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We introduce the Fresnel type class #

for functionals in the Banach algebra # C”Zb "

1. Introduction

Let H be a separable Hilbert space and let .#(H) be the space
of all complex-valued Borel measures on H. The Fourier
transform of ¢ in #(H) is defined by

f@(W)=5 (W)= | expfi(nh)}dot, et
@)

The set of all functions of the form (1) is denoted by & (H) and
is called the Fresnel class of H. Let (H, B, v) be an abstract
Wiener space. It is known [1, 2] that each functional of the
form (1) can be extended to B uniquely by

& (x) = JH explilhx)do(h), xeB (2

where (-,-)” is a stochastic inner product between H and
B. The Fresnel class % (B) of B is the space of (equivalence
classes of) all functionals of the form (2). There has been
a tremendous amount of papers and books in the literature
on the Fresnel integral theory and Fresnel classes % (B)
and F(H) on abstract Wiener and Hilbert spaces. For an
elementary introduction see [3, Chapter 20].

Furthermore, in [1], Kallianpur and Bromley introduced
alarger class 7, , than the Fresnel class #(B) and showed
the existence of the analytic Feynman integral of functionals

. We also establish the existence of the generalized analytic Fourier-Feynman transform

in F4 4, for a successful treatment of certain physical
problems by means of a Feynman integral. The Fresnel class
F a4, of B* is the space of (equivalence classes of) all

functionals on B* of the following form:

2
F(xl,xz)szexp Zi(A;/zh,xj)N do(h), (3)

j=1

where A, and A, are bounded, nonnegative, and self-adjoint
operators on H and o € /(H).

In this paper we study the functionals F of the form (3)
with (x,x,) in a very general function space Cib [0,T] =
C,p[0, T1xC,,[0, T]. The function space C, [0, T], induced
by generalized Brownian motion process, was introduced
by Yeh [4, 5] and was used extensively in [6-13]. In this
paper, we also construct a concrete theory of the generalized
analytic Fourier-Feynman transform (GFFT) of functionals
in a generalized Fresnel type class defined on C [0, T]. Other
work involving GFFT theories on C,;[0, T'] 1nclude [6,7,9,
12, 13].

The Wiener process used in [1, 2, 14-17] is stationary in
time and is free of drift while the stochastic process used in
this paper, as well as in [4, 6-13, 18], is nonstationary in time
and is subject to a drift a(t).

It turns out, as noted in Remark 7 below, that including a
drift term a(t) makes establishing the existence of the GFFT



of functionals on Ci’b[O, T] very difficult. However, when
a(t) = 0 and b(t) = t on [0, T], the general function space
C,,[0,T] reduces to the Wiener space C,[0, T].

2. Definitions and Preliminaries

Let a(t) be an absolutely continuous real-valued function on
[0, T] with a(0) = 0, a'(¢) € L*[0,T], and let b(t) be a strictly
increasing, continuously differentiable real-valued function
with b(0) = 0and b'(¢) > Oforeacht € [0, T]. The generalized
Brownian motion process Y determined by a(t) and b(¢) is
a Gaussian process with mean function a(t) and covariance
function r(s,t) = min{b(s),b(t)}. For more details, see
[6, 10, 12]. By Theorem 14.2 in [5], the probability measure
p induced by Y, taking a separable version, is supported
by C,,[0,T] (which is equivalent to the Banach space of
continuous functions x on [0, T'] with x(0) = 0 under the sup
norm). Hence, (C,,[0,T], B(C,,[0,T]), p) is the function
space induced by Y where (C,, [0, T]) is the Borel o-algebra
of C,,[0,T]. We then complete this function space to obtain
(C,pl0,T], #(C,p[0,T]), u), where #(C,,[0,T]) is the set
of all Wiener measurable subsets of C, [0, T].

A subset B of C,,[0,T] is said to be scale-invariant
measurable provided pB is 7#'(C, [0, T])-measurable for all
p > 0, and a scale-invariant measurable set N is said to be a
scale-invariant null set provided u(pN) = 0 for all p > 0.
A property that holds except on a scale-invariant null set
is said to hold scale-invariant almost everywhere (s-a.e.). A
functional F is said to be scale-invariant measurable provided
F is defined on a scale-invariant measurable set and F(p-) is
W (C,;[0, T])-measurable for every p > 0. If two functionals
F and G defined on C,;, [0, T'] are equal s-a.e., we write F = G.

Let LL’; [0, T] be the space of Lebesgue measurable func-
tions on [0, T'] given by

1,2 | T 2
L, [0,T] = {v. J [v (s)]°db (s) < oo,
0
" ()
[ wndlal o < oo},

0
where |a|(-) is the total variation function of a(-). Then
Lla’)zb[O, T] is a separable Hilbert space with inner product
defined by

T

(u, V)Lﬁ = J u(t)v(t)db(t)

0

+ <LTu(t) da (t)> (LTV(t) da (t)>.

In particular, note that [Ju|| L2 = [(u, 1) 2 ]1/ 2= 0ifand only
ifu(t) =0ae on[0,T]. ’

Let {‘/5]‘}?21 be a complete orthonormal set in L}z’i[O, T],
each of whose elements is of bounded variation on [0, T'] such
that

©)

0, j#k

1, j=k (6)

T
[RCIACETOR {
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Then for each v € Lla’)zb[O, T], the Paley-Wiener-Zygmund
(PWZ) stochastic integral (v, x) is defined by the following
formula:

T n

D (19)),,8; () dx @) )

{(v,x) = lim J
n— 00 a

0

for all x € C,,[0, T] for which the limit exists; one can show
that for each v € Lz’zb [0, T], the PWZ stochastic integral
(v, x) exists for p-a.e. x € C,10,T], and if v is of bounded
variation on [0, T], then the PWZ stochastic integral (v, x)

equals the Riemann-Stieltjes integral IOT v(t)dx(t) for s-a.e.
X € Ca’b[O, T]

Remark 1. (1) For each v € Lz”zb[O, T], the PWZ stochastic
integral (v, x) is a Gaussian random variable on C,_,[0,T]
with mean IOT v(s)da(s) and variance IOT VA (s)db(s).

(2) Forallu, v € L}l’i [0,T],
j (s X (v, x) i ()
Cop[0,T]

T
=J u(s)v(s)db(s) (8)

0

+ <J-0Tu (s)da (s)) (LTV(S) da (s)).

Hence, we see that for all u, v € LL”Zb[O, T], fOT u(s)v(s)db(s) =
0 if and only if (u,x) and (v, x) are independent random
variables.

The following Cameron-Martin subspace of C,;[0,T]
plays an important role throughout this paper.
Let

Crp (0,71 = {w e C,y 0,71 0(1) = Jtz () db (5)
° ©)
for some z € Lla’i [0,T] } .

Forw € C;’b[O, T],letD : C;’b[O, T] — LL”Zb [0, T] be defined
by the following formula:

dA
Duw(t) = d_);: ), (10)

where dA,,/dA, denotes the Radon-Nikodym derivative of
the signed measure A, induced by w, with respect to
the Borel-Stieltjes measure A, induced by b. Then C;’b =

C;)b[O, T] with inner product

(o), = [ (Dwnx)(Duy ) du ()

is a separable Hilbert space.
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Using (8), we observe that the linear operator given by
(10) is an isometry. In fact, the inverse operator D!
Lla’)zb[O, T] — C{'Z’b[O, T is given by

(D'2) (1) = Lt z(s)db(s). (12)

Moreover, the triple (C;,h [0,T], C,,[0,T], u) becomes an
abstract Wiener space.

Throughout this paper, for w € C;’b [0, T, we will use the
notation (w, x)" instead of (Dw, x). We also use the following
notations for wy, w,, w € C;’b [0, T]:

T
(wy,w,), = L Duw; (t) Dw, (t)db(t), .

lwlly =+ (w, w),.

Then C;,b [0, T] with the inner product given by (13) is also a
separable Hilbert space. It is easy to see that the two norms
|- "C’b and | - [|, are equivalent. Furthermore, we have the

following assertions.
(i) a(-) is an element of C;’b[O, T].

(ii) For each w € C;,b [0, T], the random variable x —
(w, x)” is Gaussian with mean (w, a), and variance
ol

(iii) (w,ax)” = (aw, x)” = a(w, x)" for any real number
o, W € C;’b [0,T]and x € C_,[0,T].

(iv) Let {wy,...,w,} be a subset of C;,b[O, T] such that
IOT Dw,-(t)ij(t)db(t) = 81-]-, where Sij is the Kro-
necker delta. Then the random variables (w;, x) s are
independent.

In this paper, we adopt as much as possible the definitions
and notations used in [7, 9, 12, 13] for the definitions of
the generalized analytic Feynman integral and the GFFT of
functionals on C, [0, T].

The following integration formula is used several times in
this paper:

— 2
2 i B
- du = |~ L 14
jRexp{ au +ﬁu} u \/(Xexp{4a} (14)
for complex numbers o and f with Re(«) > 0.

3. The GFFT of Functionals in a Banach
Algebra F Zi’ "

Let A (C;)b[O, T1) be the space of complex-valued, countably
additive (and hence finite) Borel measures on C;,b[O, T].
M (C;,b[O, T1) is a Banach algebra under the total variation
norm and with convolution as multiplication.

We define the Fresnel type class F(C,,[0,T]) of
functionals on C,,[0,T] as the space of all stochastic

Fourier transforms of elements of -%(C;,b[()’ T1]); that is,

F € F(C,,[0,T]) if and only if there exists a measure f in
/%(C;’b [0,T1]) such that

F(x) = j exp fiw, x)"} df (w) (15)

C,l0.T]

for s-a.e. x € C_,[0, T]. More precisely, since we will identify
functionals which coincide s-a.e. on C,_ [0, T], % (C, [0, T])
can be regarded as the space of all s-equivalence classes of
functionals of the form (15).

The Fresnel type class #(C,,[0,T]) is a Banach algebra
with norm

FI=1fl= ] dlflw. 16)

In fact, the correspondence f +— F is injective, carries
convolution into pointwise multiplication and is a Banach
algebra isomorphism where f and F are related by (15).

Remark 2. The Banach algebra % (C,,[0,T]) contains sev-
eral interesting functions which arise naturally in quantum
mechanics. Let #(R) be the class of C-valued countably
additive measures on ZB(R), the Borel class of R. For v €
M (R), the Fourier transform 7 of v is a complex-valued
function defined on R by the following formula:

Y(u) = JR exp {iuvi dv (v). 17)

Let & be the set of all complex-valued functions on
[0, T] xR of the form 0(s, u) = G,(u), where {o, : 0 < s < T}is
a family from .#(R) satisfying the following two conditions:

(i) for every E € B(R), 0,(E) is Borel measurable in s,
N
(ii) [, llolldb(s) < +oo.
Let 0 € @ and let H be given by

T
H (x) = exp {L 0(t, x (1)) dt} (18)

for s-a.e. x € C,,[0,T]. Then, using the methods similar
to those used in [18], we can show that the function 0(¢, u)

is Borel-measurable and that 0(t, x(t)), j'OT 0(t, x(t))dt, and
H(x) are elements of #(C,,[0,T]). These facts are relevant
to quantum mechanics where exponential functions play a
prominent role.

Let A be a nonnegative self-adjoint operator on C;’b [0,T1]

and f any complex measure on C, [0, T]. Then the func-
tional

F(x) = J exp {i(Al/Zw,x)N} df (w) (19)

Cl4l0)

belongs to F(C,,;[0,T]) because it can be rewritten as
jc;’b[o‘ﬂ expli(w, x)"}df ,(w) for f, = f o (AY*)7. Let A be
self-adjoint but not nonnegative. Then A has the form

A=A"-A", (20)



where both A" and A™ are bounded, nonnegative, and self-
adjoint operators.

In this section we will extend the ideas of [1] to obtain
expressions of the generalized analytic Feynman integral and
the GFFT of functionals of the form (19) when A is no longer
required to be nonnegative. To do this, we will introduce
definitions and notations analogous to those in [7, 12, 13].

Let 7/(C2 5[0, T]) denote the class of all Wiener mea-
[0,T]. A
subset B of Ci,b [0, T] is said to be scale-invariant measurable
provided {(p;x;,p,x,) : (x,,x,) € B}is W(Cib [0,T])-
measurable for every p, > 0 and p, > 0, and a scale-
invariant measurable subset N of Ci’b [0, T'] is said to be scale-
invariant null provided (p x w)({(p;x1, p2%,) @ (x1,%,) €
N}) = 0 for every p, > 0 and p, > 0. A property that
holds except on a scale-invariant null set is said to hold s-
a.e. on Cab[O T]. A functional F on C ,[0,T] is said to be
scale-invariant measurable provided F is deﬁned on a scale-
invariant measurable set and F(p;-, p,-) is W(C anl0,T1)-
measurable for every p; > 0 and p, > 0. If two functionals
F and G defined on Ci,b[O, T1] are equal s-a.e., then we write
F=G.

We denote the product function space integral of a
W(Ci)b[o, T'])-measurable functional F by

surable subsets of the product function space Ca’

E[F] = Ez[F(x1,x,)]

(21
= Jz F(xp,%,)d (px p) (x5, x,)
c, 01

whenever the integral exists.

Throughout this paper, let C, C, and C, denote the set of
complex numbers, complex numbers with positive real part,
and nonzero complex numbers with nonnegative real part,

respectively. Furthermore, for all A ¢ C o A2 (or AV 3 is
always chosen to have positive real part. We also assume that
every functional F on Cf{)b[o, T] we consider is s-a.e. defined
and is scale-invariant measurable.

Definition 3. Let Ci = C, x C, and let 7(2 = C, xC,. Let
F: Ci,b[o, T] — C be such that foreach A; > 0and A, > 0,
the function space integral

J(A1,25)

(22)
= J F (/\II/le) /\Ql/zxz) d(px p) (x1,x,)
2, (0.T]

exists. If there exists a function J*(A,, A,) analytic in C* such
that J*(A;,A,) = J(A;,A,) forall A; > 0and A, > 0, then
J* (A, A,) is defined to be the analytic function space integral
of F over Ci,h[O, T] with parameter A= (A, A,), and for 1e
C2 we write

E"[F] = B [F (x),x,)]

= By’ [F (x),%,)] =

(23)
J" (A1 Ay).

Journal of Function Spaces and Applications

Let g, and g, be nonzero real numbers. Let F be a functional

such that E*™ [F] exists for all 1 € Ci. If the following limit
exists, we call it the generalized analytic Feynman integral of
F with parameter § = (q;,4,), and we write

anf

E™ [F] = B¢ [F (1, %,)]
. (24)
= Ex‘jf;g‘ @ [F(x,,x,)] = lim E™ [F],
A——ig
where 1 = (1,,1,) — —iq = (-iq,, —iq,) through values in

2
c2.

Definition 4. Let q; and g, be nonzero real numbers. For A=
(A A,) € C2and (3, y,) € Cib[O,T], let

T5 (F) (31> 35) = T, ay (F) (01 92)

. (25)
=E," [F (31 + X153 + x,)]

For p € (1,2], we define the L, analytic GFFT, T;p) (F) of F,
by the formula (A € c?)

(p) (p)
(F) (J’p)’z) T(q .

= _lim Tj (F) ()’1»)’2)

—>1q

)(F) (yl’yZ)
(26)

if it exists; that is, for each p; > 0 and p, > 0,

Ahm J ‘T' (F) (py1> P22)

!

P
-7 (F) (puy» szz)‘ d(uxu) (v 1)

(27)

where 1/p+1/p' = 1. We define the L, analytic GFFT, T;) (F)
of F, by the formula (e Ci)

TV (F) (. y,) = lim Ty () (v 3:)  (28)

4} lq
if it exists.

We note that for 1 < p < 2, TEP )(F) is defined only s-a.e.
We also note that if TEP (F) exists and if F = G, then T(p )(G)

exists and qup )(G) ~ T )(F). Moreover, from Deﬁmtlon 4,
we see that for q;, g, € R — {0}

anf;

EZ [F (x1,%0)] = T3 (F) (0,0). (29)

Next we give the definition of the generalized Fresnel type

o‘ﬂb
class 0, .
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Definition 5. Let A, and A, be bounded, nonnegative, and
self-adjoint operators on C;)b[O, T1]. The generalized Fresnel

type class F Z’i 4, of functionals on Ci)b [0, T is defined as the
space of all functionals F on Ci’b[O, T of the following form:

2
F(x,x,) = jc’ o exp {Z (Al/zw, ) } df (w) (30)
apld j=1

for some f € #(C, [0, T1). More precisely, since we identify

O‘Zb 4, €an

functionals which coincide s-a.e. on C ah[O T, ¥
be regarded as the space of all s-equivalence classes of

functionals of the form (30).

Remark 6. (1) In Definition 5, let A, be the identity operator
on Cab[O T] and A, = 0. Then G”A‘”; is essentially the

Fresnel type class %(C,,[0,T]), and for p € [L,2] and
nonzero real numbers ¢, and g,
T B 02) =T (R) (1), (31)

if it exists, where Fy(x;) = F(x;,x,) for all (x;,x,) €
Cﬁ)b[O, T] and T;f’ )(F,) means the L , analytic GFFT on
C,,[0,T]; see [6,12].
(2) The map f + F defined by (30) sets up an algebra
isomorphism between .4 (C;’b [0,T]) and F Z‘Jf, A, ifRan(A, +
A,) isdense in C; [0, T, where Ran indicates the range of an
operator. In this case # @b 4, becomes a Banach algebra under
the norm ||F|| = | f]l. For more details see [1].

Remark 7 Let F be given by (30). In evaluating
E¢[F(A]?xy, A57x,)] and Ty, (F)(yy, 3,) = E[F(y, +
/\Il/le, ¥, + A;l/zxz)] for A, > 0and A, > 0, the expression

v (s Aw)
=y (ALAsALAjw)
(32)
2 (A W, w)
_ J b, .y -1/2( 41/2
= exp {Z I:—T +il; (Aj w,a)b]]>
j=1 j
occurs. Clearly, for /lj >0,je{l,2}, |1//(7\; A; w)| < 1 for all

w e C;b[O, T]. But for 1e Ei, |w(7\; A;w)| is not necessarily

bounded by 1.
Note that for each A € C, with Aj=a;+if;, je{l,2},

e J\/aﬁwﬁw HﬁJ\/a%ﬁ%—af
b 2 8] 2

2. 32 2. 32
e w/ocj+ﬁj+ocj B w/ocj+ﬁj «;

o 2(@eg) Bl 2(@ep)

>

5
Hence, for A; € C, with Aj=a;+ifj, j€{1,2},
v (5 Asw))
_ : %j (A
= exp ]_Zl - w jw, U))b
ﬁj “ +ﬁ2 1/2
b BN T ey, )
B\ 2(e}+ )
(34)

The right hand side of (34) is an unbounded function
of wfor w € C.,[0,T]. Thus E*™[F], E*[F], T;(F), and
;P '(F) might not exist. Thus throughout this paper we will

need to put additional restrictions on the complex measure
f corresponding to F in order to obtain our results for the
GFFT and the generalized analytic Feynman integral of F.

In view of Remark 7, we clearly need to impose additional
restrictions on the functionals F in & jfl; A,
For a positive real number g, let

quz 1=(A1,/\2)€€i | /\j:‘xj"'iﬁj’
e [ Ay
J

2 (ocf + ﬁf)

1

< >
V29,

j=1,2

and let
k (%§ A w) = k(o A, Ay w)

) 2 Sy (36)
= exp 13 (20)" | A w] lall, ¢ -
j=
Then, forall X = (A,,1,) € T,
L ’2 l\/oc]+[32—(x s
[y (3 Asw)| < exp ;\W |(A w.a )b| [

J\ 2(oc +ﬁ2)

Al o

(37)



We note that for all real g; with |q;| > g, j € {1,2},

(""1]')71/2 =

+ sign (q) ;_ (38)
24| : \/|2‘11'

and (-igy, —iq,) € I .
For the existence of the GFFT of F, we define a subclass

F A?‘)’ a, of F ATf‘lz byFeF A?‘j 4, if and only if

JC;,b[O,T] k (QO;A; w) d |f| (w) < +00, (39)

where f and F are related by (30) and k is given by (36).

Remark 8. Note that in case a(t) = 0 and b(t) = t on [0, T],
the function space C,, [0, T] reduces to the classical Wiener

space Cy[0,T] and (w,a), = O for all w € C;’b[O, T] =
C[0,T]. Hence, for all X € C2, |y(1; A;w)| < 1 and for any
positive real number go, %,y = F 4 4, the Kallianpur and
Bromley’s class introduced in Section 1.

Theorem 9. Let q, be a positive real number and let F be an
element ofS‘TA‘f‘jAz. Then for any nonzero real numbers q, and
q, with |q;| > qo, j € {1,2}, the L, analytic GFFT of F, qul)(F)
exists and is given by the following formula:

T (F) (31 32)

I,

a,

2 ~ -
exp {Zi(Ayzw, yj) } 11/ (—i[j; A; w) df (w)
(011 j=1

(40)

fors-a.e. (yy, ¥,) € Cﬁ)b[O, T, where y is given by (32).

Proof. We first note that for j € {1,2}, the PWZ stochastic

. 1/2
integral (A

2
(A;/zu), a), and variance ||A1]./2w|| = (Ajw, w)b. Hence, using

w, x)~ is a Gaussian random variable with mean

(30), the Fubini theorem, the change of variables theorem and
(14), we have that forall A, > 0and A, > 0,

]()’1>J’25/\1>)‘2)

= E; [F ()’1 + /\Il/le’yz + A;mxz)]

2
B Jc;,b[o,T] P {Zi(Alj/zw’ 7)) }

Jj=1

X (ﬁExj [exp {ik;l/z(Alj/zw, xj)~H > df (w)
j=1

Journal of Function Spaces and Applications
SIRTE ~
= exp (A w, y;
JC;J,[O,T] J; ( ! ! )
2

X H(Zn(Ajw, w)b)fl/2

j=1
172
x | exp {id;"u;
R i Y

- (awa), )

2(Ajw, w)

duj df (w)
b

d ~ =2 o
= J%[Oﬂ exp {Zi( A, y)) } v (X Aw) df (w).

=
(41)

Let

T; (F) (y1 72)

2
— . 1/2 ' ~ _>. _>‘
= L;)b[o,T] exp ‘|j:11(Aj w,y]) ]’W(A, ,w) df (w)

(42)

for each 1 € C’. Clearly,

T; (F) (1> 2) =T (1 ¥ A1, 45) (43)

forallA; > 0and A, > 0. Let T, be given by (35). Then for all
X e Int(T, )

| ]k(qo;ﬁ;w)d|f|(w)<+oo.
ablt™

|T; (F) (31, 1)| < J
(44)

Using this fact and the dominated convergence theozem,
we see that T5(F)(y;, y,) is a continuous function of A =
(A, A,) on Int(I, ). For each w € C;)b[O, T], 1//()1; A;w) is an
analytic function of A throughout the domain Int(rqo) so that
JA 1//(7{; A;w)dA = 0 for every rectifiable simple closed curve

A'in Int(T, ). By (42), the Fubini theorem and the Morera
theorem, we see that T5(F)(y,, ,) is an analytic function of

1 throughout the domain Int(l“qo). Finally, using (28) with
the dominated convergence theorem, we obtain the desired
result. O

Theorem 10. Let g, and F be as in Theorem 9. Then for all p €
(1,2] and all nonzero real numbers q, and q, with |q;| > gy,

j €{1,2}, the L , analytic GFFT of F, T‘;P) (F) exists and is given
by the right hand side of (40) for s-a.e. (y,, y,) € Cib[O, T].
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Proof. Let I be given by (35). It was shown in the proof

of Theorem 9 that T5(F)(y;, y,) is an analytic function of i
throughout the domain Int(T,, ). In view of Definition 4, it will
suffice to show that for each p; > 0 and p, > 0,

lim J |T~ (F) (p1y1 P232)
A ——ig C2

7 (45)
_T,;P) (F) (Pl)’l > P2)’2)|

xd(pxp)(y1,3,) =0

Fixing p € (1,2] and using the inequalities (37) and (39),
we obtain that for all p; > 0, j € {1,2} and all 1e L

!

p
IT5.(B) (puy o) = TS (B) (P31 o)

2
1/2 ~
JCL),J[O,T] €xp ‘|; (A w, LVJ) }

<

!

p

X [1;/ (7\, A; w) -y (—i('j; A;

: (IC;,bio,Tl [|1//(A; o

p
S(ZI k(qo;f_(;w)d|f|(w)) < 400.
C,l0.T]

w)]df(w)

!

R P
)|+ (- &) als] @)

(46)

Hence, by the dominated convergence theorem, we see that
for each p € (1,2] and each p; > 0 and p, > 0,

lim J 'TX (F) (131> p2y2)
A—-ig JC[0.T]

P,
=T (F) (puyns pay)| e (i x 11) (31, 32)

Jc;,b[o,ﬂ P { Yi(Afw.pyy) }

j=

= lim J
A—-ig JC[0.T]

—_

*,A,w )df (w)

2
exp <|Zz Al/zw, pjy]) }
j=1

/

C’ " o[0.T1]

x y (-ig; A w) df (w)

xd (uxu) (v, y,)

7
= ex i(AVw, p.y.)
Jc;,b[o,ﬂ L;,b[o,ﬂ P {]Zl (a7 7w, p;y;) }
x _lim [1// (X, A; w)
A——ig
P’
—y (-ig; A w) ] df (w)
d (pxp) (15 2)
=0
(47)
which concludes the proof of Theorem 10. O

Remark 11. (1) In view of Theorems 9 and 10, we see that
for each p € [1,2], the L, analytic GFFT of F, T(;p)(F) is
given by the right hand side of (40) for g, q;, 5, and F as
in Theorem 9, and for s-a.e. (y;, ¥,) € Cﬁ)b[O, T],

pelL,2].
(48)

anf;
() (F)(y1>32) = E." [F (3 +x1 0, + %)),

In particular, using this fact and (29), we have that for all p €
(1,2],

anf

P (F)(0,0) = EX7 [F (x,x,)] - (49)

(2) For nonzero real numbers g, and g, with |g;| > qy,
j €1{1,2}, define a set function f; : @(C;,b[O,T]) — Cby

f? (B) = Lu/(—iq; Aw)df (w), Be%(C,,[0,T]),
(50)

where f and F are related by (30) and %’(C;’b[o, T)) is the
Borel o-algebra of C;,b[O,T]. Then it is obvious that qu

belongs to .2(C,,[0,T]) and for all p € [1,2], TS (F) can
be expressed as

2 o
T (F) (31, 3,) = J%O’T] exp {j_Zli(AE”w, 7) } dfy ()
(51)

for s-a.e. (y;,¥,) € Cib[O, T]. Hence, T’;P)(F) belongs to
S‘«‘A‘f’)iz forall p € [1,2].

4. Relationships between the GFFT and the

Function Space Integral of Functionals in

ara,b
7 ALA,

In this section we establish a relationship between the GFFT

and the function space integral of functionals in the Fresnel

o‘db
type class F , .



Throughout this section, for convenience, we use the
following notation: for given A € C, andn =1,2,..., let

G, (A4, x)

k:1 (52)

where {e,}7’ is a complete orthonormal set in (C;’b[O, T],
- ).

To obtain our main results, Theorems 14 and 17 below,
we state a fundamental integration formula for the function
space C,, [0, T].

Let{e;,...,e,} beanorthonormal setin (C;’b[O, TLI - 1ly)s
letk : R" — C be a Lebesgue measurable function, and let
K:C,,[0,T] — C be given by

K(x)=k((e},x)",

S(enx)7). (53)
Then

E[m:j k((er,x) - o, (e ) ) dpt ()
C,p[0,T]

= (zn)_"/zj k(uy,... u,)
R

2
X exp {—ZM} du,...du,
=1

(54)

in the sense that if either side of (54) exists, both sides exist
and equality holds.

We also need the following lemma to obtain our main
theorem in this section.

Lemma 12. Let {e,,...,e,} be an orthonormal subset of
(C;,b[O, TL N - ll) and let w be an element ofC;’h[O, T]. Then
foreach A € C,, the function space integral

E. [G, (A, x) exp {i(w, x)"}] (55)
exists and is given by the formula

E, [G, (A, x) exp {i(w, x)"}]
o A-1]1< 1
=\ "2 exp { [7] kz::l(ek,w)lz, - 5||w||z

+1A 12 Z(ek,

(ek) w)b

k=1

n 1/2
+ i(en+1’a)b|:”w"§ S w)i] } )

(56)
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where G,, is given by (52) above and

“172
€1 = [||w||§ - Z(ej,w)Z] {w— Z( €p )bej} :
i =
(57)

Proof (Outline). Using the Gram-Schmidt process, for any

w € C;,b[O, T], we can write w = ZZ:; c.e, Where
{e1,...,€,€,,,} is an orthonormal set in (C,,[0,T1,| - [,)
and
(e w),, k=1,...,n
G = 2 n 2 1/2 (58)
lwll - jg (epw),| » k=n+1.

Then using (52), (54), the Fubini theorem, and (14), it follows
that (56) holds for all A € C,. O

The following remark will be very useful in the proof of
our main theorem in this section.

Remark 13. Let g, be a positive real number and let I, be
given by (35). For real numbers ¢, and g, with |g;| > qo, je€

{1,2}, let {)\n}n:1 = {(Ap Ar)}e2, be a sequence in C7 such

that
Xn = (Al,rﬂ /\Z,n) — ~id = (~iq;, ~iq,) . (59)
Let A, ntif, for j € {1,2} and n € N. Then for
jefL,2}, Re(/\ )—(x > 0 and
-1 &y~ lﬁn
/\Tlnz (X'n+iﬁ‘n = 2 (60)
J» ( Js J» ) “in n ﬁin

for each n € N. Since |Im ((—iqj)*1/2)| = 1/4/2lq;1 < 1/~/24,
for j € {1, 2}, there exists a sufficiently large L € N such that
foranyn>1L, A, and A, , are in Int(I; ) and

W in=1}
U {|Im (/\;,ln/z)| n> L}
U {[im ((ia) ™) (61)

i ((-i2)™")|})

8(q1,q,) = sup ({ [tm (X

1
< .
V24,

Thus, there exists a positive real number ¢ > 1 such that

8(q1>92) < 1/(ev2qp).
Let {e,},>, be a complete orthonormal set in (C;)b[O, T],
| - Il). Using Parseval’s identity, it follows that

[ee)

=Y (e 91)p(en 32), (62)

n=1

(91’92
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forall g, g, € C;’b[O, T]. In addition for each g € C{;,b[O, T],

“g"b Z(ek’g)b Z (ek’g)b 20 (63)

k=n+1

for every n € N.
Since

(9:a) Z(en,

p(ena), (64)

and fore > 1

=elgll,lally < =lgl,lall, < (9. 4),

65)
< |lgl,lall, < elgll,lal,,

there exists a sufficiently large K; € Nsuch thatforanyn > K;

g(ek, Al w) e a),

for j € {1,2}.
Using these and a long and tedious calculation we can
show that for every n > max{L, K, K,},

2 AJ 1 ¢ 1/2 1/2
€xp Z ) Z(ek’A w "A “b
j=1 n

k=1
2N /
) -1/2 1/2 :
+1)tj)n Z(ek,Aj w)b(ek,a)b+z(en+1,a)b
k=1

" 12
- S]]

< k(qo;ﬁ;w),

<e|aw| lal,  (66)

(67)
where k(q; A w) is given by (36).

In our next theorem, for F € 97 |4, Weexpress the GFFT

of F as the limit of a sequence of functlon space integrals on
c2,l0,T).

Theorem 14. Let g, and F be as in Theorem 10. Let {e,}2,
be a complete orthonormal set in (C;’b[O, TL - llp) and let

{A L A )12, be a sequence in C3 such that Ain — —ig;
where q; is a real number with |q;| > qq, j € {1,2}. Then for

p € [1,2] and for s-a.e. (y,, y,) € Ci,b[O,T],
T2 (F) (1, 7,)
= lim AAS

xE; [G, (Al,n’ x,) G, (AZ,n’ %) F(y1+ x5y, + X5)] 5
(68)

where G,, is given by (52).

Proof. By Theorems 9 and 10, we know that for each p € [1,2],
the L, analytic GFFT of F, T(;P )(F) exists and is given by the
right hand side of (40). Thus, it suffices to show that

anf
T(él) (F)(y1>32) = E." [F (31 + %15 5 + x,)]
= lim A72A52
X Eic’ [Gn (/\l,n’ xl) Gn ()‘Z,n’XZ)
X F(y; +xp,y, +x,)] -

Using (30), the Fubini theorem and (56) with A and w
replaced with A,

(69)

and A;/ w, j € {1,2}, respectively, we see

that
’ln/zle/j E: [G, (M n"xl) (AZ,n’XZ)F(yl + X1, ¥+ %,)]
2
- A”/ZA”/ZI exp 4 Yi(AVw, )
2 Jor o &P FZI( w ;)

(118, (o 2s)
xexp {i(A/ 2w, x )~}]>df(w)
[ {2 ()
P g

§||A1/2w||

b

+ l/\;’z/z i (ek’ a)b(ek’ Alj/zw)b

P

+i(e,1,a), "A;/zw“z
) 12
- (e A /Zw)b] >}df (w).
P

(70)

But, by Remark 13 we see that the last expression of (70) is
dominated by (39) on the region I, given by (35) for all
but a finite number of values of n. Next using the dominated
convergence theorem, Parseval’s relation and (40), we obtain
the desired result. O

Corollary 15. Let gy, F, {e,}; 1, {(A, Ay )b ey and (q1,9,)
be as in Theorem 14. Then

anf;
E. 7 [F (x),x,)]
- lim N 2
X Bz [Gy (A1 x1) G (Mg %5) F (1555)] 5
where G,, is given by (52).
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Corollary 16. Let qy, F and {e,},_, be as in Theorem 14 and
let I, be given by (35). Let 1= (A,A,) € Int (Ig,) and
{(/\l,n’ /\2,71)};1.21 - Aj’
j € {1,2}. Then
2 [F ()] = lim AT
XE?C [Gn (Al,n’xl)

be a sequence in C> such that A in

Gn(AZ,n’ ELACENIE
(72)

where G,, is given by (52).

Our another result, namely, a change of scale formula for
function space integrals now follows from Corollary 16 above.

Theorem 17. Let F ¢ ?Z?’Az and let {e,}.>, be a complete

orthonormal set in (C;,b [0, T1, 1l - ). Then for any p, > 0 and
P2 >0,

E; [F (pyxy, prxy)]
= lim p;"p," (73)

x Eg [ n (P; ’xl) G, (P;z’xz) F(xl’xZ)] >
where G,, is given by (52).

Proof. Simply choose A ; = p]72 for j € {1,2}and A, = p;z
for j € {1,2} and n € N in (72). ]

Remark 18. Of course, if we choose a(t) = 0, b(t) =
A, = I (identity operator), and A, = 0 (zero operator), then
the function space C, [0, T] reduces to the classical Wiener
space C,[0, T] and the generalized Fresnel type class # A‘?’iz
reduces to the Fresnel class #(Cy[0,T]). It is known that
F(Cy[0,T]) forms a Banach algebra over the complex field.
In this case, we have the relationships between the analytic
Feynman integral and the Wiener integral on classical Wiener
space as discussed in [14, 15].

In recent paper [19], Yoo et al. have studied a change of
scale formula for function space integral of the functionals
in the Banach algebra & (Li’b[O, T]); the Banach algebra

&(Lza)b[o, T1]) is introduced in [12].

5. Functionals in % ,
14342

In this section, we prove a theorem ensuring that various
functionals are in # Z’b n
1412

Theorem 19. Let A, and A, be bounded, nonnegative, and
self-adjoint operators on C., [0, T). Let (Y, %, y) be a o-finite
measure space and let @y : Y — C;,b[O, T] be ?—gg(c{w[o, T])
measurable forl € {1,...,d}. Let 0 : Y x RY - C be given by
0(n;-) = @1(-), where v, € ./%([Rd)for everyn € Y and where
the family {v, : n € Y} satisfies

(@) v,(E) is a % -measurable function of n for every E ¢

BRY);
(ii) v, € L'(Y, %, y).

Journal of Function Spaces and Applications

Under these hypothesis, the functional F : Ci’b[O, Tl - C
given by

F(x),x;) = Le (11; zz:(A;/z% (n) ’xj)N’

=1
(74)
STRYE ~
S (AP (1), x;) )dy (1)
=1
belongs to 9‘2}1’) a, and satisfies the inequality
171 < | [l ay . 75)

Proof. Using the techniques similar to those used in [20], we
can show that ||v, || is measurable as a function of #, that 0 is
% -measurable, and that the integrand in (74) is a measurable
function of # for every (x;, x,) € Cib [0,T1].

We define a measure 7 on % X B(R by

7(E) = L v, (E")dy(n), for Ee % x®B(R). (76)

Then by the first assertion of Theorem 3.1 in [17], T satisfies
Izl < JY Iv dy(n). Now let & : Y x RY — C »[0,T] be
defined by ®(#;v,,...,v4) = 21:1 vi9;(n7). Then q) is ¥ x
B(RY) - %(C;’b[o, T1)-measurable on the hypothesis for ¢,
le{l,...,d}.Leto = 7o ®!. Then clearlyo € /%(C;,b[O,T])
and satisfies ||o|| < |z]|.

From the change of variables theorem and the second
assertion of Theorem 3.1 in [17], it follows that for a.e.
(x1,x,) € Ci,b[O, T1 and for every p; > 0 and p, > 0,

F(pyx1> po,)

J (i(Am%(n Pix;)

j=1

Ml\)

1

Y (A0, (n), ijj)~> dy (1)

J

[ L]

(AI/Z‘PZ 1),

pjxj)~] }dvn

X (Viseeisvg) ] dy (1)

T~

1

J

j=1

ol g

X (V155 vy)
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2
124 (o ~
JYde exp E(Aj G)(n,vl,...,vd),pjxj) dr

X (V155 vg)
SR ~ 1
= ex (A w, pix; At o @ (w)
Lo om0 | 2040
SIWRTE ~
= ex (A w, p:x. do (w).
Jo o o 1 21087 0:%)
(77)
Thus, the functional F given by (74) belongs to # Ovab ,and
satisfies the inequality
IFL = lol < e < |y (o). 78)
O
As mentioned in (2) of Remark 6, & ,*® is a Banach

Al’AZ
algebra if Ran(A, + A,) is dense in C;,b [0,T]. In this case,
many analytic functionals of F can be formed. The following
corollary is relevant to Feynman integration theories and
quantum mechanics where exponential functions play an
important role.

Corollary 20. Let A, and A, be bounded, nonnegative and
self-adjoint operators on C;b[O T] such that Ran(A, + A,)

is dense in C ,[0,T]. Let F be given by (74) with 0 as in
Theorem 19, and let 5 : C — C be an entire function. Then

(B o F)(xy,x,) is in F/«”“b . In particular, exp{F(x;,x,)} €

b
F .
ALA,

Corollary 21. Let A, and A, be bounded, nonnegative, and
self-adjoint operators on C;’h[O, T], and let {g;,..., 9,4} be a

finite subset ofC;b [0,T]. Given B = 7 where v € M(R?),
define F : C2 w0, T] — Cby

2 2
P = S0 0n) o S ) )
j=1 j=1
(79)
Then F is an element of&"‘f&ﬁ’A

Proof. Let (Y,%,y) be a probability space, and for I €
{1,....d}, let () = g;. Take O(;;-) = B(-) = V(-). Then for
all py > 0and p, > 0 and for a.e. (x, x,) € Ci)b[O, T],

L ? (’7; S (A0, (1), pysy)

Jj=1

o i(Alj/z(Pd "), ijj)~> dy (1)

j=1

11
2 ~
B Jy/j <21(A11'/291’Pj"j) ’
Z
2 ~
S (A 94 px) >dy(11)
A
2 ~ 2 ~
o B0 o S e )
J= J=
= F(pix1, pyx,).
(80)
Hence, F € & ow‘jlb A O

Remark 22. Letd = 1 and let (Y, %,y) = ([0,T], B([0,T]),
my ) in Theorem 19 where m; denotes the Lebesgue measure
on [0, T]. Then Theorems 4.6, 4.7, and 4.9 in [18] follow from
the results in this section by letting A | be the identity operator
and letting A, = 0 on C;,b[O, T]. The function 0 studied in
[18] (and mentioned in Remark 2 above) is interpreted as the
potential energy in quantum mechanics.
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