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1. Introduction

Consider the following boundary value problem L := L(q, Uy, Uy) of the form

Ly=—y"+qxy=\y, 0<z<l1 (1.1)
with the boundary conditions
Uo(y) :== (A = h1)y'(0,A) + (haA — h3)y(0,A) = 0, (12)
Uily) == (A = H1)y'(1,\) — (H2A — H3)y(1,\) =0, (1.3)
where ¢ is a real-valued function and ¢ € L?[0,1],h;, Hi€ R,l = 1,2,3, such

that
ro = hg — hihe > 0 and r{ = HiHy — Hz > 0.
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Sturm—Liouville equations with boundary conditions linearly or nonlin-
early dependent on the spectral parameter were addressed by many authors
(see [1-8]). Such problems often arise from physical problems, for example,
vibration of a string, quantum mechanics and geophysics. Binding et al. [2]
discussed the boundary value problem L and obtained oscillation and com-
parison results as well as the asymptotic estimates of eigenvalues, which can
be considered as extension of Fulton’s results [1]. Chernozhukova and Freiling
[5] explored the inverse problem for Sturm-Liouville equations with bound-
ary conditions polynomially dependent on the spectral parameter and showed
that if coefficient functions Rog(M\),k = 0,1, of the boundary condition are
known a priori, then the potential ¢ and coefficient functions Ry (M) of the
boundary condition can be uniquely determined by the Weyl function, where
Rerp(N) = E;i“oagkj)\rﬁk_jmgl =re > 0,ae10 = 1,§,k = 0,1, are arbitrary
polynomials of degree r¢; with complex coefficients such that Req(A) and
Reo(A) have no common zeros. Freiling and Yurko [6] studied three inverse
problems for Sturm—Liouville equations with boundary conditions polynomi-
ally dependent on the spectral parameter from Weyl function, or from discrete
spectral data or from two spectra and provided procedures for reconstructing
this differential operator from the above spectral data, respectively.

Numerous research results for Eq. (1.1) with Robin boundary conditions
have been established by renowned mathematicians, notably, Borg [9] and
Levinson [10], respectively showed that two spectra {\,, pt, } uniquely deter-
mined the potential ¢ and coefficients h, H € R of the boundary conditions.
Hochstadt and Lieberman [11] initiated the study of the so-called “half inverse
problem® for Eq. (1.1) with Robin boundary conditions, they proved that if
coefficients h, H of the boundary conditions are given a priori and ¢ is pre-
scribed on the interval [1/2, 1], then one spectrum is enough to determine the
potential ¢ uniquely. After that, half inverse problems for differential opera-
tors were respectively investigated by many authors (see [11-18]), in particu-
lar, Castillo [12] or Suzuki [13] independently showed that coefficient h of the
boundary condition is necessary for the Hochstadt—Lieberman Theorem by an
example. An alternative approach to inverse spectral theory is via the Weyl
m-function. Marchenko [19] proved that the Weyl m-function of the Sturm-—
Liouville operator uniquely determined the coefficients h, H of the boundary
conditions as well as the potential ¢q. A lots of related results were obtained
by this approach (see [4,7,19-26]) or the method of spectral mappings (see
[5,6,14,15,17,27,28]). One of the interesting results was achieved by Gesztesy
and Simon [21], they used the Weyl m-function to study the inverse spectral
problem of Eq. (1.1) with Robin boundary conditions from prescribed partial
information on the potential and parts of one spectrum, which is a generaliza-
tion of the Hochstadt—Lieberman Theorem [11].

Theorem 1.1 ([21, Theorem 1.3]). Let o(L') = {\,}52, be the spectrum of
Eq. (1.1) with Robin boundary conditions. If q is prescribed on the interval
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[0,% + §] for some o € [0,1), then the potential q a.e. on the whole interval
[0,1] and coefficient H of the boundary condition can be uniquely determined
by coefficient h of the boundary condition and a subset S C o(L') satisfying

HAE SN <D} > (L- A e o)A <D} + 3, (L4)
for all sufficiently large t € RT.

Theorem 1.1 implies that partial information on the potential (more than
one half of the interval) and parts of one spectrum are sufficient to determine
the potential on the whole interval. Suzuki [13] showed that one spectrum
cannot uniquely determine the potential ¢ if ¢ is prescribed on [0,% —¢] for
0<e< % by an example. Hence, people may interest in the following inverse
problem:

IP-1: Assuming that q is prescribed on [0,% —¢,0 < e < What extra

1
5.
conditions can ensure the unique determination of the potential?

The purpose of this paper is to solve IP-1 for the problem (1.1)—(1.3). We
first establish some uniqueness theorems for Sturm-Liouville equations with
boundary conditions linearly dependent on the spectral parameter from partial
information of the potential and parts of two spectra. And then we obtain two
uniqueness theorems for the problem (1.1)—(1.3) from partial information of the
potential and a subset of pairs of eigenvalues and the normalization constants
of the corresponding eigenvalues. The techniques used here are based on the
Weyl function and methods developed in Refs. [6,21] and [23].

This article is organized as follows: In Sect. 2, we present preliminaries
for Sturm—Liouville equations with boundary conditions linearly dependent on
the spectral parameter. We state main results and prove the main results in
Sect. 3.

2. Preliminaries

In this section, we present preliminaries for the boundary value problem L.
Let Si(x,\), Sa(x,N), u_(z,\) and uy(z,\) be solutions of Eq. (1.1)
which satisfy the initial conditions:
S1(0,A) =0,51(0,\) =1,55(0,\) = 1,55(0, ) =0, (2.1
u_(0,\) = X — hy, u_(0,\) = hg — ha)\,
u+(1,/\) =\ Hl, u;(l,)\) = HQA — H3.

[\)
~— ~—

Clearly, Up(u—) = Uy (us+) = 0 and
A

)
U_ (1‘, ) = (/\ — hl)SQ(.Z‘, /\) + (hg — hQ/\)Sl(x, /\), (24)
U+($, )\) = Ul(Sl)Sg(x, )\) — Ul(Sg)Sl (.’L‘, )\) (25)
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Let
AN) = [ug,u](z, A), (2.6)

where [y, z|(z) := y(z)2'(z) —y'(x)z(x) is the Wronskian of y and z. Therefore
A(A) is independent of the variable z and

AR = Ui(u-) = =Uo(uy), (2.7)

which is called the characteristic function of the boundary value problem L.

It is easy to show that all zeros A,,,n € Np, of A()\) are real and simple.
Let o(L) = {\n}52 be the spectrum of L. Since u_(x, A\,,) and uy(z, A,) are
eigenfunctions of the corresponding eigenvalue \,, then there exists k, such
that

up(x, A\p) = Kpu_(x, \pn), (2.8)

where &, is called the normalization constant of the corresponding eigenvalue
An- Hence K, # 0,00 and

u+(07 >\n) = Hn(An - hl)a >\n - hl ?A 07
i (0, M) = 0, 1, (0, An) = in(hs — haX), A —h1=0.  (2.9)

From Ref. [6], we have the following asymptotic formulae

u (@, \) = p? cos pz + O(pe™),

2.10
U/_(Cﬂ,A) = fp?’ SinprrO(pzem)7 ( )
s 3) = con 1 ) + 0(pe"0=2), 211
u;(x, )\) = p3 Sinp(]_ _ x) + O(p2e7'(1—g;))7 .
and
AQ) = —psinp + O(p'eT), (2.12)

where p = VA, 7 = [Imp|.
Therefore, the asymptotic formula of eigenvalues v/, of the boundary
value problem L is

ln
V= (n—2)m + — + 2 (2.13)
nm n

where w = %fol q(x)dx — hg — Hy and {l,,} € [°.
Denote G5 := {p: |p—kn| > &', k € Z} for small sufficiently ¢’ > 0, then
there exists a constant Cs such that

IAN)| > Cs/|plPe™, peGs, |p| > 1. (2.14)

Let ®(z, A) be the solution of Eq. (1.1) under the condition Uy (®) = 1, Uy (®) =
0. Put M()) := ®(0, \), which is called the Weyl function for L. We have
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ug(z,A) 1
B(x,\) = — +A(>\) —)\_hl(Sl(x,)\)+M()\)u,(a;,/\)), (2.15)
where
ug(0,0)
M(A)__iz(x) : (2.16)

which is called the Weyl function of the boundary value problem L. Con-
sequently the Weyl function M () is meromorphic with simple poles in the
points A = \,, for n € Nj.

The following two lemmas are important for us to prove main results in
this paper.

Lemma 2.1 ([6]). Let M (\) be the Weyl function of the boundary value problem
L. If coefficients hy,l = 1,2,3, of the boundary condition are given a priori,
then M(\) uniquely determines coefficients Hy,l = 1,2,3, of the boundary
condition as well as q (a.e.) on the interval [0,1].

Lemma 2.2 ([21, Proposition B.6]). Let f(z) be an entire function such that

(1) supj,=p, |f(2)] < Crexp(C2RY) for some 0 < a < 1, some sequence
Ry — o0 as k — oo and Cy,Cy > 05

(2) im0 | f(iz)| = 0,2 € R.

Then f = 0.

3. Inverse Problems with Partial Information

In this section, we study the uniqueness theorems for Sturm—Liouville equa-
tions with boundary conditions linearly dependent on the spectral parameter.
The authors intent to recover the boundary value problem L from partial
information on the potential ¢ and parts of two spectra or from partial infor-
mation on the potential ¢ and a subset of eigenvalues and the corresponding
normalization constants.

Denote the boundary value problems Ly; := Li;(qx, Uoj, Urr), k, j = 1,2,
of the form

Liju = —uj, + qp(x)ur, = My ,z € (0,1), (3.1)
with the boundary conditions
U()j(uk) = ()\ — hlj)uﬁc(O, )\) + (hgj)\ - hgj)uk(O, )\) = 07 (32)

Ulk(uk) = ()\ — Hlk)ufc(l, )\) — (Hgk/\ — H3k)uk(1, /\) = O, (3.3)
where ¢ are real-valued functions with ¢, € L?0,1],hy;, Hre R,1 =
1,2,3,k,7 = 1,2, are such that
hoiA—h3z1 , haaA—h3a

A—h11 A—his

roj =hsj—h1ho; >0, 11 =HipHop—H3p >0,

(3.4)
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And let o(Lg;) ={Akjn o0, k, 7=1,2, be the spectrum of Ly;. Since %{1’?1 #
%, we can easily prove o(Lg1) No(Liz)=0 for k=1 or k=2.

We obtain the following Theorem 3.1.

Theorem 3.1. Let 0(Lij) = {Apjn}tolo k,j = 1,2, be as that defined above,

(Ot(),al,Oég) S [071) X [0,1/2] X [0, 1/2], Ag - U(Llj)ﬂa(ng) fO’f’j =1 or2.

Suppose the coefficients hy1,l = 1,2,3, of the boundary conditions are given a

priori and the following conditions:

(1) Olo—Oél—OéQZO,

(2) q1 = g2 on the interval [0, a],

(3) there are two nonnegative integers B1 and By with By + B2 = 6 and two
nonnegative small numbers €1 and 5 with €142 > 0 so that the inequal-
ities

H{A e AjIA <)} = (1 —205)8{A € o(Lyj) A < B)}
100s — B )
+%’ j=1,2 (3.5)
holds for t > 1,

are satisfied, then
@1 =q2 a.e. on [0,1) and Hp = Hpp, 1=1,2,3.

Proof. Let ugy(x,\),k = 1,2, be the solution of Eq. (3.1) with the terminal
conditions upy(1,2) = A — Hyy and wj (1,t) = HopA — Hzg. By Green’s
formula, we have

1
/Q x)ur (, Nugy (2, N)dx
0

= w14, u2+](1,A) — [ur4, u24](0,A)
= F(1,\) — F(0,)),

where Q(z) = ¢2(x) — q1(2),
Flao, A) = [ur4, uz4] (a0, A)

and

Akj ()\) [()\ hlj)uk+ (0 )\) (hgj)\—h3j)uk+(0, )\)] for k‘,j: 1, 2. (36)
Note that
F(Ov >‘) = u1+(07 )‘)u/2+ (07 )‘) - u/1+(07 )‘)u2+ (07 )‘)

1
= ——[u1+(0, \)Up; (u24) — ua1 (0, \)Upj(u1+)]
N,
1

= m[“lu((l MUoj(u1+) — Ul1+(07 MUoj(uz+)]. (3.7
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From Lemma 1 in Ref. [6] and (3.7), we see that F'(0, A1j,) = 0 for A, €
o(L1j) (o (Lz;) hold. The assumption (2) yields to

F(0,\) = F(ag, \). (3.8)
Hence
F(Oé07>\1jn) :O,V)\ljn EAj ga(Llj)ﬂa(ng), j: 1,2.

Without loss of generality, we assume all eigenvalues A, 7 0 in this section.
And denote tg := liminf,en, {|M1nls [A12n|}- By virtue of Ref. [6, Lemma 4],
this yields

a ka] = 1723 (39)

where

Aejn
._WHAWH%Q)Q

n=3
are constant. From (2.10)—(2.11), we have

|F(ao, \)| = O(p*e?™(1 =) (3.10)
and
[A; (V)] = O(p%eT). (3.11)
Define
G = 1] (1 S ) for j=1,2 (3.12)
AljneAj 1jn
and
o F(Oéo,)\)
K\ = GG (3.13)

Therefore, K () is an entire function in A. Denote

Ng; (t) = H{Mjn € Aj[Ajn <t} Nay; (t) = 8{A1jn € o(L1)|Ajn <t}
Then the assumption (3) leads
10as — B ,
N, (t) > (1= 205)Na,, () + W
and there exists constants t; > tg and C; such that

10a; —f3; i
Ng, = {NGj(t) 2 (1_2O‘j)NA1j(t)+%’ t 21, (3.14)
NGj (t) > (1 — QOéj)NAU (t) — Clj, t < tj.

Since Ay;(A) is an entire function in A of order 3, there exists a positive
constant C' such that

N

Ne, (1) < Na,, (1) < Ct?, (3.15)
and NGj (to) = NAlj (to) = 0.
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For a fixed real number y and |y| > 1, we have

1n|Gj(iy)|:%1nGj(iy)W:% Y (1 ty )<1+

A1
A1jn€A; Ljn

Results. Math.

Aljn

_1 y2 _1 s y2
t

)\1anAj o
1 y? o 1T y?
= 5 ln(l—‘rt?)NGJ (t)|t0 —5 /NGJ. (t)d |:hl (1+t2 . (316)
to

Since

2 1

ln(1+iQ> :O(t?)’ ast — oo,
we obtain
y?
tlggo In (1 + 1?2) Ng,(t) =0

and

y?
lim In <1 + 152> Na,,(t) = 0.

t—o0

Consequently, from (3.16) together with the following relation

2 2
v _ 41 v
3 +ty? dt<2ln(1+t2>>’

tj

[y y? Iy
:/WNGj(t)dt:/wNGj(t)dt"‘/ WNGj(t)dt

we have

In |G, (iy)|

to to t;
> (1_9 [ No (P 00 —Bite; [y d
—( - aj) By Alj(t> t+ 2 5y? t
to to
tj 5
10a; — B +¢; Y
(e a)) [
to

5

+10(Xj—ﬁj+€j+201j nt3+y2 100(j—ﬂj+5j+201j In
4 2 +y? 2

100 — B3; +¢, 2
= (1-20;) In | Ay (iy)] + % In <1+y>

+2
\t—;\ (3.17)
0
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For sufficiently large y € R, (3.17) implies

|G (iy)| > Couj|Avy(iy)[ 2 [y 00~ e, j =12, (3.18)
where Cyy; are constant. Therefore for sufficiently large y € R, we have
|G1 (i) Ga(iy)| = Co1r Cona|y|* T T2 201 m02), (3.19)
Hence
F ) 1
= gt =© () (8:20)

Analogous to the proof of Ref. [21], we can prove the condition (1) for the
entire function K () in Lemma 2.2. From Lemma 2.2, we obtain

K()\) =0, VA € C.

ie.,

F(ag,A\) =0, VA € C.
Consequently

F(0,\) =0, YA e C.
ie.,

w14 (0, \)ub, (0, ) — uy, (0, N)uay(0,X) =0, VA € C. (3.21)
Henceforth
u14(0,\)
(h12A = hig)ui4 (0, A) = (A = hap)ul, (0, N)
uz24(0, )

(h12A — hig)uz4 (0, A) — (A — hi1)uh, (0, A)
or equivalently
Mi(X) = Ma(X), VA e C. (3.22)
From Lemma 2.1, we conclude that
g1 =qa a.e. on [0,1] and Hj; = Hip, 1=1,2,3.
This completes the proof of Theorem 3.1 0

Let us present an example of Theorem 3.1 to the readers. If we take
Qg = %,al = 0,0&2 = %,ﬁl = 1,ﬁ2 = 5,51 =1 and €9 = 0, then Theorem 3.1
turns to the Hochstadt-Lieberman type theorem as follows.

Corollary 3.2. Let 0(Ly1) = {\k1n}22 be as that defined in Theorem 3.1 for
k =1 and 2, and coefficients hj1,l = 1,2,3, of the boundary condition are
given a priori. If g1 = qa on the interval [0, 3] and

Min = A2in, V0 >0,
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then
q1 =q2 a.e. on [0,1] and Hjy = Hjp, 1=1,2,3.

Instead of using parts of two spectral sets and partial information on the
potential, one can use a subset of eigenvalues and the corresponding normal-
ization constants to establish the uniqueness theorems for the boundary value
problem L. In the remaining of this section, we shall use the techniques in Ref.
[23] to some uniqueness theorems.

Theorem 3.3. Let o(Ly) = {\en 520, k = 1,2, be the spectrum of Eq. (3.1) with
boundary conditions (1.2) and (3.3). Assuming that the coefficients hy,l =
1,2,3, of the boundary condition are given a priori. Suppose the following
conditions

(1) q1 = g2 a.e. on the interval [0, a] for some a € [0, 1),
(2) there ewists a sufficiently small positive number ¢ and a set A =

{Mj}iea Co(L1)No(L2), where A C Ng so that
Kij = koj for all Ai; € A

and the equality

da — 3+ 2¢

HAC AN ) = (1 - a)z{r € o(Lu)A < 0} + =

(3.23)
holds for all sufficiently large t € RT.
are satisfied. Then g1 = g2 on [0,1] and Hjy = Hi2,1 =1,2,3.

Proof. Let uy(x,\) be the solution of Eq. (3.1) with the initial conditions
up4 (1, A) = X\—= Hyg and up (1, \) = HopA— Hzy, for k = 1,2. For an arbitrary
solution ve of Eq. (3.1) of the corresponding potential g2, we denote

Fy(z, A) := [u14 — uay, vo](z, N) (3.24)
and
Apr(A) = =[(A = h1)uj, (0, X) + (hoX — hg)ugy (0, A)] for k= 1,2. (3.25)
Then

1
Fy(0,0) = (uf (1, \)—ub, (1, X))o (1, A) /ql—qg w1 vodx
0

= [U1+ — U2+, UQ] (Oa )‘)

_ 1 U1+(O7)\)7UQ+(O,)\) ’UQ(O,)\) '
)\—hl AOQ(}\)_Aol()\) ()\—hl)’l}é(o,)\)+(h2)\—h3)’()2(0,>\)
N ey h1 (u14(0,A) —u24.(0, X)) ,\%hlv?(oa)‘) ‘
AOQ( ) AOl()\) ()\ — hl)vé(O, )\)+(h2)\—h3)vg(0, /\) ’

(3.26)
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If Aij — hq # 0 for some j € Ny, (3.26) together with (2.9) implies
Ap2(A15) — Ao1(A1j) = 0 and

1
7(U1+(0, >‘1j) — ’LL2+(0, )\1]')) =0 fOT all )‘1j € A. (327)
Ay —h

If A1; —hy =0 for some j € Ny, (2.9) yields
14 (0, Aj) =u24(0, A1) =0 and uy (0, A1j)—uy, (0, \1;) =0 for all Aj; € A.
(3.28)
Therefore, (3.27) and (3.28) implies
Fy(0,A15) =0 for all \; € A. (3.29)

By virtue of the assumption (1) together with the Green’s formula, we obtain

Fv(ov )‘) = (u/1+(17 >‘) - u/2+(1’ )‘))UQ(L >‘) - /(Ch - L]Q)ul-i-UQdJC
0

= (u’1+(1,)\) - ul2+(1a)\))v2(1>)\) - /(‘h — q2)u14 v2dx

(o3

= [u14 — ua4, v2](cv, A). (3.30)

Next, we will prove uiy (o, ) = uzy (o, A) and uy (o, A) = uh, (o, A) for
all A € C.

At first, we show that wuiy(a,\) = wai(aA) holds. Let va(z,A) =:
vp(x, ) be the solution of Eq. (3.1) with the conditions vp(a,A) = 0 and
v (e, A) = 1. Then

F,,(0,)\) = ui4(a, \) — uaq (o, A). (3.31)
Define the entire functions G 4(\) and Hp(A) by

B A _ Fy,(0,))
Ga(\) = AEA (1-— Aln) and Hp(\) = NN (3.32)
By (2.10) and (3.29), we have
ur (@, iy) = usy (o, iy) = O(Jy| 2 =W1%), (3.33)

for sufficiently large |y|. Analogous to the argument in the proof of Theorem
3.1, we have

S5a—3+42¢

(Galiy)| > C1|Aor(iy) | |y| "2 > Caly| e (3.34)

where C, Cy are positive constants. Hence

mmwn=o<1) (3.35)

JEST
ly| =
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By Lemma 2.2, we obtain
Hp(A\) =0, VA e C.
Therefore
w4 (o, A) —ugy (a, A) =0, Ve C. (3.36)

Secondly, we will prove u}, (o, A) = uj, (o, \) for all X € C. Let us take
va(x, A) =: vn(z,A) be the solution of Eq. (3.1) with the initial conditions
vn(a,A) =1 and vl (o, A) = 0. Then

Fup (0,0) = uhy (o, N) —uly (o, N). (3.37)
Define the entire function Hy(\) by

F,
Hy(A) = m (3.38)
By (2.11) again, we have
(0, 3) = kv i)| = Olylet=I1%), (3:39)
Hence
(i) =0 (o) (3.40)
Applying Lemma 2.2, we get
Hy(A) =0, VieC. (3.41)
Therefore
uyy (o, ) —ufy (o, N) =0, VAeC. (3.42)
(3.36) and (3.42) together with the assumption (1) leads to the conclusion
[urg,u2+](0, A) = [ury, uat](a, A\) =0, VYA e C. (3.43)
Hence
Mi(\) = Ma(N). (3.44)
By Lemma 2.1, we conclude that
¢1 =q2 on [0,1] and Hy; = Hjp for 1 =1,2,3.
By now, the proof of Theorem 3.3 is completed. O

Remark. Theorem 3.3 is a generalization of Theorem 4.1 in Ref. [23].

Let a = % and € = i we have the following corollary.

Corollary 3.4. Let o(L) = {)\;}32 be the spectrum of the problem (1.1)—(1.3).
Assume that the coefficients hy,l = 1,2,3, of the boundary condition are given
a priori and q on the interval [0, %] 18 known a priori, then the even spectral



Vol. 65 (2014)  Inverse Problems for Sturm—Liouville Equations 117

data {(N2j, K25)}52¢ or the odd spectral data {(Azj—1,K2j-1)}52, is sufficient
to determine the potential ¢ on the whole interval [0,1] and coefficients H; for
1=1,2,3.
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