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Design and Analysis of an Acknowledgment-Aware
Asynchronous MPR MAC Protocol for Distributed
WLANS

Arpan Mukhopadhyay, Neelesh B. Mehtenior Member, IEEEVikram SrinivasanMember, IEEE

Abstract—Multi-packet reception (MPR) promises significant wireless receivers are capable of decoding multiple semekt
throughput gains in wireless local area networks (WLANSs) by ous transmissions. This has been referred to as the makiepa

allowing nodes to transmit even in the presence of ongoing ; i _ ; ;
transmissions in the medium. However, the medium access reception (MPR) capability [2]-{9]. Instead of discouragi

control (MAC) layer must now be redesigned to facilitate — raher ove_rlapplng trans_m'ss'ons’ the MA_C layer must now faddita
than discourage_these Over|apping transmissions. We ingn'gate the|r occurrence In Order to beneﬂt from MPR. At the same
asynchronous MPR MAC protocols, which successfully accom- time, the MAC should retain the distributed manner in which

plish this by controlling the node behavior based on the numbr nodes access the medium, as this is a key reason behind the
of ongoing transmissions in the channel. The protocols uséé¢ success of the IEEE 802.11 DCF MAC
backoff timer mechanism of the distributed coordination function ' ’

(DCF), which makes them distributed and practically appeaing.
We first highlight a unique problem of acknowledgment (ACK) .
delays, which arises in asynchronous MPR, and investigate aA' Related Literature

solution that modifies the medium access rules to reduce thes  \We now summarize some key papers on MPR and ascertain
delays.an(iIN(ianc(;st?o Syg”gﬂgg“?gﬁ;}\/;?tk:';irstii';g'ﬁxézca“{e their efficacy, distributed nature, and suitability for ZFEE
Z(r:wzrl]ya;rilgof the solutioFr: andq derive expressions for its satatig? 802.11-type DCF MAC. MPR was first considered in [8], [:.LO]
throughput, packet dropping probability, and average headof- for slotted ALOHA, but CSMA was not modeled. An adaptive
line packet delay. We also model and analyze the practical MAC protocol for MPR that maximizes the expected number
scenario in which nodes may incorrectly estimate the number of successfully transmitted packets per slot and also takes
of ongoing transmissions. into account quality of service requirements was proposed

Index Terms—Cross-layer design, Medium access control, in [5]. A simpler variant based on collision resolution was
Multi-packet reception, Wireless local area network, IEEE proposed in [11]. A similar objective was achieved in [4]
802.11, Fixed-point analysis, Timer backoff for space division multiple access systems (SDMA) that use
multiple antenna APs. However, these protocols require a
central controller that selects an optimal set of usersabegss
the channel in each slot.

Conventional wireless local area networks (WLANSs), MPR with CSMA was analyzed in [12], [13]. In [12], each
which use the IEEE 802.11 distributed coordination funttionode uses channel sensing to determine whether or not the
(DCF) [1] and its enhancements as medium access conighhnnel can support more ongoing transmissions and then
(MAC) protocols, are facing increasing demands for highéfansmits accordingly. However, neither acknowledgement
data rates and higher system throughput. Conventionally(&CKs) nor the timer-based backoff mechanism of IEEE
layered approach is adopted in designing the physical (PH§02.11 were modeled. In [6], [14], timer-based backoff pro-
and MAC layers. For example, the DCF MAC uses carriebcols for IEEE 802.11 WLANs with MPR were considered.
sense multiple access (CSMA) with collision avoidance (CAjowever, asynchronous scenarjon which transmissions by
to discourage time-overlapping transmissions by multigers multiple nodes can only start simultaneously, is assumed.
in the uplink channel from the nodes to the AP. This ighis is achieved by modifying the request-to-send (RTS) and
accomplished by making the nodes freeze their backoff meglear-to-send (CTS) handshaking procedure of 802.11. A& nod
anytime they sense an ongoing transmission in the channek not allowed to transmit once it senses the channel to

With the advent of advanced signal processing techniques busy regardless of the number of ongoing transmissions,
based on code division multiple access (CDMA), successiwghich limits the gains possible from using MPR. Further,
interference cancellation (SIC), or multiple antennadatcs the overheads of the RTS/CTS procedure have led to its

limited adoption in practice, despite its ability to addréke
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I. INTRODUCTION



A generic, distributed asynchronous MPR model, whicklAC protocol that explicitly takes ACKs into consideration
exploited the fact that a multiple antenna node can estimdtke analysis can handle the ideal case with perfect estimate
the number of ongoing transmissions, was recently analyzaad the practical case with imperfect estimates. Analltica
by Babich and Comisso in [16] using Markov chains. In it, @xpressions for the saturation throughput, packet drappin
node continues to decrement its backoff timer and eventuatirobability, and average head-of-line packet delay arevelr
transmits even when it senses the channel to be busy — so I&aguration throughput is an important performance measure
as the number of ongoing transmissions is less than or eqfaala MAC protocol and has been extensively analyzed in the
to a threshold; else, it freezes its timer. The protocol wes a literature on conventional 802.11 DCF and MPR. It gives a
lyzed without any limitation on the number of receivers [17]imit on the system throughput in heavy traffic loads [6],],14
However, ACKs were not modeled; it was implicitly assumefl5], [18], [19]. In some cases, it also provides a sufficient
that a node knows whether its transmission has succeededandition for stability of queues at the nodes [20]. The ager
not immediately after transmitting its packet. Furtherde® head-of-line delay is also an important performance measur
were assumed to perfectly estimate the number of ongoiag it affects higher layers of the protocol stack and is the fir
transmissions. step in a queueing delay analysis for a non-saturated traffic

The use of MPR in an asynchronous set up can, in fastenario [21], [22].
delay the transmission of an ACK by the AP. This is becauseThe renewal-theoretic approach developed in this paper is
packet transmissions by different nodes can now start ferdif different from the Markovian analysis used in [16], [18].rFo
ent time slots and overlap without any idle period in betweeaxample, in our analysis, packet lengths need not follow the
Consequently, the AP will have to continue to receive packenemoryless geometric probability distribution, which dke
even after a particular node completes its transmissiona Aglown under heavy traffic load conditions when a packet ssiffer
result, the transmission of an ACK by the AP, which is a halfnany retransmissions [16]. The effect of packet droppineraf
duplex node, can get significantly delayed. Since the poesem finite number of retransmissions is also incorporated. Our
or absence of an ACK makes a node update its backeffalysis also generalizes the renewal-theoretic anatisis
parameters, ACK delays can degrade system throughput avas developed in [19] for conventional DCF.
increase packet transmission delays. Performance benchmarkingiVe also extensively bench-
mark the saturation throughput, head-of-line packet delag
packet dropping probability of the two asynchronous MPR
MAC protocols and conventional DCF. This is done for both

The paper makes several contributions on the followirigeal and imperfect estimation.
aspects of asynchronous MPR MAC. The paper is organized as follows. Section Il sets up the

Protocol Design: The paper first points out that in ansystem model and the asynchronous MPR MAC protocols,
asynchronous MPR MAC protocol, ACKs may get delayedvhich are then analyzed in Section IIl. Imperfect estinatio
This delay in the reception of ACKs, which is absent in coris modeled and analyzed in Section IV. Simulations results i
ventional DCF and synchronous MPR protocols, can degra8ection V are followed by our conclusions in Section VI.
the system performance. Thus, an asynchronous MPR MAC
protocol needs to be designed keeping ACK delays in mind. II. SYSTEM MODEL
To this end, we propose apd compare two asyn<_:hronou§ MRR System Model
MAC protocols both of which incorporate ACKs in the single ) ) . )
receiver scenario. The first protocol is our own interpieteof ~ Consider the uplink of a WLAN, in which the AP acts as
how ACKs can be incorporated in the model analyzed in [16]!€ central node and surrounding nodes need to transmit
and serves as a benchmark. In the second protocol, the IaultfbaCket§ directly to the AP. The_followmg MPR data reception
access rules, which determine when a node should freezdtde! is assumed, along the lines of [6]'_[14]’ [16]. _Th_e AP
decrement its backoff timer, are modified to reduce the ACK" successfully decode all the overlapping transmissisns
delays and increase system throughput. In it, nodes fred289 @s the number of overlapping transmissions is less than
their backoff timers once the number of transmissions in (& €qual toL. If more thanL overlapping transmissions occur,

channel reaches the MPR capability of the AP or once aH‘)F” the AP fails to decode the transmissions and a collision

node completes the transmission of its packet. This ensu?@éd to occur. Herel, is called the MPR capabilityFurther, it

that a node, which has just finished transmitting its packé? assumed that a node can correctly estimate whether the num

waits for no more than one packet duration to receive an ACRE" Of ongoing transmissions in the channe.is, ..., L —1,

Modeling imperfect estimationAnother important contri- ©F yvhether: It s gbreatefr than or equal fa _Technl?juehs toﬁ
bution of the paper is a tractable modeling of the practic§ftimate the number of ongoing transmissions and the effect

scenario where the nodes incorrectly estimate the numi?

B. Contributions

IJmperfect estimates are discussed in Section V.

of ongoing transmissions in the channel. We show that th Each node follows thg timer-based binary expongntial back-
first and the second protocols are quite robust to imperf scheme of conventional DCF, and a packet is dropped

estimation. Several MPR-specific implementation issues y a node a.fte-rK + 1 failed transmission f':lttempts. Bgfqre
also discussed. each transmission attempt, a node selects its backoffgario

AnalYSi§: Fina”)_/v the paper develops a general, renewal-itpis ypRr reception capability based model can also be expdds terms
theoretic fixed-point analysis of the second asynchrond®BM of MPR-matrix model of [2], [5], [8], and [9].
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Fig. 1. Protocol 1 for, = 2: Timing diagram showing a renewal interval in in which two overlapping asynchronous transmissions toAReoccur. Node
which three overlapping asynchronous transmissions té\Eheccur. NodeA A transmits first. WhileA is transmitting, B and C' continue decrementing
transmits first. Nodes3 and C' continue to decrement their timers until nodetheir timers since there is only one ongoing transmissiatihénchannel. Once

B transmits. Thereafter] freezes its timer. Whenl's transmission ends; B starts transmittingC' freezes its timer. Unlike Figure ¥)’s timer remains
resumes decrementing its timer. Before the transmissioR lepds, the timer frozen even afterl’s transmission ends. Only after the ACK and an idle period
of C' expires, which then starts transmitting. Thus,can expect to receive of duration7prs, do all the nodes resume decrementing their timers. Thus,
its ACK only after C’s transmission ends. the ACK delay is reduced by restricting the number of sudeessverlapping

transmissions.

integer multiples of a slot duration The multiple is uniformly
chosen from the sef0,1,...,w — 1}, wherew is called
the contention windowIt depends on the number of failed
transmissions of a packet. In the first attemptis set as the
minimum contention window C\\;,,. After each unsuccessful
transmissiony is doubled, up to a maximum value of GV .

value, and starts decrementing it. Figure 1 illustrate®isdv
aspects of this protocol fof = 2.

2) Protocol 2: We now propose a novel asynchronous MPR
MAC protocol that differs from Protocol 1 with respect to the
conditions under which a node freezes its backoff timer and
keeps it frozen, and shall be the focus of the analysis in the
. paper. In it,a node freezes its backoff timer once the number
B. Protocol Design of ongoing transmissions sensed by it either excdedsl or

We now describe two asynchronous MPR MAC protocolgecreases. Thereafter, it resumes decrementing its timigr o
without any assumption on the traffic model. when the channel has remained idle for a duratifiis. The

1) Protocol 1: This protocol is an asynchronous MPR MACgperation of the AP is the same as in Protocol 1, and is not
protocol that is similar to the one in [16], but with ACKsrepeated here.
incorporated in it. We note that other ways of incorporating Thus, in Protocol 2, no new packet transmissions can occur
ACKs also exist. A node having a packet first samples ghce the number of overlapping transmissions becomesegreat
backoff timer duration and starts decrementing it once thigan or equal td. or once a node completes the transmission
channel has remained idle for a distributed inter-frameespaof its packet. This reduces the delay incurred in receiving a
(DIFS) of durationpirs. The node decrements the timer S;{CK compared to Protocol 1, in which new transmissions
long as it senses the number of ongoing transmissions to d3h commence even after a node completes the transmission
1,2,...,L — 1. It freezes its timer if the sensed number 0pf its packet. This leads to a lower average head-of-lin&gtac
transmissions exceeds — 1 or the channel becomes idle.delay. As the saturation throughput and the head-of-lim&eta
When the number of sensed transmissions again lies betwgemy are inversely related (cf. Section I1I-C), the satiora
1 andL — 1, the backoff timer decrement is resumed from thgyroughput of the protocol exceeds that of Protocol 1. The
last stored value. The node transmits its packet when itsrtinprotocol is illustrated in Figure 2 fof, = 2.
becomes zero. The finite state machines that characterize the behavior of

As in conventional DCF, after the channel becomes idighe AP and the nodes in Protocol 2 are shown in Figure 3 and

the AP waits for a short inter-frame space (SIFS) of duratigngure 4, respectively, for saturated traffic conditions.
Tsies and then sends a cumulative ACK of durati®iack,

which acknowledges all the successful transmissions eget REMark As in conventional DCF, virtual carrier sensing using
This is achieved by embedding in the MAC frame structure fpe expected QUrat|on field in the packet he_ader and the
the ACK, the addresses of all nodes whose packets the AP HS&WOF" allocation vector (NAV) can also .be |mpIem_enlted
successfully decoded [6], [14], [15]. Sin@&rs > Tsirs, the in Protocol 2. When the nu_mber of ongoing transmissions
ACK gets priority over other transmissions when the channi@creases, a node updates its NAV table using the expected
is idle. However, unlike conventional DCF, a node must Waquratlon field of the mos_t recent packet that was transmftted
for all the other overlapping transmissions to end and onfy node_z can stop sensing the channel once the number of
then expect the ACK to arrive within a timeout duration offansmissions reachds or it starts decreasing. Such virtual

Tour = T_DlFS' If an ACK dpes not arrive, the node times O_Ut* 2If multiple packet transmissions start at the same timey the maximum
updates its contention window, chooses a new backoff timgrthe expected duration fields of the packets is used by thsirsg node.



carrier sensing is not as easy in Protocol 1, which allows,, j > 1, and the renewal epochs are the time instants at
new packet transmissions to start anytime so long as the totdich the node starts the final transmission ofjitspacket.
number of ongoing transmissions does not exckéed If we considerA;, j > 1, as the reward gained at th&’

L rg:newal interval, then from the renewal reward theorem,[25]
Remark In Protocol 2, channel estimation can be performe E[A}] ,
., whereE [-] denotes expectation.

at the AP using training symbols in the preambles of eac e havef E[B;]” ;

. . System-wide renewal procesSonsider the aggregate at-
of the received data packets. The reader is referred to ttbele”n t orocess by all the. nodes. Due to the decounlin
extensive survey of channel estimation issues and tecbsiqu Pt pr y - P . upiing
. . . s . —assumption, the aggregate attempt process is anotheraknew
in [23] and to the discussion of MPR-specific channel estima: 2 .
L . : process. As shown in Figure 2, the renewal epochs of this
tion issues in [2]. In [24], it was shown that the asynchranou

nature of the interference in the MPR MAC protocol eveR'0CEss are the '”Staf‘ts at which all the nodes start decre-
menting their backoff timers. For the rest of the paper, ssle

affects the optimal placement of pilots inside a packet. How entioned otherwise, the term renewal interval shall réder
ever, modeling and analyzing the effect of imperfect channrr%: . ' .
the renewal interval of the system-wide renewal process.

estimates is beyond the scope of the paper. Unlike conventional DCF, more than one packet can get
transmitted in a renewal interval. We, therefore, first defire

) i . following terminology.For j € {1, 2}, a transmitted packet is
We now analyze Protocol 2 in saturated traffic conditions;|ieq thejh packet in a renewal interval if there are already

in which the transmission queue at each node is always | gngoing packet transmissions in the channel when its
non-empty. Data loss due to packet errors is assumed t0{R8,smission commences.

negligible and a transmitted packet is assumed to be reteive| emma 1: Given that a tagged node transmits in a renewal

IIl. ANALYSIS

successfully unless it is involved in a collision. interval, the probabilityr that its packet is the first packet in
To get compact analytical results, we assume that th&s renewal interval isy — _Kl(é()ﬁ%(ﬁ)’ where K () is the

transmission duration of a data packetXsslots, and that ,nconditional probability that the tagged node transnties t
the transmission rate is fixed &% as has also been assumegh packet in a renewal interval. Further

in [18], [19]. Notice that fixed length packets cannot be lgasi
analyzed using the Markovian approach of [16]. Extension to

the scenario where the packet lengths are random is distussek; (8) = b and 1)

at the end of this section. Further, we analyze fhe= 2 1-(1-p"

case, as was also done in [15]. The analysis can be extendegl, (3 _ (n—1)B%(1 - )" (1 — (1 — p)A-Dn-1)

to cover the general. > 2 case. However, the expressions 1-(1-=p)m")1—(1-p)""1)

become more involved given the larger number of possible )
transmission scenarios that can occur. Due to space cmmstra  pyoof: The proof is relegated to Appendix A. -

and given the limited additional intuition provided by therp,s given that a tagged node has transmitted in a renewal
general scenario, we do not discuss it in this paper. interval, the probability that its packet is the second adk

As all the nodes use the same backoff parameters, th@jg renewal interval ig — a.

behaviors are statistically identical. Hence, we make tie f  Theorem 1: The conditional packet collision probability,
lowing decoupling approximations, which enable a fixedapoi 55 5 function of3 is given by
analysis [18], [19]: R

1) Each transmitted packet suffers a collision with a prob- v =T(8) =aPi(B) + (1 —a)P2(B), 3)

ability v, which is independent of all other nodes angyherep; (), fori = 1, 2, denotes the probability that a packet

does not depend on the number of its retransmissioRggers a collision given that it is thé transmitted packet in
We shall refer toy as theconditional packet collision 5 renewal interval. Further

probability. o o
2) Each node attempts a transmission in a slot in which it p, (g) — (1-(1=-p""=(n=1)80-5)"?)
can transmit with a probabilitg, which is independent 1-(1-p)nt
of all other nodes. We shall refer fbas theattempt rate % (1 - B)A(nq)) . @
Node-specific renewal proces€onsider a given node, _—
which we henceforth call théaggednode. LetA; and B; BB =1-(1-8)"" ®)

respectively denote the number of attempts and total backofThe attempt rate,3, as a function ofy is given
duration (in slots) needed by the tagged node to transmijt"its by 8 2 G(y) = 1+v+v22+»~+vKK where b, =
packet. Let us consider the process formed by extracting onl (25 CWa bot7b1 7 bat -+ bie

the ti t which the t d node is in its backoff phi 5 —1), for 0 < k < K, denotes the mean backoff
the times at which Ine tagged Node IS In 1ts backoll pnese, g, ation (in slots) before thg: + 1) transmission attempt of
it is decrementing its backoff timer. From the first assumpti

a packet.
and the fact that the tagged node uses the same backoff pararﬁ— Proof: The proof is relegated to Appendix B. -

eters for all its packets, it can be inferred that the segeenc Hence, combining Lemma 1 and Theorem 1 results in the
.(Aj)j_zl' (Bi)jz_l' and (.AJ"BJ')J'ZP are all independent andfollowing’fixed—point equation:

identically distributed (i.i.d) [19]. Hence, the backoffgzess
of a tagged node is a renewal process with renewal lifetimes v =T(G(y))- (6)




Sincel'(G(v)) is a continuous mapping i from the closed The expected number of bits transmitted in a renewal interva
set[0, 1] to itself, Brouwer’s fixed-point theorem [26] guaranis given by
tees the existence of a fixed-point in the range. Solving this
i ically yi irectly yi n(n — 1)1 - p)" >
equation numerically yields. Then, Theorem 1 directly yields (] = 2769

B3 2(1—=(1=p)")
L= D= H) 2 [( -5 — (1 Y]
A. Saturation Throughput I—(1-B)H1-(1-8"
Let ¢ denote the amount of successfully transmitted data at nB(1 — BMn—1
the end of a renewal interval of duratidh From the renewal + /\691—(1——5)71' 9)
reward theorem [25], the saturation throughfitjs given by ) _
S — %_ We now develop expressions ftir[¢] and E [T]. Proof: The proof is relegated to Appendix C. |

As shown in Figure 2, a renewal interval of lengthstarts ~_Hence, the expression for the saturation throughput falow
with an idle period of duratiofge. It is followed by a busy directly from Theorem 2.

period of lengthZhysy in which one or more packets and a

cumulative ACK (if success occurs) are transmitted. TheybuB. Packet Dropping Probability

period ends once the channel has been idle for the duration packet is discarded by a node if it suffdis+ 1 collisions.
Tbirs. _ o By our first decoupling approximation, a packet collideshwit
Depending on whether a success or a collision has occurggghropapility , which is independent of the number of its

in the renewal interval, we refer to the busy time periogbtransmission attempts. Consequently, the packet drgppi
following the idle period as a success period of durafign probability is simply~y%<+1.

or a collision period of duratioficy, respectively. Further, let
Tmin and T2im denote the minimum values @ko and Tsyq
respectively. It can be seen tlﬁgg,i“ = AJ + Tpirs, Which ) .
occurs when at least three packets of lengtrare transmitted ~ 1he average time spent by a packet in the head-of-queue
simultaneously at the end of the idle period. Similarly, vesér POsition before it gets transmitted successfully or drajfeer
Tmin = A5 + Teies + Tack + Thies. K +1 failed transmission attempts is known as tiead-of-line
Theorem 2: The expected duration of the renewal intervap@cket delayD. . .
is E[T] = E [Tige] + Deol + Dsue Where Deoy and Dgyc are 10 eyaluatgl)l, we first note that the packet. dropp|r_19
the contributions to the average busy period duration frioen tProbability, 1%, is small unless the channel is heavily

collision and success events, respectively. Furté?;ge] = congested. Therefore, almost all the packets are evepntuall
1 successfully transmitted. HencB, is approximately equal to

C. Average Head-of-line Packet Delay

1=a=pm the average time taken by a node to successfully transmit
1-(1-8)"—nB(1—-p)"! a packet. Sincés is the saturation throughput (in bits) and
Deol = [ 1-(1-8)m each packet carries a payload Qf\¢ bits, the number of
2 n—2 data packets that are successfully transmitted per uné tm
n(n - 1)5 (1 — B) min S i
col 5q- Thus, the number of successfully transmitted data packets
2(1=(1-5)")

_— ) ) per unit time per node i%. Therefore, the average time
. nB(1-p)" " (1-(1-p)""—(n—-1)B(1—B)""*) required to successfully transmit a data packeDis- 232

(1= (=g 1= 1=pm) Remark The fixed-point analysis presented in this section
> {(1 -1 _5)(A—1)(n—1)) Tmin can be extended to handle the scenario where the packet
lengths are random variables. It can be shown that the genera
1—(1-B)ADe=D (N—(A=-1)(1-p)"1) expressions forK,(8) and P;(3) are obtained by taking
(1—(1—=p)"1) of, (7) expectations of (2) and (5), respectively, with respecthte t
distribution of the packet lengths. The expressions fgg,
) s A1) Dy andE [¢] can be derived similarly by summing over all
Dy = n(n —1)8*(1 - B)"~* +2nB(1 — B) rmin  possible realizations of packet lengths of the first and séco
20-(1-p)") *° " packets in a renewal interval. All the other expressionsaiam
n(n—1)8%(1-8)" 11— pB)"2 unchanged.

- (-3710- (-5
x { (1- (- pO-ne) 7

L 1= =g (3 - (A =11 - 5)" )
=G-8

+

IV. EFFECT OF IMPERFECT CHANNEL ESTIMATION

Thus far, we have assumed that the nodes know the actual
number of ongoing transmissions in the channel while going
61 . (8) through their backoff phases. However, this needs to be
estimated in practice. Several techniques have been gmelo
3 _ _ _ o in the literature for this purpose [27]. We discuss below a
In our simulations, we have observed that the fixed-poinnigue for the . . " .
parameters of interest. However, proving uniqueness remaichallenging teChr_“que base_d on the glgen-decomposmon of the canelat
task. matrix of the signal received by the antenna array of a node.




The technique can be used if a node is equipped with an array Ifidle If busy
of at leastL antennas, which is easily feasible in WLANs o patkets racelved
today [28], [29]. successiully
Let a node be equipped with" > L antennas and let
there beU ongoing transmissions in the channel. Also, let
y;(t), for j = 1,...,V, denote the signal received at the
4™ antenna of the node. Noises at different array elements
are assumed to be uncorrelated with variange The cor-
relation matrixR associated with the received signal vector
() = (1), ... yv(1)]7 is defined aR = E [3(1)y' (1)),
where T and { denote transpose and Hermitian transpose,
respectively. It can be shown thatlif < V' then the smallest
eigenvalue ofR is 02 and it has an algebraic multiplicity of
V —U. WhenU >V (> L), R has no eigenvalues equal to
o2. Thus, by evaluating the multiplicity of the eigenvalueR®f o _ _
that is equal to the noise variance, a node can estimate ameff9: 3 Protocol 2: Finite state machine for the access point
the number of ongoing transmissions(isl,2,...,L — 1 or

greater than or equal tb. _ . ~timer and eventually it may transmit and cause a collision.
In practice, sincaR itself is estimated by averaging a finite

number of samples taken from the output of the antenna array, anajysis with Imperfect Estimation of Number of Transmit
its smallestV’ — U eigenvalues need not be exactly equal tQ, o
the noise variance. Several papers in the literature, [8@Q]~+ < in Section Il we use the two classical decounlin
[32], solve this problem using approaches based on neste(f‘ ' piing

sequence of hypothesis tests, information-theoretiertaitfor approximations. To distinguish from the perfect eSt'mt'o
model selection, and ranking and selection theory. case, we shall denote the attempt rate/biand the condi-

Imperfect estimation modek key thing to take away from tional packet collision probability by. It can be shown that

this discussion is that the presence of noise and chanfleT G(), wher(_aG(-) IS as deflneq in Theorem 1.
propagation effects can occasionally make a node incdyrect We now cqn5|d_er the system-w@e renewa process. Due to
estimate the number of ongoing transmissions in the chanﬂg]perfe(:t es'umatlon,_a th|_rd, and, in ggnerab, ‘apacket, for
This clearly affects the performance of the asynchronouRMF.’ =3, can be_ transmltteq ina Te“e"v.a' interval. Tifepacket
protocols, whose multiple access rules use this estimate. {fva rer_1ev_va| interval, foy > 3, is defined asa packet whose
model imperfect estimation as follows. With probabiljy;, transmission commences erroneously wiien1 nodes have

a node estimates that thegeongoing transmissions while alr_le_ﬁdy commenire]q(;ranslr(mts;smn m_th_e mtervali Cf
there actually arei.* We make the following simplifying € erroneous third packet transmission can start, or exam

assumptions: (1) A node makes an error independent of t?llg’ v;l/hen tlheltprewolus tv;/o ttre}?sn;rl]ssmns Sre Sft't" ongomg 1
other nodes. This is justifiable since the channel fades a‘Jﬁ‘é ¢ annef. catm atso star _?h.er. Enum erﬂ? randsnn53|h. h
noise encountered by the different nodes are independ creases from two 1o one. This IS because the nodes, whic

(2) Once a node estimates the number of transmissions %d erroneously estimated two transmissions to be oneptann

a slot, its estimate does not change until the transmitters%eted this decrease and continue to decrement their timers

the number of transmissions actually change. This captut g\évever, t?ﬁ latter scenarlod|s Iesst zrobable bf(re_c_austle Tor I
the fact that deep fades are primarily responsible for irgstr bo fpfl??_n € elrronteOl(st node rr:us av?ta ?fl: icien 3; ?rge
estimation. (3) A node perfectly estimates whether the shhn ackofl imer va u? 0 decrement even after the compietion
o . - - . . of the first packet's transmission. In Protocol 2, when the
is idle or not,i.e., po; = pj0 = 0, for all j > 1. Similarly, imat : I collisi v whichke
the odds that a node’s estimate of the number of ongoiﬁ@b'ma Ion €rror 1S smatl, COTISIoNS occur rarely, whicaaes

t

transmissions is incorrect by more than one are assumed 0" >> likely for a node _to have a large enough contention
be negligible,i.e, p,, — 0 if [j—i| > 2 for all i € Z+ window. Therefore, we ignore this case and all cases that
,1.C 1,7 — - el .

We shall also assume thﬂL—l,L — 0. This intuitive model, involve more than one erroneous packet transmissions in a

while not general, provides a tractable method to analyee trnenewal mterval._ . . )
In order to write compact analytical expressions, we first

tehﬁ:cl;trgglgpnperfect estimates, while capturing the essenfceqeﬁne the function® : Z+ — R+ as O(t) — par(l —
As before, we analyze below the = 2 case. The main B)" +1 — pz.. It denotes the probability that a node does

problem that now arises is that a node can erroneously detim%Ot transmit during the slots in which there are already two

the number of ongoing transmissions to be one, while the?te90'nd transmlssmns in the channel. o
. . . Lemma 2: Given that a tagged node transmits in a renewal
are actually two. It, therefore, will continue to decreméat

interval, the probabilityy; that the packet transmitted by the

4This abstraction presents a refined probabilistic modelttier classical t@gged node is thé" packet in the interval is given by

hidden nodes problem that arises in conventional DCF, irclwhiie nodes ~ =
that incorrectly estimate that the number of ongoing trassions is zero are ~ Kl(ﬂ) (10)

; Qi = = == AN
treated as hidden nodes. K1(B) + K2(B) + K3(B)

Decode received
packet(s).
Wait for the channel
to become idle

Wait for the
channel to become
busy

If idle and
packet(s) received
successfully

Transmit .
ansm Wait for

Tsirs
duration

duration
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~ ~ - n—2
where K;(8), for ¢« = 1,2, 3, is the unconditional probability poa(1— B 1 +1 —p271) = O™ 2(\ — 1). We then
that a tagged node transmits tffepacket in a renewal interval. haye

Furthermore K1 (8) = K1(B), K2(3) = K»(B), and

o : B(1L = grn—D
o AR g2 A2 N Pr[Tousy = Toi] = "2
2(1-0-dy) = L OBPA=B" o as)
L (- 1)(n —2)33(1 — 3)2n—3 1—(1-p)r
s /\_i_?’l —@-pr" The denominator term — (1 — 3)™ arises because of condi-
1 _ Byitn—D+i on—3( 11 tioning on the event that the idle period has already ended.
X Z Z (1-5) P21 (7). (1) Similarly, Thusy = 7@ + k6 when the first and second
=0 =0 transmissions in a renewal interval starK £ < A — 1 slots
Recall thati; () and K»(-) are defined in Lemma 1. apart and no other transmission occurs subsequently. lbean
Proof: The proof is relegated to Appendix D. B  shown that

Theorem 3: The packet collision probability, in terms of
the attempt ratej, is given by

Pr [TSUC: Tmin + k(ﬂ _ TL(TL — 1)32(1 _~B)k(n—1)
2 T(B) = aiPi(5) + GaPa(B) + GsPo(B),  (12) 1=y
x (1= B)" 20" 2(A~1~k). (16)

where a;, for ¢ = 1,2,3, are given by Lemma 2. Here,

PZ-(B) denotes the probability that a packet suffers a collisidBvaluating D¢o: Along similar lines, Thusy = ngli“ when at

given that it is the" transmitted packet in a renewal intervalleast three among nodes start transmitting simultaneously at

Further, the end of the idle period. The probability of this event is
Ay > _ A _ p\n—2 ~ ~ =
Pl(ﬂ) _fill(ﬂ) + (n 1)5(1 B) br [Tb B mlin} - 1— (1 _ B)n _ nﬁ(l _ B)n_l
. usy — -+ col - >
x Y (1-p D (1-er (A —i-1)), (13) L-(a=pm
(BP0

o . —r s P (17)
e ¢ e ¢ ) i (€ g ) 1—(1-p4r
P2(ﬁ) - P2(B) + 1_ (1 o B)(A,l)(nfl) ( )

N Again, Thysy = Tini™ + k& when: (i) Exactly two of then
% Z(l _ p)itn=1) (1- 0" 2\ — i — 2)), (14) nqdes transmit the f|rlst packet in a renewal interval and the
third packet is transmitted erroneously afteslots by at least
. one of the remaining —2 nodes, which can be shown to occur
and P5(8) = 1. Recall thatP;(-) and P(-) are defined in ith probability©"—2(k—1)—0"2(k); or (ii) the first packet
Theorem 1. _ _ is transmitted by a single node, and afteslots at least two
Proof: The proof is relegated to Appendix E. B of the remaining nodes transmit simultaneously; or (i th
Hence, by combining (12) ang = G(7), we obtain fist and second packets are transmittstbts (| < 1 < k— 1)
the desired fixed-point equation in. As in ideal channel gpart and the third erroneous transmission ockisiets after
estimation, the existence of a solutionin1] is guaranteed by tne first transmission. The probabilities of these eventshe

the Brouwer’s fixed-point theorem [26]. A proof of uniquesesca|culated in a manner similar to that discussed abovenit ca
again remains a challenging problem. be shown that

=0

(5)5*(1—B)">

B. Throughput Pr[Tousy= Teg\" + ko] = 7

As in Section llI-A, it can be shown thath]he saturation I—(1-p)n
throughput with imperfect estimation i§ = %. We now o o n(n —1)52(1 — g)"—2
evaluateE [T'] andE [(]. X (0" (k —1) — 0" (k) + 1—(1-4)m

1) EvaluatingE [T]: Recall from Lemma 2 thakE [T] = b1
E [Tidle] + DCO| + Dsuc. As befOI'e,E [Tidle] = w We X Z(l _ B)l(n_l) (@n_2(k — - 1) _ 677'_2(k _ l))

now derive expressions fdDg,c and Deg. 1
Evaluating Dsy¢ Clearly, Thusy = Toin when: (i) only TLB 1_B)k(n—1) -
1

—

suc n— 5 S\n—
one node transmits in the renewal interval, or (ii) exac:tlyL — (1—5)" (1-(1=B)"""=(n=1)BA-B)"7?).
two nodes start transmitting simultaneously at the end ef th (18)
idle period and no other transmissions occur subsequently.

Exactly two nodes can do so only when each of the remainif@mbining the above results yields the expressionsZgr.
n — 2 nodes either does not make an error, or makes &nd D¢o, and, henceE [T7].

error but does not transmit during the remainikhg- 1 slots 2) Evaluating E[(]: As in ideal channel estimation;

of the first two packets. The probability of this event igquals0, \é€2, or 2X6Q2 when 0, 1 or 2 packets, respectively,



If cumulative ACK
arrives within
Tourduration

or
If cumulative ACK
does not arrive and
less than K +1
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(

backoff timer value,
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Wait for the
channel to
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If not found idle for
Towrs_duration
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window
and choose new

Wait until
channel is idle
for Tpirs
duration

Drop
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ACK does not
arrive and K + 1
transmissions
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Wait for
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duration

If channel is found
idle for
Tpirs duration

Freeze backoff
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If the number
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transmissions
becomes
greater than or
equal to L
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Decrement
backoff
timer
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If backoff timer value
becomes zero

If the number of sensed

transmissions is less than or
equal to L-1, it is

not decreasing, and

shown in Figures 3 and 4, respectively. Virtual carrier gans

is not implemented since it does not affect the performance
metrics under consideration. The parameter values usdgtin t
simulations are listed in Table I. The ACK frame length is
increased by 6-bytes for each extra receiver address field to
incorporate MPR. We shall vary some of the parameters over
a wide range to investigate the sensitivity of the asyncbwsn
MPR MAC protocols to them.

A. ldeal Estimation

Figure 5 plots the saturation throughpft£2, as a function
of the number of nodes,, for conventional DCF, Protocol 1,
and Protocol 2. The results are shown for different values
of L. We observe a good match between the analysis and
simulation results for thd. = 2 case. We also see that the
saturation throughput of Protocol 2 is closeltdimes that of
conventional DCF and i$0-30% more than that of Protocol 1.
Allowing for variable packet lengths in the model could make
MPR even more rewarding. Similar results are obtained in

Figure 6, which plots the average head-of-line packet delay
of the protocols as a function of for various L. This figure
shows that the head-of-line packet deldy, increases almost
linearly with the number of nodes, This can be explained by
the relation derived in Section IlI-C and the fact that sation
throughput varies slowly witm. We see that the head-of-
line packet delay decreases Asincreases. This is because,
for larger L., more transmission opportunities are available
for a node. This more than compensates for the additional

backoff timer has not expired
Fig. 4. Protocol 2: Finite state machine for a node underrated traffic

condition.

are successfully transmitted in a renewal interval. Thébaro
bilities of these events are given in (15) and (16). Hence,

w0 By

E[c] =0 1—(1— B)n +2200 Qelay caused by more overlapping transmissions in a renewal
(")32(1 _ B2 mtervgl. .
x 2 Q" 3\ -1) To investigate the effect of packet lengths on the perfor-
1-(1-p8)" mance of the protocols, we plot in Figure 7 the saturation
Al n(n — 1)32(1 _ B)k(nfl)(l _ B)nd throughputs of_ProtocoIs land 2 as a fun_ction of the packet
+ 2/\592 1—(1- ) length, A, for different values ofL. We again see that Pro-
k=1

tocol 2 outperforms Protocol 1 for a wide range of packet
lengths and for allL.. We also observe that for large packet
lengths, the saturation throughputs of both protocols tmeco
almost constant. This can be explained from (7), (8), an@g9)
follows: As A becomes large the exponential terms containing
A in the expressions foDcol, Dsue, andE [¢] become negli-
gible. Hence, botHE [T'] and E [(] increase linearly with\.
Thus, their ratio, which is the saturation throughput, lmees

xO" 2N —1—k). (19)

V. NUMERICAL RESULTS

TABLE |
SIMULATION PARAMETERS

Parameter Notation  Values almost constant.

Slot duration J 20 ps We delve into the inner workings of the protocols in

DIFS duration Toirs 50 ps Figure 8, which plots the conditional packet collision prob

SIFS duration _____ ___ Tsis 10 ps ability, v, as a function ofn for Protocol 1, Protocol 2

Minimum contention window size  CWhyin 32 . . .

Maximum contention window size  CW* 1024 and conventional DCF. As expectedincreases witn. We
max « . ge .

Maximum number of transmissions & + 1 8 observe that the collision probability of Protocol 2 is Idsan

Packet length p 400 slots that of Protocol 1 and conventional DCF for all Notice

ACK duration (with PHY header) 304 +48(L — 1) pus  that the analysis and simulation results for Protocol 2 matc

each other well, which validates the fixed-point analysis. A
We now present the results obtained from Monte Carloincreases, the relative error between analysis and siionlat

simulations that use 50000 samples. An event-driven platecreases. This is in consonance with the results in meah fiel

form written in the C programming language was built fointeraction theory [33].

simulating the MPR protocols, and provides an independentFigure 9 plots the packet dropping probability of Protocol 2

verification of the analytical results. The platform impkemts as a function of the number of nodes for different values

the finite state machines of the AP and the nodes that afe K and for L = 2. For fixed n, the packet dropping

Tack
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Fig. 5. Saturation throughput as a function of the number afes for Fig. 7. Saturation throughput as a function of the packettterior different
different values ofL. Analysis results forL = 2 for Protocol 2 are shown values ofL. Analysis results foi. = 2 for Protocol 2 are shown using circles
using circles ¢). (o).
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% c
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Fig. 6. Head-of-line average delay per packet as a functiothe number Fig. 8. Conditional packet collision probability as a fuoat of the number
of nodes for different values af. Analysis results fod., = 2 for Protocol 2 Of nodes { = 2).
are shown using circles).

increases withl.
probability decreases ds increases. This is because for fixed Figure 11 focuses od. = 2 and plots the attempt rate,
n the collision probabilityy remains constant. Hence, & j3, as a function ofn for different values ofpe 1. We again
increases, the packet dropping probabilitff ! decreases. observe a good match between the analytical and simulation
Note that forK > 4, the packet dropping probability is lessresults. We see that the attempt rate deceasps @mcreases,

than 5% even with 50 nodes. which happens because the collision probabifityjncreases
and the contention window size increases. The increase in
B. Imperfect Estimation the contention window size also explains the minor mismatch

between the analytical and simulation results in the abaee t

To investigate the effect of imperfect estimation of numbef{gureS arises for larges for L — 2

of transmitters, we sebo 1 = p32 = ... =pr -1 =p. In
Figure 10, we plot the saturation throughput of Protocol 1,
Protocol 2, and the synchronous MPR MAC protocol as VI. CONCLUSIONS

a function of p for different values ofL. Notice that the = We saw that an asynchronous MPR MAC protocol that
saturation throughput of Protocol 2 decreases by only 98ses carrier sensing in conjunction with the backoff timer
whenp increases ten-fold from 0.001 to 0.01. Thus, Protocol®echanism is inherently distributed in nature and harrsesse
is robust to estimation errors. Protocol 1 also shows a aimithe MPR capability well. However, ACK delays degrade the
sensitivity levels to the estimation errors. Further, foe= 2, performance of such an asynchronous protocol because the
we see a good match between the analysis and simulatimdes determine their contention window sizes depending on
results. The saturation throughput of the synchronouspobt whether they have received an ACK or not. We showed that
does not depend on thebecause in it a node does not need tthe conditions under which a node should freeze its timer
estimate the number of ongoing transmissions. Eventiufally, affect the ACK delays, and proposed a rule that reduces the
large enouglp, the saturation throughput of Protocol 2 falldelay and increases the overall system throughput. We also
below that of the synchronous protocol. The cross-overtpoitieveloped a renewal-theoretic fixed-point analysis of tHRRM
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its impact on the performance of higher layers of the prdtoco

~ ~ K=7 (Simulation) stack. _Whlle we focused primarily on the single receiver
5, 06 A K=T7 (Analysis) scenario, extension of the protocols to the scenario where
3 osl| = T Ei'n”;fy'zg‘;”) multiple transmitter-receiver pairs are simultaneoustjiva,
s K=2 (Simulation) is also an interesting topic for future research. In thiectse
§ 0.4 O K=2 (Analysis) ACK handling depends on the physical layer and is affected by
% 0al antenna systems, channel rank, coding, and network topolog
go
g 0.2}
& 4 APPENDIX
0.1f e 1
—-x -7 A. Proof of Lemma 1
A Ny S
10 20 3 4 5 6 70 8 9 100 Expression forK;(3): Let the tagged node’s transmission

b d . . :
Number of nodes. n in slot¢ (¢t > 1) of the renewal interval be the first trans-

Fig. 9. Packet dropping probability as a function of numbemodes for Mission in the renewal interval. This occurs with probaypili
different settings of maximum number of retransmissiohs=( 2). (1 — B)N(t—l)ﬁ, since none of the nodes should have trans-
mitted in the slotsl,...,¢ — 1 and the tagged node should

, transmit in slott. Hence, K1 (8) = >0, B(1 — B)"¢=1 =

Protocol 2 1—(1=8)" (1{j By "
3.5 — — — Protocol 1 1 Evaracai . : P
- Symotonous MPR protocol Expression fo{»(3): Let the first transmission from a node

other than the tagged node begin in slptof the renewal

interval, wheret; > 1, and let the tagged node transmit

in slot t; + ¢2 + 1. Clearly, 0 < t; < X\ — 2, since the

Protocol 2 does not permit any node to transmit once the

channel becomes idle. The probability of this individuatiet/

is (1—8)"(t =D (n— 1)B(1— B)"2(1 - B)(1 — B)(" D24,

Summing the probabilities over andt, yields the desired

expression forKx ().

0 0.02 0.04 0.06 0.08 01 The expression forv in terms of K (5) and K2(8) then
Estimation error probability, p follows from Baye’s rule.

Normalized saturation throughput, S/Q

Fig. 10. Imperfect estimation scenario: Normalized saiomathroughput as
a function of estimation error probability for differentlvas of L. Analysis
results forL. = 2 for Protocol 2 are shown using circles)( B. Proof of Theorem 1

1) Evaluation ofI"(3): The expression fory follows di-
: . . . rectly from the definitions otv, P,(8), and P»(5), and the
protocol. The analysis was generalized to the practicalaie Jaw of total probability.

where a n_ode may incorrectly estimate the number of OngongvaIuatmgPl (3): Let the packet transmitted by a tagged
transmissions. We saw that the asynchronous MPR protocols . . :
. node be the first packet in a renewal interval. It suffers
are quite robust to such errors. . o . o
. . . a_collision only if, in any of its\ transmission slots, at
Several interesting avenues for future work exist such

h terizing th turation behavior of the ordtand ast two among the remaining — 1 nodes transmit. In
characterizing the non-saturation behavior of the prdtand | protocol, this can happen only when these nodes com-

mence transmissions in the same slot. The probability that
the firsti slots,0 < ¢+ < X — 1, of the transmitted packet

0.0 —T are free of collision is(1 — 3)»~1Y. And, the probability
0.045 o Simulation (p, ,=0.001) that two or more nodes transmit in thg + 1)™ slot is
0.04 — — Analysis (p, ,=0.005) 1—(1-pB)""1—(n—1)3(1—B)" 2. Thus, we have’ (3) =
goost " vy ot S (L= D (1= (1= )"~ = (n = 1)B(1 = B)"2),
g 003f + Simuation (3, 0,02 which simplifies to (5). _
£ o0sf Ps _ _ Analysis (p,,=0.1) Evaluating P»(3): If the packet transmitted by a tagged
g ol e R o Simulation (p, ,=0.1) node is the second packet in a renewal interval, then it suffe
£ oo LR a collision only if at least one among the remaining2 nodes
0018 ’ transmits in the same slot as the tagged node. The prolyabilit
e of this event isP(3) =1 — (1 — B)" 2.
T 2) Evaluation ofG(y): The expression foZ(~) is based

o 20 3 40 50 60 70 80 9 100 on the node-specific renewal process and follows direoctisnfr
Number of contending nodes, n . E[A;] k i . . .
the equations = =t=%4. Its derivation is along lines similar to
. E[B,]" ; o
Fig. 11. Imperfect estimation scenario: Attempt rate as rction of the that in [19] for conventional DCF. It is, therefore, skippied

number of nodes = 2). order to conserve space.
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C. Proof of Theorem 2 D. Brief Proof of Lemma 2

1) Evaluation of E[T]: A renewal interval of lengtil’  The derivations of<; (3) andK,(/3) are the same as that for
consists of an idle period of duratioffige followed by K;(3)andK,(f3), respectively, in Appendix A. For evaluating
a busy period, which is either a collision or a succesﬁg(ﬁ), we consider the following two cases that may arise
Therefore,E [T] = E[Tige] + Dcot + Dsue Here, Dot =  when the tagged node transmits the third packet in a renewal
E [Thusyl [Tcol > 0]] and Dsyec = E [Thusy [Tsuc > 0]], where interval while the previous two transmissions are still oing
I [w] denotes an indicator function that equals Lvifis true in the channel. As mentioned, the probability of the caserarhe
and is O otherwise. the third packet transmission commences after the firstggack
Expression forE [Tige|: A slot is idle with a probability transmission has ended is smaller and is neglected.
(1 — )" as none among the nodes should transmit in it. ~Case 1:Two nodes, excluding the tagged one, start trans-

Thus, PiTige > t] = (1 — )™, fort =0,1,.... Hence, mitting simultaneously the first two p?)ckets in the renewal
- . . ) ) (- 52(175)7172
1 interval, which occurs with probablllt§r2—~n. Then,
E [Tige] = ZPV[Tiwe >tl=) (1-8)"= T-A=gw | 1-(1-5)
Pt Pt - (1-p) in the subsequent slots, the tagged node anather nodes

(200 (0 < x < n — 3) that have not yet transmitted, er-
Expression forDco: Clearly, Thusy = 735" when at least roneously estimate the number of ongoing transmissions
three nodes commence transmissions simultaneously atthe i the channel to be one, which occurs with probability
of the idle period and, thus, collide. This occurs with probg™_*)p5 1" (1 — p21)"~3~. None of theser + 1 nodes trans-

bility 1*“*/5)"*"/5(11*2";;(3)52(1*5)"72_ The denominator Mits for i slots (0 < i < X — 2) and, finally, the tagged
is due to the conditioning on the fact that the idle period h&$de transmits the third packet in the next slot. This oc-

already ended and, therefore, at least one node has traesmi€urs with a probability5(1 — @)ﬁjl)- Hence, the proba-
Now, Thusy= 12" + k6, for 1 < k < A— 1, when one among bility of this case is% ZZ;S (n;B)pgjl(l _
n nodes starts transmitting after the idle period, none among =

3 A—2 5 . . ™ .
the remaining: — 1 nodes transmit in the next— 1 slots, and f“)n. 3thz 2izo BO ~ fggﬁf)'.TTs S|mpI2|f|es to the first
then at least two among these-1 nodes simultaneously com- erm in the expression 3(B) in Lemma 2.

mence transmission in the next slot. This occurs with proba-Case 2: Exactly one among the: nqdes excludlng_ the
bility nB(1—B)" " (1—B)*~ V=D (1 _(1_gyn—1 _m_1)g(1—p)"~%)  tagged node transmits the first packet in the renewal interva

- e callisi - " say in slot{;, with probability “=R20=A)""" " Then jn
Combining the terms for the collision events yielflg, = L :

1—(1-8)"
22;3 Pr [Tbusy: min+k5] (Tm=im 4 k5), which simplifies slot ¢, + ¢ + 1 another node, exclucging the tagged node,

| | . . : o
to (8). © © transmits the second packet, which occurs with probability

Expression forDg,s Similarly, Thysy = T when: (i) ex- (n — 2)8(1 = 8)"2(1 — g)""~ 1, where0 < i < A - 3.

suc
actly one node transmits in the renewal interval and nonkef tThereafter, the tagged node andnodes from among the

n— 1 nodes transmit thereafter, which occurs with probability — 3 other nodes incorrectly esgima}rel the channegl occupancy,
n—1 : : S fn— T —3—

202 (1= B)("DA-D or (i) exactly two nodes start which occurs with pf?batl"“ﬁ( 2 )Psi (1=p2)" g g NIO

transmitting simultaneously just after the idle period il transmissions occur fofslots () < j < A—i—3), and in slot

. . e (3)82-p)" 2 t1+i+1+7j+1, the tagged node ~transmits the third packet,
which occurs with probability*T—r—g-—. which occurs with probability3(1 — 8)/(*+1), Summing over
Now, Thusy = Teue™ + ko, for 1 < k < X — 1, when

N all the possible values af, j, andx yields the second term
exactly one amongr nodes starts transmitting after the, ihe expression foi,(j3) in Lemma 2

idle period, during the nexk_— 1 slots none among the The expression fory, in terms OfKi(B) in (10) follows
n — 1 nodes transmit, and finally exactly one among thﬁom Baye's rule.

n — 1 nodes transmits in the next slot. This happens
with  probability nB=p)" A=) V"D (n-1)s(1-p)" 2

e T—(1-p)" .
Combining the above success terms, we gt Proof of Theorem 3
Deuc = Y5 o P [Thusy = TEI" + ko] (T& + k6), which The expression fof follows directly from the law of total
simplifies to (8). probability. Also, if a tagged node erroneously transmitew

2) Evaluation ofE [¢]: In a renewal interval{ = 0 if a already there are two ongoing transmissions in the channel,
collision occurs,( = A€ if exactly one node successfullythen a collision is~ine~vitablé.Hence,P3(ﬁ) =1
transmits, and = 262 when exactly two nodes successfully Expression forP;(3): Let the packet transmitted by the

transmit. The probabilities of these events were derivetlewhtagged node be the first packet in a renewal interval. The

computingE [T'] above. Hence, events that contribute to the expression () are the
N o 2 _— same as those that contribute () in Appendix B except
E[] = nB(1 - B )/\69 + (5)821-8) that the following additional event can occur due to incotre
1-(1-8)" I-(1-p)m estimation: None of the remaining— 1 nodes transmit during
A e e the firsts slots 0 < ¢ < A — 1) of the packet transmitted by

v n(n— 1)F%(1 = B)"*(1 = BV
+ 2000 (21) _ _ _
= 1-— (1 — ﬁ)" This is because, as mentioned, we ignore the unlikely evérdravthe

) . o . tagged node’s transmission erroneously commences afeerntimber of
This upon simplification results in (9). ongoing transmissions has decreased from two to one.



the tagged node, which occurs with probability— 3)»~1). [13]
Then, in sloti + 1, exactly one among the. — 1 nodes
transmits, which occurs with a probability — 1) 3(1—3)" 2. [14]

Finally, in the remaining\ — ¢ — 1 slots of the first packet,

at least one of the remaining— 2 nodes erroneously trans-[1°]
mits, which occurs with probabilitg — ©"~2(\ — i — 1).
Hence, the probability of this additional collision evest i[16]
(1 =B - 1)1 - P2 (1-0"2(A—i—1)).
Summing it over; and adding it to the expression &% (5)
yields the expression in (13).

Expression forP,(/3): The collision event that contributes
to the expression fo’;(-) in Appendix B also contributes
to the expression fo?,(f). Incorrect estimation can lead
to the following additional event, in which the tagged node®!
transmits the second packet in a renewal interval and a
collision occurs subsequently due to a third transmissioid]
Say the tagged node transmits in the-+ 2)M slot 0 <
i < X —2) of the first packet transmitted by one node;
among the othem — 1 nodes. Given that the tagged node
has transmitted the second packet, the probability of ti}'ﬁ]

is (n=DBA-B)"1(1-F) "V F1-F)" "2 in-
event is A0 . In the remain

ing A — i — 2 slots of the first packet, at least one 0f,3
the remainingn — 2 nodes erroneously transmits a third

packet to cause the collision, Whi(23h occurs with probapilif24]
1- (p2,1(1 - B2 41 —pz,l) =1-0"2(A\—i-2).

[17]

(18]

25
Summing the probabilities overand adding them td%(53) (23]
yields (14). [26]

[27]
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