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Preface

Before | started working as a PhD research fellow at the University of
Agder and within the Agder Project, | was working as a mathematics
teacher in upper secondary school in Kristiansand in Norway. | had few
experiences with kindergarten children’s ways of engaging in mathemat-
ical activities, besides playing mathematical games with my friends’
children now and then. However, | have always loved to play with chil-
dren, and been fascinated by their spontaneous and open-minded way of
encountering life. Moreover, as a mathematics teacher, | have always
been curious about how people actually learn mathematics, and how ‘it
all’ starts in early childhood.

When the University of Agder and the Agder Project offered a 4-
years full time position as a PhD research fellow, | saw a great oppor-
tunity to learn more about how young children learn mathematics. Dur-
ing the process of investigating mathematical inquiry processes in kin-
dergarten, from a cultural-historical perspective, I realised that I didn’t
only get insights into processes of mathematics teaching and learning. |
also got insights into what it means to be human in a more general sense,
which I am deeply grateful for.

There are many people who deserve to be acknowledged for their
support during the 4-years process of conducting this research study and
writing up this thesis. First, | would like to thank the kindergarten teach-
ers and the children who participated in my study and welcomed me into
their kindergartens. | also want to thank the Agder Project research team
for trusting me to be part of the team, and for support and encourage-
ment during the process. Moreover, | want to thank my fellow PhD stu-
dents at UiA, with whom | have discussed various topics related to the
process of doing a PhD in mathematics education. | want to thank all re-
search fellows in the Mathematics Education Research Group at UiA for
a warm and supportive research environment. | also want to thank the
teachers at the doctoral courses that | attended; Said Hadjerrouit, Pauline
Vos, John Monaghan, Simon Goodchild, Reinhard Siegmund-Schultze,
Sven Arntzen and Hans Herlof Grelland. Thank you for giving me a the-
oretical, methodological and ethical sound foundation before | started on
my research project.

I would especially like to thank my supervisors, Martin Carsen, Per
Sigurd Hundeland, John Monaghan and Ingvald Erfjord, for their excel-
lent guidance and support during the whole process. Without you |
would never have been able to do this PhD. I also wish to give warm
thanks to Luis Radford for insightful and inspiring conversations when |
visited him in October 2017.
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To my mum, dad, sister, boyfriend and friends: Thank you so much

for always being supportive and above all patient. | promise that you will
see me more in the future!

Svanhild Breive

Kristiansand, Norway
January 2019
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Abstract

This thesis reports from a research study which investigates the pro-
cesses that unfolds when kindergarten children (age 5-years-old), to-
gether with their kindergarten teachers and peers inquire into and solve
mathematical problems. The study is situated within a research and de-
velopment project called the Agder Project. The project aims to investi-
gate the effects of a preschool intervention programme in Norway, which
focuses on four sets of competences: social-emotional, self-regulation,
language, and mathematics. This research study uses a case study design
where five kindergarten teachers and their groups of 5-year-old children,
who were part of the focus group of the Agder Project, were chosen as
participants. To explore the processes that unfolds when kindergarten
children and their kindergarten teachers inquire into mathematical prob-
lems, the study adopts a cultural-historical perspective on learning and
development and draws in particularly on Radford’s (2013) theory of
knowledge objectification. Moreover, a qualitative approach to data col-
lection and data analysis was adopted, and the empirical material was
collected through ethnographic field notes, observations and interviews.
The results of this study provide support for recognising mathemati-
cal inquiry in kindergarten as multimodal, dialectical and ‘ethical’ pro-
cesses. It is multimodal because both children’s and kindergarten teach-
ers’ contributions to the inquiry processes are heavily based on other mo-
dalities than language. In the segments analysed in this research study,
some children provide quite sophisticated argumentations and explana-
tions, but their mathematical reasoning is to a great extent materialised
through gestures and other bodily actions, in combination with words.
Moreover, the kindergarten teachers engage children in the mathematical
activities by their multimodal participation. For example, instead of ask-
ing a lot of verbal questions they guide the children by their bodily ac-
tions and tone of voice towards the aim of the activity and consequently
give children a space of freedom to contribute. The results also provide
support for recognising mathematical inquiry in kindergarten as dialecti-
cal processes. The kindergarten teachers play significant roles for creat-
ing mathematical inquiry in kindergarten. They are central sources to
cultural ways of thinking mathematically, and to cultural ways of collab-
orating. However, children’s contributions are also crucial. This research
study shows how children are able to take responsibility for moving
mathematical activities forward and how they guide kindergarten teach-
ers in mathematical inquiry activities. Both kindergarten teachers and
children are mutually dependent on each other to carry out mathematical
inquiry activities, and thus both are teachers and learners of each other.
Moreover, the results indicate that mathematical inquiry in kindergarten
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must be regarded as ‘ethical’ (Radford, 2008b) processes. Ethical consid-
erations as trust, responsibility and respect lay the ground for the mathe-
matical inquiry segments examined in this study. Based on the above
findings, this research study argues for an ethical, multimodal and dia-
lectical conception of mathematical inquiry in kindergarten. Ethical in-
quiry may be accomplished on the basis that children find it meaningful
to be with others in mathematical activities and to solve problems to-
gether with others.

The research study further suggests that these processes of mathemat-
ical inquiry may prepare 5-year-old children for school. The results show
that ethical inquiry, which challenges the children to argue for and ex-
plain their ideas, may, | hold, lay the ground for children to become criti-
cal and autonomous thinkers and problem solvers. Through ethical in-
quiry children can learn to collaborate, which includes respecting each
other, trusting each other and working together to accomplish a task, and
may help children to adjust to the new school context.

This research study illustrates that it is important that kindergarten
teachers facilitate children’s opportunities to solve mathematical prob-
lems together with others in a variety of settings and with a variety of
available artefacts. This research study also shows that it is important
that kindergarten teachers pay attention to children’s contributions (ver-
bal and non-verbal) and try to understand their perspectives, that is, posi-
tion themselves as learners and let the children guide them in the activi-
ties. This may promote children to contribute with their ideas and expla-
nations and to take responsibility for carrying out the mathematical
learning activities. Moreover, this research study emphasises that KTs
may benefit from being consciously aware of the affect their bodily ac-
tions have on children’s mathematical reasoning and for engaging them
in mathematical discourse without having to ‘teach’ (i.e., tell) them
mathematical concepts and relations.
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Sammendrag

Denne avhandlingen rapporterer fra en studie av femaringer som arbei-
der med matematiske problemer i barnehagen. Studien er en del av et
starre forsknings- og utviklingsprosjekt kalt Agderprosjektet. Prosjektet
har som mal & undersgke effekten av et farskoleopplegg i Norge som fo-
kuserer pa sosiale ferdigheter, selvregulering, sprak og matematikk. Stu-
dien, som er rapportert her, er designet som en kasusstudie der fem bar-
nehagelerere og deres farskolebarn fra Agderprosjektets fokusgruppe
deltok. For & undersgke prosessene som foregar nar farskolebarn og bar-
nehagelaerere undersgker og lgser matematiske problemer, benytter stu-
dien et sosiokulturelt perspektiv pa lering og utvikling og bygger serlig
pa Radford’s (2013) teori om ‘kunnskapsobjektifisering’. Studien anven-
der en kvalitativ tilneerming til datainnsamling og dataanalyse, og det
empiriske materialet ble samlet inn gjennom etnografiske feltnotater og
ved observasjoner og intervjuer som ble lagret som videoopptak.
Resultatene fra studien belyser betydningen av a se pa de matema-
tiske problemlgsningsprosessene som foregar i barnehagen som multi-
modale prosesser. Bade barnas og barnehagelarernes bidrag til prosess-
ene er i stor grad basert pa andre modaliteter enn sprak. | segmentene
som analyseres i denne studien, bidrar noen barn med ganske sofistikerte
argumentasjoner og forklaringer, men deres matematiske resonnementer
er i stor grad materialisert gjennom gester og andre kroppslige hand-
linger. Videre benytter barnehagelarerne seg av multimodale spgrsmals-
strategier for a engasjere barna i de matematiske aktivitetene. | stedet for
a stille mange verbale spgrsmal, veileder de barna ved hjelp av sitt
kroppssprak og tonefall og dermed gi barna rom til & bidra inn i aktivite-
ten. Videre viser resultatene hvordan barnehagelarerne og barna spiller
pa hverandres bidrag, noe som belyser betydningen av a se pa de mate-
matiske problemlgsningsprosessene som dialektiske prosesser. Barneha-
gelaererne spiller en viktig rolle for a introdusere barna for matematiske
begreper og problemstillinger. I tillegg er barnehagelarerne sentrale kil-
der til kulturelle mater a tenke matematisk pa, og til kulturelle mater a
samarbeide med andre pa. Men barna er ogsa vesentlige bidragsytere til
de matematiske problemlgsningsprosessene. Denne studien viser hvor-
dan barna tar ansvar for a drive den matematiske aktiviteten fremover og
hvordan de veileder barnehagelaererne i de matematiske aktivitetene. Slik
sett er bade barna og barnehagelarerne elever og leerere av hverandre.
Dessuten indikerer resultatene at disse matematiske problemlgsningspro-
sessene kan betraktes som ‘etiske’ prosesser, hvor samhgrighet er en sen-
tral komponent. Etiske hensyn som tillit, ansvar og respekt legger grunn-
laget for de matematiske problemlgsningsprosessene som er identifisert i
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denne studien. Dette oppnas pa grunnlag av at barna synes det er me-
ningsfullt & vaere med andre i matematiske aktiviteter og a lgse proble-
mer sammen med andre.

Videre viser resultatene at de matematiske problemlgsningsprosess-
ene, som er basert pa etiske prinsipper, potensielt kan hjelpe farskole-
barn a tilpasse seg til den nye hverdagen de mater i skolen. Ved a delta i
slike prosesser, som utfordrer barna til a forklare og argumentere for sine
ideer, og som fokuserer pa gjensidig respekt, tillit og ansvar, kan hjelpe
farskolebarn til & handtere fremtidige leeringssituasjoner i skolen.

Denne studien illustrerer viktigheten av at barnehagelerere legger til
rette for at farskolebarn far muligheter til a lgse matematiske problemer
sammen med andre i ulike situasjoner og ved hjelp av ulike artefakter.
Denne studien viser ogsa at det er viktig at barnehagelerere lytter til og
imgtekommer barns bidrag, bade verbale og ikke verbale, samt prgver a
forsta barna sine perspektiver i matematiske problemlgsningsaktiviteter.
Barnehagelearerne kan med fordel forsgke a posisjonere seg som ‘elev’ i
prosessene, og la barna veilede dem i aktivitetene. Dette kan understgtte
at barna bidrar med sine ideer og forklaringer, samt at de villig tar delan-
svar for a drive de matematiske laeringsaktivitetene fremover. Videre un-
derstreker denne studien at barnehagelerere bar veere bevisst pa hvordan
de pavirker barnas matematiske tenkning med sitt kroppssprak, og at de
kan engasjere barna i matematiske samtaler uten a fortelle dem matema-
tiske sammenhenger.

Resultatene fra denne studien papeker kompleksiteten i a engasjere
barn i matematiske problemlgsningsaktiviteter i barnehagen. Dette un-
derstreker ogsa viktigheten av a sikre hgy kvalitet pa barnehagelarerut-
danningen i Norge og i leeringsfelleskapene blant de voksne i barneha-
gene. Det er viktig a legge til rette for god utdanning av barnehagelae-
rere, som retter oppmerksomhet mot noen av hovedpunktene som kom-
mer frem i denne studien.
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1 Mathematical inquiry in kindergarten:
an introduction

Observing young children exploring mathematical relationships in free
play activities, it seems at first glance as if learning mathematics is as
natural as breathing. Without formal instruction, it seems as if children
all by themselves discover mathematical relationships in the environ-
ment and solve mathematical problems, just by help of their natural curi-
osity. However, if we take a closer look, this is not necessarily the case.

In the last year of kindergarten children stand on the border to a quite
different tradition in school. They are in an institution where play, care
and upbringing are the main focuses, and are about to enter an institution
which focuses more on their academic development. Many children that
enter first grade are only 5 years old, and research has shown that the
transition between kindergarten and school is challenging for many chil-
dren (Lillejord, Borte, Halvorsrud, Ruud, & Freyr, 2017; OECD, 2017,
Peters, 2010). A smooth transition between kindergarten and school is
decisive for how children will manage school both socially, emotionally
and cognitively. To prepare for a smooth transition it is not enough to
take into consideration the context and demands that the children are
about to meet, it is also important to bear in mind the tradition that they
come from and to consider the ways in which young children learn and
develop.

This research study investigates the processes that unfold when 5-
year-old children are introduced to and engaged in mathematical activi-
ties that aim to prepare them for school. This study therefore contributes
to an understanding of what mathematics is for young children, how they
engage in mathematical activities, and what can be expected, or not ex-
pected, from these young children that are about to enter school. In par-
ticular, this research study examines the processes that unfold when 5-
year-old children together with their kindergarten teacher (KT) inquire
into and solve mathematical problems, and therefore contributes to the
literature on mathematical inquiry as a theoretical construct.

In this introductory chapter the background and the rationale for the
present study is elaborated in Section 1.1, before the aims and research
issues are presented in Section 1.2. The chapter ends with an overview of
the thesis in Section 1.3.

1.1 Background and rational for the study
This research study on processes of mathematical inquiry in kindergarten
Is situated within a research and development project called the Agder
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Project (AP)!. The AP aims to develop an intervention programme that
prepares Norwegian 5-year-olds for school and to investigate the effects
of the programme. In addition, the AP aims to investigate the processes
of teaching and learning that unfolds when the participating KTs imple-
ment the mathematical activities designed in the project.

The intervention programme in the AP aims to prepare children for
school, and simultaneously fit the Norwegian kindergarten tradition
which emphasises care, play, upbringing and learning. Two main design
principles were used to design the mathematical activities: inquiry and
playful learning. The term playful learning aims to merge play and learn-
ing and takes into consideration that for a child play and learning are two
sides of the same coin (Hirsh-Pasek, Golinkoff, Berk, & Singer, 2009).
Inquiry is seen as “a willingness to wonder, to ask questions, and to seek
to understand by collaborating with others in the attempt to make an-
swers to them” (Wells, 1999, p. 121). Inquiry and playful learning?, were
used as design principles in the AP with the intention to make the mathe-
matical activities meaningful, exiting and engaging for the children and
to encourage the children to work together to solve mathematical prob-
lems. The participating KTs were supposed to guide the children into
meaningful problems by asking questions and presenting the mathemati-
cal content in an exciting way.

The mathematical activities in the AP were designed in a collabora-
tion between the researchers in the project, including myself, and the
participating KTs during the developmental phase of the project. Playful
learning seemed to be a familiar construct to the KTs and they had few
problems to understand the pedagogical principle. Inquiry on the other
hand, which has emerged as an educational approach in school, was a
novel construct to the KTs and a construct they had to be familiarised
with. The construct arguably fits the kindergarten context well because it
coincides with children’s ‘natural curiosity’ and with the practice of Nor-
wegian kindergartens where children and adults frequently interact in
play and other practical activities (Breive, Carlsen, Erfjord, &
Hundeland, 2018). The meaning of inquiry as an approach to teaching?®
and learning of mathematics in kindergarten was carefully discussed

! The research design, and content in the AP will be elaborated in Chapter 5

2 The terms playful learning and inquiry will be further elaborated in Section 2.3 and in
Chapter 3 respectively.

% In the Norwegian kindergarten tradition, the term teaching is rarely used for the kindergar-
ten teachers’ practice. Teaching is associated with school where the teacher ‘teaches’ the stu-
dents. In kindergarten the children are guided into learning activities, and some instruction
occurs. In this research study the terms teaching and learning are used in line with Vygot-
sky’s construct ‘obuchenie’ which indicates that there is a dialectic relationship between
teaching and learning, and where the participants are teachers and learners of each other.
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with the KTs in the project and the mathematical inquiry activities were
designed to fit the Norwegian kindergarten context.

Despite the collaboration between the KTs and the researchers in try-
ing to make sense of adopting an inquiry approach to mathematics in a
kindergarten setting, some issues arose. During the design process and
the implementation of the activities a contradiction between the theoreti-
cal conception of inquiry and the empirical experiences from practice
emerged. Some of the KTs expressed that they somehow understood the
idea, theoretically, but it was difficult to implement. In addition, | experi-
enced a contradiction between my conception of the construct and how it
unfolded in real life when the KTs implemented the pedagogical princi-
ple in their kindergarten groups. A need for practical understanding of
Inquiry as an educational approach in kindergarten arose.

There are several possible reasons for why these contradictions arose.
First, the approach to inquiry used in the AP draws on conceptions of in-
quiry developed by scholars who have investigated processes of inquiry
at primary school level (Wells, 1999) and at primary and secondary
school level (Jaworski, 2005). In addition, the term inquiry as we know it
today, emerged as a reaction against ‘traditional’ teaching methods, and
IS, perhaps, treated a bit ideally. There is a latent meaning underneath the
concept, | believe, that if students or children are given agency and are
allowed to, they will (automatically) investigate problems because it
awakens their ‘natural curiosity’ and their desire to know and make
sense. However, as Lipman (2003) argues, to make change requires the-
ory, but it is worthless without connection to real life and practical un-
derstanding. It is exactly this tension between theory and practice that
has been the source of my desire to understand and thus investigate in-
quiry as a phenomenon in kindergarten. The rational for the study is
therefore to narrow the divide between the theoretical conception of in-
quiry (the ideal form) and the empirical experiences from practice (the
real form) and to comply with Wells’ (1999) request to investigate what
inquiry might be at all levels of education.

This research study contributes to the substantial literature that exists
on inquiry related to mathematics education. However, the literature on
mathematical inquiry in kindergarten from a dialogical* perspective is
sparse, at least literature which try to characterise the nature of inquiry in
line with Wells’ (1999) conception of the term. There is, however, re-
search on, for example, argumentation and problem solving in kindergar-
ten (e.g., Dovigo, 2016; Tsamir, Tirosh, Tabach, & Levenson, 2010),
which are important elements of inquiry. The focus of my study diverges

* The dialogical approach to inquiry is based on a sociocultural perspective and will be elab-
orated in Section 3.2.
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from the other literature on inquiry in the sense that it focuses on mathe-
matical inquiry in kindergarten, where the mathematics is not as formal-
ised as in school and the approach to education is different. The aim is to
disclose how we may understand inquiry in the kindergarten context and
to get insight into the processes of interaction, and thinking, that unfolds
when young children, together with their KT, inquire into and solve
mathematical problems.

1.2 Aims and research issues

As indicated above, a purpose of this research study is to bring forth new
practical understanding about inquiry as a theoretical construct. Since in-
quiry is closely linked to issues about learning, the research study also
aims to reveal important aspects of mathematical teaching-learning pro-
cesses in kindergarten. Through inquiry and problem solving the partici-
pants, | posit, encounter historically constituted cultural forms of reason-
ing and co-create new knowledge (Radford, 2013b). A study of inquiry
processes will, hopefully, illuminate aspects that influence teaching-
learning processes and contribute to the overall understanding of mathe-
matical teaching and learning in kindergarten. Moreover, the purpose is
to investigate processes and illuminate issues that arise when young chil-
dren are introduced to and engaged in mathematical activities that aim to
prepare them for school. Thus, a purpose of the study is to contribute to
an understanding of what mathematics is for young children, how they
engage in mathematical activities, and what can be expected, or not ex-
pected from these young children that are about to enter school. From the
background of this the following research issues were formulated to
guide the study:

e What characterises processes of mathematical inquiry in kin-
dergarten?

e What enables processes of mathematical inquiry to occur?

e How, if at all, do these processes of mathematical inquiry pre-
pare kindergarten children for school?

To deal with the empirical material the two former research issues were
operationalised into specific research questions or aims in each of the pa-
pers accompanying this thesis. The latter research issue arose during the
research process and is seen as an exploratory research issue. The aim is
to use results emerging from the two former research issues and consider
them in light of literature on important aspects for a smooth transition
between kindergarten and school.
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1.3 Overview of the thesis

Chapter 2, which is titled ‘Early childhood mathematics education’
(ECME) describes the theoretical foundations for understanding the con-
text in which this research study is situated within and consists of four
sections. Section 2.1 considers how ECME is influenced by social and
political trends. Section 2.2 presents the Norwegian kindergarten tradi-
tion and discusses how this tradition stands in contrast to the school tra-
dition. Section 2.3. provides insights into some of the literature on play
which is central in kindergarten and discusses the link between play and
learning. Section 2.4. considers issues associated with the transition that
young children make from kindergarten to school, and how kindergar-
tens and schools can facilitate a smooth transition. Section 2.5 is devoted
to a literature review on mathematics teaching and learning in kindergar-
ten and gives insight into the origin of children’s mathematical reasoning
(Sub-section 2.5.1), and then elaborates on early arithmetic learning
(Sub-section 2.5.2).

Chapter 3 is devoted to literature on inquiry and consists of four sec-
tions. Section 3.1 gives a historical background for how we understand
the term inquiry today. Section 3.2 considers literature on inquiry which
comes from the sociocultural, dialogical tradition, which was taken as a
point of departure for investigating inquiry in kindergarten. In Section
3.3 literature on some of the main features found in the dialogic ap-
proach is elaborated.

Chapter 4 elaborates on the cultural-historical perspective which is
used as a theoretical lens to study processes of mathematical inquiry in
kindergarten. Section 4.1 provides the rational for using a cultural-histor-
ical perspective to study processes of mathematical inquiry in kindergar-
ten, and Section 4.2 is devoted to an elaboration of the cultural-historical
perspective used in this research study. Section 4.2.1 is particularly de-
voted to Vygotsky’s well-known concept, the zone of proximal develop-
ment, which is a central construct used in this research study.

In Chapter 5 the Agder Project, which is the setting of this research
study, is described. Section 5.1 describes the research design of the
Agder Project and provides a timeline which gives insight into all the
phases of the project. Section 5.2 describes the pedagogical foundations
and the mathematical content used to design the mathematical activities
in the project.

Chapter 6 elaborates on the methodological considerations used in
this research study. Section 6.1 describes the research paradigm and the
research strategy used in this research study, and Section 6.2 elaborates
on the case study design of this research study. In Section 6.3 the pilot
study and experiences from it are elaborated. Section 6.4 provides back-
ground information about the five KTs participating in the case study.
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Section 6.5 and 6.6 elaborate on the processes of data collection and data
analysis, respectively. And Section 6.7 and 6.8 consider the trustworthi-
ness of the research study and ethical considerations when studying 5-
year-old children, respectively.

Chapter 7 provides a summary of the five papers produced during
this research study.

Chapter 8 is devoted to a synthesis and a discussion of the findings
which leads towards a conclusion about the characteristics of mathemati-
cal inquiry in kindergarten and some of the issues that arise when chil-
dren are engaged in mathematical activities aimed to prepare them for
school. Section 8.1 makes a synthesis of the findings of the five papers
and discusses, in particular, children’s contributions to the activities
identified as inquiry (Sub-section 8.1.1), the KT’s contributions to the
activities (Sub-section 8.1.2), and the dialectical relationship between the
KT’s contributions and the children’s contributions and the co-creation
of the zone of proximal development (Sub-section 8.1.3). In addition,
Sub-section 8.1.4 considers children’s mathematical reasoning, and how
their mathematical thinking is materialised in the joint activities. These
considerations lead to a conclusion in Section 8.2 which focuses on the
characteristics of mathematical inquiry in kindergarten, what enables
these processes to occur and how, if at all, these processes of mathemati-
cal inquiry can prepare kindergarten children for school. And finally,
Section 8.3 is devoted to critical reflections and implication of the re-
search study. The section focuses particularly on what contributions this
research study makes to the Agder Project (Sub-section 8.3.1), implica-
tions for practice and further research (Sub-section 8.3.2 and 8.3.3 re-
spectively) and critical reflections the ZPD concept (Sub-section 8.3.4).
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2 Early childhood mathematics education

Early childhood mathematics education (ECME) often refers to prepar-
Ing and creating learning activities for young children (usually 3-6 years
old) aimed at stimulating the development of mathematical knowledge
(Van den Heuvel-Panhuizen, & Elia, 2014). Depending on the educa-
tional system in the country, ECME usually takes place in public or pri-
vate preschool centres or kindergartens, but it may also include the infor-
mal education that takes place in children’s home environment.

In this chapter, issues about how ECME is influenced by social and
political trends is discussed in Section 2.1. Further, a brief description of
the Norwegian kindergarten tradition is given in Section 2.2 and consid-
erations about play and learning are provided in Section 2.3. Section 2.4
Is devoted to considerations about the challenging transition between
kindergarten and school and Section 2.5 provides a review of literature
on mathematics teaching and learning in early childhood.

2.1 Early childhood mathematics education in light of

social and political trends
ECME has gained increasing attention from researchers, educators, and
policy makers both in Norway and around the world at least since the on-
set of the 21st century. The interest in ECME follows social and political
trends. Today we live in a so-called ‘global, knowledge-based economy’
(Bereiter, 2002), where mathematics is argued to be important for all
members of society to learn (Clements, Baroody, & Sarama, 2013;
Ministry of Education and Research, 2015). The ‘global, knowledge-
based economy’ is in a constant need for a mathematical literate work-
force. This is recognised by policy makers around the world. These so-
cial and political challenges and trends create demands on the educa-
tional system. In Norway natural science and mathematics are regarded
as key content areas in school and recently also in kindergarten. In the
strategy plan ‘tett pa realfag’, the Ministry of Education and Research
(2015) regards natural science and mathematics as key components
needed to manage environmental and technological challenges that the
society is faced with. The aim of the strategy plan is to increase the focus
on natural science and mathematics in kindergarten, primary and second-
ary level of education (Ministry of Education and Research, 2015). How-
ever, many students experience difficulties with mathematics as a school
subject and lack of mathematics learning is therefore a major cause of
poor progression through the school system. There is a continuing need,
nationally and internationally, to explore how quality of mathematics ed-
ucation at all levels may improve.
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Early mathematics learning is argued to provide an important founda-
tion for later mathematics learning is school (Baroody & Purpura, 2017;
Duncan et al., 2007). The informal mathematics that young children ex-
perience at home and in kindergarten serve as an important basis for later
formal, symbolic, mathematical experiences. Learning difficulties in
school is often related to the gap between informal experiences and for-
mal instruction, where children with rich mathematical experiences be-
fore they enter school have advantages compared with children who do
not have as rich experiences with informal mathematics (Baroody &
Purpura, 2017). Research has shown that early mathematical knowledge
Is the strongest predictor not only for later mathematical achievement but
also for achievement in other content areas in school (Claesens & Engel,
2013; Duncan et al., 2007), and for long-term success in education and in
professional life (Duncan et al., 2007; Entwisle, Alexander, & Olson,
2005).

There are huge individual differences in informal mathematical expe-
riences and knowledge among young children. The development of early
mathematical knowledge is related to children’s socioeconomical back-
ground where children who come from disadvantaged families seem to
be at risk of falling behind already at an early age (Starkey, Klein, &
Wakeley, 2004). However, it is not the background itself that seems to
be the cause, rather to what extent parents engage in mathematical-re-
lated activities and talk with their children (Anders et al., 2012; Ramani,
Rowe, Eason, & Leech, 2015). In an attempt to close the gap in young
children’s experiences with mathematics, both policy makers, educators
and researchers have increasingly viewed organised early mathematics
education as an important means for that purpose, and efforts have been
made to develop and evaluate kindergarten curricula (Clements &
Sarama, 2007b; Clements, Sarama, Wolfe, & Spitler, 2013; Lewis
Presser, Clements, Ginsburg, & Ertle, 2015). This is also one of the aims
in the AP: to develop an intensive preschool intervention programme for
5-year-olds and investigate effects of the programme and whether the
curriculum may contribute to decrease the gap between children of ad-
vantaged and disadvantaged families.

2.2 The Norwegian kindergarten tradition

In Norway the term kindergarten refers to private or public childcare
centres which give institutional care and education for young children
from 10 months to 6 years of age. The last year of kindergarten, when
children are about 5-years-old (more precise 4.5 — 6.5 years), the year
before they enter school, is also sometimes referred to as preschool. Kin-
dergartens in Norway are situated within a social pedagogical tradition,
where the core enterprises are upbringing, care, play and learning. The
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OECD has given positive evaluations of the Nordic approach to learning
in kindergarten (OECD, 2001, 2006), which is more holistic than ap-
proaches in, for example, the UK or France which have a stronger em-
phasis on ‘readiness for school’, meaning that children are engaged in
academic activities similar to those found in school. In Norway kinder-
gartens are viewed as a place where children become ‘prepared for life’
In a broader sense.

In 2005, the responsibility for the Norwegian kindergartens was
transferred from the Ministry of Children and Family Affairs to the Min-
istry of Education and Research, and thereby kindergartens became part
of the formal educational system in Norway. This resulted in an in-
creased focus on children’s academic development, which is evident in
the Framework Plan for contents and tasks in kindergartens (the curricu-
lum) from 2006 (Ministry of Education and Research, 2006). In this ver-
sion of the Framework Plan, mathematics was included as one amongst
seven subject areas to be implemented in kindergartens. However, there
Is still a huge emphasis on safeguarding the institution’s uniqueness,
which focuses on care and security for children, as well as children’s
well-being and need for self-organised play. Norwegian KTs are trained
to attend to the developmental needs of the children, and young chil-
dren’s physical and emotional development is at least as important as
their academic development.

In 2017, 97% of all 3-5-year-old children in Norway attended kinder-
garten (Statistics Norway, 2019), which means that it is an ideal place to
equally prepare children for school. The Norwegian Framework Plan is
quite general and gives the KTs opportunities to adapt their teaching to
children’s needs, and to give most attention to the children that need it
the most. This freedom may also be challenging for the KTs, because it
requires them to be independent when they read and implement the ideas
in the Framework Plan. However, research shows that there are huge dif-
ferences in the way that the Framework Plan is implemented in Norwe-
gian kindergartens (dstrem et al., 2009).

The kindergarten tradition in Norway (as in the rest of Europe) has its
origin in the Enlightenment period which is also called the Age of Rea-
son. The period was centred around ideas from several French philoso-
phers, among them Rousseau, where people should question authorities
and ‘think for themselves’ (Saracho & Spodek, 2009a). Friedrich Frobel
(1782-1852) may be regarded as the founder of the pedagogical institu-
tion called kindergarten. In 1837 he founded a care, play and activity in-
stitute for small children in Germany, which he later named ‘kindergar-
ten’ and which literally means 'garden for the children’. He believed that
children should be “nurtured and nourished like plants in a garden™
(Kindergarten, 2019). Today, the term kindergarten is used in many
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countries to describe a variety of educational institutions for young chil-
dren.

Although we today consider Norwegian kindergartens to be situated
within a social pedagogical tradition, the ideas from its origin are still
somehow recognisable. The Norwegian kindergarten tradition stands in
contrast to the school tradition that we know today, which arose in the
early twentieth century, and which aimed to prepare students for the in-
dustrialised economy that arose at that time (Sawyer, 2005). At that time
educators had limited knowledge about what learning was and the
schools were designed around the assumption that knowledge was facts
that the students should acquire. The teacher’s mandate was to transmit
these facts to the students, and the students should get these facts into
their brains. To make sure that the schools worked properly the students
were tested to see how many of the facts that the students had acquired.
This way of teaching is referred to as ‘instructionism’ (Sawyer, 2005),
and gave rise to what we today would call the ‘traditional’ teaching ap-
proach.

Although Norwegian kindergartens became part of the formal educa-
tion system in 2005, they should continue to emphasise care, play and
children’s social-emotional development. On the one hand, KTs are ex-
pected to prepare children for school, and on the other hand safeguard
the unique pedagogical approach which emphasises children’s opportu-
nities for self-organised play. These expectations may create tensions,
but they may also create opportunities. There is an increasing focus on
issues related to young children’s transition from kindergarten and
school (Lillejord et al., 2017; OECD, 2017). While most children experi-
ence no problems in the transition, some children find the transition dif-
ficult. Continuation in curriculum and pedagogy is argued to be one of
the main factors for facilitating a smooth transition (Lillejord et al.,
2017; OECD, 2017). But research also indicate that the responsibility for
securing continuation in curriculum and pedagogy lays equally on kin-
dergarten and school (OECD, 2017). Research on the transition between
kindergarten and school, and on tensions that may arise between the two
traditions, will be further elaborated in Section 2.4.

2.3 Play and learning in Norwegian kindergartens

As mentioned above, play is one of the main foci in the Norwegian Kkin-
dergarten tradition, and where children’s free play, or self-organised
play, is particularly valued. This research study does not consider play in
particular, but since play is an essential construct and part of the peda-
gogical foundation in the AP, a brief outline of play is therefore appro-
priate.
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Vygotsky and Leont’ev considered play to be the ‘leading activity’
for young children (Veresov & Barrs, 2016), and regarded it as essential
for children’s social-emotional as well as cognitive development. In
play, Vygotsky argues,

a child is always above his average age. Above his daily behaviour; in play it is

as though he were a head taller than himself. ...; in play it is as though the child

Is trying to jJump above the level of his normal behaviour” (Vygotsky, 2016, p.

18).

In play children can imagine things that they cannot do in real life and
follow rules and structures that they find difficult in real life. Play,
Vygotsky (2016) argues, “must always be understood as the imaginary,
illusionary realisation of unrealisable desires” (p. 7). The interconnection
between the imagined situation and the rules emerging from it is why
play is such a fruitful space for development. Vygotsky explains this
with two paradoxes of play. In play children can, without knowing it,
separate meaning from an object, that is in the imaginary play the child
can separate the visual field from the field of meaning, which the young
child cannot do in real life. Second, children play because it is associated
with pleasure. In play the child follows his/her own wishes and desires,
and pleasure is the line of least resistance. But to gain maximum pleasure
from the play the child must follow the rules of the play, which is the
line of greatest resistance. The child must regulate spontaneous impulses
to follow the maximum path to pleasure. Vygotsky compared the play-
development relationship with the instruction-development relationship
and argued that play is the source of development because it creates the
zone of proximal development. However, “play provides changes in
needs and in consciousness of a much wider nature” (Vygotsky, 2016, p.
18), than the instruction-development relationship.

Vygotsky (2016) talks about imaginary, self-organised play, where
the child is not guided by an adult and where the goals emerge from the
play itself and not initially set up by an adult. Today, there seems to be
an agreement among researchers that play and learning goes hand in
hand (in line with Vygotsky’s idea), but additionally, activities where
adults are involved and guides the play may also be considered as play.
However, there is disagreement upon the degree of adult involvement in
an activity before it must be seen as a traditional teaching practice rather

than play. Winther-Lindqvist (2017) argues that
One can disguise a didactic activity as a form of play by tapping into a typical
play format, but if the activity has a narrowly defined end goal decided upon be-
forehand by the adults, it loses a central characteristic of what play is: open
ended (without specific goals) and spontaneously generated (p. 6).

Although Vygotsky considered imaginary, self-organised play as the
leading activity for kindergarten children, he argued that play did not
disappear even in adult-led activities in school.
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In school age play does not die away, but permeates the attitude toward reality. It
has its own inner continuation in school instruction and work (compulsory activ-
ity based on rules). All examinations of the essence of play have shown that in
play a new relationship is created between the semantic field — that is, between
situations in thought and in real situations” (Vygotsky, 2016, p. 20).

As mentioned above, self-organised play is highly valued in the Norwe-
gian kindergarten tradition, however learning of academic knowledge
has gained increasing focus the past decades. Along with self-organised
play, play-based curriculum in early childhood education is argued to be
the basis for ‘lifelong learning’ (Fisher, Hirsh-Pasek, & Golinkoff, 2012;
Hirsh-Pasek et al., 2009; Pellegrini, 2011).

The pedagogical principle ‘playful learning’, used in the AP is elabo-
rated by Hirsh-Pasek et al. (2009), as a concept which aims to capture
the interrelationship between play and learning in childhood. Playful
learning encompasses both free play (child-initiated and child-directed
play) and guided play (adult-initiated and child-directed play). In free
play children both initiates the play and direct the movement and direc-
tion of the play themselves without interference from adults. In guided
play the KT initiates the play and organises the environment and guides
the play in specific directions with respect to certain learning goals. For
playful learning to take place, the children must be physically and cogni-
tively engaged and the KT must be sensitive to children’s interests and
participation. It is important that the KT makes room for children’s self-
directed explorations. “Playful learning, and not drill-and-practice, en-
gages and motivates children in ways that enhance developmental out-
comes and lifelong learning” (Hirsh-Pasek et al., 2009, p. 4). Weisberg,
Kittredge, Hirsh-Pasek, Golinkoff, and Klahr (2015) emphasise that it is
the balance between structure and freedom that makes guided play suita-
ble for learning of academic skills. Similarly, van Oers (2014) argues
that it is the balance and variation between instruction and self-directed
exploration that is important for learning. He argues that playful learning
activities should contain some elements of instruction, but children’s
self-directed play should always be the starting point. “The nature of the
actions embedded in play can vary with respect to their degree of free-
dom allowed, as long as the activity as a whole remains a playful activ-
ity” (van Oers, 2014, p. 121).

Self-organised play is valued by many, not only for the individual
child’s development, but also for the development of democracy.
Winther-Lindqvist (2017) argues that children’s opportunities for self-or-
ganised imaginary play is a perfect arena for practicing important com-
petences in a democracy, like autonomy and solidarity. In the Nordic
countries these competences are also valued in the educational system
and therefore Winther-Lindqvist (2017) argues, play should play a great
role in early childhood and primary education.
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2.4 The challenging transition from kindergarten to

school
As indicated in the introduction, the transition from kindergarten to pri-
mary school is a big step for children. Most children manage this transi-
tion well, but for some children the transition is tough and may lead to
anxiety and other social-emotional problems (Lillejord et al., 2017). Re-
search indicate that high-quality early childhood education is important
for children’s early development as well as for their long-term success in
school, education and professional life (Duncan et al., 2007; Entwisle et
al., 2005; OECD, 2006, 2011, 2015). However, research has found that
some of the positive effects of high-quality early childhood education
may fade in primary school if the transition between kindergarten and
school is not well prepared (Lillejord et al., 2017; OECD, 2017; Peters,
2010). And this often affects children from disadvantaged backgrounds
more than children from advantaged backgrounds (OECD, 2017). High
quality early childhood education and well prepared transition activities
between kindergarten and school are important aspects of children’s ex-
periences of the transition, and for how they will manage school, inte-
grate in the society and make a successful transition into the labour mar-
ket (Lillejord et al., 2017; OECD, 2017).

Several researchers argue that the transition between kindergarten
and school must be seen as a process over a longer period of time, and
not just as a single event (Chan, 2012; Lillejord et al., 2017; Peters,
2010). The transition is not only a physical move from kindergarten to
school, it is also a longer social-emotional process. Kindergarten and
school are two different educational practices. The school has different
expectations and puts new demands on the children. In school the days
are often longer, the classes are bigger, and classrooms are smaller. This
often result in a pedagogy including more seat-work, less free time, and
fewer child-directed activities (OECD, 2017). Children have to get used
to new rules, new adults, new peers and new activities. Children become
gradually aware of the transition, and often much earlier than the transi-
tion itself. Some children need a longer time to adjust than others, both
before and after the physical move. As Lillejord et al. (2017) argues, the
children are not only entering a new environment, they are also leaving
something behind. “The children are not just becoming pupils — they also
have to get used to no longer being kindergarten children” (ibid., p. 22).

There are several intertwined aspects that are important for making a
smooth and successful transition between kindergarten and school. For
example, establishing a collaboration between kindergarten and school,
where they jointly create pedagogical transition activities, not only aca-
demic activities, which familiarise children with the school context and
help them settle in (Lillejord et al., 2017; OECD, 2017; Peters, 2010). It
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Is also important to include parents, and establish good home-school re-
lationships (OECD, 2017, Peters, 2010). However, research points to
continuity in curriculum and pedagogy in kindergarten and primary
school as one of the main aspects for making a smooth transition
(Lillejord et al., 2017; OECD, 2017).

Although the pedagogy in kindergarten and in primary school in-
creasingly have become more aligned (OECD, 2017), it is mostly the
kindergarten curriculum that has changed (Lillejord et al., 2017). In their
reports, ‘Starting Strong’, OECD (2006, 2011, 2015) point to a policy
trend of focusing on ‘school readiness’. As Lillejord et al. (2017) argues
‘school readiness’ is a vague term which has its origin in the Anglo-
American areas in the US where children may start school one year later
if they fail a ‘school readiness test’. Although the Norwegian kindergar-
ten tradition is based on a social pedagogical tradition and a more holis-
tic view on early childhood education, there is an increasing trend from
policy makers on making children ‘ready for school’. Making children
‘ready for school’ often involves children in kindergarten being engaged
In academic activities similar to those found in school.

However, OECD (2017) argues that the responsibility for facilitating
a smooth transition rests on both kindergarten and school. There is a
need for ‘pushing up’ play-based curriculum and pedagogical principles
from kindergarten to school. It is not only the kindergarten that must pre-
pare children for school, the schools must also be prepared for the chil-
dren, which is one of the main ‘key policy messages’ from OECD
(2017).

Lillejord et al. (2017) argue for developing a ‘hybrid pedagogy’ in
both kindergarten and primary school, which involves an increased em-
phasis on academic learning opportunities in kindergarten and an in-
creased emphasis on social-emotional and play activities in primary
school. This would arguably ensure a continuity in curriculum and peda-
gogy, where pedagogical elements during the transition would remain
the same, and the academic challenges gradually increase (OECD,
2017). However, there is a need, in most countries, for curricula and
guidelines that reflects these combined pedagogical ideas (OECD, 2017).
And there is also a need for a deeper understanding of the connection be-
tween play and learning (Lillejord et al., 2017).

The lack of pedagogical understanding between kindergarten and
school is one of the main obstacles for a good collaboration and continu-
ity in curriculum and pedagogy between the two traditions (OECD,
2017). As mentioned in Section 2.2, the kindergarten tradition and the
school tradition have different origins and thus quite different ap-
proaches to education. Lillejord et al. (2017) argues that tradition - in it-
self - is not necessarily a problem, but it may cause problems if the KTs
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and teachers in school are not aware of these differences and if they do
not take into account what consequences it has for the children.

Although research suggests that continuity in curricula and pedagogy
between kindergarten and school has positive effects on children’s expe-
riences of the transition and for later development, research on the im-
pact of continuity curriculum and pedagogy is sparse (OECD, 2017). In
addition, there is little research on characteristics of instruction which
will insure a continuation in pedagogy and content between kindergarten
and school. And there is a need for research on the impact of play-based
curriculum, both in kindergarten and school, for children’s experiences
of the transition (Lillejord et al., 2017).

As mentioned in the introduction, the research study reported here is
situated within the AP which aims to develop a school readiness inter-
vention programme aimed to prepare children for school. The pro-
gramme focuses on social-emotional skills, self-regulation, mathematics
and language which are argued to be the most important content areas in
a transition curriculum (Lillejord et al., 2017; OECD, 2017). Inquiry was
used as a pedagogical approach in the mathematical activities and was
argued to fit the kindergarten context as well as challenge children’s
mathematical thinking. This research study focuses on the processes that
unfold when KTs and children inquire into mathematical problems in the
context of these school readiness activities. One of the aims in this re-
search study is to illuminate aspects of how, if at all, these processes pre-
pare children for school and facilitate a smooth transition.

2.5 Research on mathematics teaching and learning in
early childhood

How young children develop mathematical knowledge has been and still
Is an important issue for developmental psychology across the world.
Therefore, a lot of the research on children’s early mathematics learning
is founded on an interest to understand the relationship between the
child’s acquisition of mathematical concepts and his or her psychological
and cognitive development (Sophian, 2007). This does not always serve
research on how children learn mathematical concepts and relations well.

This section is divided in two sub-sections. Sub-section 2.5.1 consid-
ers the origin of mathematical reasoning in early childhood and Sub-sec-
tion 2.5.2 provides literature on the development of children’s additive
and multiplicative reasoning.

2.5.1 Origin of mathematical reasoning in early childhood

There has been a change in how researchers view children’s abilities to
learn mathematics, from believing that children had limited capacity to
learn mathematics (Piaget, 1952; Thorndike, 1922) to contemporary re-
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searchers recognising that children are able to learn substantial mathe-
matical ideas from a very young age (e.g., Baroody, Lai, & Mix, 2006;
Clements & Sarama, 2014; Perry & Dockett, 2002). My research study
investigates 4-6-year-old children, where they have normally already ac-
quired some mathematical knowledge. The study therefore does not fo-
cus on the beginning of mathematical learning in infancy. However, a
glimpse into the research on the beginning of mathematical learning is
important for understanding the further development, and what should be
emphasised in ECME. In this section | limit myself to a brief overview
of the literature on the beginning of children’s mathematical learning.
Further reading of this topic can be found in (Baroody & Purpura, 2017;
Clements & Sarama, 2007a; Sophian, 2007). After a brief introduction of
the first learning of mathematics | focus on children’s learning of addi-
tion, multiplication, which is more relevant for this thesis.

There are different views on what kind of mathematics is the basis
for children’s mathematics learning. The majority of researchers focus-
ing on ECME claim that numeracy® is the foundation for children’s fur-
ther mathematical learning (see overviews in Baroody & Purpura, 2017;
Clements & Sarama, 2007a), others claim that measurement is the foun-
dation for early childhood mathematics learning (Davydov, 1975;
Sophian, 2007). Sophian (2007) discusses these two perspectives on the
development of mathematical knowledge in childhood, which she calls
the ‘counting-based position’ and the ‘comparison-of-quantities position’
respectively. These two strands represent different views on how mathe-
matics should be introduced to young children and have implications for
the further teaching of elementary mathematics.

Scholars representing the ‘counting-based-position’ have developed
hypothetical learning trajectories for how children develop ‘early num-
ber sense’ (including recognition of numbers, counting, numerical rela-
tions and operations on number), which is argued to serve as a founda-
tion for further mathematical learning, (Baroody & Purpura, 2017;
Clements & Sarama, 2014). These hypothetical learning trajectories do
not necessarily follow a linear path but are combined and intervened in a
complex network. Clements, Baroody and Sarama (2013) argue that chil-
dren first work with small numbers (one to three items) within each step
in the learning trajectory, and then gradually start working on larger
numbers.

Common to all learning trajectories from the ‘counting-based-posi-
tion’ is that ‘verbal subitising’ is the basis for children’s further develop-
ment of number sense. According to Clements (1999) subitising is “the
direct perceptual apprehension of the numerosity of a group” (p. 2). For

® ‘Numeracy’ refers here to knowledge about numbers and counting.
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the counting-based position, verbal subitising is argued to be fundamen-
tal for understanding the meaning of the first counting words (Baroody
& Purpura, 2017; Clements, 1999; Clements & Sarama, 2007a). Subitis-
Ing is also seen as a basic ability for addition and subtraction and how
small collections of objects (easily subitised) may be composed and de-
composed into larger or smaller collections. Clements (1999) distin-
guishes between two types of subitising, namely ‘perceptual subitising’
and ‘conceptual subitising’. Perceptual subitising is “recognising a num-
ber without using other mathematical processes” (ibid., p. 2) and is ar-
gued to be a natural ability of infants. Conceptual subitising is when a
child (or adult) ‘just know’ that there are for example eight dots on a
domino. One explanation is that they ‘just see’ that the domino is com-
posed of two sets of four dots and know that this is a set of eight.

Some researchers argue that infants, as young as 5 months old, are
able to recognise numerosities through perceptual subitising, that is to
discriminate different collections of objects or different sequences of
events (Starkey, Spelke, & Gelman, 1990; Wynn, Bloom, & Chiang,
2002; Xu, Spelke, & Goddard, 2005). However, these studies on infants’
abilities to discriminate numbers have been criticised by many research-
ers (e.g., Mix, Huttenlocher, & Levine, 2002), who question whether
children’s abilities to discriminate between different collections of ob-
jects are, in fact, based on recognition of other characteristics by the ar-
rays rather than the ability to recognise discrete quantity (i.e., number).

As Mix et al. (2002) state
the extant literature provides no clear-cut evidence that infants use number to
perform quantitative tasks. Instead, new research suggests that quantification is
initially based on nonnumerical cues, such as area and contour length, whether or
not a task involves discrete items (p. 278, abstract).

For the ‘counting-based position’ number words and related quantitative
terms like “more” are important for learning verbal-based number con-
cepts (Clements et al., 2013, p. 6). Likewise, the issue of equal (or fair)
sharing can help children understand key aspects of fractions, division,
and even and odd numbers. In the number sense view these terms,
‘more’, ‘less’, ‘equal’ etc., are seen as important means for learning to
compare quantities and to broaden children’s understanding of numbers,
that is develop their ‘number sense’. But Sophian (2007) would rather
regard these concepts as the foundation of early mathematics learning.

When Sophian (2007) discusses the two perspectives (the counting-
based-position and the comparison-of-quantities position), she empha-
sises that a key for understanding the differences between the positions is
to make a distinction between numerosity and quantity. A number, she
argues, is a symbol or a word, and quantity is a property of things that
exist in the physical world. Numbers are then abstract representations of
a quantitative collection.
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Numeracy refers to knowledge about numbers (which may or may not be used to
represent physical quantities). ... Quantitative knowledge refers to knowledge
about physical quantities and relations between them (which may or may not be
represented numerically) (Sophian, 2007, p. 11).
From a ‘comparison-0f-quantities position’ Sophian (2007) argues the
most fundamental for children’s mathematical development is relations
between quantities (rather than counting and other aspects of numer-
osity). Ideas of equality, less than, and greater than are particularly im-
portant and argued to be fundamental concepts for children’s mathemati-
cal development. These ideas can be used both on continuous quantities
(like length or volume) and discrete quantities (like the amount of physi-
cal objects).

Numerosity is just one dimension along which quantities can be compared. Oth-

ers are length, area, volume, and mass. Similarly, counting is just one of a class

of procedures for comparing quantities. Indeed, both discrete and continuous

quantities can be compared without any reference to number (Sophian, 2007, p.

42).

In addition, in the comparison-of-quantities perspective, the understand-
ing of the unit-concept is a prerequisite for understanding the number
concept. In the comparison-of-quantities position counting is seen as a
fundamental means for comparing quantities and is therefore a measure-
ment tool. Measuring, including counting, needs a unit (either discrete or
continuous units). If you are going to count socks you must decide
whether a pair is the unit, or a single sock is the unit, and likewise if you
are going to measure the amount of sugar, you must decide whether a
spoon of sugar is the unit, or a cup of sugar is the unit. This also lays the
ground for understanding ‘higher order units’ (for example the base 10
system), or for understanding how a unit may be divided into smaller
units or parts (fractions). So, the numerosity, or the numerical measure
you get when you count or when you measure things is not a function of
its physical composition alone, but also a result of what you decide to be
the unit (Sophian, 2007).

Although Clements (1999) realises that to recognise units is im-
portant for subitising, he does not emphasise this as a separate ability, it
Is rather an ability incorporated into perceptual subitising. “Perceptual
subitising also plays an even more primitive role, one that most of us do
not even think about because we take it for granted. This role is making
units, or single ‘things’ to count” (ibid., p. 2). According to Clements
(1999), children use perceptual subitising “to make units for counting
and to build their initial ideas of cardinality” (p. 3).

Another study that gives rise to questioning the counting-based posi-
tion was done by Gordon (2004). He studied the counting system of the
Pirahd tribe in Amazonia. They use a ‘one-two-many’ system of count-
Ing. Quantities above two items were not counted, only represented as
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‘many’. In his study Gordon (2004) asked tribe members to solve some
arithmetic tasks to see if they could represent the quantities by their fin-
gers, instead of using words. The study shows that, although the tribe
members were allowed to represent the quantities by their fingers, their
finger representations were highly inaccurate. Above two they repre-
sented the quantity randomly by 3 to 8 fingers, which shows that above
two, the tribe members were not able to separate items. And as the paper
also indicates, perhaps they did not count items at all. The word ‘hoi’
which they used when they represented one or two items meant ‘roughly
one’ or ‘small’. Their mathematical thinking is not based on counting the
way we understand counting. They have no need in their daily cultural
activities to count more than two and have not developed this way of
thinking. Even with some instruction, they were not able to count in the
manner that some three-year-olds in Norway are able to. Counting, as
any other mathematical thinking, is not ‘natural’, it is cultural.

2.5.2 Development of additive and multiplicative reasoning
Regardless of whether one agrees with the counting-based position or the
comparison-of quantity position, children in our culture eventually start
to learn addition and subtraction, multiplication and division. However,
the two positions would argue for different ways to introduce young chil-
dren to these mathematical concepts.

Many studies have categorised addition and subtraction, multiplica-
tion and division problems according to their semantic structure which
refers to the way in which the problem is formulated, either in writing
text or verbally, before the children start to solve it. The semantic struc-
ture of addition, subtraction, multiplication, and division problems and
children’s related problem-solving strategies have been the focus in sub-
stantial empirical researches in the past four decades (see e.g., Baroody
and Purpura (2017) and Clements and Sarama (2007a) for extensive
overviews on empirical research on early childhood mathematics teach-
ing and learning).

Before children become fluent in using symbolic addition and sub-
traction strategies, they use other strategies, like counting. Some of the
pioneers in the research on how children understand and solve addition
and subtraction problems are Fuson (1988, 1992), Carpenter, Moser, and
Romberg (1982) and Carpenter and Moser (1984). Later also researchers
like, for example, Sarama and Clements (2009) and Thompson (2010)
have contributed to the understanding of children’s development of early
arithmetic (see Baroody and Purpura (2017) for an overview). First, chil-
dren seem to learn ‘count all’ strategies for solving addition problems. In
the beginning these strategies are usually carried out with use of building
blocks or other physical artefacts. For example, given a problem like 4 +
5, represented by building blocks, children may first count the items and
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find the cardinality in the first set, “one, two, three, four”, then count the
items and find the cardinality in the second set, “one, two, three, four,
five”, and then count the items in the two sets together as ‘a whole’,
“one, two, three, four, five, six, seven, eight, nine” and report “nine”.
Children may also use the ‘shortcut-version’ of this ‘count all’ strategy,
which is to solve the problem 4 + 5 without counting each collection
first, but start directly to count all, “one, two, three, four, five, six, seven,
eight, nine” and report “nine”. These strategies are eventually developed
into other and more sophisticated strategies like ‘count-on’ strategies.
For example, given a problem 4 + 2 children may take the number of
items in the first set as a point of departure, and then count further on the
other set of items “four, five, six” and report “six”. An even more So-
phisticated strategy is to take the number of the largest set as a point of
departure and count further on from that. Carpenter and Moser (1982)
observed that, even if the children are capable of using the counting-on
procedure, the children nevertheless often used the counting-all proce-
dure. They suggest that children can be prompted to use the counting-on
procedure if there are no physical artefacts available for the children to
manipulate.

These counting based strategies evolve from concrete strategies to
more abstract counting strategies (Fuson, 1988). As concrete strategies
children more or less directly model the addition process by representing
both addends by concrete objects and afterwards count the sum. Later
children can indirectly model the addition process by representing both
addends and figure out the sum simultaneously. For example, if children
are supposed to solve 3 + 4 they may use their fingers and count “one,
two, three” and then raise one and one finger and count “four, five, six,
seven, there are seven”. In this case the children must know when to stop
counting because the fingers do not directly represent each of the ad-
dends. This is what Fuson (1988) called the ‘numerical chain level’,
which is the insight that the counting words themselves can be counted.
The strategy also requires the children to understand that 4, for example,
Is part of the total of 7.

Similar strategies are found for subtraction, although they are not as
clearly defined as those for addition (Thompson, 2008). As with count-
ing strategies for addition, the counting strategies for subtraction evolve
from concrete strategies with available physical artefacts to more ab-
stract counting strategies without available physical artefacts (Fuson,
1988). As with the learning of counting, children first learn to add and
subtract with small numbers. Later they extend these solution strategies
for addition and subtraction to larger numbers and usually also with the
use of subitising (Clements & Sarama, 2007a).
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To perceive relations between numbers, like part-whole relations, is
fundamental for developing more sophisticated strategies for solving ad-
dition and subtraction problems with memorised number facts (Baroody
& Purpura, 2017; Carpenter & Moser, 1984; Fuson, 1992; Sophian &
McCorgray, 1994; Verschaffel, Greer, & De Corte, 2007). Sophian
(2007) argues that “all addition and subtraction problems can be under-
stood as a matter of either finding the whole, given the parts, or finding a
part, given the other part and the whole” (p. 86). This relationship is im-
portant for interpreting the problems at hand and is a conceptual basis for
understanding additive commutativity, associativity, and inversion.

Some number relations, like, for example ‘number after relations’
(add 1 combinations), may serve as a foundation for more advanced
number facts. Moreover, doubling of numbers suchas 3+ 3 or5+ 5 are
usually easily learnt because children experience these on for example
domino pieces or from their hands (5 fingers on one hand plus five fin-
gers on the other hand is 10 fingers together). A combination of both
number after relations and doubling of numbers may be used on for ex-
ample the problem 5 + 6, by decomposing 6 into 5 + 1 and then retrieve
5+ 5 =10 and then use ‘number after rule’ for adding 1 to retrieve 10 +
1 =11. Such combinations have been found to be more difficult to learn
when related to subtraction than to addition and multiplication (Baroody
& Purpura, 2017)

Although the body of research concerning children’s development of
additive reasoning (addition and subtraction) is more extensive than the
body of research on multiplicative reasoning (multiplication and divi-
sion) there is an increasing amount of studies in this domain too (e.g.,
Anghileri, 1989; Clark & Kamii, 1996; Greer, 1992; Kouba, 1989;
Mulligan & Mitchelmore, 1997; Vergnaud, 1983). Multiplicative reason-
ing is traditionally considered as more complex than additive reasoning
(Anghileri, 1989; Clark & Kamii, 1996; Greer, 1992; Mulligan &
Mitchelmore, 1997). The semantic structure of the problems is one rea-
son why multiplicative reasoning is more complex than additive reason-
ing. In addition-problems quantities of the same type are added, for ex-
ample 3 apples + 2 apples equals 5 apples. In multiplication problems
quantities of different types are involved, for example 4 baskets with 3
apples in each basket equal 12 apples altogether. Although multiplicative
problems often involve different types of quantities, they may be solved
with additive thinking, where repeated addition is one common way to
solve such problems. Several researchers have classified multiplication
and division problems related to their semantic structure (Greer, 1992;
Mulligan & Mitchelmore, 1997; Vergnaud, 1983), and (at least) four dif-
ferent semantic groups relevant for kindergarten and early school-years
have been found: 1) equal groups (e.g., 4 baskets with 3 apples in each),
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2) array (e.g., 4 rows with 3 chairs in each) 3) rate (e.g., 1 basket of 3 ap-
ples cost 2 kroner, how much does 2 baskets cost) or 4) cartesian product
(e.g., possible combinations of 2 shirts and 3 skirts).

The relation between the semantic structure of the problem and chil-
dren’s solution strategies have been investigated by many scholars (e.g.,
Anghileri, 1989; Kouba, 1989; Mulligan & Mitchelmore, 1997), how-
ever research also shows that it is difficult to make an exact categorisa-
tion and reach a complete understanding of this relation. A given multi-
plicative problem can give rise to various types of multiplicative think-
ing, and various solution strategies.

The development of strategies to solve multiplication and division
problems run in parallel with children’s development of strategies to
solve addition and subtraction problems. In a similar manner to chil-
dren’s addition and subtraction strategies, children start solving multipli-
cation and division problems by combining direct modelling with count-
ing and grouping strategies (Anghileri, 1989; Carpenter, Ansell, Franke,
Fennema, & Weisbeck, 1993; Mulligan & Mitchelmore, 1997;
Verschaffel et al., 2007). First, children usually use concrete ‘count all’
strategies, later they progress to strategies related to additive thinking
like repeated addition, doubling, rhythmic counting and skip counting (or
step-counting) and diverse additive calculation, before they start using
multiplicative calculation. All these strategies develop from concrete
modelling with physical tools to more abstract reasoning without model-
ling with physical tools.

Although many scholars regard repeated addition as a gateway into
multiplicative reasoning, and which is also often how multiplication is
introduced in school (Sophian, 2007), others argue that multiplication is
best seen as many-to-one mappings. The necessity for making a many-
to-one correspondence arises in situations like for example three cones
have to be sorted in four boxes each. To practically map three cones in
four boxes each, is not that difficult for children, but “anticipating the
numerical consequences of a series of many-to-one mappings is substan-
tially more difficult” (Sophian, 2007, p. 98).

Clark and Kamii (1996) argue that multiplicative thinking is distin-
guished from additive reasoning because it involves two levels of ab-
straction, as opposed to addition which only involves one. This aligns
with the ‘comparison-0f-quantity’ perspective which regard multiplica-
tion as involving a ‘higher order unit’, that is one quantity is used as a
unit for a group of another quantity (Sophian, 2007). For example, if the
problem 3 x 4 is solved additively the groups of three items are just suc-
cessively combined on one level as 3 + 3 more ones + 3 more ones + 3
more ones. The child perceives each group of three made of ones (three
ones) which they can just combine with the other groups of three on one
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level. If the problem is solved multiplicatively it requires that the child
see that there is a many-to-one correspondence between the three units of
one and the one unit of three and that the four ‘new’ units are then com-
bined into the product.

As the example above illustrates, the unit-concept is fundamental for
understanding the link between additive and multiplicative reasoning.
Sophian (2007) argues that the need for multiplicative thinking arises as
soon as one considers using one unit of quantification to describe another
unit of quantification of the same measure. For example, if one considers
using metre as a unit instead of centimetre as a unit to describe a length.
In addition, multiplicative thinking, is deeply connected with propor-
tional reasoning. In proportional reasoning, the operation results in a nu-
merical value for the relation between the quantities.

What can be found from the substantial empirical research on chil-
dren’s development of additive and multiplicative thinking is that most
research has focused on children’s individual skills and individual prob-
lem-solving strategies where experiments or clinical interviews are often
used as methods for collecting data (e.g., Anghileri, 1989; Baroody &
Purpura, 2017; Greer, 1992; Lu & Richardson, 2017). These studies do
not consider the influence of the broader cultural context in which chil-
dren’s quantitative and numerical thinking develop. Paper 4, in this re-
search study, focuses on the multiplicative thinking that emerges from
children’s joint activity and their coordination of semiotic means. The
paper focuses on the thinking processes that unfolds when children solve
mathematical problems together, before they have become fluent in mul-
tiplicative thinking. The paper illustrates the influence of the contextual
features on their reasoning process.
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3 Inquiry and learning in early childhood
mathematical activities

At least since the early 1900s, when John Dewey elaborated on his edu-
cational philosophy, the term inquiry has played a significant role in at-
tempts to reform educational practice in school. Although there are di-
verse conceptions of the term in different theoretical and philosophical
approaches, the ideas behind inquiry are somehow united in the idea that
it is about seeking information or knowledge by investigation and ques-
tioning. A key point, however, is that the students should be (or become)
the inquirers and seekers of information. This stands in contrast to what
has been called the ‘traditional’ teaching approach, where the students
listen to the teacher when he/she explains mathematical procedures and
concepts, and where the students afterwards practice the teacher’s proce-
dures. In the ‘traditional” approach the students become receivers of in-
formation and practitioners of rote learning (to put things bluntly). In an
open inquiry approach, the students are given more freedom and respon-
sibility, and the focus is on collaboration, discussions, argumentations
and problem solving. The term has been used in diverse theoretical ap-
proaches from constructivist or sociocultural approaches to more prag-
matic approaches with more or less the same goal — to make the (mathe-
matics) education ‘better’. What ‘better’ means is conceived differently
in different perspectives but is always linked to (explicitly or implicitly)
epistemological beliefs, that is what knowledge is and how it may be ac-
quired.

Since inquiry in essence is understood as an educational approach
which tries to meet the manner in which children learn, the concept was
also recognised as an approach which could help to unite the aims of the
intervention programme developed in the Agder Project (AP) of prepar-
ing children for school, but at the same time fit the Norwegian kindergar-
ten tradition. However, since the conception of inquiry used in the AP
has mainly emerged from research on teaching and learning in school
contexts, and the school tradition is different from the kindergarten tradi-
tion, it has the potential of creating tensions.

In the following sections | first consider the development of inquiry
as an educational approach (Section 3.1). Further I elaborate on the dia-
logical approach to inquiry which is the approach appropriated in the AP
and which is taken as a point of departure in this research study (Section
3.2). And finally, in Section 3.3 research related to some of the main as-
pects found in the dialogical approach are considered. Section 3.3 also
briefly considers inquiry as identified in the Norwegian Framework Plan
for contents and tasks in kindergarten (Sub-section 3.3.1).
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3.1 Development of inquiry as an educational approach
As mentioned above, a tremendous effort to define and understand the
concept of inquiry in educational settings was done in the early 1900s by
John Dewey, who represents a pragmatist tradition to education. ‘Learn-
ing by doing’ has become a slogan for Dewey’s educational philosophy,
where learning happens through action and ‘reflective inquiry’ (Dewey,
1998). According to Dewey, it is through sensory experiences of the
world and from investigations of the environment that children learn.
Thus, for education to be meaningful, it should be connected to real-life
situations and situations that the students find interesting (Dewey, 1938).
Dewey regarded inquiry as an integral part of human life and argues that
“In everyday living, men examine; they turn things over intellectually;
they infer and judge as "naturally" as they reap and sow, produce and ex-
change commodities” (Dewey, 1998, p. 170). Dewey (1998) regarded in-
quiry as a “progressive determination of a problem and its possible solu-
tion” (p. 174), it is “the controlled or directed transformation of an inde-
terminate situation into one that is so determinate in its constituent dis-
tinctions and relations as to convert the elements of the original situation
into a unified whole” (p. 171, emphasis in origin). In Dewey’s view, the
indeterminate situation is a pre-condition for inquiry. It is the indetermi-
nate situation that provokes uncertainty and consequently questions to be
inquired. It is not the questions itself, but the situation that has this qual-
ity. Dewey argues that the initial step in inquiry is to see that a situation
requires examination, that is to identify a problem.

The interest for inquiry-based education has increased over the past
two decades, which may be evident from the increasing use of the term
in research and in school curriculums. One way to view the emergence
of the inquiry-based approaches to mathematics education is to follow
the traces from Dewey and the influence of his thoughts into science ed-
ucation and further into inquiry-based mathematics education (Artigue &
Blomhgj, 2013). Another way to view the emergence of inquiry-based
education in mathematics is to see the links to the problem-solving tradi-
tion, which was initiated in 1945 by George Polya and his book ‘How to
Solve It’. This book gave birth to new ideas in mathematics education.
For Polya (1945) mathematical pedagogy had to reflect the ‘nature’ of
mathematics. How students experienced mathematics had to be con-
sistent with the way mathematics was done. Polya (1954) also empha-
sised the role of guessing (conjecturing) in mathematical problem solv-
ing. “To a mathematician, who is active in research, mathematics may
appear something as a guessing game; you have to guess a mathematical
theorem before you prove it, you have to guess the idea of the proof be-
fore you carry through all the details” (ibid., p. 158, in Schoenfeld, 1992,
p. 339). The problem-solving tradition as an approach to understand the
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acquisition of mathematical thinking was further developed by scholars
like Halmos (1980), Mason, Burton, and Stacey (1982) and (Schoenfeld,
1985), among others.

In the 1980s-1990s Schoenfeld (1985, 1992) made a significant con-
tribution to the problem-solving tradition by his investigation of stu-
dent’s mathematical behaviour, seeing that problem-solving behaviour
was more than the ability to use a method or strategy. Mathematical
problem-solving behaviour, he argued, is determined by several factors,
like the person’s mathematical resources and strategies, his/her ability to
control and use the resources and the strategies, and his/her beliefs about
mathematics and about him-/herself. In both the natural science tradition
and the problem-solving tradition, the idea that students should experi-
ence the subject as mathematicians or scientists is central (Artigue &
Blomhgj, 2013; Polya, 1945; Schoenfeld, 1992). Artigue and Blomhgj
(2013) define inquiry-based pedagogy and as “a way of teaching in
which students are invited to work in ways similar to how mathemati-
cians and scientists work” (p. 797).

In the 1990s the focus turned to the teachers, and their professional
development. Inquiry became a concept which was no longer only focus-
ing on the experiences of the students and how problems could incite
students’ inquiry ‘habit of mind’. To prepare for children’s opportunities
to inquire into mathematics the teaching had to be given more attention
and the focus turned to teacher education and professional development.
How could teachers acquire the knowledge that was needed to orches-
trate lessons which would help students learn and experience mathemat-
ics as meaningful? This line of research was initiated by Lytle and
Cochran-Smith (1992), and Cochran-Smith and Lytle (2009) from a con-
structivist perspective, and brought further by, for example, Jaworski
(2004, 2005, 2006), Jaworski and Fuglestad (2010) and Jaworski and
Goodchild (2006). The latter researchers represent a sociocultural per-
spective to inquiry, which the dialogic approach is situated within. In the
next section, | introduce the dialogic approach to inquiry which, for ex-
ample, Wells (1999) is a strong representative of, and which is the ap-
proach appropriated in the AP. The dialogic approach to inquiry was
therefore also taken as a point of departure in this research study.

3.2 The dialogic approach to inquiry

In parallel with the social turn in late 1980s and 1990s (Lerman, 2000)
the focus on dialogic interaction related to inquiry emerged. Dialogic in-
teraction related to inquiry refers to the way problems are solved through
a dialogue between two (or several) people, and not as a personal en-
deavour. Although many scholars (e.g., Socrates, Dewey, Polya)
acknowledges the significance of the relation between the teacher and
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the student(s), none of them emphasise the social nature of a dialogic in-
teraction.

As a cultural-historical activity theorist, Wells (1999) aims to close
the gap between the ‘child-centred, personal constructive’ approach to
education and the ‘teacher-directed, transmissive’ approach to education
by introducing ‘dialogic inquiry — toward a sociocultural practice and
theory of education’. Dialogic inquiry is here used as a normative ap-
proach to education, and Wells (1999) describes ‘dialogic inquiry’ as “a
stance toward experiences and ideas — a willingness to wonder, to ask
questions, and to seek to understand by collaborating with others in the
attempt to make answers to them” (p. 121). Wells draws on Bereiter’s
(1994) conception of ‘progressive discourse’. Progress in Bereiter’s con-
ception is an “attribute of discourse’ and he argues that “there is no

knowledge beyond discourse” (ibid., p. 5). Further he explains
The importance of discourse to scientific progress ... arises from a recognition
that scientific theories cannot be verified; they can at the most be falsified. Pro-
gress therefore arises from continual criticism and efforts to overcome criticisms
by modifying or replacing theories. Research, according to this view, does not
generate progress directly, but does so by providing evidence that can be brought
into the critical discourse, where it may lead to progress (ibid., p. 5).

Progressive discourse is for Bereiter what characterises knowledge-
building and scientific communities. Dialogic inquiry in education must
therefore be regarded as a discourse with specific ‘qualities’. For collab-
orative knowledge building to be ‘progressive’, that is to reach new un-
derstanding which is new to everyone, “the discourse must involve more
than simply the ‘sharing’ of opinions” (Wells, 1999, p. 112). It must in-
volve sharing of ideas, questioning and revising of opinions to develop
new insights. Although Wells (1999) may be regarded as the main repre-
sentative for the dialogic approach to inquiry, others have similar ap-
proaches. Both Jaworski (2004, 2005, 2006), Alrd and Skovsmose
(2004) and Lipman (2003) conceive inquiry as a discursive activity with
certain qualities. And, although the term inquiry is not explicitly used by
Linell (1998) or Alexander (2008), they have similar approaches to edu-
cation.

As mentioned above, inquiry from a dialogic approach, seems to be a
discourse with certain ‘qualities’. One of these qualities may be identi-
fied as critical and reflective thinking, and includes questioning one’s
own and other’s thoughts and ideas to reach new understanding
(Jaworski, 2004, 2005, 2006; Mercer, 2000; Wells, 1999). The role of
questions seems to have been at the heart of inquiry ever since John
Dewey. Dewey (1998) argues that “Inquiry and questioning, up to a cer-
tain point, are synonymous terms. We inquire when we question; and we
inquire when we seek for whatever will provide an answer to a question
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asked” (p. 171). Furthermore, in the problem-solving tradition Halmos

(1980) argues that
I strongly recommend that students in a problem seminar be encouraged to dis-
cover problems on their own ... and that they should be given public praise (and
grade credit) for such discoveries. Just as you should not tell your students all the
answers, you should also not ask them all the questions. One of the hardest parts
of problem solving is to ask the right question, and the only way to learn to do so
is to practice (p. 524).

He further argues that one cannot teach someone to ask (good) questions,
but one can encourages students to practice asking questions.

In the dialogical approach, questions are also emphasised as essential
elements to inquiry (e.g., Alrd & Skovsmose, 2004; Jaworski, 2006;
Lindfors, 1999; Roth, 1996; Wells, 1999). Jaworski and Goodchild
(2006) argue that “Fundamentally, inquiry and exploration are about
questioning: asking and seeking to answer questions. Together, we ask
and seek to answer questions to enable us to know more about mathe-
matics teaching and learning” (p. 353). Lindfors (1999) defines students’
guestions as inquiry acts. However, she argues that inquiry questions are
not ‘perfect’. “It makes sense that inquiry utterances are often imper-
fectly formed — even downright messy sometimes, for they are acts of
going beyond, not acts of having arrived” (ibid., p. 63).

Lindfors (1999) distinguishes between ‘information-seeking’ and
‘wondering’ as two different ways of ‘turning to someone’ to reach new
Insight and understanding of something. Lindfors says that information
seeking is a kind of ‘work’ towards a specific goal, where the partici-
pants work towards a goal of building new understanding of something.

Lindfors (1999) argues that
Working is a key word. Information-seeking utterances sound very much like
work — deliberate, effortful, focused, moving toward a specific end. It is work
that has a goal. Information seeking is product oriented, if you like. It is oriented
toward what one is wanting to know (p. 38).

Wondering is different from information seeking because the purpose is
to keep the conversation open, not to find answers, confirm or explain
something. Questions used as wondering acts have the purpose to reflect
on and enlighten ideas from different perspectives, not to resolve prob-
lems. Lindfors’ (1999) conception of inquiry as ‘wondering’ has similar-
ities with Alrd and Skovsmose’s (2004) and Lipman’s (2003) approach
to inquiry, where they emphasise the unpredictable nature of a dialogue.
Lipman (2003) argues that “A community of inquiry attempts to follow
the inquiry where it leads rather than be penned in by the boundary lines
of existing disciplines” (p. 20). The direction of a dialogue should not be
decided by an authority, rather follow its own path decided by all partici-
pants. Similarly, through ‘wondering’ an issue is considered from many
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angles without any specific aim or desire to reach a conclusion. In addi-
tion, Lindfors understands wondering acts as playful.

On the other hand, information seeking acts are ‘work-full” where the
conversation has a goal that the participants work together in order to
reach (Lindfors, 1999). This is similar to Wells’ (1999) conception of in-
quiry as a cultural-historical object-oriented activity. Through joint activ-
ity the participants work together towards an object. This is also parallel
to the problem-solving tradition where the goal is to solve a mathemati-
cal problem and reach a conclusion. However, the road toward the solu-
tion may have many facets and cannot be decided in advance. Lindfors is
aware that her characteristics of wondering and information seeking in-
quiry must be seen as tendencies, not as an absolute definition.

Inquiry is more than asking questions and using language to think
and solve problems together. Inquiry is also regarded as a stance toward
knowledge (Schoenfeld, 1996; Wells, 1999) and a way of being in prac-
tice (Jaworski, 2005). Wells (1999) explains this stance as an identified
‘will” to solve problems together with others. Similarly, Schoenfeld
(1996) argues that the underlying stance toward knowledge is based on
an eagerness to know and the stance toward each other is based on trust.
Others have also identified that inquiry is based on a foundation of mu-
tual respect and trust, where the participants listen to, consider and chal-
lenge one another’s ideas (Alr6é and Skovsmose’s, 2004; Lipman, 2003;
Schoenfeld, 1996; Wells, 1999; Jaworski, 2005).

From the literature above some features are repeated. Inquiry may be
regarded as a discourse with certain qualities. Inquiry implies that there
needs to be something to inquire into, that is there needs to be a problem
to investigate. Second, participants in inquiry activities must be given
opportunities ask questions. As argued above, questioning seems to be at
the heart of inquiry. Another feature is that the children answer questions
and solve problems through further questioning, argumentation and criti-
cal examination. A fourth aspect is that there must be identified a ‘will’
among the children to ask questions, to argue and explain their ideas and
to solve these problems together with others. These aspects were taken
as a point of departure for this research study and were used in the data
processing to identify inquiry segments. The next section is devoted to
literature related to some of these aspects. A lot of the literature below is
taken from school setting where teaching-learning activities are often
more structured than in kindergarten. Since the mathematical activities in
the AP are designed to be structured around various mathematical areas
and moreover to prepare children for school, it seems relevant to present
literature considering teacher-led activities and literature that points to
challenges that may arise in teacher-led activities.
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3.3 Questioning, argumentation, and turn-taking in

mathematical inquiry in Kindergarten
As mentioned above, reflection and critical thinking are essential ele-
ments in the dialogic approach to mathematics teaching and learning
(Wells, 1999; Mercer, 2000; Alro & Skovsmose, 2002; Jaworski, 2005;
2006), where the use of questions may be argued to be at the core of the
approach. And it has been especially emphasised that the students should
get opportunities and be promoted to ask questions. The distribution of
questions in a classroom discourse, which emphasises students’ ques-
tioning is perhaps the most apparent contrast to the ‘traditional’ teaching
where the teacher becomes the inquirer by asking a lot of questions in or-
der to understand what knowledge the children has acquired, for example
in order to give a mark. Although many scholars have emphasised that
children should get opportunities to ask their own questions, and that the
presence of children’s or student’s questions is an indicator for what we
may call inquiry, other scholars have identified that children or students
rarely ask questions themselves in teaching-learning situations (Dillon,
1988; Myhill & Dunkin, 2005). Some have argued that the absence of
children’s own questions may be a consequence of the extensive use of
questions that teachers ask and thus the lack of opportunities that the
children get to ask questions (Dillon, 1988).

Although Dillon (1988) is ‘questioning the use of questions’, that is
he argues that teachers should strive for using other pedagogical means
in the classroom interaction than questions, there is an extensive litera-
ture that emphasises that teachers’ use of questions is important for en-
gaging students in mathematical discussions and leads to positive learn-
ing outcomes (Carlsen, 2013; Franke et al., 2009; Kirby, 1996; Myhill &
Dunkin, 2005; Rojas-Drummond & Mercer, 2003; Roth, 1996). Never-
theless, teachers should carefully consider their own use of questions.
Some questions may help children to participate, other may hinder the
children to participate in the mathematical discourse. Closed questions,
which invite short factual or procedural responses are often found to ini-
tiate the well-known IRE-exchange (initiation-response-evaluation). This
type of exchange often serves only to check pupils’ knowledge, which
can be counterproductive for learning (Wells, 1999; Wood, 1992). This
exchange is perhaps one of the characteristics in the ‘traditional’ teach-
ing approach mentioned earlier. Open questions on the other hand often
invite longer and possibly more elaborated responses and are often found
to initiate the IRF-exchange (initiation-response-follow up). Wells
(1999) argues that IRF-exchanges can serve as a useful pedagogical tool
to achieve co-construction of knowledge. The quality of this exchange
relies on the underlying expectations and goals of the teacher. Similarly,
Rojas-Drummond and Mercer (2003) argue that IRF-exchange can help
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to guide children’s learning, especially if the teacher follows up with
‘why-questions’ which promote students to reflect on their responses.

Teachers’ careful question strategies are regarded as important for es-
tablishing inquiry environments. Roth (1996) investigates the question
strategies of an experienced science teacher during an open-inquiry
learning environment in a grade 4/5 science class. The teacher was con-
cerned about and aware of how and why she asked questions. When
Roth analysed the teacher’s question strategies in light of the content
matter, he found that the teacher was more concerned with processes
than with facts. The teacher hardly evaluated the children’s responses
(according to the IRE-exchange). Rather, the teacher, by her well-
planned questioning strategies, gave the students opportunities to start
from their own experiences and, from that, develop their discourse about
the content matter. The results also indicated that the students’ discourse
developed into exploratory talk (cf. Mercer, 2000), where the children
seemed to start asking questions themselves.

Questions are also found as an often-used pedagogical tool in kinder-
garten (Carlsen, 2013; Carlsen, Erfjord, & Hundeland, 2010; Seebbe &
Mosvold, 2016). For example, in their investigation of a KT’s participa-
tion in an everyday mathematical learning activity, Seebbe and Mosvold
(2016) found that question-posing was one out of two core components
in the KT’s discourse. Seebbe and Mosvold studied what they called an
“everyday situation”, where the children and the KT were sitting around
a table playing with Lego bricks. The KT had no formal learning goals,
the aim was to play with the bricks and talk about what they were doing.
The KT’s question-posing was followed up by affirmation, which was
the other core component in the KT’s discourse. Through affirmation the
KT confirmed or acknowledged the children’s contributions. Sebbe and
Mosvold (2016) argue that these components (questioning and affirma-
tion) were strongly related and served as means for reaching joint atten-
tion. It is interesting to notice how this communication pattern is similar
to the IRE-exchange, commonly used in a ‘traditional’ teaching ap-
proach in school. However, the purpose of the questioning-affirmation
dyad used by the KT was mainly not checking children’s knowledge.
Through the questioning-affirmation dyad the KT introduced new con-
cepts, invited the children to participate in the mathematical discourse
and encouraged them to think further on their ideas.

The evaluation or the follow-up in the IRE-/IRF-exchange, or the af-
firmation mentioned in the previous study, may take many forms, for ex-
ample as re-phrasing or re-voicing of children’s response. O’Connor and
Michaels (1996) define re-voicing as “a particular kind of re-uttering
(oral or written) of a student's contribution—by another participant in the
discussion” (p.8). By re-phrasing, O’Connor and Michaels argue, the
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teacher confirms that he or she has heard what has been said and may
also help children to concentrate attention on key-points. If reformulated
into a question the re-phrasing can also challenge an idea and invite the
children to think further on their ideas.

As mentioned above, the teachers’ question strategies may both hin-
der and facilitate children’s learning possibilities in a mathematical ac-
tivity. Children’s learning possibilities are often related to the degree of
participation, that is whether the KTs, through their question strategies,
are able to give room for children’s participation or not. In activities
where the KT (or teacher) has a particular aim for the activity, and where
he or she guides the conversations around the aim, it is difficult to bal-
ance teacher-talk and child-talk (Dovigo, 2016; O’Connor & Michaels,
1996). On the one hand, the teacher or KT is supposed to facilitate chil-
dren’s opportunities to take part in the conversation, and on the other
hand organise the conversation around a specific aim. Dovigo (2016) in-
vestigated how preschool children’s (age 3-5) participation in different
types of conversations influenced their learning possibilities. He com-
pared children’s participation in peer-talk and child-teacher talk and
found that children had richer opportunities to contribute in peer-talk,
whereas in child-teacher talk, the KT talked more than the children. In
peer-talk the children asked more questions (including open questions),
however, the children’s abilities to build argumentations were limited in
peer-talk. In child-teacher talk, the most experienced teachers carefully
facilitated children’s explanations and helped them generate more so-
phisticated argumentations than what they managed on their own. In ad-
dition, the children showed increased responsibility in the conversation
and improved their ability to collaborate and think critically. Children’s
participation in argumentative conversations with the KT had significant
influences on children’s learning.

Argumentation is, as mentioned above, another ‘quality’ of dialogic
inquiry, however argumentations may also have different ‘qualities’.
Mercer (2000) describes three common ways in which the word ‘argu-
ment’ can be understood. An argument can mean the way that two (or
several) people quarrel. Argumentation is then a ‘fight’ with words,
where the participants defend their opinions. Mercer calls this type of
collective argumentation ‘disputational talk’. In disputational talk there
is a lot of disagreement, and everyone makes their own decisions. There
are few attempts to offer constructive criticism and the atmosphere is
competitive rather than co-operative. This type of argumentation does
not (necessarily) lead to new insights or new understanding of some-
thing. A second way to use ‘argument’ is to describe how one person use
rhetoric to present evidence for a statement or an opinion. This argumen-
tation often has a monologue nature and is usually recognised as written
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texts or as political speeches. Similar characteristics may be applied to a
collective argumentation where the participants build on each other’s
statements in order to construct support for a shared view. Mercer calls
this type of collective argumentation ‘cumulative talk’. In cumulative
talk participants accept and agree with each other. Knowledge is shared,
but in an uncritical way and ideas are repeated and not further elabo-
rated. Cumulative talk has similarities with what Wells (1999) calls shar-
ing of opinions, which does not really lead to new insight either (new to
everyone).

A third way to understand ‘argument’ is when people together con-
structively debate around an issue in order to understand it better. Mercer
calls this type of argumentation ‘exploratory talk’. In exploratory talk
everyone listens actively to one another, the participants ask questions
and share opinions/ideas. ldeas and opinions might be challenged but, at
the same time, are treated with respect. Everyone is encouraged to con-
tribute, and there is an atmosphere of trust. There is a sense of shared
purpose and the participants seek agreement and shared understanding.
Mercer (2000) defines exploratory talk as

Exploratory talk is that in which partners engage critically but constructively
with each other’s ideas. Relevant information is offered for joint consideration.

Proposals may be challenged and counter-challenged, but if so reasons are given

and alternatives are offered. Agreement is sought as a basis for joint progress.

Knowledge is made publicly accountable and reasoning is visible in the talk
(Mercer, 2000, p. 98).

According to Mercer (2000), exploratory talk is discourse that is charac-
terised by knowledge-building communities, similar to progressive dis-
course in Wells’ (1999) terminology. Both Wells (1999) and Mercer
(2000) argue that one should promote progressive or exploratory dis-
course as the knowledge building discourse at all levels of education.
This is similar to the ideas in the problem-solving tradition which strive
for developing the classroom discourse so that the children may experi-
ence the mathematics (or another subject) as professional mathemati-
cians or scientists do (cf. Polya, 1945; Schoenfeld, 1992).

Several studies have pointed to the role of mathematical argumenta-
tion for enabling young children’s mathematical reasoning (Mercer &
Sams, 2006; Tsamir, Tirosh, & Levenson, 2009; Yackel & Cobb, 1996).
However, children have different foundations for providing elaborated
argumentations. For example, Tsamir et al. (2009) illustrates how chil-
dren (age 5-6) provide different types of justification while working with
various number and geometry tasks. Their study shows that some chil-
dren were able to justify their statements by using appropriate mathemat-
ical ideas. Other children, in contrast, used their ‘visual reasoning’ as a
way to justify their statements. When the researcher asked the children to
justify their solutions, some children answered, “because we see”, and
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they felt no further need to justify their answer or did not know how to
do it.

In their research study Yackel and Cobb (1996) investigate how
norms, specific to mathematical classrooms, are developed in inquiry-
based activities. These norms are called sociomathematical norms, and
account for how students develop their abilities to argue, explain and jus-
tify their mathematical ideas and consequently increase their autonomy
in the mathematical classroom. Sociomathematical norms are different
from social norms and can be regarded as tacit rules which concern what
are culturally accepted mathematical ways of arguing, explaining and
justifying. Social norms on the other hand, concern culturally accepted
ways of doing things more generally, not directly relate to mathematics.
For example, the children in Tsamir, Tirosh, and Levenson’s (2009)
study, may be aware of cultural rules that expect them to justify their
claims. But they may not be aware of cultural rules about how to justify
their claims. According to Yackel and Cobb (1996) the teacher plays a
significant role for bringing in and establishing such norms, by repre-
senting the mathematical community.

Krummbheuer (1995) regards argumentation as the practical business
of producing an argument and an argument as the product of argumenta-
tion. The purpose of an argument is to convince others that their claim or
statement is true, or to make a claim accountable for others
(Krummbheuer, 1995; Toulmin, 2003). Toulmin (2003) developed a
model which aims to illuminate how statements are organised for the
purpose of constituting an argument. In Toulmin’s model the core of an
argument is based on three elements: claim (C), data (D) and warrant
(W). The claim is an initial statement or assertion about something, for
example, ‘birds can fly’. If the claim is questioned, the arguer has to pro-
duce data that supports the claim for example, ‘birds got wings’. Data
are facts or statements on which the claim can be grounded. If the claim
Is still questioned, the arguer has to produce a warrant which points to
the relation between the data and the claim. A warrant is a justification
of the data with regard to the claim and aims to tie the argument to-
gether. For example, ‘because wings are what birds use o fIy’. In addi-
tion, Toulmin’s (2003) model contains three other elements, backing (B),
qualifier (Q) and rebuttal (R). A backing is a statement that supports the
warrant. It is like a special case of data that is provided as evidence for
the warrant. The purpose of a backing is to answer, “why in general this
warrant should be accepted as having authority” (Toulmin, 2003, p. 95).
For example, in relation to the claim above it could be ‘7 know an orni-
thologist, and he says that birds use their wings to fly’. A backing con-
nects the core of an argument (C-D-W) to collectively accepted assump-
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tions. A qualifier says something about the extent to which the data con-
firm the claim. Words like ‘probably’, ‘presumably’ etc. are often used
as qualifiers. Rebuttals refer to exceptions or conditions under which the
claim is true and are often used subsequent to a qualifier. For example,
‘birds can fly unless they are chickens .

The above literature provides various forms of conversation or char-
acteristics of discourse. What most conversations have in common, if
there are two or more people involved, is that they are built up of turn-
taking. Sacks, Schegloff, and Jefferson (1978) describe two ways in
which turn-taking in a conversation can be organised: 1) a current
speaker may select the next speaker, or 2) a non-speaker may self-select
in starting to talk. In self-selected turn-taking the potential next speaker
must find a ‘transitional-relevance place’ where it is relevant with a tran-
sition in the conversation. It is clausal, phrasal and/or lexical principles
which create conversational units, that determine such transitional-rele-
vance places and indicate for the next speaker when it is relevant to con-
struct a turn. If the current speaker selects the next speaker, there are
many tacit or explicit ways of doing that. Lerner (2003) discusses a
range of explicit and tacit methods for addressing the next speaker. The
current speaker may select next speaker using address terms like ‘you’ or
the next speakers name, or the current speaker may direct his or her gaze
towards another participant while speaking. Lerner emphasises that these
explicit methods for addressing next speaker are often used in concert
with each other. For example, an address term may be used in concert
with gaze and/or gestures. Tacit methods for addressing the next speaker,
on the other hand, make evident who is being addressed without using
explicit address terms or other explicit means. Tacit ways of addressing
next speaker draws upon specific features of the current context or con-
tent in the conversation. For example, if the content in a conversation re-
lates to a specific person in the group, he or she may be the only one who
can contribute at a certain point. Lerner emphasises that both explicit and
tacit ways of addressing next speaker are context sensitive, however,
tacit addressing cannot be considered without it. Similarly, Mondada
(2007) emphasises the situatedness of turn-taking. In her case study she
investigates how participants in a conversation gradually establish them-
selves as next speakers through specific use of gestures. The participants
are sitting round a table with diverse artefacts (maps, documents etc.) in
the middle. And all the participants are engaged in reading, writing and
considering those artefacts. The context promotes the participants to use
pointing gestures to establish him-/herself as the next speaker while the
current speaker is still talking. The turn-taking is primarily organised as
a side-by-side exchange (as opposed to face-to-face exchange), where

50 Processes of mathematical inquiry in kindergarten



the participants are not looking at each other (having eye contact), rather
looking at the artefacts and their joint actions.

To summarise, this section has provided a review of literature which
considers some of the key elements identified in the dialogic approach to
inquiry, for example, children’s possibilities to ask questions, explain
and argue for their ideas. In addition, this section has considered chal-
lenges that may arise in teacher-led activities and how careful question
strategies may facilitate children’s opportunities to contribute in mathe-
matical activities. Argumentation is another important element in dia-
logic inquiry, and this section has described diverse ways in which argu-
mentation may be categorised and analysed. Furthermore, this section
has provided a brief overview over different ways in which turn-taking
may be organised in conversation, which served as an important analyti-
cal tool in one of the papers accompanying this thesis.
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4 A cultural-historical perspective on re-
searching early mathematics teaching
and learning

To study teaching and learning of mathematics, or more precisely, pro-
cesses of mathematical inquiry in kindergarten, | adopt a cultural-histori-
cal perspective on learning and development. Drawing on the cultural-
historical ideas of Lev Vygotsky, A. N. Leont’ev and especially ideas by
the contemporary mathematics educator Luis Radford, | embrace the
idea of the social origin of the development of the human mind, which
always takes place within a specific culture in a specific time of history.

This chapter elaborates on the theoretical and philosophical founda-
tion of my research. The chapter consists of two sections. Section 4.1
elaborates on the rational for using a cultural-historical approach as the
theoretical foundation of the study. In Section 4.2 the cultural-historical
approach and Radford’s (2013b) theory of knowledge objectification
will be elaborated.

4.1 Rational for using a cultural-historical perspective
to investigate mathematical inquiry processes in Kin-

dergarten

The ‘choice’ of using a cultural-historical approach was not really a
choice (in a pragmatic sense). The ‘choice’ of theory had to fit my own
understanding of the world (ontology). For me it was important to under-
stand the processes of learning in relation to evolutionary issues. | had to
see the link between the development of human consciousness and the
consciousness of other species. Reading Vygotsky, Leont’ev and espe-
cially Radford | immediately felt that it resonated with my conception of
the world. However, | have to admit that it was extremely hard reading
in the beginning and | am still trying to grasp the whole sense of the per-
spective. In the process of making sense of the cultural-historical ap-
proach, I slowly understood that cultural-historical activity theory is not
just a ‘theory’. In my view it is a science, with a coherent argumentation
about the development of human consciousness, which can be seen in re-
lation to other sciences (neuroscience, evolutionary theories etc.). How-
ever, as any other theory of science, it cannot be proven, but its veracity
is reinforced each time it is tested.

When Deacon (1998) discusses ‘the co-evolution of language and
brain’ he argues that the difficulty of understanding the origin of the lan-
guage development and the co-evolution of brain and language is the
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way we conceive ourselves. “I think the difficulty of the language ori-
gins question is not to be blamed on what we don’t know, but rather on
what we think we already know” (ibid., p. 25). | agree with this state-
ment, and | think that the way we are ‘raised’ to think about ourselves
stands in the way of making sense of our own existence and develop-
ment. I think we are ‘raised’ (at least I was) to think of our own con-
sciousness as something we are born with, a kind of inside ‘light’ that we
have. In a cultural-historical approach our consciousness is formed by
our sensuous relation to the world. Consciousness is not a ‘light’ that we
originally have and that we need in order to perceive the world. It is our
sensuously perceptual ‘picture’ of the world deeply connected to the
ways that we do things in the world.

A lot of the research on children’s development of mathematical
knowledge stems from research within educational psychology that has
been influenced by the positivist tradition of medicine and natural sci-
ences. In this tradition the researchers often use tests to investigate chil-
dren’s ‘cognition’, and where they try to understand ‘what is in the
heads’ of the children (Hedegaard & Fleer, 2008). As | mentioned in
Sub-section 2.5.3, a lot of the research on children’s early development
of mathematical thinking used clinical interviews as means to investigate
how children reason about mathematical problems. The focus is again on
what mathematical thinking can be found ‘in children’s heads’. But these
studies fail to see that children’s development is completely intertwined
in their cultural and historical context and fail to capture how the envi-
ronmental context influences children’s mathematical thinking pro-
cesses. Using a cultural-historical approach helps me to capture (in ways
| shall elucidate on in Chapter 6) environmental influences on children’s
mathematical thinking and thus to get a more complete picture of chil-
dren’s mathematical learning and development.

In kindergarten children are constantly interacting with their peers
and their KTs in free play activities and in more organised activities, for
example during mealtimes. Through these activities, kindergarten chil-
dren become familiarised with cultural and historical ways of thinking,
among them ways of thinking mathematically. For example, during
mealtime children learn to lay the table with as many plates as there are
children in the kindergarten. Or they learn what it means to be first in
line, or last in line when they are waiting for their turn to use the swing.
In the last year of kindergarten, however, the familiarisation with cul-
tural ways of thinking often takes a more structured form, where the KTs
prepare activities with a certain aim. This is also the case in the AP,
where the KTs are supposed to introduce children to mathematical ideas
through pre-designed activities aimed to prepare children for school. But
what happens when children are introduced to mathematical ways of

54 Processes of mathematical inquiry in kindergarten



thinking through more structured activities than in an everyday situation
in kindergarten? As mentioned above the cultural-historical approach is
especially useful when the aim is to capture contextual features that in-
fluence children’s thinking and learning. Radford’s (2013b) semiotic ap-
proach and theory of knowledge objectification is particularly useful for
making sense of children’s mathematical reasoning as a process linked
with the cultural and historical context that they live in. The cultural-his-
torical perspective helps me to understand processes of mathematical in-
quiry in its own habitat (Radford, 2010a). Moreover, the cultural-histori-
cal approach helps me to see these processes from a historical point of
view, and especially understand how tensions may occur when different
traditions meet.

In the next section | elaborate on key ideas and some essential con-
structs in the cultural-historical perspective and Radford’s (2013b) the-
ory of knowledge objectification, beginning with a brief introduction of
its founders.

4.2 A cultural-historical perspective and theory of

knowledge objectification
Vygotsky’s cultural-historical school of thought has its origin in Karl
Marx and Friedrich Engels’s dialectic materialism, a philosophy of sci-
ence and nature, that is a way of understanding reality. In dialectic mate-
rialism ‘human nature’ (both consciousness and behaviour) is conceived
as a product of historical changes in society and material life (Cole &
Scribner, 1978).

Dialectic materialism had a real influence on psychology at the be-
ginning of 1920s, when Vygotsky developed an historical approach to
psychology as a science. His approach is a science of consciousness
where ‘higher’ form of reflection of reality (specific for humans) has de-
veloped from ‘lower’ forms (specific for other species)®, and where hu-
man activity (practice/labour) and its structures and dynamics has a cen-
tral role, (Leont'ev, 1978). In Vygotsky’s cultural-historical perspective
humans develop their understanding of the world (including mathemati-
cal objects) through participation in social activities. Vygotsky’s empha-
sis on the social origin of mind is evident in the general genetic law’

which is formulated as follows
Any function in the child's cultural development appears twice, or on two planes.
First it appears on the social plane, and then on the psychological plane. First it
appears between people as an interpsychological category, and then within the

® Today we know a lot more about animal intelligence than what they did in the beginning of
the 20" century.
" For a thorough analysis of Vygotsky’s general genetic law see Veresov (2005).
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child as an intrapsychological category. This is equally true with regard to volun-
tary attention, logical memory, the formation of concepts, and the development
of volition (Vygotsky, 1981, p. 163).

These mental functions are mediated through social activity and the use
of signs (semiotic means) where language is central. Summarising

Vygotsky’s core ideas, Leont’ev (1981) says
higher psychological processes unique to humans can be acquired only through
interaction with others, that is, through interpsychological processes that only
later will begin to be carried out independently by the individual. When this hap-
pens, some of these processes lose their initial, external form and are converted
into intrapsychological processes (p.56).

Leont’ev, who is recognised as (one of) the founder(s) of activity theory
was a colleague of Vygotsky and developed cultural-historical ideas of
psychology further. To study human activity as a scientific method for
studying the development of human psyche/cognition was already pro-
posed by Vygotsky. Leont’ev’s contribution was to identify the object-
orientedness of activity. In Leont’ev’s activity theory, activity is con-
ceived as a process, or a system of actions and relations, and which com-

prise both inner (cognitive) and outer (material) processes.
Activity is a molar, not an additive unit of the life of the physical, material sub-
ject. In a narrower sense, that is, at the psychological level, it is a unit of life, me-
diated by psychic reflection, the real function of which is that it orients the sub-
ject in the objective world. In other words, activity is not a reaction and not a to-
tality of reactions but a system that has structure, its own internal transitions and
transformations, its own development (Leont’ev, 1978, p. 50).

Human object-oriented activity is always driven by a motive (or a need).
It is the motive that gives rise to the structure of the activity and which
drives the activity forward. According to Leont’ev (1978) it is the object

that is the true motive of the activity.
The main thing that distinguishes one activity from another, however, is the dif-
ference of their objects. It is exactly the object of an activity that gives it a deter-
mined direction. According to the terminology | have proposed, the object of an
activity is its true motive. It is understood that the motive may be either material
or ideal, either present in perception or existing only in the imagination or in
thought. The main thing is that behind activity there should always be a need,
that it should always answer one need or another (Leont’ev, 1978, p. 62).

Leont’ev distinguishes three levels of activity. He distinguishes object-
oriented activity from goal-directed actions and he distinguishes goal-di-
rected actions from operations, which are constrained by certain condi-
tions. Goal-directed actions are what individuals consciously do in the
process of participating in an object-oriented activity. Operations are
generally sub-conscious actions, that is what individuals ‘automatically’
do to accomplishing goal-directed actions. These three levels are mutu-
ally constitutive. Activities are realised through conscious goal-directed
actions, but goals are initiated by the object (motive) of the activity.
Goal-directed actions are realised through sub-conscious operations, but
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operations are initiated by goal-directed actions. Activities may be seen
as chains of goal-directed actions.

Based on the lineage of VVygotsky-Leont’ev-Holzkamp?, Radford de-
veloped the theory of knowledge objectification (Radford, 2013b), which
especially focuses on mathematical activities. Radford represents an ap-
proach to cultural-historical activity theory that diverges from Leont’ev
In the sense that he does not separate activity into the different compo-
nents (actions-goals, operations-conditions) in the same manner as Le-
ont’ev does. Radford conceives activity (cognitive and material) as being
comprised of conscious (and sub-conscious) actions, but he does not sep-
arate goal-directed actions from operations in his analysis. Separating ac-
tivity into goal-directed actions and operations ‘forces’ the conception of
activity into a more static form. Inspired by Engels (1925) who argues
that motion is a mode of existence, Radford, in my view, is more con-
cerned with conceiving activity as an ever-changing whole than with
separating it into parts. In Radford’s theory of knowledge objectification,
activity is conceived as a ‘flux’ or as a dynamic ‘form of life’ (Roth &
Radford, 2011).

In the theory of knowledge objectification, Radford especially fo-
cuses on processes and nuances of mathematical thinking and learning.
Thinking, in Radford’s (2015b) conception, is thought put into motion.
Thought does not exist, materially, it is pure possibility. Thought is the
possibility of thinking, which is put into motion through human activity.
It is through joint practical activity that mathematical thinking is brought
to life, that is being materialised or actualised.

In Radford’s (2013b) theory of knowledge objectification, learning is
theorised as a social process of becoming critically aware of cultural and
historical ways of thinking and doing. Through participating in joint ac-
tivities, which comprises specific ways of doing things, students (and
teachers) encounter and become critically aware of cultural and historical
ideas and perspectives. Knowledge is seen as systems of ideas, perspec-
tives or forms of thinking which in the process of knowledge objectifica-
tion, become materialised in consciousness. Knowledge is real and ex-
ists, but conceptual objects do not exist as Platonic objects. The objects
that Radford is talking about are human-made objects developed through
human history (Radford, 2009), and which are constantly changing (also
right now as we ‘speak’). In the moment of interaction in object-oriented
activities, knowledge is materialised through a complex coordination of
gestures, bodily actions, artefacts, (mathematical) signs and speech,

8 Klaus Holzkamp was a German psychologist and a significant representative for Critical
Psychology in the late 20" century. But since he is not prominent in my work, | will not go
into further details about his work.
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which all are termed semiotic means. In the process of knowledge objec-
tification, “Each semiotic means of objectification puts forward a partic-
ular dimension of meaning (signification); the coordination of all these
dimensions results in a complex composite meaning that is central in the
process of objectification” (Roth and Radford, 2011, p. 78). Put in an-
other way, through a complex coordination of semiotic means, each of
which ‘represents’ a dimension of meaning, objects (‘entities’ of
knowledge) are brought to life or materialised in the process of objectifi-
cation, and which the subjects encounter and become critically aware of.
It is important to notice, however, that the process of objectification does
not happen all of a sudden. Instead there are layers of generality
(Radford, 2010b) which the subjects gradually become aware of. An-
other feature of this gradual process of learning is what Radford (2008c)
calls semiotic contraction. As learning happens the use of semiotic
means contracts, that is, as the participants become more aware of the
object they can focus on important aspects in the situation and ignore ir-
relevant things. They become more fluent and start to use more precise
gestures, shorter statements and often fewer and better articulated words.
In activity theory and Radford’s approach, activity is deeply con-
nected to consciousness. According to Leont’ev (1978) “Consciousness
in its directness is a picture of the world, opening up before the subject,
in which he himself, his actions, and his conditions are included” (p. 75-
76). This conscious ‘picture’ or ‘image’ that Leont’ev speaks about must
be considered as a sensory, perceptual picture. It is through our senses
that we experience the world, and which constitutes our relationship with
the world. But consciousness is not a passive sensuous reflection of the
world. In this process there are two intertwined elements. Reflection is a
dialectic relationship between the objective and the subjective (the re-
flected object), where the objective and the subjective co-evolve in an in-

tertwined process (Radford, 2013a).
On the one hand, mind can only arise from the progressive complexity of pro-
cesses of life; on the other hand, more complex conditions of life require organ-
isms to have the capacity to reflect reality through more complex forms of sensa-

tion (ibid., p. 145).

It is through the process of activity that a sensory image of the world is
formed. Activity as movement is the substance of consciousness or, put
in another way, without activity there is no consciousness (Radford,
2015a).

According to Radford (2008b, 2013b, 2018) learning is not just about
knowing it is also about becoming in the process of subjectification.
Through the process of subjectification children (and KTs) are position-
ing themselves within the unfolding (mathematical) activity, through
which they become their unique selves (Radford, 2013b). In this endless
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process of becoming individuals re-produce themselves as they encoun-
ter the world. Again, it is a dialectic relationship between the subjective
and the objective, where, in the process of learning, “the subject objecti-
fies cultural knowledge and, in so doing, finds itself objectified in a re-
flective move that can be termed subjectification” (Radford, 2008b, p.
225).

The research study reported here focuses on processes of mathemati-
cal inquiry in kindergarten. From a cultural-historical perspective, in-
quiry cannot be a personal construction of mathematical relationships,
nor can it be ‘discovery learning” where the child him- or herself dis-
cover mathematical relations in the environment. In a cultural-historical
perspective knowledge exists as human made, not as platonic objects al-
ready there to be discovered. From a cultural-historical perspective, in-
quiry processes in kindergarten are better conceived as joint activities
between KTs and children where knowledge is re-constructed (from pre-
vious forms) through the participants actions. The child cannot discover
or construct mathematical objects him- or herself, but the child encoun-
ters these objects as they are materialised in joint mathematical activities.
In addition, from a cultural-historical perspective, we cannot assume that
children naturally ask questions and solve problems. They learn cultural
ways of asking questions and how to argue and explain mathematical
ideas in order to solve problems by participating in cultural activities.

In the cultural-historical perspective it is meaningless to speak about
learning and teaching as separated activities. Teaching and learning al-
ways stand in a dialectic relationship with each other. In Vygotsky’s dia-
lectical approach teaching and learning must be conceived as mutually
constitutive moments, where both (all) participants are teachers and
learners of each other. Vygotsky used the notion ‘obuchenie’ when he
talked about a teaching-learning situation and it comprises the mutually
constitutive relationship between teaching and learning (Roth and Rad-
ford, 2011). There is no learning without teaching and there is no teach-
ing without learning. As a basis for such joint teaching-learning activi-
ties, where knowledge objectification takes place, the participants make
a commitment to one another to carry through an event. This commit-
ment, Radford and Roth (2011) call ‘togethering’. “Togethering is a the-
oretical category in our theory of knowledge objectification that aims to
account for the teacher-students embodied-, sign-, and artifact-mediated
interaction that includes both co-knowing and co-being” (p. 244). The
construct considers the way the participants engage and attune to one an-
other, in an ‘ethical’ manner, in joint activities. The participants commit
to one another despite their differences. Without such commitment and
trust the movement of the activity cannot occur, and the object of activity
cannot be realised.
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The next section is devoted to an elaboration of Vygotsky’s (1987)
well-known concept, the zone of proximal development®, which consid-
ers the dialectic relationship between teaching and learning.

4.2.1 The co-creation of the zone of proximal development

The zone of proximal development (ZPD) is one of the most noted con-
cepts that Vygotsky (1987) introduced. The concept has been frequently
cited, interpreted and elaborated in a variety of ways. Veresov (2017)
notes that more than 200 articles on the ZPD were published in 2010-
2016. There is not an extensive corpus of original literature from Vygot-
sky on the concept, at least not available for English readers, and the
concept seems to suffer under poor translations of Vygotsky’s texts
(Verosov, 2017).

Scholars have different opinions about Vygotsky’s original meaning
of the concept, and his ideas behind it. van der Veer and Valsiner (1991)
claim that Vygotsky did not think of his idea as original, rather as a con-
tinuation of contemporary scholars’ suggestion that one should consider
at least two levels of child development, namely, the child’s prevailing
level (what the child is already able to do) and the child’s potential.
Veresov (2017) translates Vygotsky’s definition of the ZPD as follow:
“the distance between the level of his (sic) actual development, as deter-
mined with the help of the tasks the child solves independently, and the
level of possible development, as determined with the tasks the child
solves under the guidance of adults and in cooperation with more intelli-
gent peers” (Vygotskii, 1935, p. 42, in Veresov, 2017, p. 26).

Veresov (2004) emphasises that one should distinguish between the
ZPD as a concept, which is interconnected to other concepts in Vygot-
sky’s writings, and the ZPD as a definition. Vygotsky’s definition
(above) was presented in a lecture in 1933, where Vygotsky discussed
the relationship between instruction (learning) and development, criticis-
ing contemporary psychologists’ ways of measuring children’s intelli-
gence (van der Veer & Valsiner, 1991; Veresov, 2004). Reading Vygot-
sky’s (1987) quote (above) as a definition, indicates that the ZPD is an
attribute of the individual child which can be recognised by others. Wells
(1999), for example, regards the ZPD as belonging to the child, and it is
a task for the ‘more knowledgeable other’ to recognise it and to act ap-
propriately to. Wells refers to what VVygotsky writes in Thinking and
Speaking (1987), where Vygotsky emphasises the role of instruction for
development of higher mental functions. Vygotsky (1987) writes “In-
struction is only useful when it moves ahead of development ... leading

® In this research study, as in many other educational studies, the ZPD is used as a pedagogi-
cal construct. However, did VVygotsky regard the concept as a pedagogical construct, or did
he in fact regard it as a mere psychological construct? This question will be considered in
Sub-section 8.3.4.
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the child to carry out activities that force him to rise above himself” (p.
212-213). Wells argues that it is in the above quote that VVygotsky illu-
minates a significant feature of the ZPD. “The significance of the ZPD is
that it determines the lower and upper bounds of the zone within which
instruction should be pitched” (Wells, 1999, p.314). To consider the def-
inition this literally is problematic, | would argue, because it is extremely
difficult (if not impossible) to determine the boundaries of the two levels
of development. Although Wells conceives the ZPD as personal, he in-
cludes “all aspect[s] of the learner - acting, thinking and feeling” (p.331)
when he talks about learning in the ZPD.

Many scholars emphasise that the ZPD, as a concept, needs to be in-
terpreted and understood in relation to Vygotsky’s overall view on men-
tal development, especially in relation to ‘the general genetic law’
(Veresov, 2004; Wells, 1999; Wertsch, 1984), play and imitation
(Veresov, 2004; Chaiklin, 2003; Holzman, 2010), and the idea of ‘learn-
ing-leading-development’ (Holzman, 2010; Levykh, 2008; Veresov,
2017), among others.

Wertsch (1984) argue that “the zone of proximal development is an
instantiation of Vygotsky’s general genetic law of cultural development”

(p.12), which is defined as follow:
Any function in the child's cultural development appears twice, or on two planes.
First it appears on the social plane, and then on the psychological plane. First it
appears between people as an interpsychological category, and then within the
child as an intrapsychological category. This is equally true with regard to volun-
tary attention, logical memory, the formation of concepts, and the development
of volition (Vygotsky, 1981, p. 163).

Veresov (2004) emphasises that it is important to recognise that VVygot-
sky never regarded the child’s mental functions to appear in social rela-
tion, but as social relation, and he quotes Vygotsky: “every higher men-
tal function, before becoming internal mental function, previously was a
social relation between two people. ... All mental functions are internal-
ized social relations” (Vygotsky, 1983, p.145 -146, in Veresov, 2004, p.
5).

According to Veresov (2017) the concept of ZPD is a concretisation
of the general genetic law applied on issues related to the relationship
between learning and development. VVygotsky, (1987) highlighted that
instruction (teaching-learning) and development are two different pro-

cesses. He proposed that a fundamental feature of instruction is that:
Instruction is only useful when it moves ahead of development. When it does, it
impels or wakens a whole series of functions that are in a stage of maturation ly-
ing in the zone of proximal development (ibid., p. 212, emphasis in original).

So, to this way of conceiving the ZPD, the ZPD comprises maturing
functions that initially lay in the social as social relations, which, through
the developmental process, become individual. The dialectic relationship

Processes of mathematical inquiry in kindergarten 61



between learning and teaching gives rise to the ZPD and consequently to
the child’s internal development. The learning-teaching activity is thus
the source of development because it creates the ZPD. Learning is not
the outcome, it is the point of departure for development.

The conceptualisation of the ZPD has changed from looking at the
ZPD as a property or an attribute of an individual, toward a view that the
ZPD as a collective process (Holzman, 2010; John-Steiner, 2000;
Levykh, 2008), or a collective ‘space’ (Abtahi, Graven, & Lerman, 2017;
Hussain, Monaghan, & Threlfall, 2013; Mercer, 2000; Roth & Radford,
2011). Although several scholars regard the ZPD as being collective,
they have different approaches to what it means to be collective. Mercer
(2000) considers the ZPD as being part of real-life activity where both
participants (the teacher and the student) contribute in creating the ZPD.
However, he still focuses on the asymmetrical relationship between the
participants, one being the teacher (more knowledgeable) and one being
the learner (less knowledgeable). Goos, Galbraith, and Renshaw (2002)
on the other hand, argue that the ZPD always has a two-way character,
because the teacher and the students always appropriate each other’s
ideas. They want to eradicate the expert-novice distinction and move to-
ward equal status interaction, where the participants coordinate their ac-
tions in order to achieve progress. Similarly, Zack and Graves (2002)
emphasise that both the teacher and the children are learning in problem-
solving situations, and they argue for a conception of the ZPD as an in-
tellectual space where the children’s and the teacher’s knowledge and
identities are formed and transformed in moment to moment interaction.
Zuckerman (2007) argues that ZPDs are created as establishments of in-
teractions in a specific time and place, where different minds ‘meet’, and
create new formations of interactions. ‘Meeting’ of different minds is a
moment of understanding or harmonisation but also a moment of trans-
formation. This ‘meeting’ of two minds (consciousnesses) is possible
whenever their interaction is coordinated and in process of harmonisa-
tion with each other. Recently some scholars have extended the notion of
the ‘more knowledgeable other’ to include artefacts. Abtahi et al. (2017)
suggest that the ZPD should be considered as multi-directional, instead
of a bi-directional, where the role of the more knowledgeable other shifts
between the child, the artefact (the properties of the artefact), and the
adult.

Roth and Radford (2011) regard the ZPD as a symmetrical space
where the teacher and the students are teachers and learners of each
other. They draw on Bakhtine [Volochinov], (1977) who argues that in a
conversation every word has two sides, the speaker’s and the listener’s
sides, which lay the ground for regarding the ZPD as a symmetrical
space. Roth and Radford (2011) illustrate how a ZPD emerges from the
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sympractical activity arising between a teacher and a student in a Cana-
dian 4th grade, working on an algebra task. They highlight that both par-
ticipants learn in the activity: one learning mathematics and the other
learning pedagogy. In Roth and Radford’s (2011) view, the ZPD is not a
mental zone (like a hypothetical learning potential in the mind), it is in
the social relation between the child and the KT. In Roth and Radford’s
view the participants, through their sympractical activity, create a space
where they mutually work to expand each other’s action possibilities in
order to move the activity forward. When a participant’s actions expand
the other participant’s action possibilities, that ‘(inter)action space’ is
called the zone of proximal development. The space does not exist in ad-

vance. The participants need to produce the space during activity:
The space is actually something that arises in and from their societal relation and
cannot be conceived apart from it. They have to develop this space together with-
out knowing beforehand what it might look like and how to create it. ... Because
neither one knows what actions will make this developmental zone, it can only
emerge without that this emergence could be anticipated. This means that the
participants come to realise consciously the possibilities that lie in their actions a
posteriori (Roth and Radford, 2011, p. 71).

The ZPD emerges when the KT interacts with the child and the child in-
teracts with the KT. Both are responsible for the emergence of the ZPD,
thus both needs to engage in the sympractical activity. The ZPD emerges
from the joint labour of expanding each other’s actions possibilities but,
as Roth and Radford (2011) say, the participants can only be aware of
the potentiality that lays in their actions in retrospect.

Following Vygotsky (1987) and Veresov (2017), this research study
conceives the ZPD in terms of social relations that emerge from the par-
ticipants’ joint activity. Roth and Radford’s (2011) approach is used to
investigate the emergence of the zone. Paper 3, in this research study in-
vestigates how a KT and a child co-create the ZPD by expanding each
other’s action possibilities and focuses especially on the role of the child
In the co-creation. Paper 3 is presented in Section 7.3.
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5 The Agder project on supporting school
readiness: the case of early mathematics
teaching and learning

The present study is situated within a research and development project
called the Agder Project!® (AP), which was briefly introduced in Chapter
1. The overall aim of the AP is to develop an intervention programme
that prepare Norwegian 5-year-olds for school and to investigate the ef-
fects of the programme. The school readiness intervention programme
focuses on four sets of competences: social-emotional, self-regulation,
language, and mathematics. Research provides evidence that these four
sets of competences are important for long-term success in school, edu-
cation and professional life, (Duncan et al., 2007; Entwisle et al., 2005).
Children from disadvantaged or low socioeconomic backgrounds seem
to be at risk of falling behind in these important skills already at an early
age, (Sektnan, McClelland, Acock, & Morrison, 2010; Wanless,
McClelland, Tominey, & Acock, 2011). As mentioned in Section 2.5, re-
search has found that some of the positive effects of high-quality early
childhood education may fade in primary school if the transition between
kindergarten and school is not well prepared (Lillejord et al., 2017;
OECD, 2017; Peters, 2010). And this often affects children from disad-
vantaged backgrounds the most (OECD, 2017). Therefore, high quality
early childhood education and well-prepared transition activities between
kindergarten and school are important aspects for how children will
manage school, integrate in the society and make a successful transition
into the labour market (Lillejord et al., 2017; OECD, 2017). The AP
wants to investigate whether the school readiness intervention pro-
gramme contributes to decrease the gap between children of advantaged
and disadvantaged families. In addition, the AP aims to investigate
whether positive effects, if found, will last through children’s lives.

This chapter comprises two sections. Section 5.1 presents the re-
search design of the AP including a timeline which illustrates both the
development and the research process. In Section 5.2 the pedagogical
principles and the four competence areas in which the intervention pro-
gramme builds upon are presented.

10 The Agder project is funded by the Research Council of Norway (NFR no. 237973), The
Sgrlandet Knowledge Foundation, The Development and Competence Fund of Aust Agder,
Vest Agder County, Aust Agder County, University of Agder and University of Stavanger.
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5.1 The Agder Project: research design

As mentioned above, the AP aims to develop and investigate the effects
of an intensive school readiness intervention programme for 5-year-old
children in Norwegian Kindergartens. The AP uses a randomized con-
trolled trial design (RCT) with 701 five-year-old children in 71 Kinder-
gartens in the Agder counties in Southern Norway. The research design
of the AP comprises four phases: preparation, professional development,
intervention, and a research and documentation phase. Figure 5.1 gives
an outline of the research design.

In the academic year 2014/2015 preparations were made for the im-
plementation by reviewing literature on early childhood education, plan-
ning the professional development course and drafting the content of the
Intervention programme. In addition, kindergartens in the Agder coun-
ties in Norway were invited to participate, and 71 voluntary kindergar-
tens were randomised in a control and a focus group. The intervention
programme was inspired by similar intervention programmes in the US
and designed by a multi-disciplinary team of researchers, including my-
self, who each had expertise in one of the competence areas. How the in-
tervention programme was inspired by similar programmes in the US
and how it was designed (including pedagogical principles and content)
will be elaborated in Section 5.2.
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Figure 5.1: Research design of the AP, timeline
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In the academic year 2015/2016 the KTs in the focus group participated
in a 15 credit points professional development course, which served as
preparation for the implementation of the intervention programme. The
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professional development course was organised as four two-day gather-
Ings. Each two-day gathering was organised as a combination of lectur-
ers and workshops where relevant literature was presented, and the pre-
designed activities within the four sets of competence areas were pre-
sented, discussed and improved. The lecturers were practice-oriented and
focused on key elements drawn from the research literature on which the
intervention programme built. The lecturers emphasised the importance
of systematic early childhood education and the importance of school
preparation activities. The lecturers also focused on the importance of
child-adult relationship as well as key characteristics of playful learning
and inquiry as pedagogical approaches in early childhood. Moreover, in
the lecturers, key theoretical constructs and ideas from the literature on
self-regulation, social-emotional competences, language and mathemat-
ics were presented.

In the workshops the pre-designed activities were distributed between
the KTs where the KTs were asked to pilot the activities with their cur-
rent groups of 5-year-olds between the gatherings. Since this was the
year before the implementation, the children were not part of the focus
group in the AP. Moreover, the KTs were asked to provide written re-
ports of their implementation where they reflected on their experiences
with implementing the activities that they piloted. The KTs sent the re-
flection notes to us researchers before the next two-day gathering. In the
subsequent workshop the KTs were organised in groups and asked to
share and discuss their experiences with implementing the activities and
how the activities aligned with their understanding of the literature pre-
sented in the lecturers. In addition, the KTs provided suggestions for re-
vision of the activities. They also suggested alternative activities which
were integrated into the intervention programme. The programme of one
of the two-day gatherings is provided as an example in Appendix 1.

The developmental part of the project had parallels to design research
(Cobb, Confrey, DiSessa, Lehrer, & Schauble, 2003), because the activi-
ties were developed through iterative cycles during the project. The first
draft of some of the activities was piloted during the preparation phase in
2014/2015, in a voluntary kindergarten in the Agder-region which was
not participating in the AP. Later the activities were piloted during the
professional development course in 2015/2016, as elaborated above. Fig-
ure 5.2 gives an outline of the cyclic organisation of lecturers, workshops
and piloting of activities, which resulted in a continuous revision of the
activities.

The refined activities within the four sets of competence areas and
outline of the theoretical foundation of the AP were comprised in a book
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called ‘Lekbasert leering ! (Starksen et al., 2018). The book was written
by the researchers in the AP which had developed the content of the in-
tervention programme. The front page of the book is presented in Ap-
pendix 2.

Lecturer / workshop 1, Lecturer / workshop 2, Lecturer / workshop 3, Lecturer / workshop 4,
Sept. 2015 Nov. 2015 Jan. 2016 ‘ March. 2016 :
| ‘
L"}

Figure 5.2: An outline of the cyclic organisation of lecturers, workshops and piloting of ac-
tivities, 2015/2016.

In the academic year 2016/2017, the intervention was carried out in the
36 kindergartens in the focus group. The 35 kindergartens in the control
group continued as usual. A pre-test (T1) was conducted before the im-
plementation (08.2016) in all 71 kindergartens and similar a post-test
(T2) was conducted after the implementation (06.2017) in all kindergar-
tens. A follow-up-test (T3) was conducted in the spring 2018 when the
children were at the end of their first grade. All three tests used the same
established assessments, which were validated in the Norwegian context.
Each test took approximately 40 minutes for each child and were con-
ducted by trained and certified testers who were blind to treatment status.
The tests assessed mathematics, language, working memory and inhibi-
tory control. Inhibitory control and working memory are important com-
ponents of executive functioning (which is also referred to as self-regula-
tion). Social-emotional competences were not assessed due to lack of
validated tests in the Norwegian context. In addition, registry data from
Statistics Norway was collected, including the following variables: the
child’s gender, birth month, mother’s and father’s education, mother’s
and father’s earnings and the child’s immigrant status.

During the intervention year the KTs were invited to two two-day
gatherings (September 2016 and March 2017), where they reflected on
their experiences with implementing the intervention programme, and
where they got feedback from us researchers for how to address possible
issues or concerns. In addition, all KTs had scheduled phone meetings
with one of the researchers each semester during the intervention. The
scheduled phone meetings were conducted as semi-structured interviews

11 “Lekbasert lering’ is the Norwegian translation of playful learning.
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which focused on the KT’s experiences with implementing the interven-
tion programme, how the centre administration supported them in the
Implementation and whether they succeeded in adopting a playful and
inquiry-based approach to the learning activities.

The documentation and research phase is ongoing, and the results
from the main study, on possible effects of the programme has not yet
been published. However, from an initial examination of the data from
the T1 test, the data shows an interesting interrelationship between chil-
dren’s performances (test scores) and their mothers’ education. Figure
5.3 illustrates children’s test scores on the T1 test, where the oldest chil-
dren were 5,5 years old and the youngest children were 4,5 years old.
The red line represents the children having mothers with higher educa-
tion (university), and the blue dotted line represents the children having
mothers with lower education (completed upper secondary school or
less). Figure 5.3 illustrates that the oldest children, having mothers with
lower education, are performing similar to six months younger children,
having mothers with higher education. This shows that children’s perfor-
mances depend on their mothers’ education, and in this case, it made a 6
months difference. It is important to notice that Figure 5.3 does not illus-
trate the variation within the two groups and how it develops over time.

Test score

1 2 3 4 5 & 7 8 9 10 11 12

4,5 years old 5,5 years old
Figure 5.3: An illustration of the interrelationship between children’s test scores on the T1

test and their mothers’ education. The y-axis represents test scores, where 0 is the average,
and 1 is standard deviation. The x-axis represents the increase of age in months.
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Moreover, there has been published a study using data from the AP
which focuses on differences in kindergarten quality and its effect on
children’s school readiness (Rege, Solli, Stgrksen, & Votruba, 2018).
The study uses data from the T1 test among 627 five-year-olds in 67 dif-
ferent kindergartens participating in the AP. By controlling for children’s
family background (for example their mothers’ education), the study
shows that there is significant variation in school readiness across kin-
dergartens in the project. Since the study controls for family background,
the study claims that the differences can be explained by kindergarten
quality.

5.2 Pedagogical principles and content in the Agder

Project
The pedagogical principles used to design the intervention programme
are based literature on important aspects for young children’s academic
as well as social-emotional development and for school readiness (which
was elaborated in Section 2.4). The fundamental pedagogical principles
are based on literature on teacher-child relationships (Pianta, 1999) and
playful learning (Hirsh-Pasek et al., 2009). In addition, the mathematical
activities are based on inquiry as an additional pedagogical principle
(Jaworski, 2005; Wells, 1999). The pedagogical approach in the AP is il-
lustrated in Figure 5.4 below.

Trygge varme relasjoner

Lekbasert kering

Figure 5.4: An illustration of the pedagogical model in the AP (Starksen et al., 2018). The
outermost circle represents teacher-child relationships which is the fundamental pedagogical
principle in the AP. The next circle represents playful learning. The four circles in the middle
represent the four competence areas in the AP: social-emotional, self-regulation, language,
and mathematics.
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The principles of playful learning and inquiry, as were elaborated in Sec-
tion 2.3 and in Chapter 3, respectively, appear in the activities through
suggesting practical organisation, materials, questions etc. Concrete ma-
terials (building blocks, toys etc.) that the children are familiar with are
often used as a point of departure in the activities and which aim to be a
source of play and inquiry. In the activities there are examples of ques-
tions that might be posed by the teacher and ways to orchestrate the ac-
tivities which aim to guide the children into playful and investigative sit-
uations. However, it is heavily emphasised that these suggestions are not
meant to be followed to the letter. The KTs are encouraged to implement
the activities in a sensitive manner focusing on children’s engagement
and children’s own initiatives to inquire into mathematical problems.
Breive et al. (2018) propose that there is an interrelationship between
playful learning and inquiry, where both concepts highlight the balance
between freedom and structure. Figure 5.5, below, illustrates this rela-
tionship. Whenever there is free play, there are potentially high degree of
inquiry, however not necessarily related to mathematics. If the KT in-
volves him-/herself in the play and guides the children into mathematical
problems, the potentiality for inquiry into mathematics increases. On the
other hand, if the guided play turns into direct instruction, the degree of
inquiry also decreases and at some point, there is no inquiry left.

Free play Guided play Direct instruction

S
-
- -

= b
= -

High degree of Inquiry related Low degree of

inguiry to mathematics inquiry

Figure 5.5: An illustration of the interrelationship between playful learning and inquiry
found in (Breive et al. 2018).

As mentioned above, the intervention programme was inspired by simi-
lar intervention programmes and preschool curriculums in the US such
as | Can Problem Solve (Shure, 2000), Interactive Book Reading (Mol,
Bus, & de Jong, 2009), Building Blocks (Sarama & Clements, 2009),
California Preschool Curriculum Framework (Californian Department of
Educaton, 2010), Tools of the Mind (Bodrova & Leong, 2007), and Red
Light, Purple Light (McClelland & Tominey, 2015). In addition, the in-
tervention programmes had to fit the Norwegian kindergarten tradition
and the Norwegian Framework Plan, and therefore, playful learning and
inquiry as pedagogical principles were found suitable.

Processes of mathematical inquiry in kindergarten 71



Inspired by the above-mentioned intervention programmes and peda-
gogical principles, about 130 activities within the four competence areas
were drafted. The text in each activity was organised by intention, prepa-
ration, materials needed and implementation. An example of one of the
mathematical activities is provided in Appendix 3. The aim of the activi-
ties was to promote the KTs to implement the activities thoughtfully and
intentionally, and to implement a more structured practice than what is
common in Norwegian kindergartens. However, the activities were de-
signed as suggestions, not as strict manuscripts which the KTs had to fol-
low to the letter. The KTs were encouraged to make the activities ‘their
own’ and fit the activities to their kindergarten practice. In addition, the
KTs were encouraged to use the activities in a flexible manner to meet
the needs of each child. These ideas were later explicitly communicated
In the introduction to the activities when the intervention programme
was comprised in a book called ‘Lekbasert leering’ (Sterksen et al.,
2018), as mentioned in Section 5.1. In addition to the 130 playful learn-
Ing activities, the book contains an introduction to the theoretical founda-
tion on which the intervention programme builds. In particular, it con-
tains theoretical considerations on the four competence areas: social-
emotional, self-regulation, language and mathematics. Furthermore, the
book considers the importance of a positive and stimulating adult-child
relationship and gives an introduction to playful learning and inquiry as
pedagogical approaches. Moreover, the book contains suggestions for
how to plan each day, each week, and each month, and it contains se-
mester plans for the autumn and the spring. The semester plans suggest
relevant activities during the academic year. During the implementation
of the intervention the KTs were required to use at least eight hours per
week divided on the four competence areas (40minutes on mathematics
40 minutes on language, 20 minutes on self-regulation and 20 minutes
on social-emotional skills each day, four days a week). An example of
the semester plan and monthly structure is provided in Appendix 4, and a
suggestion for how to prepare one day is provided in Appendix 5.

As mentioned earlier, mathematics is one out of four competence ar-
eas in the AP. The activities in the AP aims at helping the KTs imple-
ment the national curriculum, and to prepare children for school. Thus,
the mathematical content in the activities are based on both the Frame-
work Plan which is the national curriculum for kindergartens, (Ministry
of Education and Research, 2006)*?, and the national school-curriculum
for grades 1-2 (Ministry of Education and Research, 2013). The Frame-
work Plan emphasises three main areas of mathematics: numbers, spaces

12 A new Framework Plan for contents and tasks in Norwegian kindergartens was developed
in 2017, but during the developmental phase of the AP it was the Framework Plan from 2006
that was the prevailing plan.
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and shapes. The school-curriculum for grades 1-2 emphasises numbers,
geometry, measuring and statistics as the main content areas. In addition,
the mathematical content in the activities is also inspired by the Building
Blocks material Sarama and Clements (2009), which consist of a com-
prehensive collection of mathematical activities sorted in three main ar-
eas of mathematics: number and quantitative thinking, geometry and
spatial thinking, and geometric measurement. Based on the above-men-
tioned literature the mathematical activities in the AP focused on four ar-
eas: numbers, geometry, measuring and statistics. Numbers was essential
in all three sources of inspiration. Geometry comprises both spaces and
shapes in the Framework Plan, and spatial thinking and elements from
geometrical measurement in the Building Blocks. Measuring is not ex-
plicitly mentioned in the Framework Plan but emphasised in the school-
curriculum for grades 1-2 and can be identified as geometrical measure-
ment in the Building Blocks. Statistics was only mentioned in the
school-curriculum for grades 1-2. However, we regard statistics in early
years as ‘meaningful counting” where the children collect information
from their surroundings, and later sort and compare the information. For
example, children may collect different toys in the kindergarten, sort
them in categories, count how many toys are in each category and com-
pare the information to make some conclusions. Thus, we found statis-
tics as suitable for the content in the activities in the AP. The Building
Blocks programme builds on hypothetical learning trajectories within the
above-mentioned content areas, which became too structured for the
Norwegian kindergarten context. Therefore, we used some of the mathe-
matical problems, and not the structure of the Building Blocks pro-
gramme, as inspiration for the mathematical activities in the AP.

Within numbers, the activities focused on counting, identifying nu-
merocities, addition and subtraction. Moreover, the activities could be
extended to involve beginning multiplication and division. Within geom-
etry, the activities focused on identifying 2-dimentional and 3-dimen-
tional shapes and the relationships between them. Geometry also in-
cluded activities that focused on geometrical patterns or symmetries.
Within measuring, the activities focused on comparing lengths, areas and
volumes by direct and indirect comparisons. As mentioned above, statis-
tics was described in the intervention programme as a ‘meaningful way
of counting’. The activities focused on various ways of collecting and
sorting data, representing the data in diagrams or columns (for example
as towers of building blocks), and then comparing the information in-
volving counting, identifying numericities, addition and subtraction. The
activities also involved combinatorial problems, for example how many
unique ways can you dress a doll with two different sweaters and two
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different skirts. The children were allowed and prompted to use carton
dolls, and paper sweaters and skirts to solve the problem.

Since this research study considers children’s mathematical reason-
Ing processes, | do not go into details about the activities in the three
other competence areas, rather just briefly explain what they include.
First, language involved activities that mainly focused on principles of
interactive book reading (Mol et al., 2009), and related activities such as
pre-reading with children to create engagement for the book, identifying
focus words in the book during reading and retelling the story after the
reading session. Moreover, it included book related activities such as
drawing and drama. The activities also involved rhymes and identifying
letters and words.

Self-regulation relies on underlying executive function processes
such as attentional or cognitive flexibility, working memory, and inhibi-
tory control (Blair, 2002). Thus, this area involved activities that focused
on children’s ability to use attentional flexibility, working memory, and
inhibitory control. For example, in the activity called ‘ready, steady, go’
the children stand on a line and are supposed to run if the KT says
“ready, steady, go!”. But if the KT says “ready, steady, gorilla!” the chil-
dren are supposed to inhibit their impulse to run and stay put.

In the AP, social-emotional competences include self-control, asser-
tiveness, responsibility, collaboration and empathy, and the activities re-
lated to social-emotional competences focused on these “skills’. For ex-
ample, in an activity called ‘the gingerbread man’ children are encour-
aged to express their emotions by colouring a gingerbread man outlined
on a paper. The children are then encouraged to talk about their drawing
and consequently their emotions.
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6 Methodology: accessing and analysing
processes of inquiry in kindergarten
mathematics

The purpose of this chapter is to present methodological approaches de-
veloped for investigating processes of mathematical inquiry in kinder-
garten. The aim is to comply with Burton’s (2002) quest for transparency
and clarity of choices made when planning and carrying out an empirical
research, and to give reasons for those choices. Wellington (2000) de-
fines methodology as “the activity or business of choosing, reflecting
upon, evaluating and justifying the methods you use”, (p.22). The aim is
therefore to elaborate on the strategy and design of my research, includ-
ing the methods used for data collection and data analysis. In other
words, my aim is to discuss how I planned and conducted my study and
why | think this was an appropriate way to do it.

In what follows, an elaboration on the research paradigm and re-
search strategy is provided in Section 6.1. The section is followed by an
outline of the research design in Section 6.2, and an outline of the pilot
study in Section 6.3. Section 6.4 gives brief background information of
the five KTs participating in the research study. Section 6.5 and 6.6 is
devoted to an elaboration on the data collection and the data analysis
conducted in this research study, respectively. The chapter ends with
considerations about trustworthiness in Section 6.7 and ethical consider-
ations in Section 6.8.

6.1 Research paradigm and research strategy

The research study reported here, which aims to capture dynamics of
teaching and learning mathematics and processes of mathematical in-
quiry in kindergarten, is conducted within a cultural-historical paradigm.
A paradigm is a set of ideas, or a world view which consists of three in-
terrelated elements: ontology, epistemology and methodology (Denzin &
Lincoln, 2013; Lincoln & Guba, 1985). Entangled in these three terms
are the researcher’s ideas and beliefs about reality and how reality can be
known (Denzin & Lincoln, 2013). My world view aligns with the cul-
tural-historical perspective and theory of knowledge objectification
(Radford, 2013b). The object of study is a consequence of my ontologi-
cal and epistemological beliefs and the theoretical platform | am stand-
ing on. This also influences considerations about how to formulate re-
search issues and research questions and how to investigate them. This
aligns with Radford and Sabena (2015) who argue that research methods
must be viewed as incorporated in theory, with its epistemological and
ontological foundations: the action of using a theory (theorizing reality)
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also includes using methods that are embedded in, or fit, the theory.
Therefore, to study mathematical teaching and learning processes in kin-
dergarten from a cultural-historical perspective | take a qualitative ap-
proach to data collection and data analysis.

This research study, as part of the AP, has parallels to design research
(Cobb et al., 2003), because the activities were developed through itera-
tive task-design cycles during the project (cf. Section 5.1). The pre-de-
signed activities were implemented by the KTs in the project where the
aim was to investigate processes of mathematics teaching and learning
within these kindergartens. This coincides with what Cobb et al. (2003)
argue that “Design experiments have both a pragmatic bent - “engineer-
ing" particular forms of learning - and a theoretical orientation - develop-
ing domain specific theories by systematically studying those forms of
learning and the means of supporting them” (p. 9).

On the other hand, this particular case study® which is conducted
within a cultural-historical paradigm, may be regarded as falling under a
naturalistic approach (Lincoln & Guba, 1985). The naturalistic approach
Is based on the assumptions that realities are holistic and multiple and
cannot be understood in isolation from their context. The aim of the in-
vestigation is not to develop ‘truth’ or generalisable knowledge inde-
pendent of time and context, but to develop an understanding of the phe-
nomenon within its context, which may illuminate and inform similar
phenomenon in different contexts. In naturalistic approaches, the reality
is holistic and thus cannot be fragmented into parts and understood sepa-
rately or as causes and effects. Since reality in naturalistic approaches is
seen as holistic, the object of inquiry is influenced by the researcher (and
via versa). The research is dependent on the researcher and his/her val-
ues which is noticeable through his/her choices of problems, theory,
methods etc. (Lincoln & Guba, 1985).

As this study falls under a naturalistic approach, the aim is to carry
out the study of the phenomenon (mathematical inquiry) in its natural
setting (cf. Lincoln & Guba, 1985). Since this study is part of the AP,
where teaching and learning mathematics is studied within an interven-
tion, one may question whether this study meets Lincoln & Guba’s re-
quirement. However, all teaching and learning activities in kindergarten
(and in school) may be argued to have interference from others through
the curriculum and/or through suggestions about how to carry out mathe-
matical activities. Thus, the designed activities in the AP (as a parallel to
the curriculum in ordinary kindergartens), may be considered as an im-
portant part of the context referred to in the naturalistic approach. The

13 The case study design is elaborated in the next section (Section 6.2).
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case study reported here aims to capture processes of mathematical in-
quiry within its context, being the intervention programme in the AP in
this case.

6.2 Case study design

Every empirical research study needs or has, even if it is unintended, a
design, that is a plan for getting from the initial research issues to a con-
clusion (Yin, 1994). The plan guides the entire process which includes
elaboration of research issues, consideration about what could be rele-
vant data, how to collect data and considerations about data analysis. A
thorough design provides a sustainable frame and useful guidelines for
conducting a thorough research study.

This research study uses a case study design to investigate processes
of mathematical inquiry in kindergarten. In a naturalistic approach a case
study is the most common design, because it gives opportunities for giv-
ing thorough description of the holistic reality and focus on capturing the
phenomenon in its natural setting (Lincoln & Guba, 1985). According to
Yin (1994) a case study is an empirical research study that “investigates
a contemporary phenomenon (the ‘case’) in depth and within its real-
world context, especially when the boundaries between phenomenon and
context may not be clearly evident” (p. 16). According to Bryman (2012)
a case study design implies an intensive and detailed analysis of a single
case or a few cases. The analysis often focuses on how the case develops
over time related to a particular context (Bryman, 2012). Both defini-
tions emphasise that case studies focus on an ‘in depth’ investigation of a
phenomenon, within its specific context. Flyberg (2013) argues that “The
decisive factor in defining a study as a case study is the choice of the in-
dividual unit of study and the setting of its boundaries” (p. 169).

Based on a cultural-historical perspective, this research study takes
‘processes of mathematical inquiry in kindergarten’ as the object of
study. The object of study was selected because of personal curiosity and
from a knowledge gap in the research field. The three research issues
guiding the study, stated in Section 1.2, were formulated having this ob-
ject of study in focus. To capture the object of study, | needed a concrete
case in which phenomenon to be studied could be materialised. Pro-
cesses of mathematical inquiry in kindergarten, from a cultural-historical
perspective, unfolds through joint mathematical activities, involving KTs
and children. The case is therefore decided to be ‘specific segments of
interaction where a KT and children work with (inquire into) a mathe-
matical problem’. However, I am not interested in any processes of
mathematical inquiry, | am interested in the processes that unfold within
the pre-designed mathematical activities in the AP which aim to prepare
children for school, which is then the boundaries of my case.
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This case study may also be regarded as a ‘theory testing’ case study
(Bassey, 1999), because it investigates how inquiry, as a theoretical con-
struct, may be conceived in a kindergarten context. The aim is to investi-
gate whether the empirical findings support the initial understanding of
inquiry as a theoretical construct and a normative educational approach,
or whether modifications must be made with respect to the particular
context in which this study is situated.

The above considerations led me to consider what data | needed, how
much data | needed and how to analyse the data. These elements in the
design have been revised several times during the research process and
are elaborated in Section 6.5 and 6.6. According to Yin (1994), a case
study design cannot be considered as an initial plan only, but also as a
part of the practice of carrying out the investigation. This accord with
this research study, where the plan has been continuously revised during
the investigation.

6.3 Pilot study

The main study took place during the implementation-year of the AP, the
academic year 2016/2017. As part of preparations for the main study |
conducted a pilot study in the end of February 2016. The pilot study had
several aims. One of the aims was to get practical experiences of how to
conduct a case study, including collecting and analysing data. The sec-
ond aim was to get indications of whether modifications had to be done
with respect to the research issues, the theoretical framework, or the
methodology. The pilot served as an important step in the further devel-
opment of the research design.

The pilot study took place in one of the kindergartens in the focus
group of the AP. At the time of the pilot study the KT was attending the
professional development course in the project and were piloting some
of the pre-designed mathematical activities developed in the project. |
visited the kindergarten on two occasions, 22.02.2016 and 29.02.2016
where the KT worked with reflection-symmetry on both occasions. With
respect to the research focus, which was stated in the previous section, |
took a participant observation approach (Bryman, 2012) to data collec-
tion and collected data by video-recordings and field notes. In addition, |
had an unstructured talk with the KT between the first and second lesson,
where we discussed his experiences of implementing the activities. Dur-
ing the first visit | observed that the children were quite silent during the
activity. The children eagerly participated in the activity, but mainly with
physical contributions. In other words, the children were physically ‘do-
ing’ mathematics, like drawing reflection symmetrical pictures or identi-
fying reflection symmetrical objects in the room. Those experiences re-
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sulted in an email to the KT in which | asked him to try to get the chil-
dren more involved in the mathematical conversation. During the second
visit, the KT seemed more concerned about promoting the children to
talk about and explain their mathematical ideas.

From the pilot study | produced a paper focusing on structural as-
pects of children’s argumentation related to reflection symmetry. With
structural aspects | mean the way in which the children structurally
build, step by step, an argument for a claim. The aim was to characterise
structural aspects of the ongoing argumentation and to examine what
role various semiotic means (e.g., artefacts, linguistic devices and ges-
tures) played in the ongoing argumentation. Children’s argumentation is
considered as one of the main features of inquiry and important for chil-
dren’s learning (Dovigo, 2016; Mercer & Sams, 2006; Yackel & Cobb,
1996). The results from the pilot study are reported in Paper 1, which has
the title, ‘Kindergarten children’s argumentation in reflection symmetry:
The role of semiotic means’. The data presented in the paper is taken
from the second visit, 29.02.2016.

From the experiences of conducting the pilot study, the following
modifications were made in the main study:

- Inthe pilot study I had only one camera during the data collection.
This was not sufficient to capture both the KT’s participation and
the children’s participation in the activity, simultaneously. In ad-
dition, the children were sitting around a table, which made it hard
to capture all actions of the children sitting with their back to the
camera. In the main study | therefore decided to use at least two
cameras.

- Inthe pilot study I had a conversation with the KT after the first
session, which was unintentional. However, | found this conversa-
tion insightful. It helped me to get insight into the KT’s initial in-
tentions and his experiences of implementing the activities, which
helped me in the overall interpretation of the sessions. | therefore
decided to use some time after each session in the main study to
talk to the KTs, and to make field notes from the conversations.
These conversations were intended to be unstructured, informal
conversations, where | and the KTs could talk unaffected of any
video or audio recordings.

- Inthe pilot study I realised that inquiry processes could take many
forms and occur in a variety of settings. | also assumed that the
nature of inquiry processes would vary from kindergarten to kin-
dergarten. It was important, for me, to capture a variety of situa-
tions, and therefore to collect a quite extensive amount of data
material in different kindergartens in the main study.
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- In addition, the data analysis in the pilot study helped me to plan
the data analysis in the main study. The results of the pilot study
(which is presented as Paper 1 in Section 7.1) indicate the signifi-
cant role of semiotic means, other than language, for understand-
ing children’s argumentation. In the main study | therefore in-
creased the focus on children’s (and the KTs”) multimodal partici-
pation in the activities. The data analysis in the main study there-
fore focuses on identifying actions, both verbal and especially
non-verbal, which play an important role for constituting activities
identified as mathematical inquiry.

6.4 Participants in the main study

In the main study, five volunteer KTs from the focus group of the AP
participated. All KTs were experienced kindergarten teachers, with at
least 3 years higher education. During the professional development
course, | had time to get to know the KTs well, and it was not difficult to
get some of them to voluntarily participate. The children participating in
this research study are also part of the focus group of the AP. In the first
observation period!* the children were 4,9-5,9 years old and in the sec-
ond observation period they were 5,3-6,3 years old. | have no further
background information about the children. In the following I will
briefly describe the five participating KTs” education and working expe-
rience.

KT1: Trained for 3 years in higher education, comparable to bachelor
training, to become a kindergarten teacher. In addition, she has 30 credit
points in preschool pedagogy. KT1 has worked with children from all
ages, but from 2015 she has only worked with the oldest children (age 3-
6). KT1 works in a public ‘nature and theatre kindergarten’, where arts
and drama have great emphasis in the daily practice. Outdoor life and ex-
perience of nature are also valued. KT1 has worked within the current
kindergarten since 2007, where she started working as a pedagogical
leader in 1999.

KT2: Trained for 3 years in higher education, comparable to bachelor
training, to become a kindergarten teacher and graduated in 1999. In ad-
dition, she has 30 credit points in counselling, and 30 credit points in in-
fant-pedagogy. In 2000 she established the kindergarten where she is
currently working, together with colleagues. It is a cooperative kinder-
garten, where parents take a share in the cooperative when their children
enter kindergarten. Outdoor life and experience of sea and nature have
great emphasis in the kindergarten’s daily practice. The last 3 years KT2

14 The data collection in this research study was conducted over two observation periods,
which will be further elaborated in the next section (Section 6.5).
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has had responsibility for the oldest children (age 4-6) in the kindergar-
ten.

KT3: Trained for 3 years in higher education, comparable to bachelor
training, to become a kindergarten teacher and graduated in 2004. He has
worked as a KT in 15 years, of which 9 of them within the current kin-
dergarten. In his whole career he has had responsibility for the oldest
children (age 3-6). KT3 works in a private kindergarten which is owned
by an international company that has kindergartens in Germany, Sweden
and Norway. The kindergarten focuses on research-oriented knowledge
about what is important content for high-quality early childhood educa-
tion and care.

KT4: Trained for 3 years in higher education, comparable to bachelor
training, to become a kindergarten teacher and graduated in 2001. In ad-
dition, she has 90 credit points in special needs education, 30 credit
points in pedagogical development work, and 30 credit points in counsel-
ling. KT4 works in a public kindergarten which equally focuses on free
play- and outdoor activities as well more structured learning activities.
The kindergarten is also part of another project called ‘Vare Sammen’
[being together], focusing on how to build adult-child relationships in the
kindergarten. KT4 has worked in the current kindergarten since 2004 and
has worked with the oldest children (age 3-6) in her whole career.

KT5: Trained for 3 years in higher education, comparable to bachelor
training, to become a kindergarten teacher. | have no further information
about KT5, because she didn’t respond to the email where | asked for her
background information. KT5 works in the same kindergarten as KT4.

All of the KTs expressed that they were grateful to be part of the AP,
and that they had positive experiences with implementing the activities
designed in the project. This may be one of the reasons for why they ea-
gerly shared their experiences and invited me into their kindergartens.

6.5 Data collection in the main study

In this research study | take a participant observation (ethnographic) ap-
proach to data collection. (Bryman, 2012) argues that participant obser-
vation and ethnography refer to similar (if not identical) approaches to
data collection, because the researcher, to various degrees, is engaged in
the social setting where the research study takes place. The rational for
using a participant observation approach to data collection is the way in
which | may address the research issues posed in Section 1.2 and the
specific research questions posed in the five papers. | agree with Punch
(2009) who argue that participant observation (ethnography) gives us a
unique (and perhaps the only) access to understand human behaviour as
a continually changing process in its cultural environment. This also ac-
cords with how Radford conceive activity as a dynamic ‘flux’ (Roth &

Processes of mathematical inquiry in kindergarten 81



Radford, 2011). Ethnography, as a powerful naturalistic approach (Ei-
senhart, 1988), has developed within anthropology as a way to study cul-
ture and the people within the culture (Punch, 2009). The core enterprise
of ethnography is to get first-hand experience with a research setting,
that is the culture, and the interpretations thereof. The aim of this re-
search study is to characterise processes of mathematical inquiry in Kin-
dergarten and what enables it to occur, and a participant observation ap-
proach to data collection enables me to get insight into these interac-
tional processes and the culture in which mathematical inquiry unfolds.
Processes of mathematical inquiry in kindergarten can only be disclosed
from observing real-life activity between the children and KTs.

A participant observer can take many roles depending on the degree
of involvement in the social setting. In this research study the main focus
was to capture the participants interaction working on mathematical
problems in their ‘natural’ setting, and thus observations of the partici-
pants activity without my interference was the main approach to data
collection. However, in order to understand the activity from the KTs
points of views, and for triangulation of data, semi-structured interviews
and conversations with the KTs before and after each observed session,
were also part of the data collection. My role as a participant observer
may thus be regarded as a combination between ‘observer-as-participant’
and ‘complete observer’ (Bryman, 2012). The interference with the par-
ticipants were minimal whenever the pre-designed mathematical activi-
ties were implemented. However, having conversations with the KTs and
conducting interviews with the KTs required a higher degree of partici-
pation. In addition, | had close contact with the KTs during their profes-
sional development course during the academic year 2015/2016, the year
before the intervention.

As mentioned in Section 6.2, a part of the case study design was to
consider what data | needed, how much data | needed and within what
contexts | should collect data to capture the object of study and address
the research issues. To capture the object of study the case was decided
to be ‘specific segments of interaction where the KT and children work
with (inquire into) a mathematical problem’ within the boundaries of the
mathematical activities in the AP intervention. Initially, I didn’t limit the
case to any particular mathematical content area. However, as it turned
out, after the data collection and the second phase of data processing
(which will be elaborated in Section 6.6), I limited the case to addition
and beginning multiplication. With respect to the first research issue
about the characteristics of mathematical inquiry in kindergarten, |
needed a broad range of segments. As indicated in Section 6.3, which re-
ports from the pilot study, mathematical inquiry processes may occur in
a variety of settings. It was important, for me, to capture the variety, and
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therefore to collect quite extensive data material in different kindergar-
tens. To answer the second research issue about what enables mathemati-
cal inquiry in kindergarten to occur, | needed to capture events that hap-
pened both before and after the salient segments. Moreover, | considered
it relevant to conduct interviews with the KTs to get insight into their
views on inquiry. | decided to collect observations, field notes and inter-
views in four kindergartens in the AP to capture differences and similari-
ties in the KTs’ implementation of the activities and to capture a variety
of inquiry segments. The third research issue, which considers how, if at
all, processes of mathematical inquiry may prepare kindergarten children
for school, is regarded as an exploratory issue. To answer this issue, |
used results emerging from discussion of the first (and second) research
issue and consider them in light of literature on important aspects for fa-
cilitating a smooth transition from kindergarten to school (cf. Section
2.4).

The empirical material was collected through ethnographic field
notes, observations and interviews. The data collection was conducted in
five kindergartens in the focus group of the AP over two observation pe-
riods during the intervention year. In the initial design | planned to ob-
serve four KTs (and their groups of children), 4 sessions in autumn 2016
and 4 sessions in spring 2017. However, during the time of data collec-
tion, | was invited to visit the KTs more than the agreed four sessions,
which resulted in a data set of video-recordings (and associated field
notes) containing 4-7 sessions in each kindergarten in each observation
period. In addition, the KT in one of the kindergartens (K4) was sick one
day, and without informing me in advance, she made an appointment
with another KT in the same kindergarten to implement the activity.
Thus, | ended up observing 5 KTs and their groups of children. After
each observation period | conducted a semi-structured interview with
each of the five KTs. An overview of all data sets in this research study
Is provided in Appendix 6.

During the observations | used two video-cameras. In the pilot study
| observed that the KT and the children were sitting around a table, and
as | assumed, the KTs and the children in most of the observed sessions
were either sitting around a table or in a circle on the floor. During these
observations, | used one video-camera focusing on the KT and the chil-
dren nearby, and one focusing on the children sitting opposite the KT. In
some sessions, especially in outdoor activities, the children were more
spread out, often working in groups. During these observations, | had to
make ad-hoc decisions of where to place the cameras, and | tried to focus
on one or two groups of children.

Although video-recordings capture more of human interaction than
for example audio-recordings, they have their limitations. It does not
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capture everything that an observer sees. To meet this concern, | made
field notes during each observation. Field notes are an often used method
for collecting data in ethnographic research (Walford, 2009). In many
cases the researcher does not have time to do a lot of written work during
observation or during field work. Sometimes the researcher is fully occu-
pied with participating or paying attention to the ongoing interaction, and
thus ‘jotting” down key words is the only possibility for collecting writ-
ten material. Jottings are brief written records about impressions of the
interplay between the participants and information about the context
(Emerson, Fretz, & Shaw, 2011). These jottings help the researcher re-
member significant events when he/she is working on his/her field notes
later. In this research study jottings were written during and/or after each
observed session. To take notes distracted me from paying attention to
the rich interplay between the KTs and the children and in many cases, it
was also important to be flexible with the cameras. For example, when
the KTs implemented outdoor activities (which many of them did) it was
difficult to both write notes and handle the camera, thus jottings were the
only possibility for collecting any written material and were made during
or straight after each session. The jottings from the observed sessions
were supplemented by conversations with the KT after each session. Jot-
tings from the interviews were made after the interviews and were ex-
tended when | later watched the video-recordings of the interviews.

After each observation, when coming back to the office, the jottings
were turned into field notes. Emerson et al. (2011) recommend that re-
searchers write field notes immediately or soon after the fieldwork to en-
sure “fresher, more detailed recollections” (p. 40). I did not write ‘full
fieldnotes’ according to Emerson et al. (2011), which implies a coherent,
step-by-step story of what was observed. | rather turned my jottings into
‘more comprehensive jottings’ or ‘basic field notes’.

Jottings and field notes should not, ideally, include interpretations
and judgements of the observed interaction and the researcher should not
try to identify (interpret) motives for the participants actions (Emerson et
al., 2011). The researcher should rather try to capture bits of talk and ac-
tion and describe the ongoing activity without interpretations. However,

as Emerson et al. (2011) argue
in turning jottings and headnotes into full notes, the fieldworker is already en-
gaged in a sort of preliminary analysis whereby she orders experience, both cre-
ating and discovering patterns of interaction. This process involves deciding not
simply what to include but also what to leave out (p. 51).

Field notes include descriptions of the situation, but these descriptions
are not identical with what actually happened. These descriptions are
‘coloured’ by the researcher’s beliefs, earlier experiences, values and
theoretical lenses. In addition, there is always more going on than the re-
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searcher notices. In this research study the object of study and the re-
search issues were already made before conducting the field work. And
my initial understanding of inquiry, described in the end of Section 3.2,
guided what | was especially looking for. In the jottings and the field
notes I included events (actions) that | thought were relevant and left out
things that | thought were not that relevant. Thus, | was not just observ-
Ing the ongoing activity with an ‘open mind’, I was observing with a
specific purpose — to understand the nature of mathematical inquiry in
kindergarten. Both jottings and field notes were therefore influenced by
the object of study, the research issues asked and my initial understand-
ing of inquiry and thus have to be regarded as interpretative and analyti-

cal. As Emerson et al. (2011) argue
as the field researcher participates in the field, she inevitably begins to reflect on
and interpret what she has experienced and observed. As previously noted, writ-
ing fieldnotes heightens and focuses these interpretative and analytic process;
writing up the day’s observations generates new appreciation and deeper under-
standing of witnessed scenes and events (p. 100).

The process of writing jottings and field notes helped me to understand
the situation, and thus an analytic process had already started during ob-
servations.

As mentioned above, semi-structured interviews (Bryman, 2012;
Kvale, 1996) were conducted with all five KTs after each observation
period, which means that | ended up with two interviews with each KT
In my data set. The semi-structured interviews were designed to inform
the second research issue about what enables mathematical inquiry in
kindergarten to occur. The aim was to get insights into the KTs’ views
on inquiry as an educational approach to mathematics in kindergarten,
their epistemological beliefs and their stance towards the children and
their learning. Besides informing the second research issue, the KTs’
views could help me in my interpretation of the observed sessions to in-
form the first research issue about the characteristics of mathematical in-
quiry in kindergarten.

To guide the semi-structured interview an interview guide was de-
vised. According to Kvale (1996) each question in a semi-structured in-
terview guide has a thematic and a dynamic dimension. The thematic di-
mension relates to the object of study, and the dynamic dimension relates
to the interpersonal relationship in the interview. The researcher should,
in advance, consider how the questions, in the interview guide, relate to
the research topic, the theoretical foundation of the research and how the
analysis will be conducted afterwards. Moreover, the questions should
consider how the questions can promote the interviewee to share his/her
views on the topic. Therefore, the questions should facilitate a positive
interaction between the interviewee and the researcher to keep the flow
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of the conversation. In this respect the order of the questions is also im-
portant.

All semi-structured interviews in this research study started with a
broad opening question about the KTs’ experiences of implementing the
mathematical activities in the AP. This was followed up by a question
focusing on the KTs’ experience of the activity in which the KTs had
just implemented, allowing the KTs to talk about whatever they felt rele-
vant. Sometimes the KTs had concerns or problems they wanted to dis-
cuss, in which | tried to help them with. These two questions were in-
tended to create a trustful relationship. The interview then continued, fo-
cused around six issues: 1) what, in your view, are the main characteris-
tics of an inquiry session in kindergarten 2) what do you think about
your role (as a KT) in an inquiry session 3) what role do children’s own
guestions play for children’s mathematical inquiry 4) what kind of ques-
tions do children ask 5) how do you see the relation between inquiry and
play 6) on a scale from 1-6 how much inquiry and how much play would
you consider the activity just implemented to be? When the interview
was about to end, | asked whether the KT had other issues he/she wanted
to raise or discuss.

As mentioned above these questions were particularly conducted to
inform the second research issue about what enables mathematical in-
quiry in kindergarten to occur. The aim was to get insights into the KTs’
views on inquiry as an educational approach to mathematics. In addition,
the aim was that the KTs’ views could help me in my interpretation of
the observed sessions to inform the first research issue. The KTs eagerly
answered the questions and shared their views on inquiry. As mentioned
above, the interviews were semi-structured allowing the KTs to talk
about their concerns and interests, which often carried the conversation
in other directions than intended. As (Bryman, 2012) agues, allowing the
interviewee to ‘ramble off” gives insights into what the interviewee sees
as relevant, and therefore often valued in qualitative research. During the
interviews I made ‘jottings’ (Emerson et al., 2011), which were turned in
to more comprehensive jottings or field notes immediately after coming
back to the office, similar to how | made field notes from the observa-
tions. Each interview was also video-recorded which gave me the oppor-
tunity to study the interviews in retrospect.

6.6 Data processing and data analysis

This research study seeks to investigate and understand processes of
mathematical inquiry in kindergarten. Using cultural-historical activity
theory as a theoretical frame, the unit of analysis is activity (Roth &
Radford, 2011). Activity, as elaborated in Section 4.2, is the process that
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unfolds through human actions. These actions are historical accumula-
tions of social relations. What we can observe in activity is always social
relations, which we later attribute to individuals as their actions (Roth
and Radford, 2011). It is the process that unfolds through human actions
(relations) that is the unit of my analysis. Incorporated in that is the
movement of activity, its structures and dynamics. As also mentioned in
Section 4.2, activity and consciousness are related. Activity is the sub-
stance of human consciousness. Consciousness as a sensory, perceptual
‘picture’ of the objective world, or as our relationship with the objective
world, is deeply connected with activity (Radford, 2015a). Thus, in a
deep sense, the nature of human consciousness is part of what the study
Is after.

As mentioned in Section 6.2, this research study takes ‘processes of
mathematical inquiry in kindergarten’ as the object of study. To capture
the object of study, | needed a concrete case in which the phenomenon
could be materialised. The case was therefore ‘specific segments of in-
teraction where the KT and children work with (inquire into) a mathe-
matical problem’. These segments are in the following called ‘salient
segments’. To filter out such salient segments from the extensive data
material, the data had to go through two phases of data processing before
the identified segments were analysed in depth in a third phase. These
three phases will be elaborated in Sub-section 6.6.1 below.

6.6.1 Processing and analysing the empirical material

As mentioned above, the process of processing and analysing data
went through three phases. In the first phase the fieldnotes from observa-
tions and interviews were contracted into profiles of the five KTs, focus-
ing on their orchestration of the pre-designed activities and their interac-
tion with the children. Instead of using the field notes as ‘raw material’
from which | started a coding process, | worked directly with the field
notes and contracted them, through an iterative process, into profiles of
the KTs. Since the field notes were already, to some extent, analytical (as
described in Section 6.5), they served as a useful starting point for this
purpose. The profiles were contracted and organised around four key
points which were based on my initial understanding of inquiry: 1) The
children’s opportunities or freedom to participate with questions, mathe-
matical ideas and argumentations: 2) The KTs intention® to consider
children contributions, 3) Children’s intention to participate with ques-

® Here, and in 3 below, ‘intention’ could be qualified as ‘my ascription of intention’, in as
much as I cannot be 100% certain about people’s intentions. It is used in line with how Wells
(1999) uses ‘will’ in his definition of inquiry: “a willingness to wonder, to ask questions, and
to seek to understand by collaborating with others in the attempt to make answers to them”
(p. 121).
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tions, ideas and argumentations, and 4) The degree of inquiry or prob-
lem-solving interactions in the session. These key points are not mutu-
ally exclusive, rather their relationship is of a dialectic character. The
profiles constitute an initial, general impression of the five KTs and their
interaction with the children and serve as important background infor-
mation when the results are discussed, and conclusions are made in
Chapter 8. The profiles are especially important when considering the
second research issue about what enables mathematical inquiry to occur.
These profiles were continuously and critically evaluated and refined
during the next two phases of data processing (which will be elaborated
below). The profiles of the five KTs are attached in Appendix 7.

The profiles of four of the five KTs were used as data in the multiple-
case study reported in Paper 5, which focuses on the KTs’ orchestration
of the mathematical activities with respect to the degree of freedom
given by the KTs for children’s participation. The profile of the fifth KT
was not included in the study, because of her limited participation. KT5
was a substitute for KT4 when KT4 was sick one day during the first
data collection period, autumn 2016. In addition, KT5 voluntarily partic-
ipated a couple of times during the second data collection period, spring
2017. However, her orchestration of the mathematical activities was not
significantly different from the other four KTs’ orchestration, and there-
fore didn’t contribute with any significant insights to the issues investi-
gated in the multiple-case study reported in Paper 5. A summary of Pa-
per 5 is provided in Section 7.5.

In the second phase of processing the empirical material, the video
data from all observed sessions were watched, and a ‘rough transcrip-
tion” of each session was made. These rough transcriptions are similar to
what Emerson et al. (2011) would call ‘full fieldnotes’, that is a coherent,
step-by-step story of what was observed. The transcripts were separated
into parts (segments) and organised in tables with columns, containing
time and description of the interaction (included some utterances) and
were supplemented by video stills of observable actions. The transcrip-
tions aimed to be as objective as possible, avoiding interpretations and
analytical statements. However, as mentioned above, to be completely
objective when writing descriptions is not possible (Emerson et al.,
2011). Again, choices were made for what to include and what to ex-
clude in the descriptions. During the transcription process side-notes
were made and salient segments which seemed to indicate processes of
mathematical inquiry were marked. Two examples from the rough tran-
scriptions are presented in Appendix 8.

The process of making these rough transcriptions helped me to get an
overview and insight into the empirical material that | had. In addition,
the transcripts and the side-notes served as a useful tool when | selected
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inquiry segments to be analysed in the third phase of the data processing,
which | elaborate below. To identify inquiry segments, | used my initial
understanding of inquiry (elaborated in Section 2.4), that is | was mainly
looking for longer stretches of activity where the participants solved
mathematical problems together through sharing, questioning, and ex-
plaining ideas, and by argumentation and reflection. Moreover, the chil-
dren had to show ‘eagerness’ to participate with questions, mathematical
ideas and argumentations. Once inquiry segments were identified, salient
segments were selected on their suitability to inform the research ques-
tions formulated in the five papers.

In the third phase of data processing, a fine-grained analysis of the
salient segments was carried out through an iterative process of four sub-
phases: 1) watching videos, 2) transcribing (including non-verbal ac-
tions), 3) analysing and interpreting data related to the research question
at hand, from a multimodal perspective, and 4) conducting intercoder re-
liability checks (this was not included in each cycle). This iterative pro-
cess is illustrated in Figure 6.1.

While watching the videos of the selected segments interpretative
transcriptions were made. In the first cycle, the transcriptions only con-
tained utterances and interpretation of utterances (for example whether
the utterances were questions or statements etc.). In the next cycles the
interpretative transcriptions were progressively extended to include ges-
tures, facial expressions and other bodily actions, tone of voice, pauses
etc., and were supplemented by video stills of observable actions. These
multimodal interpretative transcriptions were then, again, analysed and
interpreted in light of the research question(s) at hand. Appendix 9 gives
an example of the transcripts made in the second cycle of the process,
where multimodal aspects of the interaction were included and where the
transcripts were supplemented by video stills.

The transcriptions were then analysed and interpreted in light of the
research question(s) at hand. Based on Radford’s (2013b) semiotic ap-
proach, the analysis involved identifying actions (verbal and non-verbal),
which seemed significant for constituting the mathematical inquiry activ-
ities and moving the activities forward. These actions may also be
termed semiotic means (cf. Section 4.2), and includes the participants
use of spoken words, gestures, facial expressions, tone of voice, other
bodily actions and the use of artefacts and (mathematical) signs. The sig-
nificance of these semiotic means was then interpreted in light of the
specific research question(s) at hand. Vygotsky’s dialectic approach ori-
ented the analysis and interpretation to social interaction (relations) and
therefore two subsequent turns were always considered in relation to one
another. A turn gets its meaning through what has already been said and
from how the next turn informs the previous turn in retrospect. The
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meaning of a turn is thus always co-created in a joint activity. This also
corresponds to what Bakhtine [Volochinov], (1977) says, that in a con-
versation every word has two sides, the speaker’s side and the listener’s
side. This, I hold, is equally true for all actions, both verbal and non-ver-
bal actions. The analysis and the interpretation of identified actions were
then critically reflected on in light of the videos, and the analytical cycle
was again repeated.

On regular occasions (approximately every fourth month) I met with
research colleagues (1-4 colleagues) at the University of Agder, to dis-
cuss the research process and to do intercoder reliability checks of the
processed data material. Intercoder reliability refers to the degree of
agreement between two or more independent coders on the coding of the
same item (Bryman, 2012), and are used with the purpose to increase the
reliability in qualitative based data analysis. In this research study the
‘coding’ involved identifying actions (verbal or non-verbal) which
seemed important for constituting the inquiry activity and moving the ac-
tivity forward. During such an intercoder reliability check, videos, tran-
scriptions and related analysis of the salient segments were critically
watched, read and discussed by me and the colleagues. Before watching
the videos and/or reading the transcripts | informed the research col-
leagues about the current research focus and provided them with infor-
mation about how | planned to do the analysis. Then the colleagues criti-
cally watched the videos and/or read the transcripts and related analysis
and provided critical comments to the processed data material. These
critical comments were then used in the next cycles of data analysis. The
iterative process of watching videos, transcribing and analysing data
continued until a final satisfactory interpretation, to me and my research
colleagues, of the salient segments as a whole was made. For publica-
tions, some parts of the highly processed data were selected to inform the
results of the analysis related to the current research question(s).

Watching video-

\ clips
Transcribing:

Intercoder interpretative,

reliability check multimodal
transcripts

Analysing and
interpreting:

related to research
question(s)

Figure 6.1: lllustration of the iterative analytical process
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6.7 Trustworthiness

Qualitative research is based on context dependent data and subjective
interpretations, which makes the findings more likely to be questioned.
In a positivist paradigm issues like reliability and validity are addressed
to ensure quality of the research. Reliability refers to the degree to which
there is consistency and accuracy in the measurement, that is if the re-
search will produce the same results if repeated (Wellington, 2000). Va-
lidity concerns the degree to which a test, method or an instrument
measures what it claims to be measuring, that is the accuracy or correct-
ness of the findings (Wellington, 2000). In qualitative research it is
equally important to consider to what degree that data, methods and in-
terpretation of the data is trustworthy to ensure quality of the research.
Instead of using reliability and validity Lincoln and Guba (1985) outline
four criteria for ensuring trustworthiness in qualitative research: credibil-
ity, dependability, confirmability, and transferability.

Credibility is, perhaps, the most important criterion for ensuring
quality and trustworthiness in qualitative research. Credibility is similar
to construct validity and internal validity in a positivist paradigm (Yin,
1994), and refers to the degree to which the findings corresponds with
reality. Since qualitative research rely on subjective interpretations, it is
the way in which reality is interpreted and presented in a trustworthy
manner that determines its acceptance by others (Bryman, 2012). One
way to address the issue of credibility is to adopt well established re-
search methods (Lincoln & Guba, 1985; Yin, 1994), and to triangulate
these methods. Triangulation is accomplished by investigating the same
research issues using different data sources and different methods
(Bryman, 2012). This research study used several data sources to investi-
gate the three research issues; sessions where the five KTs and their
groups of children were working with the mathematical activities de-
signed in AP, interviews with the five KTs and conversations with the
five KTs. Moreover, three different methods for data collection were
used; observations, field notes and interviews (cf. Section 6.5). The re-
search rests mainly on observations of sessions as the main method for
data collection, because the object of study considers processes of math-
ematical inquiry, which manifests itself in real-life activity between the
children and the KTs. However, interviews with the KTs are also used to
check whether or how observations correspond with the KTs understand-
ing of the situation, and thus help me to interpret the ongoing interaction.

Another way to address the issue of credibility is to carry out what
Johnson (1997) call ‘investigator triangulation’, which involves using
several different investigators in the analysis process. In this research
study regular intercoder reliability checks of the processed data material
were conducted to increase trustworthiness of findings (cf. Sub-section
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6.6.1). A high degree of agreement between me and research colleagues
at the University of Agder was reached with respect to data analysis and
the final interpretation of data. Moreover, video clips, transcripts and re-
lated data analysis have been watched, read and discussed with other ex-
perts in the field of mathematics education. Thus, critical examination of
data and data analysis by colleagues and other experts has been an im-
portant part of the whole research process.

Dependability, transferability and confirmability are less relevant to
consider in a qualitative case study like this, because they parallel with
reliability, generalisability and objectivity in quantitative research and
focus on whether the research can be replicated and if the results are gen-
eralisable. This is arguably difficult to ensure in a case study like this,
but some key point may nevertheless be useful to consider. Dependabil-
ity parallels with reliability in a positivist paradigm (Yin, 1994), and re-
fers to the degree to which similar results would be obtained if the re-
search was repeated (with same data sources, same methods and in the
same context). As argued above, this is difficult (if not impossible) to en-
sure in this type of research. It is impossible to capture the exact same
circumstances of the initial research study and then replicate it. How-
ever, to keep a record, as | have done, of the entire research process and
the choices made in planning and carrying out the empirical research, en-
sure that peers can get access to and check whether proper procedures
have been followed (Bryman, 2012; Lincoln & Guba, 1985).

Transferability parallels with external validity or generalisability in a
positivist paradigm (Yin, 1994) and refers to the degree to which the
findings may be applied in other settings. As mentioned above, it is im-
possible to replicate a qualitative research study like this. However, qual-
itative studies aim to display in depth understanding of a phenomenon
and the uniqueness of the phenomenon related to its context (Bryman,
2012), which may indicate the transferability of the results to other
contexts. One way to address this issue, is to display the uniqueness of
the study by providing sufficient contextual information (Bryman, 2012;
Lincoln & Guba, 1985). This research study is situated within the AP,
and the data collection was conducted within the focus group while the
KTs implemented the intervention programme. In addition, | was one of
the researchers that developed the intervention programme, and the KTs
were familiar with me and the aims of the project. These contextual cir-
cumstances make this research study quite unique and may be regarded
as a strength to the study. In Chapter 5, details about the design of the
AP and how the project was carried out are provided and aim to give suf-
ficient contextual information to display the uniqueness of the study.

Although the unique context may be regarded as a strength to the
case study, there are also issues related to the contextual circumstances
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that may be regarded as weaknesses of the study. For example, both the
five KTs and the children knew they were part of a large research pro-
ject, which might have affected their participation. In addition, because
the KTs knew that | had pre-designed the activities (together with the
other researchers in the project), they might have tried to impress me by
Implementing the activities the way they thought | wanted them to be
implemented. Moreover, because the KTs knew me quite well, through
the professional developmental course, they might have felt obliged to
participate in my study. All these issues are elements of uncertainty re-
lated to how authentic the observations made in this study are. However,
| think that the relationship that | established with the KTs, during the
developmental course, helped to ensure that the KTs trusted me, and thus
implemented the activities in an authentic manner. By ‘authentic man-
ner’, I mean the way the KTs would have implemented the activities in
the AP without my presence. Therefore, | regard the contextual circum-
stances, all in all, as strengths because they make this research study
unique. The uniqueness of the case, together with the related results, may
be used in a normative manner and indicate possible actions that could or
should be initiated with respect to similar practices in the future.

Transferability may also be obtained if theory is used properly. In-
stead of trying to generalise to other cases the case study researcher
should aim to relate findings to theory (Yin, 1994). In this research study
the cultural-historical perspective and theory of knowledge objectifica-
tion (Radford, 2013b) have been used as a foundation to study mathe-
matical inquiry processes in kindergarten and are elaborated in Chapter
4. The theoretical approach has guided the whole process and the results
in Chapter 8 are also considered in light of the theoretical perspective. In
addition, inquiry as a theoretical construct has been carefully considered
and further investigated. The aim of the study is to investigate how in-
quiry may be conceived in a kindergarten context. As mentioned in Sec-
tion 6.2, this case study may therefore be regarded as a ‘theory testing’
case study (Bassey, 1999), because it investigates whether the empirical
findings support theory (in this case the theoretical conception of in-
quiry) or whether modifications must be made to theory with respect to
the specific context.

Confirmability is similar to objectivity in a positivist paradigm (Yin,
1994), and refers to the degree to which the findings may be considered
objective. Complete objectivity is impossible to ensure in qualitative re-
search (Bryman, 2012; Lincoln & Guba, 1985). In qualitative research
where findings are obtained by subjective interpretation, confirmability
Is best met by showing that the research is conducted by the researcher in
‘good faith’ (Bryman, 2012). In addition, to get research colleagues to
critically examine data collection and data analysis and check that proper
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methods have been used, may be another way to address confirmability
In qualitative research. In this research study confirmability is, | hold,
addressed by the way that it has been designed, carried out and docu-
mented in this research report. Through this report | have tried to comply
with Burton’s (2002) quest for transparency by giving insights into the
choices made when planning and carrying out the study. In addition, re-
search colleagues have regularly and critically examined the methods
used for data collection and data analysis during the research process.
Moreover, | assure that the study has been conducted in ‘good faith’, that
Is, | have tried to act in an ethically sound manner when carrying out the
research study. Ethical issues will be further elaborated in the next sec-
tion.

6.8 Ethical considerations

Ethics refers to the knowledge about what is right and wrong and pre-
scribes what humans morally ought to do. To be ethical is, in my opin-
ion, to try to be fair and honest, try to reflect upon what is right or wrong
and to make, what you ethically believe, is the right choices of actions in
different situations. In mathematics education research, which is related
to social science, ones conduct research involving humans and it is there-
fore of particular importance that the research is ethically sound.

The Norwegian National Research Ethics Committees have formu-
lated some general guidelines for research ethics. In the introduction to
the guidelines, ones can read that “Research is of great importance - to
individuals, to society and to global development. Research also exer-
cises considerable power at all these levels. For both these reasons, it is
essential that research is undertaken in ways that are ethically sound”,
(The Norwegian National Research Ethics Committees, 2014,
introduction). This research study, which focuses on mathematical teach-
ing and learning processes in kindergarten, provides me with power to
influence how children will meet mathematics in kindergarten, what
mathematical content in kindergarten will be and what requirements KTs
will meet in their practice in the future. This power should be (and has
been, | would argue), carefully and thoughtfully considered.

Bryman (2012, p. 118) describes four groups of ethical principles that
are important to consider when doing social research: whether there is
harm to participants, whether there is informed consent, whether there is
an invasion of privacy, and whether deception is involved. The first three
principles concern the participants in the research study and overlap in
many ways. The last principle is related to issues considered the people
one is doing research for. All these issues are to some extent relevant to
consider for this research study, when investigating teaching and learn-
ing processes in kindergarten. The first principle, whether there is harm
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to participants, is somewhat hard to consider. The word harm is difficult
to define but indicates that the participants should not be uncomfortable
In any way as a consequence of the research, neither during the research
process nor after the research is completed (Bryman, 2012). Throughout
the research process | have tried to act respectfully and thoughtfully to-
wards the participants. | think that a positive relationship between me
and the participating KTs was established during the professional devel-
opment course in the AP. This laid the foundation for the further collabo-
ration and hopefully ensured that the KTs felt comfortable when I ob-
served how they implemented the activities.

The second principle, whether there is informed consent, focuses on
whether the participants get all the relevant information they need to de-
cide whether they will participate in the study or not. According to Israel
and Hay (2006) the consent should both be informed and voluntary,
which is not always a straightforward procedure and has proven to be
quite difficult for many researchers. In this research study most of the
participants are children. The children do not make the choice to partici-
pate themselves. It is their parents that make this decision. Therefor it
was important to provide the parents with all the relevant information
they needed to make a deliberate choice for their children. Fortunately,
this issue was to a large extent taken care of by the Norwegian social sci-
ence data service (NSD). NSD gives permission to collect data on the ba-
sis on an application which includes approval of an information-letter
sent to all participants in the research study. NSD has to approve the let-
ter before it can be sent to the participants, and the participants have to
sign the letter before data collection can start. The information-letter
composed in this research study can be found in Appendix 10. The letter
was sent to the KTs and parents and provides information about the re-
search process, data storage and how the participants will be made anon-
ymous. The letter gives, however, only formal information, and one may
ask whether this letter gives the participants sufficient information to de-
cide whether they will participate in the study or not. To address this is-
sue, | arranged an informal conversation with the KTs before the data
collection to inform about the research study and the process of data col-
lection. This conversation gave me an opportunity to provide relevant in-
formation to the KTs. Through this conversation I provided all infor-
mation that | thought was relevant, and the KTs could ask for whatever
information they wanted (Faden & Beauchamp, 1986, in Israel & Hay,
2006). In addition, the KTs, to the best of my knowledge, passed this in-
formation onto parents when they distributed and collected the informed
consent from the parents. As mentioned in the previous section, the KTs
may have felt that they were obliged to participate in the research study,
because | was their teacher in the professional development course.
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However, | tried to ask them to participate in my study in a careful man-
ner and | think they felt the opportunity to decline if they didn’t want to
participate.

The third principle, whether there is invasion of privacy, is related to
the second principle and to some extent to the first principle. The idea of
privacy is subjective, that is what one person finds private, another per-
son may find acceptable to bring into public (Israel & Hay, 2006). Most
people feel uncomfortable if someone invades their privacy, but at the
same time, if the participants decide to take part in a research study, they
invite the researcher into their lives to some extent. Again, to address
this issue, it was important that the participants were well informed, so
they could make a deliberated choice to participate. The issue was also
addressed by the way that the research study was conducted; observa-
tions and interviews were conducted respectfully and thoughtfully, and
likewise the research report aims to present the results in a respectful
manner and with good intention.

The fourth principle is related to the people ones are doing research
for. Deception may be described as the act of deliberately misleading or
misrepresenting. Deception occurs if the research report gives an incor-
rect illustration of the conducted research study. It is difficult for others
to get access to the data and to check the validity of the research, because
of protection of the participants right to anonymity. Fabricating, falsify-
ing or withholding data is thus a relevant issue in social science. This is-
sue is directly related to the integrity of the research, the integrity of re-
searchers’ profession and the integrity of the research community. This
principle challenges me as a researcher to be critical to my own work. It
Is a fine balance to provide sufficient information, but at the same time
safeguard the participants’ anonymity. Through this research report |
have tried to address this issue by transparency of the process, and | have
conducted the study in ‘good faith’ (Bryman, 2012).
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7 Summary of research papers arising
from this research

In this chapter I introduce five papers that qualify me to submit a ‘PhD
by papers’ and which constitute the empirical core of the study. The pa-
pers are presented in the order they were written. The first paper investi-
gates structural aspects of children’s argumentation related to reflection
symmetry and in addition highlights the importance of various semiotic
means for understanding children’s communication. The second and
third paper are closely linked. They draw on the same empirical material
and focus on related issues. The second paper considers a KT’s multi-
modal participation in a teaching-learning activity involving addition and
counting, and how the KT engages children in a mathematical discourse
and supports their opportunities for learning. The third paper investigates
how the KT and a child co-create a ZPD and emphasises the role that the
child plays in this co-creation. The fourth paper focuses on children’s
turn-taking in small-group collaboration. Together, the four papers aim
to capture processes of mathematical inquiry in a variety of collaborative
settings. The fifth paper investigates four of the five participating KTs’
orchestrations of the mathematical activities designed in the AP and aims
to capture issues about what enables mathematical inquiry in kindergar-
ten to occur. Together, the five papers aim to constitute the foundation
on which conclusions can be drawn to the three main research issues
guiding this research study. In Section 8.1 a synthesis of the findings in
the five papers will be made and from that possible answers to the three
research issues will be provided in Section 8.2.

7.1 Paper 1: Kindergarten children’s argumentation in

reflection symmetry: The role of semiotic means

This paper reports from a case study which investigates structural as-
pects of children’s argumentation related to reflection symmetry and ex-
amines what role semiotic means (e.g., artefacts, linguistic devices and
gestures) play in the ongoing argumentation. The study uses Toulmin’s
(2003) model for substantial argumentation to reveal structural aspects of
children’s argumentation. The core of Toulmin’s model consists of three
elements: claim, data and warrant. In addition, the model contains three
other elements: backing, qualifier and rebuttal. These elements are de-
scribed in the paper (in Paper 1 attached to this thesis).

One kindergarten teacher (KT) and a group of six 5-year-old children
engaged in mathematical activities about reflection symmetry were ob-
served. Six episodes were identified as sequences of argumentation.
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These episodes had more than two turns and more than two argumenta-
tive utterances from the children. All six episodes were analysed in ac-
cordance with Toulmin’s (2003) model, from a multimodal perspective,
to identify the argumentative structures, what kind of semiotic means
children used with respect to the different elements in the argumentation
and what role they played in constituting the argument.

In the results one example was presented to illustrate the structure of
children’s argumentation. The example is taken from an activity where
the KT asks the children to find ‘things’ in the room which they think
has reflection symmetry (or ‘are equal on two sides’, as the KT says),
and bring it back to the table. One of the boys (John) picks a trolley (a
doll’s pram). In the example, the KT asks John why he thinks the trolley
Is equal on two sides. John starts to argue, but he is accompanied by
Elias, and together they provide an argument for why the trolley is equal
on two sides.

In the paper | argue that John claims that the trolley is reflection sym-
metrical just by choosing the trolley. To support his claim, he lifts the
trolley in a straight forward position, nods his head and says “there”,
which | interpret as data, for his claim (the trolley itself is used as a vis-
ual evidence). Then there is a little pause, before John continues with his
warrant. First, he shows one side of the trolley and says “there”, then he
turns the trolley 180 degrees and shows the other side of the trolley and
says “there”. | hold that John provides an example which connects the
claim to the data. Then Elias joins the argumentation and produces sev-
eral warrants of the same kind as John, however he is more accurate in
his explanation. Elias points, with his index finger, to pairs of corre-
sponding points on the trolley while saying “there, there [pause] there,
there and there, there”. In the end, I hold, Elias produces a backing for
the warrants, by generalising all the examples that he has given; he
swipes his hand over the trolley while he says “everywhere”. Then he
produces what | interpret as a qualifier, which indicates that the trolley is
100% reflection symmetrical because “even the wheels” are reflection
symmetrical.

The results show that some children were able argue for a claim in a
quite complex manner and to use several of the elements in the Toulmin
model in their argumentation. The findings also suggest that it is crucial
to consider other semiotic means than linguistic ones to understand chil-
dren’s communication. The main corpus of the argumentation was based
on deixis (deictic terms + additional contextual information). Both nod-
ding, pointing gestures and the trolley were used to give contextual in-
formation to the deictic terms “there”. Repetition and rhythm were other
Important means that Elias used in his warrant. By repeating “there and
there” with corresponding pointing gestures Elias indicated that every
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point had a corresponding point on the other side of the symmetry line.
When Elias said “everywhere”, he swiped his hand over the trolley,
which played a significant role in his generalisation.

The case study illustrates that children’s reasoning is multimodal and
that their flow of thinking is materialised through a complex coordina-
tion of diverse semiotic means (cf. Radford, 2009). It points to the signif-
icance of recognising how children make use of various semiotic means
when investigating children’s mathematical thinking. In addition, it
points to the importance of recognising and acknowledging children’s
multimodal thinking when introducing children to mathematics in kin-
dergarten (and school).

7.2 Paper 2: Engaging children in mathematical dis-
course: a kindergarten teacher’s multimodal partici-
pation?®

The paper reports from a case study which investigates a kindergarten

teacher’s (KT) multimodal participation in a teaching-learning activity

involving addition and counting, and how the KT engages children in a

mathematical discourse and supports their opportunities for learning. The

paper addresses the following research questions: What characterises the

KT’s multimodal participation in a teaching-learning activity involving

addition and counting? How does the KT’s multimodal participation sup-

ports discourse and children’s opportunities for learning?

The segment examined in the paper was selected from an activity
where one KT and a group of nine children (age 4-5 years) worked with
an addition problem. The examined segment was selected because the
children got ample opportunities to suggest and explain strategies to
solve the problem and the children eagerly participated in the discourse.
The salient segment was transcribed and then analysed from a multi-
modal perspective.

The findings suggest that the KT’s multimodal participation was ‘dy-
namic’, which was based on three interrelated features: Her contributions
1) changed in relation to the children’s contributions, 2) were oriented
towards the aim of the activity, and 3) were based on her underlying
‘stance’ toward the children and their learning. These three features are
deeply linked to basic ideas in the cultural-historical approach. The first
feature is incorporated in Vygotsky’s dialectic perspective: it is a partici-
pant’s response to the previous utterance that informs the meaning of the
utterance in retrospect. The second feature relates to a fundamental idea
In activity theory: actions are initiated by the motive of the activity. It is
the motive (the KT’s aim of the activity) that initiates the KT’s actions

18 This paper will be revised after submitting the thesis.
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and thus orients the KT’s actions towards the aim of the activity. The
findings in this study illustrates how the KT’s emotions, which are medi-
ated by her questioning look and her excited facial expression, orients
the activity. Whenever the children are on their way toward the object of
the activity the KT changes her facial expression from a questioning look
into excitement (and vice versa). The third feature considers how the
KT’s multimodal participation mediates her underlying stance toward
the children and their learning. In this episode, the KT’s question strate-
gies, her non-verbal responses to the children and the way she sensitively
uses building blocks, may indicate the KT’s underlying stance toward
the children and their learning. The KT appreciates every child contribu-
tion, and the children were given ample opportunities to contribute to the
conversation. But simultaneously, she questions their contributions and
promotes the children to argue for or reconsider their claims.

The final discussion point in the paper considers the KT’s subjectifi-
cation process (cf. Radford, 2008b, 2013b). As illustrated above, the
KT’s contributions (her verbal and non-verbal actions) were always bal-
anced between her earlier experiences, which in this case is mediated by
her underlying stance, children’s contributions and the aim of the activ-
ity. The tensions that were created between the past, present and future
is, I hold, what constitutes the KT’s moment to moment acting and her
way of becoming in the activity. Who the KT was when she entered the
activity was transformed in the encounter with the children. This process
is particularly salient in the part of the segment where the KT expresses
that she does not understand. The KT is positioning herself within the
unfolding activity, trying to understand the children. The KT shows a
genuine interest in understanding the children which puts her in a vulner-
able position, and therefore at one point must be led by one of the chil-
dren. The way that the KT continuously transforms her unique participa-
tion 1n the moment in relation to children’s contributions, and how she
positions herself within the unfolding activity, trying to understand the
children, illustrates how she becomes her unique self in the encounter
with the children.

7.3 Paper 3: Student-teacher dialectic in the co-creation
of a zone of proximal development: an example
from kindergarten mathematics'’

This paper reports on a case study which explores the teaching-learning

interaction between a five-year-old girl (Ada) and a kindergarten teacher
(KT) working on an addition problem. The paper aims to 1) investigate

1" This paper will be revised after submitting the thesis.
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the role of Ada’s (choices of) actions in keeping the mathematical ori-
ented activity moving and for co-creating the zone of proximal develop-
ment (ZPD), and 2) investigate Ada’s mathematical learning in the joint
activity. Following Vygotsky (1987) and Veresov (2017), Paper 3 em-
phasises that the ZPD must be seen in terms of social relations that
emerge from the joint activity. Using Roth and Radford’s (2011) ap-
proach to analyse the emergence of the ZPD this paper investigates how
a KT and a child co-create a ZPD by expanding each other’s action pos-
sibilities.

The findings of the paper provide insight into the significant role that
Ada (the presumed less knowledgeable participant) plays in the symprac-
tical activity and for co-creating a ZPD. Both Ada and the KT show per-
severance to participate in the sympractical activity and to expand each
other’s action possibilities. However, Ada takes a special responsibility
for moving the activity forward and in the co-creation of the ZPD. When
the KT gets confused (which she expresses verbally and non-verbally),
Ada works intensively to create new action possibilities for the KT to
keep her in the joint activity. The KT also show persistence in the activ-
ity. Although she expresses at one point that she does not understand,
she continues to stay in the activity. But because she does not understand
she is not able to productively participate in the activity. It is Ada that,
through her concrete actions, enables the KT to again participate produc-
tively in the joint activity.

Through the sympractical activity, the KT and Ada create a special
relationship — both are dependent on each other to continue to participate
in the activity. Through the activity Ada and the KT keep adjusting to
one another. They listen to one another and observe one another’s ac-
tions, and they do not give up the co-creation of the ZPD. This relation-
ship is created through mutual commitment and trust and may be la-
belled as ‘togethering’ (cf. Roth and Radford, 2011). It is an ethical en-
gagement that glues the KT and Ada together and enables the activity to
move forward.

The second research question aims to investigate Ada’s mathematical
learning in the joint activity. In this study Ada is challenged to explain
her idea without direct access to the building blocks. Instead of operating
directly on the building blocks she explains how to do it with an iconic
gesture and language, and the explanation becomes (with a lot of effort)
short and precise. The situation required Ada to use more refined and so-
phisticated semiotic means which may be regarded as semiotic contrac-
tion (cf. Radford 2008c). The findings in this paper indicate that there
might be a dialectic relationship between fluency and the practice of se-
miotic contraction. By practicing semiotic contraction (being ‘forced’ to
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refine her articulation of the idea), Ada became more fluent and perhaps
reached a deeper level of consciousness by this exercise.

7.4 Paper 4: Organisation of children’s turn-taking in

small-group interaction in kindergarten'®
This paper reports from a case study which explores the characteristics
of children’s turn-taking and the movement of their joint activity in two
small groups of 5-6-years-old children while they work on addition prob-
lems. The paper addresses the following research questions: 1) What
characterises children’s turn-taking while they work in small groups to
solve an addition problem? 2) What role does turn-taking play in the
movement of joint activity when children work in small groups to solve
an addition problem?

This case study focuses on the coordination of turn-taking within two
small-groups of kindergarten children (age 5-6) working on addition
problems. In K1 the children worked on the following problem, formu-
lated by the KT: “Run around the nearest located tree three times each.
How many times have you run around the tree altogether?” In K2 the
children worked on the following problem, formulated by the KT: “Con-
sider your hands, how many fingers have you altogether in the group?”
The two episodes were transcribed and then analysed from a multimodal
perspective.

The findings in this study suggest that children both self-select in
starting to talk and they address next speaker (cf. Sacks et al., 1978).
These techniques are accomplished using gaze, word emphasis and ges-
tures and appear to be context dependent (cf. Mondada, 2007). The turn-
taking in the two episodes are quite different. In the first episode, from
K1, there is mainly turn-taking by addressing next speaker. In the second
episode, from K2, turn-taking is mainly achieved through self-selection.
In K1, the children stand a bit apart from each other. To address next
speaker, the current speaker turns his/her gaze (and emphasises the last
counting word) to the next speaker. This may be regarded as face-to-face
interaction (cf. Mondada, 2007), because the current speaker and the
next speaker keep eye contact in the transition of turns. In K2, the chil-
dren are standing closer to each other while they solve the problem. The
children in this group have the possibility to count each other’s hands
and/or fingers (not only one’s own fingers as in K1), and they may touch
one another’s hands for addressing next speaker. This way of taking
turns may be considered as side-by-side interaction (cf. Mondada, 2007),
since the children do not (or very seldomly) keep eye contact in the tran-
sition of turns (they usually kept their gaze on their hands/fingers).

18 This paper will be revised after submitting the thesis.
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The children’s turn-taking ensures that the activity moves towards a
solution, and in some cases the children also attune the direction of the
activity by taking or addressing turns. This is only accomplished by trust
and responsibility. By prompting another participant to take the next turn
the selected next speaker must accept taking the next turn in order for the
activity to move forward. This requires both trust and responsibility and
reflects the process of togethering (cf. Radford and Roth, 2011). The cur-
rent speaker must trust the selected next speaker to take the turn, and the
next speaker must repay this trust and take responsibility for acting. By
self-selecting turns they take responsibility for moving the activity for-
ward and is particularly used to adjust the direction of the activity. The
responsibility that the participants show, may also be context dependent.
In both groups the problem is formulated so that all children must partic-
ipate. In K1 all children are asked to run around the tree, and they are all
responsible for representing and counting their runs. In K2 the children
are asked to count their fingers, and each child is responsible for bring-
ing their fingers into the joint activity of counting.

Although the two problems that are posed by the KTs may be consid-
ered as addition problems they give possibilities for multiplicative think-
Ing since the problems may be categorised as ‘equal groups problems’,
(cf. Anghileri, 1989; Greer, 1992; Mulligan & Mitchelmore, 1997). The
results show how layers of multiplicative structure arises from the chil-
dren’s actions. From children’s coordinated turn-taking in K1, a rhyth-
mic counting arose, which revealed the fundamental group-structure of
multiplication (cf. Anghileri, 1989; Mulligan and Mitchelmore, 1997). In
K2 the children were concerned about the group structure of their fingers
and by counting by five and tens. The children’s coordinated turn-taking
gave rise to their multiplicative thinking, and seems to influenced by
contextual circumstances, like how the problem at hand is formulated,
available artefacts and children’s positional location in space.

7.5 Paper 5: Kindergarten teachers’ orchestration of
mathematical learning activities: the balance be-

tween freedom and structure®®
This paper reports on a multiple-case study which focuses on four kin-
dergarten teachers’ (KT) orchestration of mathematical learning activi-
ties pre-designed in the AP. The study focuses on the four KTs’ orches-
tration of the mathematical activities with respect to the degree of free-
dom, and what impact their orchestrations had for children’s mathemati-
cal learning possibilities. The study draws on Valsiner’s (1987) zone the-
ory to investigate the relationship between zone of free movement

19 This paper will be revised after submitting the thesis.
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(ZFM) and zone of promoted action (ZPA) which the KTs set up to can-
alise children’s actions and thinking and thus development.

The empirical material was collected through ethnographic field
notes (Emerson et al., 2011) from observations of the four KTs’ imple-
mentation of the mathematical activities and interviews with the four
KTs. (Observations, interviews and field notes are the same as in the
overarching research study on mathematical inquiry in kindergarten).
The field notes were contracted into profiles of the four KTs’ orchestra-
tion, focused around four key points?°: (1) Children’s access to different
areas in the environment, (2) children’s freedom to act (physically)
within the accessible area, (3) children’s freedom to participate with
guestions, mathematical ideas and argumentations etc., and (4) the de-
gree to which problem-solving interaction was promoted (that is the de-
gree to which the children were promoted to ask questions and explain
and argue for their ideas to solve mathematical problems). Key points 1-
3 concern the ZFM, that is the degree of freedom given by the KT in the
activities. Key point 4 concerns the ZPA, that is how the KTs promote
children to ask questions, explain and argue for mathematical ideas to
solve mathematical problems. As Valsiner (1987) argues, ZFM and ZPA
are related and work as a unit to canalise children’s development, and in
this case, learning and development related to mathematics.

The results show that the four KTs’ orchestration differed quite sig-
nificantly. KT1 seemed to be concerned about freedom, and the ZFM
was relatively wide both with respect to what the children were allowed
to talk about and what they were allowed to do (physically). KT2 re-
stricted the ZFM to mathematics, however, she gave the children free-
dom to talk about and work with other mathematical objects than what
she initially introduced. KT3 restricted the mathematical talk to specific
mathematical themes, however the ZFM was relatively wide with respect
to what the children were allowed to do (physically). KT4 was the most
controlling of the four KTs, and the ZFM was relatively narrow both
with respect to what the children are allowed to do (physically) and what
the children were allowed to talk about. KT4 decides, to a large degree,
who was allowed to talk (or ‘do’ something), when the children were al-
lowed to talk (or ‘do” something) and what the children are allowed to
talk about.

The results show that in the kindergarten (KT2) where the ZFM was
gently set up and limited to mathematics, and where the KT sensitively
set up the ZPA and promoted the children to share, argue for and explain

20 The four key points used in this multiple case study are similar to the original key points
used to organise the KTs’ profiles in the first phase of data processing, described in Sub-sec-
tion 6.6.1. However, in this research study the four key points were modified to fit the re-
search questions and the theoretical framework.
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their mathematical ideas, and explicitly promoted the children to collab-
orate, was where most problem-solving interaction occurred and where
the KT facilitated children’s learning possibilities the most. How a
ZFM/ZPA complex canalise children’s development is not only related
to the boundaries of the zones itself, | hold, but how the ZFM and ZPA
are set up. The KT2 was relatively mild in her way of setting up the
ZFM, and instead of turning the ZPA into ZFM she acted in an exciting
way which promoted the children to accept the ZPA. The KT2 ‘adver-
tised’ for the ZPA by the way she presented the mathematical problems
and made the children want to pay attention and accept the ZPA.

The profiles are of course tendencies not absolute characteristics. The
KTs’ orchestrations, with respect to the degree of freedom, changed dy-
namically during each session and from session to session. In addition,
the profiles are relative, which means that the degree of freedom in one
kindergarten is relative to the three other kindergartens and cannot pro-
vide an indication for how it relates to other KTs’ orchestration in other
contexts more generally.
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8 Mathematical inquiry in kindergarten:
discussion, conclusions and implications

| begin this chapter by reviewing the purpose(s) of this research study
and the research issues guiding the study and then outline the three sub-
stantive sections which follow. The purpose of this research study is to
investigate processes of mathematical inquiry in kindergarten and bring
forth new practical insights about inquiry as a theoretical construct.
Since inquiry is closely linked to issues about learning, the research
study also aims to reveal important aspects of mathematical teaching-
learning processes in kindergarten. Moreover, the study aims to investi-
gate processes and illuminate issues that arise when young children are
introduced to and engaged in mathematical activities that aim to prepare
them for school. Thus, a purpose of the study is to contribute to an un-
derstanding of what mathematics is for young children, how they engage
in mathematical activities, and what can be expected, or not expected
from these young children that are about to enter school. Based on these
purposes the following research issues were formulated to guide the
study:

e What characterises processes of mathematical inquiry in Kin-
dergarten?

e What enables processes of mathematical inquiry to occur?

e How, if at all, do these processes of mathematical inquiry pre-
pare kindergarten children for school?

As mentioned in Section 1.2, the two former research issues were opera-
tionalised into specific research questions or aims in each of the papers
accompanying this thesis, to deal with the empirical material. The latter
research issue arose during the research process and is seen as an explor-
atory research issue. The aim is to use results emerging from the two for-
mer research issue and consider them in light of the literature on im-
portant aspects for a smooth transition between kindergarten and school.
In this chapter I return to the above-mentioned research issues and at-
tempt to make a holistic evaluation of them.

Before | return to the research issues, the findings in the five papers
will be synthesised and discussed in Section 8.1. In Section 8.2 | return
to the purposes and research issues of the study in order to provide possi-
ble answers to them. Finally, Section 8.3 is devoted to critical reflection
and implications for practice and further research.
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8.1 Synthesis of findings and discussion

The findings in the five papers are synthesised and organised around four
discussion points: children’s contributions to the activities (Sub-section
8.1.1), the KT’s contributions to the activity (Sub-section 8.1.2), the dia-
lectic relationship between the KT’s and children’s contributions and the
co-creation of the zone of proximal development (Sub-section 8.1.3),
and children’s mathematical reasoning in the five papers (Sub-section
8.1.4). The three first discussion points are indeed interrelated but will be
discussed separately to make a linear and coherent discussion. All four
discussion points will serve as a foundation for making conclusions in
Section 8.2.

8.1.1 Children’s contributions to mathematical inquiry processes
This sub-section is devoted to a discussion about children’s contributions
to the segments of activity which, in this study, are identified as inquiry.
First, it discusses how children contribute with multimodal claims and
argumentations, later it discusses how children contribute through taking
and addressing turns and goes on to discuss how children contribute to
create action possibilities for the KTs in the activities. The sub-section
ends with a discussion about the lack of questions asked by the children
in these mathematical learning activities.

There is an agreement among researchers that mathematical explana-
tions, justifications and argumentations are important in young children’s
mathematical reasoning (Mercer & Sams, 2006; Yackel & Cobb, 1996),
but the literature is still sparse with respect to characteristics of young
children’s mathematical argumentations. Paper 1 investigates the multi-
modal nature of children’s argumentation related to reflection symmetry.
The paper illustrates how two 5-year-old boys argue for why a ‘trolley’
(a doll's pram) is reflection symmetrical. Using Toulmin’s (2003) model
for substantial argumentation the study illuminates the complex struc-
tural pattern of the two boys’ argumentation. This is similar to the find-
ings of Pontecorvo and Sterponi (2002), who found that children’s rea-
soning in preschool activity unfolded “through complex argumentative
patterns” (p. 133). Paper 1 also illustrates that the two boys’ argumenta-
tion unfolds through a complex coordination of various semiotic means,
where words (language) were just one of the components. In fact, chil-
dren’s argumentation and reasoning were mainly mediated by other se-
miotic means than language. Both boys argued for why the trolley was
reflection symmetrical by the deictic term ‘there’ and related gestures
and bodily actions.

Although both boys, in Paper 1, used the deictic term ‘there’ and re-
lated gestures and bodily actions, their argumentations were still differ-
ent. The first boy (John) was more restricted in his argumentation. He
‘showed’ the whole trolley to argue that it was reflection symmetrical,
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and then showing the sides of the trolley to further warrant his claim.
The other boy (Elias) used more elaborated argumentation. He pointed to
different points on the trolley with his index finger. Both boys used the
deictic word ‘there’ and corresponding gestures and bodily actions, but
Elias’s argumentation was still more refined because he was more pre-
cise with his gestures and paid attention to more details. In addition,
Elias seemed more confident than John. In their study on children’s (age
5-6) different types of justification Tsamir et al. (2009) showed that
young children are able to justify their statements by using what they call
‘appropriate mathematical ideas’. However, there were differences in
children’s ways of reasoning. Some children used their ‘visual reason-
ing’ as a way to justify their statements, for example some children justi-
fied their statements by saying “because we see”. Others argued by more
sophisticated verbal arguments. The findings in Paper 1 are similar to the
findings in the study by Tsamir et al. (2009). However, the differences in
children’s argumentation (the level of abstractness or the level of details)
are not related to the use of words (or not), rather to different ways of us-
ing various other semiotic means like gestures and other bodily actions.

An important element in Toulmin’s (2003) model is the claim — with-
out a claim, there is nothing to build an argument around. And making
claims seems salient for children’s contributions in the segments identi-
fied as inquiry. In Paper 1, John claims that the trolley has reflection
symmetry; he later builds an argument around this claim. In Paper 2 and
Paper 3 most of the children contribute with claims and suggestions
about the solution of the problem, only a few children contribute with
more elaborated argumentations for how to solve the problem. This show
that different children contribute with different ‘things’ (e.g., claims and
arguments) in the activity, and it seems that the children who are more
aware of mathematical ideas and the culturally ways of expressing them,
are the children who are able to contribute with more sophisticated and
refined argumentations and explanations.

Paper 2 illustrates how the KT, by her question strategies and her
multimodal contributions, promotes children to contribute to the activity
and to explain and argue for their ideas. The children eagerly (and quite
spontaneously) contribute with ideas and claims about the solution, and
some children are able to explain their ideas. Polya (1945) regarded
guessing as a key element in problem solving. He argued that mathemat-
ics could be seen as a ‘guessing game’, and it seems as if some of the
children in the activities in this research study are practicing such ‘guess-
ing games’. Similarly, however not identically, to what Polya (1945) ar-
gues, these claims are valuable contributions to the activities. According
to Radford (2015b), thinking is thought put into motion, and it is through
joint practical activity that mathematical thinking is brought to life. In
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Paper 1 John initiates the argumentation claiming that the trolley is re-
flection symmetrical. John gets the idea when he picks the trolley and on
that stage, the idea is pure possibility, which is put into motion when he
starts to argue. Elias takes up Johns idea and contributes to move the
thinking further. Similarly, in Paper 2 and 3, when the children are asked
to suggest a strategy for how to solve the addition problem (8 + 5 + 7),
Leo gets an idea in line 93 (in Paper 2). He points to the tower with eight
building blocks but is not able to move the idea further. Later in line 111
(which is not part of the transcripts in Paper 2 or 3) Mia gets an idea (or,
perhaps, takes up Leo’s idea) and says ‘eight’. The KT has at this point
taken up Leo’s and Mia’s idea and in line 112 she prompts Mia to ex-
plain further and says, “Eight... Here it was eight ((points to the red
tower)), and then, what do we have to do?”, but Mia does not know how
to move on. This seems to awaken the idea in Lea and Ada, because they
eagerly raise their hands. It is when Lea and Ada explain their ideas (in
interaction with the KT) that the thought is accelerated, and the collec-
tive thinking is materialised through the activity. When Ada explains her
idea (in Paper 3) it was not Ada’s idea solely — the idea was initiated by
Leo (in line 93) and Mia (in line 111) and materialised in interaction
with the KT. This illustrates that, although some children do not engage
in elaborated argumentation, their suggestions are still valuable to the
joint activity and to the flow of thinking. It is at the point where Ole
points to the tower with eight building blocks that the collective thinking
is carefully put into motion. When Ada later explains the idea, it helps
the other children to become aware of the cultural and historical patterns
of interaction which constitutes what we recognise as a mathematical
idea.

Children make claims and argue for their ideas, but they also take
and address turns which is part of the materialisation of mathematical
Ideas and part of the materialisation of activities which | identify as in-
quiry. To productively collaborate, some children must listen and ob-
serve, and others must talk and act and thus turn-taking is an important
part of how the roles as listeners/observers and as speakers/actors are co-
ordinated between the children. Sacks et al. (1978) describe two ways in
which turn-taking may be organised. Either by the current speaker who
select the next speaker or by ‘self-selected turn-taking” where the non-
speaker self-selects in starting to talk. Paper 4 illustrates how children
use these two ‘turn allocating techniques’ to organise turn-taking in
small groups, and how their mathematical thinking is materialised
through the ways in which the children organise their turn-taking. Chil-
dren both take turns and address turns in order to move the activity fur-
ther. In particular, the paper illustrates how turn-taking is organised, and
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thus how mathematical ideas are materialised, through children’s use of
gaze, gestures and word emphasis.

Paper 4 also illustrates that children’s turn-taking is context sensitive,
which is similar to what both Lerner (2003) and Mondada (2007) argue.
However, in Paper 4 it is not only the tasks at hand and the available ar-
tefacts that influences children’s turn-taking. Children’s positional loca-
tion in space also affects their turn-taking and thus the materialisation of
their thinking. Whether the turn-taking is organised as a face-to-face ex-
change or as a side-by-side exchange (cf. Mondada, 2007) is to a great
extent related to children’s positional location in space. This illustrates
how the flow of thinking, and in this case the flow of additive and multi-
plicative thinking, is deeply context dependent. In Sub-section 8.1.4 chil-
dren’s mathematical reasoning will be elaborated, including how their
thinking is intertwined in the contextual circumstances.

Children’s organisation of turn-taking in Paper 4 also illustrates that
different children contribute with different things in the collective think-
Ing. In segment 1, Pia seems to get the initial idea for how to solve the
problem and is further trusted to take an organising role. It is actually not
Pia that takes the role as an organiser, but the turns come back to Pia,
which indicates that the other children trust Pia as an organiser. Pia ac-
cepts the role as an organiser and plays a key role for the materialisation
of the thinking.

As part of the turn-taking, the children also contribute with actions
that have the intention to keep the other participants productive in the ac-
tivity. Roth and Radford’s (2011) argue that a significant part of learning
activities (for the co-creation of a ZPD) is the way that the participants
create action possibilities for each other. Paper 3 illustrates how Ada
contributes to create action possibilities for the KT to keep the KT in the
activity. When the KT is confused, Ada guides the KT by creating action
possibilities so the KT can productively participate in the activity again.
Ada shows persistence and responsibility for maintaining the joint activ-
ity and to move the activity further. This illustrates the importance of
making room for children’s participation and of trusting the children to
take responsibility in mathematical activities.

In an inquiry approach to education, children should get opportunities
to ask their own questions (cf. Alrd & Skovsmose, 2004; Jaworski, 2006;
Lindfors, 1999; Roth, 1996; Wells, 1999). However, many scholars have
identified that children or students rarely ask questions themselves in
teaching-learning situations (Dillon, 1988; Myhill & Dunkin, 2005), and
that the reason may be the lack of opportunities that the children get to
ask questions because of the extensive use of questions that teachers ask
(Dillon, 1988). In kindergarten, which originates in a tradition other than
school, and where children’s freedom to participate is emphasised in
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learning activities, one could expect that children would ask a lot of
questions. However, this was not the case in this research study. From all
the observations that were conducted in the study, children seldomly
asked questions. It is of course important to consider that the activities in
the AP were designed as structured learning activities, where the conver-
sation should be focused around mathematics. However, as Paper 5 illus-
trates, even in the kindergarten where the KT gave children a lot of room
to contribute with ideas and questions, there were seldom mathematical
questions asked by the children. This is similar to the findings of Dovigo
(2016), who found that children contributed with less questions in child-
teacher interaction than in peer-interactions, however in child-teacher in-
teractions children’s argumentations were often more elaborated than in
peer-interactions.

There may be several reasons for why there were not so many ques-
tions asked by the children, and one of the reasons may be the nature of
the pre-designed activities. Perhaps the way that the activities were de-
signed, or the way that they were orchestrated, didn’t promote children
to ask question. Another possible explanation, which is in line with the
cultural-historical approach, is that children have not yet learned to ask
mathematical questions. | think Dewey (1938), who represents a pragma-
tist view, has a point when he says that, “a problem well put is half-
solved” (p. 173). Dewey’s claim indicates that to be able to ask ques-
tions, at least well-defined questions which may serve as problems that
the children can investigate further and solve together, requires that the
children are, to some degree, aware of the object that they ask questions
about. In addition, it requires that the children are aware of the culturally
and historically ways of acting and thinking, which is culturally identi-
fied as mathematical questions. Moreover, it requires that they are aware
of cultural norms, that asking questions is part of what we do in mathe-
matical activities. From a cultural-historical perspective, questioning as
any other cultural means must be learnt. In this research study it seems
that the children have limited experience in asking mathematical ques-
tions or learned that asking questions is part of participating in mathe-
matical learning activities.

To summarise, in the segments identified as inquiry in this research
study, the children contribute with multimodal claims and argumenta-
tions, they also contribute with taking and addressing turns and creating
action possibilities for other participants to move the activity further.
However, different children contribute with different things, which indi-
cates that some children have limited experiences in arguing and ex-
plaining their ideas yet. Although children contribute with different
things, all contributions are still important for the movement of the math-
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ematical activities. Another key finding is that children seldomly con-
tribute with questions, not even in the activities where they have a lot of
freedom to do so. Apart from children’s lack of questions, the above
findings indicate that the children are highly involved in the mathemati-
cal activities, both in initiating ideas, influencing the characteristics and
structure of the activities and in involving the other participants.

8.1.2 Kindergarten teachers’ contributions to mathematical inquiry
processes
This subsection is devoted to the KTs’ contributions to the segments
identified as inquiry, where the KTs’ mandate is to try to focus the activ-
ity around mathematics, which is quite different to everyday dialogues in
kindergarten. In this research study 5 KTs in the focus group of the AP
participated. Observations were made while they implemented the pre-
designed activities. In the first phase of data analysis, most of the seg-
ments identified as inquiry segments were from kindergarten 2, where
KT2 was involved. This KT is also most present in the papers, and the
discussion below is therefore mainly, but not solely, focused on KT2 and
her contributions to the activities identified as inquiry. First the discus-
sion focuses on how the KTs initiate or set up needs for argumentation
and problem solving. Then it discusses how the KTs follow up the initia-
tion of the activity by appreciating and challenging children’s contribu-
tions by asking questions in a multimodal manner. Later the discussion
focuses on how the KTs bring structure into the activity, and what this
contributes to the mathematical inquiry. The KTs also listen to the chil-
dren, which gives room for children’s participation. The section ends
with a consideration of the norms that the KTs bring in to the activity.
First, Paper 1, 2, 3, and 4 illustrate how the KTs, with help of the pre-
designed activities, set up needs for children’s argumentation and prob-
lem solving. This relates to a basic principle in cultural-historical activity
theory, that all human activities are motivated by cultural (or natural)
needs (objects/motives) (Leont'ev, 1978). The need that the KTs are set-
ting up may be considered on several levels. In Paper 1 the KT simply
asks for an argument for why the trolley (doll’s pram) is reflection sym-
metrical. In Paper 2 and 3 the KT asks if the children can help Super Sig-
urd with his problem. Here the problem itself (formulated by the KT)
sets up a need for argumentation, but there is also a deeper social dimen-
sion, where the children are asked to help Super Sigurd. In Paper 4, in
segment 1, the children participate in an activity called ‘treasure hunt’.
Each problem initiates a need for problem solving or argumentation, but
the motivation for solving these problems are also related to finding the
treasure at the end. In Paper 4, segment 2, the children are participating
in a ‘balloon play’ where part of the fun is to burst balloons, but they

Processes of mathematical inquiry in kindergarten 113



have to solve the problems inside the balloons before they can burst the
next balloon.

The KTs are not only setting up needs for argumentation or explana-
tions, but they also follow up the initiation in diverse ways. In activities
where the KT is organising learning activities where the conversation is
supposed to be focused around a mathematical object it may be difficult
to balance teacher-talk and child-talk (O’Connor and Michaels, 1996;
Dovigo, 2016). On the one hand, the KT aims to nurture children’s talk
and promote them to take part in the discursive activity. On the other
hand, the KT aims to focus the discursive activity around a specific
mathematical aim. Paper 2 illustrates how the KT follows up the initia-
tion by appreciating and further challenging children’s contributions.
The KT responds to and appreciates almost every child’s contribution.
Through her multimodal question strategies, she promotes the children to
argue for and explain their ideas. Dillon (1988) is critical of teachers’ ex-
tensive use of questions in teacher-led activities. He argues that teachers
should strive to use alternative pedagogical means. Others also point to
the significance of teacher’s careful questioning strategies (Franke et al.,
2009; Myhill & Dunkin, 2005; Rojas-Drummond & Mercer, 2003; Roth,
1996). Although there is an agreement that teachers’ questions may be
important for engaging students in mathematical discussions and lead to
positive learning outcomes, some questions may help children to partici-
pate, other questions may hinder children’s participation in mathematical
discourse. Paper 2 illustrates how a KT carefully uses various multi-
modal question strategies to engage the children in the discursive activ-
ity. However, instead of asking a lot of verbal questions, which may take
up a lot of time, she uses various other means to guide the children in the
discourse, for example facial expressions and other bodily actions. Each
time the children move ‘away’ from what she is aiming for, she adopts a
guestioning look, and each time the children move towards what she is
aiming for, she adopts an excited facial- and bodily expression. In this
manner she questions and challenges the children’s contributions, but
she does not take up a lot of time in the conversation by asking a lot of
verbal questions. Instead she makes room for children’s participation.
Paper 2 particularly illustrates how the KT manages to engage the chil-
dren in the mathematical discourse without ‘teaching’ (i.e., telling) chil-
dren mathematical relations and concepts.

The activities in the AP are supposed to be structured around a math-
ematical objective, which gives another context than a spontaneous float-
Ing conversation that often occurs in kindergarten. However, the activity
between the KT and the children, described in Paper 2, is more ‘open’
than what Seebbe and Mosvold (2016) found as the most common com-
munication pattern in an everyday situation in kindergarten. Seebbe and
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Mosvold found that questioning and affirmation were the two core com-
ponents in a KT’s communication pattern in an everyday mathematical
situation in kindergarten. The questioning-affirmation dyad was com-
pared with the IRE-sequence (Wood, 1992), which is often found in a
‘traditional’ teaching approach in school. However, in kindergarten the
guestioning-affirmation dyad was used to introduce new concepts, invite
the children to participate in the mathematical discourse and encourage
them to think further on their ideas. In Paper 2 the KT never (explicitly)
evaluated children’s contributions by saying ‘good’ or ‘correct’ etc. The
turn-taking identified in Paper 2 was more like an IRF-sequence and
could also be identified as exploratory talk (Mercer, 2000), where the
children got ample opportunities to explain and argue for their ideas. The
KT continuously encouraged the children to consider and explain their
ideas further, and thus facilitated children’s opportunities for mathemati-
cal learning. This is similar to the results in Dovigo’s (2016) study,
where some KTs were able to guide the conversation in a careful manner
which contributed to the development of children’s argumentation. In
addition, the KT in Paper 2 seldomly gave the turn to any particular
child, by using address terms like ‘you’ or the names of the children (cf.
Lerner, 2003). The conversation was open for anyone to participate in.

The openness (or freedom) found in the activities in some of the pa-
pers may also be attributed to the KTs’ abilities to listen to the children
or their effort in trying to understand the children. Wells (1999) found
that the most important teacher contribution for creating an inquiry envi-
ronment was to listen to the student’s contributions. Similarly, John-Stei-
ner (2000) argues that the capability to listen to others lays at the heart of
the co-creation of a ZPD. Paper 3 emphasises that the KT’s ability to lis-
ten to (and observe) Ada and letting Ada explain her idea, is a crucial
part of the co-creation of the ZPD. Through the way that the KT posi-
tions herself as a learner, she carefully pays attention to Ada and wants
to understand her. In the activity between Ada and the KT, the KT
needed to listen to, and observe, Ada, in as much as Ada needed to listen
to, and observe, the KT in order to create the ZPD and move the activity
forward. The co-creation of ZPD will be further discussed in Sub-section
8.1.3.

Although the activity in Paper 2 (and 3) is more ‘open’ than in the
conversations that Seebbe and Mosvold (2016) exemplify, the KTs also
brings in structure to the activities. The structure may be identified in
various forms and on various levels. For example, Paper 2 indicates that
the structure that the KT brings in by organising the turn-taking as an
IRF-sequence creates an opportunity for exploratory talk and is valuable
for children’s flow of thinking. Paper 4 illustrates how the structure that
the KT brings in by organising children’s turn-taking is not only valuable
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but also necessary for the children’s flow of thinking. The structure helps
the children to re-establish a joint attention and focus on a common strat-
egy. Structure was also brought into the activity in Paper 2 by limiting
the children’s access to the building blocks. By limiting children’s access
to the building blocks, the KT ‘forced’ the children towards a more ab-
stract form of reasoning. However, the KT was sensitive to children’s
contributions and their needs for using the building blocks in their expla-
nations. Paper 5, which illustrates and discusses four KTs’ orchestration
of mathematical learning activities, also indicates that some structure is
valuable, or necessary, for the activities identified as inquiry. It seems
that KT2, who focuses the conversation around mathematics but allows
the children to contribute with various mathematical ideas, is the KT that
facilitates most problem-solving interaction among the children, com-
pared to the three other KTs. The results also illustrate that KT2 gave
more structured tasks to the children who had problems paying attention,
which helped them focus and take part in the activity. This indicates that
some structures set up by the KT are valuable for facilitating mathemati-
cal learning possibilities. This is in line with Hirsh-Pasek et al. (2009),
Weisberg et al. (2015), and van Oers (2014), who also argue that playful
learning activities can benefit from interactions containing some ele-
ments of instruction. This is also in line with Dovigo (2016), who found
that children provided more elaborated argumentations in interaction
with their KTs than in interaction with their peers. However, as Paper 5
indicates, which is similar to the arguments from Hirsh-Pasek et al.
(2009) and Van Oers (2014), the structure must be carefully balanced
with freedom.

Through the above-mentioned contributions, the KTs are also bring-
ing in norms, both social norms and sociomathematical norms (cf.
Yackel and Cobb, 1996). From a cultural-historical approach, norms can
be seen as tacit rules that structure culturally ways of doing things. The
KTs are the sources of, and representatives for, these tacit rules. In Paper
2 (and 3), the KT respects and values all children’s contributions, and
she encourages the children to listen to and respect each other’s contribu-
tions. For example, the KT promotes the other children to listen to Ada’s
suggestion by explicitly saying “Did you hear what she suggested?” The
KT also challenges the children to explain their ideas mathematically. To
suggest a solution to the problem is not sufficient, and the children are
expected to provide mathematical explanations for their ideas. Further-
more, Paper 5 emphasises how KT2 sets up pre-activities to the mathe-
matical problem-solving activities by explicitly asking the children to re-
flect on what it means to collaborate. By these contributions the KT
brings in norms which lay the ground for the problem-solving activities
and are an important part of what is identified as inquiry interaction.
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To summarise the key points in this sub-section, the KTs participate
with various contributions to the activities identified as inquiry. First the
KTs initiate activities that promote children to argue and explain mathe-
matical ideas and solve mathematical problems. The KTs, with the help
of the pre-designed activities, set up needs for argumentation and prob-
lem solving. In Paper 2, the KT follows up her initiation by multimodal
guestion strategies which promote the children to continue to contribute
in the activities. These multimodal question strategies combined with the
way that the KT carefully pays attention to the children and positions
herself as a learner within the activity creates a space of freedom for
children to contribute and to take responsibility in the activities. This
space of freedom is carefully combined with the KT’s sensitivity for
children’s need of structure. Whenever it is needed, or suited, the KT
structures children’s turn-taking or access to building blocks which both
opens up a space for children’s contributions and simultaneously struc-
tures and organises their flow of thinking. In addition, the KT brings in
Important norms to the activities. To solve problems together the chil-
dren must learn to pay attention to each other, value each other’s contri-
butions, and respect each other. It is the KTs that are the sources of and
representatives for these tacit cultural rules.

As mentioned in the introduction to this chapter, the KTs’ contribu-
tions are strongly related to children’s contributions and vice versa. But
KTs’ contributions are also related to the aim of the activity and their un-
derlying stance towards the children and their learning. In the next sub-
section, | discuss the dialectic relationship between the KTs’ and chil-
dren’s contributions in the co-creation of the ZPD. Moreover, | discuss
how the KTs’ contributions balance the past, present and future and how
this constitutes the KTs’ way of becoming in the activity.

8.1.3 The dialectical relationship between the participants’ contri-
butions and the co-creation of the ZPD
As mentioned above, this sub-section focuses on the dialectic relation-
ship between the KTs’ contributions and children’s contributions and
how the ZPD is co-constructed by the participants. Paper 2 especially
identifies how a K'T’s contributions can be dynamic and change in rela-
tion to children’s contributions. All of the KT’s actions in this paper are
related to children’s previous contributions, and vice versa. This reso-
nates with Vygotsky’s (1981) dialectic perspective and is also related to
Bakhtine’s [Volochinov], (1977) symmetrical perspective, which empha-
sises that, in a conversation, every word has two sides, the speaker’s and
the listener’s sides. In paper 3 | hold that all external social actions have
two (or several) sides, the actor’s side and the side of the observer or lis-
tener and all actions are in the same ‘(inter)action space’, which lays the
foundation for regarding the ZPD as a symmetrical space with two (or
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more) sides. Paper 3 particularly focuses on Ada’s actions, how they re-
late to the KT’s actions, and the role of Ada’s actions (the presumed less
knowledgeable) in co-creating the symmetrical ZPD.

As pointed out in Paper 3, the conceptualisation of the ZPD has
changed from looking at the ZPD as a property or an attribute of an indi-
vidual, towards a view of the ZPD as a collective process (John-Steiner,
2000; Levykh, 2008; Holzman, 2010), or a collective space (Abtahi et
al., 2017; Hussain et al., 2013; Mercer, 2000; Roth & Radford, 2011).
But there are different conceptions about what it means to be collective.
Some researchers are still focusing on the asymmetrical relationship be-
tween the more knowledgeable and the less knowledgeable (e.g., Mercer,
2000; Wells, 1999), while others recognise that the ZPD has a symmet-
rical character (Abtahi et al., 2017; Goos, Galbraith and Renshaw, 2002;
Roth & Radford, 2011; Zack and Graves, 2002; Zuckerman, 2007).

Following Vygotsky (1987) and Veresov (2017), Paper 3 emphasises
that the ZPD must be seen in terms of social relations that emerge from
the joint activity. Using Roth and Radford’s (2011) approach to analyse
the emergence of the ZPD, this paper investigates how a KT and a child
co-creates a ZPD by expanding each other’s action possibilities. The
ZPD is not initially there, the ZPD emerges when the KT interacts with
the child and the child interacts with the KT. The paper emphasises the
significant role that the child (the presumed less knowledgeable partici-
pant) plays in the joint activity and for co-creating a ZPD. When the KT
gets confused, which she expresses both verbally and non-verbally, the
child works intensively to create new action possibilities for the KT to
keep her in the joint activity. By her actions, the child creates new action
possibilities for the KT so the KT can productively participate in the
joint activity. In this way they, together, move the activity forward.

During the activity the child and the KT stand in a constant relation
to each other. This relation is kept together by a commitment the child
and the KT make, which Radford and Roth (2011) call ‘togethering’.
Through an ethical commitment based on trust the child and the KT en-
gage and attune to one another in order to move the activity forward. To-
gethering is evident by the way that they both show persistence and re-
sponsibility for creating action possibilities for each other. They really
work hard together to keep the activity moving and to co-create the ZPD.
It seems that it is the way that they both are faced with challenges which
gives rise to the strong bond. It is when they struggle that their relation is
challenged and when they are dependent on each other to carry out the
event. It seems as if it is the struggle that both experience that makes
them both learners and teachers of each other. It is this struggle that is
Important, not to reach the objective as quickly as possible.
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Through the joint activity the participants become aware of histori-
cally and culturally forms of reasoning in the process of objectification
(cf. Radford, 2008b, 2013b). Knowledge is materialised through the par-
ticipants’ actions, where the child’s actions in this case, are especially
significant for the materialisation. Through the child’s actions, inter-
twined with the KT’s actions, the KT (and the child) ‘sees’ the object in
a new materialised form. The object has never been objectified in exactly
this manner before. The object, | hold, is objectified to the KT (and to
the child) in a new way, and the materialised form reflects mostly Ada’s
perspective, which now the KT becomes aware of.

Paper 2 also discusses Radford’s (2008b, 2013Db) claim that learning
in the theory of knowledge objectification is more than becoming aware
of cultural ways of thinking and acting. It is also about becoming in the
process of subjectification, which is a “processes of creation of a particu-
lar (and unique) self” (Radford, 2013b, p. 27). Paper 2 (and 3) illustrates
how the KT, in this process, is positioning herself within the unfolding
activity as a learner and shows that she wants to understand Ada. The
KT shows a genuine interest to understand the children. This makes her
vulnerable, because the KT might end up learning or she might not. In
addition, as found in Paper 2, the KT’s contributions in every turn-ex-
change-pair relate to children’s contributions (present), the aim of the ac-
tivity (future) and her underlying stance towards the children and their
learning (past). It is the melting between the past, present and future, |
hold, that constitutes the KT’s moment to moment acting and her way of
becoming in the activity. It is through the encounter with the children, by
her earlier experiences as a backdrop and the aim of the activity as a mo-
tive, that the KT becomes her unique self. Who the KT was when she en-
tered the activity is transformed in the encounter with the children (cf.
Vygotsky, 1989, in Roth & Radford, 2011).

This sub-section has considered the dialectic relation between the
KTs’ contributions and the children’s contributions, and how the ZPD is
co-created by the KT and a child through the way that they both create
action possibilities for each other. It has been emphasised how the child
plays a significant role for creating the ZPD, and how they both are
learners and teachers of each other. The sub-section has also considered
how the KT in the encounter with the children and the way the KT posi-
tions herself as a learner vis-a-vis the children, which enables the KT be-
come her unique self in the activity.

In this research study the ZPD is used as a pedagogical construct to
understand the symmetrical interaction between the KT and the children,
and the symmetrical quality of learning activities. However, is this in
line with Vygotsky’s original idea when he first introduced the con-
struct? Did Vygotsky consider the ZPD as a pedagogical construct, or
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did he consider the ZPD as a mere psychological construct? Sub-section
8.3.4 will provide a critical reflection on the ZPD concept and discuss
whether the way it is used in this research study, as a pedagogical con-
struct, is in line with Vygotsky’s original idea.

8.1.4 Mathematical reasoning in kindergarten

In order to draw some conclusions about processes of mathematical in-
quiry in kindergarten in Section 8.2, it is useful to discuss children’s
mathematical reasoning in the segments identified as inquiry. Although
the previous sub-sections (8.1.1-8.1.3) implicitly deal with children’s
mathematical reasoning in the joint activities, this section aims to deal
with it more explicitly.

Children stand in relation to an ever-changing environment. It is ar-
gued that to notice differences and similarities in an ever-changing envi-
ronmental context and to recognise patterns and structures (generalities)
from these differences and similarities is the essence of mathematical
thinking (e.g., Mulligan & Mitchelmore, 2013; Radford, 2010b). Paper 1
illustrates how two boys argue for why a trolley (doll’s pram) is reflec-
tion symmetrical. Both boys are pointing to similarities on the trolley.
John is recognising and pointing to more distinct similarities, while Elias
IS recognising more details. Their argumentation is mediated by a rhyth-
mic use of the word ‘there’ and correspond pointing gestures (‘there-
there and there-there and there-there’) and signifies pairs of similarities.
Similarly, in Paper 4, segment 1, children’s coordinated turn-taking ex-
hibits a rhythmic counting. The children use gaze and word emphasis to
address the next speaker (on every third number) which brings to life the
rhythm: 1,2,3-4,5,6-7,8,9-11, 12, 13 (which should have been
10, 11, 12). The rhythm mediates a pattern and that ‘something’ is re-
peated, which, in this case, is three counting words. This ‘something’ is a
group of three counting words and is similar each time, but the counting
words themselves are different each time. Each child must identify what
is similar and what is different when it is their turn to count, and this is
one of the things that the rhythm helps them to recognise.

Moreover, the materialisation of children’s mathematical reasoning is
deeply connected with contextual features, like how the problem at hand
Is formulated, available artefacts and positional location in space. For ex-
ample, Paper 4 illustrates how the mathematical problems engage all
children. Both problems considered in Paper 4, invite all children to par-
ticipate. In the problem in segment 1, the children are invited to count
their runs around the tree, and they are all responsible for their own runs.
In the problem in segment 2, the children are asked to count the fingers
on their hands, and thus all children must contribute with their own
hands.
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The materialisation of children’s mathematical reasoning is also de-
pendent on available artefacts. Paper 3 illustrates how the KT limits
Ada’s access to the building blocks and consequently ‘forces’ Ada to use
more refined semiotic means. Instead of operating directly on the build-
ing blocks Ada explains how to perform the addition strategy with an
iconic gesture and language, and the explanation is short and precise.
Ada shows, | hold, the ability to contract her thoughts (cf. Radford,
2008c). Similarly, Paper 4 illustrates how children’s flow of thinking is
materialised by available artefacts. In segment 1, the children use their
fingers to solve the problem at hand, and each child is responsible for
counting his or her own fingers. This results in a rhythmic counting to
solve the problem. Afterwards, the KT asks the children to find as many
cones as they ran around the tree, and they gathered them in a pile and
counted them all together. This resulted in a completely new materialisa-
tion of their thinking. The rhythmic counting disappeared due to the lack
of group structure, which illustrates the significance of the available (or
not available) artefacts, and how the available artefacts are used.

Another significant finding in this research study is that the materiali-
sation of children’s thinking is also related to children’s positional loca-
tion in space. Paper 4 illustrates how children’s mathematical thinking is
materialised through the ways they organise their turn-taking and which,
In turn, is dependent on their positional location in space. In segment 1
the children stand a bit apart from each other when they are adding up
their runs, and therefore they use gaze and word emphasis to address
next speaker. This way of taking turns may be regarded as face-to-face
interaction (cf. Mondada, 2007), because the current speaker and the
next speaker keep eye contact in the transition of turns. This face-to-face
interaction arises from the children’s positional location in space. The
mathematics is embodied in the children’s use of word emphasis, gaze,
gestures and their positional location in space and are essential compo-
nents for the flow of thinking, which in this case materialises repeated
addition. In segment 2, children are positioned differently, and thus their
reasoning is also different. In segment 2 the children are standing closer
to each other and have the opportunity to touch each other’s hands,
which gives rise to a side-by-side interaction (cf. Mondada, 2007). The
children have access to each other’s hands and can count each other’s
fingers. This affects children’s organisation or turn-taking and thus their
flow of thinking. In this case a multiplicative structure through step
counting is realised.

The above considerations about the situatedness of children’s mathe-
matical thinking and how children identify differences and similarities,
tell us something about what mathematics is for young children and how
they encounter mathematical concepts and relations. First, it seems that
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children perceive underlying argumentative structures or patterns of
mathematical ways of reasoning, for example rhythm, before they utilise
a lot of words. Furthermore, it seems that the pattern is perceived by
identifying similarities and differences in the situation. This aligns with
the comparison-of-quantity position (cf. Sophian, 2007), which empha-
sises that children perceive other characteristics in their environment be-
fore they perceive numerosities. How the children in segment 1 in Paper
4, seem to be satisfied with the (wrong) result because they managed to
keep the rhythm, that is they overlooked the numerosity, underlines this
point. Moreover, the similarities and differences and the pattern that the
children recognise emerge from what they and the KTs do. Mathematics
emerges from the participants’ actions, for example from their turn-tak-
ing by gaze and word emphasis. But what they do is intertwined with
contextual circumstances. In line with Radford’s (2013b) theory of
knowledge objectification, this research study shows that mathematics is
patterns of interaction emerging from a coordinated use of semiotic
means, where language is just one component. Mathematics emerges
from what the participants do physically and is dependent on contextual
circumstances. Moreover, mathematical thinking is also organised by
emotions, which is exemplified in Paper 2 about how the KT’s excite-
ment or uncertainty guides the activity.

As already mentioned, Paper 4 illustrates how multiplicative struc-
tures emerge from children’s turn-taking. In the two cases that are exam-
ined in the paper, the children were given addition problems (considering
the semantic structure of the problems). However, these problems and
children’s organisation of turn-taking while solving these problems pro-
moted rhythmic counting of groups (in segment 1) and step counting (in
segment 2), which have been considered as key steps towards multiplica-
tive reasoning (Anghileri, 1989; Mulligan and Mitchelmore, 1997). Alt-
hough rhythmic counting and step counting have been seen as steps to-
wards multiplicative reasoning, others have argued that multiplication is
best seen as one-to-many mappings (e.g., Clark & Kamii, 1996; Sophian,
2007). For example, Sophian (2007) argues that multiplication must be
seen as involving a ‘higher order unit’, that is one quantity is used as a
unit for a group of another quantity. Similarly, Clark and Kamii (1996)
argue that multiplicative thinking is distinguished from additive reason-
ing because it involves two levels of abstraction, as opposed to addition
which only involves one.

Although the problems and the situations in the two segments in Pa-
per 4 initiate rhythmic counting of groups (in segment 1) and step count-
ing (in segment 2), the children are probably not fully aware of the mul-
tiplicative structure that lies as a potential in their actions. For example,
in segment 1 the children may not be aware of the relationship between
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the three fingers on each hand and the four groups of three fingers (rep-
resented by themselves). Similarly, in segment 2 the children may not be
aware of the relationship between the five fingers on each hand and the
six groups of five fingers (represented by their hands). At least the chil-
dren are not yet able to see that there are six groups of five, and then cal-
culate 6 x 5 = 30. Nevertheless, the results show that the children are
aware of some layers of generality (Radford, 2010b), that is some layers
of the multiplicative structure emerging from their actions. In segment 2
the children know that there are five fingers on one hand and that the
quantity can be represented numerically by the word ‘five’. They also
know that if they step count by fives, they will come to the right answer
(although they are not fully able to use this strategy). Moreover, in seg-
ment 2, the children are able to follow the same pattern of interaction,
that is rhythmic counting of groups. However, the children in segment 2
seems to be more aware of the underlying multiplicative structure than
the children in segment 1. This research study indicates that to reach for
example multiplicative reasoning (as any other form of reasoning) does
not happen as a distinct step, and that rhythmic counting is not solely a
means to reach this ‘other form’ of reasoning. Instead multiplicative
structures seem to slowly emerge in children’s consciousness, through
layers of generality, until a level of generality is obtained that the ‘math-
ematical community’ would identify as multiplication.

As mentioned in 2.5.3, a lot of the research on children’s solution
strategies on addition or multiplication problems are often carried out by
clinical interviews with individual children. However, as this research
study reveals, in light of a cultural-historical perspective, children’s
thinking processes and solution strategies are deeply dependent on and
interconnected with contextual circumstances. Both available artefacts,
the formulation of the problem, and their positional location in space in-
fluence their mathematical strategies. Therefore, to consider children’s
solution strategies under clinical interviews, which can be considered as
a limited context, equally limits children’s thinking, and therefore also
limits the conclusions that can be drawn from the results of such studies.
It is important to notice that children’s thinking is deeply connected with
contextual features. What is revealed under clinical interviews is only
those forms of thinking that are possible under such circumstances.

8.2 Mathematical inquiry in kindergarten: conclusions
In this section | return to the three research issues in order to provide
possible answers to them. Sub-section 8.2.1 considers the first two re-
search issues, about the characteristics of mathematical inquiry processes
in kindergarten and what enables processes of mathematical inquiry to
occur. Sub-section 8.2.2 is devoted to a discussion about the challenging
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transition from kindergarten to school, and how, if at all, processes of
mathematical inquiry can prepare kindergarten children for school.

8.2.1 Towards an ethical, multimodal and dialectical conception of
mathematical inquiry in Kindergarten
With respect to the first research issue about the characteristics of mathe-
matical inquiry in kindergarten I pull out some characteristics that
emerged from the discussion section above. In the attempt to answer the
first research issue, issues related to the second research issue about what
enables mathematical inquiry in kindergarten to occur, will simultane-
ously be illuminated.

The discussion above emphasises that children contribute with math-
ematical claims, argumentations and explanations to the segments identi-
fied as inquiry in this research study. Children also contribute with tak-
ing and addressing turns and creating action possibilities for other partic-
ipants to move the activity further. The discussion also reveals that the
KTs contribute with setting up needs for argumentation and problem
solving. They follow up by multimodal question strategies and listen to
the children which create a space of freedom for the children to partici-
pate. The KTs also bring in various forms of structure which affects chil-
dren’s flow of thinking, and they bring in various forms of norms which
are important for creating a collaborative environment. The KTs’ multi-
modal participation promotes the children to contribute, guides the chil-
dren’s flow of thinking and facilitates the enculturation of making chil-
dren’s claims warranted.

As Sub-section 8.1.1 and 8.1.2 reveal, both children’s and the KTs’
contributions are heavily based on other modalities than language. Kin-
dergarten children do provide quite sophisticated argumentations, but
their mathematical reasoning is, to a great extent, materialised through
gestures and other bodily actions, in combination with words. This state-
ment is not made to argue that our communication is multimodal, be-
cause this is accepted by most people. Rather, this statement is made to
emphasise the importance of recognising the multimodal nature of math-
ematical teaching-learning activities and its role for children’s mathe-
matical reasoning. It seems that children perceive underlying argumenta-
tive structures or patterns of mathematical ways of reasoning, for exam-
ple rhythm, before they utilise a lot of words. It seems that the pattern is
perceived by identifying similarities and differences in the situation
through various semiotic means. Moreover, the KTs enable to engage
children in the mathematical activities by their multimodal participation,
without teaching (i.e., telling) children mathematical concepts and rela-
tions. The dialogical approach to inquiry (e.g., Jaworski, 2005; Mercer,
2000; Wells, 1999) rightfully emphasises the role of language in abstract
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thinking. However, this research study indicates that processes of mathe-
matical inquiry in kindergarten is, to a great extent, based on other mo-
dalities than language, and that these other modalities are significant
stepping stones in the transition towards more abstract reasoning. More-
over, the participants’ contributions are deeply connected with contex-
tual features (cf. Lerner, 2003; Mondada, 2007), like the problem at
hand, available artefacts, and the participants’ positional location in
space. Processes of mathematical inquiry must be understood in their
own habitat (cf. Radford, 2010a), where children’s and the KTs’ thinking
emerge from their joint activities intertwined in the specific context and
in the specific time of history.

It is also important to recognise that different children contribute with
different things to the activity, but all children take part in the activity in
their unique ways. Some children are able to provide quite elaborated ar-
gumentation, others provide more restricted argumentation and some
only contribute with claims. The children that are most salient in the seg-
ments selected in this research study are children that are able to make
elaborated argumentations and explanations. For example, the segment
in Paper 2 and 3 was recognised as an inquiry segment because Ada (and
Lea) provided elaborated argumentation(s). Although the discussion
above emphasises that the other children’s claims play an important part
of the flow of thinking, and thus play an important part of the inquiry
process, the core of the segment was Ada’s explanation. In addition, the
discussion emphasises that children in this research study seldomly
asked mathematical questions. There may be several reasons for this, for
example the nature of the pre-designed activities. But even if there are
contextual reasons for the absence of questions asked by the children, it
Is still an important observation. These observations have implications
for what we may expect from kindergarten children in mathematical ac-
tivities and for what we may consider inquiry in kindergarten to be.

The dialogical approach to inquiry focuses on creating a discourse
(language in use) with certain qualities that promote learning, where re-
flection and critical thinking are fundamental elements (Wells, 1999;
Mercer, 2000; Alrdé & Skovsmose, 2002; Jaworski, 2005; 2006). Both
Wells (1999) and Mercer (2000) argue that one should promote progres-
sive or exploratory discourse as the knowledge building discourse at all
levels of education. This is similar to the ideas in the problem-solving
tradition which strive for developing the classroom discourse so that the
children may experience the mathematics (or another subject) as profes-
sional mathematicians or scientists do (cf. Schoenfeld, 1992). But to
what extent can we expect young children to think like mathematicians,
and to what extent can we expect young children to be critical thinkers?
Observations made in this research study show that the children eagerly

Processes of mathematical inquiry in kindergarten 125



participate with claims, and some contribute with elaborated argumenta-
tions, but they do not act, | hold, like mathematicians. Moreover, they
are not particularly critical to each other’s contributions. Instead they act,
quite spontaneously, in the moment, related to the KTs and the other
children’s contributions. From a cultural-historical perspective, children
are not naturally born critical thinkers, but they learn it by participating
in cultural activities that practise critical thinking. The KT is principally
the critical voice in the activities examined in this research study. It
seems that kindergarten children, at least the children in this research
study, are taking their first steps towards becoming mathematical prob-
lem solvers and critical thinkers. Although they are not critically engag-
Ing with each other’s ideas, they do provide different ideas to the prob-
lem.

Although we cannot expect kindergarten children to have become au-
tonomous problem solvers and critical thinkers, this does not mean that
they do not find these mathematical activities meaningful. In this study,
children show eagerness to solve problems that they were introduced to,
although they did not ask a lot of questions. Instead they made a lot of
claims and guesses about what the solutions might be, and some children
made elaborated arguments for their claims. It seems that they find it
meaningful to be with others and to solve problems together with others.
Radford and Roth (2011) introduce the term ‘togethering’, which is a
theoretical construct that aims to account for the commitment that the
participants make to one another to carry through an event. Togethering
Is both a condition and an outcome of a joint ‘ethical’ activity. ‘Ethical’
means the manner in which the participants ‘ethically’ tune to one an-
other, with trust and respect. Togethering is then a key component in an
ethical activity. In the segments identified as inquiry in this research
study, the participants commit to one another despite their differences,
and they show responsibility and persistence to carry out the activities.

The KTs play a significant role for creating ethical inquiry in kinder-
garten. They play a key role in introducing the children to problems
which create a need for collaboration and joint problem solving. The
KTs bring in norms where the children learn to listen to each other and
respect each other and the KTs may introduce pre-activities where the
children discuss what it means to collaborate. The KTs organise chil-
dren’s turn-taking as needed or suited and bring in other structures which
help to organise children’s mathematical reasoning. But the KTs cannot
create ethical inquiry alone. The KTs’ contributions are deeply con-
nected with children’s contributions, and the children are as important
contributors for carrying out the activities as the KTs. All participants
are mutually dependent on each other to continue to participate in the ac-
tivity and they need to respect and trust one another to keep the activity
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moving. This research study shows that kindergarten children are able to
take responsibility for carrying out the mathematical activities, and it is
Important that the KTs try to understand the children, that is position
themselves as learners and let the children guide them in the activities.

A dialogic approach to inquiry regards inquiry as a stance toward
knowledge (Wells, 1999) and a way of being in practice (Jaworski,
2005). Wells (1999) explains this stance as an identified ‘will’ to solve
problems together with others. Similarly, Schoenfeld (1996) argues that
the underlying stance toward knowledge is based on an eagerness to
know. In this research study, the children show eagerness to solve prob-
lems that the KTs introduce. But rather than having a deep ‘will’ to
know, it seems that the eagerness is directed towards the ‘will’ to accom-
plish (mathematical) activities together with others. The children show
responsibility and persistence to carry out the initiated activities, how-
ever, in the moment the activities are accomplished, the children do not
ask questions in order to know more, at least not explicitly. This argu-
ment is not made to say that children in general do not have a desire to
know, but it is made to say that in these activities the identified eager-
ness seems to be more related to accomplish activities together with oth-
ers, than the ‘will’ to know something for themselves.

As mentioned in the introduction, and in the beginning of Chapter 3,
inquiry has emerged as a reaction against the ‘traditional’ teaching ap-
proach, and perhaps treated a bit ideally. A central part of the reaction
was that the students or children were brought to the centre of their own
learning processes. Although the sociocultural approach made impact on
the inquiry concept by introducing dialogic inquiry (e.g., Wells, 1999),
there is still huge emphasis on children’s agency and autonomy in asking
their own questions and solving problems that come from their own in-
terests. From a cultural-historical approach autonomy is something chil-
dren do not initially have, it is an outcome of learning. Kindergarten
children are perhaps not as autonomous as dialogic inquiry requires (cf.
Jaworski, 2005; Wells, 1999).

To summarise the above considerations, it seems that mathematical
inquiry in kindergarten must be regarded as multimodal processes, where
other modalities than words are significant stepping stones towards more
abstract reasoning, including critical and reflective thinking. These mul-
timodal processes of mathematical inquiry are deeply connected with
contextual features, as for example available artefacts or the participants
positional location in space. Moreover, in mathematical inquiry in Kin-
dergarten the KTs play significant roles. They are key sources to cultural
ways of thinking mathematically and sources for bringing in rules for
cultural ways of collaboration. But the KTs cannot accomplish this
alone, and they cannot teach (i.e., tell) children mathematical concepts
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and relations. By initiating problems and bringing in diverse forms of
structures the KTs influence and canalise children’s flow of thinking.
However, they must also pay attention to children’s contributions, and
try to understand the children, that is position themselves as learners and
let the children guide them in the activities. All participants are mutually
dependent on each other to carry out mathematical inquiry activities,
which means that mathematical inquiry must therefore be regarded as di-
alectic processes.

Rather than seeing mathematical inquiry in kindergarten as critical
and reflective activities where the children ask a lot of questions, | sug-
gest that inquiry should be seen as ‘ethical’ (Radford, 2008b) activities,
where togethering is a key component. Ethical considerations as trust, re-
sponsibility and respect lay the ground for a critical dialogue to be fruit-
ful. I think, children must learn to be ethical, before they can learn to be
critical. Ethical inquiry may be accomplished on the basis that children
find it meaningful to be with others in mathematical activities and to
solve problems together with others.

Ethical inquiry is then a dialectic, multimodal process, where the par-
ticipants encounter mathematical relations and concepts that emerges
from their joint activity. In ethical inquiry both KTs and children are
learners and teachers of each other, and it is particularly important that
the KTs position themselves as learners and let the children guide them
in the activities. Ethical inquiry is based on mutual trust, respect, respon-
sibility and the participants ‘will” to accomplish events together with
others. Ethical inquiry then lies the ground for becoming critical and au-
tonomous thinkers and problem solvers later, and it seems that in kinder-
garten we see the ‘buds’ of mathematical dialogic inquiry.

8.2.2 How processes of ethical inquiry may facilitate kindergarten
children’s transition to school
As mentioned in Section 2.4, children in the last year of kindergarten are
about to make a big step from kindergarten to school. The transition is
not only a physical move from kindergarten to school, it involves longer
social-emotional processes. School has different expectations and puts
new demands on the children. The children have to get used to new
rules, new adults, new peers and new activities. They come from an in-
stitution that emphasises play, care, upbringing and learning, and are
about to enter an institution which focuses more on their academic devel-
opment. For many children the transition between kindergarten and
school can be challenging. A smooth transition is decisive for how chil-
dren will manage school, integrate in the society and make a successful
transition into the labour market (Lillejord et al., 2017; OECD, 2017).
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Research indicates that well prepared transition activities between
kindergarten and school, and in particular activities which provide conti-
nuity in curriculum and pedagogy, are important for making a smooth
transition (Lillejord et al., 2017; OECD, 2017; Peters, 2010). Research
suggests that a transition curriculum and pedagogy should focus on chil-
dren’s well-being, social-emotional development and need to play as
well as focusing on children’s self-regulation and academic develop-
ment.

This research study has focused on teaching-learning processes that
unfold when 5-year-olds are introduced to mathematical activities osten-
sibly aimed to prepare them for school. The activities emphasise playful
learning and inquiry as main pedagogical principles to ensure children’s
participation, collaborative engagement and learning. The activities meet
many of the suggestions set forth by research to facilitate a smooth tran-
sition. However, the activities themselves do not prepare children for
school. There are many potential tensions that may arise when KTs, who
are enculturated in a tradition that originally, at least in Norway, has fo-
cused more on children’s self-organised play and care, are required to
implement activities focusing on children’s academic development.

The literature presented in Section 3.3, indicates that there are several
Issues that may arise in teacher-led activities where the KT or teacher
has an initial aim. For example, in teacher led activities, it is difficult to
balance teacher-participation and child-participation (Dovigo, 2016;
O’Connor & Michaels, 1996). This research study also points to some of
these challenges. As mentioned earlier, Paper 5, for example, discusses
the difficult fine-tuned balance between structure and freedom in
teacher-led activities. The paper indicates that an ‘optimal’ balance is not
easy to achieve. Moreover, Paper 2 (and 3) illustrate some of the com-
plexity of introducing children to mathematical thinking through semi-
structured activities. How the activities unfold depends both on the KT
and on the children.

The activities in the AP are designed in line with Wells (1999) con-
ception of inquiry which focuses on the participants ‘will’ to know and
solve problems together with others through questioning and critical
thinking. However, as mentioned in the previous section, kindergarten
children are perhaps not as autonomous as the dialogic approach to in-
quiry requires. Instead, ethical inquiry, which takes children’s ‘will’ to
be together with others and do things together with others (including
solving mathematical problems) as a point of departure, may be more
suitable for kindergarten children. Perhaps ethical inquiry also suits the
KTs better, because it takes a more holistic approach to children’s math-
ematical learning, including social-emotional aspects (cf. Lillejord et al.,
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2017; OECD, 2017). This is more in line with the tradition that the KTs
are enculturated into.

In school children will, most likely, be engaged in more structured
activities than what they are used to in kindergarten. In addition, they
will be introduced to activities which challenge their abilities to argue,
explain, think critically and solve mathematical problems together with
others. Moreover, children will most likely be part of classes with a
larger proportion of peers. Their abilities to collaborate with peers and
work in more autonomous ways will be important for how they manage
future learning situations with less adult involvement. Ethical inquiry
within mathematics seems to meet some of these issues. Ethical inquiry
in kindergarten, which focuses on togethering, and challenges the chil-
dren to argue for and explain their ideas, may, | hold, lay the ground for
children to become critical and autonomous thinkers and problem solvers
in school. Through ethical inquiry children can learn to collaborate
which includes respecting each other, trusting each other and working to-
gether to accomplish a task, and may help children to adjust to the school
context.

Further to this, OECD (2017) argues that readiness should include
‘readiness for life’ or ‘readiness for lifelong learning’. Ethical inquiry
does not only focus on elements that are important for learning mathe-
matics, it also includes elements that are important for making friends
and for integrating into society. Therefore, ethical inquiry seems like a
fruitful way to introducing children to early mathematics, to prepare
them for school and to ‘make them ready for life’.

Play is valued in the Norwegian kindergarten tradition and is empha-
sised in the literature as an important ingredient in the transition from
kindergarten to school (Lillejord et al., 2017; OECD, 2017; Peters,
2010). Moreover, play is regarded as essential for children’s social-emo-
tional as well as cognitive development. Vygotsky and Leont’ev consid-
ered play to be the leading activity for young children (Veresov & Barrs,
2016). Vygotsky considered mainly self-organised imaginary play,
where children are not guided by an adult who has an initial aim for the
activity. However, according to many scholars, playful learning activities
may also involve adults as long as the activity itself remains playful
(e.g., van Oers, 2014; Weisberg et al., 2015).

Ethical inquiry seems to be compatible with playful learning.
Through ethical inquiry the KTs appreciate and pay attention to chil-
dren’s contributions and trust children’s abilities to move the activity
forward. Moreover, in ethical inquiry the KTs position themselves as
learners and let the children guide them in the activities. This opens up a
way for children’s participation and agency in the activities, which is im-
portant in playful learning (cf. van Oers, 2014; Weisberg et al., 2015). In
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ethical inquiry, the KTs carefully balance freedom with structure. Some
children may need more structured guidance from the KTs to be able to
pay attention and participate. The relation between freedom and structure
given by the KTs, with respect to children’s participation and exploration
IS, perhaps, a central feature that relates playful learning and ethical in-
quiry (cf. Breive et al., 2018). Although playful learning and ethical in-
quiry may be fruitful ways to introduce children to mathematics, | agree
with Vygotsky (2016) and Winther-Lindgvist (2017), among others, that
children’s self-organised play should still be valued and given considera-
ble room in Norwegian kindergartens.

In their report, Starting Strong V, OECD (2017) argues that the re-
sponsibility for facilitating a smooth transition lays on both kindergarten
and school. However, until now it is mostly the kindergarten curriculum
that has changed and integrated ideas from school curriculum (Lillejord
et al., 2017). According to OECD (2017), schools must be prepared for
the children in as much as the children should be prepared for school.
Kindergarten and school should collaborate and share ideas to ensure a
well-prepared transition pedagogy. Research suggests an increased em-
phasis on social-emotional development in primary school and an in-
creased emphasis on academic learning opportunities in kindergarten
(Lillejord et al., 2017; OECD, 2017). But tensions between the two tradi-
tions (kindergarten and school) may be an obstacle for collaboration and
agreement on a common pedagogy. The tensions may be results of the
historical origins of the two traditions, but it is important for the chil-
dren’s well-being, learning and development that the two traditions over-
come their divergency. Ethical inquiry may help KTs and teachers to co-
ordinate ideas and practices from their traditions, where children’s en-
gagement in mathematical activities should be based on ethical consider-
ations and focus on children’s explanations and argumentations to solve
mathematical problems. Moreover, ethical inquiry, based on cultural-his-
torical ideas, tries to overcome the dichotomy between the child-centred
approach, still present in the kindergarten tradition, and ‘instructionism,’
still present in the school tradition. Thus, ethical inquiry may address
some of the tensions that arise between the two traditions. Whether ethi-
cal inquiry in mathematics would fit a primary school context, is a hy-
pothesis that requires further investigation.

8.3 Critical reflections and implications

This section is devoted to critical reflections and implications of the
study. Sub-section 8.3.1 considers how this research study contributes to
the results emerging from the randomised control trials (RCT) in the AP.
Sub-section 8.3.2 and 8.3.3 discuss implications for practice and further
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research, respectively. Finally, Sub-section 8.3.4 makes critical reflec-
tions on the ZPD concept as used in this research study.

8.3.1 Contributions to the Agder Project

As mentioned in Chapter 5, the AP uses an RCT design to study the ef-
fects of implementing a school readiness programme in Norwegian Kin-
dergartens. In the RCT design, measures of children competences are
made on three occasions before and after the intervention. There are
clearly paradigmatic tensions between the RCT study, which is situated
within a positivistic paradigm and my research study which falls under a
naturalistic paradigm. However, | do not intend to go into a discussion
about the incompatibility of these two research paradigms. Instead | want
to say something about how my research study may complement the
RCT in the AP.

First, the purpose of the AP is to investigate whether the intervention
programme improves children’s competences within the four content ar-
eas or not. This is accomplished by comparing test scores from the chil-
dren in the focus group and the children in the control group on three oc-
casions. This captures a quite ‘static picture’ of children’s competences
and learning progression (cf. Bryman, 2012). My research study, on the
other hand, documents what was going on while the children participated
in the mathematical activities designed in the AP. Put in another way,
my research study illustrates the processes that (possibly) lead to the re-
sults in the AP. It documents the processes of children’s mathematical
thinking during specific implementations and in what ways the interven-
tion programme supports children’s possibilities for learning. Although,
we can assume that the KTs implemented the activities designed in the
project and that practice changed as a consequence of the implementa-
tion, the test scores say nothing anything about how the intervention pro-
gramme relates to the test scores. This is what my research study may
contributes to.

A common critique of quantitative research is how the relationship
between the variables are explained (Bryman, 2012). My research study
may contribute to explain the correlation between the variables, for ex-
ample, between language and mathematics, which is a possible line of
investigation in the AP. In addition, my research study explains, | hold,
the relation between mathematics and social competences (including re-
spect, responsibility and collaboration), which was the only competence
area that was not assessed in the AP. My research study indicates a close
relation between social competences and children’s mathematical think-
ing.

One of the aims in the AP is to investigate whether the intervention
programme prepares children for school or not. This will be accom-
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plished by obtaining scores from standardised test in school and investi-
gating whether the children in the focus group performs better on the
tests than the children in the control group. The children’s performances
will arguably indicate how the children have managed to integrate in
school and are able to follow the required progression. My research
study illustrates the processes that may lead to children’s progression
and ability to integrate in school. Moreover, it indicates how children
may be prepared for situations that they most likely will meet in school,
and in their lives in general, by participating in ethical inquiry activities
within mathematics.

8.3.2 Implications for practice

My research study illustrates how children use a variety of semiotic
means in their mathematical thinking processes, and it seems that these
means, deeply connected with contextual features, enable them to per-
ceive similarities, differences and patterns, that is mathematical struc-
tures, emerging from their activities. It is important that KTs pay atten-
tion to children’s multimodal ways of arguing and explaining, and value
these as important stepping stones toward more abstract reasoning. It is
also important that KTs facilitate children’s opportunities to solve math-
ematical problems together with others in a variety of settings and with a
variety of available artefacts. However, sometimes, and especially re-
lated to some children, it may be productive to limit children’s access to
artefacts and promote them to verbally explain their ideas, which may
move them toward more abstract ways of reasoning.

Furthermore, the KTs can benefit from being aware of the ramifica-
tions of their own multimodal contribution in the mathematical activities,
and especially in relation to their question strategies. Instead of asking a
lot of verbal questions they can guide the children by their bodily actions
and tone of voice towards the aim of the activity and consequently give
children opportunities to contribute. This research study emphasises that
KTs may benefit from being consciously aware of the affect their bodily
actions may have on children’s mathematical reasoning and for engaging
them in mathematical discourse without having to ‘teach’ (i.e., tell)
them.

This research study also shows that it is important that KTs pay atten-
tion to children’s contributions (verbal and non-verbal) and try to under-
stand their perspectives. This may promote children to contribute with
their ideas and explanations and to take responsibility for carrying out
the mathematical learning activities. Therefore, it is important that the
KTs trust children’s abilities to take responsibility in the activities and
dare to go along with their choices of direction. However, this does not
mean that the KTs should leave the children alone, all by themselves.
Mathematical reasoning in kindergarten is materialised through their
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joint activities where the KTs are important contributors. It is the KTs
that are the central sources to cultural and ethical ways of thinking and
collaborating. Even when children work in small groups, the KT should
be available and contribute whenever needed. Moreover, this research
study indicates that there is huge variation in what kindergarten children
can (or want to) contribute with in mathematical activities. It is therefore
important that KTs are sensitive to children’s needs for guidance in the
activities. Some children need more guidance and structure than others.
But it is also important to value all children’s (mathematical) contribu-
tions, because, even those contributions, which in the first place seem
unimportant, may play an important part in children’s flow of thinking.

When KTs implement mathematical learning activities in kindergar-
ten, this research study indicates that they should focus on promoting
ethical forms of collaboration. The focus should be on mutual trust, re-
spect and responsibility, rather than on being critical to each other’s
ideas. Pre-activities where children discuss what it means to collaborate,
may be valuable for promoting trustful and respectful forms of collabo-
ration. However, the KTs may, beneficially, challenge children’s contri-
butions and make them reflect on their ideas, but the children should not
be expected to be critical to one another.

The results from this research study indicate the complexity of en-
gaging children in mathematical activities in kindergarten. The nature of
the activities depends on the unique composition of individuals partici-
pating in the activities and is impossible to (fully) anticipate from the
outset. However, KTs, who are aware of their influential role in the
unique composition and are able to flexibly act in the moment, with re-
spect to children’s contributions, may create fruitful learning possibilities
for the children (and themselves). This requires reflective and well-edu-
cated KTs which puts demands on the kindergarten-teacher education
and policy makers in Norway. It is important to ensure high-quality kin-
dergarten-teacher education and facilitate professional developmental
courses which direct attention to some of the key elements found in this
research study.

| also hold that both KTs and teachers in school may benefit from the
insights in this study. Teacher’s in the first grade must take into account
the tradition that children entering first grade come from and furthermore
what can be expected from them when they enter school. This is particu-
larly important for facilitating a smooth transition from kindergarten to
school, but also to ensure that children in first grade are engaged in
mathematical activities that are meaningful to them.

8.3.3 Limitations and implications for further research:
This research study has focused on children in the last year of kindergar-
ten, before they enter school, and how processes of ethical inquiry may
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prepare them for school. However, as research suggest, the responsibility
for facilitating a smooth transition is shared between kindergarten and
school. Both kindergarten and school should implement transition activi-
ties, which focuses on children’s well-being, as well as social-emotional
and academic development. OECD (2017) argues that there is a need for
curricula and guidelines which reflects this. In Sub-section 8.2.2 | con-
jecture that these ethical inquiry-based activities, if implemented in both
kindergarten and school, could help to create a bridged pedagogy be-
tween kindergarten and school. Therefore, it is highly relevant to do a
follow-up research study which develops similar playful and inquiry-
based activities for first grade and investigates how these may facilitate a
smooth transition from kindergarten to school. Moreover, it could be rel-
evant to investigate children’s progression from their last year in kinder-
garten through first grade, while they participate in playful and inquiry-
based mathematical activities.

As this research suggests, children’s participation in ethical inquiry-
based mathematical activities seems fruitful for their further mathemati-
cal learning and integration in school and society. However, engaging
children in ethical inquiry-based activities is a complex task for KTs. It
Is therefore interesting to investigate how KTs may develop their profes-
sion and their abilities to guide children in ethical inquiry-based mathe-
matical activities. It is further relevant to investigate how to improve Kin-
dergarten teacher education and professional development courses that
can provide high-quality education and focus on some of the key points
in this research study.

Although this research study suggests a relation between play and
inquiry, there is a need for a deeper understanding of this relationship.
Further research, which considers this relationship and consequences for
children’s learning possibilities may be interesting to conduct.

This research study found that children seldomly asked questions in
the mathematical activities, at least not verbal question. However, Paper
1 illustrates that children do perceive argumentative structures, although
they do not use a lot of words in their argument. Perhaps children ask
pre-verbal questions, for example by using ‘questioning look’? There is a
need to investigate how children learn to ask verbal questions, and what
could be identified as pre-verbal questions when children inquiry into
mathematics.

8.3.4 Critical reflection on the ZPD concept

In October 2017, | had the privilege to visit Luis Radford and to discuss
the ZPD concept, among other things, with him. I really enjoyed the in-
sightful discussions that we had. At least the discussions were insightful
to me. Radford really made me think twice on the ZPD-concept. He cri-
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tiqued?! his own previous conception of the ZPD, and others interpreta-
tion and use of ZPD as a pedagogical construct. Radford pointed to the
origin of the concept. As indicated in Sub-section 4.2.1, Vygotsky devel-
oped the ZPD concept as part of a critique against contemporary psy-
chologists’ ways of measuring children’s intelligence. The ZPD was in-
troduced as a construct to talk about the development of psychological
functions (memory, perception etc.). However, as also mentioned in Sub-
section 4.2.1, the ZPD must be understood in relation to other concepts
and ideas developed by Vygotsky, especially ‘the general genetic law’
(Veresov, 2004; 2017; Wells, 1999; Wertsch, 1984), and the idea of
‘learning-leading-development’ (Levykh, 2008; Holzman, 2010;
Veresov, 2017). Vygotsky (1978) proposed that a fundamental feature of

learning is that it creates the ZPD, because
...learning awakens a variety of internal developmental processes that are able to
operate only when the child is interacting with people in his environment and in
cooperation with his peers. Once these processes are internalised, they become
part of the child’s independent developmental achievement (p. 90).

Through this quote, Vygotsky points to the significant role that instruc-
tion (teaching-learning) plays in a child’s development, which easily
lead to a conception of the ZPD as a pedagogical construct.

Verosov (2017) emphasises that the ZPD must be regarded as social
relations emerging in interaction with others. Taking this into account,
the ZPD is then not a mental state of the child, it is a social phenomenon.
But the question then becomes, how does this connect instruction (teach-
ing-learning) and the child’s development of psychological functions? In
one of the conversations that | had with Radford, he said that the term
‘social relations’ (as introduced by Marx) is very general, and almost im-
possible to make (practical) sense of. If we regard mental functions (e.g.,
memory or perception) as initial social relations, in line with Veresov
(2017), how can we for example differentiate between perception and
memory? And further, if we think of it in relation to education, how can
we account for the differences in for example geometric and arithmetic
thinking? Radford argued that the ZPD concept must be regarded as a
psychological construct, not an instructional or pedagogical construct,
although the concept points to the connection between instruction and
development.

| agree that it is difficult to make sense of ZPD as social relations,
and especially in order to consider how children learn mathematical rela-
tions and concepts in teaching-learning activities. Perhaps, Vygotsky ini-
tially used the ZPD as a mere psychological construct to talk about how
children’s mental functions develop based on interaction with others.

21| want to emphasise that the references | make to Radford in this section are based on con-
versations with him and my interpretations thereof and thus cannot be conceived as citations.

136 Processes of mathematical inquiry in kindergarten



However, the way that many scholars have developed and used the ZPD,
as a pedagogical construct in line with Vygotsky’s overall ideas, is in my
view useful. Especially the way that recent scholars have conceived it as
a symmetrical space emerging from joint activities (e.g. Abtahi, Graven,
& Lerman, 2017; Goos, Galbraith, and Renshaw, 2002; Roth & Radford,
2011). There is, | hold, something symmetrical and relational recognised
In teaching-learning activities that are qualitatively different from activi-
ties where the participants do not learn (or where learning is not expan-
sive), that is where the participants instead of reaching intersubjectivity
creates a distance and become alienated from each other’s ideas.

Whether we should continue to consider the ZPD as a pedagogical
construct, or whether the construct should be replaced with another con-
struct to account for the symmetrical relation in teaching-learning activi-
ties is an open question which | do not intend to consider her.
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10 Appendices
Appendix 1: Program, two-day gathering 3. Jan. 2016

Example of the program from one of the two-day gatherings in the professional
developmental course:

Wednesday 20.01 Thursday 21.01
Vest-Agder county Vest-Agder county
10.00- Welcome 09.00- Mathematics:
10.15 09.30 Groupwork (workshop) — feed-
back on the math. activities

10.15- | Semesterplan, Per Sigurd Hundeland
11.00 IGP work

Svanaug Lunde 09.30- | pathematics

10.15

Discussion in plenum

11.15- | Discussion in plenum 10.30-
12.00 11.30

Mathematics
Combinatorics, probability,
statistics

Martin Carlsen

11.45- Mathematics
12.00 Presentation of try-out activities
Ingvald Erfjord

12.00- | Lunch 12.00- | Lunch

13.00 13.00

13.00- | Self-regulation + assesment Language

13.45 Ingunn Sterksen 13.00- | Groupwork (workshop) — feed-
Dieuwer Ten Braak 13.45 back on the activities

14.00- Mathematics
14.45 Geometrical shapes 15.00- Language

Ingvald Erfjord 15.45 Awareness of sounds + letters
Ragnhild Lenes

15.00- Mathematics

15.45 Groupwork (workshop)
Per Sigurd Hundeland 15.45- Closing session
16.00
15.45- Mathematics
16.00 Discussion in plenum Vel hjem!
Per Sigurd Hundeland

16.15- Mathematics
17.00 Patterns and symmetry
Svanhild Breive
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Appendix 2: The frontpage of ‘Lekbasert lering’

‘Lekbasert leering’ is the Norwegian translation of playful learning. The

frontpage of the book, which contains about 130 playful learning activities is il-
lustrated below:

Lekbasert lzering

Forfatlere

ngunn Sterksen,

Dieuwer ton Braak, Svanhild Breive
Ragnhiid Lenes, Svanaug Lunde.
Martin Carisen, Ingvald Erfjord
Peor Sigurd Hundeland 0g Mari Rege
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Appendix 3: Example of the mathematical activities
An example of one of the mathematical activities designed in the AP is provided

below. The text in each activity was organised by intention, preparation, materi-
als needed and implementation.

6

Marve Larve UTSTYR
Pener med Jis trger, soce OF
Forberedelse B s

W RtKRothar, Pepi tus) sherne-
KISITEMSNUE, 6N DOSA OF Heming

TE Genne aktVEten kan dJ veige OM du onsker 3 Bge larver med
fyrstickeskenus pd forhdng, eler Om barna skal 13 gjeve Oet selv.

1 Degoe titeiler M OU 1OrDArE0E N «JVILASIONs tliér 6N NISLONe som
tanger barnas Interesse 0g kader dem Irn pd mulighatar for matematisce
OPPAQONAY, Her VISA! Vi PVOIEan G Kan 00 O CPP Bvis DIrna 1age 8QNe et

Intensjon

Barna 13 erfaring med parkobiing opp t 15. | tisegg 13 barna erfaring med
SEPALAS)ON 0 KOMDINISION SOM PrIvSIpPer for § Sette sammen

0g dele opp antall (grunniag for a0dision og Subtraksion)

Gjennomfering ~
« Samtsl med barns om arver.

Har ge sett en larve noen gang?
Har 02 noiat &n | hanoem?

« Kast terning, og ¢ 0am | oppgave & lage hver
Sin larve mea dette antaliet pariar pa
Larven lages ved 4 tre panene pd en snoc

« Sanere skal Darna 1aQe nus 1N larvene nvor taliet
Ul larven (antal perier) or pifert DIce med taltsymbol
(assister Darna sitk at tallens Dilr tycelios for ) o
50m en mengoe (prikicar elier stiernen). Barna kan glerme
13 Q¢ 6gNd Navn A «Sine Beve. (FO¢ eksempal Arve, Narve, Marve, eder . Gustaw)

« La barna uncersoka fvor mange perier de ullka arvenes kropper bestar av.

© Hvilken larve er lengst, 0g hvilken larve er korest?

L3 dom samarbeide om 0 sortere larvane otter lengde | stigende reikafoige.

Samie v hus og rver, 0g 1500 larvene | posen din og Nusane pd guivet. Barna fir rakke hver sin lirve

fra posen. Deretior skal Darma finne larvens hus. Larven med

fem parier Skal DO | fyrstikkasken med talet 5 pd osv.

« Veig e av Brvene, og lat som om Brven of pd vl th § krype “,mw,m

N | huset SItt. Be DArna lukks oynene mens du lukker igen /200N pi cppgiven BIna vir NyIgIrge
fyrstikkesien mict pd rven. Nér barna dpner aynens kan :Wmu::?m::;m
unare sammen sparsmar NS spere. 5
- o T o carma t 3 Anne eringar OG ioaver
0 Hvor mange perier av rvens kropp of utenfor huset? Irng | 3 5NE0E TRAAIIICE N
2 J0g 50r 3% Set O3 skl baning t B taa
0 Hvor mange perier av lrvens Kropp &f Innl huset na? s evcmg. s
© Hvoedan kan man vite 0et? For Guarpd 13 PRrLmInt Vv din kan
« N8 viser du fram en kcve som ef pd vel inn | esien der noen m;lﬁor’?:::w:;'w:wo
mil n - o Ll -y w0
poriar of syniig P utsiden 53 Utter oy osken (Uten pgttny S i

DArna ser 0st) 0g Skar vor mange perier du ser innl esken. etan b gort uan ancae 8 -
Hvor mange parier har denne wrven (ombirasjon av antall? 30 Grppa. B bie oged cpptraret
« Bruk gjeme evens vicere | samiinger for § snakks om il 3%de pi frgrone une ndr de soule tne
g D3 opogaene
MO M FUi A A
"
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Appendix 4: Semester plan, monthly structure, AP

Example of the semester plan (autumn) which gives a monthly structure:

(alL'S) SpnieL
(&1L 's) Bumey Bo wey
(1L '5) BaseT) ansepy
(901 '5) uspsgbepuog
lleL

(0L 's) wokesien
(BS1. '5) 189 J8y B JEsLUeq BiBLIqUIOY B BIEY0S
PIISNEIS

(8%l ') Aunded
(@41 °s) Buigwoys
Buiigi

(ZE1 %) uesodsisubiewwe
(1£1 '5) 10463 1 suepiuesiy
(0EL 'S B8l 18 18y 181
(621 ') JANDEISP-T
awoes

(TLL 'S) usssngesiieg

(0LL 's) BuUssWegaInT

(B0L 'S) A& Bipue sessasuuduig]
(801 3) MuQq 21542y sessesuldusgl
lieL

(951 's) U spabie; 866Ag
(51 '5) esjejesapunog
AANsnEls

(LRI T
(1. '5) sepuersualb eynbis
Bungw

(521 's) lnewwihs Bo Buipey
(271 'S) YeIBAD JBYSURI

(921 'S) UBJESOI0) HEUIBWOED
(421'5) J8u0) BUnPS
18wWosg

(901 '5) uspsgbepuog
(501 's) uebupieye
(701 ') uespjeq 1eno ddoH
(Z01 ) oysen ddesy 'dduy
IeL

(£8 '5) Jan0s usbaus Jenos uawalg

(LB 5D JaqUE &) JEY USp 1Ey Ul
(95 '5) 54 e - sh) pey

(£8'5) uene-g0-ipJay-sey
(78 '5) espbawmH

(16°5) £48 wany / Jey wany
(08 's) usjegapag

L 'S) ™ 9 pA| 1500} Jony 18puelsusiB uuy
(L S) Pelversiog

(0L %) iphl 1510) Bepddo

Japaypie syenly

{pew 8qqof [eys asep op uuj ||A)) JoAEISYOF

(99 5) Bue) ue ‘poy u3
(50 '5) uebumnes | pio 18 1o bep
pio gd snxjoj Bijiees - 1eyissiaeq BipjRuds

10900 awbien,
(&4 's) Buise| ysiBoeiq

(4L ") I8 ph) B1sio) Jonl Jepuelsuslt uuy
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(0L $)ipA ersiey Bepdd)

JeIRUALNE RNy

{pew eqqof |Exs e.sp Bp LUl [IA)) JeAEIsHOg

(g9 's)yuabuines 1 pio ye 8 Bar
(%9 °s) wbunyes Gepddy
Jebujuies ed snyo) Gjuees - 1oyissineq Bipeids

Je4aq auybjen
185P10) WO JByeg
(4% 's) Buse| ysiBojeiq

(5L 5) " 18 ph) 21542 Jony sapueisusiB uuy
(EL "5) PElErsog

(0L 's) ipA| eas1ey Bepddo

eI BenINY

“(pow eqqof [eys esep ep uul |JA)) Jeneisyog

(£9'S) AP Albys Bio uBs).

(29 5) £ [Bys WwanH

(19 '9) ishey Bo |y wey

(09 's)J8ppq pew wi ‘su-sub-s|
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sevjeq ewbien
deysuuan wo Jeeg
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qpds
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160 Processes of mathematical inquiry in kindergarten



Appendix 5: Daily plan, daily structure, AP

Example of the daily structure, which should take up 2 hours a day, 4 days a
week:
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Appendix 6: Overview over data sets

Overview data sets, autumn 2016:

KG 1, KG 2 KG 3 KG 4
KT1 KT2 KT3 KT4 and KT5
26.09: 26.09: 20.09: 20.09:
kam1l + kam?2 kam1l + kam2 kam1l + kam2 kam1l + kam2
KT4
27.09: 30.09: 22.09: grl 21.09:
kaml + kam2 kaml1 + kam?2 kam1 kaml + kam2
- KT4
-% 30.09: 10.10: 22.09: gr2 04.10:
S kam1 + kam2 kam1 + kam2 kam1 kam1 + kam?2
g KT4
@) 10.10: 13.10: 14.10: grl 06.10:
kam1l + kam?2 kam1l + kam2 kam1 kaml + kam2
KT5
13.10: 14.10: gr2
kaml + kam2 kam1
13.10: 10.10: 14.10: 04.10:
% KT1 KT2 KT3 KT4
c 06.10:
g KT5
= 26.09 26.09 20.09 20.09
5 KT4
o & [27.09 30.09 22.09 21.09
s ¢ KT4
=
o
E ;’ 30.09 10.10 14.10 04.10
L g KT4
> &
= 2 ]10.10 13.10 06.10:
S *é KT5
S |13.10
S
=
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Overview data sets, spring 2017:

KG 1, KG?2 KG3 KG 4
KT1 KT2 KT3 KT4 and KT5
14.03: 14.03: 04.04: grl
kam1l + kam2 kam1 + kam2 kam1 + kam2
KT5
17.03: 17.03: 04.04: gr2
kaml + kam?2 kaml + kam?2 kaml + kam?2
KT4
21.03: 21.03: 07.04:
@ kam1l + kam2 kam1 + kam2 kam1 + kam2
.g KT4
g 24.03: 24.03: 20.04: gr1
g kam1l + kam?2 kam1l + kam?2 kam1l + kam?2
8 KT1 KT4
28.03: 28.03: 20.04: gr2
kam1 kaml + kam?2 kaml + kam?2
KT5
30.03: 30.03: 06.05:
kam1l + kam2 kam1l + kam2 kam1 + kam2
KT4
06.04:
kam1l + kam2
05.04: 06.04: 09.05:
g KT1 KT2 KT4
g 09.05:
c KT5
14.03 14.03 04.04
KT5
g 17.03 17.03 04.04
= KT4
o
£g [2103 21.03 07.04
c &g KT4
T ©
23 |24.03 24.03 20.04
% 5 KT4
£
E%5 28.03 28.03 20.04
= £ KT5
E
S 30.03 30.03 06.05
= KT4
06.04
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Appendix 7: Profile of the five kindergarten teachers

The profiles are organised around the following four key points: 1) children’s
opportunities or freedom to participate with questions, mathematical ideas and
argumentations, 2) the KTs intention to consider children contributions, 3) chil-
dren’s intention to participate with questions, ideas and argumentations, and 4)
the degree of inquiry or problem-solving interactions in the session. These key
points are not mutually exclusive, rather their relationship is of a dialectic char-
acter. The profiles are of course tendencies not absolute characteristics. These
profiles were used as data in Paper 5.

KT

Profile:

KT1lin K1

1) KT1 orchestrated the mathematical activities with a
relatively high degree of freedom, which is based on the
way that the children were allowed to move around in
the room (and even walk out of the room) and to talk
about almost whatever they wanted, like birthday par-
ties or their parents’ occupation etc. The KT never told
the children to sit down and pay attention, instead she
promoted the children to do so by the way she enthusi-
astically presented the activities, which captured the
children’s attention. For example, in an activity about
reflection symmetry, the KT introduced the activity
having diverse reflection symmetrical objects in a plas-
tic bag without telling what was inside. She shook the
bag and whispered, “Listen!”, which made the children
curious and created joint attention.

2) Another characteristic of the KTs orchestration was
that the KT listened to almost every child’s contribution
(not only related to mathematics). In one of the conver-
sations with the KT, she expressed that her desire to lis-
ten to and appreciate every child’s contribution could
be a hinder for her, because her attention became very
shifty. She rapidly turned her attention from one child
to another.

3) The children eagerly participated in the activities,
however, as mentioned above, they often contributed
with other ideas than mathematics. The KT expressed
that she had a challenging group of children but their
ability to pay attention to mathematics grew during the
intervention. The children seldom asked mathematical
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questions themselves. Most of the questions that were
asked in the activities came from the KT.

4) There were a lot of ‘golden moments’ for problem-
solving interaction. The KT and the children initiated a
lot of interesting ‘topics’ for investigation, but few
ideas were thoroughly discussed. Mathematical ques-
tions were often (not always) considered briefly, and
the children seldom had to ponder about problems and
to express mathematical ideas, argue for and explain
their ideas in order to solve the problem. Because the
KT gave the children a lot of freedom to talk and payed
attention to almost every contribution, the conversa-
tions moved quickly from one topic to another.

KT2in K2 | 1) 2) KT2 gave the children relatively high degree of
freedom to talk, however she often restricted children’s
talk to mathematics by ignoring some of the contribu-
tions that were about the children’s everyday experi-
ences. The KT also restricted the children’s freedom to
act (physically) to areas or with objects relevant to the
mathematical activity. Although the KT for the most
part focused attention to mathematics, she gave the
children freedom to suggest other mathematical issues
than what she initially introduced. Similarly as KT1, the
KT2 presented the activities in an exciting way, by use
of for example excited facial expressions and whisper-
ing, which captured the children’s attention and pro-
moted the children to contribute. But sometimes she
also asked questions directly to children to capture their
attention. For example, when Carl was distracted by
something else, she said: “Carl, do you know how
many building blocks there are in the red tower?” When
Carl said that he didn’t know, the KT further asked
“Would you like to help me count?” This helped Carl,
who often had difficulties paying attention, to focus his
attention on mathematics.

3) 4) The conversations between the KT and the chil-
dren were almost always mathematical, and sometimes
the KT and the children had longer conversations about
mathematical problems. The children had to argue for
and explain their ideas in order to solve the problems,
and the children eagerly participated with mathematical
ideas and explanations. In addition, the KT seemed to
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focus on collaboration. For example, the KT had a con-
versation with the children about the meaning of collab-
oration, and the KT promoted the children to help each
other if needed. She also promoted the children to listen
to each other by for example asking the group of chil-
dren: “Did you hear what Ada suggested?”. Although
the children eagerly participated with mathematical
ideas, they seldom asked mathematical questions. Most
of the questions that were asked in the activities came
from the KT.

KT3in K3 | 1) 2) KT3 was a football trainer in his spare time, which
was somehow recognisable from his orchestration of
the activities. He gave the children relatively high de-
gree of freedom to act (physically) and focused on ‘do-
ing’ mathematics, which for him was when the children
got opportunities to use their hands, their body and vari-
ous artefacts to solve mathematical tasks. In one of the
conversations with the KT he expressed that ‘doing’
mathematics was for him an important feature of math-
ematics in kindergarten and therefore he especially
liked physical outdoor activities. In addition, he was
giving short ‘missions’ for the children to perform. For
example, in the ‘Sorting Shoes’ activity, when the chil-
dren had to figure out how many shoes there were in
each category, the KT gave each child a ‘mission’ to
draw equally many lines in the bottom of the diagram
as there were shoes in each category. The KT expressed
several times that it was important to give the children
challenging but manageable tasks, so they felt they suc-
ceeded. He often encouraged the children, in an enthu-
siastic manner, with comments like “good” or “great”
etc. It seemed that the children enjoyed the activities
and the way that the KT encouraged.

3) 4) The children eagerly participated and were having
fun. There was relatively little problem-solving interac-
tion and the children often solved tasks without having
to explain or argue for their ideas. For example, in the
activity called ‘Tripp, Trapp’, where the children
should count stairs in a staircase and find out what
number each stair had, the KT made A4 papers with
numbers from 1-24 on and the children, one by one, had
to pick an A4 sheet and place it on the correct stair.
(Stair number 15 should have the A4 sheet with the
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number 15 on). The children just performed the tasks,
without having to explain what they did, and why they
did what they did. Sometimes the KT promoted the
children to reflect on their solution strategies in retro-
spect, however the children’s explanations were seldom
helping them to solve problems in the first place. The
children seldom asked mathematical questions them-
selves. Most of the questions that were asked in the ac-
tivities came from the KT

KT4 in K4 | 1) 2) KT4 gave the children relatively little freedom to
act (physically) or talk which is based on the way that
she, to a large degree, controlled who was going to talk
(or ‘do’ something) and when. For example, in an activ-
ity called ‘The Farm’ the children were, at one point in
the activity, supposed to find how many animals there
were on the farm. First the KT asked a girl, “Helene,
can you figure out how many animals there are all to-
gether?”. After Helene had counted and answered the
KT asked a boy, “John, can you find how many differ-
ent animals there are?”. The KT continued to give simi-
lar ‘missions’ to each child. The KT made sure that
each child got the opportunity to answer or ‘do’ some-
thing mathematically, and she appreciated children’s
contributions by comments like ‘that’s correct’, ‘very
good’ etc. The KT expressed in one of the conversa-
tions that it was important that the children learnt to re-
spect the other children and to wait for their turn in an
activity. The KT also expressed that some activities
were difficult to implement as outdoor activities, be-
cause the children often got disturbed by other things.
These characteristics are of course tendencies, and
sometimes the activities were a lot more open where the
children had a lot more freedom to act. But, as she also
expressed in one of the interviews, she thought it was
difficult to ‘hold back’ and give room for the children
to figure out the problems themselves without too much
interference.

3) It is difficult to state how ‘eager’ the children were to
participate, because they seldom answered or did some-
thing without being asked. They accepted the KTs re-
quest to sit and wait for their turn. In some activities,
like when they measured how much water there were
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room for in a tank, the children laughed and were hav-
ing fun and showed eagerness to participate. Still they
were asked to wait for their turn and respect that each
child got the same opportunity to fill water. The chil-
dren seldom asked mathematical questions themselves.
Most of the questions that were asked in the activities
came from the KT.

4) There were few incidents where the children together
solved problems by expressing ideas and arguing for
solutions. The children were waiting for their turn to
answer or to perform ‘missions’. The KT sometimes
asked the children to explain what they did when they
solved a task, but this explanation did not help the chil-
dren to solve the problem, but to reflect on their strat-
egy in retrospect.

KT5in K4

| visited this KT once in the autumn (first observation
period) and twice in the spring (second observation pe-
riod). The first time | was invited into her session, was
because K4 in the same kindergarten (KT4) was sick.
1) 2) KT5 orchestrated the mathematical activities with
a relatively high degree of structure. She expressed that
it was important that the children learned to wait for
their turn. However, if the children ‘spontaneously’
contributed with ideas, the KT listened to and appreci-
ated their contributions. KT4’s orchestration varied
more between structure and freedom than the other four
KTs’ orchestration. Some parts of her sessions were
strictly organised, but other parts were open, where the
children got freedom to explore on their own. The KT
was presenting the activities in an excited way, which
seemed to help children to keep joint attention.

3) The children were eagerly participating whenever
they were allowed, but they were also patient waiting
for their turn whenever that was required. The children
seldom asked questions themselves. The KT asks most
of the questions.

4) There were some episodes where the children and
the KT got into deeper conversations and discussed
mathematical problems.
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Appendix 8: Two examples of the rough transcriptions

Example 1 from the rough transcriptions: 170328_K1_Treasure Hunt. The pic-
tures are manipulated to ensure anonymity of the participants.

Time: Situation: Pictures and notes:
Camera 1.2 | The KT introduces the activity by explain-
ing what Treasure Hunt is and that they
have to find ‘postl’ first. The children re-
joice!

00:00 The children start looking after ‘post1’.
The KT says, “Look to the left”, and the
children recognises ‘post1’.

00:25 The children explore the environment —
there are boxes with pictures of squirrels
on.

00:50 The KT reads the task, “Three squirrels

are collecting cones. They find 21 cones.
How many cones do each of the squirrels
get if the cones shall be shared equally?”
01:04 The children start dividing the cones in
the three boxes. First, they put some
cones in each box, without counting. The
the KT asks how many cones there are in
each. The children count the cones in
each box and find that there are seven in
each box. They solved the problem a bit
by luck...

02:40 The KT wants the children to consider an-
other way to share the cones. What if this
was a family with a dad, a mother and a
baby squirrel, how should they share the
cones then? The children are not so inter-
ested in solving this type of task. They are
looking for the next post. The children ar-
gue that they still have to have seven
each, because they still are three squirrels
and they should have equally many.
03:47 A girl burst out “l found the next one!”
and points to the next post. The children
run towards the next post.

04:35 The KT reads the problem, “Run around
the nearest tree three times each. How
many times have you run around the tree
all together?”

The children immediately start to run
around the tree.

05:05 A girl suggests that they must go one at
the time. The other children continue to
run.
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05:25

The KT asks, “How many times have you
run around now?”. One girl says that she
has run four times. Others are not sure.

05:49

The KT asks the children whether they
should do as ... suggested to run one and
one. The girl that suggested that stops
the other children, and the KT helps or-
ganising them so they can follow that
strategy.

06:21

... starts running and the other children
count. Each child does the same, run
around the tree, and the other children
count.

08:00

The KT reads the other part of the task,
“How many times have you run all to-
gether?”

08:08

The children start to solve the problem
together. The KT interferes minimal.
They have some problems, but they are
able to eventually solve it. They do a mis-
take and find that they were running thir-
teen times each.

The children collaborate to
solve the problem. They over-
come challenges without the
KT’s help.

09:09

The KT solve the task one more time to-
gether with the children using cones.
They put three cones each on the ground
and counts all together. ... Counts, and
they find that there are twelve cones.

12:22

They conclude that there are twelve
cones. The KT wants to discuss why it be-
came thirteen before but that it became
twelve now, but the children want to go
to the next post... The KT get the children
to take three cones each, and the KT ex-
plains that twelve was equally shared by
all children, there was probably twelve
together. One of the girls hide behind the
tree, and the other children start to look
for her. They do not want to pay atten-
tion to the KT’s explanation.

14:00

The children and the KT moves to ‘post3’
which the children have recognised al-
ready.
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Example 2 from the rough transcriptions: 161013 _K2_Tower Building. The pic-

tures are manipulated to ensure anonymity of the participants.

Time:

Situation:

Pictures and notes:

00:00

The KT introduces the three towers that Super

Sigurd has built.

Kine spontaneously suggest, “Oh, it is greatest,
middlemost, smallest!” Another boy responds:

“greatest, middlemost, smallest!”

Mia: “Maybe it is Tower Princess!”

The KT responds: “Or, great, greater, greatest!”
Hans: “Yes!”

Kine: “smallest, middlemost, greatest!!”

The KT pretends that Super Sigurd whispers
something in her ear. Super Sigurd thinks he has
20 building blocks in the three towers, but he is
not quite sure. He asks if the children can help
him figure this out.

The children respond “yes!” and lean towards the
towers to start counting. Ada suggests that they
have to count.

01:50

The KT holds up the yellow tower, and some chil-
dren answers that the tower consists of five
building blocks. The KT initiates a conversation
about how they know that. Some say that they
just saw it, some say that they counted inside
themselves.

The KT suggests that they can count together.
The KT points at the building blocks and the chil-
dren count.

02:47

Then the KT asks how many there are in the red
tower.

Kine answers “eight
The KT asks how she knew that, and Kine explains
that she counted inside herself. The KT then asks
another boy, Karl, whether he knows how many
building blocks there are, but he is not sure. Karl
gets the opportunity to count the building blocks
together with the KT. They find out that there are
eight building blocks.

|II

03:22

The KT asks, “What about the middle tower?”
Kine raises her hand and wants to suggest, but
the KT asks another girl to count. The girl counts
seven building blocks.

03:58

The KT finds a paper and pencil and writes the
number of building blocks on three pieces of pa-
pers and puts the papers in front of each tower
(5,7,8).
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05:00 | The KT says “But, Super Sigurd wondered how
many there were all together. He thinks there is
twenty, but he is not quite sure. We know that
there are eight red, five yellow and seven green,
how may we figure out how many there are all
together?”

Ole puts his index finger to his mouth and says
«Hmm», and then he raises his hand. The KT lets
him answer, and Ole says «What if ...?” but then
he sits back again.

Other children start to suggest how many there
are all together, some say 21, some say 26.

The KT asks “Twentysix? But how may we figure
out how many there are all together?”

05:40 | Some children suggest that they may count.

The KT responds “But we have already counted,
how may we count now?”

Several children raise their hands. Mia wants to
suggest a strategy but is not able to explain what
she had in mind. Then Lea explains her strategy.
She wants to count all.

Lea explains her stratgy

06:07 | After, Ada gets the opportunity to explain her
strategy. She suggests “Do not count eight, and
then we just count further!”

The KT helps Ada explain her idea.

Some of the other children count the building
blocks while Ada explains. Other children care-
fully watch Ada while she explains.

Ada explains her strategy

07:48 | After Ada has explained her strategy, with help
from the KT, the KT repeats Lea’s and Ada’s strat-
egies. And she especially captures the attention
to one boy, Karl, who easily loses focus. The KT
says, “Karl, lock at this!”

The KT first repeats Ada’s strategy, and then she
repeats Lea’s strategy.

The children closely watch what the KT does.
From these two strategies they count twenty
building blocks.

Fia says, “Super Sigurd was right, it was twenty
building blocks!” Other children agree.

09:30 | Hans asks the KT to writhe number twenty on a
piece of paper, and the KT does as Hans asks.
Some children confirm that it is two-cero.

10:45 | The KT then introduces the box with all the build-
ing blocks and asks the children to find twenty
building blocks each, and then to build towers
similar as Super Sigurd’s.

The children eagerly start to count twenty build-
ing blocks and build towers.
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Appendix 9: Multimodal interpretative transcriptions,
example

Example from the multimodal interpretative transcriptions: 161013 _K2_Tower
Building. The pictures are manipulated to ensure anonymity of the participants.

Turn | Who | Utterance

The KT prepares the question. She
scratches her head, behind her ear

92 KT How can we figure out how
many there are all together?

This picture is taken when the KT says
”Out”

93 Ole Hmm... ((puts his finger to the
mouth and suddenly he raises
his hand))

Ole puts his finger to his mouth when
he says “hmmm...”

94 KT Ole

95 Ole Hmm... What about ... ((he
points at number eight))

Again, Ole puts his finger to his mouth
when he says “hmm...”, then he leans
forward in order to explain, but then
he moves back to his seat

96 Kine | Ah... ((puts her hand in the Kine draws air quickly in her lounges
air)) when she raises her hand

97 KT Kine
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Appendix 10: Letters of consent

Letter of consent to the parents:

ﬁ UNIVERSITETET | AGDER

Deltakelse i en studie med fokus pa
barns laring av matematikk i barnehagen

Kjeere foreldre til A

| forbindelse med Agderprosjektet, som barnet deres allerede er en deltaker i, @nsker vi i
barnehagedret 2016/2017 & gjennomfare en kvalitativ studie som ser neermere pa barns lzring av
matematikk. Malet er a skaffe innsikt om hverdan barn lzerer giennom lekbaserte
matematikkaktiviteter under veiledning av barnehagelzrere. | den forbindelse gnsker vi a gigre
observasjonar av barna og barnehagelararne mans de arbeider med matematikkaktiviteter i
barnehagen. Vi gnsker ogsa & gjennomfgre korte samtaler med barna og barnehagelzrerne. Til hjelp
for vart eget forskningsarbeid dnsker vi & gjgre opptak av observasjoner og samtaler med lyd- og
videoutstyr. | tillegg kan det bli aktuelt & sammenligne funn i den kvalitative studien med andre data i
Agderprosjektet begrenset til de testene som allerede skal gijennomfgres. Alle observasjonene,
samtalene og de kvantitative dataene il kun bli brukt til forskningsmessig analyse og formidling.

Alle barn og ansatte vil fa sin anonymitet ivaretatt | forskningspublisering. Lyd- og videaopptak vil bii
lzgret og kun tilgjengelig for forskerne i prosjektet. De vil siden Bl slettet | tréd med instruks og
tillatelse fra Personvernombudet for forskning og Ujds interne retningslinjer.

Dersom du er villig til at barnet ditt kan veaere med i denne studien, ber vi deg undertegne under, og
levere svarslippen til personalet | barnehagen. Barnehagen med sine ansatte har sllerede gitt
tilsvarende samtykke til at studien kan gjennomfgres.

Vi haper pé positive tilbakemeldinger og er pa forhdnd sveert takknemlig for hjelpen. Dersom du
gnsker mer- informasjon om studien er det bare & ta kontakt med undertegnede eller barnehagen. Vi
svarer gjerne pa spaérsmal. Observasion, samtaler og forskning vil bli utfgrt av en- prosiektgruppe av
vitenskapelig ansatte pd Universitetat | Agder: John Monaghan (professor), Martin Carlsen, Ingvald
Erfjord og Per Sigurd Hundeland (farsteamanuenser) og Svanhild Breive (doktorgradsstipendiat).

Med vennlig hilsen

PhD-student Veilader

Svanhild Breive Ingvald Erfjord

Fakultet for teknologi og realfag Fakultet for teknologi og realfag
Universitetet i Agder Universitetet i Agder

Telefon: 38 14 15 81 Telefon: 38 14 15 47

E-post: svanhild breive@uia.no E-post: ingvald.erflord@uia.no
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W3] UNIVERSITETET | AGDER

Deltakelse i en studie med fokus pa
barns laering av matematikk i barnehagen

Svarslipp

leg tillater herved at mitt barn i barnehagedret 2015/2017 deltar i den ovenfor nevnte
studien.

Barnets navn:

Underskrift: Sted/dato:

Processes of mathematical inquiry in kindergarten 175




Letter of consent to the KTs:

| ﬁ UNIVERSITETET | AGDER

Deltakelse i en studie med fokus pa
barns laring av matematikk i barnehagen

Kjeere |

| forbindelse med Agderprosjektet, som du allerede er en deltaker i, gnsker vii barnehagearet
2016/2017 & gjiennomdgre en kvalitativ studie som ser narmere pa barns leering av matematikk.
Malet er & skaffe innsikt om hvordan barn lzrer gjennom lekbaserte matematikkaktiviteter under
veiledning av dere barnehagelzrere. | den forbindelse gnsker vi & gjore ohservasjoner av barna og av
deg som barnehagelzerer mens barna arbeider med Agderprosjektets matematikkaktiviteter i
barnehagen. Det kan ogsa bli aktuelt med korte samtaler med deg og barna i forbindelse med
giennomfgring av noen av aktivitetene. Til hjelp for vart eget forskningsarbeid gnsker vi & gigre
opptak av chservasjoner og samtaler med lyd- og videoutstyr. | tillege kan det bli aktuslt &
sammenligne funn i den kvalitative studien med andre data | Agderprosjektet begrenset til de
testene som allerede skal gjennomifgres. Alle data vil kun Bli brukt til forskningsmessig analyse og
formidling.

Bade du og barna vil fa deres anonymitet ivaretatt i forskningspublisering. Lyd- og videcopptak vil bli
lagret og kun tilgjengeliz for forskerne i prosjektet. De vil siden bl slettet i trad med instruks og
tillatelse fra Personvernombudet for farskning og L4 interne retningslinjer.

Dersom du er villig til 3 vaere mad i denne studien, ber vi deg undertegne under, og levere
svarslippen til oss.

Vi haper pd positive tilbakemeldinger og er pa forhdnd svaert takknemilig for hjelpen. Dersam du
gnsker mer infarmasjon om studien er det bare & ta kontakt med undertegnede. Vi svarer gjerne pa
sparsmal. Observasjon, samtaler og forskning vil bli utfart av en- prosjektsruppe av vitenskapelig
ansatte p& Universitetet i Agder: lohn Managhan (professar), Martin Carlsen, Ingvald Erfjord og Per
Sigurd Hundeland [farsteamanuanser) og Svanhild Breive {doktorgradsstipendiat). Dersom du gir ditt
samtykke til undersakelsen, vil vi | eget brev til foreldre foresatte be om deres samtykke for barnas
deltakelse.

Med vennlig hilsen

PhD-student Veilader

Svanhild Breive Ingvald Erfjord

Fakultet for teknologi og realfag Fakultet for teknologi og realfag
Universitetet | Agder Universitetet | Agder

Telefon: 38 14 19 81 Telefon: 358 14 15 47

E-post: svanhild breive@uia.no E-post: ingvald.erflord@uia.no
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ﬁ UNIVERSITETET | AGDER

Deltakelse i en studie med fokus pa
barns laring av matematikk i barnehagen

Svarslipp

leg samtykker til & delta i den ovenfor nevnte studien som foregar i barnehagedret
2016/2017.

Underskrift: Sted/dato:
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Papers 1-5

Paper 1: Kindergarten children’s argumentation in reflection sym-
metry: The role of semiotic means

This paper is published in the proceedings of the CERME 10 conference.

Paper 2: Engaging children in mathematical dis-course: a kinder-
garten teacher’s multimodal participation

This paper was submitted on 20.04.2018 to NOMAD Nordic Studies in
Mathematics Education. The Editors decision on 14.08.2018 was that
subsequent to revisions the paper will be accepted. The version included
In this thesis is a revised version following the decision which was re-
submitted on 10.01.2019.
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Kindergarten children’s argumentation in reflection symmetry: The
role of semiotic means

Svanhild Breive

University of Agder, Norway; svanhild.breive@uia.no

In this paper | investigate the characteristics of children’s argumentation when they work with
reflection symmetry. Using Toulmin’s (2003) model for substantial argumentation, | illuminate
structural aspects of the ongoing argumentation. In addition, | analyse the children’s
argumentation with respect to their use of semiotic means. Results show that children are able to
argue for a claim in a quite complex manner. The study also illustrates the extensive use of semiotic
means in children’s argumentation. In every element in the argumentative structure, children use
gestures and other semiotic means to mediate their ideas. It is actually impossible to make sense of
the ongoing argumentation without considering the use of semiotic means.

Keywords: Argumentation, kindergarten, gestures, semiotic means.

Introduction

How children communicate their mathematical ideas is an important aspect in the attempt to
understand children’s reasoning in mathematics. In kindergarten children experience mathematical
concepts through play and interaction with others. In their communication they justify and explain
their mathematical ideas and in return they need to consider other’s ideas and arguments. Thus
argumentation can be seen as important for fostering children’s mathematical learning.

This study is situated within a research and development project called the Agder project' (AP). One
of the aims in the project is to investigate how researcher designed mathematical activities,
developed in the project, stimulate mathematical competences. In this case study | observed one
kindergarten teacher (KT) and a group of six 5-year-old children engaged in mathematical activities
about reflection symmetry. The aim of this paper is to examine the characteristics of children’s
argumentation when they work with reflection symmetry. Furthermore, | examine what role
‘semiotic means’ (e.g. objects, linguistic devices and signs) play in the ongoing argumentation.

Following Toulmin (2003) and Krummbheuer (1995), | regard argumentation as the practical
business of choosing statements that serve the purpose of making an initial assertion reasonable and
accountable for others. Argumentation is the production of an argument. An argument is then “the
final sequence of statements accepted by all participants” (Krummheuer, 1995, p. 247). In addition,
several arguments can serve as units in an expanded argumentation which again constitutes a new
and extended argument. Toulmin also recognises that single statements can contain argumentative
features. Just by making a statement you put yourself in a position of potentially being questioned.

Argumentation, acknowledged as an important means for enabling young children’s mathematical
reasoning, can be promoted through a dialogic approach to teaching (Mercer & Sams, 2006; Yackel
& Cobb, 1996). Despite the increased focus on the role of mathematical argumentation for enabling
young children’s mathematical reasoning, little research has focused explicit on the role and
characteristics of mathematical argumentation at kindergarten level. Pontecorvo & Sterponi (2002)
found that children’s reasoning in preschool activity unfolded “through complex argumentative
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patterns” (p. 133). They emphasised that teachers should pay attention to the different ways children
argue in order to facilitate children’s “possibilities to practice, enrich and refine argumentative
resources they have already acquired” (p. 139). Tsamir, Tirosh, and Levenson (2009) investigated
different types of justification given by children between five and six years old, working with
number and geometry tasks. Their study shows that young children are able to justify their
statements by using appropriate mathematical ideas. Some children, in contrast, used their ‘visual
reasoning’ as a way to justify their statements. When the researcher asked how they could know
which bunch of bottle caps had more they answered “because we see”, and they felt no further need
to justify their answer or did not know how to do it. Dovigo (2016) investigated how argumentation
promoted collaboration and problem solving in preschool (age 3-5). By comparing different ways of
how argumentation took place in teacher-talk and peer-talk they found that peer-talk contributed
very positively for promoting collaboration and problem solving. But at the same time they
emphasised that if the teachers were able to guide the debate in a careful and exploratory way the
teacher guidance could be a positive contribution to the development of the argumentation.

Theoretical framework

My theoretical stance is rooted in a sociocultural paradigm where interaction is regarded as the very
engine of learning and development, (Vygotsky, 1978). As a consequence of adopting this
theoretical stance, | regard argumentation as a cultural and historical activity. Children are not
naturally born with the ability to argue. Argumentation is a communicative pattern which they learn
through interaction with more knowledgeable others.

Interaction, specific for human beings, is characterised by the use of tools and especially by the use
of language (Vygotsky, 1978). In recent years there has been a growing interest to study the
interplay between gestures, language and thought both in mathematics education and in other
domains. McNeill (2005) developed a theory where he regarded gestures as an integral part of
language, not merely as a support for language. He regarded gestures as having an active and
inseparable role in language and thought.

Not only gestures have been recognised as important for human reasoning. Radford, Edwards, and
Arzarello (2009) talk about the importance of the multimodal nature of cognition; how different
sensorial modalities — tactile, perceptual, kinesthetic become integral parts of our cognitive learning
processes. Radford’s (2002; 2003) theory of knowledge objectification emphasises how gestures,
bodily actions, artifacts, (mathematical) signs and speech in cooperation affect mathematical
reasoning. A special category of semiotic means of objectification that Radford (2002) considers is
deixis. Deictic terms are words that have the function “to point at something in the visual field of
the speakers” (p. 17), and cannot be fully understood without additional contextual information (e.g.
“here”, “there” “that”, “this” etc.). All semiotic means play a significant role in mathematical
mediation and reasoning. “Each semiotic means of objectification puts forward a particular
dimension of meaning (signification); the coordination of all these dimensions results in a complex
composite meaning that is central in the process of objectification” (Roth & Radford, 2011, p. 78).

The concept of argumentation used in mathematics and mathematics education is often related to
the production of proofs. It is nevertheless important not merely to connect the concept of
argumentation to formal logic as found in mathematical proofs. Toulmin (2003) distinguishes

Proceedings of CERME10 1838



Thematic Working Group 13

between analytic argumentation, which is used in production of mathematical proofs, and
substantial argumentation which is informal argumentation used in everyday practices. Substantial
argumentation does not necessarily have a strict logical structure. Substantial argumentation
gradually supports a statement by presenting relationships, explanations, background information,
etc. (Krummheuer, 1995). Toulmin (2003) strongly emphasises that substantial argumentation
should not be regarded weaker as or less important than analytic argumentation.

Toulmin (2003) developed a model for analysing structural and functional aspects of substantial
argumentation with the aim to illuminate how statements are organised for the purpose of
constituting an argument, and how a conclusion is established through the production of an
argument. In Toulmin’s model the core of an argument is based on three elements: claim (C), data
(D) and warrant (W). The claim is an initial statement, for example an assertion or an opinion about
something. To support the claim, the arguer needs to produce data. Data are facts or statements on
which the claim can be grounded. A warrant is a justification of the data with regard to the claim.
The warrant holds the argument together. It points to the relation between the data and the claim.

In addition, Toulmin’s (2003) model contains three other elements, backing (B), qualifier (Q) and
rebuttal (R). A backing is a statement that supports the warrant. It is like a special case of data that
is provided as evidence for the warrant. The purpose of a backing is to answer “why in general this
warrant should be accepted as having authority” (Toulmin, 2003, p. 95). A qualifier says something
about the extent to which the data confirm the claim. Words like ‘probably’, ‘presumably’ etc. are
often used as qualifiers. Rebuttals refer to exceptions or conditions under which the claim is true,
often used subsequent to a qualifier, exemplified as “The claim is true except/unless/only if ...”.

Method for data collection and data analysis

In this case study | observed one KT in the focus group of AP and his group of six 5-year-old
children engaged in mathematical activities about reflection symmetry. The activities had been
developed in the AP, and as part of an in-service program for the focus group the KTs were asked to
implement a number of activities with their children. | visited the kindergarten on two occasions
with a one week interval. It was the KT himself that decided to work with reflection symmetry
activities on both occasions. The method for data collection was observations and the sessions were
video recorded and field notes were made.

| regard argumentation as a sequence of statements (both verbal and non-verbal) that serve the
purpose of supporting an initial claim. Thus one criterion for selecting episodes from the transcript
was that they should contain verbal communication and have more than one utterance from the
children. Another criterion was that the episodes | selected should contain mathematics, and they
should be linked to the lesson aim (reflection symmetry). In total | found 11 episodes from the
transcript using these criteria. Ten of these episodes had more or less an argumentative structure.
Six of the episodes had more than two turns and more than two argumentative utterances from the
children. These episodes were analysed in depth according to Toulmin’s (2003) model to identify
the argumentative structures. In addition, | analysed each of the six episodes from a multimodal
perspective. In fact, | had to look at multimodal aspects in order to be able to differentiate between
the elements in the argumentative structure. | did not focus on any specific semiotic means and their
significance for children’s reasoning. Rather | focused on what kind of semiotic means children
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used with respect to the different elements in the argumentation, and what role they played in
constituting the argument.

Results

In this section | will present the analysis of one of the six episodes to illustrate the structure of
children’s argumentation, and what role semiotic means play in the ongoing argumentation.

In advance of this episode the children have been asked, by the KT, to find things in the room which
they think are symmetric or as the KT says “equal on both sides”. Each child is then asked to
explain why they think the toy they have chosen is equal on both sides. In this particular episode one
of the boys (John), who has chosen a trolley, is being asked to explain why he thinks the trolley is
equal on both sides (or more precise; he is being asked if he think the trolley is equal on both sides).

KT: Maybe we should start with John, since he has a very large thing. John, is this
equal on two sides?

John: Mmm (2)" There (2) ((He lifts his trolley up from the table, and holds it in a
straight forward position. Then he says “there” and nods his head)).

John: and there... ((He rotates the trolley 90 degrees, showing the side of the trolley and
then nods his head while saying “there”)).

KT: Ahal

John: and (2) there. ((He rotates the trolley 180 degrees, showing the other side of the
trolley and nods his head again while saying “there”)).

Elias: And there and there. ((Elias has already paid attention to the situation)).

KT: Can you see if this is equal Elias?

Elias: Look...

Elias: There, there (.) there, there (.) there, there and there, there. (.) And there and there,

and (1) everywhere. ((He is pointing with his index finger to show where he thinks
the trolley is equal. When he says “everywhere” he is letting his whole hand swipe
over the trolley)).

KT: ((The KT lifts up the trolley and tries to show the symmetry line and explaining
how the trolley is equal on both sides of that line)).

Elias: Everything is equal on both sides, even the wheels.
The structure of children’s argumentation

Before this episode each child was asked by the KT to choose a thing that they thought was equal on
both (two) sides. In this episode John has picked a trolley and just by doing so he has implicitly
made the claim that the trolley is equal on both (two) sides. When the KT asks John; “John, is this
equal on two sides?” John’s claim is being challenged. The KT actually asks a yes-no question, but
the question is still a quest for explanation or justification.

To argue for his claim, John lifts the trolley up in the air, like he wants to make it visible to the
others. The first “there” and the first nod is also a part of this visualization which together constitute

Proceedings of CERME10 1840



Thematic Working Group 13

the data he presents. It is important to notice that at this moment he holds the trolley in a straight
forward position from his own point of view. He is not referring to any particular equal points on
the trolley. The trolley itself is being presented as the data that supports the claim.

Then he is trying to present a warrant for his data by rotating the trolley 90 degrees while saying
“there” and then back again 180 degrees while saying “there” again. Each time he is saying “there”
he is nodding his head. John is presenting the warrant as two particular sides that are equal, and
exemplifies the equality. The warrant (the example) relates the data (the presentation of the whole
trolley) to the claim (the trolley is equal on two sides). Considering the time John is using while
presenting the warrant and the way he utters the second and third “there”, John does not seem very
confident in his presentation of the warrant. Nevertheless, when John was walking around in the
kindergarten trying to find a thing that had two equal sides, he considered the trolley for some
seconds before he took it back to the table. This indicates that his choice was not completely
random. John seems certain that the trolley is equal, but he is not quite certain how to justify it.

After John has presented the second “there”, the KT utters “aha” (with a rising intonation at the
end). By this utterance the KT gently appreciates John’s contribution, even if the two sides that John
presented thus far were not equal. While presenting his data and his warrant, John waits several
seconds, and it seems that the KT thinks that John has finished his explanation after the second
“there”. From the children’s point of view, the KTs “aha” gives Johns contribution authority and
can be regarded as a backing of John’s warrant-attempt. But from the KTs point of view, the “aha”
was not meant as a backing, only as a gentle appreciation of his contribution.

Elias then contributes to the argumentation. By the utterance “and there and there” and a pointing
gesture he is presenting another warrant for John’s data. Elias is talking faster and more concisely
than John. Because he is using his index finger rather than nodding he is also more precise in his
communication and is able to point on specific points on the trolley, like the joints and the handles.
The way Elias communicates indicates that he is more confident and has more knowledge about
reflection symmetry. Elias is actually presenting several warrants for the data. Every time he says
“there and there” and points at different corresponding points, he gives a new warrant. By
presenting particular corresponding points, each warrant is exemplifying exactly where the trolley is
equal. By repeating several almost identical warrants (presenting several examples) it seems that he
is trying to communicate that every point on one side has a corresponding point on the other side.

After presenting several warrants Elias says “everywhere” while he is swiping his whole hand over
the trolley. | interpret this as a generalisation of his previous statements (warrants), and thus a
backing for the warrants because it answers “why in general this warrant should be accepted as
having authority” (Toulmin, 2003, p. 95). The warrants are not independent examples of equality
rather examples of a more general property of reflection symmetry.

When the KT shifts his attention to Elias in the middle of this episode, Elias answers by saying
“look™. The intonation of the utterance indicates that he is only introducing his coming explanation.
| interpret his utterance as synonymous to “let me explain”.

At the end of this episode, Elias says “everything is equal on both sides, even the wheels”. The use
of the word “even” in this sentence is very interesting. The word “even” | interpret as a qualifier for
the claim. It says something about to what degree the data confirm the claim. Usually words like
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“probably” or “presumably” are used as qualifiers, but in this case Elias is indicating that he is very
certain that everything is equal on both sides, by saying “even the wheels”. It seems that the
probability for everything being equal increases since ‘the critical points’, the wheels, are equal.
Why Elias regards the wheels as important points is hard to tell.

!I)ata (Joh_n): There [Lifts th(_e trolley Claim (_John): The Qualifier (Elias):
in a straight forward position and |—» trolley is equal on | — even the wheels
nods his head] T two sides

Warrant (John): [pause] and there [pause] and there [He is first showing one
side, then the other side]

Warrant (Elias): And there and there [pointing with his index finger at equal
points on two sides of the trolley]

Warrant (Elias): There, there. There, there. There, there and there, there. And
there and there [pointing with his index finger at equal points on two sides of
the trolley]

T

Backing (Elias): Everywhere [swiping his hand over the trolley]

Figure 1: The structure of children’s argumentation

This example illustrates the complexity of children’s argumentation. They are able to present more
than only the core of an argument. In this episode | found that some children are able to present both
data, warrant, backing and even qualifier for a claim. In another episode that is not provided in this
paper (because of the limited space) Elias was also able to present a rebuttal. He was able to modify
his claim by giving examples of exceptions.

Discussion

This study shows that young children are able to argue for a claim in a quite complex manner. Using
Toulmin’s (2003) model to illuminate structural aspects of the children’s argumentation, the results
show that some children are able to use several of the elements in the model in their argumentation.

This study also illustrates the extensive use of semiotic means in children’s argumentation. In every
element in the argumentative structure, children use gestures and other semiotic means to mediate
their ideas. This illuminates the significant role that gestures and other semiotic means play in
children’s communication and especially in their argumentation. (cf. McNeill, 2005; Radford, 2002;
2003; Roth and Radford, 2011). Deixis, in particular, are extensively used in the argumentation
above. Both the data that John presents and the warrants that John and Elias present are based on the
deixis “there” and the related pointing and nodding gestures. Even if John and Elias use different
signs for mediating their ideas, both the nodding and the pointing gestures serve the same purpose,
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namely to give contextual information to the deixis “there”. It is actually not possible to get the
whole meaning of the words “there and there” without including the pointing and nodding gestures.

The deixis and the related pointing and nodding gestures are not the only significant semiotic means
in this argumentation. To be able to distinguish between the data and the warrant that John provides
| had to interpret his related actions. When he presents the data he holds the trolley in a straight
forward position, he is not referring to any particular equal points, only presenting the trolley as a
whole, as if he wants to show the equality. The way he presents his claim corresponds with one of
the findings in Tsamir, Tirosh and Levensons (2009), that some children based their justification on
‘visual reasoning’. The trolley itself is being presented as the fact that supports the claim. In the
warrant he is presenting two corresponding sides, as if he wants to give an example of the equality.
Without interpreting these actions, it is impossible to distinguish between the data and the warrant,
and thus fully understand the structural aspects of the ongoing argumentation.

The repetitive presentation of Elias’ warrants and the swiping hand that generalises the repetitive
warrants are other important semiotic means in the argumentation. By repeating “there and there”
with corresponding pointing gestures Elias indicates that every point has a corresponding point on
the other side of the symmetry line. When Elias says “everywhere”, he swipes his hand over the
trolley. This swiping gesture plays a significant role in the generalisation process of the points.

The results from this study point to significant features of children’s argumentation and give
important insights into how children argue. I think teachers could benefit from paying attention to
the different ways children argue and being aware of the structural aspects in children’s
argumentation in order to provide opportunities for improving children’s mathematical
communication and reasoning (cf. Dovigo, 2016; Pontecorvo and Sterponi, 2002). But to be able to
do so, the KTs also need to pay attention to how children make use of semiotic means in their
argumentation. The Toulmin model revealed structural aspects of children’s argumentation, but
these structural aspects would not have emerged without considering the use of semiotic means. In
line with Roth and Radford (2011) | would argue that all the different semiotic means play a
significant role in the constitution of meaning.

In the example above we saw that Elias was able to use several elements in the model and
demonstrated more confidence in his argumentation than John. A possible explanation could be that
Elias is further in his appropriation of the properties of reflection symmetry than John. Maybe there
is a correspondence between how far children have appropriated a certain subject and their ability to
use several elements in the Toulmin model. This is thus a suggestion for further research on this
interesting topic.
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Engaging children in mathematical discourse: a kindergarten
teacher’s multimodal participation

Abstract

This article reports from a case study which investigates a kindergarten teacher’s multimodal
participation in a teaching-learning activity involving addition and counting. By her
multimodal participation the kindergarten teacher engages children in a mathematical
discourse and supports their opportunities for learning. Implications from the study for
practice is that kindergarten teachers (and teachers) can benefit from being consciously
aware of the affects their bodily actions have on children’s mathematical reasoning, and how
they can engage children in mathematical discourse without having to ‘teach’ (i.e., tell)
children mathematical concepts and relations. Moreover, the article considers how
kindergarten teachers can prepare for a smooth transition to school by introducing children
to mathematics through semi-structured activities.

Introduction

In the last year of kindergarten, children (age 4,5-6,5) are about to make a transition from an
institution where play, care upbringing and learning are the main focuses, into an institution
which focuses more on their academic development. This transition may be challenging for
many children (Lillejord, Borte, Halvorsrud, Ruud, & Freyr, 2017), and it is important to get
insight into how to prepare for a smooth transition. This article reports on a case study which
focuses on the manner in which a kindergarten teacher (KT) engages with 4.9-5.9-year-old
children in a mathematical problem, involving addition and counting, in the context of pre-
designed mathematical activities aimed to prepare children for school. The KT’s mandate is to
structure the discourse around mathematics, which is quite different from engaging in a
spontaneous floating conversation in an ‘everyday situation’ in kindergarten.

Children’s opportunities to take part in mathematical discourse! are found important in
learning mathematics, both in kindergarten (Dovigo, 2016), and in school (Mercer, 2000;
Rojas-Drummond & Mercer, 2003; Wells, 1999), but in activities where the teacher or KT
have a pedagogical aim, it may be difficult to balance teacher-talk and child-talk (O’Connor
& Michaels, 1996; Dovigo, 2016). Research considering how KTs may facilitate children’s
opportunities to participate in mathematical discourse is sparse. This article contributes to this
area of research by presenting results from a case study which investigates how a KT engages
children in a mathematical discourse and supports their opportunities for learning by her
multimodal participation (i.e., her use of various semiotic means).

This paper addresses the following research questions:

What characterises the KT’s multimodal participation in a teaching-learning activity
involving addition and counting?

How does the KT’s multimodal participation supports discourse and children’s
opportunities for learning?

L n this article the terms discourse, dialogue and conversation are used interchangeably and in line with Gee’s
(2008, 2011) definition of discourse, which will be defined below, but which simply means the way two or
several people are talking together.



The rational for the study is to investigate the processes that unfolds when a KT engages with
kindergarten children in mathematical activities aimed to prepare them for school. And
furthermore, to understand how KTs can facilitate children’s learning opportunities and
prepare for a smooth transition between kindergarten and school.

A cultural-historical perspective to investigate a kindergarten teacher’s
multimodal engagement in a mathematical activity in kindergarten

In this paper teaching and learning are conceived as an interconnected whole - a dialectical,
mediated activity where mathematical ideas (among others) are mediated through semiotic
means (e.g., language, artefacts, gestures and signs) (Radford, 2013; Vygotsky, 1987).
Although language is essential for developing abstract thoughts, the multimodal nature of
cognition has gained attention in 21% century research (Radford, 2009, 2013; Radford,
Edwards & Arzarello, 2009; Roth, 2001). Radford’s (2013) theory of knowledge
objectification emphasises how gestures, bodily actions, artefacts, mathematical signs and
speech work together in the constitution of mathematical reasoning. In Radford’s theory,
activity is conceived as a process, or a system of relations, which unfolds through human
actions. Activity comprises both inner (cognitive) and outer (material) processes and is
something ‘real’ that can be observed. In Radford’s theory, learning is viewed as an
objectification process (i.e. is related to the object of the activity) where knowledge is
mutually constructed i.e. mediated through semiotic means. Learning is theorised as “social
processes of progressively becoming critically aware of an encoded form of thinking and
doing - something we gradually take note of and at the same time endow with meaning”
(ibid., p. 26). This research study adopts Radford’s (2013) cultural-historical perspective to
study the dynamics of a mathematical teaching-learning activity in kindergarten.

The term ‘discourse’ is complex and used in a variety of ways. In this article the terms
discourse, dialogue and conversation are used interchangeably and in line with Gee’s (2008,
2011) definition of discourse, which is “language in use or connected stretches of language
that make sense” (Gee, 2008, p. 154). My epistemological stance resides in Radford’s (2013)
cultural-historical perspective and theory of knowledge objectification, and I use Radford’s
definition of activity to describe the teaching-learning interaction that unfolds in the
kindergarten group examined in this study. However, | see discourse, as defined above, as a
subset of activity, and is used in this paper to describe how the children are promoted to use
language when they engage in the activity (without ignoring their use of other semiotic
means).

As mentioned above, the case study reported here is situated in the context of pre-designed
mathematical activities aimed to prepare children for school, where the KT’s mandate is to
structure the discourse around a mathematical object which is quite different from a
spontaneous floating conversation in an ‘everyday situation’ in kindergarten. Therefore, a lot
of the literature below is taken from school setting where teaching-learning activities are often
more structured than in Kindergarten, and which points to challenges that may arise in such
teacher-led activities.

How to engage children in mathematical discourse

Children’s opportunities to take part in mathematical discourse are important in learning
mathematics but distinct forms of discourse facilitate different learning opportunities.
Dialogic inquiry (Wells, 1999) and exploratory talk (Mercer, 2000) are two (not dissimilar)



constructs which describe perceived effective ways for participants to interact, to reason and
to solve problems together. Developing effective discourse for learning, however, is not a
straightforward process. In teacher guided activities it is challenging to find a balance
between teacher-talk and child-talk (O’Connor & Michaels, 1996; Dovigo, 2016). Teachers
may experience tensions between overseeing the conversation and promoting the children to
participate in the discourse. O’Connor and Michaels (1996) argue that an aim of teaching is to
nurture children’s talk and promote them to take part in the ongoing discourse, but
simultaneously focus learning and discourse around a specific content.

Questions are regarded as important for engaging students in mathematical conversations and
give positive learning outcomes (Kirby, 1996; Roth 1996; Rojas-Drummond & Mercer, 2003;
Myhill & Duncan, 2005; Carlsen, 2013). However, some question strategies can help children
to participate, others can limit children’s participation in the ongoing discourse. If questions
are used for checking children’s knowledge or overemphasise factual or procedural
knowledge, they can promote an unproductive discourse for learning, (Kirby, 1996; Roth,
1996). Questions can be classified in a number of ways, for example, as ‘closed’ (inviting
short factual/procedural responses) or as ‘open’ (inviting longer and possibly elaborate
responses, often with no predetermined answer). Both types of questions are found to initiate
the well-known teacher led discourse pattern called the IRE-/IRF-exchange (initiation-
response-evaluation/follow up), (Wood, 1992; Wells, 1999; Rojas-Drummond & Mercer,
2003). This exchange has both been criticised and appreciated as a pedagogical tool. When
criticised (Wood, 1992) the initial teacher question is often a closed question with a ‘correct
answer’. This type of exchange often serves only to check pupils’ knowledge, which is not
necessarily productive for learning. Wells (1999) agrees that the triadic dialogue can be
counterproductive for learning but argues that IRF exchanges can also serve as a useful
pedagogical tool to achieve co-construction of knowledge. The quality of this exchange relies
in the underlying expectations and goals of the teacher. Similarly, Rojas-Drummond and
Mercer (2003) argue that IRF exchange can help to guide children’s learning, especially if the
teacher follows up with ‘why-questions’ which promote students to reflect on their responses.
Another way to follow up children’s contributions and promote them to think further on their
ideas is by re-voicing (O’Connor & Michaels, 1996). Re-voicing is defined as when a
participant repeats another participant’s contribution (or parts of the contribution). O’Connor
and Michaels argue for the usefulness of this type of follow up for engaging students in the
classroom discourse, to focus attention to key-points and thus facilitate learning possibilities.

Mathematical learning activities in Norwegian kindergartens are often organised in ways
where KTs and children interact in informal and semi-formal settings, and where
mathematical ideas come to play through conversation and the use of artefacts, (Erfjord,
Hundeland, & Carlsen, 2012). Dovigo (2016) investigated how participation in different types
of conversations (peer-talk and child-teacher talk) influenced preschool children’s learning
opportunities. The study showed that the children had richer opportunities to contribute in
peer-talk. In child-teacher talk, the KT talked more than the children. In peer-talk the children
asked more questions (including open questions). However, the children’s abilities to build
arguments were limited in peer-talk. Teacher guidance helped the children to elaborate their
argumentation and to improve their abilities to collaborate.

Questions are also found as an often-used pedagogical tool to initiate mathematical
conversations in kindergarten. Saeebbe and Mosvold (2016) studied what they called an
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“everyday situation”, where a KT organised an activity where the children and the KT were
sitting around a table playing with Lego bricks. The KT had no formal learning goals, the aim
was to play with the bricks and talk about what they were doing. The authors found that
questioning and affirmation of children’s responses were the two most prominent discursive
acts used by the KT. Through questions the KT promoted mathematical argumentation and
helped the children to participate in the mathematical discourse. Through affirmation the KT
confirmed or acknowledged the children’s contributions. Seebbe and Mosvold (2016) argue
that questioning and affirmation are strongly related, as both serve as means for reaching joint
attention and promote children’s participation in mathematical discourse. They found clear
similarities between the communication pattern of questioning and affirmation, and the IRE-
exchange, although the purpose of the affirmation was mainly not checking the children’s
knowledge.

This research study investigates how a KT engages with kindergarten children in an addition
problem, where the children use various counting strategies to solve the problem. Children’s
counting strategies to solve addition problems are well documented (Baroody & Purpura,
2017; Carpenter & Moser, 1982; Fuson, 1992), and at least three different counting strategies
for addition have been identified: 1) The ‘counting-all’ strategy has been identified as the
most common, and which children typically use first. After having identified the cardinality of
the two sets (by counting each of the sets), children find the sum of the two sets by starting
from the beginning and count all items together as ‘a whole’. 2) A more sophisticated strategy
is ‘counting-on’. After having counted and found the cardinality of the two sets, children take
the number of items in the first set as a point of departure, and then count further on the other
set of items. 3) Using the ‘counting-on from largest’ strategy children take the number of
items in the largest set as a point of departure and count further on from that. Carpenter and
Moser (1982) observed that, even if children are capable to use the counting-on procedure, the
children nevertheless often used the counting-all procedure. They argue that children can be
encouraged to use the counting-on procedure if there are no physical artefacts available for
the children to manipulate.

Setting

This case study is situated within a Norwegian research and development project called the
Agder Project. The project aims to develop a curriculum that prepare Norwegian 5-year-olds
for school, and to investigate the processes of teaching and learning that unfolds when the
curriculum, in the form of pre-designed mathematical activities, are implemented by the
participating KTs. The study reported here took place in one of the kindergartens in the
project, where the KT implemented a mathematical activity called ‘Tower Building’. In the
Tower Building activity, the children are supposed to get experiences with counting,
comparing sets of numbers and introductory addition. In the written activity description, the
KT is requested to introduce the activity using a doll called Super Sigurd, which the children
are familiar with. Super Sigurd has built three towers, and he thinks that he has 20 building
blocks altogether, but he is not quite sure. (The three towers consist of 5+7+8 building
blocks). The KT is requested to start the activity by asking the children if they can help Super
Sigurd to figure out how many building blocks his towers consist of altogether. The excerpt
examined in this paper is selected from the introduction of the activity, where a KT and a
group of preschool children (age 4,9-5,9 years, three boys and six girls) are working with the



addition problem. The KT is an experienced KT and the children are familiar with similar
whole-group learning activities.

Methodology

To capture the dynamics of teaching and learning mathematics in kindergarten | used
qualitative methods within an interpretative paradigm. The segment examined in this paper is
selected from data collected in four kindergartens at four occasions (16 sessions altogether)
during the school year 2016/2017. All observed sessions were video recorded and field notes
were written. The video data from all observed sessions were separated into parts (segments)
and organised in tables with columns, containing time and description of the interaction. The
description included some utterances and were supplemented by video stills of observable
actions. For further analysis, segments were selected from these descriptions based on three
main criteria: 1) problem-solving interactions 2) the children’s contributions of mathematical
ideas, mathematical arguments, explanations or reflections 3) observed eagerness from
children to participate.

The segment examined in this study was selected because the children got ample
opportunities to suggest and explain strategies to solve the problem and the children eagerly
participated in the discourse. The selected segment was transcribed? and then analysed from a
cultural-historical activity theory perspective, where activity (the process that unfolds when
the participants interact) is the unit of analysis. Using Vygotsky’s (1987) dialectic approach, |
always considered two subsequent turns in relation to one another, or | considered a turn in
relation to the following activity (several turns in a row). For example, when the KT asks
“How can we figure out how many there are altogether?”, I argue that the KT invites the
children to contribute with different strategies to solve the problem because the children, in
the following activity, eagerly contribute with different strategies. | also argue that the KT by
her ‘questioning look’ (a term which is elaborated in the Results section) mediates how she
wants the children to approach the problem. I interpret that the KT wants the children to think
carefully about the problem to find a strategy to solve it, and I interpret the KT’s actions in
this manner because of Leo’s subsequent response. Leo puts his index finger to the mouth and
makes a ‘questioning look” when he says “Hmmm...” which I argue show that he thinks
carefully about the problem before he answers. His facial expression is in fact quite similar to
the KT’s facial expression. The analysis was accomplished through an iterative examination
of the data (the segment). Videoclips from the whole-group session and extracts from the data
analysis were watched and discussed with four research colleagues in the project and were
important for the final interpretation of the segment.

In the Results section | briefly explain what happened just before the selected segment. Then |
present extracts from the transcript (including sketches from the video stills) together with the
analysis. | present a moment to moment analysis (interpretation) of the KT’s contributions to

the activity, that is I identify the KTs actions which seem important for engaging the children

in the mathematical discourse and interpret what she mediates through them and how children
respond to them.

2 Transcription codes: (( )) denotes non-verbal actions or contains explanations and interpretations necessary
to understand the dialouge; _ denotes that the underlined word is emphasised; ... denotes a pause in the
verbal utterance; [ ] denotes that the utterance is cut off by another participant.
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Results

Prior to the segment analysed below, the KT and the children count each of the three towers.
In cooperation they conclude that the yellow, blue and red towers consist of, respectively,
five, seven and eight blocks. The KT writes the numbers of blocks on small pieces of paper
and lays them in front of each tower and with a questioning look initiates an interplay with the
children:

92 KT How can we figure out how many there are altogether? ((Questioning look))

93 Leo  ((Puts his finger to his mouth)) Hmm ... ((Then he raises his hand in the air. His facial
expression changes from a questioning look into an ‘understanding look’ in the
moment that he raises his hand))

94 KT Leo

95 Leo  ((Leans forward and puts his finger on top of the red tower)) What about ...
((He stops and pauses for a while before he gets back to his place))

96 Lily  ((Puts her hand in the air))

97 KT  Lily

98 Lily  Twenty-one

99 KT Is it twenty-one? ((Questioning look))

The original problem was formulated as a question to the children on helping Super Sigurd to
figure out how many building blocks there were altogether. In line 92 the KT asks “How can
we figure out how many there are altogether?”, which changes a closed question into an open
question. This question invites the children into a conversation about different strategies they
may use to solve the problem.
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Figure 1: The KT’s facial expression and body positioning when she asks; “How can we figure out how many there are
altogether? ” in line 92

Figure 1 illustrates the KT’s facial expression and body positioning at the time of line 92
when she invites the children to contribute with different strategies to figure out how many
building blocks there are altogether. The KT knits her eyebrows, tightens her mouth and rests
her head in her hand. I interpret her facial expression as a ‘questioning look’, which mediates
that the task is not easy, and that the children need to think carefully about how to solve the
problem and suggest solutions.

Figure 2 illustrates Leo’s stance when he says “Hmmm...” in line 93. Leo puts his index
finger to his mouth and he knits his eyebrows when he says “Hmm...”. His facial expression
is similar to the KT’s facial expression, and the utterance “Hmm...” may indicate that he
thinks carefully about the problem. Leo does not orally express what he thinks, but his facial
expression communicates that he ponders.
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Figure 2: Leo’s stance when he says “Hmmm..."” in line 93.

A second later Leo’s facial expression suddenly changes from a ‘questioning look’ to an
‘understanding look” when he raises his hand in the air. The KT invites Leo to explain his
idea (line 94), however Leo seems to forget his idea because he sits down again (line 95).
Then Lily expresses that she wants to contribute (line 96) and the KT invites Lily to explain
her idea (line 97). Lily suggests “Twenty-one” (line 98), and the KT responds “Is it twenty-
one?” (line 99), without any marked rising intonation, which might indicate excitement, at the
end. The KT takes Lily’s suggestion, re-formulates it into a question and sends it back to the
group for consideration. The KT continues to lean forward, with her hand in her face and with
the same facial expression (questioning look). I interpret the KT’s response as indicating that
she does not want to explicitly evaluate Lily’s suggestion. She does not say whether the
suggestion is correct or incorrect. By re-voicing Lily’s suggestion, the KT kindly appreciates
Lily’s contribution, and she also shares Lily’s idea with the other children. However, by re-
formulating the suggestion into a question, she sends it back to the group for a re-
consideration.

After Lily has shared her idea, another girl (Fia) offers a different suggestion:

100 Fia We can count.

101 KT Maybe we can count? ((He moves her hand away from the face, down in her
lap, she straightens her back and makes an excited facial expression. She
emphasis “count” with a marked rising intonation))

102 Childr.3Yes!

103  John Itis twenty-six

104 KT ((Questioning look)) Is it twenty-six? ... How can we figure out how
many building blocks there are altogether?

105 John Count!

106  Lily Count!

107 KT Shall we count? ... But we have already counted. How do we have to count
now?

3 Several children respond simultaneously.



Figure 3: The KT’s facial expression and body positioning in the time of line 101

In line 100 Fia says “We can count”, which is a strategy to figure out how many building
blocks there are altogether. Figure 3 illustrates the KT’s stance at the time of line 101. Again,
the KT takes Fia’s contribution, re-formulates it into a question and sends it back to the group.
But this time she also gives a clue. The KT moves her hand away from the face, down in her
lap, she straightens her back and makes an excited facial expression. In addition, she
emphasises “count” with a marked rising intonation. | contend that by her bodily action, her
facial expression and her tone of voice, the question is no longer only an appreciation and a
further challenge, it is also a clue. It mediates that the children are on a mathematically
interesting (and correct) path. It is the sudden change in the KT’s facial expression and body
positioning, from a ‘questioning look” in line 92-99, into excitement that gives the hint.
However, the children (at least not all of them) do not seem to get the hint, because John
continues to suggest how many building blocks there are (line 103).

When John suggests that there are twenty-six building blocks the KT changes her facial
expression back to a ‘questioning look’ and she responds; “Is it twenty-six? ((Pause)) How
can we figure out how many building blocks there are altogether?” (line 104). John and Lily
immediately respond “Count!”, which indicates that they realise that it is not the answer that
the KT is aiming for. The KT still has the same ‘questioning look’ when she responds “Shall
we count? ((Pause)) But we have already counted. How do we have to count now?” (line
107). To count is the basic strategy to solve the problem, however there are diverse ways to
count in order to solve the addition problem. In the introduction the children, together with the
KT, counted how many building blocks there were in each of the towers. By asking “How do
we have to count now?” the KT mediates that there are other ways to count and that she wants
the children to consider different strategies to solve the problem.

After the “How do we have to count now?” question, three other girls (Lily, Mia and Leah)
contribute with ideas. (I do not present extracts from the transcripts of these three
contributions due to space limitations). | now move on to the interplay between the KT and
Ada, which follows after Leah’s explanation (which was to put all three towers on top of each
other and then count all building blocks together):

126  Ada ((Holds her hand in the air))

127 KT  Yes

128 Ada Iknow...ehm...ifwesay ... ehm ... ((Moves her body up and down)) do not
count eight and then we just count further

129 KT ((Excited facial expression)) Oh, did you hear what she suggested? ((Whispers))
Would you like to show us?



Ada explains her idea in line 128, and the KT immediately reacts positively to Ada’s
contribution and turns to the other children (line 129). I interpret the KT’s excited reaction as
indicating that she recognises a quite sophisticated counting strategy for solving the addition
problem, which she wants to share with the rest of the children. The KT’s excited reaction,
then, is not only intended for Ada, but for all children.

Figure 4: The KT’s facial expression and body positioning when she whispers “Oh, did you hear what she suggested?” in
line 129

Figure 4 illustrates the KT’s facial expression and body positioning at the time of line 129.
The KT uses her tone of voice (whispering), her facial expression (eyes and mouth open) and
her index finger to indicate her positive evaluation of the suggestion. I argue that through
these actions the KT mediates that this is an interesting suggestion that it is worth listening to.
She highlights the suggestion to get the other children’s attention. The other children are
quiet, and their attention is on the KT (and Ada). The KT does not only indicate that it is
important that the other children listen to the strategy, but she also mediates that she thinks it
is an interesting idea. Her sudden positive reaction is not only, I hold, (consciously) intended
for the other children, it is also a genuine emotional action which is

connected to her aim of the activity (to teach the children about counting ({\
strategies for addition). Considering the KT’s profession as a pedagogue ) w
and her aim of the activity, Ada’s contribution is probably interesting AR

because she gets the opportunity to share a quite sophisticated strategy / : \ \ ' \

with the whole group. In addition, she gets the opportunity to learn more A
about Ada’s reasoning. '

This KT’s positive response results in a positive emotional valuation from R g

Ada, she smiles and blushes, and it seems to make her proud (see Figure  Figure 5: Ada blushes
5). Her contribution has been shared and evaluated as interesting. This

encourages Ada to continue her explanation, and to continue to contribute in the ongoing
discourse.

130 Ada  ((Startsto count the yellow tower)) One, two, three, four, five, count without
eight

131 KT OK. Now you counted one, two, three, four, five and then, what do you want
to do next? ((She uses her index finger to count the five building blocks in the
yellow tower and then she moves her finger to the blue tower when she says
“and then”)).



In line 129, the KT asks Ada “Would you like to show us?”, and Ada moves over to the
building blocks and starts explaining her idea (line 130). She skips counting the eight building
blocks in the red tower and starts counting from one on the yellow tower of five building
blocks. Then she moves back to her place and verbally explains how to continue by saying
“count without eight” (line 130). Her explanation is partly done with use of the building
blocks and partly verbally.
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Figure 6: The KT’s (left), Ada’s (right) and Leah’s (middle) stance when the KT says “...and then...” in line 131.

Figure 6 illustrates the KT’s, Ada’s and Leah’s stance at the time of line 131 when the KT
moves her index finger from the yellow tower to the blue tower and says “...and then...”. The
KT repeats Ada’s actions (counts the five building blocks in the yellow tower), which helps
Ada to focus attention to her previous actions. Then the KT moves her index finger to the blue
tower when she says “...and then...”, which | interpret as a hint for a possible next move,
namely to count further on the blue tower. In addition, the KT asks “what do you want to do
next?” which is a request for Ada to explain further.

132 Ada Ehm... To count similar as we counted the yellow

133 KT ((Questioning look and pause)) Start to count from one at the bottom here?
((Points on the building block at the bottom of the blue tower))

134 Ada Mm ((Agreement))

135 KT One, two, three, four, five, six, seven, and then?

136 Ada  Ehm, we can just count like this all the time, without eight

137 KT ((Questioning look)) I think you have to show me, because I don’t really
understand what you mean. Maybe you can show [ ]

138  Ada  We count this one first ((Points at the yellow tower)) and then this one
((Points on the blue tower))

139 KT Yes, maybe you can count it? Do as how you think, Ada

140 Ada  One, two, three, four five ((Counts the yellow tower)), six, seven, eight, nine,
ten, eleven, twelve ((Continues to count the blue tower)). And then we just
find it without counting.

141 KT Oh, we have to continue? ((Excited facial expression))

142 Ada Mm ((agreement))

Ada does not act in correspondence to the KT’s hint in line 131, instead she answers “Ehm ...
To count similar as we counted the yellow” (line 132). Ada’s response seems to confuse the
KT, because she gives a questioning look again and, after a couple of seconds, she asks Ada
“Start to count from one at the bottom here?” (line 133). The pause may indicate that the KT
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considers Ada’s suggestion before she responds to Ada. I interpret the KT’s question as a
request for confirmation, if she has understood Ada’s suggestion correctly, and Ada confirms
the KT has understood her correctly (line 134). Then the KT does exactly as Ada suggests,
she counts from one at the bottom of the blue tower, before she asks, “and then?” (line 135).
The KT does not suggest any further actions, rather she asks Ada what to do next. In line 136
Ada says “Ehm, we can just count like this all the time, without eight” (line 136), which is
very similar to her explanation in line 130. The KT seems unsure what to do and expresses
this verbally and non-verbally in line 137 through her questioning look and through her
utterance “I don’t really understand what you mean”. To promote Ada to change her
explanation, the KT invites her to come forth and use the building blocks in her explanation
by asking “maybe you can show [ ]?” (line 137). Ada comes forth and carefully explains her
idea, both verbally and by using the building blocks (line 140). Even though Ada is not able to
fully complete her strategy (counting on from eight), she is able to count further from the
yellow tower to the blue tower, and the KT is again able to understand Ada’s counting
strategy which she expresses in line 141 “Oh, we have to continue?”, and Ada confirms that
the KT has understood her correctly.

After this the KT and Ada together complete Ada’s counting strategy (counting on from
eight). And in the end of the segment the KT repeats Leah’s and Ada’s strategies with support
from the other children.

Discussion

In the result section I identified the KT’s actions which seemed significant for children’s
engagement in the discourse. I will now return to the research questions which aims to 1)
characterise the KT’s multimodal participation in the teaching-learning activity involving
addition and counting and 2) illustrate how the KT’s multimodal participation supports
discourse and children’s opportunities for learning. With respect to the first research question,
three main characteristics of the KT’s multimodal participation were identified and will be
discussed below: 1) The KT’s multimodal participation changes from moment to moment in
relation to children’s contributions, 2) are oriented towards the aim of the activity, and 3) are
informed by the KT’s underlying stance toward the children and their learning. While
discussing these three characteristics | also point to significances of the KT’s multimodal
participation for supporting discourse and children’s opportunities for learning, which is the
aim of the second research question.

An example that shows how the KT’s contributions related to children’s contributions and
simultaneously oriented toward the aim of the activity is how the KT often re-voiced and
reformulated children’s suggestions (cf. O’Connor & Michaels, 1996). For example, when
Lily says “Twenty-one” (line 98) the KT responds “Is it twenty-one?” (line 99), and similarly
when John says, “It is twenty-six” (line 103) the KT responds “Is it twenty-six?” (line 104).
Both contributions are suggestions for the solution of the problem, but they are not solely
what the KT was aiming for. The KT takes the children’s suggestions and reformulates them
into questions and sends them back to the group. The KT keeps a questioning look and a
‘neutral’ tone of voice, which I interpret as indicating that she does not fully value the
suggestions (explicitly), however she wants the children to continue to consider the problem.
When Fia says “We can count” (line 100), which is a strategy for solving the problem (not a
suggestion for the solution), the KT immediately responds “Maybe we can count?” (line 101).
The KT re-voices Fia’s suggestion and reformulates it into a question, however this time she
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also clearly changes her body position, her facial expression and tone of voice. Her
excitement indicates that the children are on their way to what she aims for.

The above examples show how the re-voicings are not only linked to children’s contributions
they are also oriented toward the aim of the activity. The KT reformulates the children’s
suggestions into questions which promotes the children to continue to consider the problem.
She uses questions purposefully to help the children to move in the ‘desired direction’, that is
towards the aim of the activity. In addition, the KT’s revealed emotions, which are mediated
through her actions, alternate between excitement, curiosity and uncertainty and indicate how
children’s contributions relate to the aim of the activity; if the children are moving in the
‘desired direction’ or not.

| found that all the KT’s actions are related to the children’s previous contributions. Even
when the KT responds “Yes” in line 127 it fundamentally relates to Ada’s gesture in line 126
(Ada holds her hand in the air). This result is in fact not surprising, because it is incorporated
in Vygotsky’s (1987) dialectic perspective. The KT’s answer relates to Ada’s gesture, and
similar, Ada’s hand gesture relates to the KT’s utterance. It is the KT’s response that informs
the meaning of Ada’s gesture in retrospect.

Similarly, how the KT’s multimodal participation orients the activity (and thus the children’s
further actions) towards the aim of the activity, relates to a fundamental idea in activity
theory; actions are initiated by the motive of the activity. It is the motive (the KT’s aim of the
activity) that initiates the KT’s actions. Through every verbal and non-verbal action
(especially through her questions, her questioning looks and excited facial expressions), the
KT orients the activity toward the aim of the activity. Roth and Radford (2011) show how a
child’s emotions orients the activity towards the object of the activity, which is similar to the
results in this study. My analytical findings, however, indicate that the KT’s emotions, which
is mediated by her questioning look and her excited facial expression, is part of the orientation
of the activity. Whenever the children are on their way toward a counting strategy for
addition, the KT’s participation changes from a questioning look into excitement (and vice
versa).

In addition, the KT’s multimodal participation has some characteristics which may indicate
her underlying ‘stance’ toward the children and their learning. Firstly, the KT uses a wide
range of questions. Twenty-one out of thirty KT utterances in the class-time reported on
above were questions. The other nine utterances were utterances like "Lily", "Leo" (naming
the children), "Okey, you don't know", "Yes" etc. The KT never asked any closed, factual or
procedural questions, which invite predetermined answers, (cf. Myhill & Duncan, 2005). The
types of questions that the KT chose to use, invited the children to explain and reflect and thus
the discourse can be considered as exploratory (cf. Mercer, 2000) or as inquiry (cf. Roth,
1996; Wells, 1999). And the KT kept this particular segment of activity moving for
approximately five minutes through the use of open questions. The children were given ample
opportunity to contribute to the conversation, which we know is difficult in teacher led
activities and important for children’s learning (cf. O’Connor & Michaels, 1996; Dovigo,
2016). Secondly, the KT never (explicitly) evaluated the children’s contributions, that is she
never said whether the suggestions were correct or incorrect, similar as an IRE-exchange (cf.
Wood, 1992). By re-voicing children’s suggestions, which is a common pedagogical tool (cf.
O’Connor & Michaels, 1996), the KT appreciates their contributions. She appreciated almost
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every contribution in this manner (except Lily’s suggestion to count by twos), even if the
children suggested the solution to the problem, which was not solely what the KT aimed for.
At the same time, she re-formulated the suggestions into questions and sent them back to the
group. The KT followed up children’s contributions and promoted them to continue to
consider the problem and suggest other ideas, which is similar to the IRF-exchange described
by for example Wells (1999) or Rojas-Drummond and Mercer (2003).

If we compare the communication-pattern of the KT in this case study with the
communication-pattern that Seebbe and Mosvold (2016) found as the most common in an
‘everyday situation’ in their study, the results are not similar. Seebbe and Mosvold argue that
questioning and affirmation are two core components in the KT’s communication, where
affirmation is compared with the evaluation in the IRE-exchange. Seebbe and Mosvold
investigated the KT’s communication-pattern in a twenty-two minutes episode while | have
looked at a five minutes segment. However, my study shows that learning activities in
kindergarten may be accomplished with an ‘open conversation’ where children are given
ample opportunities to participate with, and argue for, their ideas. The KT never (explicitly)
evaluated the children’s contributions with utterances like “that’s right” or “very good” etc.
It’s important to recognise that although the KT did not explicitly evaluate the children’s
suggestions, | argue that she implicitly did by her multimodal participation. The KT’s
questioning look or excitement oriented the children toward the aim of the activity, which can
be considered as a type of evaluation because these implicitly informed the children if they
were moving in the desired direction or not.

A third and important characteristics which indicates the KT’s underlying stance toward the
children and their learning is how she used the building blocks in the activity. Through the
whole segment, the KT kept the three towers of building blocks close to her. The children did
not have direct access to the building blocks, they only got access when the KT allowed them
to come forward. Because the children did not have direct access to the building blocks, they
needed to verbally explain, and direct what actions they wanted the KT to perform on the
building blocks. By limiting the children’s access to the building blocks, she ‘forced’ them to
use other semiotic means (like language and gestures) to mediate their ideas. By ‘force’ I
mean that she limited the children’s agency, so they would go along a specific route or
sequence of actions. Thus she ‘forced’ the children to move toward a more abstract form of
reasoning. However, sometimes she gave the children access to the building blocks, and
perhaps she did that because she realised that the children needed the building blocks to
reason and explain their ideas. Carpenter and Moser (1982) argue that children can be
encouraged to use the ‘counting-on’ procedure if there are no physical artefacts available for
the children to manipulate. In this segment Ada suggested to use the ‘counting-on’ procedure
to solve the problem, and perhaps she was promoted to use this strategy because the building
blocks were not initially available for her to manipulate.

Roth and Radford (2011) argue that the most important aspect to understand a teaching -
learning activity is to identify the underlying grounds that make the situation happen. They
argue that words (and other semiotic means) belong to systems of ideas and are carriers of
ideologies, and thus reflect “the social, political, and theoretical position of the person uttering
it” (Roth & Radford, 2011, p. 104). Therefore, it is important to investigate the underlying
‘tone’ of the words, and to display the ideologies behind. In this segment, the KT’s use of
questions and non-evaluative response to the children may indicate the KT’s underlying
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stance toward the children and their learning. The KT’s use of building blocks may be a result
of the written activity description which prepares for a whole-group session with only three
towers. However, the activity description says nothing about how the KT should use the
building block, and thus her use can still be argued to be part of the KT’s underlying position.
Her sensitive way of using the building block is most likely influenced by her underlying
stance toward the children and their learning and is revealed through her multimodal
participation.

My final discussion point concerns Radford’s (2008, 2013) claim that learning in the theory of
knowledge objectification is more than becoming aware of cultural ways of thinking and
acting, it is also about becoming in the process of subjectification, which is a “processes of
creation of a particular (and unique) self” (Radford, 2013, p. 27). I hold that the KT’s
dynamic multimodal participation also illuminates the KT’s way of becoming in the activity.
The KT’s actions (verbal and non-verbal) are always balanced between her earlier
experiences, which in this case is mediated by her underlying stance, children’s contributions
and the aim of the activity. The tensions that are created between the past, present and future
is what constitutes the KT’s moment to moment acting. Who the KT was when she entered
the activity is transformed in the encounter with the children. This process is particularly
salient in the part of the segment where the KT expresses that she does not understand. The
KT is positioning herself within the unfolding activity, trying to understand the children. The
KT shows a genuine interest in understanding the children which puts her in a vulnerable
position, and therefore at one point must be led by the children (she is led by Ada). Vygotsky
(1989) said that “we become ourselves through others” (p. 56, in Roth & Radford, 2011, p.
87). The way that the KT continuously transforms her unique participation in the moment in
relation to children’s contributions, and how she positions herself within the unfolding
activity, trying to understand the children, illustrates how she becomes her unique self in the
encounter with the children.

The consequences of these observations for practice is that KTs, and teachers in school, can
benefit from being consciously aware of the affect their bodily actions have on children’s
mathematical reasoning, and how they can engage children in mathematical discourse without
having to ‘teach’ (i.e., tell) children mathematical concepts and relations. This article shows
how mathematics emerges from the participants joint activity, that is through KT’s
multimodal engagement with the children. In addition, the article illustrates how KTs can
prepare for a smooth transition from kindergarten to school by carefully introducing children
to mathematical thinking through semi-structured activities. In school mathematical activities
are usually more structured than what children are used to in kindergarten and there is an
increasing emphasis on expressing mathematical ideas verbally and symbolically. This article
shows how the KT encourages the children to participate with their ideas, and continuously
promotes them to consider and explain their ideas further, by engaging with them in the semi-
structured activity.
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Student-teacher dialectic in the co-creation of a zone of proximal
development: an example from kindergarten mathematics

Abstract: This paper reports on a case study which explores the teaching-learning dynamics
between a five-year-old girl (Ada) and a kindergarten teacher working on an addition
problem. The study draws on Roth and Radford’s (2010; 2011) symmetrical view on the zone
of proximal development to investigate Ada’s role in the joint activity. The focus is on Ada’s
(choices of) actions and the findings suggest that Ada plays a key role in the joint activity. The
kindergarten teacher is dependent on Ada’s actions to continue to productively participate in
the activity. Ada creates new action possibilities for the kindergarten teacher and thus moves
the activity forward and co-creates the zone of proximal development. The paper provides
insight into the significant role that a child (the presumed less knowledgeable participant)
plays in co-creating a ZPD and insight into the understanding of the ZPD as a phenomenon.

Keywords: Sympractical activity, zone of proximal development, kindergarten, mathematics,
teaching-learning

Introduction

This study draws on Roth and Radford’s (2010; 2011) symmetrical view on the zone of
proximal development (ZPD) to investigate the dynamics of a teaching-learning activity*
between a five-year-old girl (Ada) and a kindergarten teacher (KT). It explores the
importance of Ada’s (choices of) actions in the activity and her role in co-creating the ZPD.
Research on mathematics teaching and learning in kindergarten tend to look at the KTs’
(choices of) actions and their role in children’s learning. In this study, | explore the
importance of Ada’s (choices of) actions and her role in moving the activity forward. This
paper reports on a case study which is part of a larger study on mathematical inquiry in
kindergarten and is situated within a research and development project called the Agder
Project. The episode examined in this study is selected from a whole-group session in one of
the kindergartens in the project where the participants work with an addition problem (5 + 7
+ 8), and focuses particularly on a problem-solving interaction between Ada and the KT.

The aim of this study is two-fold:

To investigate the role of Ada’s (choices of) actions in keeping the mathematical oriented
activity moving and for co-creating the ZPD;

To investigate Ada’s mathematical learning in the joint activity.

The paper advances knowledge in the field of mathematics education by illustrating the
existence of a phenomenon, the significant role that a child (the presumed less

1 In the Norwegian kindergarten tradition, the term teaching is rarely used for the kindergarten teachers’
practice. Teaching is associated with school where the teacher ‘teaches’ the students. In kindergarten the
children are guided into learning activities, and some instruction occurs. In this research study the terms
teaching and learning are used in line with Vygotsky’s construct ‘obuchenie’ which to refers to the mutually
constitutive relationship between teaching and learning (Roth & Radford, 2011).
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knowledgeable participant) plays in co-creating a ZPD. In addition, the paper provides insight
into the overall understanding of the ZPD as a phenomenon.

Theoretical framework

This study adopts Vygotsky’s cultural-historical and dialectical perspective on mathematics
teaching and learning. It draws on Radford’s (2013) theory of knowledge objectification
which resides in the activity theory of Leont’ev and Holzkamp. In addition, it draws on Roth
and Radford’s (2010; 2011) symmetrical view on the ZPD. In the lineage of Vygotsky-
Leont’ev-Holzkamp, activity is conceived as a process, or a system of relations, which
comprise both inner (cognitive) and outer (material) processes. Activity is something ‘real’
that can be observed, a process which unfolds through conscious human actions. Teaching
and learning are conceived as mutually constitutive moments which are mediated by
semiotic means (like language, artifacts, (mathematical) signs, gestures, bodily actions etc.).
Learning happens through sympractical (i.e., joint practical (lived)) activity from where the
child(rens)’s and the teacher’s ZPD emerges (Roth & Radford, 2011).

In Radford’s (2013) theory of knowledge objectification, learning is theorised as an process
where knowledge (systems of ideas, cultural meanings, forms of thinking) is materialised
through semiotic means in joint activity. Knowledge is encoded forms of internal (mental)
and external (material) actions, and objectification is conceptualised as “those social
processes of progressively becoming critically aware of an encoded form of thinking and
doing—something we gradually take note of and at the same time endow with meaning”
(ibid. p.26). Radford’s theory emphasises the multimodal nature of cognition and how
gestures, bodily actions, artifacts, signs and speech work together in the process of
objectification. “Each semiotic means of objectification puts forward a particular dimension
of meaning (signification); the coordination of all these dimensions results in a complex
composite meaning that is central in the process of objectification” (Roth & Radford, 2011,
p. 78). In the objectification process there may occur what Radford (2008) calls a ‘semiotic
contraction’; as the participants become more aware of the mathematical object, they can
focus attention on relevant aspects and ignore things that are irrelevant. Semiotic
contraction may be identified by the participants use of more precise gestures, shorter
statements and perhaps fewer and better articulated words. Iconic gestures may be used in
such semiotic contractions, they are gestures identified by McNeill (1992), which have a
clear meaning, and which often provide more precise information than speech (e.g.
illustrates relationships). As the participants become more fluent, contraction increases,
which is a sign of a deeper level of consciousness of the object.

As a basis for the joint activity where knowledge objectification takes place, the participants
make a commitment to one another to carry through an event, which Radford and Roth
(2011) call ‘togethering’. “Togethering is a theoretical category in our theory of knowledge
objectification that aims to account for the teacher-students embodied-, sign-, and artifact-
mediated interaction that includes both co-knowing and co-being” (p. 244). The construct
makes us focus on the way the participants engage and attune to one another in the joint
activity. They commit to one another despite their differences. Without such commitment



and trust the movement of the activity cannot occur, and the object of activity cannot be
realised.

The zone of proximal development

The zone of proximal development (ZPD) is one of the most noted concepts that Vygotsky
(1987) introduced. The concept has been frequently cited, interpreted and elaborated on in
a variety of ways. Veresov (2017) notes that more than 200 articles on the ZPD were
published in 2010-2016. There is not an extensive corpus of original literature from Vygotsky
on the concept, at least not available for English readers, and the concept seems to suffer
under poor translations of Vygotsky’s texts (Verosov, 2017).

Scholars have different opinions about Vygotsky’s original meaning of the concept, and his
ideas behind it. van der Veer and Valsiner (1991) claim that Vygotsky did not think of his idea
as original, rather as a continuation of contemporary scholars’ suggestion that one should
consider at least two levels of child development, namely, the child’s prevailing level (what
the child is already able to do) and the child’s potential. Veresov (2017) has translated
Vygotsky’s definition of the ZPD as the following: “...the distance between the level of his
(sic) actual development, as determined with the help of the tasks the child solves
independently, and the level of possible development, as determined with the tasks the
child solves under the guidance of adults and in cooperation with more intelligent peers”
(Vygotskii, 1935, p. 42, in Veresov, 2017, p. 26). Vygotsky’s definition was presented in a
lecture in 1933, where Vygotsky discussed the relationship between instruction (teaching-
learning) and development, criticising contemporary psychologists’ ways of measuring
children’s intelligence (van der Veer and Valsiner, 1991; Veresov, 2004).

To understand the ZPD, many scholars emphasise that the concept needs to be interpreted
and understood in relation to Vygotsky’s overall view on mental development, especially in
relation to ‘the general genetic law’ (Veresov, 2004; 2017; Wells, 1999; Wertsch, 1984), play
and imitation (Veresov, 2004; Chaiklin, 2003; Holzman, 2010), and the idea of ‘learning-
leading-development’ (Levykh, 2008; Holzman, 2010; Veresov, 2017), among others. The
zone of proximal development can be regarded as an instantiation of the general genetic law
of cultural development (Veresov, 2017; Wertsch, 1984), which states that all mental
functions appear twice in the child’s development. “First it appears between people as an
interpsychological category, and then within the child as an intrapsychological category”
(Vygotsky, 1981, p. 163). All mental functions exist initially in the social sphere as social
relations. In a child’s development, all higher mental functions are reflections of the child’s
societal relations with others, (Veresov, 2004; Roth & Radford, 2011).

This relates to another fundamental idea in cultural-historical theory. According to Veresov
(2017) the concept of ZPD is a concretisation of the general genetic law applied on issues
related to the relationship between learning and development. Vygotsky, (1987) highlighted
that instruction (teaching-learning) and development are two different processes. He
proposed that a fundamental feature of instruction is that:



Instruction is only useful when it moves ahead of development. When it does, it impels
or wakens a whole series of functions that are in a stage of maturation lying in the zone
of proximal development (p. 212, emphasis in original).

So, the ZPD comprises maturing functions that initially lay in the social as social relations,
which, through the developmental process, become individual. The dialectic relationship
between learning and teaching gives rise to the ZPD and consequently to the child’s internal
development. The learning-teaching activity is thus the source of development because it
creates the ZPD. Learning is not the outcome, it is the point of departure for development.

The conceptualisation of the ZPD has changed from looking at the ZPD as a property or an
attribute of an individual, toward a view that the ZPD as a collective process (John-Steiner,
2000; Levykh, 2008; Holzman, 2010), or a collective ‘space’ (Hussain, Monaghan & Threlfall,
2013; Abtahi, Graven & Lerman, 2017; Mercer, 2000; Roth & Radford, 2010; 2011). Although
several scholars regard the ZPD as being collective, they have different approaches to what it
means to be collective. Mercer (2000) considers the ZPD as being part of real-life activity
where both participants (the teacher and the student) contribute in creating the ZPD.
However, he still focuses on the asymmetrical relationship between the participants; one
being the teacher (more knowledgeable) and one being the learner (less knowledgeable).
Goos, Galbraith and Renshaw (2002) on the other hand, argue that the ZPD always has a
two-way character, because the teacher and the students always appropriate each other’s
ideas. They want to eradicate the expert-novice distinction and move toward equal status
interaction. Similarly, Zack and Graves (2002) emphasise that both the teacher and the
children are learning in problem solving situations, and they argue for a conception of the
ZPD as an intellectual space where the children’s and the teacher’s knowledge and identities
are formed and transformed in moment to moment interaction. Recently some scholars
have extended the notion of the ‘more knowledgeable other’ to include artefacts. Abtahi et
al. (2017) suggest that the ZPD should be considered as multi-directional, instead of a bi-
directional, where the role of the more knowledgeable other shifts between the child, the
artefact (the properties of the artifact), and the adult.

Roth and Radford (2010; 2011) regard the ZPD as a symmetrical space where the teacher
and the students are teachers and learners of each other. Roth and Radford (2011) illustrate
how a ZPD emerges from the sympractical activity arising between a teacher and a student
in a Canadian 4th grade, working on an algebra task. They highlight that both participants
learn in the activity: one learning mathematics and the other learning pedagogy. Roth and
Radford (2010; 2011) draw on Bakhtine [Volochinov], (1977) who argues that in a
conversation every word has two sides, the speaker’s and the listener’s sides. | hold that all
external social actions have two (or several) sides, the actor’s side and the side of the
observer or listener and all actions are in the same ‘(inter)action space’. This lays the
foundation for regarding the ZPD as a symmetrical space with two (or several) sides. In Roth
and Radford’s (2011) view of the ZPD, the participants, through the sympractical activity,
create a space where they mutually work to expand each other’s action possibilities.

Following Vygotsky (1987) and Veresov (2017), this research study conceives the ZPD in
terms of social relations that emerge from the joint activity. Using Roth and Radford’s (2011)
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approach to analyse the emergence of the ZPD this paper investigates how a KT and a child
co-create a ZPD by expanding each other’s action possibilities. The paper especially focuses
on the role of the child in the co-creation. Similarly to Roth and Radford (2011), | argue that
the ZPD emerges when the KT interacts with the child and the child interacts with the KT;
both are responsible for the emergence of the ZPD, thus both need to engage in the activity.
The ZPD emerges from the joint labour of expanding each other’s actions possibilities. But as
Roth and Radford (2011) say, the participants can only be aware of these particular actions
and the possibilities that lay in their actions, after they have happened.

Setting

The intervention of the Agder Project was based on researcher designed activities described
in Stgrksen et al. (2016), a book containing one-page outlines of the activities. The
mathematical activities suggest how to organise learning sessions, what materials to use and
suitable questions to ask etc. The activities are meant as suggestions not as strict
manuscripts which the KTs need to follow to the letter. The episode investigated in this
study is taken from a learning session based on an activity called ‘Tower Building’. The KT in
this study implemented the mathematical activity with a group of nine children (age 4-5
years).

In the ‘Tower Building’ activity the children are supposed to get experience with sorting,
counting and comparing sets of numbers. In the activity description, the KT is requested to
start the session by using a doll called Super Sigurd as a pedagogical tool. Super Sigurd has
built three towers and needs help to figure out how many building blocks the three towers
consist of all together. The KT is requested to ask the children if they want to help Super
Sigurd with his mathematical problem. After the introduction the children may freely sort
and count building blocks each, and after a while the KT is requested to ask the children to
compare their towers with their peers, which can give rise to fruitful discussions about which
towers have more and which towers have less building blocks.

Learning to add is a complex process. Before children are able to add and subtract with
memorised ‘number facts’ they need to use different counting strategies. Children’s
counting strategies for addition are well documented (Carpenter, Moser & Romberg, 1982;
Fuson, 1992). At least three different strategies that children use to find the sum of the
cardinalities of two sets have been identified; however, this study focuses on the strategy
regarded as the most sophisticated, the ‘counting-on’ strategy. After having found the
cardinality of each set (for example, by counting from one), the children take the number of
items in the first set as a point of departure, and then count further on the other set of
items. For example, if a child is asked to find the sum of 2 + 3 building block, the child starts
on two and counts a further three.

Methodology

One of the aims of the Agder Project is to investigate how the mathematical activities
designed in the project stimulate preschool children’s mathematical learning. To capture the
complexity of teaching and learning mathematics in kindergarten | use qualitative methods
within an interpretative paradigm. The episode selected in this case study is part of a larger
dataset containing sixteen sessions implemented by four KTs. All observed sessions were
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video recorded and field notes were written. The audio and video data from all observed
sessions was transformed into tables with columns: time; description of the interaction
which includes utterances (with speaker) and observable actions (supplemented by video
stills). Episodes were selected from these descriptions for further analysis based on three
main criteria: 1) problem-solving interaction 2) the children contribute with mathematical
ideas, mathematical argumentations, explanations or reflections 3) the children show
eagerness to contribute.

The episode examined in this study focuses on a problem-solving interaction between a girl
(Ada) and a KT, selected from the introduction of the ‘Tower Building’ session. The episode
occurs within a whole-group session where the oral interaction is between the KT and Ada,
while the other children are watching/listening to the ongoing interaction. The other
children are participating with ideas before and after this particular episode. In this paper |
limit the presentation of data to the interplay between the KT and Ada. The episode was
selected because it illustrates Ada’s significant role in the joint activity and the KT’s
dependency on Ada’s contributions, and was thus particularly suitable for the focus of this
paper, student-teacher dialectic in the co-creation of a ZPD.

The selected episode was transcribed? focusing on the sequence of utterances (incrementing
the utterance number by one whenever a new speaker entered the discourse) but
commenting on facial expressions, gestures (hand movements), bodily actions and tone of
voice. The utterances include, strictly speaking, ‘utterance or gesture’ as | incremented the
number when a child raised her hand.

In cultural-historical activity theory the unit of analysis is activity (a process or system of
relations), thus it is the process that unfolds that | focus on in my analysis. According to
Radford’s (2013) theory the multimodal nature of the activity, which comprises both inner
(cognitive) and outer (material) processes, is fundamental. To capture these important
aspects of the process | bring in various semiotic means in my analysis (spoken words,
gestures, facial expressions, other bodily actions and the use of artefacts). When | interpret
verbal or non-verbal actions | focus on what the participants make available to one another
(and to me) in the activity. Roth and Radford’s (2011) say that the social actors always have
reasons for their behaviour, even though they do not necessarily consciously think about
their actions before they act. The participants always make available to the others whatever
is needed to accomplish something. In addition, Vygotsky’s dialectic approach orients my
analysis to social interaction and therefore | always consider two subsequent turns in
relation to one another, or | consider a turn in relation to the following activity (several turns
in a row). For example, when the KT in line 133 says “Start to count from one at the bottom
here?” | interpret this as a request for confirmation, even if the KT does not say “Do you
want me to start from one on the bottom here?”. | do this because Ada in line 134 responds
with “Mmm” which | interpret as a confirmation because the KT in line 135 does exactly
what Ada suggests. Analysis consisted of argumenting verbal transcripts with other co-

2 Transcription codes: (( )) denotes non-verbal actions or contains explanations and interpretations necessary
to understand the dialouge; _ denotes that the underlined word is emphasised; ... denotes a pause in the
verbal utterance.



temporal semiotic means (gestures, facial expressions etc.). This analysis was discussed (and
refined) whilst watching the video with four research colleagues in the Agder Project.
Extracts from the transcript were also discussed with an external expert in the field. This
analysis was not an end in itself but was a step towards interpreting the episode as a whole.

Results:

| start with a brief explaination of what happened before the selected episode, to provide
the context. Then | present the transcript of the episode followed by the analysis which
contains sketches of the video stills to illustrate the interaction between the KT and Ada.

Prior to the episode analysed below, the KT introduces the session in accordance with the
activity description by asking the children if they can help Super Sigurd figure out how many
building blocks there are in the three towers all together. The children eagerly suggest that
they can count, and the KT then suggests that they can start with the smallest tower. In
cooperation, the children and the KT find out that there are five building blocks in the yellow
tower, seven in the blue tower and eight in the red tower. Then the KT asks “How can we
figure out how many there are all together?”, which changes a closed question into an open
guestion. She encourages the children to contribute with different strategies to figure out
how many building blocks there are all together. The children start suggesting different
strategies.

Before Ada explains her idea, several other children contribute with their ideas. One girl,
Mia, suggests “eight”, but she is not able to explain further. Even when the KT offers help,
Mia does not want to (or is not able to) continue her explanation. However, it seems that
the suggestion “eight” gives rise to ideas in several other children, because several children
immediately raises their hands, and Ada is one of them. Before Ada is invited to speak,
another girl, Lea, is invited to explain her way of thinking. In cooperation with the KT, Lea
suggests that they can put all three towers on top of each other and then count all building
blocks together. Then the KT invites Ada to explain her idea:

126 Ada ((Holds her hand in the air))

127 KT Yes

128 Ada Ilknow .. ehm .. if we say ... ehm ... ((moves her body up and down)) do not
count eight and then we just count further

129 KT ((Excited facial expression)) Oh, did you hear what she suggested? ((whispers))
Would you like to show us?

130 Ada ((Starts to count the yellow tower)) One, two, three, four, five, count without
eight

131 KT OK. Now you counted one, two, three, four, five and then, what do you want
to do next? ((She uses her index finger to count the five building blocks in the
yellow tower and then she moves her finger to the blue tower when she says
“and then”)).

132 Ada Ehm...To count similar as we counted the yellow

133 KT ((Questioning look)) Start to count from one at the bottom here?
((points on the building block at the bottom of the blue tower))
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134 Ada Mm ((agreement))

135 KT One, two, three, four, five, six, seven, and then...?

136 Ada Ehm, we can just count like this all the time, without eight

137 KT ((Questioning look)) I think you have to show me, because | don’t really
understand what you mean. Maybe you can show ...

138 Ada We count this one first ((points at the yellow tower)) and then this one
((points on the blue tower))

139 KT Yes, maybe you can count it? Do as how you think, Ada

140 Ada One, two, three, four five ((counts the yellow tower)), six, seven, eight, nine,
ten, eleven, twelve ((continue to count the blue tower)). And then we just
find it without counting ...

141 KT Oh, we have to continue?

142 Ada Mm ((agreement))

As explained above, Mia’s suggestion “eight” seems to give rise to ideas in several other
children. Ada is one of them, and after Lea has explained her idea, Ada is invited to explain.
When Ada says, “l know ... ehm ... if we say ... ehm ...” in the beginning of line 128, she moves
her body up and down as if she is getting ready to explain. Ada’s bodily actions suggest that
this is not easy, and that she tries hard to choose suitable actions to explain properly. The KT
carefully watches and listens to what Ada does and says.

Figure 1 illustrates Ada’s and the KT’s stances when Ada says, “do not count eight” (line 128).
The building blocks are placed in front of the KT, which means that Ada does not have direct
access to the building blocks, and is thus ‘forced’ to use language and gestures to explain her
idea. The figure illustrates how Ada kind of ‘holds on to’ the tower of eight with her right
hand when she emphasises “not”. The gesture can be interpreted as an iconic gesture,
where Ada indicates the tower’s height, and makes it ‘a whole’. Further in line 128, when
Ada says, “and then we just count further”, she swipes her index finger from the first tower
to the last tower. From the whole utterance in line 128 it seems that Ada says that one
should not count each building block in the first tower, rather regard the tower as ‘a whole’,
and then count further from the whole (from eight).

Figure 1: Ada’s and the KT’s stances when Ada says, “do not count eight” in line 128. (Ada
sits with her back to the camera. The KT (and Lea) focus on Ada).
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The KT closely watches and listens to Ada’s explanation in line 128 (illustrated in figure 1).
The KT does not know what strategy Ada will bring into the activity, and she needs Ada to
explain it to her. In addition, Ada has taken a risk to explain a strategy and the pauses in her
speech and her body movements suggest that she uses a lot of effort to explain. This makes
her vulnerable and dependent on the KT’s support in her further explanation. From this
moment, the KT and Ada are (emotionally and cognitively) connected, and they both feel
responsible to continue the activity. | base this interpretation on what Radford and Roth
(2011) write about ‘togethering’. The construct explains the mechanism that make the
participants commit and attune to one another in the joint activity. The activity (the process
of interactions) that follows (explained below) show that this mechanism is there. The
participants show an enourmous precistence to continue and accomplish the activity.

In line 129, the KT reacts with excitement, and the utterance “Oh, did you hear what she
suggested?” which | interpret as indicating several things. First it indicates that the KT
recognises a quite sophisticated counting strategy (counting on) which she may see as an
opportunity to share with the whole group. In addition, the KT (as a pedagogue) is
dependent on children who want to contribute in such situations. By her excitement and her
utterance, the KT appreciates Ada’s suggestions (which in turn makes Ada blush), and she
promotes the other children to pay attention. Further in line 129 the KT promotes Ada to
share her idea with the other children by asking “Would you like to show us?”. This time the
KT wants Ada to use the building blocks and show her idea.

In line 130, Ada leans forward to the building blocks and tries to explain (show) her strategy.
Ada starts to count from one on the yellow tower. She purposely does not count eight,
however she does not continue from eight (starting on nine) on the yellow tower. Ada’s
explanation does not correspond (directly) with the counting strategy that the KT recognised
in line 128, and the KT understands that she needs to guide Ada in her explanation. In line
131 the KT repeats Ada’s actions (brings Ada’s previous actions into her consciousness again)
and when she asks Ada, “and then, what do you want to do next?”, she moves her index
finger from the yellow tower to the blue tower, which suggests a possible next move. The KT
gives a hint to count further on the blue tower. However, the gesture | interpret as just a
careful hint, not an explicit verbal suggestion for a next move. The KT’s careful acting makes
the situation very fragile, because she makes minimal contributions to move the joint
activity forward.

Figure 2 illustrates the KT’s stance when Ada explains the next move in line 132, “Ehm ... To
count similar as we counted the yellow tower”. It also illustrates how the KT still holds on to
the blue tower (which was her ‘hint’ for a possible next move), but Ada does not choose an

action which corresponds to the KT’s intention.
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Figure 2: The KT’s stance when Ada explains her next move in line 132. (The KT (and Lea)
focuse on Ada who sits with her back to the camera.).

Figure 2 illustrates how the KT closely watches Ada when Ada explains her thoughts. Ada
chooses another direction than the KT suggested, and the KT needs to ‘change attention’.
The KT’s eyes are fixed on Ada and her facial expression, ‘thoughtful’, suggests that she is
concentrating on following Ada’s explanation. At this moment it seems that the KT is
confused and does not know how to contribute in the sympractical activity. In line 133 the
KT reformulates Ada’s suggestion, “Start to count from one at the bottom here?”, but her
reformulation is turned in to a question and | interpret that the question is asked to make
sense of Ada’s explanation, not to create anything new in the activity. Ada replies “Mm” (line
134), and confirms that this is what she wants the KT to do. The KT then does exactly as Ada
suggests, counts from one on the bottom of the blue tower. The KT says “One, two, three,
four, five, six, seven, and then...?” (line 135), and she does exactly as Ada suggests without
giving any indications for a possible next move. The KT does not contribute with any new
actions, which can move the activity forward. Through her question “and then...?” at the end
of line 135, and her still thoughtful facial expression, it seems that the KT does not have any
clear/conscious action possibilities and asks Ada to guide her actions.

In line 136 Ada does not respond in a manner which is helpful for the KT. Ada just repeats an
earlier suggestion, “Ehm, we can just count like this all the time, without eight” (line 136).
The suggestion is similar to the suggestion in line 130 and does not create new action
possibilities for the KT. This appears to confuse the KT even more, and she expresses her
confusion by her facial expression (she knits her eyebrows and tightens her mouth) and her
utterances in line 137; “I think you have to show me, because | don’t really understand what
you mean. Maybe you can show ...”. Before the KT is finished asking for an explanation, Ada
raises her body which may be a sign that she has already interpreted the KT’s request for
explanation before the KT has asked the question verbally. Ada responds, “We count this
one first ((points at the yellow tower)) and then this one ((points on the blue tower))” (line
138). This explanation is different from the previous one. Now she considers the two towers,
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and explains how to move from one tower to the next. However, even if Ada has contributed
with a completely new explanation, the KT once again asks Ada for a further explanation.
The KT says, “Yes, maybe you can count it? Do as how you think, Ada” (line 139). The “yes”
indicates that the KT now has an idea of Ada’s suggestion again, but it seems that she is not
quite sure. This time the KT asks Ada to use the building blocks (to count them), probably to
make sure that it is easier for Ada to explain. The KT’s continuing request for explanation

and her recent request for Ada to use the building blocks in her explanation indicate that the
KT really wants to understand Ada’s idea.

Even though she does not understand Ada’s idea the KT continues in the sympractical
activity. Both in line 137 and 139 the KT asks Ada to use the building blocks in her
explanation, not only to explain verbally. She probably realises that Ada needs to use the
building blocks in her explanation, at least to be able to explain in a different way. The KT's
request for an explanation with the building blocks, | hold, creates action possibilities for
Ada.

In line 140 Ada comes forth and explains her idea by using the building blocks. Ada chooses
actions which (hopefully) can create new action possibilities for the KT and bring the KT into
the sympractical activity again.

Figure 3: Ada’s and the KT’s stances in line 140. (Ada sits to the right and the KT to the left).

Figure 3 illustrates Ada’s stance in line 140. Ada carefully counts the yellow tower and then
continues on the blue tower. She talks quite slowly, and she is precise when she moves her
finger from one building block to the next. She carefully chooses her actions and
concentrates to make sure that her actions are clear. Even if Ada does not count further
from eight, starting on nine on the yellow tower, she is able to count further from the yellow
tower to the blue tower; it is precisely those actions that are necessary to create new action
possibilities for the KT. In line 141 the KT expresses that she thinks she once again
understands, and she asks Ada for confirmation. The KT says “Oh, we have to continue?”,
and Ada confirms the KT’s understanding by responding “Mm” in line 142.

Ada does not (and actually she cannot) know the influence of her actions in line 140 in
advance, but she knew she needed to change her explanation (choose other actions than the
previous ones), to bring the KT into the activity. Ada’s actions are crucial for the KT to once
again be able to participate in the sympractical activity. Figure 3 illustrates how the KT tilts
her head and focuses on Ada’s explanation, which indicate that she wants to understand and
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continue to participate in the activity. However, she is dependent on Ada’s explanation to do
so. From line 141 and onward the KT is once again able to participate in the joint activity and
to create new action possibilities for Ada. Together they complete the counting strategy,
‘counting on from eight’ and show it to the whole group.

Both the KT and Ada show perseverance in the activity. Even if the KT at one point, is not
able to productively contribute in the activity with new actions she is part of the
sympractical activity all the time, in the sense that she does not ‘drop out’ and that she
constantly struggles to understand. Likewise, Ada shows great responsibility, she chooses
different actions and works hard to create new action possibilities for the KT all the time.
However, as indicated by the KT’s response, many of her attempts do not serve that
purpose, but she does not give up and she continues to work hard to bring the KT into the
activity again. Finally, in line 140 when Ada puts a lot of effort into her explanation, she
succeeds. From the effort that Ada makes, it seems that she knows that her actions are
extremely important. And her actions are important. If she fails to bring the KT into the
activity again, the whole activity could collapse. It is important to note that the activity could
collapse, but we cannot know if it would. Maybe the KT would make another effort to
restore the activity.

Discussion:

In this section | revisit the results to highlight the main findings, and | relate the findings to
what other scholars have found. At the end of the section | highlight why this study is
important and what implications the study may have for practice.

The main aim of this study was to investigate the role of Ada’s (choices of) actions in keeping
the activity moving and in co-creating the ZPD. Taking Roth and Radford’s (2011)
symmetrical approach on the ZPD as a point of departure, | illustrated how Ada and the KT,
by their concrete actions, co-create an (action-) space where social relations are realised. In
addition, the KT and Ada expand each other’s action possibilities, which creates possibilities
for new social relations to emerge and thus to maintain the ZPD through their sympractical
activity. The ZPD is not initially there, the ZPD emerges when the KT interacts with Ada and
Ada interacts with the KT. Although both show perseverance to participate in the activity,
Ada plays a significant role in the teaching-learning activity illustrated above. Ada takes a
special responsibility for maintaining the activity. From line 132/133 it is the KT that gets
confused and needs guidance. Ada works hard to create new actions and keep the KT in the
activity. As emphasised above, the KT is all the time part of the sympractical activity, in the
sense that she never ‘drops out’ and that she wants to understand, however she is not
always able to productively participate in the joint labour. It is Ada who, through her actions,
creates possibilities for the KT to once again productively participate in the activity. Ada’s
cautious and responsible actions (however not necessarily ‘conscious’ actions) makes sure
that the activity keeps moving and the ZPD continues to be maintained. It’s possible that the
responsibility that Ada takes is a consequence of the fact that she is the one who suggested
what counting strategy to use to solve the addition problem.

The special relationship that Ada and the KT creates, lays the ground for the sympractical
activity. Both are mutually dependent on each other to continue to participate in the
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activity. They need to respect and trust one another to keep the activity moving. Especially
when the KT starts to get confused, the KT needs to trust Ada’s ‘capabilities’ for bringing her
into the joint activity again. This mutual commitment and trust is what Radford and Roth
(2011) call ‘togethering’. Ada and the KT make an implicit ethical engagement and
commitment to one another and show responsibility to keep the activity moving. Without
this trust the activity could collapse. The KT and Ada could have given up the conversation,
but they did not! They kept on adjusting to one another.

The ability to listen to others and consider others’ initiatives have been identified as crucial
features for co-creating ZPDs. John-Steiner (2000) argues that it is important to ‘see’ the
other in the activity and that ‘mutual care-taking’ lays the ground for learning. She also
argues that sharing of ideas and constructive criticism are crucial factors for co-construction
of new ideas. That’s why it is important to create a ‘safe environment’ where the
participants venture to share their ideas, even if they risk facing criticism. In this episode Ada
takes the risk to share her ideas with the KT and the other children, and perhaps this is
because the KT manages to create a ‘safe environment’. At least, the KT clearly listens to Ada
and wants to understand her, which also relates to what Wells (1999) and his colleagues
found when they reflected on their research on dialogic inquiry. They found that the most
important thing they did in their science class was to listen to the student’s. “We did not
know this was the shift we needed to make, nor did we anticipate it at the outset, but it was
the most significant learning for us” (p. 310). The capability to listen (and observe) lays at the
heart of the findings in this study too. The KT needed to listen to (and observe) Ada, in as
much as Ada needed to listen to (and observe) the KT and trust one another in order to
move the activity forward. This is clearly not one-way communication. The activity (and thus
the ZPD) is dependent on both (all) participants contributions (c.f. John-Steiner, 2000;
Levykh, 2008; Holzman, 2010; Hussain, Monaghan & Threlfall, 2013; Abtahi, Graven &
Lerman, 2017; Mercer, 2000; Roth & Radford, 2010; 2011). Zack and Graves (2002) highlight
that even if the teacher creates optimal conditions, a ZPD does not always emerge. They
argue that “we cannot expect to orchestrate a desired scenario” (p. 265). They argue similar
as | do, that the ZPD and the co-construction of knowledge is dependent on all participants
engagement.

The second aim of this article was to investigate Ada’s mathematical learning in the joint
activity. When Ada explains her idea in line 128, she says, “do not count eight and then we
just count further”, and the KT expresses verbally and non-verbally that she understands
Ada’s strategy. Ada makes an understandable explanation, however not without effort - she
shows with her whole body that it is challenging. Using quite refined and sophisticated
semiotic means, Ada shows an ability to contract her thoughts (c.f. Radford, 2008). Instead
of operating directly on the building blocks she explains how to do it with an iconic gesture
and language, and the explanation is short and precise. | have observed Ada in similar (yet
not identical) situations, where she counts further to find the sum of building blocks. She
manages such problems quite well. However, in those situations Ada has direct access to the
building blocks. In this episode the KT keeps the building blocks close to her (as illustrated in
figure 1), and Ada is thus promoted to explain without direct access to the building blocks.
Radford (2008) says that, as the participants become more fluent, contraction increases, and
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a deeper level of consciousness is obtained. In this situation the semiotic contraction is not a
direct result of Ada’s increasing fluency, rather Ada is in a situation which requires her to
contract her use of semiotic means. This indicates that there might be a dialectic relationship
between fluency and the practice of semiotic contraction. By practicing semiotic contraction,
she refines her articulation of the idea, becomes more fluent and perhaps reaches a deeper
level of conscioussness.

Since | regard that the ZPD as symmetrical, | claim that both participants learn. Through the
joint activity the participants become aware of historically and culturally forms of reasoning
in the process of objectification (cf. Radford, 2013). Knowledge is materialised through the
participants actions, where the child’s actions in this case are especially significant for the
materialisation. Through the child’s actions, intertwined with the KT’s actions, the KT (and
the child) ‘sees’ the object in a new materialised form. The object has never been objectified
in exactly this manner before. The object, | hold, is objectified to the KT (and to the child) in
a new way, and the materialised form reflects mostly Ada’s perspective, which now the KT
becomes aware of.

The findings in this study advance knowledge in the field of mathematics education because
it illustrates the significant role that Ada (a 5-year-old child and the presumed less
knowledgeable participant) plays in co-creating the ZPD. Scholars tend to focus on the
importance of the KTs’ actions and their roles in children’s learning. In this study, | have
explored the role of Ada’s actions in the joint activity. Ada takes a special responsibility for
moving the activity further and thus for co-creating and maintaining the ZPD. Through her
actions, Ada makes sure that the KT continues to be part of the sympractical activity. Ada
creates new action possibilities for the KT, so she can continue to productively participate in
the activity. The findings also contribute to the overall understanding of ZPD, and how a ZPD
is co-created in kindergarten. These findings suggest that it is important to invite children to
actively participate in mathematical learning activities, and above all, to acknowledge
children’s contributions and trust their abilities to take responsibility in such learning
activities.
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This chapter reports from a case study which explores the characteristics of children’s turn-taking
while they work in small groups to solve addition problems. Further the study explores what role
children’s organisation of turn-taking plays in the movement of the joint activity and thus for the
materialisation of children’s mathematical thinking. The findings suggest that children’s various
ways of organising turn-taking give rise to different ways in which their mathematical thinking is
materialised. In one of the examples provided in the study, children’s coordinated turn-taking
releases a rhythmic counting which materialises a multiplicative structure. The rhythmic structure
seems to be important for the flow of children’s thinking and valued higher than a correct use of
counting words during the problem solving process. The study also discusses the conditions for
children’s turn-taking and emphasises that children’s turn-taking, and thus children’s mathematical
thinking, seem dependent on contextual features like the formulation of the problem, children’s
understanding of the problem, available artifacts and children’s positional location in space.
Drawing on Radford and Roth’s (2011) construct ‘togethering’, the chapter makes a final discussion
point about how the children, despite challenges and disagreements, tune to one another and work
persistent to create a joint action space and reach intersubjectivity, which is essential for the
movement of the activity and for children’s joint thinking.

INTRODUCTION

Children stand in a constant relation to an ever-changing environment. To notice differences and
similarities in the ever-changing environmental context and to recognise patterns and structures
(generalitis) from these differences and similarities are argued by many to be the essence of
mathematical thinking (e.g. Mulligan & Mitchelmore, 2013; Radford, 2010). In kindergarten children
may experience mathematical structures in both free-play situations and in organised activities. For
example, when children work in small groups to solve mathematical problem they must coordinate
and organise their actions in order to productively solve the problem. It is through this coordination
of actions that mathematical structures and patterns (generalities) emerge in the activity (Radford,
2010; 2013; 2015).

To understand more about how mathematical structures may appear in young children’s activities,
this study examines the characteristics of children’s turn-taking while they work in small groups to
solve addition problems. The aim is to reveal how children coordinate and organise their actions to
move the activity forward and solve the problems. The analysis focuses on children’s use of various
semiotic means like gaze, word emphasis and gestures to organise their turn-taking and what
mathematical structures are revealed through their joint activity. Drawing on Radford and Roth’s
(2011) construct ‘togethering’, the chapter also discusses the conditions for the joint activity and thus
the turn-taking, and how the children tune to one another despite challenges and disagreements.




Breive

This study addresses the following research questions:

. What characterises children’s organisation of turn-taking while they work in small groups to
solve addition problems?

. What role does children’s organisation of turn-taking play in the materialisation of children’s
mathematical thinking in the joint activity?

In the following sections 1 first present the theoretical framework, which includes explanations of
essential constructs used in the chapter and a literature review on turn-taking and on children’s
additive and multiplicative reasoning. Then I present the methodology which explains the method for
data collection and data analysis. The chapter continues with the results, which focuses on children’s
use of various semiotic means like gaze, word emphasis and gestures to coordinate their turn taking.
The chapter ends with a discussion focused on the characteristics of children’s turn-taking and what
role their turn-taking plays in the movement of the activity and thus in the materialisation of children’s
mathematical thinking.

THEORETICAL FRAMEWORK

In the research study reported here I draw on Radford’s theory of knowledge objectification, a
cultural-historical theory of mathematics teaching and learning, where learning is conceived as
“social processes of progressively becoming critically aware of an encoded form of thinking and
doing” (Radford, 2013, p. 26). It is through a complex coordination of semiotic means (language,
artefacts, mathematical signs, gestures and other bodily actions) that mathematical ideas are mediated
into our consciousness. Put another way, learning mathematics is to become critically aware of
mathematical structures and patterns (generalities) in the environmental context. However, this
process does not happen all of a sudden. Instead there are layers of generality (Radford, 2010) in
which the subject gradually becomes more aware of. And it is through human activity and through a
coordinated use of semiotic means that these generalities are materialised, that is brought into life and
into our consciousness.

Roth and Radford (2011) use the term ‘joint practical activity’ to describe how humans jointly work
together towards a mathematical object in the process of objectification. In their study they show how
a teacher and a student work together toward a mathematical object (a specific algebraic pattern) and
how the algebraic pattern is materialised (brought into life) through the two participants’ actions.
Through a complex coordination and tuning of different semiotic means a space of joint action and
intersubjectivity is created, where thinking (appears) as a collective phenomenon (Radford and Roth,
2011). To explain the conditions under which a joint action space and intersubjectivity may occur,
Radford and Roth (2011) introduce ‘togethering’, which comprises “the ethical manner in which
individuals engage, respond, and tune to each other, despite their cognitive, emotional, and other
differences” (p. 235). Togethering is a theoretical construct which aims to capture the conditions
under which joint practical activity aimed at a collective motivated mathematical object, may occur.
Radford and Roth (2011) emphasise that togethering is not just any type of coming together to do
something. Togethering refers to the ethical engagement based on trust and responsibility which lays
the ground for the movement of the activity towards the object.

This study investigates young children’s joint practical activity working in small groups to solve
addition problems. To understand more about the nature of the coordinated interaction, the movement
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of the activity, and the materialisation of children’s mathematical thinking, the study focuses on
children’s turn-taking and especially how children organise their turn-taking by coordinating various
semiotic means. In their description of a ‘simplest systematics for organisation of turn-taking’, Sacks,
Schegloff, Jefferson (1978) characterise organisational features for turn-taking in conversation and
describe how turn-taking is organised by two main types of ‘turn-allocation techniques’: a current
speaker may select the next speaker, or a ‘non-speaker’ may self-select in starting to talk. In self-
selected turn-taking the potential next speaker must find a ‘transitional-relevance place’, that is a
place where it is relevant for a transition in the conversation. Such transitional-relevance places are
determined by clausal, phrasal and/or lexical principles which creates conversational units, and by
which the speaker may construct a turn.

In his investigation on how the next speaker in turn-taking is addressed by the current speaker, Lerner
(2003) discusses a range of explicit and tacit ‘techniques’ for addressing the next speaker. The current
speaker may select next speaker using address terms (like ‘you’ or the next speakers name), or through
gaze-directional addressing where the current speaker is directing his/her gaze to another participant
while speaking. Although describing these ways of addressing next speaker independently, Lerner
emphasises that these methods are often used in concert with each other (like the use of an address
term in concert with gaze or gestures). Tacit addressing is another method for addressing the next
speaker and which makes evident who is being addressed without using explicit address terms or
other explicit means. Tacit addressing draws upon specific features of the current circumstances and
through a specific composition of content and initiating actions the next speaker is being selected.
Lerner emphasises that both explicit and tacit address ‘techniques’ are context sensitive, however,
tacit addressing cannot be considered without it. Similarly, Mondada (2007) emphasises the
situatedness or context-sensitivity of turn-taking. From a multimodal perspective she investigates
how participants in a conversation gradually establish him-/herself as next speaker through specific
use of gestures. By using pointing gestures, while the current speaker is still talking, the participants
establish him-/herself as the next speaker. In her case study the participants are sitting round a table
with diverse artifacts (maps, documents etc.) in the middle, and where everyone is engaged in reading,
writing and considering these artifacts. In this context the interaction is not primarily organised as a
face-to-face exchange of talk but as a side-by-side exchange where the participants are not looking at
each other (having eye contact), rather looking at the arteacts and their joint actions.

In the two cases that are examined in this study, the children were given addition problems
(considering the semantic structure® of the problems). However, as will be shown in the results, these
problems and children’s organisation of turn-taking while solving these problems promote rhythmic
counting of groups and repeated addition which may be considered as key steps towards
multiplicative reasoning. Multiplicative reasoning is distinguished from additive reasoning and
traditionally considered as more complex (Anghileri, 1989; Greer, 1992; Mulligan & Mitchelmore,
1997). In additive reasoning quantities of the same type are added, for example 5 apples + 3 apples
equals 8 apples. In multiplicative reasoning quantities of different types are involved, for example 4
baskets with 3 apples in each basket equal 12 apples altogether. The example also illustrates the
group-structure which is characterised by multiplication.

! ‘Semantic structure’ refers to the way in which the problem is formulated, either in writing text or verbally, before the
children start to solve it.
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From research on the semantic structure of multiplicative situations (Greer, 1992; Mulligan &
Mitchelmore, 1997) there have been found at least four different types of problems relevant for
kindergarten and early school-years, where ‘equal groups problems’ (e.g. 4 baskets with 3 apples in
each), is considered as one of the basic sematic groups. To solve equal groups problems, rhythmic
counting and repeated addition, with diverse use of tools, are found as two key strategies that children
use, and key steps toward multiplicative reasoning with number facts (Anghileri, 1989; Mulligan and
Mitchelmore, 1997).

What can be found from the substantial number of empirical research on the relationship between the
sematic structure of addition and subtraction problems and children’s strategies for solving these
problems, is that most of the research have focused on children’s individual skills and individual
problem-solving strategies (see Baroody & Purpura, 2017 for an overview). Similarly, research on
children’s understanding of multiplication and their multiplicative problem solving strategies, have
also focused on children’s individual skills (e.g. Anghileri, 1989; Greer, 1992; Mulligan &
Mitchelmore, 1997; Lu & Richardson, 2017) where clinical interviews are often used as method for
collecting data. These studies fail, I hold, to see the contextual features of children’s thinking.

In the literature above, rhythmic counting is seen as a means to reach multiplicative thinking. In
Radford’s (2013; 2015) theory, on the other hand, rhythm must be seen as an integral part of
mathematical thinking. Thinking, in Radford’s (2015) conception, is thought put into motion and it
is through joint practical activity that mathematical thinking is brought to life (that is being
materialised or actualised). Radford (2015) argues that “mathematical thinking happens in time. ...
Mathematical thinking not only happens in time but its most striking feature is movement” (p. 68).
Rhythm is one structuring feature through which children’s mathematical thinking may be
materialised, and Radford define rhythm like this: “In its general sense, the concept of rhythm tries
to characterise the appearance of something at regular intervals and attempts to capture the idea of
regularity, alternation, or something oscillating between symmetry and asymmetry” (p. 68). An
important feature of rhythm is then movement, and in accordance with Radford’s conception of
mathematical thinking, rhythmic counting (as referred to in the literature above) is not merely a means
for multiplicative thinking, rather a part of the multiplicative thinking itself.

Rhythm mediates several things, and one of the most important elements of rhythm is what Radford
call ‘theme’. “Theme is the very important component of rhythm that moves us from memory to
imagination and that provides us with the feeling of continuity of the phenomenon under scrutiny —
the sense that something will happen next, or the expectation of a forthcoming event” (Radford, 2015,
p. 81). Rhythm mediates that there is a regularity or a continuation of something and it gives the
children possibilities for imagine what comes next. Another important element of rhythm is
‘prolongation’. “Prolongation is the component of rhythm where a phenomenon is expressed”
(Radford, 2015, p. 81). Through rhythm, a mathematical phenomenon may be expressed or
materialised. In this case the rhythmic counting that emerges from children’s turn-taking materialises
a structure fundamental for multiplication. The different elements of rhythm help to organise thinking
and are essential components for the flow of thinking.
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METHODOLOGY

The case study (s) reported in this chapter is part a larger Study (S) on mathematical teaching and
learning in kindergarten and is situated within a research and development project called the Agder
Project?. One of the aims in the project is to investigate how kindergarten teachers (KT) implement
pre-designed mathematical activities, and children’s learning thereof. Four KTs and their groups of
children participated in the Study. The focus of the Study was on processes of learning and teaching
mathematics and qualitative methods within an interpretative paradigm were chosen as means of
analysis. Data was collected from the four kindergartens at four occasions (16 sessions altogether)
during the academic year 2016/2017 (the intervention year of the project). All observed sessions were
video recorded and field notes were written.

This case study focuses on the joint activity and the coordination of turn-taking within two small-
groups of kindergarten children (age 5-6) working on addition problems. The two segments?
examined in this study were selected from the data set of 16 sessions, focusing on activities where
children were challenged to solve addition problems in small groups, without extensive interference
from the KT, and where the children showed willingness to solve the problems, that is they persevered
in their effort to solve the problems. These criteria for selecting segments limited the data reported
here to two segments from two different kindergartens (K1 and K2). In K2 the KT interfered in
children’s group work at the end of the segment, and therefore segment 2 is divided in two sub-
segments (segment 2.1 and 2.2).

The KT in K1 implemented an activity called ‘Treasure Hunt” where children searched for a treasure,
and to get to the treasure the children had to solve mathematical problems en route. Each problem
needed to be solved before the children could move to the next problem. One of the problems in the
activity, and which is the focus in segment 1, was formulated as follows: “Run around the nearest
located tree three times each. How many times have you run around the tree altogether?”

The KT in K2 implemented an activity called ‘Balloon Play’. In ‘Balloon Play’, the KT placed several
balloons on a wall, each containing a mathematical task or problem. The children chose which balloon
to burst (with a drawing pin), and they worked in groups to solve the problem. One of the problems,
which is the focus in segment 2, was: “Consider your hands, how many fingers have you altogether
in the group?”

The two segments were transcribed* and then analysed from a multimodal perspective. The analysis
was conducted (and refined) through iterative examination of the video recording and the
corresponding transcripts focusing on verbal and non-verbal actions which the participants used and
made available to others (and thus to me) for the purpose of moving the activity forward. The analysis
focused on identifying verbal and non-verbal actions which seemed important for understanding the

2 The Agder Project is funded by the Research Council of Norway (NFR no. 237973), The Sgrlandet Knowledge
Foundation, The Development and Competence Fund of Aust Agder, Vest Agder County, Aust Agder County, University
of Agder and University of Stavanger.

3 A segment is here considered a self-contained part of a lesson with a distinct beginning and end.

4 Transcription codes: (( )) denotes non-verbal actions or contains explanations and interpretations necessary to
understand the dialouge; denotes that the underlined word is emphasised; ... denotes a pause in the verbal utterance;
[ 1 denotes that the utterance is cut off by another participant.
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ongoing interaction in light of the formulated research questions. This fine-grained iterative analysis
served as a means for interpreting the segment as a whole.

RESULTS

In this section three examples are presented to illustrate diverse ways in which turn-taking may be
organised in small groups in kindergarten. The first example (segment 1) illustrates, primarily, how
gaze in concert with word emphasis is used to address next speaker, and move the activity forward.
From this way of organising turn-taking a rhythmic counting is released and a multiplicative pattern
emerges. The second example (segment 2.1) illustrates, primarily, how children self-select turns in
the organisation of turn-taking. In this example the children have different ideas for how to solve the
problem, but during the activity they tune to one another and reach a compromise for how to solve
the problem which they all support. In the third example (segment 2.2) the KT interferes in children’s
group work, and the turn-taking take yet another form. The KT now strongly structures the turn-
taking and helps the children re-establish joint attention and focus on a common strategy to solve the
problem.

Segment 1, from kindergarten 1 (K1):

This example is provided to illustrate how turn-taking as a structuring feature in the joint activity
moves the activity forward and gives rise to children’s mathematical thinking - in this case a rhythmic
counting of groups. Before the segment presented below, the KT and the children have reached post
2 in the ‘Treasure Hunt’ activity. The KT reads the problem for the children (“Run around the nearest
located tree three times each. How many times have you run around the tree altogether?”), and the
children immediately starts to run around the tree. The children run around the tree three times each
and then represent their runs by their fingers (each child shows three fingers to the KT and the other
children). Then the KT initiates the second part of the task which is to figure out how many runs they
have run around the three altogether. Figure 1 illustrates how the children are positioned when they
try to solve the problem.

115 KT But, how many times have you run alltogether?

116 Pia ((Pia shows three fingers))

117 KT All of you ((swipes her hand over the children, while keeping her gaze on Pia))
118 Pia Aaah, we have to count! ... One, two, three. ((Turns her gaze to May))

119 May  Four, five, six. ((Turns her gaze back at Pia))

120 Pia ((Turns her gaze towards Amy)) Amy, it’s your turn to count! ((Points towards
Amy))

121 Amy  One, two, three, fo[ ]

Figure 1 illustrates how the children in K1 are positioned when they try to solve the problem.
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In line 115, the children keep their gaze at the KT while she asks how many times they have run
around the tree alltogether. Pia shows three fingers to the KT and the KT looks back at Pia (line 116).
The KT then, in line 117, emphasises “all of you” and swipes her hand over the children, however
she is still looking at Pia. In line 118 it seems that Pia gets an idea for how to solve the problem,
because she immediately turns her gaze to May and says “Aaah, we have to count”. To use Radford’s
(2015) terminology, Pia gets an idea (a thought) which is still pure possibility (the ‘feeling’ of a
possible counting strategy), and which she has to put into motion. To put the thought into motion
(that is to transform the idea into materialised thinking) she must interact with the other children. The
idea includes the other children, because each child represents their runs around the tree and the
mathematical thinking can (only) be materialised through their joint activity. Since the idea is pure
possibility there is a risk to fail, and to succeed Pia is dependent on the other children’s loyalty and
their persistence to ‘work out’ the idea. Pia then, still in line 118, turns her gaze to her own fingers
and starts to count “one, two, three”. As she counts her third finger, she holds on to it and
simultaneously moves her gaze to May. Both the gaze and the word emphasis address May as the
next speaker. In line 119, May continues the initiated pattern, which indicates that she has got the
‘feeling’ of the idea/thought, but which is still pure possibility that is about to be materialised. May
looks down at her fingers while she counts, and as she counts her third finger she holds on to it and
simultaneously moves her gaze back to Pia. May’s gaze and word emphasis addresses Pia as the next
speaker. Pia has already counted and therefore she turns her gaze further to Amy (line 120), but Amy
has not paid attention to the ongoing interaction. She has been examining something on the ground
and does not recognise that Pia has turned her gaze to her. Pia then approaches Amy verbally and
says, “Amy, it’s your turn to count!” and simultaneously points eagerly towards Amy. Amy then
recognises that it is her turn to count and responds, “One, two, three, fou[ ]” in line 121. Since Amy
has not paid attention to Pia and May’s previous interaction she has not recognised the pattern of the
counting. Neither has she recognised that she has to continue on seven, nor has she recognised the
rhythm in the counting. Amy starts to count from one and is about to continue further from three.

Pia recognises that Amy do not continue the same counting pattern as she and May initiated, and she
interrupts Amy.

122 Pia No, not like that! ... One, two, three! ((Pia counts slowly and keeps her gaze at
Amy while she counts))

123 Amy  One, two, three. ((Amy keeps her gaze at Pia while she counts))

124 Pia Ahrr. ... ((Pia sounds a bit irritated, and then she turns her gaze to May’s fingers
and points at May’s index finger))

125 May  But | have already counted! ... ((May sounds a bit irritated, she looks back at Pia
with a resigned face expression)) ...

126 Pia But wait. Then we have to count one more time, since Amy counted one, two,
three.

127 May  One, two, three. ((then she turns her gaze at Pia and pokes Pia’s hands)) Your
turn!

128 Pia ((Pia looks down at her fingers, and holds on to her index finger for a while, before

she starts counting)) ... Four, five, six. ((Pia turns her gaze further to Amy))
129 Amy  Seven, eight, nine. ((Amy turns her gaze back to Pia))
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130 Pia ((Pia turns her gaze further to Adam))

131 Adam ((Adam blushes, and looks down at his thumb)) ...

132 Pia Your turn! ((Pia points at Adam))

133 Adam OK ... Eleven, twelve, thirteen.

134 May  Thirteen all together! ((May turns her gaze to the KT and smiles))
135 Pia Yes. Thirteen!

In line 122 Pia interrupts Amy and says “No, not like that!”, and expresses both verbally and non-
verbally (with an resigned face expression), that Amy did not count as anticipated (in accordance
with the initial ides). Then, still in line 122, Pia makes an attempt to correct Amy. She counts her
fingers slowly and distinct, “one, two, three”, with a marked stress on “three”, while she keeps her
gaze at Amy. By counting slowly and distinct Pia emphasises the rhythm in her counting - Amy is
not supposed to count or say more than three counting words. It seems that Pia also tries to promote
Amy to count further, by keeping her gaze at Pia while she counts, but she does not know how to
express this explicitly. In line 123 Amy imitates Pia’s actions. It seems that Amy understands the
importance of the rhythm, however she does not recognise that she has to count further. She counts
slowly “one, two, three” while she keeps her gaze at Pia as if she needs Pia to confirm, accept or
correct her.

Amy’s counting is still not in line with Pia’s initial idea, and in line 124 Pia expresses her frustration
both verbally and non-verbally. In frustration she points at May’s index finger (which is difficult to
understand why she did; perhaps it was just an attempt to keep the activity moving somehow). In line
125 May expresses, also a bit frustrated, that she has already counted and turns her gaze back to Pia
with a resigned face expression. This action does not really move the activity further. There is a pause
in the interaction, where none of the children do anything, and the activity could have stopped at this
point. However, it seems that Pia understands that something needs to be done, and she suggest, in
line 126, that they start over. May accepts the idea and immediately starts to count from one, in line
127, and in the same manner as earlier she turns her gaze to Pia while she holds on to her third finger
and says “three”. Again, the word emphasis and gaze address Pia as the next speaker. In line 128, Pia
looks down at her fingers and holds on to her index finger for a while before she starts counting
further from three, that is she counts “four, five, six”. She seems concentrated, as if she wants to do
it right and ensure that the activity moves forward in the desired direction, that is in accordance with
the initial idea. As Pia counts her third finger she holds on to it and moves her gaze further to Amy
while she says “three”. This time Amy has payed attention to May’s and Pia’s counting strategy; she
recognises the counting pattern (counting further, but not more than three numbers) and, in line 129,
Amy counts further without hesitation. When she counts her third finger she turns her gaze back to
Pia, and addresses Pia as the next speaker again. In line 130 Pia recognises that it is her turn, but
without speaking she just turns her gaze further to Adam and addresses Adam as the next speaker.
Adam has paid attention to the ongoing activity, but he has not yet contributed. Adam blushes as if
he feels pressured. All the others have counted, and it is only him left. In addition, he knows that this
is the second attempt to solve the problem, and the others would probably be disappointed if he failed.
In line 132 Pia says “Your turn!” and expresses that she is impatient for him to count. In line 133
Adam says “OK” and after a little pause he counts “eleven, twelve thirteen”. Although he skipped
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counting ‘ten’, he still counted further, and the other children seem satisfied and accept thirteen as
the final answer. May and Pia state, in line 134 and 135, that thirteen is the correct answer to the
problem.

In most of the segment, gaze is used to organize turn-taking by addressing next speaker (in 15 out of
21 turns). In many of the turns gaze is used in concert with word emphasis (line 118, 119, 122, 123,
127, 128 and 129), which is typically in the turns where the current speaker counts and then promotes
another person to count further. In some cases, gaze is also used in concert with a direct verbal prompt
(line 120, 127 and 132), for example when the person being addressed does not pay attention or when
the current speaker is impatient. Although turn-taking in the example above is mainly organised by
addressing next speaker, turn-taking is also organised by self-selecting in some cases (in line 116,
122,127,132, 134 and 135). Although these turns have different reasons for being self-selected, they
are still used to move the activity forward in some way. Or, as in line 122, the self-selected turn is
used to move the activity in a different direction. In line 122 Pia interrupts Amy because Amy is not
following the anticipated direction of the activity, that is Amy does not act in accordance with the
initial idea. Pia must re-direct Amy, and try to make her realise the initial idea.

The turn-taking is important for the structure of the activity and thus for the materialisation of the
thinking embedded in the activity. In the activity above the use of gaze and word emphasis to address
next speaker (on every third number), is especially important for materialising a specific feature of
the thinking, namely rhythm. First of all rhythm indicates that there is a regularity and a continuation.
In this case the rhythm promotes the children to continue to count. Already in the beginning, in line
118, Pia sets out with a rhythmic counting of three (“one, two, three”), which is a regular sequence
of three counting words. However, the stress on “three” indicates that “three” is the end of the
sequence and which may be followed by another regular sequence (of three counting words). The
rhythmic counting indicates that something should re-appear, which in this case is three counting
words. Through the following turn-taking a rhythmic counting sequence is then released: 1, 2, 3 — 4,
56-7,8,9-11, 12, 13 (which should have been 10, 11, 12). The phenomenon that is materialised
through this rhythmic counting sequence is repeated addition of three (3+3+3+3) and the number
sequence 3, 6, 9, (13 —which should have been 12), which both are elements of multiplication. During
the activity, the children face challenges in ‘seeing’ the same Structure appearing from their actions.
Especially Amy does not realise the rhythmic counting in the beginning. Pia then re-starts the activity,
in line 126, and in the activity that follows all the children realises the rhythmic counting. Put another
way, the rhythmic counting is then objectified in the consciousness of all.

Another key point that underlines the importance of rhythm in children’s thinking is what happens in
line 133, 134 and 135. In line 133 Adam is able to stick to the rhythm, but he does not use the correct
sequence of counting words. But the children seem satisfied with the solution even though the
sequence (and thus the answer) is incorrect. This indicates the strong position that rhythm has in
children’s thinking. The correct sequence of words seems not that prioritised for solving the problem,
and is actually ignored in line 133, 134, 135. An important aspect in this interpretation is that all the
children in this group are able to count ‘nine, ten, eleven, twelve’ in other settings, SO to skip ‘ten’ is
not a common problem for the children when they count. In this situation Adam is true to the rhythm
and the rhythm seems prioritised over the correct sequence of words, because the other children
accept the last counting word as the answer, although it is incorrect.
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After this segment, the KT makes another attempt to solve the problem together with the children and
ensures that they get the correct answer. The KT asks the children to find as many cones as they have
run around the tree and then to put them in a pile. To solve the task they count the cones which lies
in the pile. This solution strategy does not materialise the group structure of multiplication. The
rhythmic counting disappeares. So the problem itself is not enough for bringing forth the
multiplicative pattern (rhythm). The way that the children are placed and the way that the children
organice their turn-taking is an important part of the materialisation of multiplication.

Segment 2.1 and 2.2, from kindergarten 2 (K2):

The example from K2 is devided into two sub-segments (segment 2.1 and 2.2). Both segment 2.1 and
2.2 are provided to illustrate diverse ways in which children (and the KT) structures their turn-taking,
and what mathematics is materialised through their joint activity.

Segment 2.1

In K2 the children play ‘The Balloon Play”. The children are working in small groups to solve the
problems. In one of the problems the children are supposed to count how many fingers they have all
together on their hands. A girl named Lily immediately starts to solve the problem. Figure 2 illustrates
how the children are positioned when they try to solve the problem.

6 Lily Ten, twenty, thirty, fourty, fifty ... We have to count as well. ... One, two [ ]
7 Eva That goes a lot slower

8 Lily [ ] three, four, five then you have to count mine. ((Touches Mia’s hand))

9 Eva But we know that this is five ((points at Mia’s right hand))

10 Mia This is ten all together ((Mia puts both her hands out to each side))

11  Eva Yes

12 Lily Ehm ... this is ten ... ((Lily counts Mia’s right hand together with her own left
hand as ten, and then she continues on Mia’s left hand and further to Eva’s
hands)), eleven, twelve, thirteen, ((she continues counting from thirteen to twenty-
nine)), twenty-nine

13 Mia Twenty-nine! ... It’s twenty-nine! ((She turns her gaze to the KT))
14 Lily Or, maybe not... ((Starts to count mentally her own fingers))

15 KT Is it twenty-nine? ((The KT, who stands a little aside, recognises that the children
do not find the correct answer))

16 Eva Five, ten, twenty, thirty, forty, fifty ((Eva counts “five, ten” on Mia’s hands and
then “twenty, thirty” on Lily’s hands and then “forty, fifty” on her own hands)).

17 Lily ((Lily continues to count by ones, and she counts her own ten fingers three times))
It’s twenty-eight! We got twenty-eight!! ((She turns her gaze to the KT))
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Figure 2 illustrates how the children in K2 are positioned when they try to solve the problem.

In line 6 Lily starts quite ‘spontaneously’, however a bit careless, to count by tens. She uses the
correct counting words, but she does not really point at any fingers or hands when she counts. But
then she changes her mind, and from the utterance “we have to count as well”, it seems that she
doesn’t really think of counting by tens as a satisfactory strategy to solve the problem. Perhaps she
just ‘plays’ with the counting words (ten, twenty, thirty, fourty, fifty) without really trying to solve
the problem. But when she considers how to solve the problem she chooses to count by ones. In line
7, Eva self-select her turn by interrupting Lily’s counting, and comments that Lily’s strategy goes a
lot slower. Lily ignores Eva’s comment and continues her counting by one strategy in line 8. Lily
counts five fingers on Mia’s right hand, and then she promotes Mia to count hers. She addresses Mia
by the address term ‘you’ and a corresponding touch on Mia’s hand. In line 9 Eva again self-selects
her turn, this time in a suitable transitional-relevance space, and comments that they know that there
are five fingers on Mia’s right hand. Although Mia was addressed by Lily in line 8 to continue her
strategy, she does not follow Lily’s suggestion. In line 10, Mia states that it is ten fingers altogether
on her two hands. She puts both her hands out to the side which indicate that it is ‘obvious’ for her.
Eva agrees with Mia in line 11 and confirms that it is ten fingers on two hands. In line 12 it seems
that Lily accepts Eva’s and Mia’s statements, because she confirms that there are ten fingers on two
hands (her left hand and Mia’s right hand). And then she uses that derived fact to count further by
ones. Lily continues with eleven on Mia’s left hand, then she continues from sixteen on her own right
hand, and then she continues from twenty on Eva’s fingers. Eva and Mia are watching Lily’s hands
while she counts, and thus maintain joint attention. This indicate that everyone is now satisfied and
support the strategy, and thus is it their strategy not only Lily’s strategy, although it is Lily that counts.

None of them recognises that Lily makes a mistake, that is, she skips a finger when she counts
eighteen. This results in an incorrect answer, they end up with twenty-nine but should have had thirty.
Mia accepts twenty-nine as the solution in line 13, however Lily seems to doubt that the solution is
correct. It is difficult to say whether she doubts the solution because she has an idea of what the
answer should be or because she doubts the strategy that they used. Anyhow, in line 14 she starts to
mentally count by ones as if she wants to check the answer.

The KT, who has helped another group of children and therefore stands a little aside, recognises that
the children do not get the correct answer. In line 15 the KT asks “is it twnty-nine?”. Lily continues
to count by ones using her own fingers, and Eva, in line 16 tries to use counting by fives or tens, but
she mixes the two counting sequences. Eva counts a bit ‘sloppy’ without actually pointing at any
hands or fingers. Again, it seems that she ‘plays’ with the words, but she is not really able to use it as
a strategy to solve the problem. Mia partly focuses on what Eva does and partly focuses on what Lily
does.
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In the segment above, all turns are self-selected turns. In line 8 Lily is addressing Mia as the next
speaker by using “you” and by touching Mia’s hand, however Mia does not respond to Lily’s request.
Instead Eva takes the turn in line 9. Except from Eva’s interference in line 7, the other self-selected
turns are taken in transitional-relevance spaces. The joint activity, at least in the beginning, is
characterised by disagreement which is identified by the way that children interrupt each other. But
the disagreement is not necessarily unproductive disagreement. The turn-taking is nevertheless
moving the activity forward and gives possibilities to recognise diverse ways to solve the problem.

It seems that Lily’s perspective is to solve the problem. In line 6 she ‘plays’ with the words in the
counting sequence of counting by tens, however it seems that she realises that she is not able to use
that strategy to solve the problem and she changes strategy. Lily wants to use counting by ones, which
probably is the strategy that they have used the most and which is then the ‘safest’ strategy to solve
the problem. Eva and Mia’s perspectives are perhaps a bit different. It seems that they are more
concerned about counting by fives or tens or at least use derived facts to solve the problem then by
taking the ‘safest journey’ to the solution. During the activity the children struggle to tune to one
another to reach a common strategy, and in line 12 they compromise and combine the two ideas. In
line 12 Lily accepts Eva and Mia’s perspectives and she uses the derived fact that there are ten fingers
on two hands, and then she counts further (by ones) from ten. Eva and Mia seem satisfied with Lily’s
use of the derived fact, and support Lily’s counting strategy. The way that the children compromise
in line 12, illustrate the flexibility in their thinking. Instead of accepting one of the suggested
strategies (and discard the other), they compromise and combine the strategies into one common
strategy.

Segment 2.2

In line 14 in the segment above, Lily starts mentally to count by ones using her own fingers.
Simultaneously as Lily counts her own fingers, Eva tries to count by fives or tens, and Mia is partly
focusing on what Eva does and partly focusing on what Lily does. The KT recognises that the group
has problems to keep joint attention and to collaborate to solve the problem and thus she interferes:

18 KT Hmm ... if you Lily, put your hands out. And you Mia. And then I. Maybe you
can count how many fingers we have all together Eva?

19 Eva One ... Emm ... Five, ten, fifteen, twenty ... No ...

20 Lily Yes. ((Lifts her left hand a bit up in the air)) twenty

21 KT Twenty, and then ... ((Turns her gaze to Eva))

22 Eva Thirty, forty ((points at Mia’s right and left hand respectively))

23 KT Is it thirty after twenty? ... Twenty-one ... ((she points at Mia’s little finger when
she says “twenty-one” and then moves her pointing finger to Mia’s ring finger))

24 Al twenty-two, twenty-three, twenty-four, twenty-five, twenty-six, twenty-seven,
twenty-eight, twenty-nine, thirty ((the KT points at each of Mia’s fingers
respectively))

25 KT Thirty ((whispers)) ... If we take away the thumbs? If you take away your thumbs,
how many fingers have you got then?

In line 18 the KT physically (but gently) takes Lily and Mia’s hands and organises them so they are
easy to operate on. Then she asks Eva to count. The KT organises whose hands should be counted,

1-12
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how the hands should be placed and who is going to count. The KT addresses Eva as ‘the counter’
and in line 19 Eva starts to count from one, but then she changes her mind and starts over counting
by fives. First, she counts the KT’s hands (five, ten) then Lily’s hands (fifteen, twenty), and she is
about to continue on Mia’s hands, but then she stops, and says “no”. Probably she stops because she
can’t remember what comes after twenty in the counting sequence. Lily has paid attention to Eva’s
actions, and in line 20 she interferes and says “yes” and then lifts her hand and says “twenty”. Lily
confirms that she agrees with Eva’s way of counting until that point and promotes Eva to continue to
count from twenty. Lily does not offer any suggestion for how to continue, so Eva does not respond
to Lily’s actions. In line 21 the KT also repeats “twenty”, while she holds on to Lily’s left hand, and
then she moves her hand to Eva’s right hand and says, “and then ...”, which prompts Eva to continue
counting. The KT prompts Eva to continue, but Eva still needs to figure out what comes after twenty.
In line 22, Eva continues to count, but she is not consistent with her previous counting strategy, which
was counting by fives. Instead she continues counting by tens. The KT interferes in line 23 and asks,
“is it thirty after twenty?”. This might be a confusing question because thirty comes after twenty if
you think of the number line, and it comes after twenty if you count by tens. However, thirty does not
come directly after twenty if you count by fives, and this is, I think, what the KT means. The KT has
a little pause, which might indicate that she considers how to continue, and then she initiates counting
by ones by saying “twenty-one” and then points to the next finger which is about to be counted. The
way that the KT initiates counting by ones is illustrated in Figure 3. Then, in line 24, they all count
the rest of the fingers by ones and solve the task together. In line 25 the KT confirms the answer as a
correct answer, and then she initiate another problem for the children to work on, which is of the same

type.

Figure 3 illustrates how the KT in line 23 initiates counting by ones.

The nature of the turn-taking changes completely in line 18 when the KT interferes in children’s
group work. In segment 2.1 (line 6-17) the children self-select turns. From line 18 it is the KT that
organises the turn-taking (except from line 20, where Lily self-select her turn). The KT both self-
select her turns and she addresses the next speaker, and the activity becomes quite structured. In line
18 the KT organises whose hands should be counted, how the hands should be placed and she
addresses Eva as the next speaker. The KT gives Eva the role as ‘the counter’. Eva accepts being
addressed as the counter, and starts counting by fives in line 19. Lily self-selects her turn in line 20
and then she invites Eva to continue, but Eva does not accept Lily’s invitation. Then the KT self-
select her turn in line 21 in order to move the activity further and again she addresses Eva as next
speaker by turning her gaze to Eva. Eva accepts being addressed and tries to continue counting. In
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line 23 the KT again self-select her turn, but this time she does not turn to any particular child. Instead
she promotes everyone to count together.

Again the turn-taking does not materialise mathematics in the same manner as the segment from K1
where the turn-taking itself gives rise to rhythmic counting and thus materialise a multiplicative
structure. However, the segment from line 18 to line 25 gives children other possibilities to realise
ways of organising themselves in group work. In line 16 and 17 the children have problems in keeping
joint attention and participating in a joint activity, and therefore, it seems, the KT interferes. From
line 18 the activity becomes quite structured, where the KT organises most of the turn-taking and
where there is little room for disagreement and negotiation. However, the structure that the KT brings
in by taking and addressing turns, helps the children to re-establish joint attention and to work in a
joint activity again. Although it is Eva that is given the role as ‘the counter’, both Lily and Mia pay
attention to Eva’s actions and the activity must therefore be recognised as a joint activity and
materialised thinking as their joint thinking.

In line 19 Eva starts to count by ones, but then she changes her mind and tries to count by fives. The
way that she changes her mind indicates her ‘fascination’ for this type of counting (counting equal
groups). This time she is a lot more focused then she was in line 16 where she mixed counting by
fives and counting by tens. In line 16 it seemed like she was (just) ‘playing’ with the counting words.
The structure that the KT brings into the activity, seems to help Eva to concentrate and to be more
accurate in her counting. Again rhythm seems to be an important part of the flow of the mathematical
thinking. In line 19 Eva counts hands by a rhythmic counting by fives. In line 22 Eva continues the
rhythmic counting, however this time she counts by tens (but still refers to hands with five fingers).
In line 23 the KT problematise Eva’s counting strategy after twenty, and then she invites all the
children to count together, but now she goes back to count by ones. Again they show flexibility in
their thinking by the way that they combine two strategies, but this time strongly led by the KT.

DISCUSSION

As mentioned above, turn-taking is used by the participants to move and adjust the activity further.
Since thinking, in Radford’s (2015) conception, is thought put into motion, turn-taking is one way
that children put ideas into motion. To investigate the organisation of children’s turn-taking is
therefore a way to understand how children’s (and the KT’s) mathematical thinking is materialised
through their joint activity. The discussion is organised around two issues: 1) The characterisation of
children’s turn-taking in the three segments reported in the result section, and possible reasons for
the various ways in which children (and the KT) organise their turn-taking, and 2) The role of
children’s organisation of turn-taking in the materialisation of children’s mathematical thinking in
the joint activity.

The characterisation of children’s turn-taking: similarities and differences in the three
segments

The examples provided in the result section illustrate diverse ways that children (and the KT) organise
turn-taking in small groups to solve addition problems. The turn-taking in the three segments are
quite different. In the example from K1 there are mainly turn-taking by addressing next speaker and
the children seem to agree on a common strategy. In segment 2.1 there are mainly self-selected turn-
taking and the children do not immediately agree on which strategy to use. In segment 2.2 it is mainly
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the KT that organises the turn-taking by taking and addressing turns. The structure that the KT brings
into the activity by organising the turn-taking helps the children to focus on a common strategy and
to re-establish a joint attention.

There are probably several reasons for the differences in the turn-taking, however one reason may be
the way that the children are positioned and how the problems are formulated, which indicate that the
turn-taking is strongly dependent on the context (cf. Mondada, 2007; Lerner, 2003). In the first
example from K1, the children are working on a problem that invites all children to participate. All
children are asked to run around the tree. The problem does not explicitly ask the children to represent
their runs by their fingers, but this is, | hold, a likely strategy for modelling the problem. When the
children are adding up their runs they stand a bit apart from each other, and this may be a reason why
they address next speaker by gaze and word emphasis. The children use the fingers on one hand to
represent their runs and the fingers one the other hand to count. And because they stand a bit apart
from each other they lift their gaze and emphasise the last counting word to address next speaker.
This way of taking turns may be regarded as face-to-face interaction (cf. Mondada, 2007), because
the current speaker and the next speaker keep eye contact in the transition of turns.

In segment 2.1 and 2.2 the children are also working on a problem that invites all children to
participate. The problem asks the children to count the fingers on all children’s hands. In segment 2.1
the children are standing quite close to each other while they solve the problem, which makes it
possible to touch one another’s hands for addressing next speaker. Since they are standing quite close
they also have the possibility to count each other’s hands and/or fingers (not only one’s own fingers
as in K1). This way of taking turns may be considered as side-by-side interaction (cf. Mondada,
2007), since the children do not (or very seldom) keep eye contact in the transition of turns (they
usually kept their gaze at their hands/fingers). In segment 2.2 the KT interferes in children’s group
work. Just before the KT interferes, in line 16 and 17, the children are not working together in a joint
activity, rather they participate in separate activities. The KT recognises that the children have
problems to collaborate, and she interferes to re-establish the joint activity. To re-establish the joint
activity there need to be some structure to build the joint activity around, and the KT brings the
necessary structure into the activity, and the children are again able to focus on a common strategy
and act in a joint activity.

Another reason for the different ways in which children (and the KT) organise their turn-taking may
be children’s understanding of the problem. In segment 1 it seems that Pia gets a special organising
role. Turns are often coming back to Pia, even when it is not her turn to count. Perhaps this is because
Pia was the one who had the original idea for how to solve the problem. The idea was, in the
beginning, pure possibility and Pia needed the other children to participate in a joint activity to put
the idea into motion (cf. Radford, 2015). When the idea is put into motion, it seems that all children
take up Pia’s initial idea, however with various awareness of it, and through the joint activity
children’s thinking becomes materialised. Because Pia is most likely the one who is most aware of
the idea, the other children trust Pia to organise the turn-taking to increase the possibility for the idea
to be actualised. In segment 2.1 there are disagreement, at least in the beginning, in how to solve the
problem. Lily focuses on the answer and the ‘safest’ strategy to solve the problem. But Eva and Mia
seem to be focused on counting by fives or tens or by using derived facts to solve the problem. The
turn-taking is influenced by the struggle to tune to one another in order to focus on a common strategy.
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In the end of segment 2.1 the children compromise, and combine the two strategies. They use a
derived fact (there are ten fingers on two hands) and then they count further by ones. All children
seem satisfied with the strategy, but in line 14 Lily is still not sure that they have got the correct
answer and she starts her own activity to check the answer. In segment 2.2 the KT tries to re-establish
the joint activity. In this segment the KT takes a leading role for organising the turn-taking. The KT
does not decide what idea should be materialised (at least not initially), but she is capable of taking
up whatever idea that the children want to put into motion and help them materialise their thinking.
The KT gives Eva the role to initiate an idea, and Eva initiates to count by fives.

In all segments, whenever there is disagreement, we find that children interrupt each other, and it
seems that interruption is not only moving the activity forward, but also adjusting the direction of the
activity so the children may focus on the same strategy.

The role of children’s organisation of turn-taking for the materialisation of children’s
mathematical thinking in the joint activity

The previous paragraph pointed to ways in which children organise turn-taking and some possible
reasons for the various ways in which the children (and the KT) organised their turn-taking. This
paragraph is devoted to a discussion about what role children’s organisation of turn-taking play in the
materialisation of children’s mathematical thinking. Since movement is the most striking feature of
the (mathematical) thinking (Radford, 2015), the way that the children organise their turn-taking
(through a complex coordination of various semiotic means) in order to move the activity forward
reveals children’s joint mathematical thinking and the way mathematical ideas are put into motion
(Radford, 2013; 2015).

The sematic structure of the two problems may be considered as additive because they consider only
one quantity (the number of runs around the tree or the number of fingers). However, the problems
give possibilities for multiplicative thinking because the children are asked to add equal groups (cf.
Anghileri, 1989; Mulligan and Mitchelmore, 1997), and as argued in the result section children’s joint
activity (their complex coordination of various semiotic means) in the two examples do bring to life
multiplicative thinking (cf. Radford, 2013; 2015).

Segment 1 is particularly interesting for understanding how multiplicative thinking may be
materialised through a joint activity. In segment 1 children’s coordinated turn-taking releases a
rhythmic counting. The children use gaze and word emphasis to address next speaker (on every third
number) which brings to life the rhythm: 1, 2,3 -4,5,6 -7, 8,9 — 11, 12, 13 (which should have
been 10, 11, 12). Such rhythmic counting is emphasised as important in the transition from additive
reasoning to multiplicative reasoning because it reveals the fundamental group-structure of
multiplication (Anghileri, 1989; Mulligan and Mitchelmore, 1997). In Radford’s (2013; 2015)
conception however the (mathematical) thinking is embedded the activity itself, and not merely a
means for reaching ‘another form’ of thinking (in this case from additive reasoning into multiplicative
reasoning). The turn-taking is a way to structure the activity and to move the joint activity forward.
It is the turn-taking itself (children’s coordination of various semiotic means) that releases the
rhythmic counting which materialises the joint multiplicative thinking. To what extent children are
aware of the multiplicative structure in their joint activity is of course an important consideration to
make. The children are not yet able to multiply with number facts, that is, to see that there are four




Breive

groups of three, and then calculate 4 x 3 = 12. However, the way that the children are able to follow
the same pattern indicates that they are aware of some layers of generality (Radford, 2010), that is,
some layers of the multiplicative structure in their interaction.

From the analysis of segment 1 there are different elements of rhythm that is mediated through the
activity. First, the rhythm mediates that there is a continuation. When, Pia starts to count “one, two,
three” in line 118 the rhythm in her counting mediates that the sequence could be continued. The
rhythm gives possibilities for the other children to imagine what comes next. This component of
rhythm is what Radford calls ‘theme’ (Radford, 2015). In addition, rhythm mediates that something
is repeated, which in this case is three counting words. The way that Pia the stresses “three” indicates
that “three” is the end of the sequence and which may be followed by another regular sequence (of
three counting words). And third, the rhythm mediates the phenomenon itself. Through the ongoing
activity the multiplicative structure (at least some layers of the multiplicative structure) is mediated
by children’s joint rhythmic counting. This element of rhythm is what Radford calls ‘prolongation’
(Radford, 2015). And as Radford (2015) argues “They [elements of rhythm] are central features of
the mediation of thought and the manner in which it becomes actualised in the students’ reflections
and actions. They are part of the materiality of thinking” (p. 78).

Above | argued that the initial problem gives rise to possibilities for multiplicative thinking, because
the children are asked to add equal groups. But the problem itself is not enough to materialise
multiplicative thinking. After segment 1 the KT asks the children to find as many cones as they run
around the three. Each child find three cones each, and on the request of the KT they gather them in
a pile. To solve the task they count all the cones which lies in the pile together. This solution strategy
does not materialise the group structure of multiplication. The rhythmic counting disappeares. So the
problem itself is not enough to bring forth a multiplicative pattern. The way that the children are
placed (their positional location in space), the available artifacts and the way that the children
organise the turn-taking is important for the materialisation of their multiplicative thinking. The
mathematics is embodied in the children’s use of word emphasis, gaze, gestures and their positional
location in space and are essential components for the flow of thinking.

In segment 2.1 and 2.2 the children seem concerned about the group structure of their fingers. They
know that there are five fingers on one hand and ten fingers on two hands. In the beginning of segment
2.1 there is disagreement on what strategy to use for solving the problem. The disagreement in not
necessary unproductive disagreement. The way that Eva, May and Lily compromise at the end of
segment 2.1 illustrates the flexibility in these children’s mathematical thinking. The children flexible
combine two strategies into one joint strategy. In segment 2.2, the KT helps the children to re-
establish their joint activity (which in line 16 and 17 was splitted), and to organise their thinking. Eva,
who was pointed to as ‘the counter’ initiates to count by fives. Again rhythm seems to be an important
part of the flow of thinking. Rhythm helps Eva to count by fives (in line 19) and later count by tens
(in line 22). In line 23 the KT problematise Eva’s counting after twenty, and she invites all the
children to count together, but she also changes counting strategy. Eva initiated counting by fives,
but in line 23 the KT initiates counting by ones. Again, the joint activity (strongly organised by the
KT) materialise a flexibility. Together they flexibly combine two strategies and end up with a
satisfactory solution.
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As emphasised above, rhythm is an essential part of children’s mathematical thinking in both segment
1 and segment 2.1 and 2.2, and perhaps valued or prioritised higher than a correct sequence of number
words or a correct solution. In segment 1 Adam is not able to use the correct counting words, but he
is true to the rhythm. It seems that because Adam is true to the rhythm, the other children accept the
last counting word as the answer. Rhythm seems more valued by the other children than the answer
itself. It is as if the children trust the rhythm and the regularity that it gives, and therefore they trust
the answer that it gives (although it is incorrect).

Although the turn-taking itself does not materialise rhythmic counting in segment 2.1 and 2.2, rhythm
is still an important feature in children’s mathematical thinking. Already in line 6 Lily ‘plays’ with
the counting sequence “Ten, twenty, thirty, fourty, fifty”. Lily does not point at any specific hands or
fingers when she counts, however she still, somehow, rhythmically points to imaginary objects while
she counts. After this both Mia and Eva seem concerned about using the group structure of their
fingers and their hands to solve the problem. In line 16 Eva makes another attempt to count by fives
and tens. She ‘plays’ with the counting words “five, ten, twenty, thirty, forty, fifty” while she
rhythmically points to imaginary objects. Again it seems that she is ‘playing’ with the counting words
and not emphasising the correct use of words. The way that Eva changes her mind in line 19 (she
starts counting by ones and then she changes her mind and starts counting by fives) indicates the
‘fascination’ she has for this type of counting. Although the children do not know exactly how to
solve the problem with counting by fives or tens, the way that they ‘play’ with the rhythmic counting
illustrates the importance of rhythm in their counting.

My final discussion point is devoted to the way that the children overcome challenges and
disagreements that emerge in their joint activity by constantly tuning to one another with mutually
trust and respect and reflects the process of ‘togethering’ (cf. Radford and Roth, 2011). The analysis
of segment 1 from K1 the turn-taking is mainly organised by ‘current speaker addresses next speaker’-
strategy. It is the current speaker that promote another participant to act, and thus move the activity
by promoting another participant to do something. However, the activity does not move unless the
selected next speaker accepts taking the next turn. This requires both trust and responsibility. The
current speaker must trust the selected next speaker to take the turn, and the next speaker must repay
this trust and take responsibility for acting. In K2 the movement of the activity happens through the
participants self-selected turn-taking. By self-selecting turns the children take responsibility for
moving the activity forward, and/or adjusting the direction of the activity. Although the children
initially have different ideas (or different wishes) for how to solve the problem they tune to one
another despite their differences and manages to compromise in how to solve the problem which is
important for creating a space of joint action and intersubjectivity (cf. Radford and Roth, 2011).

The responsibility that the participants feel, | hold, is to some extent context dependent. In both cases
the problem is formulated so that all children must participate. In the first segment all children are
asked to run around the tree, and they are responsible for representing and counting their runs. In the
second segment the children are asked to count their fingers, and each child is responsible for bringing
their fingers into the joint activity of counting. The nature of the problems seems to make the children
feel responsible for participating which is a crucial feature for ‘togethering’ (cf. Radford and Roth,
2011).
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This paper reports on a multiple-case study which focuses on four kindergarten teachers’
orchestration of mathematical learning activities with respect to the degree of freedom, and what
impact their orchestration has for children’s mathematical learning possibilities. The study draws on
Valsiner’s (1987) zone theory to investigate the relationship between zone of free movement (ZFM)
and zone of promoted action (ZPA) which the kindergarten teachers set up to canalise children’s
actions and thinking and thus development. The results show that in the kindergarten where the ZFM
is gently set up and limited to mathematics, and where the kindergarten teacher sensitively sets up
the ZPA and promotes children to share, argue for and explain their mathematical ideas, and
explicitly promotes the children to collaborate, is where most problem-solving interaction occur and
thus facilitate children’s learning possibilities the most.

Keywords: Kindergarten, mathematics, orchestration, zone of free movement, zone of promoted
action.

Introduction

This paper reports on a multiple-case study which aims to investigate four kindergarten teachers’
(KTs’) orchestration of pre-designed mathematical learning activities and what impact their
orchestration has for children’s learning possibilities. The current debate about mathematics in
kindergarten is seldom about whether or not mathematics should be part of the curricula in
kindergarten, rather on how mathematical activities in kindergarten should be orchestrated!
(Gasteiger, 2012; Hirsh-Pasek, Golinkoff, Berk, & Singer, 2009; Van Oers, 2010). Children’s
opportunities to take part in mathematical discourses are important in learning mathematics, but in
activities where the kindergarten teacher has a pedagogical aim, it may be difficult to balance teacher-
talk and child-talk (Dovigo, 2016). The study reported here focuses on four KTs’ orchestration of
mathematical learning activities with respect to the degree of freedom? and aims to:

e Investigate the characteristics of four kindergarten teachers’ orchestration of pre-designed
mathematical activities with respect to the degree of freedom, and;

e Investigate what impact the four kindergarten teachers’ orchestration of the mathematical
activities has for children’s mathematical learning possibilities.

! The term ‘orchestration’ is used in accordance with Kennewell (2001), as a broad metaphor for how the KTs structure
or organise the activity through use of questions, cues, prompts, information, demonstrations etc.

2 The term ‘degree of freedom’ is used in accordance with van Oers (2014) as a characteristic of the way an activity (in
cultural-historical activity theory) is carried out and refers to the “degrees of freedom allowed to the actor in the choice
of goals, tools, or rules” (p. 113, emphasis in origin), which in turn initiates the actor’s (choices of) actions.
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Theoretical framework

The study reported here draws on Valsiner’s (1987) zone theory to investigate the relationship
between freedom and structure in four KTs’ orchestration of mathematical learning activities. The
balance between freedom and structure is the main focus when Hirsh-Pasek et al. (2009) and
Weisberg, Kittredge, Hirsh-Pasek, Golinkoff, and Klahr (2015) discuss ‘playful learning’ as an
educational approach in kindergarten. Playful learning captures both ‘free play’ where children play
without interference from adults, and ‘guided play’ where the KT organises the learning environment
and guides the play in desired directions with respect to a learning aim. Free play is child-initiated
and child-directed play, whereas guided play is adult-initiated and child-directed play. Weisberg et
al. (2015) argues that, although the KTs initiate and guide the activity in guided play, the KTs must
make room for children’s self-directed exploration. It is this balance between freedom and structure
that makes guided play such an effective teaching tool. “Playful learning, and not drill-and-practice,
engages and motivates children in ways that enhance developmental outcomes and lifelong learning”
(Hirsh-Pasek et al., 2009, p. 4). Similar van Oers (2014) argues that playful learning activities should
contain some elements of instruction. “The nature of the actions embedded in play can vary with
respect to their degree of freedom allowed, as long as the activity as a whole remains a playful
activity” (van Oers, 2014, p. 121). The learning activity must be engaging and give possibilities for
the players freedom to explore the (mathematical) objects in their own manner.

In his study on preschool children’s argumentation, Dovigo (2016) investigates children’s learning
opportunities in different types of conversations (peer-talk and child-teacher talk). Dovigo found that
children had richer opportunities to participate and asked more questions in peer-talk than in child-
teacher talk. It was a clear tendency that in child-teacher talk, the KT talked more than the children.
However, the children’s abilities to build arguments were limited in peer-talk and were facilitated in
child-teacher talk. The KTs facilitated children’s explanations and helped them to elaborate their
argumentations, which again improved children’s critical thinking and abilities to collaborate.

Through his zone-theory, Valsiner (1987) explores the development of children’s actions and thinking
through organisation of person-environment relationships. The physical environment of the child is
the cultural frame which the child is acting within and thus develop its thinking. Valsiner’s theory
emphasis that both the developing child and the environment are structurally organised, however the
structuring nature of the child and the environment is continuously and dynamically transformed.
Valsiner (1987) uses three zone concepts to conceptualise the dynamic environmental structures that
organise the child’s development: Zone of Free Movement (ZFM); Zone of promoted Action (ZPA);
and Zone of Proximal Development (ZPD). The ZFM is co-constructed by the child and the adult and
organises the “child’s (1) access to different areas in the environment, (2) availability of different
objects within an accessible area, and (3) ways of acting with available objects in the accessible area”
(p. 97). The ZFM canalises the child’s development in culturally accepted ways.

The ZPA may be activities or objects which the child is promoted to engage with. An important
characteristic of the ZPA is its non-binding nature. The child does not need to follow the ZPA and
can act with other objects (in other ways) within the ZFM. The child cannot be ‘forced’ to accept the
ZPA unless the ZPA is turned into ZFM. The ZFM and ZPA must be considered as a unit and Valsiner



(1987) labels it the ‘ZFM/ZPA complex’. The ZFM/ZPA-complex work as a mechanism to canalise
the child’s actions and thinking and thus development. In addition, Valsiner (1987) discusses how
ZPD relates to the ZFM/ZPA-complex, but due to space limitations, this study focuses primarily on
the relationship between ZFM and ZPA in four kindergartens with respect to mathematics.

Methodology

The study reported here is a multiple-case study (Yin, 2014), which aims to characterise four KT’s
orchestration of pre-designed mathematical activities and its impact for children’s mathematical
learning possibilities. It is part of a larger study on mathematical teaching and learning in kindergarten
and situated within a Norwegian research and development project called the Agder Project® (AP).
The intervention of the AP was based on mathematical activities which were pre-designed in
collaboration between researchers (including myself) and the KTs in the focus groups of AP. The
activities are described in Starksen et al. (2018), a book containing one-page outlines of the activities.
This study takes a qualitative approach to data collection and data analysis and the empirical material
was collected over two observation periods (autumn 2016 and spring 2017) during the intervention
of the AP. Observations were conducted of approximately 40 minutes sessions where the four KTs,
who were part of the focus groups of the project, implemented the pre-designed activities. Interviews
were conducted in each kindergarten after each observation period. Overview over data sets
(observations and interviews) in each kindergarten is illustrated in Table 1 below.

KT1 KT2 KT3 KT4
Autumn 2016 50bs. + 1linterv. | 4 0obs. + 1interv. | 50bs. + 1 interv. | 3 0bs. + 1 interv.
Spring 2017 6 obs. + 1interv. | 7 0bs. + linterv. | 0 obs. + 0 interv. | 4 obs. + 1 interv.

Table 1: Overview over data sets (observations and interviews) in the four kindergartens

The empirical material was collected through ethnographic field notes (Emerson, Fretz, & Shaw,
2011) from observations and interviews. Field notes were written during and/or straight after each
observed session and were supplemented when having conversations with the KTs after each session.
Field notes from the interviews were made straight after the interviews and were extended when the
video-recordings of the interviews later were watched. Field notes should not, ideally, include
interpretations and judgements of the observed interaction (Emerson et al., 2011). However, as
Emerson et al. (2011) argues, when the fieldworker starts to work with the field notes it automatically
involves a preliminary analysis where the fieldworker order patterns of interactions and decides what
to include and leave out from the field notes. In this research study the research questions were made
before conducting the field work, which guided what | was especially looking for. In the field notes
I included events (actions) that | thought were relevant and left out things that | thought were not that
relevant and the field notes must therefore be regarded as interpretative or analytical.

3 The Agder project is funded by the Research Council of Norway (NFR no. 237973), The Serlandet Knowledge
Foundation, The Development and Competence Fund of Aust Agder, Vest Agder County, Aust Agder County, University
of Agder and University of Stavanger.



Processing and analysing data went through an iterative process. Instead of using the field notes as
‘raw material’ from which I started a coding process, I worked directly with the field notes and
carefully contracted them into profiles of the KTs orchestration and their interaction with the children.
Since the field notes were already to some extent analytical, they served as a useful starting point for
this purpose. The profiles concern four key points: (1) Children’s access to different areas in the
environment; (2) children’s freedom to act (physically) within the accessible area; (3) children’s
freedom to participate with questions, mathematical ideas and argumentations etc.; and (4) the degree
to which problem-solving interaction was promoted (that is the degree to which the children were
promoted to ask questions and explain and argue for their ideas to solve mathematical problems). Key
points 1-3 concern the KTs’ orchestration of the mathematical activities with respect to the degree of
freedom and intends the ZFM. Since the ZFM is co-constructed by the child and the adult, children’s
eagerness to participate is also used to identify ZFM. Key point 4 concerns how the KTs promote
children to ask questions, explain and argue for mathematical ideas to solve mathematical problems,
which intends the ZPA. As Valsiner (1987) argues, ZFM and ZPA are related and work as a unit to
canalise children’s development, and in this case, learning and development related to mathematics.

The profiles, which will be presented below, are of course tendencies not absolute characteristics.
The KTs’ orchestration with respect to the degree of freedom changes dynamically during each
session and from session to session. In addition, the profiles are relative, which means that the degree
of freedom in one kindergarten is relative to the three other kindergartens and cannot provide an
indication for how it relates to other KTs’ orchestration in other contexts.

Profiles of four kindergarten teachers’ orchestrations
Kindergarten teacher 1

KT1 orchestrated the mathematical activities with a relatively high degree of freedom, which is based
on the way that the children were allowed to move around in the room (and even walk out of the
room) and to talk about almost whatever they wanted, like birthday parties or their parents’
occupation etc. The KT never told the children to sit down and pay attention, instead she promoted
the children to do so by the way she enthusiastically presented the activities, which captured the
children’s attention. For example, in an activity about reflection symmetry, the KT introduced the
activity having diverse reflection symmetrical objects in a plastic bag without telling what was inside.
She shook the bag and whispered, “Listen!”, which made the children curious and created joint
attention. Another characteristic of the KTs orchestration was that the KT listened to almost every
child’s contribution (not only related to mathematics). In one of the conversations with the KT, she
expressed that her desire to listen to and appreciate every child’s contribution could be a hinder for
her, because her attention became very shifty. She rapidly turned her attention from one child to
another. The children eagerly participated in the activities, however, as mentioned above, they often
contributed with other ideas than mathematics. The KT expressed that she had a challenging group
of children but their ability to pay attention to mathematics grew during the intervention.

There were a lot of ‘golden moments’ for problem solving interaction. The KT and the children
initiated a lot of interesting ‘topics’ for investigation, but very few ideas were thoroughly discussed.
Mathematical questions were often (not always) considered briefly, and the children seldom had to



ponder about problems and to express mathematical ideas, argue for and explain their ideas in order
to solve the problem. Because the KT gave the children a lot of freedom to talk and payed attention
to almost every contribution, the conversations moved very quickly from one topic to another.

Kindergarten teacher 2

KT2 gave the children relatively high degree of freedom to talk, however she often restricted
children’s talk to mathematics by ignoring some of the contributions that were about the children’s
everyday experiences. The KT also restricted the children’s freedom to act (physically) to areas or
with objects relevant to the mathematical activity. Although the KT for the most part focused attention
to mathematics, she gave the children freedom to suggest other mathematical issues than what she
initially introduced. Similar as KT1, the KT2 presented the activities in an exciting way, by use of
for example excited face expressions and whispering, which captured the children’s attention and
promoted the children to contribute. But sometimes she also asked questions directly to children to
capture their attention. For example, when Carl was distracted by something else, she said: “Carl, do
you know how many building blocks there are in the red tower?” When Carl said that he didn’t know,
the KT further asked “Would you like to help me count?” This helped Carl, who often had difficulties
paying attention, to focus his attention on mathematics.

The conversations between the KT and the children were almost always mathematical, and sometimes
the KT and the children had longer conversations about mathematical problems. The children had to
argue for and explain their ideas in order to solve the problems, and the children eagerly participated
with mathematical ideas and explanations. In addition, the KT seemed to focus on collaboration. For
example, the KT had a conversation with the children about the meaning of collaboration, and the KT
promoted the children to help each other if needed. She also promoted the children to listen to each
other by for example asking the group of children: “Did you hear what Ada suggested?”.

Kindergarten teacher 3

KT3 was a football trainer in his spare time, which was somehow recognisable from his orchestration
of the activities. He gave the children relatively high degree of freedom to act (physically) and focused
on ‘doing’ mathematics, which for him was when the children got opportunities to use their hands,
their body and various artifacts to solve mathematical tasks. In one of the conversations with the KT
he expressed that ‘doing’ mathematics was for him an important feature of mathematics in
kindergarten and therefore he especially liked physical outdoor activities. In addition, he was giving
short ‘missions’ for the children to perform. For example, in the ‘Sorting Shoes’ activity, when the
children had to figure out how many shoes there were in each category, the KT gave each child a
‘mission’ to draw equally many lines in the bottom of the diagram as there were shoes in each
category. The KT expressed several times that it was important to give the children challenging but
manageable tasks, so they felt they succeeded. He often encouraged the children, in an enthusiastic
manner, with comments like “good” or “great” etc. It seemed that the children enjoyed the activities
and the way that the KT encouraged. The children eagerly participated and were having fun.

There was relatively little problem-solving interaction and the children often solved tasks without
having to explain or argue for their ideas. For example, in the activity called ‘Tripp, Trapp’, where
the children should count stairs in a staircase and find out what number each stair had, the KT made



A4 papers with numbers from 1-24 on and the children, one by one, had to pick an A4 sheet and place
it on the correct stair. (Stair number 15 should have the A4 sheet with the number 15 on). The children
just performed the tasks, without having to explain what they did, and why they did what they did.
Sometimes the KT promoted the children to reflect on their solution strategies in retrospect, however
the children’s explanations were seldom helping them to solve problems in the first place.

Kindergarten teacher 4

KT4 gave the children relatively little freedom to act (physically) or talk which is based on the way
that she, to a large degree, controlled who was going to talk (or ‘do’ something) and when. For
example, in an activity called ‘The Farm’ the children were, at one point in the activity, supposed to
find how many animals there were on the farm. First the KT asked a girl, “Helene, can you figure out
how many animals there are all together?”. After Helene had counted and answered the KT asked a
boy, “John, can you find how many different animals there are?”. The KT continued to give similar
‘missions’ to each child. The KT made sure that each child got the opportunity to answer or ‘do’
something mathematically, and she appreciated children’s contributions by comments like ‘that’s
correct’, ‘very good’ etc. The KT expressed in one of the conversations that it was important that the
children learnt to respect the other children and to wait for their turn in an activity. The KT also
expressed that some activities were difficult to implement as outdoor activities, because the children
often got disturbed by other things. These characteristics are of course tendencies, and sometimes the
activities were a lot more open where the children had a lot more freedom to act. But, as she also
expressed in one of the interviews, she thought it was difficult to ‘hold back’ and give room for the
children to figure out the problems themselves without too much interference.

It is difficult to state how ‘eager’ the children were to participate, because they seldom answered or
did something without being asked. They accepted the KTs request to sit and wait for their turn. In
some activities, like when they measured how much water there were room for in a tank, the children
laughed and were having fun and showed eagerness to participate. Still they were asked to wait for
their turn and respect that each child got the same opportunity to fill water. There were few incidents
where the children together solved problems by expressing ideas and arguing for solutions. The
children were waiting for their turn to answer or to perform ‘missions’. The KT sometimes asked the
children to explain what they did when they solved a task, but this explanation did not help the
children to solve the problem, but to reflect on their strategy in retrospect.

Discussion

From the results above, it seems that KT1 is very concerned about freedom, and the ZFM is relatively
wide compared with the ZFM the other KTs set up, both with respect to what the children are allowed
to talk about and what they are allowed to do (physically). The children are even allowed to walk out
of the room if they want to, and they can talk about whatever they want. KT2 restricts the ZFM to
mathematics, both what the children can physically do and what the children are allowed to talk about.
However, KT2 gives the children freedom to talk about and work with other mathematical objects
than what she initially promotes. KT3 restricts the mathematical talk to specific mathematical areas,
however the ZFM is relatively wide when it comes to what the children are allowed to do (physically).
The KT3 gives the children freedom to move physically and to make loud voices when they solve the



mathematical tasks. KT4 is the most controlling of the four KTs, and the ZFM is relatively narrow
both with respect to what the children are allowed to do (physically) and what the children are allowed
to talk about. KT4 decides, to a large degree, who is allowed to talk (or ‘do’ something), when the
children are allowed to talk (or ‘do’ something) and what the children are allowed to talk about.

Considering the ZPA, the results illustrate how the KTs promote children to ask questions, explain
and argue for their ideas in order to solve mathematical problems. The children do not need to accept
the ZPA set up by the KT, but instead of turning the ZPA into ZFM the KT may, | hold, ‘advertise’
for the ZPA to promote the child to act in a desired manner. In K1 the KT promotes children to act
mathematically by acting in an exciting way, and by introducing the activities in a manner which
makes the children curious. The children sometimes accept the ZPA, but sometimes they do not. The
KT1 is carefully promoting the children to think mathematically, but the ZPA (related to
mathematics) is never turned into ZFM. The KT2 also promotes children to think mathematically by
acting in an exciting way. The ZPA is related to specific mathematical areas, however the ZFM is
related to mathematics in general. Sometimes, especially related to some children, the KT2 carefully
turns the ZPA into ZFM, that is the KT limits the ZFM to specific mathematical tasks whenever the
children do not pay attention. In addition, the KT explicitly promotes the children to help each other
and to collaborate which, I hold, is important for the way that the children solve problems together.
KT3 promotes children to think mathematically or ‘do’ mathematics by a quite tight ZFM related to
mathematics. The ZPA is often turned into ZFM by asking the children to perform ‘missions’.
However, the ZFM is relatively wide related to physical actions. KT4 almost always turns the ZPA
into ZFM. What the KT promotes the children to do is also what the KT allows the children to do.

Considering the characteristics of ZFM/ZPA complex in each kindergarten which according to
Valsiner (1987; 1997) canalise children’s actions and thinking and thus development, it seems that
the KTs who limit children’s actions to mathematics, but where the children’s freedom is relatively
wide related to what the children may talk about within mathematics and who is allowed to speak,
promotes most problem-solving situations (KT2), and thus children’s opportunities for learning. How
the ZFM/ZPA complex canalise children’s development is not only related to the boundaries of the
zones itself, but how the ZFM and ZPA are set up. The KT2 is relatively mild in her way of setting
up the ZFM, and instead of turning the ZPA into ZFM she acts in an exciting way which promotes
the children to accept the ZPA. The KT2 ‘advertise’ for the ZPA by the way she presents the
mathematical problems and makes the children want to pay attention and accept the ZPA. The KT4
is not that enthusiastic, and perhaps that is why she must turn the ZPA into ZFM to make the children
pay attention and to accept the ZPA. The KT1 is also enthusiastic in setting up the ZPA, but since the
ZFM is relatively wide, the children often choose to act in other ways than what the KT promotes.
The results support Hirsh-Pasek et al. (2009), Weisberg et al. (2015) and van Oers (2014) who
emphasise that playful learning activities should have some structure as long as the activity as a whole
remains a playful activity and as long as the KTs gives freedom for children’s self-directed play, so
they may explore the content in their own manner. The results also supports Dovigo’s (2016) results
in the sense that whenever the KT is structuring the environment around mathematics, but opens up
for children’s own exploration around mathematical ideas, the children are canalised into more
problem solving activity and thus create possibilities for children’s mathematical learning.



The results indicate that instruction which structures children’s actions around mathematics but
introduces the mathematics in an ‘exciting’ way and allows and promotes children to contribute with
various mathematical ideas not necessarily related to the aimed subject area, captures children’s
attention and promotes their voluntarily participation in the problem-solving activity and thus
facilitates children’s possibilities for mathematical learning.

Limitations of the study

This study focuses on the KTs’ orchestration and its consequences for children’s learning
possibilities, and do not consider how children’s (choices of) actions influence the KTs orchestration.
Taking into consideration Vygotsky’s (1987) dialectic approach on teaching and learning the
children’s choices of actions influence as much the KTs’ action possibilities as the KTs’ actions
influence the children’s action possibilities and their learning. KT1, expresses that she has a
demanding group which suggests a possible reason why the conversations seldom take a problem-
solving form. KT2 seem to have several high achieving children which suggests why the
conversations more often take problem-solving form. This study does not consider how the children,
in light of for example their background, influence the nature of interaction in each kindergarten.

In this study the ZFM/ZPA complex is considered on a group level. It would be interesting to
investigate the ZFM/ZPA related to each child in the groups, to see which children benefitted the
most from the KTs different orchestrations. Although it seems that there is overall more problem-
solving interaction in KT2 than in the other three kindergartens this study does not reveal which
children benefit the most from this type of interaction. This issue must be further investigated.
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