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Abstract

To understand the spreading and interaction of two-competing species, we study
the dynamics for a two-species competition—diffusion model with two free
boundaries. Here, the two free boundaries which describe the spreading fronts
of two competing species, respectively, may intersect each other. Our result
shows there exists a critical value such that the superior competitor always
spreads successfully if its territory size is above this constant at some time.
Otherwise, the superior competitor can be wiped out by the inferior competitor.
Moreover, if the inferior competitor does not spread fast enough such that the
superior competitor can catch up with it, the inferior competitor will be wiped
out eventually and then a spreading—vanishing trichotomy is established. We
also provide some characterization of the spreading—vanishing trichotomy via
some parameters of the model. On the other hand, when the superior competitor
spreads successfully but with a sufficiently low speed, the inferior competitor
can also spread successfully even the superior species is much stronger than
the weaker one. It means that the inferior competitor can survive if the superior
species cannot catch up with it.
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1. Introduction

The spreading or invasion phenomenon of multiple competing species is an important factor
to understand the complexity of ecology. Mathematically, there has been tremendous studies
concerned with the existence of positive travelling wave solutions connecting different constant
equilibria [6, 14, 16, 19, 20, 26, 28] and the asymptotic spreading speed associated with the
Cauchy problem [22,23,30]. Recently, a different approach proposed by Du and Lin [10]
models the spreading phenomenon for a single species by assuming the spreading front as a
free boundary, where the key assumption is that the population density vanishes at the front
and the mechanism of spreading is determined by the spatial population gradient at the front.
A mathematical deduction is to consider the population loss near the spreading front and the
Allee effect is taken into account [2]. More results for more general models have been obtained
in, for example, [7-9, 12,13, 18, 19,27] and references cited therein.

Following such an approach, there are different biological considerations to two-species
Lotka—Volterra type competition models. In [11], the authors consider that an invasive species
exists initially in a ball and invades into the environment, while the resident species distributes
in the whole space R". In [15,32], the two weak-competition species are assumed to spread
along the same free boundary. Similar works but for two-species Lotka—Volterra type predator—
prey models can be found in [29,33]. We also refer to much earlier works [24,25] in which
the environment is assumed to be a bounded domain. For travelling wave solutions of free
boundary problems, see [4,5,31] for examples.

Based on these works, we may ask: if two species u, v spread only at the same direction
but with different free boundaries, then what the dynamics can be. More precisely, we envision
that two species initially occupy the intervals [0, s?] and [0, sg], respectively. Also, they only
move to the right and their territories expand to [0, s (¢)] and [0, s,(¢)], respectively, at time ¢.
We ask: does the superior competitor always wipe out the inferior one if it establishes persistent
populations? If not, how is it possible for weaker species to survive? For this, we shall look
for the unknown (u, v, sy, 57) satisfying the following free boundary problem (P):

U =dityy +riu(l —u—kv), 0<x<s(@),1t>0, (1.1)
vy = dovyy +pv(1 —v —hu), 0<x <s(),t>0, (1.2)
u,(0,1) =v,(0,1) =0, >0, (1.3)
u=0 forallx >s(t)andt >0; v=0 forallx > s;(¢)andt > 0, (1.4)
s1(1) = —paux(s1(2), 1), t > 05 s5(t) = —pave(sa(), 1), t >0, (1.5)
51(0) =5V, $2(0) =53, u(x,0) = up(x), v(x,0) = vo(x) for x € [0, 00), (1.6)

where u(x, t) and v(x, t) represent the population densities of two competing species at the
position x and time #; d, d; are diffusion rates of species u, v; ry, r, are net birth rates of species
u, v; h, k are competition coefficients of species u, v; the parameters (| and @, measure the
intention to spread into new territories of u, v, respectively. All the parameters are positive
and the initial data (uo, vo, sV, s3) satisfy

s> 0, 59 >0, up € C?[0, V], vy € C?[0, 551, uy(0) = v)(0) =0,
up(x) > 0 for x € [0,s)), uo(x) = 0 for x > s?, (1.7)
vo(x) > 0 for x € [0, 59), vo(x) = 0 for x > s).

Note that the free boundaries x = s;(¢) and x = s,(¢) may intersect each other at some time.
Also, the derivatives of u, v at the free boundary will be considered as left derivatives.

We now describe the main results of this paper as follows.
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Theorem 1 (Global existence and uniqueness). The problem (P) admits a unique global in
time solution (u, v, sy, 52) with s1, s, € C'*/2([0, 00)) and

uc CZ,I(QI) N C]+0[,(]+01)/2(§1)’ = CZ,I(QZ) N Cl+0l,(l+0l)/2(§2)’
where o € (0, 1) is arbitrary and

Qi ={x,):0<x<s;(), t >0}, j=1,2.
Furthermore,

0<ulx,t 0, (1.8)

< Ky i=max{l, [lugllz=}, x €[0,s1(2)), t
< 0, (1.9)

K> :=max{l, [[vollz~}, x €[0,s52()), t

Z

>

0 < sp(t) < 2K, max{ [ i — < min ué(x))} ,

2dy 37 3\ xel0.s]

0 < 55(t) < 212 K> max {1/;’—2, f -4 ( min v(’)(x))} ,
2dy 3 3 \xef0.s)]

Due to (1.10) and (1.11), the limits

)
)

0<wv(x,t

0, (1.10)

t >
t>0. (1.11)

Sl,00 := lim s1(2), 82,00 ‘= lim s;(¢)
t—00 t—00

are well defined such that s; oo < 00,i = 1,2. Asin[11,15,29,33], we see that the dynamics
of (P) strongly depends on their territory sizes. To describe the spreading and vanishing
phenomena, we define the following.

e The species u (respectively, v) vanishes eventually if 51~ < +00 (respectively, §2.0 <
+00) and

lEIPOO lu(-, Ollcqosen =0 (respectively, IEIPOO lv(, Hllcqo,s:n = 0).

e The species u (respectively, v) spreads successfully if 5| o = +00 (respectively, 52,0 =
+00) and the species u (respectively, v) persists in the sense that there exist ¢ > 0 and two
continuous curves x = I4(¢) such that [.(#) —[_(¢t) > ¢ for all large t and u(x,t) > ¢
(respectively, v(x, t) > ¢) for all x € [[_(¢), [.(¢)] and for all large .

In this paper, we always assume
(H) 0 < k <1 < h (so that u is a superior competitor and v is an inferior competitor).

We introduce the following three quantities:

. |d . jd 1 o T |da
S* == > N == Ry S = = —_—
2\ n 2\ JVT—k 2\ r

Note that s, < s*.
Our next result is to determine the dynamics of (P) via their asymptotical territory sizes
Si 00s i = 1, 2.

Theorem 2. Assume (H). Then the following holds.

(i) If S1.00 < Sx, then the species u vanishes eventually. In this case, if s .o < 5™, the species
v vanishes eventually; if 5700 > $**, v spreads successfully and

llim v(-,t) = 1 uniformly for any bounded subset of [0, 00). (1.12)
—00

(ii) If S1.00 € (Sx,8*], then u vanishes eventually and v spreads successfully with
behaviour (1.12).
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(iii) If 51,00 > %, then u spreads successfully. Furthermore,

litm infu(-,t) > 1 —kp, uniformly for any bounded subset of [0, 00),
—00
where py :=limsup,_, . [[v(-, )llcio.5) € [0, 1].

Theorem 2 shows that the inferior competitor may win the competition if the territory of
the superior species does not cross over [0, s*]. However, u is always unbeatable if its territory
exceeds [0, s*]. A natural question arises: does the weaker species v always die out eventually
if u spreads successfully?

Intuitively, if the superior competitor spreads faster enough than the inferior competitor,
the inferior competitor would have no chance to survive eventually even its initial populations
and initial habitat sizes are large. In this situation, it is impossible that both two species spread
successfully. Thus, the spreading and vanishing trichotomy is established.

Before stating the trichotomy result, we recall a result of [2] to characterize the trichotomy
region.

Proposition 1 (Propositions 2.1 and 2.2 of [2]). For any given a > 0, b > 0, d > 0 and
c € [0, 2+/ad), the problem
b
cU' =dU"+U@U —b)in (0,00), U0) =0, U(co) = — (1.13)
a
has a unique positive solution U = U, and U/(-) > 0 in [0, 00). Moreover, the following
holds:

(i) U (0) > U, (0) and U, (x) > Ue,(x) forall x > 0if0 < c; <z < 24/ad.
(ii) For each nu > 0, there exists a unique cy = co(a,b,d, ) € (0, 2@) such that
pU( (0) = ¢y and
co bd 1 . co
4% Jadan 3 o Vad

(iii) co is strictly increasing in a and [, respectively, and is strictly decreasing in b.

(1.14)

Foreveryd; > 0,7, >0(@( =1,2),0 <k <1 < h, define
A= {(1, n2) € (0,00) x (0,00) : co(ri(1 — k), ry,dy, 1) > co(ra, 12, da, 12)}.
By proposition 1, A is non-empty. Indeed, by (1.14),
M%imooco(rl(l —k),ri,dy, wy) =2y/diri (1 —k), Mlimoco(f”z, r2,da, u2) =0,
— —>

there exist u7 > 0 and ©j > 0 such that [u}, 0o) x (0, u3] C A.

Theorem 3. Assume (H) and d; > 0, r; > 0 are given, i = 1, 2. Suppose that (i1, uz) € A
and s\ ,oo > s*. Then u spreads successfully and v vanishes eventually. In this case, we have

lim u(-,t) =1 uniformly for any bounded subset of [0, 00). (1.15)
11— 00

Theorem 3 together with theorem 2 imply that we have the spreading and vanishing
trichotomy, namely, both species vanish eventually, # vanishes eventually and v spreads
successfully, or, u spreads successfully and v vanishes eventually, when (i, i) € A. More
precisely, we have the following corollary.

Corollary 1 (spreading and vanishing trichotomy). Assume (H) and d; > 0, r; > 0 are
given, i = 1,2. If (u1, L2) € A, then the dynamics of (P) satisfies the following trichotomy:

(i) both two species vanish eventually: §1 o < Sx and s3,00 < 8™,

4
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(ii) u vanishes eventually and v spreads successfully: s| - < s¥,
(iii) u spreads successfully and v vanishes eventually.

Remark 1. In the vanishing cases in corollary 1, the upper bounds of 5| «, 52,0 can be given
as in parts (i),(ii). These bounds depend only on the parameters in the system. However, for
part (iii), there does not exist an upper estimate for s, depending only on the parameters in
the system. It also depends on the initial data.

Next, we characterize the set A as follows.

Theorem 4 (characterization of the set A). Assume (H) and d; > 0, r; > 0 are given,
i = 1,2. Then there exist a strictly increasing C' function A(-) with A(0*) = 0 and two
positive constants vy and v, satisfying

A :(0,00) > (0,v1) with A(o0) = v if /ridi(1 —k) > v/ rady;
A :(0,00) = (0,00) with A(co) = o0 if +/ridi(1 —k) = +/rdy;
A (0,v) = (0,00) with A(vy) =o00if /ridi(1 —k) < /rds

such that the following holds:
° If«/rldl(l — k) > /rads, then
(U1, 12) € A= 1 > A(u2),  p2 € (0, 00).
o If ridi(1 — k) < \/rd,, then
(1, 2) € A= w1 > Aua),  p2 € (0, ).
Theorem 4 helps us to understand more about the sufficient condition for which spreading—
vanishing trichotomy (given in corollary 1) holds via the parameters j¢; and p,. It shows that,
roughly speaking, the inferior competitor cannot spread successfully if u,, the intention of v

to spread, is too small.
Our final result provides some conditions for which both species can spread successfully.

Theorem 5. Assume (H). Given dy, iy, ri, i = 1,2, uy and vy with s? < sg qnd (vo)'(x) <0
forall x € [s?, sg]. Suppose that 51,0 > s* (e.8. s? > s§*). Then there exists d > 0 depending
ondi, Wi, 11, 12, ug and vy such that if d, > d, then both two species spread successfully as

long as
—1

- 0_ 0 2 d
mr < and sy —s) >2m —(1-— , (1.16)
d d

for some positive constant i depending only on d» and d.

Theorem 5 shows that if the superior competitor spreads too slow to catch up with the
inferior competitor, it may leave enough space for the inferior competitor to survive.

The rest of the paper is organized as follows. In section 2, we prove the global existence
and uniqueness of solution to (P). Although the problem (P) is related to some recent works
(e.g. [5,11,15,24,29,33]), it seems that their arguments in the proof of the existence and
uniqueness of solution cannot be applied directly to our problem. In fact, since in our case
the two free boundaries may intersect each other at some time, it leads to that these two free
boundaries may not be straightened locally into two cylindrical domains at the same time.
Thus our proof here becomes more complicated than those of the above-mentioned related
works. In section 3, we first recall some fundamental results from [2, 10] and give a basic
estimate which shall be used to derive the main results of this paper. Then we determine the
dynamics of (P) via s;», i = 1, 2, and give proofs of theorems 2, 3, 4 and 5. Also, some
sufficient conditions for spreading and vanishing via the initial data are presented. Finally, in
section 4 we shall give a brief discussion with some future direction of studies.

5
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2. Existence and uniqueness

In this section, we shall deal with global existence and uniqueness of solutions to the free
boundary problem (P). For the local existence, we shall consider the following problem with
a more general nonlinearity:

Uy =djuyy + f(u,v), 0<x<si(t), t>0,

vy =dhv +g(m,v), 0<x <s(t), t>0,

u;(0,¢) =v,(0,1) =0, >0,

u=0 ifx>s;(®)andt >0; v=0 ifx >s()andt > 0, 2D

s1(®) = —pauc(s1(2), 1), t > 0;  $5(t) = —pave(52(2), 1), t > 0,

51(0) = 5, $2(0) = 52, u(x,0) = up(x), v(x,0) = vo(x) for x € [0, c0),
where the initial data satisfies (1.7), and the nonlinearities satisfy
(A) f and g are locally Lipschitz continuous for u#, v € [0, co0) with

fO,v) =0=gw,0) foru,v>0.
Our first goal is to establish the local existence result for (2.1):
Proposition 2 (Local existence). Assume (1.7), (A) and o € (0, 1). Suppose that
||u0||cl[(),x?] + ||U0||CZ[(),SQ] + S? + Sg <M (2.2)

for some M > Q. Then there exists Ty € (0, co0) and My > 0 depending only on o, M and the
local Lipschitz constants of f, g such that the problem (2.1) admits a unique solution
(M, v, 51, S2) c Cl+0(,(l+0[)/2(D71"0) X Cl+a,(]+a)/2(D%0) X C1+Ot/2[0’ T()] X C1+a/2[0, T()]
satisfying
2
el el y + 0l craasorncps ) + Y lIsillcronio,n < Mo, (23)
i=1
where D"TO ={(x,):0<x <5;(0), t €[0, Ty} fori =1, 2.

Our strategy of the proof of proposition 2 is as follows: for a given small constant 7 > 0
we introduce the function spaces

Y i={seC'0,T]: s(0) =5, s0) =57, | —s/llcory <1} i=1,2,
where s} = —,uluf)(s(l)) and s} = —/sz(/)(sg). Given (51, §2) € ¥ x X, we consider the
following problem with variable fixed domains:
U =di,, + fu,v), 0<x<5(@),t>0,
v =davy +gu,v), 0<x <8(),t>0,
uy(0,1) = v,(0,¢) =0, t >0, 2.4)
u=0 ifx>85@andr>0;, v=0 if x>5@) andt > 0,
51(0) = 5%, 5:(0) = 52, u(x,0) = up(x), v(x,0) = vp(x) for x € [0, c0).
Then the proof of proposition 2 can be carried out in two steps:

e Step 1. For any given (51, §;) € | X X, there exists small 7; € (0, 00) such that the
problem (2.4) has a unique solution (i, v) for ¢ € [0, 71].
e Step 2. Define the following two mappings:

t
FG® :=8?—u1/ o Gi(o), Ddr, i =1,2,
0

where ¢ = i1 and ¢, = v. Then we show that F := (F;, F,) defined on X; x ¥, admits
a unique fixed point using the contraction mapping theorem.

6
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Combining step I and step 2, we see the problem (2.1) admits a solution, so does the
problem (P).
We shall divide our discussion into three subsections.

2.1. The local existence and uniqueness for (2.4)

In this subsection, we study the problem (2.4) with given (5, §;) € | x X,.

Lemma 2.1. Assume (1.7), (2.2) and a € (0, 1). Then there exist My > 0 and 7, € (0, 00)
depending only on M, o and the local Lipschitz constants of f, g such that the problem (2.4)
has a unique solution (4, V) for t € [0, t1] satisfying

||u||cl+a(l+a)/2(Dl + ”U”Clm(lwx)/Z(DZ )y X Mla (25)
where ﬁ’rl ={x,0):0<x <50, rel0, ]}, i=1,2

Proof. For any given §;(t) € X; fori = 1, 2, we first straighten the given boundary x = §; ()
into a flat boundary by the transformation y = x /5, (z). Also, let

$H(1)
Uy, 1) :=ux, 1), V(y,1):=v(x,1), n(t) = =2,
51(2)
Then (U, V) satisfies the following problem:
di 5y
U = oy U, Uu,v), 0 1, t >0,
EEor Dt o IOV, Oy <L
V, = Adz 5 Viy + }( )yVy+g(U, V), 0<y<n@),t>0,
(51()) s1(0) (2.6)

Uy,©0,t) =V,(0,1) =0, t>0,

U=0 ifx>1,t>0;, V=0 ifx>n@),:t>0,

n(0) = s3/s7, (U, V)(y,0) = (U, V)(y) = @, v")(s7y), y € [0, 00).

Next, we introduce the function spaces
X\ = (U e C(0,00) x [0, T]) : U(y,0)=U"), U=0ify>1, tel0,T],
IU = U°llcqo.soyxio.ry < 1}
X} :={V € C([0,00) x [0, T]) : V(y,0)=V°(y), V=0if y >n(t), t [0, T],
IV = VOlieqo.0ox0.rn < 1}

Given (U, V) € X} X X% Since there exist 77 € (0, T), ¢; > 0 which depend only on M
and the local Lipschitz constants of f, g such that

1 . N .
o <81 < e, 151@0)/SO] < er, t €10, Til, 1 f lLeqo.c0xi0.1]) < €
]

we can apply the standard parabolic L? theory and the Sobolev embedding theorem (see
[17,21]) to deduce that the system

_ Uy 5@y, + O, V), 0<y<l1,1>0,
Go? 5w o
Uy(0,0)=0=U(l,1), >0, :

U, 00=U%y), 0<y<I
has a unique solution U € C'+*(+/2([0, 1] x [0, T}]) with

1U | creavor2 o, 11x10,117) < C1, (2.8)

where the constant C| depends only on «, M and the local Lipschitz constants of f, g.

7
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Let us now turn to the following problem:

AV 51 (¢ A
- fyg+ﬁ0yw+guvy0<y<m&t>a
(51@)*  51(0)
V,(0.0)=0=Vn@.n, >0,
V(3,0 = V), 0<y<n).
As before, we can straighten the given boundary y = n(z). Then, again, the standard

parabolic L? theory and the Sobolev embedding theorem (see [17,21]) give a unique solution
V e C1*U+@)/2(Rp ) of the problem (2.9) for some 0 < T, < Ty, satisfying

t

(2.9)

IVl crearzry,) < Cas (2.10)
where constants 75, C, depend only on o, M and the local Lipschitz constants of f, g, and
Ry, :=={(y,): 0<y<n), 0<1 <)
From the above discussions, we are able to define the mapping W on X x X % such that
W0, V)= (U,V).

Then one can prove that W has a unique fixed point as long as 7' € (0, 1) small enough using
the contraction mapping theorem. To do so, we first prove that W maps X} x X7 into itself
for small T'. For this, we set

IQ’T ={(y,t):n() <y <n@)), te[0,T]} (notethat ﬁr may be empty).
By setting Vo(y, t) = Vo(y) on Iér, we can derive
_0 I
IV e,y < TM* sup 0'(0)] .11
t€l0,7T]

where M is given in (2.2). Indeed, using the mean value theorem twice, we have

VO] = 00y = [v0(s)y) — v°(s{n(0))]  (since v°(s7n(0)) = 0)
< sl epo, 01y — O] < sPlYllcpo, 0 n (@) — n(0)]|
<

M?T sup [n'(t)]
tel0,T]

for all n(z) < y < n(0). Hence (2.11) holds.
Using (2.8), (2.10) and (2.11), there exists C3 > 0 depending only on o, M and the local
Lipschitz constants of f, g such that

0 0
U = U llcqo.coxio.ry + IV = Volcqo,00x10.71)

—lU - U° v_v° Vollees

= llcqo,11x10,77) + max{|| lewns 1V lekp)

I 0 g 0 2
ST 2 |U = Ul covsarqonxio,ry + T2 IV = Volcowr gy + TM= sup |/ (1)
tel0,T]
< C3T% (choosing T < min{l, 7>}).

Thus, W maps XlT X X% into itself as long as 0 < T < min{l, 7>, C;z/a}.

On the other hand, for any (Ui, Vi), we can define U; and V; as the solution of (2.7) and
(2.9) respectively, for ¢t € [0, T, i.e. W(lA/,', ‘A/,-) = (U;, V;),i = 1,2. Note that (Uq, V;) and
(U, V,) are defined in the same domain. Thus, by setting

U:=U —-U,, V:=V,—V,,

8
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we obtain the following system:

~ d - 51y ~

U, = oy U U ,V — (O ,V 0 1, t >0,
"= GO vy + 50 + fWU1, V1) = f(Ux, V), 0 <y < >

-~ d2 ~ Al()y

Vi= V +g(U1, V1) — (U2, Vo), 0 <y < (1), 1 >0,

Vyy +
($1(0))? 51()
U(O t)_V(O 1)=0, >0,

U=0 ify>1,1>0, V=0 ify>n(),t>0,
n(0) = 53/sY, (U, V)(y,0) = (0,0), y € [0, 0).

By L7 estimates and the Sobolev embedding theorem we have, for some large p,
1Tl cracworqo 1ixio.mn < CallUllw21 0,1y 0,12

< Csll f (U1, V) — f(O, ‘72)||Lr([o.1]x[o,rz|)

< Cs(1U1 — Uallcqo.coixiomsp + Vi = Valleqo.oox0.1:0)s

for some C¢ depending on v, M and the local Lipschitz constants of f, g. Thus, we obtain

U1 = Uzlleo,00x10,151) < C6T (||U1 s llco.oo 070 + Vi = Vallco,00)x10,750)-
Similarly, we have (by stralghtemng the boundary y = n(t)),

Vi — Vallcqo,ooyx0. 121 < C7T (||U1 Usllcqo,00x10,7) + V1 = Vallco,00x10.731) »
for some C; depending on «, M and the local Lipschitz constants of f, g. Combining the
above two estimates, we have

U1 — Uallcqo,c0yx10. 1) + 1V = Vallc(0,00)x10.730)
e N N N
< GT,° [||U1 — Uallcqo.cox10.1) + 1 V1 — V2||C([o,oo)x[0,T2])]
for some Cg depending on v, M and the local Lipschitz constants of f, g. Thus, by choosing
_2  _2
0<T <min{l, >, Cy «, C; "},

we see that W forms a contraction mapping. Applying the contraction mapping theorem,
W has a unique fixed point (still denoted by (U, V')). Thus, the problem (2.4) has a unique
solution (#, ) for ¢ € [0, 7] with &i(x,t) := U(y,t), 0(x,t) := V(y,t) and y = x/5(z).
Moreover, (2.5) follows from (2.8) and (2.10). This completes the proof of lemma 2.1. O

2.2. Proof of proposition 2

For any given §; € ¥;,i = 1, 2, due to lemma 2.1, one can introduce the map F : (51, §2) —>
(51, 52) satisfying

t
5i(t) =] — Mi/ @ix@i(v),)dr, tel0,ul, i=12, (2.12)
0

where ¢; = i1, ¢ = ¥ and (i, ) is the solution of the problem (2.4) for ¢ € [0, 7;]. Note that
5/(1) = —1igix(5i (1), 1) € C?0, 7], i =1,2. (2.13)

From (2.5), there exists M, > 0 depending only on M, « and the local Lipschitz constants of
f, g such that

2
Z 157 | cerzpo, 0,7 < Mo (2.14)
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It follows from (2 14) that

ZHS — s llcto.n < Moty

Hence F maps X; x ¥, into itself as long as t; € (0, M_Z/“)

To apply the contraction mapping theorem, we define (#°, v*) and (4, 97) as solutions
of (2.4) for ¢t € [0, T] corresponding to the given boundaries (51, 52) and (61, 62) in X; X Z»,
respectively. For convenience, we set
yL(@) == min{§; (1), 6;(0},  yi@) == max{$;(1), (1)}, i =1,2.
Then we have the following estimate.

Lemma 2.2. There holds
li* — @ ey + 10 = 0% lleqsy < C* Y18 = Gillciory, 1 €10, T1, 2.15)

where FiT = {(x,1) : 0 < x < )/i(t), tel0,T]}, i = 1,2, and C* is a positive constant
depending only on M, o and the local Lipschitz constants of f, g.

Proof. We set
Ux,t):=u’(x,t) —u’(x,1), Vx,1):=0"(x,t) — 07 (x, 1).
By direct computations (U, V) satisfies
=d U + f@°,0) — f(@7,07), 0 <x < V Y1), 1 €10, T,
=d)Vix +8(@°, 0°) — g(0%,07), 0 <x < y2(1), 1 €[0, T,
UX(O, 1) =V:(0,1)=0, 1€l0,T], (2.16)
U=0forx >yl t); V=0forx >y, t €[0,T],
U(x,0) =0, x €[0,s)], V(x,0)=0, x €[0,s)].

In order to derive (2.15), we need to estimate U (y!(¢), t) and V (y2(¢), t) first. To do so,
we observe that

[a°(61(1), )] if y! (1) = 61(1),
Uylo),nl=14 ., . . .
Ty-6, 0l {|u”(s1(r>,t)| it ¥ (1) = $1(0).

Also, using #* (51 (¢), 1) = 0 = 17 (61(¢), t), the mean value theorem yields that

U @), )] < My|15) = 61llcory forallz € [0, T, (2.17)
where M| > 0 is given by (2.5). Similarly, we have
V(y2(@t), 1) < Mi||$, — 62llcro.r; forall e [0, T1. (2.18)

From (2.16), (2.17) and (2.18), applying the maximum principle we conclude that

t
[U(x, )| < Mi|15 —01||C[0T]+M3/ max {|U|+|V|}(x,7)dTin T},
0 xel0,y!(0)] (2.19)

t
Vx,)] < Mlnsz—azucmeg/ max {(|U]+|V[}(x, 1) dr in T3

x€[0,y2(0)]
for some constant M3 > 0 depending on the local Lipschitz constants of f, g.
Next, let
J(@) = max |U(x,t)|+ max |V (x,1)].

xel0,yL ()] x€[0,y2(1)]

10
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Then we can derive the following estimate:
max {(|U|+|V])(x, 1)} < Mi|[$2 — Gallcro.ry +J (1), t €0, T].  (2.20)

x€l0,y1 (1]
To obtain (2.20), we observe that for all ¢ € [0, T,
max {(|U]|+|V])(x,1)} < J(@)+ max |V (x, ). (2.21)
xel0,yL (0] xely2().r2 ()]
Note that
VD) = {|§S(x,t)| for all x & [y2(0). ;O y2(0) = 82(0),
[07(x, )] forallx € [y=(2), yy (O] if y=(t) = $:(1),

by the mean value theorem (as in deriving the estimate (2.17)), we have

max  |V(x,1)| < M||$2 — 62llcro.rp forallz € [0, TT. (2.22)
xely2(®),y2)]

Combining (2.21) and (2.22), we arrive at (2.20).
Similarly, one can obtain

max {(|U]+|V](x, )} < Mi||$1 = 6Gillcio,ry+J (@), t € [0, T].  (2.23)
xel0,y2(0)]

Due to (2.20) and (2.23), the inequalities (2.19) can be reduced into

2 1
J() < My(1+MsT) Y |15 = 6illcor) +2M3/ J(r)dr fort €[0,T].
i=1 0
By Gronwall’s inequality, (2.15) follows. This completes the proof of lemma 2.2. g

We are ready to show proposition 2.

Proof of proposition 2. To apply the contraction mapping theorem, it suffices to show the
contraction of F. If necessary we choose t; smaller such that

0

~ ~ S,
I5i llcro,o1> 107 llcro,01 2 ?’, i=12. (2.24)

We now prove there exists C’ > 0 depending only on «, M and the local Lipschitz
constants of f, g such that

2 2
SIS =6/l < €Y NS = 6illerory (2.25)
iml i=1

as long as T > 0 small enough, where (01, 0,) is defined similarly as in (2.12).
To do so, we set

U0, = ), Vi) =9, ) L= 20
) =u (X, ) ) =v (X, ) = X n =z )
g 4 0] 510
we see that (U*, V*) satisfies (2.6). Similarly, by setting

o o o . X G2 (1)
U (yst) =u ('x7t)7 Vv (yst) =V (-xvt)v Y=z g(t) =T

o1(1) o1(1)

we obtain that (U, V) satisfies (2.6) with §1(¢) and n(¢) replaced by &,(t) and &(¢),

respectively.
Also, we introduce

Y- (1) == min{n(®), @)}, y.(t) := max{n@),E@)}, i = 1,2,
Py, n):=0(y,0) —U(y,1), Q. 0):=V(y,0) =V°(y,0).

11
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By direct computations, (P, Q) satisfies
di Py,  5(1)yPy
P = + +di1Bi(HUS +yB,())U? + F(y,1),0 <y <1,t€[0,T],
= GOE T RO 1B1() Uy, + yB2 (1) Uy (.0 y [0, 7]

_ dZny §i(t)yQy o o
S aOr S FEBOVE B0V + G0, 0 <y < 7). 1 € [0.T],

Py(0,1) = Q,(0,1) =0, tel[0,T],

P=0fory>1; Q=0fory >y, (¢t), t €0, T],

P(y,00=0, 0Q(y,0)=0, y€[0,00),

where T € (0, 11) is given and
_ 1 1 EEAOEN-AGH

PO=G0r " aor P00 ao

F(y,t):= fU, V') = f(U°,V?), G@y,t):=gWU* V') —gU’, V).

In the following we shall estimate || P ||c(r,,) + || Qllc(r,;), Where

i ={(,0):0<y< L, 1€[0,T]}, Tor:={(,0):0<y<y-(), 1€[0,T]}h

By lemma 2.2 and (2.5), for each (y,t) € I'ir, without loss of generality, we assume

51(t) < 01(¢), then

[Py, O < @ (81(0), 1) — a” (yS1(6), D] + 2% (y$1 (@), 1) — i (y61(2), 1)
2

(2.26)

<C* Z I5; = Gillcro.ry + sup li5 (-, DllcronllSt — 61llcro,r)
P 1€[0,7]

2
<M Z I5; = Gillcro,r
i=1

for some M’ > 0. Thus, we have

2
IPllca,,y <M Z I5; = Gillcro.ry (2.27)
i=1

Similarly,

2
1Qllcyy <M"Y 18 — Gillcio.ry (2.28)
i=1
for some M” > 0.
We are ready to prove (2.25). From (2.13), we see that

O )

|51(1) — 6{(D)] < py

51() G1(1)
- |:||PyIIC(r,.,) 151 — UAI”C[O,T]”U;”C(F]T)}
b §1(1) S1(®)o1(1)

Then using L? estimate and the Sobolev embedding theorem,

2
1Py lc < Ce [ sup Y B+ | Pllee,,) + ||Q||c<rzr):| :
1€l0,T15]

where B;(¢) is given by (2.26) (i = 1, 2) and the constant C¢ > 0 depending only on o, M
and the local Lipschitz constants of f, g. Also, by (2.5) and (2.24),
U e
$1(1)01(1)

7
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for some C7 > 0 depending only on o, M and the local Lipschitz constants of f, g. Thus, we
are led to

2
157 (1) — &/ ()] < Cy [ sup Y B+ | Pllca, + 1@l + 1§ — 61 ||cm]] :
tel0.7155
From (2.26), (2.27) and (2.28), there exists Cg > 0 depending only on o, M and the local
Lipschitz constants of f, g such that

2
51(1) = 5{(0)] < Cs Y_ IS = Gillcro.r-
i=1

Similarly, we can derive

2
155(t) — 63 < Co Y 113 — Gillcro.7,
i=1
where C9 > 0 depending only on v, M and the local Lipschitz constants of f, g. Thus, (2.25)
follows. On the other hand, since §;(0) = 6;(0) = s?, i =1, 2, it follows that

IS; — Gillco,ry < TS, — 6/ llcro,ry, =1, 2.

Together with (2.25), we see that F is a contraction mapping as long as 7 > 0 small enough.
By the contraction mapping theorem, the problem (2.1) admits a unique solution. Moreover,
(2.3) follows from (2.8), (2.10) and (2.14). This completes the proof of proposition 2. O

2.3. Proof of theorem 1
To prove theorem 1, we first derive some a priori estimates for solutions of (P).

Lemma 2.3 (A priori estimates). Let (u, v, s1, 52) be a solution of (P) for t € [0, T] for some
T > 0. Thenu > 0 forx € [0,s,(t)), t € [0,T]and v > 0 for x € [0, s,(¢)), t € [0, T].
Moreover, the estimates (1.8), (1.9), (1.10) and (1.11) hold for t € [0, T].

Proof. The strong maximum principle yields that u > 0 for x € [0, s1(¢)), t € [0, T] and
v > 0 for x € [0,s5,(¢)), t € [0, T]. Thus, we see from (1.3) that u,(s,(¢),¢) < 0 and
Ve (52(1),1) < Ofort € (0, T]. By (1.5), s/(r) > Oforz € (0, Tlandi =1, 2.

To derive upper bound of u, we consider u = i(z), the solution of ' = rju(l — u)
with the initial data #(0) = |jug||L~. By the standard comparison principle, we have
u(x,t) < u) < Ky forall x € [0,s(¢)], ¢ € [0, T]. Similarly, we can derive the upper
bound estimate for v.

Finally, by exactly the same argument of [15, lemma 2.2], we can prove (1.10) and (1.11).
We omit the detailed proof here. Then lemma 2.3 follows. g

We are ready to give a proof of theorem 1 as follows.

Proof of theorem 1. By propositions 2, we have the local existence and uniqueness
of the C+*(+®)/2 golution to the problem (P). Furthermore, note that u,v € C%%? in
{(x,1) : x € [0,00), t € [0, Tp]}. By the Schauder’s estimates, we see that the solution
is actually in classical sense.

Next, we shall prove that the solution can be extended to all # > 0. For this, we define
the maximal existence time of the solution by Tj,,x > 0. By the same argument of [10], one
can show T;,,x = oo. For reader’s convenience, we repeat the proof here. Indeed, using

13
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a contradiction argument we assume that T;,,x < co. By lemma 2.3, we can find a constant
K > Oindependent of Ty such that 0 < u(x, 1), v(x, 1), s1(¢), 55(¢) < K forallx € [0, s(¢)]
and ¢ € [0, Tiax). In particular,

s < si(t) < sV Kt forallt € [0, Tax) andi = 1,2.

Choosing € € (0, Thax), from the standard regularity theory we see that there exists M > 0
depending only on €, K such that

I (-, Dl 20,5001 1VE Dllero,0) S M V€ €, Thnay).
By proposition 2, there is a T > 0 depending only on K and M such that the solution of (P)
with any initial time ¢ € [€, Tax) can be uniquely extended to the interval [z, ¢ + t). Then
we reach a contradiction with the definition of T,,, since the solution with the initial time
Timax — T/2 can be uniquely extended to the time 71, + T/2. It follows that T, = co. Thus,
we complete the proof of theorem 1. ]

3. Proofs of main theorems

In this section, we shall give proofs of our main theorems stated in section 1. First, we give
some known results to be used later. The next two propositions can be found in [10, 13].

Proposition 3 (Theorem 3.3 of [10] and theorem 1.2 of [13]). Let (w, h) be a solution of
w;, =dw,, +w(a —bw), 0 <x < h(), t >0,
wy(0,1) =0, w(h(),1) =0, >0,

h'(t) = —pw, (h(t), 1), t > 0,
h(0) = ho, w(x,0) = wo(x), 0 < x < ho,

where hy > 0, wy € C?[0, ho] and wy(x) > 0 = w,(0) = 0 = wo(ho) for x € [0, ho). Then
the following holds.

3.1

(i) (Spreading—vanishing dichotomy) Either

lim h(r) = oo, lim w(x, 1) = &
t—00 t—00 b
uniformly in any bounded subset of [0, co) or
. 7 |d .
lim A(t) < =+/—, lim [lw(, Dllcoren = 0.
t—00 2V a t—00

(ii) When lim;_, o, h(t) = oo, h(t)/t — co(a, b,d, n) ast — oo and
lim sup |w(x,t)—Ug,(h(t) —x)| =0,

1790 x¢[0,h(1)]
where ¢y and U, are defined in proposition 1.
Proposition 4 (Lemma 3.5 of [10]). Assume that ¢ € C'[0,T] and w € C(D°7) N
C2’1(D%), where DS = {(x,t) e R?>: 0 <x <o(t), 0 <t < T}and
w; = dw,, +wla —bw), 0 <x <o), t >0,
‘II))C(()’ t) < 0’ J)(U(I)’ t) = 0’ t > 07
o'(t) = —pw,(o (1), 1), t > 0.

Ifhy < 0(0) and wo(x) < w(x,0) forall x € [0, hol, then the solution (w, h) of (3.1) satisfies
h(t) <o(t)forallt € (0, T]and w(x,t) < w(x, 1) for0 < x < h(t), 0<r<T.

14
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Remark 2. We call (w, o) defined in proposition 4 a supersolution of (3.1). A subsolution
can be defined if we reverse all the inequalities in proposition 4 (also replacing the interval
[0, Aol by [0, o (0)]).

The strategy of the proof in the following lemma is similar to the one in [12] (see
also [11,15]). For reader’s convenience, we give a proof here.

Lemma 3.1. Let (u, v, s1, 52) be a solution of (P). If 51,0 < +00 (respectively, 7 o < +00),
then there exists C > 0 independent of t such that
||M||c1+w<1+a>/2([o.s,(z)]x[l,oc)) + ||Si ”C“/Z[l,oo) <G, (3.2)
(respectively, [|v]|creawr o, @1xi1,00) + 153 1lcer(1,00 < C).

In particular, lim,_, » 51(¢) = 0 (respectively, lim,_, ., s5(1) = 0).

Proof. We only deal with the case that 57 o, < +00, since the proof of the other case is similar.
To straighten the free boundary x = s, (), we perform the following transformations
] $2(1)
yi=—, .
51(2) s1(0)
Then (U, V) satisfies the system (2.6) without hat sign. Using L? estimate and the Sobolev’s
embedding theorem we can conclude that

U. V. 1) =, v)x, 1), n):=

(3.3)

U llcreasorqo.nixir.oon < €'
for some C’ > 0. Also, by (1.6), there exists a positive constant C” such that
571l cerrpr,o0) < C”. (3.4)

Thus, (3.2) follows. Moreover, since |, o, < +00, by (3.4), we easily obtain lim,_, 51 (t) = 0.
The same argument can apply to the case that s, oo < +00. This completes the proof of
lemma 3.1. O

In order to prove theorem 2, we prepare the following lemmas.
Lemma 3.2. Suppose that

limsup [|u(-, ) llcro,s, 01 := p1, limsup [[v(, Dllcro.50)] = P2

—>00 —>00

Then p; < 1 fori = 1,2. Moreover, the following holds.
(i) §1.00 = +00 and

lirm infu(x,t) > 1 — ko, uniformly for any bounded subset of [0, co0) 3.5)
—00

as long as

b dl 1 _ (3 6)
N > = = ]. .
Loo 2 ri ./1 —kpz :

In particular, s| o = +00 if §1 00 > §*.
(ii) If 1 — hpy > 0, then 53 o = +00 and liminf,_, v(x,t) > 1 — hp, uniformly for any
bounded subset of [0, o0) as long as

g dz 1 _
8200 > =, ———— = 5.
) 2 A/1 — hpy g

15
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Proof. First, we consider w = w(t) as the solution of w’ = rw(1 — w) with r := max{r;, r»}
and the initial data w(0) = max{||lug| L=, [[vollL>}. By the standard comparison principle, we
see that p; < 1 fori = 1, 2. In particular, 5, is well defined because kp, < 1.

Since the proof of (i) and (ii) are similar, we only deal with (i). By (3.6), there exists a
sufficiently small ¢ > O such that

b g dl 1 —
Slog > —, | ——ovo—— =5 ,.
B2 PV ey T B

Since lim sup,_, ., |v(:, £)|lcio.5,¢)] := p2, there exists T >> 1 such that s;(7) > §;, and
v< pp+eforall x € [0,00) and ¢ > T. This implies that

ur 2 diuyy +riull —k(pz +€) — ul, xe[0,51(0)], t =2T.
Hence (u, s1) is a super-solution of

w, =diwye, +riw[l —k(pp+e)—w], 0<x<o@), t>T,
we(0,1) =0, w(o(t),t)=0, t > T,

o'(t) = —pwx(o (@), 1), t > T,

o(T) :=s1(T), wx,T)=ulx,T), x €[0,0(T)],

Since o (T') := 5,(T) > 5).¢, propositions 3 and 4 yield that s; o, > 0 (c0) = 0o and
liminf u(x, ) > lim w(x,t) =1 —k(py + &)
—00 11— 00

uniformly for any bounded subset of [0, 00). Note that ¢ > 0 is arbitrary, (3.5) follows.
Moreover, since s* > 51, it follows that s; oo = +00 if 51 oo > s*. This completes the proof of
lemma 3.2. 0

Note that 51 = s, if p, = 0and 5, = s* if p; = 0.
Lemma 3.3. (i) If 5100 < 84 then im;_ o |u(:, )| cro.s,7 = 0. (i) If $2.00 < 8™, then

lim,_, o [[v(-, Dl c1o,5,)] = O-

Proof. We now prove (i). Choose ! € [s1 o0, s«]. Let & be the unique solution for u, =
diug+riu(l—u), (x,t) € (0,1)x (0, +o0) with the boundary condition u, (0, 1) = u(l,t) =0
for t > 0 and the initial data

u(x.0) = uo(x) if x € [0, so],
o0 if x € [so,!].
Then it is well known that lim,_, ;o |, £)[lcqo.;y = O since [ < s, (see, for example,

[3, proposition 3.3]). By comparing u with u over {(x,#) : 0 < x < 51(¢), t > 0}, we obtain
0 <u <uandsolimy o0 lu(-, t)llcqo,s, oy = 0. The same argument applies to (ii). Thus,
we complete the proof of lemma 3.3. (]
Lemma 3.4. (i) Suppose that 5| o < 00. If s1(t) < $2(¢) for all large t, then

tlgglo lu(-, O)llcro,s, 1 = 0.
(i1) Suppose that 53,00 < 00. If 52(t) < 51(t) for all large t, then

lim [[v(-, )llco,5,(7] = 0.
r—0o0
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Proof. It suffices to deal with (i) since the same argument can be applied to (ii).
To prove (i), we shall modify a proof of [11]. For contradiction we assume that
limsup,_, o lu(:, ) llcqo.s,n) > 0. Then we can find a sequence {(x,, t,)} withx, € [0, s1(,))
and lim,,_, o #, = cosuch that u(x,, t,) — « ast — oo for some x > 0. Up to a subsequence,
we may assume that lim,_, o x, = X. We now show that X # s .. For contradiction, if
X = §1.c0, then by the mean value theorem and using that 5| o, < 00, we have &, € (x,, s1(#,))
such that

“(xnytn) _u(sl(tn)»tn) u(xn,tn)
uy(&,, ty) = = — 00 asn — 00,
Xn _Sl(tn) Xn _Sl(tn)
which contradicts lemma 3.1. Thus, we must have that x € [0, 5| )-
Since 51,00 < 00, we can use the same transformation as in (3.3) to obtain the system (2.6)

without hat sign. We now consider

Uy, ) :=U®W,t+1,), U,(y,1):=V(y,t+t,) foryel[0,1land? € [0, 1].

Since s1(¢) < s»(¢) for all large ¢, we have n(z) > 1 for all large ¢. Similar to the proof of
lemma 3.1, we have

IV | creeasarrz o, 11x[1,00)) < M for some positive constant M.

Here we use [0, 1] C [0, n(¢)] for all large ¢.
Together with (3.2), we obtain
(Ul 1w o, 11x 11,000 + 1V [l crsectiarr o, 11x11,00) < M (3.7)
for some positive constant M’.
By (3.7) and lim,,_, o 1 (t,) = 0 (lemma 3.1), we have (up to a subsequence)
(i, 1) (y, 1) = (u*, v*)(y, 1) in C'2([0,1] x [0, 1]) asn — oo,  (3.8)
where u*(x /1,00, 0) = k > 0 and

{u;“ = dl[sl,oo]’zu;‘,y +ru*(1 —u* —kv*), y e (0,1), t € (0, 1),

wH0, 1) = u*(1,1) =0, 1 € (0, 1). (3.9)

Then the strong maximum principle implies that u* > 0 over {(y,7) : y € (0, 1), t € (0, 1)}.
By Hopf’s Lemma, there exists & > 0 such thatu;(l, t) < —6Oforallt € (1/4, 1). Combining
(3.8) and (1.5),
1 1 1 i, (1,172 0
si th+t=)=—mu[si|ta+= ). ta+= :—mu”( /)2 H1 for all large n.
2 2 2 51ty +1/2) 7 25100

This contradicts lemma 3.1. Hence we must have lim sup,_, . [[u(-, #) lc (0,5, )1 = O and then
the proof of lemma 3.4 is completed. |

Lemma 3.5. Suppose that 5| o € (S, s*]. Then s1(t) — s2(t) changes sign only finitely many
times. Furthermore, s, oo = 00 and

lim [|u(-, Ollco.s0; =0, 1lim v(-, ) =1 locally uniformly for x € [0, 00).
11— 00 1—00

Proof. We first show that
$2.00 > 8. (3.10)

If (3.10) does not hold, then lemma 3.3(ii) implies thatlim,_, o [|V(:, ) |lcf0,5,¢1)] = 0. Applying
lemma 3.2(i) with p, = 0, we have s, o = 00, a contradiction to that s; oo < s*. Thus, we
obtain (3.10).
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We next use a contradiction argument to prove that s;(#) — s(#) changes sign only
finitely many times. Assume that it changes sign infinitely many times, then we have
Sl,o = $2,00 < 00. If we can prove that lim,_, « |[u(:, t)|lcjo.5;,¢)) = O, then using (3.10)
and lemma 3.2(ii) with p; = 0 we obtain s, = o0o0. This leads a contradiction to that
$2.00 < 00. Hence s () — s,(¢) must change sign only finitely many times.

To prove that lim,_, |4 (-, 1) |lco.s;y) = O, we shall modify the proof of lemma 3.4.
For contradiction we assume that limsup,_, ., |u(:, #)|lcqo.s;cpp) > 0. Then we can choose
a sequence {(x,, t,)} with x, € [0, s1(#,)) and lim,,_,» t, = oo such that u(x,, t,) — B as
t — oo for some B > 0 and lim,_ X, = X (up to a subsequence). As in the proof of
lemma 3.4, we have that x € [0, 51 o).

Again, using the transformation as in (3.3) we have the system (2.6) without hat sign. We
now consider

Un(y, 1) :i=U(y, t+1,), 0,(y,8) :==V(y,t+1,) foryel0,y,]and? €0, 1],
where y, := min{1, minsep, ,,+1) 7 (¢)} and n(¢) is defined in (3.3). Note that 5| oo = 2,00, WE

see that lim,,—, o, ¥, = 1.
Since §1,00 = $2,00 < 00, by lemma 3.1,

”ﬁn||C“ﬂ«“*“’/z([o,y,l]x[0,1]) + ||ﬁn||Cl+n.(l+a)/2([0.yn]><[0,1]) § M, (311)

for some positive constant M’ independent of 7.
Using (3.11), lim, .« y» = 1 and lim,,_, « 57 () = 0, we have (up to a subsequence)

(ln, W) (v, 1) = (¥, v")(y, 1) in CHY2([0, 1] x [0, 1]) as n — o0,

where u*(X/s1,00,0) = B > 0 and (u*, v*) satisfies the same system (3.9). Again, as in the
proof of lemma 3.4, using the strong maximum principle and Hopf’s Lemma we can derive

1
si (t,, + 5) > 8§ for some § > 0 and for all large n.

This contradicts lemma 3.1. Hence lim sup,_,  [lu(-, t)llc(o,s, 1))y = O-

Therefore, s1(t) — s,(¢) changes sign only finitely many times. Then we see that either
s1(t) < sy(¢) for all large ¢ or s1(¢) > s,(¢) for all large r. In fact, the latter case cannot
happen. Otherwise, by lemma 3.4(ii) and lemma 3.2(i) (with p, = 0), we see that 51 o, = 00,
a contradiction. Thus, we have s;(¢) < s,(¢) for all large ¢. Consequently, lemma 3.5 follows
from lemma 3.4(i) and lemma 3.2(ii) (with p; = 0). O

Now, we are ready to give a proof of theorem 2.

Proof of theorem 2. For (i), the vanishing of u follows from lemma 3.3(i). Moreover, by
lemma 3.2(ii) with p; = 0, we see that v spreads successfully and satisfies (1.12) if 55 oo > s**.
When 550, < $*, the vanishing of v follows from lemma 3.3(ii). Part (ii) follows from
lemma 3.5 immediately. By lemma 3.2(i), part (iii) holds. Hence we complete the proof of
theorem 2. O

To prove theorem 3, we need the following lemma.

Lemma 3.6. Suppose that 51 .. = 00 and cy is defined in proposition 1. Then

t t
ot (1= k), ry i, ) < Timin " < tim sup " < o 1, ). (3.12)
=00 t—00
Moreover, for each 0 < ¢ < co(ri(1 — k), ry, di, (ty),
liminf|: min u(x, t)] >1—k. (3.13)
100 | xe[0,ér]

18
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Proof. It is easy to check that (u, s;) forms a subsolution of

W, = diWey +rw(l —w), 0<x <h(t), t >0,
W, (0,1) =0, w(h(r), 1) =0, t >0,

W(t) = —piw, (h(t), 1), t > 0,

h(0) = 59, W(x,0) =up(x), 0 < x < 50,

By proposition 4, h() > sl(_t) for all ¢, which implies that h(co) = oo. Thus, from
proposition 3(ii) we see that h(t)/t — co(ry,r1,d1, u1) as t — oo. Consequently, we
have

. 51(1)
im sup

—>00

< co(rt, r1, di, ().
To derive the lower bound estimate in (3.12), we choose any small € > 0 and T'(¢) > 1
such that
v(x,t) < 1+¢€¢ forall x € [0,00)and t > T (¢); (3.14)

U ) sy p— — (3.15)
2V [l —k(1+¢€)]

Then from (3.14) it is easy to check that (u, s;) forms a supersolution of

w; =diwy, +rw[l —k(1+¢) —w], 0 <x < h(t), t > T(e),

wy(0,1) =0, wh@),t) =0, t > T(e),

h(t) = —puwy (h(1), 1), t > T(e),

wx, T(€) =ulx, T(€)), 0 <x < h(T(e)) :=51(T(¢)),
Using (3.15), we see that 4 (00) = oco. From proposition 3(ii) it follows that

h(t
Q — (&) == co(ri[1 — k(1 +€)],r1,di, u1) ast — oo,

w(x,t) 2 Upy(h(t) —x) —e forallx € [0, h()] and £ > 1,
By proposition 4, we have lim inf,_, 5 [s1(¢)/t] > ¢*(¢) and for each 0 < ¢ < c*(¢),

min u(x, 1) = Up)(h(t) —¢t) —e forallz > 1

x€[0, ¢t]

Note that Ue(¢)(h(t) — ¢t) — 1 — k(1 +€) ast — oo since 0 < ¢ < c¢*(¢). Thus, by taking
€ — 0, we obtain the lower bound estimates in (3.12) and (3.13). This completes the proof of
lemma 3.6. U

Similarly, we have the following result.

Lemma 3.7. It holds that

. 52(1)
lim sup ——= < co(r2, 12, da, U2),
t—00 t

where ¢ is defined in proposition 1.

We are ready to prove theorem 3.

Proof of theorem 3. We shall divide our proof into two parts:

(a) §1,00 =00 and 53 oo < 00O;
(b) limy 400 lV(-, ) llc 0.5,y = 0and lim,_, c u (-, t) = 1 uniformly for any bounded subset
of [0, 00).
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For (a), since s1.oc > s, by theorem 2 we have 5| o, = 00. To prove s; o, < 00, We argue
by contradiction and assume that s, . = 00. Since (u;, #2) € A, by lemmas 3.6 and 3.7,
there exists 7" >> 1 and a constant ¢ such that

Cx =i Co(r2, 12, da, (o) < € < co(ri(1 = k), 71, dy, 1) :=c”,
so(t) < ¢t <s1(t) forallr >T.
As in [15], we shall apply an iteration scheme. For this, we define two sequences {a, },cn
and {b, },en as follows:
ag=1—k, by=1, by, :=1-ha,, apy :=1—kb,,;, neN.

Since h > 1 > k > 0, it is not hard to see that there exists N € N such thatay € [1/h, 1).
We shall prove that

liminf|: min u(x, t)] >ay€[l/h1). (3.16)
t—o00 | xef0,61]

First, by lemma 3.6, we have

t—00 | xeg[0,¢ét]

liminf|: min u(x,t):| >a.

Thus, if N = 1, then (3.16) follows.

Assume that N > 1,1i.e. a; < 1/h. Then for each small ¢ > 0, there exists 77 >> 1 such
that u > a; — ¢ for x € [0, ¢t] and ¢ > T;. Without loss of generality, we may also assume
that ¢t > s,(¢) for all t > T;. Then we have

vy = dovyy + V(1 — v — hu) < dovey + 1v[l — v — h(a; — ¢€)]

for x € [0, s,(¢)] and t > T;. Let V be the solution of

dv
Frl V[l —h(a—¢&) = V], t 2T, V(T1) = |v(, T1)lL=(0.00))-
Thus, by comparing v and V, we conclude that (using that ¢ > 0 is arbitrary small)
limsup [[v(-, 1)l cro,00) < b2 (3.17)
11— 00

We now use the same argument in the proof of lemma 3.6 to derive

liminf|: min u(x, t)] > ar. (3.18)

t—>00 | xe[0,¢ét]

Using s1,00 = 00 and (3.17), there exists 7, > T} such that

T d]
S1(T2) > 5 m, (319)

v(x,1) < by+e forallx € [0,00)andt > T>. (3.20)
It follows from (3.20) that (u, s;) forms a supersolution of

w; = diwyx +riw[l —k(by+e) —w], 0 <x <y(@), t > T,
wy(0,2) =0, wy@®),1) =0, 1> 1,

Y'(0) = —pwe(y (), 1), t > Ty,
wx, ) =ulx,T7), 0 <x <y(Tr) :=s1(Tr),

Thus, proposition 4 gives us

y() <s1(t) and w(x,r) <ulx,t)forx €[0,y@®)], t > T>.

20
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On the other hand, because of (3.19), proposition 3 implies that
y(@)/t — co(ri[1 — k(by +¢)],r1,dy, 1) ast — oo.
Moreover, by the monotonicity of ¢y, we have (if necessary, we choose ¢ smaller)
co(rill = k(b + &)1, 11, di, 1) > co(ri(1 = k), ri, dy, wy) > ¢,
which implies that

max |w(x,t) — [l —k(by+¢)]| = max |w(x,1) — (o —ke)| - Oast — oo.
x€[0,¢ét] x€[0,¢ét]

Note that that u(x, t) > w(x, ) forall x € [0, ct] and t > T>. Hence (3.18) follows since &
can be arbitrary small.

By repeating the above process, we obtain (3.16). Without loss of generality we may
assume that ay > 1/h. Otherwise, we can replace a; = 1 —k by a; = 1 — k — € for
sufficiently small € > 0 such that a,, % 1/h for all n. Hence it follows from (3.16) that there
exists 7 > 1 such that

Vv, = dovyy + V(1 — v — hu) < dovyy
over {(x,t) : x € [0, s2(2)], t > T}. By comparing (v, s») and (¢, o), where
¢t = d2¢x,n X € (0,0’([)), t>T,
¢:(0,1) =0=9¢(c(@),1), t 2T,
o'(t) = — (o), 1), t 2 T,
¢, T)=vx,T), x €[0,0(T)], o(T)=sA(T),
we have s,(t) < o(¢) forall t > T. It is well known that o (c0) < oo. Hence we obtain
§2,00 < 00, a contradiction. Consequently, (a) follows.
Also, since §1 », = 00, we can apply lemma 3.4(ii) to conclude that

Aim v, Dlleqo.son = 0-
Finally, lemma 3.2(i) with p, = 0 implies (b). Hence the proof of theorem 3 is
complete. O
Before proving theorem 4, we establish the following lemma.

Lemma 3.8. Let U, be the positive solution of (1.13). Suppose that cy is thought of as the
function of | (other parameters are fixed). Then cy is C' in 1 and
deo(p) (V)

U/ ., (0)
3;,L 1 — w g(éo)

> 0.

Proof. Recall proposition 1,

co() = pU/ (,y(0), (3.21)
where U, (0) is strictly decreasing in ¢y and cp is strictly increasing in w. By the standard
ODE theory, we see that U C’O (0) is C' in cy. Thus, by differentiating (3.21) with respect to i,
we obtain that cg is C' in u and

0 aU. (0) 9

7% = UC/ 0) +M¢ﬂ-

ou 0 dcop  du
Since aUa”Z’O(O) < 0, we have

dco(p) Uiy (©)

- EINO)
o 1—u g(co)

This completes the proof of lemma 3.8. ]
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Proof of theorem 4. We shall apply the implicit function theorem to show the existence of
A(-). Also, using proposition 1 we can complete the proof of theorem 4.
For convenience, we set
c*(pr) = co(ri(1 = k), ri,di, 1), co(p) == co(ra, 12, da, j12),
F(pr, pa) = c*(11) — cx(pa).
Due to lemma 3.8, we have F € C'((0, oo) x (0, 00)) and ;’—Ifl = g—:; > 0 for u; € (0, 00).
For /ridi(1 — k) > /r>d>, by proposition 1, we have
0=c*0%) < c"() < c*(c0) =2y/rdi(1 —k),
0 =c.(0") < ci(0) < cx(00) = 24/ 12ds.
It follows that for each [, > 0, there exists a unique f; > 0 such that F (i, o) = 0.
Moreover, there exists a unique v; such that ¢*(vy) = 24/r2d,. By the monotonicity of ¢*(-),
we have ¢*(-) > 2+/r2d, on (v, 00). It follows that
{1, 12) € (0, 00) x (0,00) : F(p1, 2) =0} C (0, v1) x (0, 00).
By the implicit function theorem, there exists a C! function A defined for i, € (0, 00) such
that F (A (o), n2) = 0. Moreover, by lemma 3.8,
, oF ,0F dcy ,dc*
ANHy=—-——/—= — > 0.
dua’ duy  dua’ Ay
It follows that A (co) exists. We now prove that A(oco) = vy. Note that ¢, () 1 24/r2d> as
U2 4 oo. It follows that

0 = F(A(00), 00) = c*(A(00)) — 2/ r2d>.

By the definition of v;, we obtain A(co) = v;. Hence we have proved the existence of A.
Also, using ;;_fl > 0 for u; € (0, 0c0) and

A= {(1, 2) € (0, 00) x (0, 00) : F(uy, o) > 0},
we see that
(1, m2) € A<= g > A(ua),  u2 € (0, 00).

The same argument as above can be applied to the case that /7 1d; (1 — k) < /r2d>. We
omit the detailed proof here and then theorem 4 follows. |

Corollary 2. Assume (H). Let (u, v, s1, s2) be a solution of (P). Then the following holds.
(a) Ifs? < 84 and |\ug|| L~ is small enough, then u vanishes eventually. When u vanishes
eventually, the following holds:

(a-1) ifsg < 8™, then v also vanishes eventually as long as || vo|| L~ is small enough;
(a-2) if sg < ™, then v spreads successfully as long as ||vg|| L~ is large enough;
(a-3) if sg > s**, then v always spreads successfully regardless of its initial population.

(b) Givend;,r;, i =1, 2. Suppose that s? > s*. Then u spreads successfully and v vanishes
eventually as long as

w1 > A(ua),  t2 € (0,00) if ridi(1 —k) = /rd,.
m1 > A(a), 2 € (0,v) if Vridi(1 —k) < /1rada,

regardless of their initial population size, where v, and A are defined in theorem 4.
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Proof. The proof of (a) can be done by the similar argument of [10, lemma 3.7, lemma 3.8].
We do not repeat it here again. For (b), note that s? > s* implies that u spreads successfully.
Then by theorem 3 and theorem 4, we obtain (b). This completes the proof of corollary 2. [

To prove theorem 5, we need show the monotonicity of the profile v(-, ) nearby the free
boundary x = s,(¢). The idea is to apply a reflection argument as follows.

Lemma 3.9. Suppose that s\(t) < s2(t) fort € [0, t1] and n(t) := [s1(t) + s2(t)]/2. Then
vy (x,7) < O forall x € [n(t),s2(t)] and for all t € (0, 7] as long as (vy)' (x) < 0 for all
x €[5, 591.

Proof. For given 7 € (0, t;] and L € [5(7), s2(7)), we consider

D, :={(x,1): 2L —s2(t) < x < 5(), t € (¥, 7]},

where 7% := 0if L < s9; while t* := s, (L) if L > 5.
Using s/(¢) > O fori = 1, 2, we have

2L = 52(t) 2 2n(7) — 52(1) = 51(7) +52(7) —52(1) = 51(v) Z s1(1), 1€ (T, 7]

Thus, u = 0 over D, and so v satisfies

Vv, = davyy +ov(1 —v), (x,t) € D;. (3.22)
We now set
Vx,t) :=v(x,t) —vQ2L —x,1t) (3.23)

defined on D, := {(x,1) : L < x < s2(t), t € (v*, r]}. Note that (x, ) € D’ implies that
(x,1), 2L — x,t) € D;. Hence, using (3.22) it gives us

Vt:dZVxx"'C(xvt)Vv (X’I)ED;7

for some function ¢ which is bounded in D,. Note that V(L,7) = 0 and V(s2(¢),1) =
—v(s1(?),1) < O fort € (t* t]. Note that, when 7* = 0, we have V(x,0) < O for
x € [L,sY], since (vp)'(x) < O for x € [s), s9]. On the other hand, when t* > 0, we have
L = s,(7*). Then we can apply the strong maximum principle to conclude that V' < 0 over
D.. Furthermore, due to V(L, t) = 0 and Hopf’s Lemma, V, (L, ) < 0. It follows from
(3.23) that v, (L, t) = V. (L, t)/2 < 0. Note that v, (s2(t), ) < 0 for all = € (0, t;]. Thus

the proof is complete. ]

Before we start to prove theorem 5, we explain the idea behind the proof and how lemma 3.9
is applied here. To prove the persistence of v, our strategy is to construct a suitable subsolution
defined on some suitable region D. Note that we have v, (n(¢), ) < 0 (Lemma 3.9), where
n(t) = [s1(#) + s2(¢)]/2. It is natural to consider the region D := {(x,7) : n() < x <
n()+ L, t > 0} for some L > 0 and choose a subsolution with spatial population gradient
attaining zero at the left boundary x = n(#), which allow us to compare u with the subsolution
onD.

Proof of theorem 5. Given u,, dy, ri, 2, ug and vy, we choose
9, d R
n1 < wr and d, > min {% 1_"2} =d. (3.24)
r

Also, set

A =2 max(Ky, Koymax | [0 2 22 min winy ), 22 min oo
= max{K, max{ [—, —, — | min u,(x)], — | min v)(x ,
K2 ! 2 2d1 3 3 xe[O,s?] 0 3 xe[O,sQ] 0
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where K and K, are defined in (1.8) and (1.9), respectively. Using (3.24), (1.10) and (1.11),

we easily obtain

51(8) +85(1)
2 bl

We now introduce the variable y = x — n(¢) and 0(y, t) = v(x, t). Then

52(1) — s1(1)

—

AZ=n@) = > 0. (3.25)

N <Kx <) < 0<y<o@) =

Note that v satisfies
Uy = dalyy + 1/ (t)0y +r2(1 — )0, y € (0,0(1)), t >0,
v(o(),t) =0, 0(0,7) =v(n(),1) >0, t >0,

as long as o(t) > 0. . B
Setd = max{Az/(4r2), d}. Then for any d, > d, we set
-1

b ry C?
== —{1-— > 0.
2 d d

Foreach ds > d, by the condition sg — s? > 4]* (see (1.16)) we can choose
0_ 0
Le(r, 2 . °1) (3.26)

and consider the function
y Ty
Ccos —.

A
— o 2
w(y) :=e T

It is easy to check that w satisfies

" A /
w +d—w +2w =0, ye((-LD, w(El)=0,
2

where

A (”)2+ AN (using [ > I* and the definition of d).  (3.27)
=(= — ) <= sing [ > [* and the definition of d). .

2 2,) “ap M '
Moreover, there exists [y € (0, /) such that w'(—ly) = 0, w'(y) > 0if y € (—I, —ly) and
w'(y) < 0ify € (—lp, ). Let w*(y) := w(y — lp). Then we have

w*'(0) =0, W' () <0 forye(0,]+I). (3.28)
To finish the proof of theorem 3, it suffices to show
o) =1+, Vt =20, v=d8w", Vyel0,l+1l], t >0, (3.29)

for some small § > 0 under the condition
c(0)>2l, d>d, w <Ip,

where ji > 0 depending on d, and d will be determined later.
To do so, we first choose § > 0 small enough such that

v(y,0) > Sw*(y) forally € [0, +1]. (3.30)

Note that it can be done because o (0) > 2/ > [ + [y (using (3.26)). Due to (3.25), (3.28) and
(3.27) (if necessary we choose § smaller), we have

W) + 10’ @)W +r(1 —swHw* (3.31)
= —[A — 7 @OIW*) +w*(rp — dak — rdw*) >0, y € (0,1 +1p).
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For such fixed § > 0, we choose

where

M* =K T e R
= K| max — =, — | min wuy(x
: 2d," 37 3 \sepost) ©

We now prove (3.29). From (3.30), we see that 0(y, t) > Sw*(y) for y € [0, + [y] and
o (t) > [ + [y for all small # > 0. For contradiction, we assume that there exists 7* > 0 such
thato(T*) =1l +1lyand o (t) > [ + 1y for t € [0, T*). Then we have o' (T*) < 0 and so

— by (@ (T%), T*) = 55(T") < s1(T7) < 2uM*, (3.32)
where the last inequality follows from (1.10). Next, we introduce

Oy, 1) :=0(y, 1) — dw*(y).
From (3.31), it follows that

0 — 0y +17' )0y +y(x,)w <0 forye (0,l+1y).t € (0, T,
for some bounded function y. Also, we have

01»,0)>0, yel0,]+1](by(3.30)),
0,0, 1) = 8,(0, 1) — S(w*)'(0) = vy(n(t), 1) <0, 1 € [0, T*] (by lemma 3.9),
O +1p,1) = 0 +1o, 1) — S (L +1o) = 0 +1o, 1) =0, ¢t €[0,T*].

Thus, we can apply the strong maximum principle and Hopf’s lemma to conclude that
Q,(o(T*), T*) < 0. This implies

0,(o (T*), T%) Sy (U +1p) = 12T Al
— a0y (o , > — w = expT——1¢.
M2y [2%) 0 3l p 24,
Together with (3.32), it leads to a contradiction to u < . Hence (3.29) follows and then the
proof of theorem 5 is completed. U

4. Discussion

In this paper, we consider a free boundary problem which describe the spreading of two
competing species in a one-dimensional habitat. We assume that u is a superior competitor
occupying the interval [0, s1(¢)], while v is an inferior competitor with the territory [0, s, (¢)] at
time ¢. Here, the two free boundaries x = s;(¢), i = 1, 2, differently from the previous works,
may intersect each other. They are used to describe the spreading fronts of two competing
species, respectively. Our goal is to investigate its dynamics. Due to the fact that two free
boundaries may intersect each other, it seems very difficult to understand the whole dynamics
of this model.

In comparing with the Cauchy problem, our model shows that (under (H)) the superior
competitor is not always the winner. If the superior competitor’s territory size cannot cross
some critical value, it can lose the competition, while if its territory is above this critical
value, then spreading occurs. This result is consistent with the one in [11]. An interesting
phenomenon appearing in our model is that when spreading of the superior competitor occurs,
our model shows the weaker species does not necessarily die out eventually over their territory.
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In fact, if the superior competitor spreads too slow to catch up with the inferior competitor, it
may leave enough space for the inferior competitor to establish persistent population.

From the modelling point of view, the real case should be the case of two-dimensional
habitat. Mathematically, the 1d case is the simplest case to do the analysis (for example, the
existence and uniqueness issue). For the higher dimensional case, our approach still works
in a radially symmetric setting, i.e. the habitat and the solution are assumed to be radially
symmetric. Then (1.5) becomes

S;(t) = _M]Mr(S](t), t)? > 0; Sé(t) = _M2vr(52(t)a t)’ > Oa

where r := |x| and u = u(r,t),v = v(r,t). For general non-symmetric case, the Stefan
condition (1.5) can be replaced by the condition (see [8])

b, = uVu -V, ®

if the free boundary is represented by I'(1) = {x € RV : ®(x, t) = 0} for some suitable
function ®. We leave this general higher dimensional case as a future study.

On the other hand, the condition (1.3) means that no flux can across the left boundary.
This condition is equivalent to the (radial) symmetric case in 1d, if we consider the following
general setting:

U =diyy +riu(l —u —kv), s;() <x <sf(), t>0,

Uy = day +20(1 —v —hu), s, (1) <x <s;(1), t >0,

u=0 forx ¢ (s;(t),s7(), t>0; v=0 forx ¢ (s, (t),s5()), t>0,
(D)) = =i (570, 0, 1> 0 (59)'(1) = —pavi(s3°(1), 1), 1 > 0.

Indeed, our analysis works for this general case. However, it would increase the complexity
of our presentation. For simplicity, we only treat the symmetric case in this paper. We leave
the general case to the reader.

For the issue of spreading speed, if one species vanishing eventually, the model can be
thought of as the single species model of Du and Lin [10]. Thus, the spreading speed of
the species that spreads successfully can be understood as in [10]. If both species spread
successfully, it would be interesting to characterize their spreading speed (we only have some
rough estimates). We leave this issue for the future study. We also refer to [1] for the asymptotic
behaviour of moving interfaces for some free boundary problems.
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