Li et al. Advances in Difference Equations 2013, 2013:336 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2013/1/336 a SpringerOpen Journal

RESEARCH Open Access

Oscillation results for second-order nonlinear
neutral differential equations

Tongxing Li', Yuriy V Rogovchenko?” and Chenghui Zhang'

“Correspondence:
yuriy.rogovchenko@uia.no
’Department of Mathematical
Sciences, University of Agder, Post
Box 422, Kristiansand, N-4604,
Norway

Full list of author information is
available at the end of the article

@ Springer

Abstract

We obtain several oscillation criteria for a class of second-order nonlinear neutral
differential equations. New theorems extend a number of related results reported in
the literature and can be used in cases where known theorems fail to apply. Two
illustrative examples are provided.
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1 Introduction
In this paper, we are concerned with the oscillation of a class of nonlinear second-order
neutral differential equations

(r@)((x@®) + pO)x(t = 1)))) + q(e)f (x(0), x(c (1)) = O, @)

where £t > 5 >0, 7 > 0, and y > 1 is a quotient of two odd positive integers. In what
follows, it is always assumed that

(Hy) re CY([ty, +00), (0, +00));

(H2) p,q € C([ty, +00), [0, +00)) and ¢(¢) is not identically zero for large t;
(Hs) f € C(R?%,R) and f(x,y)/y” > i for all y # 0 and for some « > 0;

(Hs) o € CY([ty, +00),R), o(t) <t, ¢'(t) >0, and lim,_, .0 0 (£) = +00.

By a solution of equation (1) we mean a continuous function x(¢) defined on an interval
[tx, +00) such that r(£)((x(¢) + p(t)x(¢ — T))')? is continuously differentiable and x(¢) satisfies
(1) for ¢t > t,. We consider only solutions satisfying sup{|x(¢)| : £ > T > t,} > 0 and tacitly
assume that equation (1) possesses such solutions. A solution of (1) is called oscillatory if
it has arbitrarily large zeros on [¢,, +00); otherwise, it is called nonoscillatory. We say that
equation (1) is oscillatory if all its continuable solutions are oscillatory.

During the past decades, a great deal of interest in oscillatory and nonoscillatory behav-
ior of various classes of differential and functional differential equations has been shown.
Many papers deal with the oscillation of neutral differential equations which are often en-
countered in applied problems in science and technology; see, for instance, Hale [1]. It is
known that analysis of neutral differential equations is more difficult in comparison with
that of ordinary differential equations, although certain similarities in the behavior of so-
lutions of these two classes of equations are observed; see, for instance, the monographs
[2—4], the papers [5-22] and the references cited there.
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Oscillation results for (1) have been reported in [2, 4, 6, 8, 11, 14, 18-20]. A commonly
used assumption is

+00
/ 7 (s)ds = +o0, (2)
to
although several authors were concerned with the oscillation of equation (1) in the case
where
+00
f Y7 (s)ds < +00. (3)
to

In particular, Xu and Meng [19, Theorem 2.3] established sufficient conditions for the
oscillation of (1) assuming that

P ) >0 and tlim pt) = A. (4)

Further results in this direction were obtained by Ye and Xu [20] under the assumptions
that

P)>=0 and o(t)<t-Tt; (5)

see also the paper by Han et al. [8] where inaccuracies in [20] were corrected and new
oscillation criteria for (1) were obtained [8, Theorems 2.1 and 2.2]. We conclude this brief
review of the literature by mentioning that Li et al. [13] and Sun et al. [18] extended the
results obtained in [8] to Emden-Fowler neutral differential equations and neutral differ-
ential equations with mixed nonlinearities.

Our principal goal in this paper is to derive new oscillation criteria for equation (1) with-
out requiring restrictive conditions (4) and (5). Developing further ideas from the paper
by Hasanbulli and Rogovchenko [9] concerned with a particular case of equation (2) with
y =1, we study the oscillation of (1) in the case where y > 1.

2 Oscillation criteria
In what follows, all functional inequalities are tacitly assumed to hold for all £ large enough,
unless mentioned otherwise. As usual, we use the notation z(¢) := x(¢) + p(£)x(¢ — t) and
g, (2) := max{g(¢), 0}. Let

D:{(t,s):t0§S§t<+oo} and ]DO:{(t,s):to §s<t<+c>o}.

We say that a function H € C(ID, [0, +00)) belongs to a class W, if
(i) H(t,t) =0and H(¢,s) > 0 for all (¢,s) € Dy;
(ii) H has a nonpositive continuous partial derivative with respect to the second
variable satisfying

%H(t,s) = —h(t,s)(H(t,s)) 7™

for a locally integrable function / € Lioc(D, R).
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In what follows, we assume that, for all £ > %,

R(t-1)

- p(t) RO

>0, (6)

where
R(t) := / 17 (s) ds.
t

In order to establish our main theorems, we need the following auxiliary result. The first
inequality is extracted from the paper by Jiang and Li [11, Lemma 5], whereas the second
one is a variation of the well-known Young inequality [23].

Lemmal (i) Let y > 1 be a ratio of two odd integers. Then
1
A1+1/y ~ 1A _B|1+1/J/ < _BI/V [(V + 1)A _B] (7)
4

forall AB> 0.
(ii) For any two numbers C,D > 0 and for any q > 1,

C?+(q-1)D?-qCD?! >0,
the equality holds if and only if C = D.

Theorem 2 Assume that conditions (Hy)-(Hy), (3), and (6) are satisfied. Suppose also that
there exist two functions py, py € C'([ty, +00), R) such that, for some B > 1 and for some

HeW,,

. ‘ B nere) , )

P k) [H(t’s)%(s)_ G Gy (t's)} doree ®
and

: ! ﬁy +1

htrﬁfgop m : |:H(t, )Y (s) — sz(s)r(s)hy (t,s)] ds = +o0, 9)
where

(y+)ly
Yi(t) = vi(t) [Kq(t)(l -p(a(®))” + o’(t)(%%) - (r(t)pl(t))/} (10)
t 1/y
ni(t) = exp[-(y +1) / a/(s)(’r(zl’zls();)) ds:|, (11)
Rt -1)\" ,

Va(t) = va(0) [Kq(t) (1 —p(am)%) +rOp ™7 (8) - (r) p2(0)) ] (12)

and

vy (t) = CXP[—(V +1) / t 3" (s) ds} (13)
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Then equation (1) is oscillatory.

Proof Let x(t) be a nonoscillatory solution of (1). Since y is a quotient of two odd positive
integers, —x(t) is also a solution of (1). Hence, without loss of generality, we may assume
that there exists a t; > £, such that x(¢) > 0, x(¢ — t) > 0, and x(o (£)) > O for all £ > ;. Then
z(t) > x(t) > 0, and by virtue of

(rOE®)) = -a@)f (x@),x(0 (1)) <0,
the function (r(¢)(z'(t))")’ is nonincreasing for all £ > #;. Therefore, z'(£) does not change
sign eventually, that is, there exists a t; > #; such that either z/(¢) > 0 or z/(¢) < 0 for all

¢t > t,. We consider each of two cases separately.
Case 1. Assume first that z/(¢) > 0 for all £ > t,. Equation (1) and condition (H;) yield

(r&)(Z®)") +kq@®)x" (o(2)) < 0. (14)

In view of (Hy), there exists a t3 > t, such that, for all £ > #3,

x(o(®) = (1-p(c(0))z(c (), (15)
and
1y
Z(o(0) = (;«(Z(EZ))) 2 (). (16)

It follows from (14) and (15) that
(rO(Z®)") < -kqt)(1-p(c®)) 2 (o (). 17)

Define a generalized Riccati substitution by

/ Y
i (£) = vl(t)r(t)[(z(za((tt)))> +p1(t)} t>ts. (18)

Differentiating (18) and using (16) and (17), one arrives at

v rOE©O))
(@ OO )

/ Y
i

r(t)p1(2)
r(o(2)

u(t) =

!

+ 1) (r(®)p1(2))

1/y
<-(y+ 1)6/(t)< ) u(t) —vi(Okq®)(1-p(o (1))’

/ ) "' w(®) (y+Dy ,
-yo (t)vl(t)r(t)<r(g(t))> [Vl(t)r(t) - m(t)] +n @) (r@®)p(0)) -

(19)
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Let

_ uy(2)
vi(£)r(z)

and B:= p(2).
By virtue of Lemma 1, part (i), we have the following estimate:

ui(t) (y+D)/y w(t) (y+D)/y
[vl(t)r(t) - pl(t)} z <vl(t)r(t)>

1y uy(2)
0 (t)|:()/ + l)vl(t)r(t) - pl(t)]- (20)

It follows now from (19) and (20) that

U
uy(2) > v (21)

10 = =) v o) s

where ; is defined by (10). Replacing in (21) ¢ with s, multiplying both sides by H(¢, s) and
integrating with respect to s from 3 to ¢, we have, for some 8 > 1 and for any ¢ > ¢,

/ tH(t, $)yn(s)ds + / th(t,s)(H(t, )"y (s) ds

(s) 1/y
e / H(t,s)o'! <s>m<5’<m) @

, wm(s)  \"
)“I(s)(vl(s)r(a@))) ds 22)

Letg:=1+1/y,

(y+1) ’ +1)
C::(Z) o ((H(tS) (S))) v ),

B 1(s)r(o (s)
and
. vB” N (e s) L T
DP_(W) <Why (t’s)> :

Application of Lemma 1, part (i), yields

o' (s)ul ™" (s)

Y 5 28w TTS)
p (t’s)v}”(s)rwds))

B wlrels)
G+ (@)

h(t,s)(H(, s))y/(yﬂ)lrtl(s) +

h (¢, s).

Hence, by the latter inequality and (22), we have

f B wero) .
/tg [0~ ¢ gy e s

’ )y
(t tg)ul tg IB 1)/ t,s (S)uly (S) ds. (23)

W ()P (o(s))

Page 5of 13
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Using monotonicity of H, we conclude that, for all ¢ > 3,

f B nEre®), .
i )~ g e

< H(t,t3)|ui(t3)| < H(t, to)|m(3))-

Thus,

f B nre©),
/, )~ gy 9 e

sH(t,to>[|ul<t3>| . / 3|w1<s>|ds],

and

t

B wnls)r(a(s)
(y + D7+t (0'(9)”

lim sup

t—+00 H(t, to) to [H(t’s)wl(s)—

hy“(t,s)} ds

13
< |m(5)| +/ |¥1(s)] ds < +00,
to

which contradicts (8).
Case 2. Assume now that z/(¢) < O for all £ > £. It follows from the inequality
(r@®)(Z(¢))7) <0 that, forall s > t > £,

1/y
Z(s) < (%) Z(¢).

Integrating this inequality from ¢ to /, [ > t > t,, we have
1/ ‘a
/
zZ() <z(t) + 'V (t)z (t)/t m ds.
Passing to the limit as / — +00, we conclude that
2(t) > RO (07 (),
which yields
’
@ > 0
R(t)) —

Hence, we have

R(t—
x(t) = z(t) — p(t)x(t — 7) > z(t) — p(t)z(t — T) > (1 -p(¥) (Ite(t)t) )z(t).

It follows from (1) and the latter inequality that there exists a £ > £, such that

R(o(t) - 1)

/ vy
(0 0) ) +xat0(1-plot0) G

)yz” (0(®) <o. (04)
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For t > ¢4, define a generalized Riccati substitution by

/ Y
() = Vz(t)r(t)[c ((f)) ) + m(t)}. (25)

Differentiating (25), we have

vy (t) (r@)Z @)Yy
(0 uy(t) + va(t) o0

u(t)
- J/Vz(t)f’(t)[vz(t)r(t)

uy(t) =

(y+1)/y ,
- ,Oz(t):| + v () (r(0)p2(0)) . (26)

Letting in Lemma 1, part (i),

_ uy(t)
va(E)r(2)

and B:= py(2),

we have

Uy (t) (y+)/y N0) (y+1)/y
[Vz(t)r(t) il 2(”} = <Vz(t)r(t)>

vy oY+l we() 1
e (t)[ Y va(t)r(t) sz(t)].

It follows from (24) and (26) that

wy(t) < — () - ( M(”) (27)
2 =" Lo )

where v, is defined by (12). Replacing in (27) ¢t with s, multiplying both sides by H(t,s)
and integrating with respect to s from ¢, to ¢, we conclude that, for some g > 1 and for all
t> t41

/ H5)(s) ds + / ) (H(t,9)"" P uy(s)ds

uy(s)
ﬂ H(t )<vQ(s) (s)>
y+1
H(t, t4)u2(t4)_y(/3 D / Hies (”z (s)
V2

Letting in Lemma 1, part (ii),

B y y/(y+1) Hy(tS) /(y+1)
C“(E) (w(s)r()) ()

1/y
) ds. (28)

and

yI(y+1)
e (e o) O
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we conclude that

ity y uy )\ B "
h(t,s)(H(,s)) MZ(S)+EH(t’S)<v2(s)r(s)> E—sz(s)r(s)h” (t,s).

Using the latter inequality and (28), we have

[4 [H(t, S)Yra(s) — Wfﬁvz(s)r(s)h’”l(t, s)] ds

t y+1 1/
< H(t, ta)un(tg) — ’”(ﬂﬁ_ D / H(t,s)( “ (s)) " s, (29)

va(s)r(s)

Proceeding as in the proof of Case 1, we obtain contradiction with our assumption (9).
Therefore, equation (1) is oscillatory. O

Theorem 3 Assume that conditions (Hy)-(Ha), (3), and (6) are satisfied. Suppose also that
there exist functions H e W, p1, 02 € CY([£o, +00), R), 1, 2 € C([to, +00), R) such that, for
all T > ty and for some § > 1,

H(t,
0 < inf [ timinf 29 | < o0, (30)
s>ty | t—+o0 H(t,tp)

N B o)
s i 5 |00 - 0y

hyﬂ(t’ S):| dS > ¢1(T)r (31)
and

1
lim su
ot H(t, T)

t Y
/ [H(t,s)l/fz(s) - ﬂiﬂvz(s)r(s)h””(t,s)] ds > ¢»(T), (32)
T (v +1)7
where Y1, Yo, v1, and v, are as in Theorem 2. If

! (y+1)/
lim Sup/t o' (s) (14 (s))r 1Y
4

_ ds= 33
s ) %)

t—+00
and

y L (as ()0
imsup

T ds=+00, (34)
e Jig v ()17 (s)

equation (1) is oscillatory.

Proof Without loss of generality, assume again that (1) possesses a nonoscillatory solution
x(t) such that x(¢) > 0, x(t — ) > 0, and x(c (¢)) > 0 on [t;, +00) for some # > ty. From the
proof of Theorem 2, we know that there exists a £, > #; such that either z/(¢£) > 0 or z/(¢£) < 0
forallt > t,.

Case 1. Assume first that z/(¢) > 0 for all £ > t,. Proceeding as in the proof of Theorem 2,
we arrive at inequality (23), which yields, for all ¢ > ¢3 and for some 8 > 1,

t 14
(e < timsup s [0 - L 29 | s
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<u(t3) -

y% D 1‘fm”owM”W@®

t—>+or<1> H(t, t3) Vily (S)Vl/y (o(s))

The latter inequality implies that, for all £ > ¢3 and for some § > 1,

y(B-1) o' (s)u”" (s)
$1(t3) + 5 lt'Tf?ofH(, ) / H(t,s l/y T e6) ds < uy(t3).
Consequently,
1(t3) < uy(t3), (35)
and

o' ()" (5) p
1tlg+lglofH ) f L,s ”V(s):l/y(g(s)) ds < SE-1) (ur(t3) = i (t3)) < +00.  (36)

Assume now that

+00 1 (y+)/y
/ o' (S)m ) ds = +o0. (37)
3

(7 (o (s))

Condition (30) implies existence of a ¢ > 0 such that
liminf ———= > 9. (38)

It follows from (37) that, for any positive constant 7, there exists a 5 > £3 such that, for all
t Z t51

(y+1)/y
/ o 76 4o (39)
65 vy (8)r17 (o (s)) 4

Using integration by parts and (39), we have, for all ¢ > 5,

1 t O',(S)uiyﬂ)/y (s)
,§)——————d
H(t, t3) f (©9) Vi/y ($)rt’7 (o (s)) ’

1 o' E)u " ©) }
= ,8)d - - 7
H(t, tg)/t. Hbs) [/ts W (&) (0(£)) a
1 o€y (&) }[_aH(m]
_H(t,tg)/ [/tg W €)Y (o (€)) “ T
_n_1 / [_aH(t,s)]dsz nH@ ) EH(t,t5).
v H(t,tg) t5 ds 2 H(t, tg) -9 H(t, t())

By virtue of (38), there exists a g > t5 such that, for all £ > £,

H(t, t5) -
H(t,ty) —
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which implies that

1)/
2™ (s) o

t,s ) — t6

H(t £) l/y s)r’7 (o (s))
Since 7 is an arbitrary positive constant,
"(s)u (y+1)/y s

liminf ——— / t,s 1/( )i () ds = +00,
e H( 1) 7 (5)r7 (o (6))

but the latter contradicts (36). Consequently,

< +00,

+00 /(g u(}/+1>/l/ S
f ($)uy (s) ds
]

W ()7 (o (s))

and, by virtue of (35),
+00,

/ o' 6o 5/ o/ (s)

W ()7 (o (s)) W (s)r7 (o (s))

which contradicts (33).
Case 2. Assume now that z'(¢) < 0 for ¢ > £,. It has been established in Theorem 2 that
(29) holds. Using (29) and proceeding as in Case 1 above, we arrive at the desired conclu-

sion. g
As an immediate consequence of Theorem 3, we have the following result.

Theorem 4 Let Vi, Vo, vi, and v, be as in Theorem 3, and assume that conditions (Hy)-
(Ha), (3), and (6) are satisfied. Suppose also that there exist functions H € W, p1,p2 €
CY([to, +00), R), ¢y, 2 € C([tg, +00), R) such that (30), (33), and (34) hold. If, for all T > t,
and for some B > 1,

. 1 ‘ BY  wils)r(o(s), 4

ltlglglofH oT) /T |:H(t, )Y(s) — G+ (o) h i (t, )] ds > ¢ (T) (40)
and

liminf ———— 1 / |:H(t S)Yra(s) — LV (s)r(s)h” (¢ s)i| ds > ¢ (T) (41)

t—+00 H(t T) ’ 2 (J/ + 1)y+1 2 ’ =¥ ’

equation (1) is oscillatory.

3 Examples
Efficient oscillation tests can be easily derived from Theorems 2-4 with different choices
of the functions H, p1, p2, ¢1, and ¢,. In this section, we illustrate possible applications

with two examples.
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Example 5 Fort > 1, consider the second-order nonlinear neutral delay differential equa-

(t2 <x(t) + 2tt+ 1x(t - 1)) ) +(2+ x%t))x(%) =0. (42)

Here, r(t) = t2, p(t) = t/(2t + 1), T = 1, q(£) = 1, f(x(t),x(c () = (2 + x*(£))x(£/2), whereas
R(z) =1/t

Lety =1,k = 1, H(t,s) = (t — 5)?, p1(t) = =1/(2t), pa(t) = —1/t. Then h%(t,s) = 4, v(¢) =
va(t) = 2, 4n (£) = L2((£+2)/ (2t +2) + 1), Yo (8) = £2(3 = (£2/((2£ + 2) (£ —2)))), and a straightfor-
ward computation shows that all assumptions of Theorem 2 are satisfied. Hence, equation

tion

(42) is oscillatory.

Example 6 For ¢ > 1, consider the second-order neutral delay differential equation

(et (x(t) . %x(t_ z)),>/ . Bzg@etx(t— arcsin(\/@/65)) —o. (43)

4 8

Here, r(t) = €, p(t) = 1/3, T = /4, q(t) = 32/65¢*/3, R(t) = e*, and f (x(¢), x(o (£))) = x(t —
(arcsin(+/65/65))/8).

Lety =1,k =1, H(t,s) = (t — 5)%, p1(t) = pa(t) = 0. Then K2(t,s) = 4, vi(t) = »(t) = 1,
Y1 (t) = (64+/65/9)et, s (t) = (324/65/3)(1 — (1/3)e™*)et. Tt is not difficult to verify that
all assumptions of Theorem 2 hold. Hence, equation (43) is oscillatory. In fact, one such
solution is x(¢) = sin 8¢.

4 Conclusions

Most oscillation results reported in the literature for neutral differential equation (1) and
its particular cases have been obtained under the assumption (2) which significantly sim-
plifies the analysis of the behavior of z(¢) = x(¢) + p(¢)x(¢ — 7) for a nonoscillatory solution
x(t) of (1). In this paper, using a refinement of the integral averaging technique, we have
established new oscillation criteria for second-order neutral delay differential equation (1)
assuming that (3) holds.

We stress that the study of oscillatory properties of equation (1) in the case (3) brings
additional difficulties. In particular, in order to deal with the case when z/'(t) < 0 (which
is simply eliminated if condition (2) holds), we have to impose an additional assumption
p(t) <R(2)/R(t — T) <1.Infact, it is well known (see, e.g., [6, 14]) that if x(¢) is an eventually
positive solution of (1), then

x(t) = (1 - p(2)2(2). (44)

One of the principal difficulties one encounters lies in the fact that (44) does not hold
when (3) is satisfied, ¢f. [8]. Since the sign of the derivative z'(¢) is not known, our criteria
for the oscillation of (1) include a pair of assumptions as, for instance, (8) and (9). On the
other hand, we point out that, contrary to [8, 13, 18, 19], we do not need in our oscillation
theorems quite restrictive conditions (4) and (5), which, in a certain sense, is a significant
improvement compared to the results in the cited papers. However, this improvement has
been achieved at the cost of imposing condition (6).
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Therefore, two interesting problems for future research can be formulated as follows.

(P1) Is it possible to establish oscillation criteria for (1) without requiring conditions (4),
(5), and (6)?

(P2) Suggest a different method to investigate (1) in the case where y <1 (and thus
inequality (7) does not hold).
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