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Abstract. We initiate the study of Bloch type spaces on the unit ball of a Hilbert space.
As applications, the Hardy-Littlewood theorem in infinite-dimensional Hilbert spaces and
characterizations of some holomorphic function spaces related to the Bloch type space are
presented.
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1. INTRODUCTION

The classical Bloch space of holomorphic functions on the unit disk D of the com-
plex plane C was extended to the higher dimension cases. In 1975, Hahn introduced
the notion of Bloch functions on bounded homogeneous domains in C" using the
terminology from differential geometry [7]. In [19], [20], Timoney studied further
Bloch functions on bounded homogeneous domains in terms of the Bergman met-
ric. In [11], Krantz and Ma considered function theoretic and functional analytic
properties of Bloch functions on a strongly pseudoconvex domain. To have a more
complete insight on the theory of the Bloch space in the finite dimensional space, see
the book by Zhu [25].

Recently, Bloch functions on the unit ball of an infinite-dimensional complex
Hilbert space have been studied by Blasco, Galindo and Miralles [1]. In this ar-
ticle, we will continue the study in [1] and consider Bloch type spaces on the unit
ball of a Hilbert space. Especially, we give four semi-norms of the Bloch type space
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and show their equivalences and present some other equivalent characterizations for
Bloch functions from the geometric perspective which are the infinite-dimensional
generalization of [19], Theorem 3.4.

Let B be the open unit ball of the complex Hilbert space F and let OB be the
unit sphere. The class of all holomorphic functions f: B — C is denoted by H(B).
Denote by Aut(B) the group of all biholomorphic mappings of B onto itself. For
0 < a < 00, let H be the space of holomorphic functions f € H(B) satisfying

sup(1 — [l[|*)*|f (x)| < cc.
rzcB

We abbreviate H> = H{° for a = 0.
The classical a-Bloch space is the space of holomorphic functions F': D — C
satisfying
[Pl 2= sup(1 = [22)71F(2)] < o

Now we introduce four semi-norms of the Bloch type space for f € H(B).

Denote )
[ fll1,a == Slelg(l =z Df ()],

[1fll2,0 = sup(L = [|z[|*)*|Rf(x)],
zeB
If1

where Rf(x) = Df(z)(z), fy(2) = f(zy) for z € D.
The Mobius transforms of B are holomorphic mappings ¢,, a € B, given by

3,0 = sup || fyl Be(my,
yeoB

¢a(7) = (Pa + 5aQa)(ma(7)),

where s, = /1 —|a|?, Pu(z) = ((z,a)/{(a,a))a, Qs = Id — P, and mq(z) =
(@ —x)/(1 = (z,a)).
Define

1£ 14,0 = sup(1 = [l[|*)* |V f ()]
zeB

where Vf(z) = Df o ¢,(0) with ¢, € Aut(B).
Note that, by [1], Lemma 3.5

- (1= [|=|®)[Df(@)(w)]
Vi(z)|l = su '
IVf(@)] 4 VA =z wl? + [(w, z)?

Hence, we have

- (1 — ||z[|>)*| D f(z)(w)]
[fll4.0 = vt wto /(= lZP) @l + (0, o)
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For a > 0, denote
B* ={f € H(B): [[f]l1.a <00},
and
To={f € HB): ||/
Equipped with the norm || f|lo = |f(0)] + || f]l1,o for f € B®, the Bloch type
space B% becomes a Banach space as usual. Denote the class of Bloch functions

defined on B by B instead of B'. The little Bloch space will be denoted by By; it
consists of functions f € B such that

4,0 < OO}

lim [|V£()] =o.

[l —1~

Now our main results can be described as follows.

Theorem 1. Let a > 0 and let B be the open unit ball of the complex Hilbert
space E. If f is a complex-valued holomorphic function on B, then the three semi-
norms || fll1,a, || fll2,as and || f||3,« are equivalent.

Theorem 2. Let B be the open unit ball of the complex Hilbert space E with
dim F > 2 and let f be a complex-valued holomorphic function on B.
(i) If 0< @< 1/2, then f € T, if and only if f is constant.
(ii) If o =1/2, then f € Ty, if and only if |Df(x)(y)| is bounded for all x € B
and y € OB with (z,y) = 0.
(i) If a > 1/2, then the two seminorms || f||1,o and ||f|l4,o are equivalent.

Note that the results for @ = 1 in Theorems 1 and 2 have been obtained in [1] and
the condition dim E > 2 in Theorem 2 (i) and (ii) cannot be deleted in general.

From Theorem 1 and its proof, the interested reader can give some equivalent
characterizations for the little Bloch type space By. It is worth mentioning that the
approach for the finite-dimensional case depends usually on the integral represen-
tation for holomorphic functions. However, it may fail for the infinite-dimensional
setting. Hence we need to overcome the restriction of dimension in achieving our
main results.

In this paper, we add some more equivalent characterizations for Bloch functions.
To this end, we now give the definition of a schlicht disk for holomorphic functions
defined in Hilbert spaces as in the case of several complex variables.

Definition 3. Let f be a holomorphic function on a domain €2 in E. For zy € C,
the disk
D(zp,7) ={z€C: |z — 2| <71}

is called a schlicht disk in the range of f if there exists a holomorphic mapping
g: D — Q such that fog(z) =29+ rz.
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Following the paper [12], a holomorphic function f: B — C is said to be normal if

A= l=I)IDf )]
L+ |f@)P

Mfzsup{ meB}<oo.

With these two concepts in hand, our second main result can be established as
follows.

Theorem 4. Let f € H(B). Then the following conditions are equivalent:
(i) f is a Bloch function;
(ii) the radii of schlicht disks in the range of f are bounded above;
(iii) the family
{fog: g€ H(D,B)}

is a family of Bloch functions with uniformly bounded Bloch norm;
(iv) the family

{fog—foyg(0): g€ H(D,B)}

is a normal family in the sense of Montel;
(v) the family

Fr={h="To0b—fod(0): de Aut(B)}
is a family of normal functions such that M, is uniformly bounded.

Remark 5. The Bloch space on bounded symmetric domains in arbitrary com-
plex Banach spaces was considered in [5]. Although we treat only Bloch functions
defined on the unit ball of a Hilbert space, all results in Theorem 4 can be proved in
the more general setting of bounded symmetric domains.

The remaining part of this paper is organized as follows. Theorems 1, 2 and 4
are proved in Section 2. In Section 3, the Hardy-Littlewood theorem in infinite-
dimensional Hilbert spaces is established as an application of Theorem 1. In addition,
we give some equivalent characterizations for holomorphic function spaces related to
the Bloch type space which are the generalizations of the main results in [4], [23] in
infinite-dimensional Hilbert spaces.
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2. PROOF OF THEOREMS 1, 2 AND 4

Throughout this paper, denote by C' an absolute positive constant and by C(«)
a positive constant depending on « only. They may have different values at different
places.

In order to prove Theorems 1 and 2, we establish two lemmas.

Lemma 6. Let o > 0 and let f: B — C be a holomorphic function.
(i) If |f(z)| < (1 —||=||*)~ for all x € B, then

IDf(@)(y)] < Cla)(1 = [a]f?)~ "1/
for all z € B and y € 0B with (z,y) = 0.
(ii) If |Df(x)(y)| < (1 — ||z||*)~® for all z € B, y € OB with (x,y) = 0, then
RS (@) < Cla)d — Jlz*)~*"1/? vz eB.
(iii) If |f(z)| < (1 —||z||?)~ for all x € B, then

[Rf(2)] < C(a)(1 —||lz*)™*7" V€ B.

Proof. (i) Let x = ra’ € B, y € 9B be such that ' € 9B with (z,y) = 0.
Let us consider the holomorphic function F': B2 — C given by F(z1,2) =
f(z12" + 2z2y), where B? is the open unit ball of C2. By assumption, we get
|F(21,22)] < (1 —|21]? — |22]?)~“. By [18], Lemma 6.4.6, it holds that

oF 2\—a—1/2
- < _
5o (nO)| < Ola)(1 =) 72,

that is
IDFf(x)(y)] < Cla)(1 — [|z]|?)~V/2.

(i) Based on the result for C? (cf. [21], Lemma 1(a)), we obtain the desired
estimate applying the same method as in (i).
(iii) There is just a corollary from (i) and (ii). O

Lemma 7. Let a > 0 and let f: B — C be a holomorphic function. If
IDRf(2)(y)] < (L= [|z|*)~*1/2
for all z € B and y € 9B with (x,y) = 0, then
[Df(2)(y)] < Cla)(1 — |Jz]*)~°
for all z € B and y € 0B with (x,y) = 0.
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Proof. For f € H(B), we rewrite it as Y. P,(z), where P, is an n-homogeneous

n=
polynomial, that is, the restriction to the diagonal of a continuous n-linear form on
the n-fold space E X ... x E. Then RP, = nP, and DP, is (n — 1)-homogeneous
(n > 1), so that

(DRP,)(tx') = n(DP,)(tz') = nt" " (DP,)(z"),

where 2’ € 0Bg, 0 <t < 1.
Hence,

/O {(DRP)(ta') dt = " (DP,) (&) = r(DP,)(ra'),

which leads to .
1Df(ra ) = [ (DRt

It follows by assumption that for r € [1/2,1), y € 9B with (z,y) = 0,

ra’ < " ' < " _ $2\—a—1/2 ’
IDf(ra) ()] < 2/0 (DR (t) (y)] dt < 2/0 (1- )12
then .

(1 2D f(@)(y)] < 2 / (1=t 2dt = 4(1 — VT —7) < 4
for ||z|| € [1/2,1) and y € 9B with (z,y) = 0.

Hence, by the maximum principle for holomorphic functions,

DI <4(3)

for ||z|| € [0,1/2] and y € OB with (z,y) = 0, as desired. O

We now are in a position to prove Theorems 1 and 2.

Proof of Theorem 1. Let x € B be fixed. For any y € 0B, by the projection
theorem, we can write y = z12 + 2o for some 21,29 € C, 21 € 9B with (z,z1) = 0.
Note that
21|z ]|* + 2] = [ly]|* = 1.

Hence, for 1/2 < ||z]| < 1, we have
(2.1) [Df(x)(y)| < 2[Rf(2)] + [Df(x)(z1)]-
Suppose that || f]|2,o = 1, then by Lemma 6 (i) we have
IDRf(x)(z1)] < Cla)(1 — ||z]|*) =" V/2,
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so by Lemma 7
(2.2) [Df(a)(21)] < Cla)(L — ||z]*)~*.
Hence, by (2.1) and (2.2) for 1/2 < ||z|| < 1,
IDf ()|l = sup [Df(z)(y)| < 2+ C(a))(L — [lz]*)~*
yeoB
By the maximum principle for holomorphic mappings in Banach spaces, we have

[fll1a <2+ C(a).

Consequently,

(2:3) £

La < C(a)[|fll2,a-

It is clear that

(2.4) 120 < [f]]1,a-

Hence the two seminorms ||-||1,o and ||-||2,« are equivalent by (2.3) and (2.4).
Notice that z f, (2) = Rf(zy) for any holomorphic f defined on B, so we have that

(2.5) [1fll2,0 < [1f]l3,0-
For 1/2 < |z| < 1, we have

(1= 1)21f ()] < 201 = [2*)*[Rf (z)]-
Hence

sup (1 —[2[)*|fr(2)| <2 sup (1—[lz]*)*|Rf(x)] < 2[|fll2.a-
|2>1/2 2] >1/2

Combining this with the maximum principle for holomorphic functions, one can show
that

4\«
(2.6) 1l <2(3) 11

2,0

Hence, by (2.5) and (2.6), the two semi-norms |- ||2,o and ||-||3,o are equivalent. [J
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Remark 8. From the proof of Theorem 1, we see that the semi-norms || f||2,q
and || f||3,a are equivalent for any holomorphic function f defined on the unit ball of
a Banach space.

Proof of Theorem 2. (i) Let 0 < o < 1/2 and f € T,. It holds that

sa(l = [a]?)/2e

IDf(x)()] < |If]

for all x € B and y € 9B with (z,y) = 0.
Now let us show first that

(2.7) g(x):=Df(x)(y) =0, x€Bandye E with (z,y) =0.

To this end, for fixed z € 0B and y € F such that (x,y) = 0, we consider the slice
function h(z) = g(zx) on D satisfying the relation

limsup |h(z)] = 0.
z—0D

Applying the maximum principle to the holomorphic mapping h, we see that h(z) =0
on D, so (2.7) follows.

Let = € B be fixed. For every w € 0B, by the projection theorem, we can write
w = zx +y with (z,y) =0 for some z € C, y € B. Hence, it follows that

(2.8) l2lll]| < Jlwll = 1.
Now we have, by (2.7),
[Df(z)(w)| < [Df(x)(zz)| + [Df(x)(y)| = |2[|Rf (z)].

Combining this with (2.8), we obtain
1
IDf (@)l = sup |Df(z)(w)] < 7—=|Rf(z)| < [|Df(2)],
weob HJ?H

which forces that D f(z) and & are complex linear.

Note that Df: B — E* is holomorphic and thus Df(z) = 0 on B. Hence, f is
constant, as desired.

(ii) Suppose that |Df(z)(y)| < C for all z € B and y € B with (z,y) = 0. Let us
show that f € Ty /5.

By Lemma 6 (ii), it follows that

(2.9) Rf(@)] < CA— )12 VaeB.
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For fixed x € B, every w € E can be decomposed as w = zx + y with (z,y) = 0 for
some z € C. Hence

(1= Nl lwll? + [(w, 2)* = |22l + (1 = [l=[*) ]|

It follows that

[Df@)(w)|v1-|z* _  |IRf@)[v - |z]?
VA= TPl + w2}~ Pl + T = ]?)]y]?
[Df(z)(y)lv1 — [l=]?
VIPIl? + @ = =[]yl
< b

< RSOV + D) ()|

Combining this with (2.9), we obtain that, for 1/2 < ||z|| < 1,

[Pf@)w)v1—lzl?
VA= [lz[D]w]? + [(w, 2)[?

(2.10)

Furthermore, ||Df(z)| is bounded for ||z|| < 1/2 by the maximum principle for
holomorphic mappings. Then

[Df(2)(w)|y/1 — ]
2.11 < ||IDf(x)] < C.
- VA=l w]? + [(w, z)[? D7l

Hence, by (2.10) and (2.11), f € T} o.
Conversely, supposing f € T} /o, then for x € B and y € OB with (z,y) = 0 we

OOV
VA= 2Pyl + [y, 2)[?

have

IDf(x)(y)] =

Hence, |Df(z)(y)| is bounded.
(iii) Note that T, C B“. It remains to show B* C T, for a > 1/2. Let us show
first that if a holomorphic function F': B? — C satisfies

[Fllga(pzy = sup (1 —[z[*)*|DF(2)] < o0,
z=(z1,22)EB2
then
oF 2\a—1/2
(2.12) 8—22(21,0)\(1 — a2 Y2 < C(0) || Fllgesz) ¥ € D.
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To this end, set s = (1 — |21|?)'/? for 2; € D. It holds that

V3
0*F 1 oF dw
- O —_ — -
82282’1 (Zlv ) 27 (| 821 (Zlvw) w2 )
then
O*F . IFllgeszy  3*TY2||F||ga(p2 - 30H2||F| g2y

022071 (21, 0)] < s(1 =212 —82)*  20(1 — |z |2)at1/2 = 20(1 — |z])o+1/2”

Combining this with the formula

oF oF !
8—22(21,0) - 8_22(0’0) = 21/0

0*F
t dt
2821 ( 21,0) )

0z

we obtain

2—2(21,0)‘ < ‘g—i(o,o)‘ +

392 F|| a2y
2¢(a — 3)

(1= a2 — 1),

Hence, for a > 1/2,

oF 3ot1/2
1-— a=1/2\ 2 0 ‘ <1+ ——)||F
(= D2 o) < (14 oy I

Be(B2)»

and (2.12) follows. Based on this result and applying the method used in Lemma 6 (i),
we can easily obtain that, for f € B?,

(1 —[lz]*)* 21D f (2)(y)] < C(@)lIf |1,

for z € B and y € 9B with (z,y) = 0.
Notice that for any w = zx +y € F with z € C, x € B and y € E such that

(z,y) =0,

|Df () ()| (A — [|l=]*)*
VA= [lz[A)]w]? + [(w, )]

which shows B* C T, for a > 1/2, as desired. O

= <ID@(1- o)) + | D) (L) @ = el

Y
[yl

Proof of Theorem 4. (i)=(ii) Suppose that f is a Bloch function on B. Let
D(zo,7) be a schlicht disk in the range of f. Then there exists a holomorphic function
g: D — B such that

fog(z) =2z +rz.
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Applying the Schwarz lemma for holomorphic functions (cf. [6], page 287), we have
(1~ o)1) |Dg O[> + I{9(0). Dy _
(1= 1lg(0)]*)?
Let g(0) = « and Dg(0) = w. Then
[Df (@) (w)|(1 — ||=]*)
VA= [z[]w]? + [w, z)?
which shows that the radii of the schlicht disks in the range of f are bounded above
by Q; := sup IVf ().
€

r=|Df(z)(w)| < <|IVF@),

x

(if)=-(i) Suppose the radii of the schlicht disks in the range of f are bounded above
by R. For any fixed y € 0B, define g: D — B by g(z) = zy. Fix z € B. By Bloch’s
theorem, the holomorphic function f o, og has a schlicht disk in its range of radius

B|(f o pa09)'(0)] = BIDf o 02 (0)(y)],

where B denotes Bloch’s constant.
Therefore, by assumption, it follows that

R
Df 0 @a(0))] < 5
for all x € B and y € OB, thus f is a Bloch function, as desired.

(if)<(iii) In the proofs above, we have

R
R<Qyr < B
Note that the schlicht disks in the range of f are exactly those disks which are schlicht
disks in the range of f o g for some g € H(D, B). The desired result follows.
(iii)<(iv) Following the same arguments as in (6)<(7) in [19], Theorem 3.4, one
can prove our result and we omit its details here.
(v)=(i) Note that any h € F; satisfies h(0) = 0. By hypothesis, we have that

{IDf 0 ¢(0)]: ¢ € Aut(B)} = {|[DR(0)||: h € Fy}

is bounded, as claimed.
(i)=(v) The inequality
Qr

IDf 0 6(@)ll = IDS 0 60 2 0)(Dp(O) ! < 7=,

implies that the family F is a family of normal functions such that M}, is uniformly
bounded above by Q). Now the proof is complete. O
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3. APPLICATIONS

Hardy and Littlewood [8] gave a characterization of the holomorphic Lipschitz
space Ao (D) of order oo € (0,1] on the unit open disk D of C, which states that
a holomorphic function f on D satisfies

o UG @
z,weD |Z - w|a
zZF#w
if and only if
(3.1) sup(1 — [2%)' 7| f'(2)] < oo.
z€D

In [10], Krantz extended this result to harmonic functions. See also the version
of the Hardy-Littlewood theorem for quaternionic slice regular functions [17]. As an
application of Theorem 1, we first establish the Hardy-Littlewood theorem in the
infinite-dimensional Hilbert space.

Denote

Lipa:—{fEH([B): sup M<oo}.
c<B [z =yl
a7y

Theorem 9. Let o € (0,1]. Then Lipa = B*~2.

Proof. Taking the same arguments as in [18], Lemma 6.4.8, one can show easily
the inclusion B'~® C Lip a.

Conversely, let f € Lipa and z € OB. Let us consider the holomorphic function
F: D — C given by F(z) = f(zz), which is in A,(D). By the classical Hardy-
Littlewood theorem, we have

sup(1 — |2[*) 7 |F"(2)] < oo,
zeD

which implies that

Slég(l = 2?7 R f ()] < oo.

From Theorem 1, it follows that f € B!=. O
Holland and Walsh [9] further considered the Hardy-Littlewood theorem in the

limit case o = 0 for holomorphic Bloch spaces and proved that a holomorphic func-
tion f on D satisfies

sup(1 — [2[*)[f'(2)] < o0
zeD
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if and only if

(32) sup /T~ ) - )| L2
z,weD z—Ww
zF#w
The extensions to higher dimensions of the Holland-Walsh result as in (3.2) were
obtained in [14], [16] for holomorphic functions in the unit ball of C™. Later, Pavlovié
found that the Holland-Walsh result holds even for an arbitrary C!-function defined
on the unit ball of R™, see [15].
In [23] Zhao gave a characterization of holomorphic Bloch type spaces on the unit

ball of C™.

Theorem 10. Let 0 < a < 2. Let A be any real number satisfying the following
conditions:
i 0K A< aif0<a<];
(i) 0< A< lif a=1;
(i) a—1<A<lifl<a<2.
Then a holomorphic function f on the open unit ball B™ of C" is such that

sup (1 — |2[*)*[Vf(2)] < o0
zeB"

if and only if

<0

sup (1-— |z|2)’\(1 — |w|2)a—>\M

z,weB" |Z - w|
zF#w

For more relative equivalent characterizations of Bloch type functions in the finite-
dimensional Euclidean space, we refer to [2], [3], [13], [22] and references therein.

In [23], Zhao also offered some examples to show that the conditions on o and A in
Theorem 10 cannot be improved. In fact, Theorem 10 does hold for « = A = 0 and
holds for any C*-function defined on the unit ball of any infinite dimensional Hilbert
space. Recently, Dai and Wang in [4] revealed the reason in the theory why some
equivalent characterizations of the Bloch type space require extra conditions for a.
In the present paper, we will show the main results in [4] still hold for holomorphic
functions defined in any infinite-dimensional Hilbert space.

Denote

S = {f e H(B): sup (1 o) (1 — )Py L= IWL oo}.
I’ZEB ||91j _yH
T#yY
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Theorem 11.
(i) Let a, A\ be any real numbers satisfying the following conditions:
(a) 0<A<a—-lifl<a<?2;
(b) 0< A< a/2if aa>2.
Then S, 5 = B M1,
(ii) Let o, A be any real numbers satistfying the following conditions:
(a) 1< A<aifl<a<2;
(b) o/2 <A< aif a>2.
Then S, » = Bo~* 1,
(iii) Let o« > 1. Then Sox = H> for A\ =0 or A = a.

Due to Theorems 10 and 11, the space S, is described completely for all cases
0< A<

In order to prove Theorem 11, we first generalize a result in [24] by Theorem 1 as
follows.

Lemma 12. Let > 1. Then B* = HZ® ;.

Proof. Let x € OB and f € H3° with || f||g= = 1. Let us consider the holo-
morphic function F: D — C given by F(z) = f(zz). Then (1 — |2]?)*"}F(2)| < 1.
By [24], Proposition 7, there exists a constant C' > 0 such that

(1—|2»)YF'(2)|<C VzeD,

that is
(1 — |22 Df(zz)(z)| < C VzeD,

which implies
1= lyI*)*IRfy) < C VyeB.

By virtue of Theorem 1, if follows that f € B“.
Conversely, let f € B®, then we have F € B®, which is also in H; by [24],
Proposition 7 again. Consequently, we have f € HS® ;. 0

Proof of Theorem 11. (i) Let f € BM!. For x,y € B, we choose a path
~v(t) =tx + (1 — t)y, t € [0,1] connecting = and y. Then it follows that

1@ - 101 = | [ il =| [ prowe-na

< / D () (@ — )| dt < / IDF (el — ]l dt
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<Olle ol [ G
< Cllz—y / L ar
= YLy T =tlall = @ =y

From the proof of [4], Theorem 3.1, we have

1 1 C
/0 (L =tllzll = @ =)[lyHA*? s (1= [lzI)A 2 = Jly/[2)>—A

Hence,
_ Clla ]
(1= fl=[I*) (X = [|yl[2)>—>

which shows that f € Sq,».

Conversely, the method in [4], Theorem 3.1 can be applied word by word to prove
the inclusion S, » € B! by Lemma 12.

(ii) It follows by using (i). It is easy to check (iii) if we can prove that

|z — af

Vz,a € B,

for holomorphic functions f € H* with || f||g~ = 1.
Let us show inequality (3.3). From the Schwarz lemma for holomorphic functions,
we have

|f(x) = £(0)] < 2||z|| VzeB.

Applying this inequality to the holomorphic function f o ¢,, we conclude that

la =zl ., llz—al
1= (z,a)) = 1|z

|f(@) = fla)] < 2l[pal2)]| <2 Vr,a€B,

as desired. 0
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