that v* passes nearby the saddle sﬁ ; for some s. Then it holds that

N j

E,x C U BC’\/Ew(s)(S?,j)v for C' > 0 large enough.
k=1
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4. Mean-difference estimates — weighted transport distance

Hence, for € small enough, =, 5 consists of N; ; connected components denoted by Efi’z
for k = 1,..., N; ; and therefore the following decomposition for =, . holds

N j
= — =k
'_"sz — U \_4772.
k=1

The estimate on =7 ; works in the same ways as already done in (4.35). With the split-

Ni’ j . . .
E@ 5 }k i we are in the same setting like for only one optimal com-
municating saddle by considering every = separately. Therefore, we can apply the

estimate (4.43) and arrive after the matrix optimization procedure at

. N; 5 2 k
Z H(m;,m;) »J |detv H(57)|
T.(vi,vj) S _inf il . 2 J

S w e € 2me Jon — ,
S pe=k (27e)2 ; ’ A%

ting of =, v into {

where A\, is the negative eigenvalue of V2H ( sﬁ ;)- With the definition of xy, we end up
with the optimization problem

N;
Tu(vi,vy) S _inf Y pikp. (4.49)
Zpkzlkzl

The solution to (4.49) is given by

Rk
Pk = SNy 1
2 k=1 R
In this case the transport cost evaluates to
Z, H(m;m;) e |det V2H(8§,j)’
n(Vi,V]‘) S n € € Ni_l, where R = — .
(2me) 2 el o Al

The last step is to use (4.48) to obtain the estimate for the mean-difference between p;
and 41, as described in Section 4.4. O

4.6. Relation to capacities

The approach to obtain the Eyring-Kramers formula for the Poincaré inequality in
the works [BEGK04] and [BGKO05] consists of two steps, in both of them capacities
play a crucial role. Sharp estimates at low temperature for the capacities are deduced
in [BEGKO04]. In the second part [BGKO05], the capacity of certain neighborhoods of local
minima of H is sharply identified with the spectrum of the generator L. Let us take a
look at how these capacities are defined and how one can derive estimates for them.
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4.6. Relation to capacities

Definition 4.19 (Equilibrium potential and capacity). For two regular subsets A, B C
R" define the equilibrium potential h 5 g as the solution of the Dirichlet problem

Lhap(z) =0, r € (AUB)©
hAyB(x):l, reA
hap(z) =0, x € B.

Therewith, the capacity cap(A, B) is defined as

cap(4A, B) :5/ |VhA,B\2 dp = E(ha,B),
(AUB)®

where £ is the Dirichlet form (1.2) for the operator L (1.1).

Upper bounds for the capacity can be easily obtained by the variational characterization
from the Dirichlet principle which states

cap(A, B) = inf {E€up)c(h) : h € H' (AU B)®),hla = 1,h|p =0} .

Therefore, we only need to have a good guess of the equilibrium potential 24 5. How-
ever, a variational principle for obtaining lower bounds is not available at this time for
the continuous case. Therefore, the work [BEGK04] rely on certain monotonicity prop-
erties of the capacity and good approximations for the equilibrium potential h 4 p.

In a recent work, concerning the discrete case, Bianchi, Bovier und Ioffe [BBIO9] re-
discovered a powerful dual variational representation to the Dirichlet principle going
back to ideas of Berman and Konsowa [BK90]. It is used in [BBI09] and [BAHS10] to
obtain sharp lower bounds for the capacities describing metastable behavior in Ising
type models. It is therefore called discrete Berman-Konsowa principle. The next proposi-
tion indicates, that the weighted transport distance 7, from Definition 4.1 could be the
continuous counterpart, which is not available at the moment.

Proposition 4.20 (Lower bound of the capacity in terms of 7,,). Let A, B C R" be regular
and disjoint. Further define by A and ju_B the restriction of p to A and B, respectively.
Then, the following estimate holds

€

m < cap(A4, B). (4.50)

Proof. From the Definition 4.1 and the derivation (4.1) of the weighted transport dis-
tance follows

(Bua(f) = Eus(f)® < T2(uA, uB) / IVf? dp = T2 A, pB)eE(f),

where £ is the Dirichlet form (1.2). We are free to choose the test function f, as long as
the Dirichlet form is finite. Therefore, we take f = h4 p from Definition 4.19 and arrive
at

1< T2 (uA, pB)e ™" cap(4, B),

which finishes the proof. O
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4. Mean-difference estimates — weighted transport distance

We want to close this section with some remarks on whether equality in (4.50) can be
attained or not.

Remark 4.21 (Optimality of Proposition 4.20). The first observation is obvious. We
can just compare the result of Theorem 2.23 with the sharp estimation of the capacity
in [BEGK04, Theorem 3.1]. We observe that the bound (4.50) becomes sharp for ¢ — 0.

Remark 4.22 (Modified weighted transport distance). It may be important for the non-
low temperature regime, to use a slightly modified definition of the weighted transport
distance. Instead of applying the Cauchy-Schwarz inequality to (V f, &5 0 ®;!) in (4.1)
it might be better to use this estimate

’<Vf, °0®- >‘<’W"<yw\q> °0®- >’§\Vf| sup

EGS’"‘71

<§, b, o c1>;1>‘ . (451)

Combining (4.51) with (4.1) leads to the improved estimate

©u) B = ([ [500007 a d3>2
2
</Vf|§:;1})1/ <§,<i)so<1>;1> C;VS ds du)
§/<§:;£1 /01 <5,<i>soq>;1> ‘Cil’:j ds> dy /|Vf|2du. (4.52)

Furthermore, the factor in front of the Dirichlet form in (4.52) can be simplified to

1 . dv 1 dv
sup ,<I>SO<I>S_1 *ds= sup < ,/ so® 1 Sds>

1
/ ‘i>5 o <I>S_1 dvs ds‘ .
0 du

This leads to the definition of the modified weighted transport distance

1
/ b, 001 I
0 du
where (®;),c[o,1) is a transport interpolation from vy to v absolutely continuous in s.
In the low temperature regime, i.e. ¢ small, the integral in ds of (4.53) concentrates
around some s* and only the value @« o @;1 contributes to the integral. Therefore,
in this case the modified weighted transport distance coincides with Definition 4.1
of the weighted transport distance. However, in general it always holds the relation

7~L(y0, v1) < Tu(vo,v1), which is obvious from the estimate (4.51). This relation im-
proves the bound (4.50) to

2
dy, (4.53)

ﬁ(uo, v1) = inf /

(q)S)sE[O,l]

9 9

<
T (A, peB) T (/,LI_A uLB)

< cap(4, B).

70



4.6. Relation to capacities

Remark 4.23 (Benamou-Brenier formula). In this dissertation, the weighted transport
distance is a tool to get quantitative mean-difference estimates. However, more theo-
retical insights, like the question which spaces it metrizises and convexity properties
would be worthwhile. Therefore, under suitable regularity assumptions on the class
of transport interpolations {®} .|, 1), for details it shall be referred to Chapter 8 of the
book from Ambrosio, Gigli and Savaré [AGS05], a Benamou-Brenier type formula for the

modified weighted transport distance 7,,(-,-) from Remark 4.22 could be obtained as

follows
Twmy= i [0 3 4
vg,v1) == in v 4 ds ,
70 vEV(vo,v1) 0 du a
where V(1p, 1) is the set of admissible vector fields
V(vg,11) := {vs € L'(vs) : such that dsvs + V - (vsv5) = 0} . (4.54)

The continuity equation in (4.54) is understood in the sense of distributions, i.e.

1
/0 /(astp(s, z) + (vs(x), Vip(s,x))) vs(da) ds =0, Ve € C3°([0,1] x R™).
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Chapter

The local Poincaré inequality
revisited

In this chapter, we are considering only one of the basins of attraction §2; and therefore
we omit the index i. We will write 2 and p instead of €2; and p;, respectively. Further,
we assume w.l.o.g. that 0 € 2 is the unique minimum in €.

We start with some heuristics for the validity of Theorem 2.19, the local Poincaré in-
equality. We consider the Gibbs measure p restricted to a basin of attraction 2 given

by
p(dz) = ﬂ%(f) exp (-Hf) ) dz.

We have to show that this restricted Gibbs measure . satisfies PI(p) with constant o~ =

O(e). We argue as follows: On a basin of attraction 2 can only be one local minimum
of H, which is located w.l.o.g. at 0. Therefore, on 2 cannot exist another metastable
state of the diffusion & given by (1.3). This means that for small noise ¢ the diffusion
& slides down on the energy landscape without any obstacle until it reaches a small
region around the local minimum of H at 0. This heuristically implies that only the
small region around 0 is important for the Poincaré constant of .. Therefore, the Gibbs
measure 4 restricted to the basin of attraction {2 and the Gibbs measure p restricted to
a small neighborhood of 0 should have the same Poincaré constant in terms of scaling
in . However, around the local minimum 0 the Hamiltonian H is strictly convex due
to non-degeneracy assumption (1.8). Now, an application of the criterion of Bakry-
Emery [BE85] — it connects convexity of g to the Poincaré constant of ;1 — yields that
the Gibbs measure y restricted to a small region around 0 should satisfy the PI(p) with
constant o~ = O(e).

Let us turn to the main idea of the proof of Theorem 2.19. In chapter 3 we succeeded
to prove Theorem 2.19 by using the Lyapunov condition. There, we constructed an
explicit Lyapunov function (cf. Section 3.1.1) with subtle properties (cf. Lemma 3.11),
especially around critical points z, i.e. VH(z) = 0.
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5. The local Poincaré inequality revisited

Here, we want to pursue a different idea, which completely avoids the use of a Lya-
punov argument and is self-containing. Moreover, the following method will allow a
more precise quantitative control on the Poincaré constant. This could be particular
interesting of the energy landscape consists just of one degenerate minimum, then the
method shall be able to show that the Poincaré constant is dominated by the diffusion
on the minimum manifold for low temperature.

The proof is motivated by the one-dimensional case, i.e. H : R — R. In this situation,
Theorem 2.19 can be deduced by using the Muckenhoupt functional (cf. Section 5.3
and [Muc72]), which determines the Poincaré constant in one dimension up to a univer-
sal factor. Because of the non-existence of a multidimensional version of the Mucken-
houpt functional, we have to reduce the multidimensional case to the one-dimensional
case.

For this purpose, we introduce on Q polar like coordinates 1, (r) € Q for n € S"~! and
r > 0 (cf. Section 5.1). The coordinates v, () are going to be a small perturbation of the
coordinates resulting from the deterministic gradient-flow

d
S = —VH(E),

parameterized by arc-length i.e. \1/177(7")| = 1. In these coordinates, the restricted Gibbs
measures becomes

Lo(¢y(r))

) = 2200 ) exp (L0, 00) ) 61
I

where j, () is the Jacobian determinant of the coordinate transformation.

Now, we carry out a two-scale argument similar to the one used for the proof of the
Eyring-Kramers formula. So, the restricted Gibbs measure p(dr,dn) is decomposed
into

p(dr,dn) = p(dr(n) a(dn), (5.2)

where the conditional measures y(dr|n) and the marginal /i(dn) are given according to
Definition 2.4 by

1 1
dr — _ e—gH(wn(T))j r)dr (53)
N 1 —1 )
fi(dn) = 7 / e~ H(¥n( g, (r) dr dn. (5.4)
I

Therewith, we get by an application of Corollary 2.7

varu(dx)(f(x)) = Var,u(dr,dn)(f(wﬁ(r)))
= Eﬂ(dn) (Varu(dTW) (f(%(r)))) + var(dn) (Eu(dr\n) (f(ll}n(’l“)))) : (55)

Let us consider the first term on the right-hand side of the last equation. Note that
the conditional measures p(dr|n) are one-dimensional. Hence, we are able to deduce
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Poincaré inequalities for the conditional measures y(dr|n) for 7 fixed using the Muck-
enhoupt functional. Of course, this step is very sensitive to the choice of the coordi-
nates {1} pesn—1- However, a careful and non-trivial construction of the coordinates
yields the desired scaling of the Poincaré constant. The next statement contains the
existence of good coordinates {ty}, g.-1. At this point we have to enforce slightly
changed properties of H at infinity in comparison to Assumption 1.9 to obtain certain
monotonicity properties of the Hamiltonian evaluated along () for fixed 7. Namely,
for this chapter we assume instead of (Alpr) and (A2p1) the following assumptions:

Assumption 5.1. We assume that H € C3(R",R) is a Morse function. Further for some
constants Cg > 0 and Kg > 0 holds

imi v (ZH) s _ :
1|;TJ&fIVH |-V (W,ﬂ) > Ky (A251)

Proposition 5.2 (Existence of mixing coordinates). Assume that H satisfies the Assump-
tion 5.1. Then, there exist coordinates {¢ﬁ}ne gn-1 01 Q such that the conditional measures
p(dr|n) are radial-mixing measures in the sense of Definition 5.14.

The definition of radial-mixing measures is technically and for the moment means that
the one-dimensional measures p(dr|n) have a good Poincaré constant (cf. Proposi-
tion 5.3). This is achieved, because the Hamiltonian evaluated along coordinates lines
H (1, (r)) fulfills certain monotonicity assumptions and the Jacobian determinant j,(r)
of the coordinate transform shows a controlled blowup behavior, not causing any meta-
stabilites.

Proposition 5.3 (PI for radial-mixing measures). Let p(-|n) be a radial-mixing measure in
the sense of Definition 5.14. Then the measure pi(-|n) satisfies P1(o(n)) with constant

——~=0() for =0,  uniformlyin neS"'.

The proof of Proposition 5.3 is carried out in the Section 5.3. It is based on some prop-
erties of radial-mixing measures that are outlined in Section 5.1.

Remark 5.4 (Special case one dimension). The splitting (5.2) is not necessary in one di-
mension, since there we can directly apply the radial Poincaré inequality of Proposi-
tion 5.3 to the restricted measure p itself. In particular, note that the measure /i would
live on S° = {—1, 1} being disconnected and not satisfy any mixing properties.

Now, let us consider the second term on the right-hand side of (5.5), which is given
by

varygan (7o) = [ (70~ [ 70 ﬂ(d9)>2ﬂ(dn) 56)

by using the notation

f(ﬁ) = Eu(drm) (f(@bn(r)))
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5. The local Poincaré inequality revisited

Unfortunately, an application of the same strategy as in [GOVW09] would not yield the
desired estimate. The reason is that, following [GOVW09], one would apply a Poincaré
inequality for the marginal measure /i(dn) and then estimate the coarse-grained gradi-
ent by the full gradient via a covariance estimate. However, the Poincaré constant for
the marginal measure /i already is at least of order 1, since /i lives on the sphere S™"~L.
Therefore, this strategy could not yield the desired Poincaré inequality PI(¢) with con-

stant of order p—! = O(e).

For that reason we use a different strategy. Following the proof of Corollary 2.26, we
represent the polar variance given by (5.6) as mean-difference. More precisely, the polar
variance takes the form

vargan (F) = 5 [ [ (Fop = 7)) ien) i), 57)

From this starting point, the procedure is somehow similar to the proof of the mean-
difference estimate of Theorem 2.23. However, the procedure needs some more evolved
ingredients due to the fact that the marginal measure /i lives on the continuous state
space S"~! and the conditional measures y(dr|n) have one-dimensional support. The
argument is outlined in detail in Section 5.4, in which the following statement is de-
duced.

Proposition 5.5 (Polar mean-difference estimate). It holds the estimate
. N2
[ [ (7~ £0))" i eo) < 0e) [ 191

Now, we have provided all the ingredients that are needed for the proof of Theo-
rem 2.19.

Proof of Theorem 2.19. The starting point of the proof is formula (5.5). Proposition 5.2
allows us to apply the local Poincaré inequality of Proposition 5.3, which leads to the
estimate

vat o ((2)) < O() / / 10, £ (g () 2 @) () + vara am (F ()
~0() / / 19 (o (P)[2 [t () 2 pa( ) + varan (F().
——

=1

We now need to consider the second term on the right-hand side of the last inequality.
The polar variance var;q4,)(f(7)) is expressed by (5.7) as a mean-difference. Hence, an
application of the estimate of Proposition 5.5 yields the desired statement. O

It is only left to verify the ingredient used in the proof of Theorem 2.19. In Section 5.1,
we introduce the notion of radial-mixing measures and state some important properties
of them. In Section 5.2, we carry out the proof of Proposition 5.2. In Section 5.3, we will
prove Proposition 5.3. Finally, in Section 5.4, we state the proof of Proposition 5.5.
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5.1. Local coordinates and radial-mixing measures

5.1. Local coordinates and radial-mixing measures

In this subsection we discuss the right choice of local coordinates (1)), cgn-1 in order to
apply the two-scale proof of Theorem 2.19. Moreover, we introduce the notion of radial-
mixing measures (cf. Definition 5.14) and state some properties, which are needed in
the proof of Proposition 5.3 in Section 5.3.

An obvious question is: Why are we not using the coordinates 1, (r) resulting from the
deterministic gradient-flow

d
G& = VHE).

reparameterized by arc-length i.e. [¢),(r)| = 1? The Poincaré inequality of 1 is strongly
connected to ergodic properties of the diffusion & given by (1.3). Intuitively, these coor-
dinates should describe the diffusion {; very well as we are only interested in the regime
of vanishing noise . For this reason, deterministic gradient-flow coordinates 1, (r)
should be a natural choice of coordinates.

However, we are not using these deterministic gradient-flow coordinates because the
conditional measures

b
Zyufin)

given by (5.3) will not show the right scaling of the Poincaré constant. A detailed analy-
sis reveals that problems only arise in neighborhoods of critical points z,i.e. VH (z) = 0.
Therefore, we will only change the coordinates in neighborhoods around critical points
(cf. (A1) of Assumption 5.6). Heuristically, this observation seems to be plausible as,
at critical points, the gradient of H becomes comparable to the noise. Hence, at least
there, stochastic effects have to be taken into account. The main stochastic effect to be
considered is that the noise does not have a preferred direction. Thus, it is better to
smoothly transform the deterministic gradient-flow coordinates around local extremes
to polar coordinates (cf. (H2) of Assumption 5.6).

p(drln) = e~ 1) (r) dr

However, a more serious problem arises if one considers directions € S"~! such that
the coordinate lines v, (r) almost hit a saddle point of H. For such directions 7, the
Hamiltonian

Hy(r) 1= LH(y(r)) — Tog (1) 68

of the measure p(dr|n) has a metastability for the deterministic gradient-flow coordi-
nates 1, (r), since j,(r) becomes unbounded to +oco. Here, the following stochastic
effect has to be taken into account: If one follows a trajectory of the diffusion &; given
by (1.3) starting anywhere above the saddle, one will almost never get too close to the
saddle point. The reason is that the process & will be pushed away from the saddle as
soon as the noise becomes comparable to |V H (;)|. This stands in contrast to determin-
istic gradient-flow coordinates, where you can get as close to the saddle as you want.
Heuristically, this shows that deterministic gradient-flow coordinates are not appropri-
ate at the saddle for the stochastic dynamics.
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5. The local Poincaré inequality revisited

As you can see by Figure 5.1, the determin-
istic gradient-flow coordinates are adjusted
around the saddles in such a way that a
particle will never get close to the sad-
dle by following a flow-line starting from
above the saddle. Technically, these ideas
are manifested in the properties (H3), (H4)
and (H5). Later, these properties guarantee
in the proof of Proposition 5.3 that in the
Hamiltonian H,(r) there are no metasta-
bilites for any direction 7 (cf. Section 5.3).

As we have outlined above, the desired co-
ordinates v, (r) will be slight modifications
of the coordinates resulting from the de-
terministic gradient-flow w.r.t. the Hamil-
tonian H. An easy way to construct such Figure 5.1.: Deterministic gradient-flow
coordinates is to consider a small perturba- coordinates obtained from H

tion H of the Hamiltonian H. Then, we de-

fine the modified coordinates 1, (r) by the

deterministic gradient-flow w.r.t. the perturbation H. In the next assumption we state
some properties of the perturbation H that allow to derive coordinates from it.

o

Assumption 5.6 (Perturbation H of H). We assume that the perturbation H is of class
C%(Q\ {0}) N C°(QQ) and satisfies the conditions:

(i) H equals H up to small 5-neighborhoods around the critical points of H, i.e. by recalling
that S is the set of critical points of H we have

Vo ¢ | Bs(y) : H(x) = H(x). (Fi1)
yeS

(i) H restricted to a ball around the local minimum located in 0 of radius § > 0 is spherically
symmetric and linear, i.e.

Vo € Bs(0): H(x) = H(0) + |z|. (A2)
2
(iii) |V H| is uniformly bounded from below in Q\ {0}, i.e.
Jeg > 0Vr € Q\ {0} : \VH (z)| > cgy- (H3)

By using the Assumption 5.6, we are able to define the coordinates 1, (r) as follows.

Definition 5.7 (Local coordinates). Assume that H satisfies the Assumption 5.6. For
r € R, we consider the associated flow ¥, : Q\ {0} — Q\ {0} defined as the solution of

) VH(V,(2))

Uo(z) =z and  W,(z) = F(¥,(z)) = CITCE (5.9)
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5.1. Local coordinates and radial-mixing measures

For n € S"~1, the coordinates v, : (0,7;,) — R" are defined by

Pn(r) =T 5(5m), (5.10)

)
T3

where the domain (0, 7},) is chosen to be maximal and possibly 7}, = cc. Therefore, we
define O as the set of finite coordinate lines and ©, the set of infinite coordinate lines

O ={n:T, < o} and Ox ={n: T, =00}.

Remark 5.8. Note that the coordinates ), are well-defined by the property (H2). Indeed,
the coordinates ,,(r) satisfy for r € (0, $) the equation

VH (1py(r))

_ Vi . 5.11
AW 0) G

@bn(r)

Therefore, we find vos (8n) = rn for r € (0,3). This shows that ¢, (r) are polar

2
coordinates around the local minimum.

Now, we have to show some basic properties following for the coordinates of Defini-
tion 5.7.

Proposition 5.9 (Last visit times). For an open bounded set A C 2 define the last visit time

by
T(A) :=supsup{t: U,(z) € A}. (5.12)
€A

Then it holds

T(A) < cl_; fgﬁﬁ(w)

Proof. Let us consider the solution of the gradient flow ¢ (s) = F(1(s)) with ¢(0) = z €
A. We get for the difference

- r T
H(T)) — H(w(0)) = / O, H (v(s))ds 2 / IVH (1(s))|ds > cT.
0 0
Hence we have for every 7' < 7(A) the bound

T < (HW(D) — HW(0)) < ¢ osc A.

O]

Proposition 5.10. The gradient flow lines in the family ©g are uniform bounded in space and
time, i.e.

dR* : sup sup |Yy(t)] < R* < oo and IT* : sup T, < T < o0. (5.13)
n€BOo t€(0,T7) n€Byp
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5. The local Poincaré inequality revisited

Proof. Let us fix some € ©¢. Then for some s > 0 holds {wn(s)}se(Tr&Tn) C Bs(y)
for some critical point y € S of H, because else it would be possible to prolong 1, for
t > T, which contradicts the maximality of 7},. Hence in particular {4, (s)} . (0.1, C
{H <"} with I* = sup{H(z) : © € U,cs Bs(y)}. By the growth assumption (Alpr)
holds that {H < [I*} is bounded and R* can be chosen such that B« D {H < [*}. In
particular sup {7}, : n € O} < 7({H < I*}) =: T* < oo by (5.12). O

Now, we choose R > R* with R* given by (5.13), yielding in particular that H(z) =
H(z), such that by assumption (A2p1) holds
H{(x) c
Vx| > R: VH|-V:——+~>—-2Kyg and |VH|> =£. (5.14)
Therewith, we define Qg := QN Br(0) and with 7,,(Qr) := sup {t : ¥, (t) € Qr} the last
visit time of the gradient flow line 1), in Q2 holds

Ty = min{T;, 7,(2r)} =

(5.15)
7(Qr) 1 € One.

. {T77 ;1 € O

By definition holds that 3 }
T, <71(Qp) =T".
Further note, that if Q2 is bounded, then Tn =T, foralln e sn—1,

As we have explained above, it is very important to have a good understanding of the
Hamiltonian )
Hy () = ZH (1 () ~ log (1)

of the conditional measure ;(dr|n). In the next statement, we consider the evolution of
the second term of the last identity, namely the Jacobian determinant j, (7).

Lemma 5.11 (Evolution of the Jacobian determinant). For z € Q\ {0} let DWV,.(x) be the
Jacobian of the flow ¥, given by (5.9). Then the Jacobian determinant

Jn(r) == det DW__ (gn)

N[>

evaluated along the gradient-flow lines 1, (r) (cf. (5.10)) satisfies the evolution

Vr e (0,Ty) : % log jy(r) =V - F(wn(r)). (5.16)

Proof. Differentiating the identity (5.9) leads to
DV, (z) = DF(9,(z)) DU, (z).
As DV, is regular, we can multiply by (D¥,)~!(z) and take the trace

tr (D\ilr(x)(D\I/T)_l(x» = tr DE(U,(2)) = V- F(T,(2)).
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5.1. Local coordinates and radial-mixing measures

By Jacobi’s formula (B.3) the left-hand side of the last identity can be written as

d - —1

ar logdet DW,.(xz) = tr (D\IJT(x)D\I/T (;1:)) ,
which yields the desired formula (5.16). O
With the help of the last statement, we are able to formulate a condition (cf. (H4) below)
on the perturbed Hamiltonian H, which ensures that the Jacobian determinant j,(r)

behaves in the right way when applying the Muckenhoupt functional later (cf. Propo-
sition 5.3).

Lemma 5.12 (Bounds on the Jacobian determinant). Assume that the perturbed Hamilto-
nian H satisfies the Assumption 5.6 and that the local coordinates 1), (r) are given by Defini-
tion 5.7. Additionally, assume that H satisfies the condition

vre (3,T,): V-F(y,(r) <Cp (Ha)

for some constant C'z; > 0. Then the Jacobian determinant j,(r) satisfies
vre (0,8] : jy(r) =11, (1)
Vr € (g, Tn) :log jy(r) = logj;(r) —log j, (), with log - (5(/%) <T*Cy (j2)

and j,", j, monotone increasing functions in (0, T,)

Proof of Lemma 5.12. The property (j1) is a direct consequence of the fact that the coor-
dinates 1), (r) are spherical coordinates for r < g by Remark 5.8.

Let us consider the property (j2). By the fundamental theorem of calculus and the iden-
tity (5.16) we obtain for r € (‘S T

log j,(r) = log jy( g / V- F (¢n(s

= log <]77(g) f5/2|v F(t(s ‘ ds) _ log( f5/2|v F(iy(s | ds)

=:log j,f (r) — log j, (1),
where |z|, = max {0, z} is the positive part and |z|_ = max {0, —z} the negative part
of z. Forr € (0 ¢) we can set g (r) == jy(r) and j, (r) := 1. Then, the monotonicity
properties of j"(r £(r) are obvious from their definitions. Furthermore, with the help of
the bound (H4) and the uniform upper bound 7;, < T* from (5.13) holds

Jy (1)

log =
Jn(g)

<T*Cy.

O
We still need to understand the first term in the Hamiltonian H,, given by (5.8), namely
H(1y(r)). The growth estimates (h1), (h2) and (h3) from below are one of the main

ingredients to apply of the Muckenhoupt functional in the proof of Proposition 5.3 (see
Section 5.3).
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5. The local Poincaré inequality revisited

Lemma 5.13 (Properties of the radial Hamiltonian). Assume that the perturbed Hamilto-
nian H satisfies the Assumption 5.6 and that the local coordinates 1y (r) are given by Defini-
tion 5.7. Additionally, assume that H satisfies the condition

(VH (y(r)), VH(4y(r)) 2 emin{1,r, T — r} [VH(Wy(r))] (H5)

for some constant 0 < cg. If T;; = oo, we mean min {1, 7,7, — r} = min {1, r}.
For n € S™~1 we define the radial Hamiltonian function h,, : [0,00) — R U {oo} by

_ {H(%(r», for0<r<T,

h :
() , for T, <.

Then, the following estimates hold uniformly in n:

A >0Vs €[0,Ty) : H(y(r)) > H(Wy(s)) + M(r —s)?, Vre s, T (h1)
o > 0Vs € (0,T;,] : H(ey(r)) < H(wy(sr)) — Xa(r — s)2, Vre[0,s].  (h2)

Further, if n € Oy, then we have for e < %QCHC%

d

[ . Ch1l 1 C
Ve (T, 00): g (Lhy(t) — Injiy(t) > e H

1 fore < (h3)
(

B §CH—|-4KH’

where Cy and Ky are from assumptions (Alpr) and (A2p1).

Proof of Lemma 5.13. For r < T,, it follows from Definition 5.7 and (H5) that

VH (1py(r))

d
EH(%(T)) = <VH(1/177(7"))’ m

> > cgmin{1,7,T, —7}.

Hence on (0,7;,), the radial Hamiltonian %, (r) is strictly increasing. Additionally, we
have with (5.13) that 7;, < T™* < oo holds uniformly in 7. Therefore, it is easy to de-
duce (h1) and (h2) with constants A\; and A2 uniformly in 7.

For the last property (h3) let ) € ©. Then for ¢t > Ty, it follows by (5.15) that y(t) &
Qg O L(I*) and therefore H (1,,(t)) = H (1,(t)). Hence, we can use the estimates (5.14)
from which we conclude

VH (y(r)) v VH (1))

3 (20(r) = o)) = L9 (1)

€ VH( ()] [VH(y(r)
_ (1 _y . YH@,()
= (2-1) IwHE 0+ (THE ) - V- S
(5.14)
S(L1) G, - 1
€ 2 e 4
We choose ¢ small enough such that
1 CH CH 1 C'H
ET—7—2KHZO hence €§§m
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5.2. Construction of the perturbed Hamiltonian H

Now, we have provided all the ingredients needed for the proof of Proposition 5.3 in
Section 5.3. For convenience, we make the following definition.

Definition 5.14 (Radial-mixing measures). Assume that the perturbed Hamiltonian
satisfies (F1), (H2) and (H3) of Assumption 5.6 and that the local coordinates v,(r)
are given by Definition 5.7. Additionally, assume that H satisfies the conditions (FI4)
and (H5). Then, the conditional measures

1 . 1
pldrln) = = sinlr)exo (= L0,() ) o

are called radial-mixing measures.

The existence of radial-mixing measures is stated in Proposition 5.2, which is verified in
the next section. The term mixing in the definition of radial-mixing measures is justified
by Proposition 5.3, which proofs that the Poincaré constant o(n) of u(dr|n) satisfies

o™t (m) = 0(e).

5.2. Construction of the perturbed Hamiltonian H

Let us recall, that we only consider one basin of attraction €2; (cf. (2.6)) and therefore
omit the index i. We assume w.l.o.g. that 0 € Q is the local minimum of H in 2. In
this section we state the proof of Proposition 5.2, which is restated at this point for the
convenience of the reader.

Proposition 5.2 (Existence of mixing coordinates). Assume that H satisfies the Assump-
tion 5.1. Then, there exist coordinates {wﬁ}ne gn—1 0n § such that the conditional measures
p(dr|n) are radial-mixing measures in the sense of Definition 5.14.

By Definition 5.14, we have to show that on a basin of attraction (2 (cf. (2.6)) there exists
a perturbation H of the Hamiltonian H satisfying the conditions (H1)-(H5). Because
of (A1), the perturbation H is only allowed to differ from the Hamiltonian H on small
neighborhoods around the critical points z € €2 of H. Therefore, we obtain the pertur-
bation H by a local construction on a neighborhood of every critical point. Hence the
properties (H1) and (H2) will be automatically satisfied by construction. If one stays
away from critical points z € Q of H, the properties (H3) and (H5) are automatically
satisfied if we take there I = H. Furthermore, the property (FI4) needs only to be
checked on the bounded domain Qp, which is again clear as long as one stays away
from critical points of H. Therefore, we only have to verify the properties (A3)-(A5)
near the critical points. We distinguish two cases: Section 5.2.1 is devoted to the con-
struction of H at a local extremum of H and Section 5.2.2 considers the construction
of H at the saddle points of H.
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5. The local Poincaré inequality revisited
5.2.1. Perturbed Hamiltonian H at local extremes

In this section, we will construct the perturbed Hamiltonian H satisfying the condi-
tions (H1)-(H5) in a small neighborhood of the local minimum 0 € 2 of the Hamilto-
nian . We omit the case where the critical point z is a local maxima. The reason is that
the construction of H would be very similar to the construction of H around a local
minimum by considering —H instead of H.

We denote by A\, the smallest eigenvalue of V2H (0), which is strictly positive by the
non-degeneracy Assumption 1.9. Hence, we can choose § > 0 such that H is strictly
convex on B;(0). Let £ € C*°(R™, [0, 1]) be a decreasing smooth step function satisfying
the conditions

Vre[0,1/2]:&(r) =1, Vre(1/2,1):€(r) <0, and Vre[l,00):&(r) =0.
(5.17)
For convenience, we set &(r) = £(%). Motivated by property (H2), we define the cor-
rection H of H around the minimum as

H(z) = &(|zl) (J2] = 8) + (1 = &(J2)) H(2), for z € B;(0). (5.18)

Figure 5.2.: Contours and flow lines derived from H (left) and H (right).

Now, we state the main result of this section.

Lemma 5.15 (Perturbation H around local extrema). For § small enough, the function H
satisfies the properties (H1)-(H5) in the neighborhood B;(0) around the minimum 0 € Q.

Proof. The property (H1) is fulfilled by construction.

The property (H2) is satisfied by the definition (5.18) of H and the definition (5.17) of £,
which ensures that the gradient-flow coordinates of H coincide with polar coordinates
on the ball Bs/5(0).
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5.2. Construction of the perturbed Hamiltonian H

The property (H3) is verified by a straightforward argument, where direct calculation
leads to the identity

VH(z) = alz) % +b(z) VH(z), with (5.19)
a(z) = 67'¢5 (|z]) (|2 — 6 — H(x)) + &(|x]) and  b(z) = 1 — &(|]).

For the verification of (H3), we will need two observations.

The first one is a(x) > £5(|z|), which follows for small enough ¢ from the assumptions
on H,namely H(0) = 0 and H(x) > 0 as well as the monotonicity (5.17) of £, i.e. £ < 0.
The second observation is that for 2z € B;(0) holds

)\min

2

<!Z’VH($)> = Izl <x VEH(0) x> +0(2?) > Aminlz| + O(6%) > Z5% [a], (5.20)

|’ ]
which follows directly from Taylor expansion and choosing ¢ sufficiently small. In the
last inequality, Amin > 0 denotes the smallest eigenvalue of V2H(0).
Let us now verify (H3). The identity (5.19) directly yields for = € Bs(0)

X

V()| = o) + 20l o) {

(5.20) Amin
> a?(x) + 2 a(z) b(z) 5

,V2H(az)> + b (x) [VH(x)|?

lz| + b%(z) |VH ()%

We consider two cases. In the first case, we assume that |z| < %. Then we get

- (5.17)
\VH(z)| > a*(x) + O(6%) > € (1/4) + O(6%) > ¢ > 0.

In the second case, namely % <|z| <6, we get

IVH (z)| > b*(z) [VH ()] + O(6%)
(1) min [VH@)R+0) > cp >0,

)
1<]z|<o

which yields the desired property (H3).

Now, let us turn to the property (H4). It suffices to show that for = € B;s(0)\B; /2(0)
holds

()| <C

VH
IVH]|

However, this easily follows from the observation that
)i 1 " i ~ i
v AH<x>_<v<x>,v2H<x> v<x>>
|VH| |VH ()| IVH| IVH|

H3) n—1
<

IV2H ()

C
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5. The local Poincaré inequality revisited

and the fact that H (z) is by construction a smooth function on B;(0)\ B /2(0).

Finally, let us verify the property (H5). It is sufficient to show that

¥t such that 1), (t) € Bs(0) : <VH(wn(t)),VfI(wn(t))> > et |VH (1)),

where the local coordinates 1, (t) are given by (5.11). Using (5.19) we get

<VH(x),vf1(x)> = a(z) <VH(3:) ‘”> +b(z) |[VH(z)?

e
T

a(z) <VH(x),’;C‘>+b(x) IVH (z)] <VH(x),>

]

\Y]

"2 (aw) + b(a) IVH()]) 22

2
(5;9) Amin
- 2

] [VH ()].

By the last inequality, it is only left to show that for some constant ¢ > 0
[y ()] > ct, for all ¢, (t) € Bs(0). (5.21)

It follows from the definition (5.11) of ¢, (t) that

_ [ ) ds = "/ n(s) Vﬁ(ﬂ’n(s)) s
|t (2)] —/0 Os|thn(s)] d /0 <wn(s)‘, |Vﬁ(%(s))|> ds. (5.22)

For v,,(s) € Bs(0) it follows from (5.19) that |[VH (v,(s))] < C. Therefore, we can
estimate

< Yols)  VH@(s)) >
(o) [VH (W, (5))]
(5.19) 1

[V H (1 (5))]
(5:20) 1

= & (atnlo) +500n(60) 252 10,9

> CI:I>0’

(a5 + blan(o) {

where the last line is deduced with the same argument as used for (A3). A combination
of (5.22) and (5.23) yields the desired estimate (5.21) and concludes the proof. O

5.2.2. Perturbed Hamiltonian H at the saddles

In this section, we construct a local a perturbation H of H satisfying the conditions (F1)-
(H5) nearby saddle points. Note that every saddle s lies on the boundary of Q2. We will
locally deform H in such a way that either trajectories will leave €2 nearby the saddle
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5.2. Construction of the perturbed Hamiltonian H

w* W

——

.
W

Figure 5.3.: Flow lines derived from H (left) and H (right).

or they will avoid coming close to the saddle (cf. Figure 5.3). We achieve this behavior
by introducing a kink on the stable manifold (cf. Figure 5.5).

We assume w.l.o.g. that the saddle point s lies at the origin 0. The stable and unstable
manifold of the saddle at 0 are given by

We:={yo € R" : s = =V H(ys), yr = 0}

Wo:={yo € R" : o = VH(yr), yr — 0}.
In order to deform the trajectories as indicated in Figure 5.3, we need a better descrip-

tion of the stable and unstable manifold of the saddle at 0. This description is provided
by the stable-manifold theorem (cf. Theorem 5.17 below).

Definition 5.16 (Stable £° and unstable £* subspaces of V2H(0)). By the non-degener-
acy assumption (1.8) there is a number k and an orthogonal matrix () such that

V2H(0) = Qdiag(A\[, ..., A, AT, A QT

where A\|,..., A\, < 0and )\f, e )\Tik > 0. Therefore, the stable £° and unstable £“
subspaces of V2H (0) are given by

&= {Q(y,O)T eR":ye€ IRk}

& ={QuyTer":ye R},
Theorem 5.17 (Stable-manifold theorem [Tes12, Theorem 9.4, p. 259]). For a small neigh-
borhood U of the saddle O the local stable-manifold W := W3 NU is a smooth manifold
tangent to £° at 0. Moreover, there exist neighborhoods U® C €3, U* C E* and a smooth map

hg : U — U" satisfying
he(0) =0 and Dhg(0) =0 (5.24)

such that for
U = {xs +hg(zs) + 20 : s €U, 24 € U"}
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5. The local Poincaré inequality revisited

the local stable-manifold W . = W N U allows the representation

Wlic = {JIS +hs($s) 1 Ts € Z/ls} .

wt &

Figure 5.4.: Illustration of the stable-manifold theorem

Using the stable-manifold theorem we are able to introduce the following local coordi-
nates on the saddle by the map (cf. Figure 5.4)

(g, xy) U XU U C R E(xs, xy) = s + hg(xs) + Ty

With the orthogonal projections Il and II, onto the stable linear £° and unstable linear
&£" manifolds

e : U — U Il = Qdiag(0,...,0, 1...,1)Q"
N N
k-times  (n—k)-times

Oy : U — U* I, = Qdiag(1,...,1, 0...,0 )Q"
———  ——

k-times  (n—k)-times
we obtain the reverse coordinate transformation by
U3z — (g, IIyx —hs(Isz)) € US x U".
We will construct the Hamiltonian H by adding a perturbation to the Hamiltonian H.

This additive perturbation is obtained with the help of the local coordinates from above
and two auxiliary functions p, ¢ € C?(R™, [0, 1]) satisfying

p(0)=1, p(0)=0, Vte(0,1): p'(t) <0, (Ap)
viel[0,1]: |p'(t)] <8t (B,)
Vite[0,1]: p(t) = (1—2t)4, ()
and  q0)=1, Vte(0,1): ¢(t) <0, (A,)
Vie[0,1]: 1-2t) <|d(t)] <2 (B,)
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5.2. Construction of the perturbed Hamiltonian H

Example 5.18. By straightforward calculation one can show that the functions

pt) =1 =P Lgn(t) and  qt) = (1= 1)(1—3)* L y(1)

satisfy the conditions (A,)-(Cp) and (A,)-(B,), respectively

The next statment contains the main result of this section.

Lemma 5.19 (Perturbation H around saddles). For constants a,§ > 0 we define the additive
perturbation as
+ .+ + + _ 52 (8 u
HI :R"xR" =R Hloc(s,u)—a6p<5>q<6>,
where the functions p and q satisfy (A;)-(Cp) and (Ay)-(By), respectively. Let us define the
modified Hamiltonian H on U := {x € R™ : |llsz| < 6, |lyx — hs(Ilsz)| < &} by

H(z) := H(z) + H,}_(Wsz|, |Ilyz — hs(sx)]). (5.25)

Then, there exists a > 0 and 6 > 0 small enough such that H on U satisfies the properties (H1)-
(A5).

Figure 5.5.: H (left) with a kink on the stable manifold and H ngC (right).

Proof. The properties (H1) and (H2) are fulfilled by construction.
Argument for (H3): We have to show that for # € U/ holds

\VH(z)| > ¢z > 0. (5.26)

Let x = g + xy € U\W  with zg = [lgx and x, = Iz, hence x, # hg(xs). Further, set
s = |zg| and u = |zy — hg(zs)|. Then, differentiation of (5.25) using the equation (B.4)
from the Appendix B.5 yields

V() = VH(x) + 0Hf(5,0) ™ + 0,0, (5,0) (1L, — Dhg(aat,) T 20 2el%2)

(5.27)
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5. The local Poincaré inequality revisited

Let us note that since II, is an orthogonal projection and since Dhg(xs) : €5 — £%, it
holds Dhg ()l = Dhg(zs) and (Il — Dhg(zs)Il) " = II, — Dh] (). Let us expand
VH(z) around the saddle point

VH(z) = VH(zs + x4) = V2H(0)zs + VZH(0) (2, — hs(zs)) + Ro(x), (5.28)

where the remainder term Ry(z) satisfies |Ra(z)| < (Cy + Cp) |z)* < (Cg + Cp)d?
as |he(zs)| < Cp|zs|? by (5.24). We note that the partial derivatives of the additive
perturbation are given by

85H1§C(s,u) =adp (g) q (%) and 0,H(s,u) =adp (g) qd (%) .

Combining all expressions yields that the the gradient of the perturbed Hamiltonian
can be written as

VH(z) = Ng(x) + Ny(z) + Ro(z), (5.29)

where the terms Ng(z) and N, (x) are given by

No(e) = (V2HO)s +avp! (2) a (4)10) 22 s p (2) o (&) Dn () 2 RellE)

5)1\s 5 u
(5.30)
Ny(z) = (VQH(O)u + adp (g) qd (%) Id> %_2(“ (5.31)

We want to point out that (Ng(x), Ny(z)) = 0 because Ng(z) € £° and Ny(z) € &
(V2H(0) leaves £° and £* invariant). Therefore, we have

V(@) = [No(@) + [No(@)]? + () = max{|Na(a)]?, | No(2) 2} + O(8).  (5.32)
We proceed by determining lower bounds for | Ng(z)| and | Ny(x)|. For |[Ng(z)| we get
+ g (2 vy il

Ne(o) 2 N = a8 [# (5) 0 () = a0 ()

where A\ denotes the smallest positive eigenvalue of the Hessian V2H (0). We employ
now the assumptions (B,) and (A,) to bound the second term in (5.33) by

¢ (3)| IDnl @)l (65:39)

ad

P (g) ‘ q (%) < 8as. (5.34)

Likewise, we use the assumptions (A,) and (B;) and the additional observation that
}th(xs)] < O, |zs| by (5.24) to bound the third term in (5.33) by

S
5 (5)
Hence, we can deduce a lower bound for | Ng(z)| by choosing a small enough. Indeed,
we observe

¢ (5)] 1DB] (@o) < 200Chs <205, fora<Cpl. (539)

)\Jr_ )\Jr_
[Ne(@)| 2 (A, —8a—2a) s > 6 “2in g for o< v, (5.36)
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5.2. Construction of the perturbed Hamiltonian H

Hence for a < ‘2“0‘“ , a combination of (5.32) and (5.36) yields the desired estimate (5.26)
if s > %.

However, if s < g, we have to take a closer look at the term |Ny(x)|. Note that by
definition of &*, the Hessian V?H (0) is strictly negative definite on &®. Let A, < 0
denote by the smallest negative eigenvalue of V2H(0) on U* in modulus. Using the

definition (5.31) of N,(z)< we can deduce the lower bound

) s (1-28) (1-2%),

: ’AI;H]’5 S
> min {2, ad (1 — 25)+ (5.37)

where the last step follows from either setting v = 0 or u = g. Hence, if s < %, the
desired estimate (5.26) follows from a combination of (5.32) and (5.37).

[Na(@)] > Pyl +adp ()

Argument for (H4): Although property (H4) is formulated in a pathwise version, it is
enough to show the pointwise estimate
VH VH(z)

Vx € QR\B(;/Q(O) V- |VH( )| <

Ch» (5.38)
where Qp = QN Bg(0) and R is given in (5.14). Direct calculation shows that
v. L (ag - (Y g YY)
\VH| |VH] |VH| |VH|

We observe that if A\ (z) < --- < \,(z) denote the ordered eigenvalues of V2H (z), then
the following bound holds

Vi e VA \ - i
—(——,V"H—— ) < Ai(z) < (n— 1) (x). (5.39)
(™) =3
For the estimation of S\n(:n), we use the variational formulation of the eigenvalues
An(z) = sup <17, VQﬁ(x)n> . (5.40)
WES”71

Below, we will show that for some constant C'z; > 0

<7],V2ﬁ(m)77> <Cy. (5.41)

In combination with (5.39) and (5.40), this estimate already yields the desired state-
ment (5.38). Now, we verify the estimate (5.41). For that purpose, let us have a closer
look at V H, which can be written as (cf. (5.27))

- _ n Zs + _ T Ty — hg(25)
VH(xz)=VH(x)+ 0:H (s,u) . + 0y H! (s,u) (II, — Dhg(xs)) — (5.42)

::Tl :ZTQ
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5. The local Poincaré inequality revisited

Hence, we can write V2H as .
V2?H = DT, + DT. (5.43)

For the moment, we skip the details for the estimation of D7} and first consider the
term DT5. Straightforward calculation shows that

— hg(zs)

DIy, =D <auH+ (s,u) Iy — DhS(mS))T e
U

loc

>—T3+T4,

where the terms 73 and T are given by

u

2  Du(a o~ ha(Ts)
(Ts)i; = ;8% ((%Hltc(sv“) (I — Dhg( s))T>jk < >k

and
Ty = O, H;" (s,u) (T, — Dhg(zs)) D (””“_h(“"”)> .

u

Using the assumptions (A,), (B,), (Ag) and (B,) as well as the properties of hg given
by (5.24), one can deduce that the term T satisfies for € S"~! the estimate

[(n, Tsm)| < C. (5.44)

The same procedure applies also to the term D7j, which can be similarly estimated
like T3
|(n, DT1n)| < C. (5.45)

Let us now consider the term T);. With the help of the matrix A = II, — Dhg(zs) and the
vector v = %s(ms) € &* N ™! we find using the equation (B.5) from Appendix B.5
the relation

sz%(ld—v@v)A: %(Hu—v@)v)A,

since A : R"® — &". Therewith, we can rewrite the term T} as

:wAT(Hu_U@)U)A
u

T}

Because ||Dhg(zs)|| = O(s) = O(6) and Dhg(xs) : €5 — & (cf. (5.24)), we have that
A>0oné&%and A = 0 on £%, which yields

AT, —v®wv)A > 0.
n
Finally, because &L%OTC“’U) < 0, this means that 7} is negative definite, i.e.
(n, Tam) < 0. (5.46)
A combination of (5.43), (5.45), (5.44) and (5.46) yields the desired statement (5.41).

Argument for (H5): We conclude in several steps. Firstly, we deduce a pointwise esti-
mate

(VH(z), VH(z)) > ()\:Irl;‘)QSQ—i—M;ﬁn\aé (1 - 2;) ps(s)u+ ()\;Hn)Q u?40(s26)+0(u?s).
+
(5.47)
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5.2. Construction of the perturbed Hamiltonian H

Then, in the second step, we get rid of the error terms, as they can be compensated by
the first and second term of (5.47), respectively. This leads to the estimate

N
(VH(z),VH(z)) > ()\:;“n)Qs + A, lad <1 - 2u> ps(s)u + ) u?. (5.48)
4 5 ), 2

If we for the moment assume that (5.47) respectively (5.48) holds, we still need to re-
combine this estimate (5.48) with the trajectories. Below, we will deduce two differential
inequalities for u(t) and s(¢) given by

s(t) = [sy(t)]  and  u(t) = [Tyt (t) — he (Lsthy(t))] -

Namely, we will show that for ¢ sufficiently small and a satisfying (5.36) holds

1> 5(t) > Afgi“s(t) +0(8%), (5.49)
1+ 0(6%) > —u(t) > a(6 — 2u(t)) 1ps(s(t)) + O(6%). (5.50)

The deduction of (5.49) and (5.50) is similar to the estimate of Ny and V,. By direct
calculation and term-wise estimation of |V H| in (5.42), we find that [VH| = O(J) in
U. Hence we can assume from now that |VH| < 1. The starting point for all estimates
is the representation of VH given in (5.27) and its decomposition into Ng, IV, and the
error Ry from (5.29)

a(t) =

1 . 1
Sy (et 0(0)) = s
1

= t)‘VH(i/Jn( )| (<Hs¢7](t)>Ns(l[1n(t))> + <Hs¢n(t),R2(1’)>)

(Lsty (t), Ns (g (t))) + O(8%).

(Haton(6), VH (1 (1)))

/—\

‘ -

Z(t

o)

~—

We use the representation of Ng from (5.30) and follow along the lines of (5.33) and
(5.36) to estimate (v, (t), Ng(1y(t)))

2
(P20 o) ) = (P T2 000 0)) + 0t (o), )

(1) ) (1)
a0 {200 T,y Pt BTt )
T Ns0 - oy (290 (2) - o (S2) o (“2) | m 1)
(5349535
> AninS(t) — 8as(t) — 2aCps(t).

Using the same choice of a as in (5.36) shows (5.49). For the differential inequality (5.50)
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we have to take care of the sign of ()
i) = _% [Tyt (£) — ha (st (1))]
(el bl 1, i) 1) )

LV (4 (1))
[V (1))

LV (6 (1)) |
V(1)

Y

. <nuwn<t> S > — I DBa (T (8)]

Let us first note, that || Dhgs(I1s1, ()| = O(|Isyy,(t)]) = O(S) by (5.24). Furthermore,
we have by (5.29) that TI;VH (¢,(t)) = Ng(1,(t)) + [gRa(1,(t)) and by (5.30) we
can easily deduce |N;s(z)| = O(§) and |IIsRa(z)| = O(6?), which in comparison with
|\VH| > cj; yields
IV H (1)) 2
Dhg(Igthy, () || | =222 | = O(52). (5.51)
DT ()] | S5 S8 | (&)

Therefore, we are left to consider the first term. Since IT,VH (¢, (t)) = Nu(th,(t)) +
I, Ro (1 (1)) with [T, R ()| = O(6%), it is enough to use a similar estimate like (5.37)

() — b)) Nl (0) (s [ ()
< g D )|> Palut) +asp (5 | (1))

[VH (4 (t)
Ygut--os (1-20) 5(40).

which concludes the proof of the lower bound in (5.50) and the upper bound is a simple
consequence of the error estimate (5.51).

Now we have proven the auxiliary estimates for the trajectories and can continue with
the proof of (H5) under the assumption, that (5.48) holds. Let us introduce the entrance
time F, of 1,(t) into supp Hfgc where we can assume that supp Hfgc C DBoys. Let us

+
assume that ¢ is chosen small enough such that 5(¢) > % > 0 whenever s(t) > 3.

Then, we can consider two cases: First, there exists ¢y € (E,,T;) with s(ty) > g and
secondly, there exists no such ¢¢. In the first case, there is nothing to show, since we find
that s(¢) is monotone and with (5.48) holds

+ 2 + 2 52
V€ (t0.Ty) < (VHy(0). VAW, (1)) > ol g2 > Q) 0 (559

Now, the second case and we assume that s(¢) < g forallt € (E,,T;). Then it follows
from (5.50) for u(t) < g

—u(t) > %5]9 <;> +0O(6%) > ¢,0 >0 for some ¢, > 0 and § small enough.  (5.53)

In particular, the estimate (5.53) implies

T (5.53)
u(t) = u(T,) — /t w(s)ds > ¢, 0(T; —t), (5.54)
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5.2. Construction of the perturbed Hamiltonian H

since u(7;) = 0. We can use this observation together with the estimate (5.48) and
arrive for u < g at

(V0L V@ 0) = Wl o 5 p (5) 00 2 Pl 3o (3) e (-0

2 2
(5.55)
Now, the conclusion (H5) follows with (5.52) and (5.55) from the observation ]Vﬁ | =
O(8) in U and especially |[VH| < 1 for § chosen appropriate small enough.

To finish the proof, we still have to show (5.47). We start with (5.28) and (5.29) to deduce

<VH(m), Vﬁ(m)> = (V2H(0) (24 + 74 — ha(z2)) + Ra(x), Na(z) + Ny(z) + Ra(z))
= (V2H(0)(zs + za — hs(s)), Ns(z) + Nu(2))
+ (Ro(z), Ng(z) + Ny(z) + VZH(0) (s + 20 — hs(xs)) + Ra(z)).

Let us first estimate the order of the error terms containing Ry(x). With (5.28) we find
that |Ry(z)] = O(|z*) = O(s?) + O(u?). Further, we have |N,(z)| = O(0) as well
as |Ny(x)| = O(6). Furthermore, it holds |hg(zs)| = O(s?) and of course |z| = O(6).
Therefore, the total approximation error can be estimated by

(Ra(z), Ns(x) + Nu(z) + V2H(0) (s + 24 — hs(5)) = O(057) + O(6u?).

We find an estimate for (V2H (0)(zs + @ — hs(zs)), Ns(z) + Ny()) by using the repre-
sentation of Ny in (5.30) and N, in (5.31) and going along the lines of (5.33) and (5.37)
(V2H(0)(zs + 2y — hs(25)), Ns(2) + Nu(z))
= (V2H(0)xs, Ng) + (VZH(0) (x4 — hs(zs)) , Nu(2))
> (V2H(0)zs, V2H(0)zs)

ol (3)]a(2) (70 2
—aip ($) |¢ (5)|[V2H )| | DB (2)
+ (V?H(0) (24 — hs(z5)) , V2H(0) (24 — hs(zs)))

+adp (g) qd (%) } <—V2H(O) (24 — he(xs))

Ty — hs(ws)>

> (A5

min

2
)25% — 8aA s — 2a00 |, Chs® + (A, )?u? + adp (g) <1 - u) ’)\’. } u,
+

where ). is the largest eigenvalue of VZH (0). We finish by bounding the first three

terms from below. Therefore, we assume, like in (5.35), that § < C, I and obtain

)\Jr_ 2
(Ah)28% = 8aAt . s? — 2a) 1 0Chs® > ((Ah,)? — 10a)!,,) s* > (‘“2“1)82,
+
where we set a < (2?;:\‘1')2 in the last estimate, which enforces the assumption on a
+ max
in (5.36) by a factor % Altogether, this shows (5.47) and finishes the proof. O
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5.3. Radial Poincaré inequality via Muckenhoupt functional

The aim of this section is the proof of Proposition 5.3. In the argument we apply the
Muckenhoupt functional [Muc72]. Firstly, let us restate the main result of [Muc72] in
Theorem 5.20 below and clarify the connection of the Muckenhoupt functional to the
Poincaré inequality in Proposition 5.21. For the sake of completeness and notation we
also state the proofs of Theorem 5.20 and Proposition 5.21 in full detail.

The following theorem is a weighted Hardy inequality discovered by [Muc72] in a more
general context with a sharp characterization of the optimal constant up to a factor 4.

Theorem 5.20 (Muckenhoupt functional [Muc72, Theorem 4]). Let p be an absolutely
continuous measure on R™, then there exists a constant C' < oo for which

0o x 2 00
ViRt - R /0 (/0 f() dt> u(dx)gC/O fu(dz), (5.56)

if and only if
= sup/ d,u/ — dx < 00. (5.57)

r>0 33

Furthermore, the optimal C obeys the estimate

B < C <4B. (5.58)

Proof of Theorem 5.20. The proof consists of two steps. Firstly, we show that (5.57) im-
plies (5.56) with constant C' < 4B. In the second step, we will show that (5.56) also
implies (5.57) by the the estimate B < C, which then establishes (5.58).

Define the function G(z) = [ ly) dy. The first step is to apply Cauchy-Schwarz in-
equality to the inner mtegral

(/Occf(t)dt>2 < /Om F(D)° VG(E) p(dt) /Ox G(t)lu(t) dt (5.59)

Now, note that with 2.4 /G (t) = m the last integral evaluates to

1
2

/G dt—2\/7<2\ﬁ</ dﬂ) , (5.60)

where the last estimate follows from the definition of the constant B. Combining (5.60)
and (5.59), integrating the resulting inequality w.r.t. to ; and using Fubini’s theorem to
interchange the integration, we arrive at

1

[ ([roa) “hlda) < 2B [ ok vew ( ([ a) u(dx>> p(dt).

(5.61)
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5.3. Radial Poincaré inequality via Muckenhoupt functional

Now, we observe that

([0 ()

Therewith, the inner integrals in (5.61) evaluate to

N
[NIES

1

[ ) e ([ ) oo ) 52 2

(5.62)
by the definition of B. Combining (5.62) and (5.61) results in the desired upper bound.

For the lower bound assume that f is non-negative. We can bound the left-hand side
in (5.56) for fixed r > 0 from below by

/Toodu</orf(t)dt>2§/ooo </Oxf(t)dt> (dz) <c/ D) u(dz).  (5.63)

Now, we want to show that for any r holds

/roodu/orlu(lw)d:rga (5.64)

which implies B < C. If fo o) dz = 0, then the estimate (5.64) is immediate. If

fo /Hc dz = oo, then there exists a function f(z) with [J |f(z)]*du(z) < oo and

Jo f(z)dz = oco. Further (5.63) implies that [>°dp = 0, which also yields (5.64). Fi-
nally, 1f 0< fo e d:n set f(x) = A observe that (5.63) becomes

u(w
/ du ( / — dx) <C| — d:v
T 0 M x
which results, after dividing by [; ﬁdx, in the desired estimate (5.64). O

From the previous theorem it is easy to obtain the following proposition, which deter-
mines the Poncaré inequality in one dimension up to a factor of 8 for a general measure
(cf. Remark 5.22). The argument is similar to the work of Bobkov and Gotze [BG99],
which considered the logarithmic Sobolev inequality in the continuous case and also
to the work of Miclo [Mic99], which considered the Poincaré inequality in the discrete
case.

Proposition 5.21 (From Muckenhoupt functional to Poincaré inequality). Let i be a prob-
ability measure on R absolutely continuous w.r.t. to the Lebesgue measure. Then the constants

B, and B}, defined by
B, = sup (/ 1dy/ du)
z<m T /-L(y) —00

B = sup (/ 1dy/ du)
r>m m :u(y) T

(5.65)
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5. The local Poincaré inequality revisited

are finite for pi-a.e. m if and only if they are finite for one common m.

Further, u satisfies a Poincaré inequality PI(p) if and only if B,, and By, are finite. In this
case p obeys the estimate

max { (1 — F,(m))B,,, F,(m)B}} < o™ < 4max{B;,, B},
where F,(m) = p((—oo, m]).

Remark 5.22. A common cited version (e.g. Fougeres [Fou04]) of the above proposition
is obtained by setting m = m* with m* given as median of the probability measure ,
i.e. i((—o00, m*]) = 1. In this case, the estimate of Proposition 5.21 has the form

tmax{B,.,Bt.} <o ! <dmax{B,.,B}.}.

This gives a general characterization of the spectral gap or Poincaré constant up to a
factor of 8. However, the median is hard to compute in general and the result stated in
Proposition 5.21 is easier to obtain upper bounds.

Proof of Proposition 5.21. In the first step we will show that if m* exists such that B, .
and B, are finite, then B;, and B, are finite for u-a.e. m. Therefore, we write

B (z)=[" ﬁdy J* . dp such that with this notation B;, = sup,<,, B;,(z) and sim-

ilarly for By (x). By symmetry it is enough to consider m > m*. Then, an immediate
consequence is B, < B! .. To obtain a bound for B;,(z) with z < m, we split up the
integral in the definition of B;,(x) and obtain

mo 1 T m* 1 T mq T
Bo(z)= [ —=dy [ du<Lm(@) | ——dy [ du+ [ —=dy[ du
x :U‘(y) —00 x N(y) —0o0 m* :U‘(y) —00

B F,(z) . Fu(z)
< . i +* #7 < . +*M7
= oo (2) B (2) + By () 7 —p 05 < B + B g —p 0

which is finite for m with 0 < F,(m) < 1, hence for p-a.e. m.

Now, we want to deduce the upper bound for the inverse spectral gap, which follows
by noting that for an arbitrary m € R holds

var, () < / T fm)Pdu = /_ " fm) P dug + / T fm))Pdu,
(5.66)

where we introduced the measures

f (A7) = Loy (z)p(d)  and g = L 100y () p(d).

We can apply Theorem 5.20 to both of the last integrals in (5.66) with the measure p
substituted by 15 and obtain the estimate (5.56) with a constant C;5, which is bounded
by 4B:-. For ), this leads to

|- somprdus = [ ( [ f’(w)dx>2dufn(y) <asy [0 du

m m m
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5.3. Radial Poincaré inequality via Muckenhoupt functional

and similarly for ;. This proves out right after again combining both integrals
vary(£) <48y, [ 17 dug By [ 10 du < dmax (BB [ 17w

the upper bound.

Once again we start with equation (5.66) and consider the integral over (m, co). Now
we choose 0 < 7 < C}};, and a function g, such that for the optimal constant C;}; in

[ somransc [P

holds - o
| g dnz (Cf-7) [ o an 5:67)

m m

These g, exists thanks to the optimality. By Theorem 5.20 we know that B;;, < C;},. We
can assume w.l.o.g. g-(m) = 0, else we could consider §.(z) = g-(z) — g-(m). Now, we
set g-(z) = 0 for x < m and note p({g- = 0}) > p((—oo,m])) = F,(m). Therewith, it
follows

(/ grdu>2 < u({g- #0}) /gfdu < (1= Fu(m)) /gZd,u.

This results in the estimate

var,(gr) = / gzdu — < / gTdu>2 > Fu(m) / g2du

(5.67) N )12 N s
=" Fum)(©5i =) [ ot du = Butm) (B = 1) [ |orf?

Hence, o~! > F,(m)(B;}, — 7) and sending 7 — 0 the desired result follows. The case
for the integral on (—oo, m) follows similarly by symmetry. O

We introduce an additional tool, which allows to compare the constants B,, and B,
in (5.65) of the Muckenhoupt functional for different measures. This will allow us to
prove the scaling behavior of different Hamiltonian at low temperature, only knowing
certain monotonicity properties.

Lemma 5.23 (Comparison principle for Muckenhoupt functional). For an one-dimen-
sional Hamiltonian H : R — R and a function ¢ : R — R increasing on (m, co) with m € R
let us consider the family {v} (o ) of Gibbs measures

.7 1 _\(a)—H ()
vy(dex) = fe—’\w(x)_H(x)dxe dz.

Then the constants

B, = sup < / T M- g / " MVOHH) dt)

r>m
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5. The local Poincaré inequality revisited

satisfy for Ao < A1 the relation
BY, <B"

m,A1 — T m,\g

(5.68)

If ¢ is monotone decreasing, the constant B, , satisfies the relation (5.68).

Proof. Firstly, let us consider the Poincaré inequality. Let us recall the characterization
of the PI constant by the Muckenhoupt functional. It is sufficient to show that for any
A>0andz >m

d ¢
d\ Bm,)\(x) <0
Direct calculation yields the formula
C%\BT—::L,)\('T) :/ e_Aw_Hdt/ ¢€Aw+Hdt—/ @/)e_M/)_Hdt/ AMHH g1

The negativity of the right-hand side follows directly from the observation that there
existm < t; < z and z < t3 < oo such that

f;’; ?,ZJS)‘w_'_Hdt f;o @Z)e_’\w_Hdt
[ eMt+Hdt - [2% e M—Hdy =v(t1) — ¥(t2) <0,

where we applied the monotonicity of ¢ in the last step. O

Now, we have completed all the preparatory work and can directly proceed to the proof
Proposition 5.3, which is restated at this point.

Proposition 5.3 (PI for radial-mixing measures). Let p(-|n) be a radial-mixing measure in
the sense of Definition 5.14. Then the measure yu(-|n) satisfies P1(o(n)) with constant

——~=0(s)  for =0,  uniformlyin neS"".

Proof of Proposition 5.3. We deduce the desired statement by an application of Proposi-
tion 5.21. Therefore, we have to show that Bf = O(e) for a particular choice of m. For

this purpose, let us set m = h”L(O)' Additionally, we assume that ¢ is small enough
Y]
such that m < § with £ given by the conditions (H1) and (H2).

The measure p(-|n) is absolutely continuous and has by denoting h,,(r) := H (¢, (r) the
form

(dr) = = —ga(r)e " dr, where o) = /'()‘h"(”d
r) = ———Jp(r)e” < dr, where = = rye = ar.
a Zuii(m)”" Tz )

Since H is quadraticin 0, it holds %, (0) = h;,(0) = 0 and by (H2) and the non-degenerate
Assumption 1.12 holds &;(0) = (n, VZH(0)n) > Amin > 0. We start with the estimation
of B, (r) forr < m = O(y/€). Then, according to (j1) of Lemma 5.12 holds j,(r) = "~ 1.
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5.3. Radial Poincaré inequality via Muckenhoupt functional
Now, we use the expansion h,(r) = hg(O)g +O0(r?) = h;;(O)% + 0(5%
estimate

— = t ex —1 nl ex 1
B, (r)= /0 Jn(t) exp < 6hn(t)> dt/r INO) p <€hn(t)> dt
r 7 2 m " 2
= /0 " Lexp (—hn(;?t + O(\/§)> dt/r " exp (hn(z?t + O(ﬁ)) dt

We continue with the variable substitution r = sm and ¢t = zm and arrive at

<m/ exp< ;)dz/: HGXP( >dz(1+0(\[))

(1+0(Ve)).

) to find the

<e

h”(O)

The constant E,, is given as upper bound in the estimate

s L2 1 lo ,n=2
/ z”le2dz/ z7mH e2 dz<\f { g( )2 5"
0 pe s S\/E W >

Now, we bound the right-hand side of the above estimate. If n = 2, the function s —
s?log % attains its maximum for s = ﬁ with value 2% Hence, we have Fy = f For

i

n > 2, the function s — s?(1 — s"~?2) attains its maximum for s = (2)"2 with value
2

(2)72 (1— 2) < 222 Hence, we can set E,, = Ve

n n2
Now, we continue with the estimation of B (r) for r > m. We extend the decom-
position of the Jacobian determinant log j,(r) = log j;r (r) — log j, (r) given in (j2) of
Lemma 5.12 from r € (0,7} to r € (§/2,00) by setting

Vr e (Tm 00) g, (r)= jn_(Tn) and logj;r(r) = log jy, (1) + log j, (Tn)

Then, with the monotonicity from (j2) holds for j, () the bound from below and above

~ n—1 . . . o * (O -
vre (/2T = (8)" = in(d) < 5 (r) < Gn(2)eT O = ¢l Cn 1= ¢
(5.69)

Furthermore, j, is monotone increasing on (0, 7})) by construction. We define now for
A € [0, 1] the modified Muckenhoupt functional

r T
B (r) = / o L (t)~log jif (r)+ A log jiy (r)dt/ " o= Lhn(t)+log i (r)~AMog iy () 4.
Then, by the comparison principle of Lemma 5.23 and the monotonicity of j, holds

T Ty
Bl (r) = B;L’l(r) < B:TZ’U(T) :/ o2/ (t)—log jy (T)dt/ o~ tha(t)+log i (1) 4¢. (5.70)

m T
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5. The local Poincaré inequality revisited

Now, we have to consider the two cases m < r < T, and r € (T},,T;). Note, that by
the definition of T given in (5.15), 75 T, only for T77 = o0o. Let us start and assume
m < r < T,. Then, we decompose B;" olr ) from (5.70) as follows

r T, 4
B o(r) < 1@) (0 ( [ wemoary [ ettt <t>dt>, (571)
’ ] r Tn

The last integral in (5.71) can be estimated in general for some T € (T}, T;,) by using (h3)
of Proposition 5.13, because from the definition of j,/(r) follows, that d;log j;' (t) =

¢ log ji, (t) for t € (T, Ty)

T, o0
/ " ot o8I (0t < i (T)e Hn (D) / e At < L e (T @),
T

T Ch
) (5.72)
Especially, by setting T = T;,, we can employ the bound (5.69) and observe
T _
/ " o= Lhy(t)+Hog jif (¢) dt < =2 AG; e e thn(Ty) (5.73)
T Cu ©
n

To the first two integrals in (5.71), we can directly apply the bound (5.69). Further-
more, using the properties (h1) and (h2) of Proposition 5.13 and the just observed esti-
mate (5.73) leads to

T,
B:Z,O(T) < L Te%h"( J=he _t)Q di (C / ' e—%hn(T)—M;(rj)z dt + 4G5 £ e‘ihn(T)>
T

Cj CH
\TTE (\/ C lh 40]' _1p (T)> 71'Cj 3
< — e/t =e— < 4+ 0 ,
- QCj\/)\ 2\/ + CH £ €4Cj\/)\1/\2 + (62)

where we just estimated the partial Gaussians integrals on the whole half-line.

For the last case 7 € (T}, 00), we split the first integral in B:,;O(r) into two parts

T T o0
B o(r) = ( / ' .f(t)eihmm / ¢ Hhn(t)—log (t)dt) / ¢ Lhn(t)+og 5 () gy
' m Jn Ty r
(5.74)

We have already estimated the second integral factor in (5.72). Let us continue with
estimating the first factor of (5.74). By using the lower bound j;r (r) > ¢;j from (5.69) we
get with the monotonicity of h,(t) that

T ~
/ K %eéh"(t)dt < eéhn(Tn)M. (5.75)
m J77 (t) Cj

For the second term in the first factor we employ again property (h3) of Proposition 5.13
to estimate

/ L thingy < +1 ezhn(r) / e*cHiZ*”drgf;e%W)e. (5.76)
Ty

7y Jn (t) ~ () Ty Crjn (r
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The final step consists of starting from the representation (5.70) to use a combination of
the estimates (5.73) and (5.75) as well as the estimates (5.72) and (5.76) to arrive at

T, —m 4Cy 4 \?
Bif(r) < 2 e —_ — )
a(r) < ; Cor €+ (CH6> O(e)

5.4. A polar mean-difference estimate

This section is devoted to the proof of Proposition 5.5. We have to show the estimate

// (70— 1 <9>)2/5‘<d77>ﬂ<d9> <0(e) / V12 dp.

The procedure is similar to the proof of the mean-difference estimate of Theorem 2.23.
Analogous to section 4.2, we show in the first step that it is sufficient to consider
the mean-difference estimate w.r.t. the simpler measures v(:|n) that are Gaussian ap-
proximations of the measures p(-|n). This step is the content of Lemma 5.24. Fol-
lowing the ideas of Section 4.1, we estimate in the second step the mean-difference
w.r.t. the approximations v(-|n) by using a transport argument. This step is the content
of Lemma 5.25. Compared to Section 4.1, we have to argue more carefully since the
support of the measures v(-|n) is only one-dimensional. Therefore, we need an addi-
tionally ingredient in the proof of Lemma 5.25: It is an identity for the spherical mean
and is provided by Lemma 5.29.

Provided the ingredients are valid, the proof of Proposition 5.5 consists of a straightfor-
ward application of Lemma 5.24 and Lemma 5.25.

Now, we turn to the first step. Let us introduce the approximation for the measures
p(dr|n) and fi(dn). Recall that in Section 4.2 we introduced the truncated Gaussian
measures v; on any domain of attraction ; (cf. (4.6)). In this section we had the con-
vention to omit the index ¢ and considered (2 to be a domain of attraction. We also
assumed w.l.o.g. that the unique local minimum of H on (2 is located at 0 € ). Using
these conventions we may write the approximation v of 1 on 2 as

1 _ V2H(0)[1] . ,
v(dz) = Z—]IE(x)e 22 dz, with Z, = Ee 22 dua,
12

where the set E is given by

E={zcR":|\/V2H(0) z| < V2c w(e)}.
In the new coordinates given by 1,,(r), the measure v(dx) becomes (cf. (5.1))

2 2
v(dr,dn) = ZL 151y (7)) Fn—1 6_% dr dn.
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5. The local Poincaré inequality revisited

In the last identity we already applied the fact that for € small enough the Jacobian
determinant is given by j,(r) = r"~! (cf. (j1) of Lemma 5.12). Following (5.2), (5.3)
and (5.4), we decompose the measure v(dr, dn) according to

v(dr,dn) = v(dr|n) o(dn),

where the conditional measures v(dr|n) and the marginal (dn) are given by

1 el _ EHOM)?
I/(dT’n) = 7 19(77) ]lE(wn(T)) r € 2e dT and
14
1 2 K4 ’1"2
v(dn) = A /r”_l 6_% dr dn.
14

Now, we are able to formulate the first ingredient of the proof of Proposition 5.5.

Lemma 5.24 (Approximation by truncated Gaussians.). Using the notation

fn) = / Fy)u(drly)  and  F() = / F () (drln),

it holds for any function f
[ (fo - 7)) atanac@oy <3 [ [ (7 - 70))” at@micds) + 0Ge) [ 191 d

Proof of Lemma 5.24. Using the triangle inequality we can estimate

(fn - 7©)" =3 ( (7 - Fn)” + (7 - 710)) + (760) - 70))").

By applying the same strategy as in Lemma 4.7, we can estimate the first and third term
of the last inequality by

dr(:n)

(Fn) - Fp)” < —=7 st [ 10, dutrin),

On

where p,, is the Poincaré constant of /(-|n). By Proposition 5.3, we know that
0, L=0().

Additionally, one can show as in Lemma 4.9 that

dv(-
var,(.n) <dME“Z;> = O(\@ w3(€)).

Finally, we only have to express 0, f in terms of the full gradient V f. Because of the
parametrization of the coordinates v, (r) by arc-length, we have |, ()| = 1. This yields
the identity

100 f (o (P))] < IV £ (1 ()| [y ()] = [V f (0 ()],

which completes the argument. O
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Now, let us turn to the second ingredient of the proof of Proposition 5.5, namely:

Lemma 5.25 (Polar mean-difference estimate). Using the notation

f(n) = / F (b (r)w(dr),

it holds for any function f
- < \2 )
] (-7 )" ian o) < o) [ 1952 5.77)

The last statement is verified by using a polar transport interpolation argument. Before
turning to the proof of Lemma 5.25, some preparatory work has to be done.

For the transport argument showing (5.77), we embed v(-|n) and u(:|n) along nr as
one-dimensional measures in R” and note that v(-|n) < u(-|n) for all € S"~L. Then,
we can still define for n,0 € S"~1 a transport distance like 7, (cf. Definition 4.1) by
considering the Radon-Nikodym derivative in the cost density w.r.t. x(:|n).

We denote by <(n, ) C S"~! the geodesic on S"~! connecting 7 and 6 parameterized
on [0, |<(n, 0)|], where |<t(n, §)] is the arc-length of the geodesic, bounded by 7 for any
1,0 € S*~1. Note that <(n, 0) is unique for almost all 7,0 € S™1. Let (1) e[, «(n.0)] b€
its constant speed parametrization. Then consider the transport interpolation defined

on supp v(|no) by

1 1

By(nor) == 020y *nsr  where o, ' = VZH(0)[ns). (5.78)
The transport interpolation is chosen such that
(®s)gv(Ino) = v(:[ns)-
In the proof of Lemma 5.25 we need an estimate on the transport speed, namely:

Lemma 5.26. With the definitions from above, it holds

x 1 max 2
‘(I)soq)s_l(rns” ST\/1+4 (A _1> ) (5.79)

)\min

where Amin and Amax is the largest and smallest eigenvalue of V2H (0), respectively.

Proof of Lemma 5.26. First, for the derivative and the inverse of ®;, we have that

- S S
@8(7707") =1Ns05 0 7"—7755
0500

[N

11
rand ®;'(nsr) = noos 2ol

Hence, the composition is given by

: _ . 1o
D0 D, 1(7757") = Ner — 77850—87“.
S
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By using (ns,7s) = 0 and |ns| = |is| = 1 we obtain the estimate

s |’ 16,
@50 07 (n,7) \/\m Fanl |2 = \/+4 -
Os
From the definition of o, (5.78), we arrive at
o5 | _ 2[(ne VZHO)i)| _ 2[(ns, V2H (O)1)|
Os V2H(0)[ns] Amin '

Now, we use the spectral decomposition of V2H(0) = SorAiv; @ v; and write 7 =
Yoy av;as well as s = D7 | bjv;. Therewith, we obtain

{ns, V2H(0 Z)\azb <)\maXZaZ [a;b; > 0] — mmZ\aZHbl [a;b; < 0], (5.80)
=1

where [a;b; < 0] = 1if a;b; < 0 and 0 else. From (1, 75) = 0 follows > " | a;b; = 0 and
therefore
Zaz [a;b; > 0] = Zaz [a;b; < 0].
In addition, the observation
S aulaibi > 0]+ 3 faal il osti < 0] < 23 a2+ 13702 = Ll 4 pa = 1,
i=1 i=1 ~ 2 i=1 b2 i=1 b2

implies Y7, |as| bi| [aib; < 0] < 3. A combination with (5.80) results in

<7737 VQH(O)US> < ()\rnax - )\min> Z a;b; [azbz > 0] <
i=1

(Amax - )\min) )

N =

which shows the result. O

The next lemma contains the main contribution to the proof of Lemma 5.25. It is the es-
timation of the mean-difference (f(n) — f(0)) by applying a transport argument similar
to the argument outlined in Section 4.1.

Lemma 5.27. For any 1,0 € S"~! holds
(Fon 7)) <0 [ [ 1917 uarie) ' ae),

uniformly in n,0. We want to recall that <(n,0) denotes the geodesic on S™~1 connecting n
and 6.

106



5.4. A polar mean-difference estimate

Proof. We start estimating the mean-difference in the same spirit as in (4.1), namely

(7n) - 716) (/ [ A ) g >
<I777 2
< ( / o [ 195118 o 07 ) viarin ds>

(5.79) [<<(n,0)] v(dr|ns ’
< ( L v sen e S aring ds> ,

2
where kg := 1 + % <@ — 1) from (5.79). From this point, we estimate more along

min

the lines of Remark 4.2 by using Cauchy-Schwarz w.r.t. L?(u(dr|n;)) and Jensen’s in-
equality for the outer integral

(F 7)< sal<tnon [ [19 5 DS ) [ viariae) as
s [ 195 i) /  v(drln,) ds

by using again the error estimate on the approximation given in Lemma 4.9 and there-

fore :8:123 =1+ O(ﬁ\logg(s)]). Finally, note that the second moment of v(r|n;) is

O(¢) uniformly in 75, due to the non-degeneracy assumption on the Hessian V?H (0) in
the minimum (cf. Assumption 1.9). O

Before turning to the proof of Lemma 5.25 we need two more ingredients. The next
lemma contains an asymptotic characterization of the relative density of the marginal
measure [ w.r.t. the uniform probability measure on S"~! denoted by .

Lemma 5.28. The relative density of fi w.r.t. the uniform probability measure on S"~! denoted
by s can be estimated for any & € S" ! as

dp

det V2H (0)
O~

(V2H(0)[¢])2

In particular, the last identity yields for all £ € S™~1 the uniform bound
Amax ) 2 _ i Amax | ¥
< = <

Proof of Lemma 5.28. By the assumption (H2) the coordinates are spherically around the
local minimum. Hence, expanding H in 0 in the direction ¢ yields

2

H(r¢) = H(0) + VH(0)[¢) 5 + O().

107



5. The local Poincaré inequality revisited

Now, we choose Z,, such that H(0) = 0. Then it holds

. 1 [Te  Hwem)
i€ =5 [ e ar
I

Z
1 Ve w(e) 2 -2 _ H(pe(r)
:Z/ 1 e_%d (1—|—O( —l— / — dr

11 2e : _n —?(e
=73 (WH(O)[&]) F<§) (14 O(vz w3 (e)) + O™,

n 1
By noting that Z,, ~ (27¢)2 (det V2H(0)) 2, we arrive at

AE) ~ /det V2H (0 7(T

(V2H(0) [5])5 2

) _ \/det V2H(0)
T (V2H(0)[€)?

s(§),

2
3
where we used the fact that the density ¢() is given by the constant
(2
n— n— -1
(€=M ") = (722)
2m2

O

The last remaining ingredient for the proof of Lemma 5.25 is the following statement
on multiple integrals on the sphere.

Lemma 5.29 (Spherical mean). Let s be the normalized uniform measure on S"~1. Then it
holds for all F : S"~1 — LY(S"~1 <) that

/5n 1/Sn 1/ ) (d¢) <(dn) <(db) =g - F(0) ¢(do).

Proof. Choose e € S"! fixed. Then by the transitivity of SO™ on S"!, exists for all
6 ¢ S"~! a rotation gy € SO™ such that gsf = e. Then, the result follows from the
variable substitutions first £ — gy& and second 1 — ggn

| o @ -/ / Flgo€) H1(dg) s(dy) <(d0)

Sn—1 gn—1 4(077]) Sn—1 gn— 1 eg 77)

/ F(go€) H (d€) s(dn) 5(d0)

Sn—1 gn— 1<Ie17)

A change of the integration order from H!(d¢) ¢(dn) <(df) to <(df) H!'(d¢) <(dn)
together with the transitivity of SO™ on S"~! results in

/ F(gp€) <(db) = / F(#) <(d#), independently of &.
S'n—l Sn—l

108



5.4. A polar mean-difference estimate

The last step is to observe, that the remaining double integral is the mean length of a
geodesic on S" !

! = e =
/S L(em)’” (d€) s(dn) = /S e ml s(dn)

o

Finally, we can turn to the proof of Lemma 5.25

Proof of Lemma 5.25. Integrating the inequality of Lemma 5.27 w.r.t. ji(n) and [i(6) re-
sults in the estimate

J[ (7o =70))" itamiatas) < (e ////Ivfrfludrlf) 1(de) ju(dn)i(d6).

<(n,0)

Hence, we arrive by setting F(¢) = [ |V f(r¢)|* u(dr|€) at

// (f(n)—f(e))zﬂ(dn (d0) < O(e ///M (d) s(dn)s(dh).  (5.82)

Applying Lemma 5.29 to (5.82) and changing the measure back with the help of (5.81)
results into

[ (70 - 70))" at@mitas) < o) [ / V£ ()2 pa(drln) ji(dn)

which yields the desired statement (5.77). O
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Chapter

Poincaré and logarithmic Sobolev
inequalities for mixtures

Despite being the last chapter of this dissertation, this chapter is the prelude of the
proof of Eyring-Kramers formula and the first contact of the author to functional in-
equalities.

We consider a mixture of two probability measures pp and p; on R”, i.e. a measure p,
of the form

ftp = pio + (1 —p)u1, wherep € [0, 1]. (6.1)
Hereby, we assume that both of the measures ;o and j; are absolutely continuous
w.r.t. to the Lebesgue measure and their supports are nested, i.e. supp o C supp i
or supp 1 C supp po. Under these assumptions at least one measure is absolutely con-
tinuous to the other one

po < p1 o or  p < Ho-

In addition, it holds the change of measure formula

dpuo = % dpr or  dp =
Hy

dim

d;,LO d,uo .

Mixtures of probability measures are also studied in the work of Chafai and Mal-
rieu [CM10]. The aim is to deduce simple criterions under which the measure 1, (6.1)
satisfies P1(gp,) and LSI(«,) knowing that j14¢ 1y satisfy PI(o0 11) and LSI(ayg,13). In one
dimension, they constructed a functional criterion depending on the distribution func-
tion of the measures o and 1 expressing the Poincaré and logarithmic Sobolev con-
stant of the mixture. There, they observe for certain mixtures a logarithmically blow-up
of the logarithmic Sobolev constant in p, whereas the Poincaré constant stays bounded.
This behavior corresponds to the one we already observed in the Eyring-Kramers for-
mulas in Corollary 2.29 (cf. Remark 2.32).

In this chapter, a part of the results from the work of Chafai and Malrieu [CM10] are ex-
tended to the multidimensional case. We will deduce a simple estimate for the Poincaré
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6. Poincaré and logarithmic Sobolev inequalities for mixtures

and logarithmic Sobolev constant for the case, where at least one of the measures yip and
1 is absolutely continuous to the other one. The estimate will be optimal in the scal-
ing behavior of the mixture parameter p, i.e. we will observe a logarithmic blow-up
behavior in p for the logarithmic Sobolev constant, whereas the Poincaré constant stays
bounded. However, sometimes the principle asserts a blow-up of the logarithmic So-
bolev constant, when the constant actually stays bounded. In general, this phantom
blow-ups can be ruled out by a combination of the Bakry-Emery criterion (cf. Theo-
rem 3.1 with the Holley-Stroock perturbation principle (cf. Theorem 3.2).

Let us first introduce the principle in the multidimensional case for the Poincaré (cf. Sec-
tion 6.1) and logarithmic Sobolev (cf. Section 6.2) inequality and then illustrate the pro-
ceeding on certain examples of mixtures (cf. Section 6.3). We will close this chapter
with an outlook how the weighted transport distance could be used in the framework
of mixtures, especially in the case, where the mixture components py and 4 are singu-
lar.

6.1. Poincaré inequality

We start the argument with an easy but powerful observation, if the supports of 1
and p4 coincide.

Lemma 6.1 (Mean-difference as covariance). If po < p1 and pp < po, i.e. if supp po =
supp pu1, then for any ¥ € [0, 1] and any test function f : R" — R holds

By (f) — B () = —0cov,s (f, jZO) (1 d)cov,, (f, j’jj’) . 62

Proof. By the change of measure formula we observe that the covariances above are just
the difference of the expectation on the right-hand side

d d d
COVuo (fu dZ;) = Euo (f dZ;) - Euo (f)EMU <dZ;> = EM1 (f) - Euo (f)

and likewise for cov,,, (f, 3—51). O
0

Remark 6.2. The above Lemma was the first observation in generalizing [CM10, Lemma
4.3] to the multidimensional case, but demanding that both measures are absolutely
continuous to each other. In [CM10] an optimal control of the mean-difference in one-
dimension in terms of the distribution functions F; of the measures f;, not necessarily
absolutely continuous to each other, was deduced:

(Fi(z) — F(0))*
ppa () + quo(w)

(B () — By (£))% < 1(p) / 1) dpsp, - where I(p) = / dr. (63)

The ultimate answer of the mean-difference estimate is given by the weighted transport
distance introduced in Chapter 4 (cf. Section 6.4). However, let us investigate under
which conditions a strategy using the representation (6.2) leads to good results.
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6.1. Poincaré inequality

The subsequent strategy is: We will use in (6.2) a Cauchy-Schwarz inequality to arrive
at the product of two variances. Then, we can use PI(gy) or PI(p;). The parameter ¢
leaves some freedom to optimize the resulting expression. This allows us to prove the
following theorem, which is the generalization of [CM10, Theorem 4.4] to the multidi-
mensional case for the Poincaré inequality provided po and p; are absolutely continu-
ous to each other.

Theorem 6.3 (PI for absolutely continuous mixtures). Assume that po and p; satisfy
PI(oo) resp. PI(p1) and are absolutely continuous to each other, then for all p,q > 0 with
p + q = 1 the mixture measure 1, = ppo + g1 satisfies PI(op,) with

1
1 2% ) % > 1+ pecio
1
— << ,ob = 1+ qeo (6.4)
op Pc10+Pgcoiciotgcol else
poocio+qe1col ’

where q q
21 Ho
Co1 = Vvary, <dHo> and c1g = vary, (dFﬁ) .

Proof. We decompose the variance of f w.r.t. 11,
vary, (f) = pvaty (f) + avary, (f) + pa (Byo (F) = B (1))

The first two terms are just the expectation of the conditioned variances. The second
term is the variance of a Bernoulli random variable. By applying Lemma 6.1 to the
mean-difference and estimating the square by using some 1 > 0

(a+0)* < (1+n)a® + (14 1)
we obtain

vary,(f) < pvary,(f) + g vary, (f)+

d d
+pg ((1 + )02 cov?, <f, dZ;) + (1 4 %> (1—9)cov,, < dZ?))

< (14 (14 n)qeor) pvary, (f) + (1 + (1 + %) (1- 19)219610) qvary, (f)

1+ (1 + %) (1 —9)%pcro

14 (14 n)¥qc
< L0 m)dacn [ 1911 pdpo + 197 adp
00 01
2 L+ (14 1) (1 =9)2peio
< max 1+ +Q77)19 qco1, ( 77)@ / V£ dp. (6.5)
0 1

Option 1: Optimizing in n and 9. W.Lo.g. we assume gy > 0;. The other case can be
always obtained by interchanging the roles of o and p1. If o9 > 01, then we can set
¥ =1 and send n — 0 and are optimal as long as

L +qgco1 < i’
Q0 01
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6. Poincaré and logarithmic Sobolev inequalities for mixtures

This corresponds to the second case in (6.4). By symmetry the first case follows if o; >
20-

Now, we assume gy > 01 and gy < (1 + gco1)o1. For every ¥ € (0,1) we can choose a
unique 7, > 0 such that both terms in the max of the right-hand side in (6.5) are equal.
Because gcp; > 0 and pcyp > 0 we can minimize the sum of the coefficients in front
a(®) = (1 +n)9% + (1 + %)(1 —9)?in ¥ as a function of 7. This leads to 9, = and
we find

1
1+n
1 n
1_9* = — _— =
(V") T+n T 11g

Hence, we observed that s = (1 + 7,)9? = ﬁ € (0,1)and (1 + n%)(l —9,)% = 11*;7 =
1 — s. Thus, the problem can be rephrased: Find s, € (0, 1) which solves

1+ 54qCp1 . 1+ (1 — S)pclo

€0 01

This s, is given by
_ (I+pcio)eo — e
’ Poocio + qo1¢co1

The according value of the max in (6.5) is given by

00 poocio + qoicol pooci0 + qo1co1

1+ s.qco1  PCio+ %qcm + (1 + peio)geor — %qcm _ pc1o + pgeoicio + qeor

Option 2: Calculus. First let us solve the quadratic equation in 1, which occurs from
setting both terms of the max of the right-hand side in (6.5) equal to each other. To keep
the constants feasible, we set ag = ¥2gco; and a3 = (1 — 9)?pcyg. The solution is given

by

_ 1
1 2a001

((1 +a1)oo — (1 +ao)or + \/((1 +ag)or — (1 +a1)o)” + 4aoa1go@1> ;
Note that the other solution of the quadratic equation is given by % After substituting
71 back into the max, we obtain an expression in ¥/

_ 1
20001

T \/((1 + (1= )2e1)00 — (1 +9%c)e1)* + 4cperoo019?(1 — 19)2>,

((1 + (1 —9)%c1)oo0 + (1 + 92co) o1+

where we write now ¢y = qco1 and ¢; = pcig. Now, we can minimize m(?) in . For the
derivative we find

m'(9) =0 & (00— 01)(1 =)0 ((1+cod)or — (1+c1(1—1))eo) = 0.
Thus we find three zeros if o9 # 01

_ 20— 01 + ¢c100

99 =0, 91 =1, Dy
€100 + €001
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6.1. Poincaré inequality

The first two zeros evaluate to

1+a <1 lteo < (1
m<o>:{m o steo g m<1>:{ao 00 S (14 co)en

;10 ;01 > (14+c¢1)oo 9*11 ;00> (14 co)or

Further, m evaluates at the third zero to

m(9.) = 1 {C1+Coc1+00 ;o1 < (I+e)eooVeo < (1+co)or

ooc1 + 0160 | 12 +%+Co% ;01 2 (L+cr)oo A oo > (1+co)or
The last step is to find the minimum for every case. If we consider the case ¢o; < (1 +
1) we find that

=01
m(ﬁ*)zcl—i-CoCl—FCoSicl—l-CoCl—l-Co CO§ +61:m(0)'
Qoc1 + 01Co 01 11 TC0 01

In the same manner we can show if gy < (1 + ¢p)o;1 that m(9J.) < m(1). These estimates
show the first two cases in the definition of ;. For the third case, let o1 > (1 + ¢1)00 and
00 > (14 ¢p)o; then

@+(90 01)? +COQ1

m(d.) = Clg, 2001 > c1(14co) + C(i(()l +c1) 01Z=0 1+ ¢ COZZO i — m(0).
201 + 01¢0 oo(cr + 17%) 20 0
Finally the other case is obtained in in a similar manner. O

Remark 6.4. Note that the constants cy; and c¢;¢ can be rewritten among others as

001Z/(,ul,u()—l)ijlMtJZ/(N1 / —d 0—1—/M1d$—1

and similarly for c1. This distance is known as y?-distance on the space of probability
measures (cf. [GS02]). The y2-distance is a rather weak distance. It bounds many other
probability distances. Among them is also the relative entropy. Therefore, we note that
log is a concave function and apply Jensen’s inequality to the definition of the relative
entropy

2
Entuo (jﬂl) = //’Ll 10g &d.f < log (/ Mldx> = log(]_ + 601) < co1,
Ho Ho o

where the last inequality is the estimate log(z) < z—1. We will also observe, that the x2-
distance already becomes infinite for two centered Gaussian with covariance matrices
differing by a factor bigger than two (cf. (6.13)).

Remark 6.5. From the proof of Theorem 6.3 we find that the expression for % in the last
case of (6.4) can be bounded by

1 1 1 1
max{ } < Pero + Pgcoicio + gco1 < max{ + gco1 +P610} C(66)

00’ 01 poocio + qoico1 o0 = o
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6. Poincaré and logarithmic Sobolev inequalities for mixtures

Remark 6.6. If we are in the symmetric case, where pp = 1 = ¢ and co1 = c10 = ¢, then

we obtain
1 14 epq

Op 0

Corollary 6.7. If pig < 1, where pg and py satisfy PI(oo) and PI(o1), then for all p,q > 0
with p 4+ g = 1 the mixture measure = ppo + qua satisfies PI(op,) with

1 { 1 1—|—p010}
— =max{ —,——— /.
Op 00 01

Likewise, if j11 << p1o, then we obtain the bound

1 { 1 1—|—q001}
— =max{—,——— ¢ .
Op 01 00

Proof. The result is obtained by considering the max of the right-hand side in (6.5).
There we let n — oo as well as set ¢ = 0 to find the conclusion. O

6.2. Logarithmic Sobolev inequality

In Section 2.3 we derived in Theorem 2.18 an estimate for the entropy of a general
mixture with finite many components. If we only consider the mixture 1, consisting of
two components yig and i, then (2.23) simplifies to

Entup(fQ) < pEntuo(fg) + ¢ Ent, (f2)

pbg
Ko (0 () 4 v005 () + (B () = B (9)°)

Now, the right-hand side of (6.7) consists of quantities we can estimate under the as-
sumption that yo and p; additionally satisfy LSI(ag) and LSI(«1). The following theo-
rem provides an extension of the result [CM10, Theorem 4.4] to the multidimensional
case for the logarithmic Sobolev inequality in the case that ;10 and y; are absolutely
continuous to each other.

6.7)

Theorem 6.8 (LSI for absolutely continuous mixtures). Assume that po and iy satisfy
LSI(av) resp. LSI(a1) and are absolutely continuous to each other, then for all p,q > 0 with
p + q = 1 the mixture measure i, = ppo + g1 satisfies LSI(cy,) with

1 % oL > 1+ pLy(1 4 c1o(1 + gLyp))
1+pL
1 fus, > 1 0L+ (400
p(1+qLy)c10+pgLpcoiciot+q(1+pLy)cor
papc1o+qalcol

Co1 = Vvary, (jlu'ul> and cjo = vary, <350)
0 1

, else,

where
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6.2. Logarithmic Sobolev inequality

The abbreviation Ly, is used for the inverse logarithmic mean

1 logp—logq

L, =
P Alp,q) p—q

Proof. The starting point is the splitting obtained from (6.7). We can estimate the vari-
ances and mean-difference in (6.7) in the same way as in the proof (6.5) of Theorem 6.3
by noting that LSI(«) implies PI(«)

Entﬂp (f2)

1
< o0 (14 qLp(1 + (14 n)9?cor) / IV £? pduo

1
o (LepL( (4 D = 0)Pen) [ V77 adi
aq

2 14 pL,(1+ (14 1)1 —9)%¢
Smax{lJqup(lJr(lJrﬁ)?? co1) pLp(1+ (14 5)( 10 }/Wf\ .

)

(67)) (6751

Let us introduce the reduced logarithmic Sobolev constants

A @0 and A il
oan = 1 = .
071 +qL, L7 +pL,
Furthermore, we define the constants ¢y and ¢; as
_ co1Lyp . c10Lyp
ol = and Cl0 = .
01 =7 YL, 0= 7 oL,
Therewith, the bound takes the form
14 (1+n)0% 1+ 1+ )1 =9
Ent,,, (%) < max { LI L / Vids,.  (68)
(a7} aq

The estimate (6.8) has the same structure as the estimate (6.5), where &; now plays the
role of p; and ¢o1, ¢10 the role of cp1, c19. Hence, we can use the optimization procedure
from the proof of Theorem 6.3. The last step consists of translating the constants &; and
Co1, €10 back to the original ones. O

Remark 6.9. The inverse logarithmic mean L, = A( j logarithmically blows up for
p = {0,1}.
Remark 6.10. If ¢g1 = c19 = ¢ and oy = o = & holds the bound

1 _1+paly(e+2)
ap ~ & '

Corollary 6.11. If g < p1, where po and py satisfy LSI(ap) resp. LSI(aq), then for all
p,q > 0 with p 4+ q = 1 the mixture measure p = ppo + g satisfies LSI(«v,) with

gmax{1+qu 1+pr(1+610)}

Qp

(6.9)

)

&) 03]
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6. Poincaré and logarithmic Sobolev inequalities for mixtures

Likewise, if 11 < pio, then we obtain the bound

§max{l+pLP 1+qu(1—|—001)}

Qp

(6.10)

a1 Qo
Remark 6.12. Note that in this case the best one can get is a logarithmically blow-up for
p — {0, 1}. The following examples will show, that one of the blow-ups in the max will
be artificial and with the help of the Bakry-Emery criterion and the perturbation lemma
of Holley-Stroock one can rule out one case and show that the logarithmic Sobolev
constant for the mixture will be bounded for p — 0 in (6.9) resp. for p — 1 in (6.10).

6.3. Examples

We want to compare the results from Theorem 6.3 and Theorem 6.8 with the ones ob-
tained in [CM10, Section 4.5] for some specific examples. In [CM10] was observed for
specific examples, that the Poincaré constant can stay bound, whereas the logarithmic
Sobolev constant logarithmically blows up in the mixture ratio p going to zero or one.
The proof of the upper bound relies on the functional (6.3) from Remark 6.2 and the
lower bound is obtained via the Bobkov-Gotze functional (cf. Section 3.3). The simple
criterions of Theorem 6.3 and Theorem 6.8 can only give upper bounds for the multi-
dimensional case, when the at least one of the mixture component is absolutely contin-
uous to the other. However, it is still possible to obtain the optimal results in terms of
scaling in the mixture parameter.

6.3.1. Mixture of two Gaussian measures with equal covariance matrix

Let us consider the mixtures of two Gaussians py := N (0,X) and p = N(y, %), for
some y € R" and ¥ > oId with o > 0 a strictly positive definite covariance matrix.
Then, o and p; satisfy PI(o) and LSI(o) by the Bakry—Emery criterion (cf. Theorem 3.1),

—~

ie.po=apg=01=0a1 = % Further, we can explicitly calculate the x2-distance between
po and fi1
1 —o5 1z L (a—y)S" @)
Col = Clo — ——F7 — e €2 dx -1
e (2m)2Vdet X2 /
- 1 1 —1 —L 2 ly|2
—eV Ty~ /e—g(awry)E @t dy —1 = 29" 1 <e o —
(2m)2v/det
By using Remark 6.6, we obtain
1 ly|2
Q— < (1+pgle s —1))o. (6.11)
p
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6.3. Examples

By noting that pq < pgL,, < L both constants stay uniformly bounded in p.

In [CM10, Corollary 4.7] is deduced the following bound for é for the mixture of two
one-dimensional standard Gaussians, i.e. o = 1 in (6.11) and we set a = |y|

2 1
<1+ pga® (<I>(a)e“2 + \/%67 + 2) ) (6.12)

Op,cM

2
where ®(a) = \/% I e~ = dy. The bounds (6.11) and (6.12) are of the same expo-

nential order ¢’ in a and only differ on the pre-exponential scale, where (6.11) gives
a better bound than (6.12). This example show, that in the case where py and p; are
absolutely continuous to each others as well as the tail behavior of the both measures
is the same, then Theorem 6.3 and Theorem 6.8 give good results and generalize the
bound of [CM10] to the multidimensional case.

6.3.2. Mixture of a Gaussian and sub-Gaussian measure

Let us consider 1 = N(0,3) where ¥ > o 1d is strictly positive definite and let p be

such that for some « > 1 the densities satisfy 119 < xp11 in the pointwise sense. Thus, by

the Bakry-Emery criterion (cf. Theorem 3.1), we have o; = a; = 1. Further, as upper

bound for ¢1g we find 7

2
C10 = vary, <,u0> = / (MO> dpr —1 < k?—1.
231 221

Hence, an application of Corollary 6.7 for the Poincaré constant leads to the estimate
1 1
— < max {, (1+ p(s* — 1))0} .
Op 00

Similarly, Corollary 6.11 gives the following bound for the logarithmic Sobolev constant
of the mixture measure 1,

1 1 L
— < max {"“]117 (1 +pr/£2)O'} .
ap Qg

Note that the logarithmic Sobolev constant blows up logarithmically for p — {0,1},
which is a consequence of the the missing information on .

6.3.3. Mixture of two Gaussians with equal mean

We consider o = N(0,1d) and 1 = N(0, 0 Id). Then, we have by the Bakry-Emery cri-
terion (cf. Theorem 3.1) gg = a9 =1 and g1 = a1 = % For calculating the x2-distance,
we can use the spherical symmetry and arrive at the one dimensional integral

2 n—1/gn—1 1 1y 9
co1 = / Mgy 1= H(S) / o= (G2 dp - 1.
Ho R+

(2m) 2 o™
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6. Poincaré and logarithmic Sobolev inequalities for mixtures

The integral exists only for o < 2. In this case, we can evaluate the above integral and
simplify the resulting expression. Furthermore, the constant cq is given by the duality
o — o~ 1. Hence, we arrive at

1 1
— -1 , 0 <2 T 1 , 0 >
cop = § (0(2=0))2 and clg =< (671 (2=071))2
400 ,o>2 400 o<

. (6.13)

N|— D=

Ifo< %, i.e. when cjg = oo, we can only employ the bound given in Corollary 6.7

1 = max o, (1 — = T
o S maxlo g} = {’(1 q)+(a(2—a))3} IR

Similarly, if 02 > 2, i.e. when cp; = 0o, we obtain

w3

1 p
;p < max{l,(l —|—p010)0'} <e <q+ (0'—1(2 — 0'_1)) > .

If 1 < o < 2, we could apply the interpolation bound of Theorem 6.3. However, to see
the scaling behavior better, we use the estimate (6.6) of Remark 6.5, where we use the
symmetry under o — . to deduce the bound

#ﬂ <
1 p+ (0(2—0))2 o<1

< ) (6.14)
Op g (q + (01(201))721> , 0 2 1

Likewise, by applying Corollary 6.11, we obtain the bound for the logarithmic Sobolev
constant

qLp <
1 < 1+ (0(2—0)) 2 o<1 ,
oS . oL, - (6.15)
PP\ eeey) 0F

The bound (6.15) blows up logarithmically for p — {0,1}. However, the case 0 = 1
allows the combined bound a—lp < 1+ min{p, ¢} L,, which stays bonded, this behavior

could be extended to the range o € (%, 2) thanks to (6.13) and the interpolation bound
of Theorem 6.8.

Again we want to compare the result (6.14) with the ones of [CM10, Section 4.5.2.],
which states that for some C' > 0and o > 1

1

Op,cM

1
<o+ Cpe-T.

In general, depending on the constant C' the bound (6.11) is better for o small, whereas
the scaling in o is better for (6.12), namely linear instead of o3 asin (6.11).
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6.3.4. Mixture of uniform and Gaussian measure

Let us consider p1p = N(0,1) and py = U(By), where By is the unit ball around zero. We
have o9 = 1 and o1 > = %2 by the result of [PW60]. Further, it holds 111 < po
and we can calculate

2 2am—1 1
i | 1 (e iH10B) [}, 2
“:/<>d - Ja "leTdr.
oL o Ho H"(B1)? Jp, Ho v H"(B1)? 0 Toere

(6.16)
The volume H"(B;) and the surface area H" 1 (9B;) of the n-sphere satisfy the follow-
ing relations

HY0By) (27)
77—["(31) =n and H (B

The integral on the right-hand side in (6.16) can be bounded below by % and above by

Y | S
diam(B1)2

w3

— 95T (% + 1) —: gn. (6.17)

%. Hence, we found the bound

gn <co1+1< \/ggn
Poincaré inequality: We apply Corollary 6.7 to find

1 1
— SmaX{,lJqum} <p+qVegn, (6.18)
Op 01

where we note in the last inequality, that % < p+q\egy,forn>1andallp € [0, 1]. We
only get an upper uniform in p.

Logarithmic Sobolev inequality: Let us begin by noting that oy = 1 by the Bakry-Emery
criterion and o1 > %, which is a consequence of a combination of the Bakry-Emery crite-
rion (cf. Theorem 3.1) with the Hooley-Stroock perturbation principle (cf. Theorem 3.2)
and an optimization!. We use Corollary 6.11 and obtain the bound

1 1+pL, 1+qL,(1 1+pL
SmaX{ TPy 114 it +601)}§maX{H§p)e,l+qu\/§gn)}- (6.19)

Qyp a7 (7))

Again we have a logarithmically blow-up of the bound for p — {0,1}. Let us show that
the blow-up for p — 1 is artificial.

Comparison with Bakry-Emery and Holley-Stroock: We want to decompose the Hamilto-
nian of j, into a convex function and some error term. Therefore, we can write

p 12 1-p
Hy(x) == —log pp(2) = —log (%)%e T+ ——xm0)(*)

of? 1—p(2n)2
= —log <e—2+é + J( Wk \/EXBl(o)(ﬂf)> +Cpn

p Wn

2P -1
2

'Therefore, we compare 1 with the measure vy (z) = %A exp (—A |lz|* + 2) on By with A > 0. Then,

— (@) + Cpon, (6.20)

one can easy check, that oscoep, |1(z) — va(z)| = 4 and that v, satisfies LSI(2)), hence 1 satisfies
LSI(2Xe™*) for all A > 0. Optimizing the expression 2Xe ™ in A let us conclude that y; satisfies LSI(2).
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6. Poincaré and logarithmic Sobolev inequalities for mixtures

where

P Wn 2

21 - )2 o -
bpla) = (log <e3'+2+1p<2 ) «é) e 1>XB1<0><x>.

The function %, is radially monotone towards the boundary of B; and we find the
bound

0 < () < log (1 12k \/é) = 4(@) o1 0 621)

n

From (6.20) we compare H, with the convex potential WT_I and use the bound (6.21)
on the perturbation v, to find that 1, satisfies P1(g,) and LSI(&,) with

1 _
<—<1+—L/eg, (6.22)
P

&) -
QI‘H

P

where g,, is the same constant as in (6.17). Now, this bound only blows up for p — 0.
But the blow-up is like L Furthermore, we have not such a detailed information on the
Poincaré constant as in (6.18) and can not detect the different behavior, therefore we
have to combine both approaches.

Combination: A combination of the bound obtained in (6.19) with the bound from (6.22)
results in the improved bound

< Cn(1+4qLpgn), with C;, some universal constant, (6.23)

Q|+

which only logarithmically blows up for p — 0.

Conclusion: In this example as a consequence the Poincaré constant and logarithmic So-
bolev constant may have different scaling behavior for p — 0. Indeed, [CM10] show for
this specific mixture in the one dimensional case that the logarithmic Sobolev constant
can be bounded below by

1
C|10gp| S BNE]
[0

for p small enough and a constant C independent of p. In one dimension, lower bounds
are accessible via the Bobkov-Gotze functional (cf. Section 3.3). Hence the bound (6.23)
is optimal in the one dimensional case, which strongly indicates also optimality for
higher dimension in terms of scaling in the mixture ration p.

To conclude, we have the following rule of thumb: On the one hand, the Bakry-Emery
criterion in combination with the Hooley-Stroock perturbation principle is effective for
detecting blow-ups of the logarithmic Sobolev constant for mixtures, but has in general
the wrong scaling behavior in the mixing parameter p. On the other hand, the criterion
presented in Theorem 6.8 provides the right scaling of the blow-up, but also sees arti-
ficial blow-ups, if the components of the mixture become singular in the sense of the
x2-distance.
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6.4. Outlook: Modified weighted transport distance

6.4. Outlook: Modified weighted transport distance

As already pointed out in the beginning of the chapter, the presented approach to mix-
tures was the prelude to the Eyring-Kramers formula. The discovery of the weighted
transport distance presented in Chapter 4 and especially the modified weighted trans-
port distance from Remark 4.22 allows to get estimates of the mean-difference, which
can also be applied to mixtures. We define for an absolutely continuous measure ; and
vi < p for i = 0,1 the modified weighted transport distance 7, (v, v1) by

1
/ g0 d 1 dvs ds
0 dp

2
Tu(vo,v1) == inf / du, (6.24)

(‘I)S)SE[O,l]

where (®5),¢[0, is a transport interpolation from 14 to 11 absolutely continuous in s.

Remark 6.13. In the one-dimensional case, we observe by using the Brenier-Banamou
formula for v, of Remark 4.23, that v, solves the conservation law

Ous(y) + 0y (b 0 07 (y)usly)) =0 (6.25)

An integration of (6.25) in s on (0, 1) and in y on (—o0, ) results in

[ @y [ s [ doer@ v as=o

—00 —00 0

Hence, we observe that the inner integral of (4.53) does not depend on the specific
transport interpolation, but only on the difference of the distribution functions F; :=
J* . vi(y) dy, i.e. we obtain the representation

(Fi(z) — Fy(x))?
()

To(vo, 1) = / dz. (6.26)

We observe that the functional (6.26) is nothing else than the function I(p) of (6.3) used
by [CM10, Theorem 4.4]. Hence, one can regard the weighted transport distance (6.24)
as the multidimensional generalization.
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Appendix

Properties of the logarithmic mean A

In this part of the appendix, we collect some properties of the logarithmic mean A(-, -).
Let us start with a collection of some essential properties for this chapter. A more com-
plete study can be found in [Car72] and the recent review [Bha08].
Let us first recall the definition of A(+,-) : RT x R* — R™

a—b

loga —logb’ a7 an (a,0) = a

A(a,b)
The value of A(a, b) can also be defined by the logarithmic average of a and b
! 1
A(a,b) = / a®b' ™ ds =
0

loga —logb
The equation (A.1) justifies the statement, that A(-, -) is a mean, since one immediately
recovers the simple bounds min {a, b} < A(a,b) < max{a,b}. Furthermore, the follow-
ing representations hold for 1/A(,-)

1 1 dr e dr
Aa,b) :/0 ra+ (1—7)b :/0 (a+7)(b+7) (A2)

Some immediate properties are:

1

[a®b' %] - (A.1)

e A(-,)is symmetric
e A(-,-) is homogeneous of degree one, i.e. for A > 0 holds A(Aa, Ab) = AA(a,b).

The derivatives of A(-, ) are given by straight-forward calculus

1 A(a,b)
A0, b) = 1
Ja\(a,b) loga—logb< " >>O and
1 A(a,b)
Aa,b) = 1-— .
A2, b) logb—loga< b )>O

Hence A(-, -) is strictly monotone increasing in both arguments.

The following result is almost classical.
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A. Properties of the logarithmic mean A

Lemma A.1. The logarithmic mean can be bounded below by the geometric mean and above by
the arithmetic mean

Vab < A(a,b) < “;b (A3)

with equality if and only if a = b.

There exists at least four proofs of the inequality A.3
o [Car72, Theorem 1] uses the representation (A.2)
e [Miell, Appendix A] starts with (A.1) and uses the convexity of s — a*b!~*
o [Bha(8] gives an argument by simple calculus.

e Again [BhaO8] relates the terms in question to hyperbolic trigonometric functions,
which allow for a quantification of the error, in the case with no equality. We will
present his proof here.

Proof. Since w.l.o.g. a,b > 0, we can switch to exponential variables and set a = e* and
b = €. Therewith we arrive for the quotient of geometric and logarithmic mean at

Vab _ ep ooy 3 3 (A4)
A(ab)_ er — ey E-Y =z " Ginh (J) .
) e 2 — e 2 2
It is easy to verify, that the function ¢ +— ' is symmetric and strictly decreasing in |¢|,

hence it has a unique maximum for ¢t = 0 with 1. This proves vab < A(a,b) with
equality only if a = b.

By the same reasoning, we obtain for the quotient of arithmetic and logarithmic mean
in exponential variables

a+b T—y
_ 2

A(a b)  tan h(%52)

Again, one can check that the function ¢t — —L— is symmetric and strictly increasing
in |t|, hence it has a unique minimum for ¢ = 0 with value 1. This proves C“Qrb > A(a,b)
with equality only if a = b. O

The bounds in (A.3) are good, if a is of the same order as b, whereas the following
bound is particular good if ; becomes very small or very large.

Lemma A.2. It holds for p € (0,1) the following bound

1— 1 1
Ap1oD) g - — 1 (A5)
p(1—p) plogy (1 —p)log
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Proof. Let us first consider the case 0 < p < % Then, it is enough to show, that

A(p,1 - 1 (1-2p)log,
Mplogf = % < 1. (A.6)
p(l = p) P (1-p)log =3P

This follows easily from the following lower bound on the denominator

1_
(1—p)log

1 1 1 1
=(1—-2p)log—+ plog— — (1 —p)log > (1—2p)log —,
(1~ 2p)log -+ plog ~ — (1~ p)log — > (1 - 2p)log -

since p log % —(1—p)log ﬁ >0for0<p< % The case % < p < 1follows by symmetry
under the variable change p — 1 — p. It remains to check the case p = % The left-hand
side of (A.6) evaluates for p = % to

1
im plog — =log2 < 1.
p—i p(l—p) p

O]

The logarithmic mean also occurs in the following optimization problem, which ap-
pears in the proof of the optimality of the Eyring-Kramers formula for the logarithmic
Sobolev constant in one dimension (cf. Section 2.5).

Lemma A.3. Forp € (0, 1) holds

(\/> my _ Alp,1-p) (A7)

in .
te(Ol)tlog + (1 —t)log =L p(1—p)

The minimum in (A.7) is attained fort = 1 — p.

Proof. Let us introduce the function f, : (0,1) — R and g, : (0,1) — R given by the
nominator and denominator of (A.7)

2
= (ﬁ—,/%) and gp(t) ::tlog%—I—(l—t)logll%;.

It is easy to verify, that the following relations for the derivatives hold true

rony (]t 1t 1 1 L) — T t 1t
t) = (\/;— \/ m) (\/5 + /7(1_}7)(1_0) ; gp(t) =log 5 —log 1=, (A.8)

Hence, both functions f;, an g, are strictly convex and have a unique minimum for
t = p, where they are both zero. The derivative of the quotient of f, and g, has the form

10 = (25) = 5 Uriate) - S0y 0) (A9
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A. Properties of the logarithmic mean A

The representation (A.8) for g, leads to

(fo(Dgp(t) = fo(£)gp (1)) = (Lf5(1) = fp(t) log 1 + (1 = 1) (1) + f(t)) log 1= (A.10)

Now, we can use (A.8) for f,, to find

)= 50 = (5 - \F)(\f\/m fﬂ)
WW(\/}E)

(=00 + folt) = = (/2 = L) - (A12)

Using (A.11) and (A.12) in (A.10) leads by (A.9) to

o (1 m#u )

=wp(t)

Since g,(p) = g,(p) = 0 and g, (p) > 0, the function ng(t) has a pole of order 4 in t = p.

(A.11)

and likewise

Moreover, the function v,(t) has a simple zero in ¢ = p. We have to do some more
investigations for the function wy(t). First, we observe that w,(t) can be rewritten as

t—p Viplogs  /(1-1)(1-p) log 1=¢
VA=t —pp \ E—p) (p—1) '

=:bp (L) =1y (1)

wy(t) =

The function w,(t) can be expressed in terms of the logarithmic mean

wy(t) = vip_ v ZH0 7 p) (A.13)

A(t,p) A(l _t71 _p)

and is measuring the defect in the geometric-logarithmic mean inequality (A.3). Let us
switch to exponential variables and set

1-1¢
x(t) == log\/? and y(t) :=log/——.
p

Note, that either z(t) <0 < y(t) fort <pory(t) <0 < z(t) for t > 0 with equality only
for t = p. Therewith, (A.13) becomes with the same argument as in (A.4)

x(t) oy
sinh (z(t))  sinh (y(t))

By making use of the fact, that the function z — Smhx is symmetric, monotone decreas-
ing in |z| and has a unique maximum in 1, we can conclude that

wp(t) =

wp(t) =0 if and only if z(t) = —y(t).
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The solutions to the equation z(t) = —y(t) are given for t € {p,1 —p}. Let us first
consider the case t = p, then z(t) = y(t) = 0 and w,(p) is a zero of order 2, since the
function z — Sh(z 1S strictly concave for t = 0. Now, we can go back to %,(t) and
argue with the representation

N :
) = 1 )
This is a consequence of counting the zeros for ¢t = p in the nominator and denominator
according to their order. For the denominator gg (p) is a zero of order 4. For the nomi-
nator we have v,(p) is a zero of order 1, w,(p) is a zero of order 1 and w,(p) is a zero of
order 2, which leads in total again to a zero of order 4 exactly compensating the zero of
the denominator.
The other case is t = 1 — p. Let us evaluate h,(1 — p), which is given by

ho(1— p) = i P~ (1 -p)° _ 1 (p=(-p)* _Apl-p)
’ (1—-p)log =L +plog 2 p(1—p) (p— (1 —p))logZ; — p(1-p)

Since, t = 1—pis the only critical point of h,(t) inside (0, 1), it remains to check whether
the boundary values are larger than h,(1 — p). They are given by

1 1
lim hy(t) 1 p)log ﬁ and lim hp(t) plog L

We observe, that the demanded inequality to be in a global minimum

h(l_p):A(@l_pf)émin L L
g p(1 - p) plog .’ (1—p)log

is just (A.5) of Lemma A.2. O
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Appendix B

Gaussian integrals and linear algebra

B.1. Partial Gaussian integrals

This section is devoted to proof the representation for partial or incomplete Gaussian
integrals. Lemma (B.1) is an ingredient to evaluate the weighted transport cost in Sec-
tion 4.3.

Lemma B.1 (Partial Gaussian integral). Let ¥ 7! € R+ be a symmetric positive definite
matrix and let n € S"~' be a unit vector. Therewith, {rn+ 2z} _p is for 2= € span {n}* an

affine subspace of R™. The integral of a centered Gaussian w.r.t. to this subspace is given by

/Rexp (—;Z_l[rn + ZL]) dr = 2% exp (—i_l[zl]),

Shhe sy

with Y 1=x"1_
X 4n]

Proof. To evaluate this integral on an one-dimensional subspace of R", we have to ex-
pand the quadratic form ¥~![rn + 2] and arrive at the relation

=exp | — €xp
1] 25~ n]
o -1 -1
= 2m exp <— (E_l X éf > 77> [ L]>,
1) % n]
which concludes the hypothesis. O
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B. Gaussian integrals and linear algebra

B.2. Subdeterminants, adjugates and inverses

Let A € Ry, then define for 7 € Sn=1 the matrix

Ama_ AneAn (B.1)
Aln]

The matrix A has at least rank n — 1, since we subtracted from the positive definite

matrix A a rank-1 matrix. Further, from the representation it is immediate, that A has

rank n — 1 if and only if 7 is an eigenvector of A. In this case ker A = spann. It is easy

to show that

A>0 on span{n}t.

Let V = span {n}~ be the (n — 1)-dimensional subspace perpendicular to 7. Then for a

matrix A € Ry we want to calculate the determinant of A restricted to this subspace

V. This determinant is obtained by first choosing @ € SO™ such that Q({0}xR"™1) =V
and then evaluating the determinant of the minor consisting of the (n — 1) x (n — 1)
lower right submatrix of Q" AQ denoted by detq 1 (QTAQ) . Hence, we have

det; 1(QTAQ),  withQ € SO(n):Q 'n=e!=(1,0,...,0)".
Since V = span {5}, it follows that the first column of @ is given by 7 and we can
decompose Q" AQ into
Al QT A,
QTag = A @ An)
QTAn  QTAQ
where for a matrix M, M is the lower right (n — 1) x (n — 1) submatrix of M and

for a vector v, v the (n — 1) lower subvector of v. Therewith, we find a similarity
transformation which applied to Q" AQ results in

T %
det A = det QTAQ = det ((f@r Q/@) (1 - A[?}n>)
QTAn  QTAQ/ \0 Idn

Aln] 0 QTAn® QT An

The determinant of the minor is given by

s (0TI o (o (1 250) ).

Hence, by the definition (B.1) of A and the subdeterminant we found the identity

det A = Afn] det; 1(Q T AQ). (B.2)
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B.3. A matrix optimization

B.3. A matrix optimization

Lemma B.2. Let B € R™*"™_ , then it holds

sym,+/
inf det A 24> BY = det B
AERDT L det (2A — B)

and for the optimal A holds A = B.

Proof. We note that

det A 1
V/det (24 - B) \/det 1) det(21d —A~3 BA™3)

Therewith, it is enough to maximize the radical of the root. Therefore, we substitute

A™2 = OB~z with C > 0 not necessarily symmetric and observe that A~z =B 307,
We obtain

det(A™) det(2Id —A 2 BA™2) = det(B™1) det(CCT) det(21d —CCT).

Note, that CC'T € R™**" 4 and it is enough to calculate

sym,

sup {det(é) det(21d—C) : C < QId}.

nxn
CeRryr,

From the constraint 0 < C' < 21d we can write C = Id +D, where D is symmetric and
satisfies — Id < D < Id in the sense of quadratic forms. From here, we finally observe

det(C) det(21d —C) = det(Id +D) det(Id —D) = det(Id —D?).

Since D? > 0, we find the optimal C given by Id, which yields that A = B. ]

B.4. Jacobi’s formula

Lemma B.3 (Jacobi’s formula). Let R 5 ¢t — &; € {A € R"™" : det A # 0} be a differen-
tiable function, then

d .
7 logdet @ = tr (<1>t 1<1>t) . (B.3)

Proof. We first note that the determinant of ®(¢) is a multilinear function d of the col-
umns ¢y, ..., o7, ie. det ®; = d(¢7, ..., ") Then, it follows

d .
adetq)t (¢%7¢%77¢?)++d(¢%77 t 7¢t)
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B. Gaussian integrals and linear algebra

Now, the proof consists of two steps. We first proof the identity (B.3) for ®; = Id and
then generalize_ this result. If we assume w.l.o.g. that &) = Id. By expanding the
determinant d(¢f, ¢7, ..., #7) along its first column it immediately follows that

d(ﬁb%aﬁb?»,gb?) — éi’l.

From here we conclude that

d .
a det q)t =tr (I)t.

Now, let ®; = A be a general invertible matrix. Hence, we can apply the result from the
first step to A~'®, and arrive at

d -~ s
a det (A 1(I)t) =tr <A 1q)t> .
The results follows by substituting A back. O

B.5. Jacobi matrices

For a smooth function f : R® — R" denotes Df(x) the Jacobi matrix of the partial
derivatives of f in x € R" given by

Df(x) = (jj()) .
o

2,

Lemma B.4. Let A, B € R"*", then it holds

— g T AL+ f(Br)
Ve + f(Br)| = (A+ Df(@)B) " rr—=rmr (B4)
fla) _ 1 f(@) ()
Pl ~ @) (Id 7@ |f(:n)|>Df( ) (B.5)

Proof. Let us first check the relation (B.4) and calculate the partial derivative

2
d|Az + f(Bz)| 1 d | |
d ~ 2[Az + f(Bu)| ZJ: d; (; Atk I <B$>> (B.6)

%

The inner derivative of (B.6) evaluates to

2
dcal% (; Ajpxg + fj(B:E)> =2 (Z Ajrry + fj(BI‘)) <Ajz- + dff;?) . (B7)

k
The derivative of f;(Bx) becomes

dfj(Bx) _ dfj O g Bk, - - 3oy, Bakr)

b= o = 0nfj(Bx)By; = (Df(Bz)B)ji. (B.8)

134



B.5. Jacobi matrices

Hence, a combination of (B.6), (B.7) and (B.8) leads to

e ;rxf(3$)| T Az +%f(B:r)| Z ((Az); + fj(Bz)) (Aji(Df(Bz)B);:)
_ oy )7 AT+ £(Ba));
_;(/H-Df(B )B);; Azt f(Bx)|

which shows (B.4). For the equation (B.5), let us first consider the Jacobian of the func-
tion F'(z) = ﬁ, which is given by

1 x x
DF(z)=— (ld-L o 2 ).
(=) |a:|( |x|®|x|>

Then, by the chain rule, we observe that

f(z)
|f ()]

which is just (B.5). O

= D(Fo f)(x) = DF(f(z))Df(x),
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Appendix

Existence of a spectral gap for L

In this short part of the appendix, we state a standard argument that ensures that the
conditions (Alpr) and (A2p1) imply a spectral gap. More precisely, we make the follow-
ing definition of the spectral gap

Definition C.1. We say that the operator L = ¢A — VH - V given by (1.1) satisfies a
spectral gap of order p > 0i.e. SG(p), if L has discrete non-negative spectrum and the
order eigenvalues \; satisfy

)\0:0<)\1§)\2§... and )\12@.

We take over the argument of [Kun02, Proposition 3.7] and adapt it to the case of small
noise €.

Proposition C.2 (Existence of spectral gap). Assume that H satisfies (Alpr) and (A2pr)
with constants Cy, Ky > 0.

1 Oh
Then forall e < 3 2 KniC?,

SG(p) for some p > 0.

with ¢ > 0 the operator L = e A—V H -V given by (1.1) satisfies

Proof. The operator L = eA — VH - V on L?(u) can be transformed into a Schridinger
operator with potential
Lg:=—eA+ L |VH - LAH

on L?(dz). This can be seen by using the unitary transformation U : L?(dx) — L*(p)
given by f — exp(ZL)f. So, by partial integration we get

EUS,Ug) :s/Vf-Vg+4i2VHQfg+21,5VH-(ng+gi) do

= /sz Vg+ (£|VH|* — $AH) fgdz = /(Lgf)g dz.
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C. Existence of a spectral gap for L

For the Schrodinger operator Ly it is known (see e.g. [BS91, Theorem 3.1]) that

l‘illninf (£IVH]? = 1AH) > c¢>0 (C.1)
T|—00

is a sufficient condition to have a discrete spectrum on (—oo, ¢) and in addition for every
¢ < cand €’ < oo to have a finite spectrum on (—C”, ¢’). The condition (C.1) is implied
1 Ch

22c+Kpy+C%
Lg and —L have the same spectrum. Hence, L has also a discrete spectrum on (—c, o)
and as it is a non-negative operator it has a discrete spectrum on [0, co) which is finite

on [0, C") for every C’ < oo, which implies a spectral gap. O

by the assumption (A2p1) for ¢ < . Since the transformation U was unitary
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Appendix

Some more functional inequalities

We already introduced in Section 1.1 the both functional inequalities PI(p) and LSI(«).
The inequalities PI(p) and LSI(«) can be thought as the extremes of a whole family of
inequalities, from which we want introduce at least two more in this short chapter.

D.1. Horizontal and vertical distances

Let us introduce a new functional inequality incorporating the Wasserstein transporta-
tion distance, which will be in-between the Poincaré and logarithmic Sobolev inequal-
ity. The interplay of the different functional inequalities was discovered by Otto and
Villani [OV00].

Definition D.1 (Wasserstein distance). For any two probability measures p, v on an
Euclidean space X, the Wasserstein distance of between p and v is defined by the formula

Wi(v,pu) = inf / |z — y[? n(de, dy),
mell(p,v) JR2xR"

where II(v, i) is the set of all couplings, i.e. all measures 7 on R™ x R"s with first

marginal v and second marginal y, i.e. [, 7(-,dy) = v(-) and [, 7(dz,-) = p(-).

Since the Wasserstein distance measures the displacement between two measure, it can
be thought as a horizontal distance! on the space of probability measures. On the con-
trary, classical distances like the total variation, variance or relative entropy are vertical
distances, since they measure the pointwise difference of the densities between two
measures. Often, one is interested in the interplay between a horizontal and vertical
distances and how a distance of the one kind can be bounded by a distance of the other
kind. The following theorem provides a simple and in general rough bound of the

The notion of horizontal and vertical distances is adopted from a talk of Nicola Gigli on the recent
preprint [AGS12]
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D. Some more functional inequalities

Wasserstein distance between two measures in terms of the second moment of the total
variation of the difference of the two measures.

Theorem D.2 (Control by total variation [Vil09, Theorem 6.15]). Let y and v be two prob-
ability measures on an Euclidean space X, then

Wg@MQSQ/Wﬁ|V—M@@ZQHH%V—Mwﬂ/

More difficult is the question, whether a horizontal distance can be bounded by an
infinitesimal distance, like the Dirichlet energy or Fisher information, which somehow
measure the local relative fluctuations between two measures. The prototype and ex-
tensively studied inequality of this type is the transportation-information inequality.

Definition D.3 (Transportation-information inequality WI). A probability measure
on an Euclidean space X satisfies WI(p) with constant p > 0, if for all test functions
f > 0with [ fdu = 1holds

v 2
w@mws;/'fdw WI(p)

In the abbreviation WI, W stands for the Wasserstein distance and I stands for the Fisher
information.

It turns out, that the WI inequality is just in-between the Poincaré and logarithmic
Sobolev inequality.

Lemma D.4 (Relation between LSI(p), WI(p) and PI(p)). Let p be a probability measure
on an Euclidean space X. Then the following implications hold

w satisfies LSI(p) = w satisfies WI(p) = w satisfies PI(p),
where all of the implications are strict.

Remark D.5. The first implication in WI(p) is on of the result in [OV00]. An example
satisfying WI(p) but not LSI(p) was constructed in [CGO06]. For the second implication,
one uses a linearization argument, like we already presented in Remark 1.4. To proof
that the implication is sharp, consider the measure ;(dz) = Z ! exp(— |z|)dz on the
real line. Then, the condition [Goz07, Theorem 6] states that n does not satisfy WI(p),
but for instance by the Muckenhoupt functional in Theorem 5.21 one can check, that
satisfies PI(p).

The Poincaré inequality as well as logarithmic Sobolev inequality is also in this class
and bounds a vertical distance, i.e. the variance respectively the relative entropy, by
an infinitesimal distance, i.e. the Dirichlet form respectively the Fisher information.
An inequality showing the interplay between all three kinds of distances, i.e. vertical,
horizontal and infinitesimal, was discovered by Otto and Villani [OV00]. The name
HWI-inequality comes from the quantities in question, since the inequality bounds the
relative entropy H in terms of the Wasserstein distance W and the Fisher information I.
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D.2. Defective logarithmic Sobolev inequality

Theorem D.6 (HWT inequality [OV00, Theorem 3]). Let u(dz) = e~ @ dz a probability
measure on R™, with finite moments of order 2, such that H € CQ(IR”), V2H > Ky, Ky € R
(not necessarily positive). Then, for all test functions f with [ fdu = 1 holds

Ent,,(f) = H(fplp) < Wa(fu, )/ 2I(fplp) — %Wf(fu,u)- HWI

Remark D.7 (A variance estimate in terms of 7,,). A special case of the “mean-difference”
estimate occurs, by setting vy = gp and 11 = p, where g > 0 and f g dp =1, then we
arrive at the following covariance estimate

cov2(f,g) = (Bop(f) — Bul£)? < T2(gp1. 1) / V2 dp.

Finally, setting f = g results in

var, (1) < Tulfmo | [ 191 (D.1)

The estimate (D.1) has the same structure as the HWI inequality in the sense, that it con-
nects a vertical with the product of a horizontal and the square root of an infinitesimal
distance. However, the estimate (D.1) does not demand a lower bound on the Hessian
of the exponential density of ;. Moreover, from Remark 4.21 it is clear, the 7, (fu, 1)

can be replaced by the modified weighted transport distance 7~L( fu, i) given in (4.53).

D.2. Defective logarithmic Sobolev inequality

Let us present how a defective logarithmic Sobolev inequality can be tightened to a log-
arithmic Sobolev inequality with the help of a Poincaré inequality.

Definition D.8 (Defective logarithmic Sobolev inequality dLSI(aqg, B)). A probability
measure p on R" satisfies the defective logarithmic Sobolev inequality dLSI(aq, B) with
constants g, B > 0, if for all test function f : R” — R™ holds

1 [|Vf]?
Ent,(f) < o |2§| d,u+B/fd,u. dLSI(ay, B)

Proposition D.9 (dLSI(ag, B) and PI(p) imply LSI(«)). Assume p satisfies dLSI(cvq, B)
and PI(o), then p satisfies LSI(«) with

1 1 B+2

a_Oéd Y%

Proof. The argument is from [Led99a] and is a simple consequence of the estimate

Ent,(f?) < Ent, ((f — E.(f))?) + 2var,(f),
which is due to [Rot86] and [DS89]. An application of dLSI(ag, B) leads to

Ent,.(£2) < ald/z VS du+ (B + 2) var,(f).

The result follow from applying PI(p) to the variance in the last term. O
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List of symbols and abbreviations

dx
H*(dz)
()
p(dz)
u(-ly)
v
supp p
1o

JRY

E,.(f)
var,(f)
Ent,(f)
Dy
N(m, %)

AT

tr A

(T y)=z-y

|

B, (z)

B, := B,(0)

Alz]

A<B

detm- A

Rnxn
sym,—+

Sn—l

<(n,0)

SO(n)

V2H

V-F

Y = Oy

w(e)

~ 502

C,c

Cy,cy

n-dimensional Lebesgue measure

k-dimensional Hausdorff measure

density of of the probability measure

short form for p(-)dx

conditional measure obtained from x by conditioning on y
v is absolutely continuous w.r.t. u

the support of p, supp p = {u(z) > 0}
characteristic function on

restriction of 1 onto 2 C supp p, (pQ)(dz) = ) p(x)dz
expectation of f under p: [ fdu

variance of f w.rt. p: [ (f? — [ fdp) dp

relative entropy of f w.r.t. iz [ flog ﬁdu

push-forward measure under ® : R" — R" D U, (®;)(U) = p(@~1(U))
multivariate normal distribution in R" with mean m € R"™ and
covariance matrix ¥ € Rg .

matrix transpose

trace of A

Euclidean scalar product between z,y € R"

Euclidean norm

Euclidean ball of radius r around z

Euclidean ball of radius r around 0

testing a quadratic form A € R"*" by x € R™: Alz]| = (z, Ax)

for some A, B € R™*" means A[z] < B[z| for all z € R"”
determinant of the matrix A with i-th row and j-th column removed
set of symmetric positive definite matrices, i.e. A= AT and A4 > 0.
unit sphere in R", i.e. {n € R" : |z| =1}

geodesic on S"~! between 7,0 € S"1

rotational matrices in R", Q € R™™: Q! =QT, det Q = 1.
Hessianof H : R" — R

the divergence of ' : R"” — R"

derivative in parameter t € R

a smooth monotone decreasing function satisfying > |log 5\% fore <1
=, <, > up to multiplicative error of the form 1 + O(\/€ w?(¢)).
constants only depending on the dimension n and H

constants additionally depending on the function or variable f
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