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The Design of Sum-of-Cisoids Rayleigh Fading Channel Simulators
Assuming Non-Isotropic Scattering Conditions

Carlos A. Gutiérrez, Member, IEEE, and Matthias Pätzold, Senior Member, IEEE

Abstract—In this letter, we introduce the Riemann sum method
(RSM) as an effective tool for the design of sum-of-cisoids
(SOC) simulators for narrowband mobile Rayleigh fading chan-
nels under non-isotropic scattering conditions. We compare the
performance of the RSM with that of the generalized method
of equal areas (GMEA) and the 𝐿𝑝-norm method (LPNM),
which were until now the only methods available for the design
of SOC simulators for non-isotropic scattering channels. The
obtained results indicate that the RSM is better suited than the
GMEA and the LPNM to emulate the channel’s autocorrelation
function (ACF), whereas the latter two methods are more precise
regarding the approximation of the envelope distribution. The
results also show that the benefits of increasing the number of
cisoids are more significant in the case of the RSM than in the
case of the GMEA and LPNM. Owing to its simplicity and good
performance, the RSM can be used to design flexible simulation
platforms for the laboratory analysis of mobile communication
systems operating in non-isotropic scattering environments.

Index Terms—Channel simulators, mobile communications,
non-isotropic scattering, fading channels, sum-of-cisoids, sum-
of-sinusoids.

I. INTRODUCTION

S IMULATION MODELS having the ability to reproduce
the statistical properties of non-isotropic scattering chan-

nels are highly desirable for the software-assisted performance
analysis of modern mobile communication systems. They are
important, for example, to assess the performance of handover
algorithms and speed estimation techniques under realistic
propagation scenarios in which the quadrature components of
the channel’s complex envelope are cross-correlated [1].

It has been shown in a number of papers, e.g., [2]–[5],
that the simulation of non-isotropic scattering channels can
efficiently be performed by means of a finite sum of complex
sinusoids (cisoids). Sum-of-cisoids (SOC) models are closely
related to the electromagnetic plane-wave propagation model
[6]. They provide an excellent basis not only for enabling the
simulation of narrowband single-input single-output (SISO)
channels [3], but also for the simulation of wideband multiple-
input multiple-output (MIMO) channels [5]. The interested
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reader can find detailed background information on the the-
ory behind the design of SOC simulators for mobile fading
channels in [7].

Currently, there exist only two parameter computation meth-
ods suitable for the design of SOC simulators for non-isotropic
scattering channels, namely the 𝐿𝑝-norm method (LPNM) [2]
and the generalized method of equal areas (GMEA) [3], [7].
Both methods produce good results regarding the emulation
of the channel’s statistics [2]–[5]. Nonetheless, the LPNM
relies upon numerical optimization techniques that make the
determination of the model parameters a time-consuming
task. In contrast to this, the GMEA requires a comparatively
large number of cisoids to properly emulate the channel’s
correlation properties. The development of new methods,
under the constraint of simplicity and accuracy, is therefore
desirable to facilitate the performance analysis of modern and
forthcoming mobile communication systems operating in non-
isotropic scattering environments.

In this letter, we introduce a simple and effective method
for the design of SOC simulators for mobile Rayleigh fading
channels under the assumption of non-isotropic scattering con-
ditions. The proposed method, which is based on a Riemann
sum approximation of the channel’s autocorrelation function
(ACF), is presented here in the context of SISO channels.
Its extension to the design of MIMO channel simulators is
straightforward. We evaluate the performance of the Riemann
sum method (RSM) with respect to its accuracy and efficiency
for emulating the ACF and the envelope distribution of the
channel. In addition, we compare its performance with that of
the GMEA and the LPNM. With no loss of generality, we carry
out our investigations by assuming that the channel’s angle of
arrival (AOA) statistics follows the von Mises distribution [8].
The obtained results show that the GMEA and the LPNM
are more precise than the RSM regarding the approximation
of the envelope distribution. However, the RSM outperforms
the other two methods when it comes to the emulation
of the channel’s ACF. Our investigations also indicate that
the benefits of increasing the number of cisoids are more
significant in the case of the RSM than in the case of the
GMEA and LPNM.

The rest of the paper is organized as follows. Sections II
and III review the characteristics of the reference channel
model and the SOC simulation model, respectively. Section IV
introduces the RSM. Its performance is evaluated in Section V.
Finally, the main points are summarized in Section VI.

II. THE REFERENCE MODEL

Our reference model is a small-scale frequency-nonselective
Rayleigh fading channel. We model the channel’s complex
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envelope in the equivalent baseband by a stationary zero-mean
complex Gaussian process1 𝜇𝜇𝜇(𝑡) with variance 𝜎2𝜇𝜇𝜇. Following
Clarke’s two-dimensional scattering propagation model [9],
and invoking the central limit theorem [10, pp. 281–290], we
can express the complex Gaussian process 𝜇𝜇𝜇(𝑡) as a series of
horizontally traveling plane waves as follows

𝜇𝜇𝜇(𝑡) = lim
𝑁→∞

𝜎𝜇𝜇𝜇√
𝑁

𝑁∑
𝑛=1

exp {𝑗(2𝜋𝑓𝑓𝑓𝑛𝑡+ 𝜃𝜃𝜃𝑛)} . (1)

In line with Clarke’s model, we define the phases 𝜃𝜃𝜃𝑛 in
(1) as independent random variables uniformly distributed on
[−𝜋, 𝜋). The Doppler frequencies 𝑓𝑓𝑓𝑛 are defined as 𝑓𝑓𝑓𝑛 ≜
𝑓max cos(𝛼𝛼𝛼𝑛), 𝑛 = 1, 2, . . . , 𝑁 , where 𝑓max is the maximum
Doppler shift due to the movement of the receiver, and 𝛼𝛼𝛼𝑛 is
the AOA of the 𝑛th incident wave. The AOAs 𝛼𝛼𝛼𝑛 are assumed
to be independent and identically distributed (i.i.d.) random
variables. In addition, the AOAs 𝛼𝛼𝛼𝑛 and the phases 𝜃𝜃𝜃𝑛 are
considered as being statistically independent.

The reference model can be characterized by means of the
ACF 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) ≜ 𝐸{𝜇𝜇𝜇∗(𝑡)𝜇𝜇𝜇(𝑡 + 𝜏)} of 𝜇𝜇𝜇(𝑡); 𝐸{⋅} denotes
statistical expectation and (⋅)∗ the complex conjugate. One
can verify that [7, Sec. 2.3.1]

𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) = 2 𝜎2𝜇𝜇𝜇

𝜋∫
0

𝑔𝛼𝛼𝛼(𝛼) exp {𝑗2𝜋𝑓max cos(𝛼)𝜏} 𝑑𝛼 (2)

where 𝑔𝛼𝛼𝛼(𝛼) is the even part of the probability density
function (PDF) of the AOA 𝑝𝛼𝛼𝛼(𝛼), i.e., 𝑔𝛼𝛼𝛼(𝛼) ≜ [𝑝𝛼𝛼𝛼(𝛼) +
𝑝𝛼𝛼𝛼(−𝛼)]/2. The von Mises distribution has been shown to be
an adequate model for the AOA statistics of mobile fading
channels in both isotropic and non-isotropic scattering envi-
ronments [8]. In this paper, we will consider such a distribution
to demonstrate the performance of the RSM. The von Mises
PDF and its even part are given, in that order, by:

𝑝VM
𝛼𝛼𝛼 (𝛼) ≜ exp {𝜅 cos(𝛼−𝑚𝛼)}

2𝜋𝐼0(𝜅)
(3)

𝑔VM
𝛼𝛼𝛼 (𝛼) =

exp {𝜅 cos(𝛼) cos(𝑚𝛼)}
2𝜋𝐼0(𝜅)

× cosh (𝜅 sin(𝛼) sin(𝑚𝛼)) (4)

for 𝛼 ∈ [−𝜋, 𝜋). The parameter 𝑚𝛼 ∈ [−𝜋, 𝜋) designates the
mean AOA, 𝜅 ≥ 0 determines the angular spread, and 𝐼0(⋅) is
the zeroth order modified Bessel function of the first kind. By
substituting (4) into (2), we obtain the following closed-form
expression for the ACF of 𝜇𝜇𝜇(𝑡) [8]:

𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) =
𝜎2𝜇𝜇𝜇
𝐼0(𝜅)

𝐼0

({
𝜅2 − (2𝜋𝑓max𝜏)

2

+𝑗4𝜋𝜅𝑓max cos(𝑚𝛼)𝜏
}1/2)

. (5)

Under isotropic scattering conditions (𝜅 = 0), the ACF defined
in (5) reduces to 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) = 𝜎2𝜇𝜇𝜇 𝐽0(2𝜋𝑓max𝜏), where 𝐽0(⋅)
denotes the zeroth order Bessel function of the first kind.

Regarding the distributions of the envelope 𝜁𝜁𝜁(𝑡) ≜ ∣𝜇𝜇𝜇(𝑡)∣
and phase 𝜙𝜙𝜙(𝑡) ≜ arg{𝜇𝜇𝜇(𝑡)} of 𝜇𝜇𝜇(𝑡), one can demonstrate

1Throughout the paper, we will make use of bold symbols and letters to
denote random variables and stochastic processes, whereas we will employ
normal symbols and letters for constants and deterministic processes.

that irrespective of the AOA statistics, the PDFs of 𝜁𝜁𝜁(𝑡) and
𝜙𝜙𝜙(𝑡) are given by [11, Sec. 6.1.1]:

𝑝𝜁𝜁𝜁(𝑧) =
2 𝑧

𝜎2𝜇𝜇𝜇
⋅ exp

{
− 𝑧

2

𝜎2𝜇𝜇𝜇

}
, 𝑧 ≥ 0 (6)

𝑝𝜙𝜙𝜙(𝜃) =
1

2𝜋
, 𝜙 ∈ [−𝜋, 𝜋) (7)

respectively. Equation (6) can be identified as the Rayleigh
PDF [10, p. 113], whereas the PDF in (7) is the uniform
density for circular variates [12, Sec. 3.5.3].

III. THE SOC-BASED SIMULATION MODEL

One may observe from (1) that a hardware/software re-
alization of the reference model described by 𝜇𝜇𝜇(𝑡) is not
possible, as it requires the implementation of a sum of an
infinite number of cisoids. Fortunately, most of the statistical
properties of 𝜇𝜇𝜇(𝑡) relevant for system performance analysis—
such as the correlation properties and the distributions of the
envelope and phase—can be approximated by a simulation
model comprising a finite SOC. In this paper, we will consider
a stochastic SOC simulation model of the form

𝜇̂̂𝜇̂𝜇(𝑡) =

𝑁∑
𝑛=1

𝑐𝑛 exp
{
𝑗(2𝜋𝑓𝑛𝑡+ 𝜃𝜃𝜃𝑛)

}
. (8)

The phases 𝜃𝜃𝜃𝑛 introduced above are defined as i.i.d. random
variables, each having a uniform distribution over [−𝜋, 𝜋),
whereas the Doppler frequencies 𝑓𝑛 are given as 𝑓𝑛 ≜
𝑓max cos(𝛼̂𝑛), 𝑛 = 1, 2, . . . , 𝑁 , where 𝛼̂𝑛 ∈ [0, 𝜋). To ensure
that the variance of 𝜇̂̂𝜇̂𝜇(𝑡) equals that of the reference model,
it is assumed that the cisoids’ gains 𝑐𝑛 satisfy the boundary
condition

∑𝑁
𝑛=1 𝑐

2
𝑛 = 𝜎2𝜇𝜇𝜇 [13, Sec. III.A].

The statistical properties of the SOC model in (8) have
thoroughly been investigated in [13]. In that paper, it is shown
that 𝜇̂̂𝜇𝜇(𝑡) is a wide-sense stationary (WSS) process with mean
zero and variance 𝜎2𝜇𝜇𝜇. In addition, it is demonstrated that the
ACF 𝑟𝜇̂̂𝜇̂𝜇𝜇̂̂𝜇̂𝜇(𝜏) ≜ 𝐸{𝜇̂̂𝜇𝜇∗(𝑡)𝜇̂̂𝜇𝜇(𝑡 + 𝜏)}, the PDF 𝑝𝜁𝜁𝜁(𝑧) of the

envelope 𝜁𝜁𝜁(𝑡) ≜ ∣𝜇̂̂𝜇𝜇(𝑡)∣, and the PDF 𝑝𝜙𝜙𝜙(𝜃) of the phase

𝜙𝜙𝜙(𝑡) ≜ arg{𝜇̂̂𝜇𝜇(𝑡)} of 𝜇̂̂𝜇̂𝜇(𝑡) are equal to:

𝑟𝜇̂̂𝜇̂𝜇𝜇̂̂𝜇̂𝜇(𝜏) =

𝑁∑
𝑛=1

𝑐2𝑛 exp {𝑗2𝜋𝑓max cos(𝛼̂𝑛)𝜏} (9)

𝑝𝜁𝜁𝜁(𝑧) = 𝑧(2𝜋)2
∞∫
0

[
𝑁∏

𝑛=1

𝐽0(2𝜋∣𝑐𝑛∣𝑥)
]

×𝐽0(2𝜋𝑧𝑥)𝑥 𝑑𝑥, 𝑧 ≥ 0 (10)

𝑝𝜙𝜙𝜙(𝜃) =
1

2𝜋
, 𝜃 ∈ [−𝜋, 𝜋) (11)

respectively. Simulation results presented in [13] indicate that
the envelope PDF defined in (10) is in good agreement with
the Rayleigh PDF 𝑝𝜁𝜁𝜁(𝑧) for values of 𝑁 as small as ten if
𝑐𝑛 = 𝜎𝜇𝜇𝜇/

√
𝑁 . In fact, it is demonstrated in [13] that if 𝑐𝑛 =

𝜎𝜇𝜇𝜇/
√
𝑁 , then 𝑝𝜁𝜁𝜁(𝑧) → 𝑝𝜁𝜁𝜁(𝑧) as 𝑁 → ∞.

Without going into details, we observe that the stochas-
tic SOC simulator described by 𝜇̂̂𝜇̂𝜇(𝑡) is mean-ergodic and
autocorrelation-ergodic on the condition that the Doppler fre-
quencies 𝑓𝑛 satisfy the inequalities 𝑓𝑛 ∕= 0 ∀𝑛 and 𝑓𝑛 ∕= 𝑓𝑚,

Authorized licensed use limited to: UNIVERSITY OF AGDER. Downloaded on May 19,2010 at 07:13:28 UTC from IEEE Xplore.  Restrictions apply. 



1310 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 9, NO. 4, APRIL 2010

𝑛 ∕= 𝑚. For further information, we refer the reader to [7,
Sec. 3.5].

IV. THE RIEMANN SUM METHOD

A. Basic Approach

The problem at hand consists in finding values for the
Doppler frequencies 𝑓𝑛 (or equivalently, for the AOAs 𝛼̂𝑛)
and the gains 𝑐𝑛 of the SOC simulation model defined in (8)
that allow for a proper emulation of the statistical properties of
the reference model. To solve this problem, we will assume
that the PDF of the AOA 𝑝𝛼𝛼𝛼(𝛼) contains no singularities,
so that one can regard the integral in (2) as being a proper
integral. Under this consideration, 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) can be written as a
midpoint Riemann sum of the form

𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) = lim
𝑁→∞

2𝜋𝜎2𝜇𝜇𝜇
𝑁

𝑁∑
𝑛=1

𝑔𝛼𝛼𝛼

(
𝜋

𝑁

[
𝑛− 1

2

])

× exp

{
𝑗2𝜋𝑓max cos

(
𝜋

𝑁

[
𝑛− 1

2

])
𝜏

}
.

If we remove the limit 𝑁 → ∞ from the equation above, then
we may presume that

𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) ≈ 2𝜋𝜎2𝜇𝜇𝜇
𝑁

𝑁∑
𝑛=1

𝑔𝛼𝛼𝛼

(
𝜋

𝑁

[
𝑛− 1

2

])

× exp

{
𝑗2𝜋𝑓max cos

(
𝜋

𝑁

[
𝑛− 1

2

])
𝜏

}
. (12)

A comparison of (9) and (12) suggests that the ACF 𝑟𝜇̂̂𝜇̂𝜇𝜇̂̂𝜇̂𝜇(𝜏)
of the simulation model will render a good approximation to
𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) if we choose:

𝛼̂𝑛 =
𝜋

𝑁

(
𝑛− 1

2

)
(13)

𝑐𝑛 =
𝜎𝜇𝜇𝜇
𝑐Σ

√
2𝜋

𝑁
𝑔𝛼𝛼𝛼 (𝛼̂𝑛) (14)

for 𝑛 = 1, 2, . . . , 𝑁 , where 𝑐Σ is a normalization param-
eter introduced to guarantee the fulfillment of the equality∑𝑁

𝑛=1 𝑐
2
𝑛 = 𝜎2𝜇𝜇𝜇. By substituting 𝑐𝑛 from (14) into the afore-

mentioned equality, we find that 𝑐Σ =
√

2𝜋
𝑁

∑𝑁
𝑚=1 𝑔𝛼𝛼𝛼 (𝛼̂𝑚).

Taking this into account, we can rewrite (14) simply as

𝑐𝑛 = 𝜎𝜇𝜇𝜇

√
𝑔𝛼𝛼𝛼 (𝛼̂𝑛)∑𝑁

𝑚=1 𝑔𝛼𝛼𝛼 (𝛼̂𝑚)
, 𝑛 = 1, 2, . . . , 𝑁. (15)

The methodology given by (13) and (15) establishes a pa-
rameter computation method that we will refer to as the basic
RSM (BRSM). It is worth mentioning that the idea behind the
BRSM has recently been applied in [14] to simulate mobile
MIMO Rayleigh fading channels, yielding remarkable results
concerning the emulation of the spatial cross-correlation func-
tion and the temporal ACF.

It is evident that if the parameters of 𝜇̂̂𝜇̂𝜇(𝑡) are computed
by applying the BRSM, then 𝑟𝜇̂̂𝜇̂𝜇𝜇̂̂𝜇̂𝜇(𝜏) → 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) as 𝑁 → ∞.
Furthermore, by invoking Lyapunov’s central limit theorem
[15, p. 146], one can state that in the limit when 𝑁 → ∞, the
quadrature components of 𝜇̂̂𝜇̂𝜇(𝑡) are Gaussian processes with
zero mean and variance 𝜎2𝜇𝜇𝜇/2. Hence, we can presume that
𝑝𝜁𝜁𝜁(𝑧) → 𝑝𝜁𝜁𝜁(𝑧) as 𝑁 → ∞. For a finite number of cisoids,

we have experimentally observed that irrespective of the AOA
statistics, the BRSM produces an excellent approximation to
the ACF of 𝜇𝜇𝜇(𝑡) for 𝜏 ∈ [− 𝑁

4𝑓max
, 𝑁
4𝑓max

]
. However, we have

also observed that the BRSM performs poorly regarding the
emulation of the envelope distribution of 𝜇𝜇𝜇(𝑡) if the angular
spread is small, i.e., if the scattering is highly non-isotropic.
Under such circumstances, there is a significant difference
among the gains 𝑐𝑛 of 𝜇̂̂𝜇𝜇(𝑡). This characteristic does not entail
any problems for the emulation of 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏), but it does affect the
effectiveness of the simulation model for approximating the
PDF of 𝜁𝜁𝜁(𝑡), as the best fitting of 𝑝𝜁𝜁𝜁(𝑧) against the Rayleigh
density 𝑝𝜁𝜁𝜁(𝑧) is obtained if all gains 𝑐𝑛 have the same value,
i.e., if 𝑐𝑛 = 𝜎𝜇𝜇𝜇/

√
𝑁 [13]. Figure 1 exemplifies the problem

by considering the von Mises PDF.

B. Improved Approach

To improve the quality of the approximation 𝑝𝜁𝜁𝜁(𝑧) ≈ 𝑝𝜁𝜁𝜁(𝑧),
we have to impose a constraint on the range of values that the
gains 𝑐𝑛 can take. With this in mind, we will assume that the
PDF of the AOA is defined in such a way that its even part
𝑔𝛼𝛼𝛼(𝛼) has at most one maximum in [0, 𝜋). Thereby, for a given
threshold 𝛾 ∈ (0, sup{𝑔𝛼𝛼𝛼(𝛼)}𝛼∈[0,𝜋)

)
, where sup{⋅} denotes

the supremum, we can identify one and only one subinterval
ℐ𝑈 in [0, 𝜋) satisfying 𝑔𝛼𝛼𝛼(𝛼) > 𝛾, ∀𝛼 ∈ ℐ𝑈 , meaning that
𝑔𝛼𝛼𝛼(𝛼) is above the threshold only within ℐ𝑈 .2 If the threshold
is chosen low, so that 𝑔𝛼𝛼𝛼(𝛼) ≈ 0 ∀𝛼 /∈ ℐ𝑈 , then one can state
that

𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) ≈ 𝜎2𝜇𝜇𝜇
∫

𝛼∈ℐ𝑈

𝑔𝛼𝛼𝛼(𝛼) exp {𝑗2𝜋𝑓max cos(𝛼)𝜏} 𝑑𝛼. (16)

In this case, it makes sense to compute the AOAs 𝛼̂𝑛 of 𝜇̂̂𝜇̂𝜇(𝑡)
by taking into account only the subinterval ℐ𝑈 . Thereby, we
may reduce the range of the gains 𝑐𝑛 in (15) while keeping a
good approximation to 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏). Following this reasoning, we
redefine the AOAs 𝛼̂𝑛 as follows

𝛼̂𝑛 = 𝛼ℓ +
𝛼𝑢 − 𝛼ℓ

𝑁

(
𝑛− 1

2

)
, 𝛼𝑢 > 𝛼ℓ (17)

for 𝑛 = 1, 2, . . . , 𝑁 , where 𝛼ℓ and 𝛼𝑢 designate the lower
and the upper boundaries of ℐ𝑈 . The quantities 𝛼ℓ and 𝛼𝑢

are to be found by identifying the points in [0, 𝜋) at which
the function 𝑔𝛼𝛼𝛼(𝛼) crosses the threshold 𝛾 from down to up
(corresponding to 𝛼ℓ) and/or from up to down (corresponding
to 𝛼𝑢). If no up-crossing is observed, then 𝛼ℓ = 0, whereas
𝛼𝑢 = 𝜋 if no down-crossing occurs.

The methodology resulting in (15) and (17) constitutes the
RSM. For this method, we can state on the basis of Lyapunov’s
central limit theorem that 𝑝𝜁𝜁𝜁(𝑧) → 𝑝𝜁𝜁𝜁(𝑧) as 𝑁 → ∞, as in
the case of the BRSM. However, for the RSM, we have that
if
∫
𝛼/∈ℐ𝑈

𝑔𝛼𝛼𝛼(𝛼)𝑑𝛼 ∕= 0, then lim𝑁→∞ 𝑟𝜇̂̂𝜇̂𝜇𝜇̂̂𝜇̂𝜇(𝜏) ∕= 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏).
It is worth mentioning that under isotropic scattering con-

ditions, the RSM reduces to the extended method of exact

2This consideration is in line with the characteristics of several important
theoretical models for the distribution of the AOA, such as those described
in [12, Sec. 3.5] and [16]. However, for some empirical models derived from
measured data, various disjoint subintervals ℐ𝑈,𝑚, 𝑚 = 1, 2, . . . ,𝑀 , could
be identified in [0, 𝜋) satisfying 𝑔𝛼𝛼𝛼(𝛼) ≥ 𝛾 ∀𝛼 ∈ ℐ𝑈,𝑚. We recognize the
importance of designing measurement-based channel simulation models, but
we leave this problem for future research, as it is beyond the scope of this
letter.
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Fig. 1. Comparison between the Rayleigh PDF 𝑝𝜁𝜁𝜁(𝑧) and the envelope PDF
𝑝
𝜁𝜁𝜁
(𝑧) of the simulation model by applying the BRSM to the von Mises PDF

of the AOA with parameters 𝑚𝛼 = 0∘ and 𝜅 = 10 (severe non-isotropic
scattering conditions).

Doppler spread (EMEDS) [4], which is a parameter compu-
tation method that exactly reproduces the Doppler spread of
isotropic scattering channels for any value of 𝑁 . These two
methods are actually based on the same approach, since the
EMEDS has been derived from a Riemann sum approximation
of the ACF 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) = 𝜎2𝜇𝜇𝜇 𝐽0(2𝜋𝑓max𝜏) characterizing isotropic
scattering channels. However, the EMEDS cannot be used di-
rectly to design simulation models for non-isotropic scattering
channels.

C. Computation of the Threshold

Choosing a proper value for the threshold 𝛾 is clearly the
critical step in the RSM. In fact, when setting the threshold,
one has to be aware of the fact that the method will be affected
by the same problems of the BRSM if 𝛾 is too small. On
the other hand, if 𝛾 is large, then the RSM will become
more precise regarding the approximation of the envelope
distribution of 𝜇𝜇𝜇(𝑡), but it will loose accuracy with respect to
the emulation of 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏). Keeping this in mind, we propose to
compute 𝛾 as a percentage 𝑞 of the largest value (supremum)
of 𝑔𝛼𝛼𝛼(𝛼), i.e.,

𝛾 = sup{𝑔𝛼𝛼𝛼(𝛼)} × 𝑞

100
, 0 < 𝑞 < 100. (18)

A good trade-off between the approximations 𝑝𝜁𝜁𝜁(𝑧) ≈ 𝑝𝜁𝜁𝜁(𝑧)
and 𝑟𝜇̂̂𝜇̂𝜇𝜇̂̂𝜇̂𝜇(𝜏) ≈ 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) can be obtained by choosing 𝑞 ∈ [0.1, 1].
By doing so, we will introduce only a small degradation to the
relationship in (16), and the maximum value of the gains 𝑐𝑛
relative to the minimum will be constrained between 20 dB
(when 𝑞 = 1) and 30 dB (when 𝑞 = 0.1). In comparison
with the BRSM, this is a significant reduction in the range of
values of the gains 𝑐𝑛, since for such a method the quotient
max{𝑐𝑛}/min{𝑐𝑛} can be as large as 200 dB when the
scattering is highly non-isotropic [7, p. 55]. We will employ

the notation 𝛾𝑞 to indicate that the threshold equals 𝑞 percent
of the supremum of 𝑔𝛼𝛼𝛼(𝛼).

V. PERFORMANCE EVALUATION

A. Considerations

In this section, we present a performance comparison among
the RSM, the GMEA [3], and the LPNM [2] in terms of
the emulation of the reference model’s ACF 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) and
envelope distribution3 𝑝𝜁𝜁𝜁(𝑧). We consider the simulation of
three different propagation scenarios that exhibit severe non-
isotropic scattering conditions. The AOA statistics of such
scenarios are characterized by the von Mises PDF with 𝜅 = 10
and 𝑚𝛼 ∈ {0∘, 30∘, 90∘}. The parameters 𝑚𝛼 = 90∘ and
𝜅 = 10 are associated to a fading channel having a complex
envelope with uncorrelated quadrature components. The other
two parameter constellations correspond to channels whose
complex envelopes have cross-correlated quadrature compo-
nents [7].

For the GMEA, the cisoids’ gains 𝑐𝑛 are given by [3], [7]

𝑐𝑛 =
𝜎𝜇𝜇𝜇√
𝑁
, 𝑛 = 1, 2, . . . , 𝑁 (19)

whereas the AOAs 𝛼̂𝑛 are to be found by numerically solving
the equation

𝛼̂𝑛∫
0

𝑔VM
𝛼𝛼𝛼 (𝛼) 𝑑𝛼− 1

2𝑁

(
𝑛− 1

2

)
= 0, 𝑛 = 1, 2, . . . , 𝑁. (20)

The LPNM, as presented in [2], also specifies the gains 𝑐𝑛
as in (19), but the parameters 𝛼̂𝑛 (or 𝑓𝑛) should be computed
such that the following 𝐿𝑝-norm error function is minimized

𝜖(𝑝)𝑟𝜇𝜇𝜇𝜇𝜇𝜇
≜

⎧⎨
⎩ 1

𝜏max

𝜏max∫
0

∣𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) − 𝑟𝜇̂̂𝜇̂𝜇𝜇̂̂𝜇̂𝜇(𝜏)∣𝑝 𝑑𝜏
⎫⎬
⎭

1/𝑝

(21)

where 𝑝 is a positive integer and 𝜏max > 0 determines the
length of the interval [0, 𝜏max] inside of which the approxi-
mation 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏) ≈ 𝑟𝜇̂̂𝜇̂𝜇𝜇̂̂𝜇̂𝜇(𝜏) is of interest. The minimization of
𝜖
(𝑝)
𝑟𝜇𝜇𝜇𝜇𝜇𝜇 has to be done by applying a numerical optimization

algorithm, e.g., that described in [17], which can efficiently be
implemented in MATLAB R⃝ by using the fminsearch func-
tion. In our simulations, we employed the Doppler frequencies
defined by the GMEA as initial values to minimize (21). In
addition, we set 𝑝 = 2 and 𝜏max = 𝑁/(4𝑓max). There exist
several different variants of the LPNM, which are revised in
[11]. In this paper, we will focus our attention on the original
version described in [2], as it is the one that is more commonly
used. However, a performance comparison between the RSM
and the most efficient variants of the LPNM can be found in
[7]. The conclusions presented in [7] are the same as the ones
drawn here.

For the RSM, we will consider a threshold 𝛾0.5 if not
otherwise stated.

3We do not pay attention to the emulation of the phase PDF 𝑝𝜙𝜙𝜙(𝜃), as it
follows from (7) and (11) that the equality 𝑝

𝜙𝜙𝜙
(𝜃) = 𝑝𝜙𝜙𝜙(𝜃) holds regardless

of the simulation model’s parameters.
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B. Emulation of the ACF

The absolute value of the ACF of the reference model,
∣𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏)∣ [see (5)], is plotted in Fig. 2 against the absolute
value of the ACF of the simulation model, ∣𝑟𝜇̂̂𝜇̂𝜇𝜇̂̂𝜇̂𝜇(𝜏)∣ [see (9)],
by applying each of the three methods under consideration
with 𝑁 = 10. One can observe from the graphs depicted in
Fig. 2 that the RSM outperforms the LPNM and the GMEA
concerning the emulation of 𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏). In fact, in the case of
the RSM, no differences between ∣𝑟𝜇𝜇𝜇𝜇𝜇𝜇(𝜏)∣ and ∣𝑟𝜇̂̂𝜇̂𝜇𝜇̂̂𝜇̂𝜇(𝜏)∣ are
visible for 𝜏 < 2.5/𝑓max.

The root mean square error (RMSE) 𝜖(2)𝑟𝜇𝜇𝜇𝜇𝜇𝜇 of the simulation
model’s ACF [see (21)] is plotted in Fig. 3 as a function
of 𝑁 . For the RSM, we have evaluated the RMSE 𝜖

(2)
𝑟𝜇𝜇𝜇𝜇𝜇𝜇

by considering 𝛾1, 𝛾0.5, and 𝛾0.1. The graphs presented in
Fig. 3 show that the RMSE corresponding to the RSM is
considerably smaller than that associated with the GMEA and
the LPNM. Moreover, it can be noticed from the curves shown
in that figure that the performance improvement obtained by
increasing the number of cisoids is more significant in the case
of the RSM than in the case of the other two methods.

C. Emulation of the Envelope Distribution

Figure 4 shows a comparison between the envelope PDF of
the reference model, 𝑝𝜁𝜁𝜁(𝑧) [see (6)], and the envelope PDF
of the simulation model, 𝑝𝜁𝜁𝜁(𝑧) [see (10)], with 𝑁 = 10 and
𝜎2𝜇𝜇𝜇 = 1. We observe that the GMEA and the LPNM result in
exactly the same PDF of 𝜁𝜁𝜁(𝑡) for all scenarios. This is due
to the fact that the envelope PDF of the simulation model
is solely influenced by the set of gains {𝑐𝑛} [see (10)], and
both the GMEA and the LPNM define the cisoids’ gains in
the same way irrespective of the channel’s AOA statistics. The
results presented in Fig. 4 show that the LPNM and the GMEA
produce a better approximation to the PDF of 𝜁𝜁𝜁(𝑡) than the
RSM, although the performance of the RSM is quite good.

In order to quantitatively measure the methods’ perfor-
mance, we have plotted in Fig. 5 the RMSE

𝜖(2)𝑝𝜁𝜁𝜁
≜

⎧⎨
⎩

∞∫
0

∣∣∣𝑝𝜁𝜁𝜁(𝑧)− 𝑝𝜁𝜁𝜁(𝑧)∣∣∣2 𝑑𝑧
⎫⎬
⎭

1/2

(22)

between 𝑝𝜁𝜁𝜁(𝑧) and 𝑝𝜁𝜁𝜁(𝑧). Again, for the RSM, we have
considered 𝛾1, 𝛾0.5, and 𝛾0.1. One may observe from Fig. 5
that the RSM causes the largest error. Even though the RMSE
𝜖
(2)
𝑝𝜁𝜁𝜁 registered by this method is rather small, it is about two

times higher than the one produced by the other two methods.

D. Time Required for Computing the Model Parameters

In order to compare the computational load of the three
parameter computation methods, we measured the average
time that each method took to determine the value of the
gains and Doppler frequencies of the simulation model by
considering 𝑁 ∈ {10, 20, 30, 40, 50, 100}. The results are
presented in Table I. It can clearly be seen from Table I that
the RSM is by far less time-consuming than the GMEA and
the LPNM.

It is important to mention that the complexity of the SOC
channel simulator depends only on the number of cisoids
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Fig. 2. Comparison among the GMEA, the LPNM, and the RSM in terms of
the emulation of the reference model’s ACF by considering the von Mises PDF
of the AOA with parameters 𝑚𝛼 ∈ {0∘, 30∘, 90∘} and 𝜅 = 10 (𝑁 = 10,
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Fig. 3. RMSE 𝜖
(2)
𝑟𝜇𝜇𝜇𝜇𝜇𝜇 of the ACF of the SOC simulation model designed by

applying the RSM, the GMEA, and the LPNM on the von Mises PDF with
parameters 𝑚𝛼 ∈ {0∘, 30∘, 90∘} and 𝜅 = 10 (𝑓max = 91 Hz, 𝜎2

𝜇𝜇𝜇 = 1,
𝑝 = 2, 𝜏max = 𝑁/(4𝑓max)).

𝑁 , and it is therefore not influenced by the characteristics
of the parameter computation methods. Hence, for a given
value of 𝑁 , the simulator’s complexity proves to be the same
irrespective of the computational load of the chosen parameter
computation method.

VI. SUMMARY AND CONCLUSIONS

In this paper, we introduced the RSM as an effective
parameter computation method enabling the design of SOC
simulation models for narrowband mobile Rayleigh fading
channels under non-isotropic scattering conditions. The results
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TABLE I
AVERAGE TIME REQUIRED FOR COMPUTING THE GAINS AND DOPPLER FREQUENCIES OF THE SOC SIMULATION MODEL

(𝜎2
𝜇𝜇𝜇 = 1, 𝑓max = 91 HZ, AND 𝜏max = 𝑁/(4𝑓max)).

Average time† (in seconds) by considering:

Method 𝑁 = 10 𝑁 = 20 𝑁 = 30 𝑁 = 40 𝑁 = 50 𝑁 = 100

GMEA 0.37 0.73 1.09 1.46 1.86 3.72

LPNM 7.48 25.26 51.29 88.23 153.90 545.44

RSM 0.002 0.002 0.002 0.002 0.002 0.003

†The time was measured by employing an off-the-shelf notebook with an Intel R⃝ CoreTM 2 Duo processor with a 2.5 GHz clock speed.
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Fig. 4. Comparison between the envelope PDF of the reference model and
the envelope PDF of simulation model by applying the GMEA/LPNM and
the RSM on the von Mises PDF with 𝑚𝛼 ∈ {0∘, 30∘, 90∘} and 𝜅 = 10.

presented in this paper indicate that the LPNM and the GMEA
are more precise than the RSM regarding the approximation
of the envelope PDF. However, the RSM is better suited than
the other two methods to emulate the channel’s correlation
characteristics. Furthermore, the overall performance of the
RSM can considerably be improved by increasing the number
of cisoids 𝑁 , at the expenses of a negligible increment in the
time required to compute the model parameters. In contrast,
for the GMEA and the LPNM, the obtained results show that
increasing 𝑁 does not produce a significant improvement on
the RMSE of the simulation model’s ACF. What is more, in
the case of the LPNM, the time required to determine the
model parameters increases exponentially with 𝑁 . In addition
to its efficiency and good performance, the simplicity of
the RSM makes this method a suitable tool for the design
of simulation platforms for the analysis of modern mobile
wireless communication systems.
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