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1. Introduction

In this paper, we study the following equation

1
Zt = Zxx — T (1])
z

where z = z(x, t) is a complex-valued function of the spatial variable x € R and the time variable t > 0. If we set z(x, t) =
u(x, t) + iv(x, t), wherei = o/—1and u(x, t), v(x, t) € R, then (1.1) can be written as a system of parabolic equations

Up = U — u/ (W + %),
{vr = vy + v/ + 0. (1.2)

If z(x, t) is real-valued (i.e., v = 0), then the system is reduced to the equation

1
Uy = Uyx — —

An initial boundary value problem for the above equation was first studied by Kawarada [7] in 1975. For more general nega-
tive power nonlinearity, we refer the reader to, e.g., [4,6,8] and the references cited therein. The goal of this paper is to study
the dynamics of solutions of the system (1.2) with v = 0.

First of all, we consider a spatially homogeneous solution of (1.2), namely, (u, v) = (U(t), V(t)). We obtain that (U(t),

V(t)) satisfies the following ODE system:
_ 2 2

U = U/(ZU +2V ), (13)

Ve = V/(U? 4+ V).
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Given (U(0), V(0)) € R?\ {(0, 0)}. By a simple computation, we obtain that
uv(e) =U@OVv@) =C, Vt=>0, (1.4)

for some constant C € R.

If U(0) = 0, then the trajectory stays on the V-axis, exists globally and tends to 00 as t — oc. On the other hand, if
V(0) = 0,then V(t) = 0and U tends to zero in finite time. When C # 0, by (1.3) and (1.4) we have (U(t), V(t)) — (0, =00)
ast — oo.

In this paper, we consider the initial value problem (P) for (1.2) with the initial condition

(u('v 0)5 U(', O)) = (u07 UO). (15)
In the sequel, we shall always assume that

up > 0, vy > 0, ug, vo € L(R) NC(R), igfuo +i%fv0 > 0.

Then the problem (P) has a unique solution (u, v) € (C([0, T); L*(R)))?, where T = T(up, vo) € (0, oo] is the maximal
existence time of the solution. Furthermore, we have either T = oo, or

T <oo and liminf{infu(x,t) + infv(x,t)} =0.
t—T XxeR XeR

In the first case, we have the global existence. For the second case, we say that the solution of (P) quenches in a finite time T
in which T is called the quenching time. Moreover, we say that x, € R is a (finite) quenching point for (u, v) if there exists
a sequence {(x;, t;)} such thatx; — xo,t 1 T and u(x;, t;) + v(x;, tj) — 0asj — oo. We shall investigate the global and
non-global existence of solutions of (P).

The first result is about the global existence and (time) asymptotic behavior of the solution of the problem (P).

Theorem 1. Suppose that the initial data satisfy

ug(x) > 0, vo(x) > 0, Vx e R, ugand vy are bounded in R,

ug(x)ve(x) > K, Vx € R, forsome constant K > 0. (16)

Then the solution of (1.2) with (1.5) exists globally in time and (u, v) converges to (0, co) as t — oo uniformly in R.
Fort > 0, we set
R(t) = {(ukx, 1), v(x, 1) € R’ x € R}

to be the image of the solution on (u, v)-plane. We remark that, under the hypothesis of Theorem 1, the closure of the convex
hull of R(0) lies in the first quadrant of (u, v)-plane. Indeed, under the condition (1.6), we shall see that R(t) stays in the
first quadrant for all t > 0. This implies the global existence of solutions.

On the other hand, if the initial data do not satisfy (1.6), in view of the dynamics of (1.3), it is interesting to see what
happens. One question is to see under what conditions the quenching occurs. From (1.2) it is easy to see that both u and v
quench simultaneously whenever quenching occurs. On the contrary, there might be non-simultaneous quenching in which
just one component quenches and the other remains bounded away from zero. For this, we refer the reader to, e.g., [1,9,11,
12,15].

To find solutions quenching in finite time, we consider the case when the initial data are asymptotically constants. Namely,
we impose the following conditions on initial data:

Ug, vo € C'(R), up > M, ug #M, vo > 0, vy # 0, (1.7)
lim ug(x) =M, lim vo(x) =N (1.8)
|x|—00 |x|—00

for some constants M > 0 and N > 0.
The following theorem shows that the solution of (1.2) with initial data satisfying (1.7) and (1.8) with N > 0 behaves
like the solution the ODE system (1.3) with (U(0), V(0)) = (M, N).

Theorem 2. Let (u, v) be a solution of (1.2) with initial data (ug, vo) satisfying (1.7) and (1.8). If N > 0, then the solution
of (1.2) with (1.5) exists globally for all t > 0 and (u, v) converges to (0, c0) as t — oo uniformly in R.

On the other hand, if the initial data of (1.2) satisfy (1.7) and (1.8) with N = 0, then the solution of (1.2) and (1.5) quenches
only at space infinity. Namely, there are no (finite) quenching points, while there exists a sequence {(x;, t;)} such that
|xj| — oo, t; 1+ T and u(x;, tj) + v(x;, tj) — 0asj — oo.

Theorem 3. Let (u, v) be a solution of (1.2) and (1.5) with the initial data (ug, vo) satisfying (1.7) and (1.8) with M > 0 and
N = 0. Then the solution of (1.2) with (1.5) quenches at the finite time t = T = M? /2. Moreover, the solution quenches only at
space infinity.
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Note that the problem of quenching at space infinity for scalar equation was studied by Giga-Seki-Umeda [2,3]. In [2],
they characterized that, with suitable initial data, solutions of the following Cauchy problem u; = u,,/(1+ uﬁ) —(n—1/u
quenching only at space infinity. In [3], they estimated its profile at the quenching time from above and below.

The motivation of this study is from a work of Guo-Ninomiya-Shimojo-Yanagida [5]. In [5], they considered, instead of
(1.1), the following complex-valued equation:

7z =Az+27° (1.9)

wherez = z(x, t) = u(x, t) +iv(x, t) is a complex-valued function of x € R™(m € N) and t > 0. To obtain the asymptotical
behavior of the solution, our method is close to that in [5] by using an invariant set argument. But, instead of considering
the invariant subset in (u, v)-plane, we transform our problem in (u, w)-plane where w := 1/v. Also, the solution blows
up non-simultaneously at space infinity for the case (1.9) with asymptotically constant initial data. But, in our case (1.1),
quenching can only occurs simultaneously.

This paper is organized as follows. In Section 2, we provide a sufficient condition for the existence of global solutions
and study the asymptotic behavior of solutions as t — 0. In Section 3, we study the solution of (1.2) with asymptotically
constant initial data.

2. Global existence and convergence
In this section we give a proof of Theorem 1. Let us first recall some properties about invariant sets (cf. [16]).

Lemma 2.1. Suppose that £2(t) C R? is convex for each t > 0 and {£2(t)}¢=¢ is (positively) invariant under the flow (1.3) in
the sense that (U(t), V(t)) € 2(¢t) forallt > 0, if (U(0), V(0)) € §2(0). Then {$2(t)};>0 is also invariant under the flow (1.2).
That is, if R(ty) C $2(to) for some ty > 0, then R(t) C £2(t) forallt > to.

To construct invariant sets, the following lemma is very useful.

Lemma 2.2. Let {F;}i<i<n, be aset of C! functions from R3 to R. Suppose that £2(t) is expressed as
m
2@ = (. v) e R Fi(u,v,1) <0}, t>0.
i=1

Then {§2(t)}:>o is invariant under the flow (1.3) if
d
aFi(U(t), V), t) <0 on{(u,v) € 382; Fi(u, v, t) = 0}

forali=1,...,m.
With these lemmas, we are ready to prove the global existence of the solution of (1.2) and (1.5).
Proof of Theorem 1. Set
Dy :={(u,v) €R* u>0,v>0and —uv+K <0}.
By assumption, we have R(0) C D;. For (U, V) € aD;, we compute
%(—UV +K) =—-UV+UV;) =0.
Thus D; is invariant under the flow (1.3) by Lemma 2.2.
Since ug is bounded, there exists a constant A > 0 such that ug(x) < A, Vx € R. Set
Dy :={(u,v) €R* u>0, v>0andu <A}.
Note that D; N D, is convex. For (U, V) € D; N 0D,, we compute
v
U2 4 v?
Therefore, D; N D, is invariant under the flow (1.3) by Lemma 2.2.

It follows from Lemma 2.1 that u(x, t) > 0, v(x,t) > 0, u(x, t)v(x,t) > Kand u(x,t) < Aforallx € Randt > 0, as
long as v stays finite. Using u?> 4+ v? > 2uv > 2K, we have

Ve < vgy + v/(2K).

d U -4 0
— WU —-A) = < 0.
dt

From this, it follows that the solution of (1.2) and (1.5) with (1.6) exists globally in time.
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Next, we shall prove the asymptotic behavior of the solution (u, v) ast — oco. We set w := 1/v. Then (1.2) is equivalent
to
U = Uy — uw?/@w? + 1),
Wy = Wyy — 2wf/w — w3/(uzw2 +1).
Moreover, it follows from (1.6) that

{uo(x) > 0, wo(X) := 1/vg(x) > 0, ug(x), wo(x) are bounded, Vx € R,

ug(x) > Kwo(x), Vx € R, for some constant K > 0. (21)

Therefore, it is enough to prove that (u, w) converges to (0, 0) ast — oo.
For this, we first consider the spatially homogeneous solution (u, w) = (U(t), W (t)).Then (U, W) satisfies the following
ODE system:

{u[ = —UW?/(U*W? + 1), (2.2)

W, = —W3/(U?W? 4+ 1).
We set
D; = {(u,w) €R* u>0,w>0andKw — u < 0}.

Then, by (2.1), we obtain that 8(0) C Ds. Hereafter $(t) := {(u(x, t), w(x, t)) € R?; x € R}.
For (U, W) € 0D3, we have

d

— (KW —U) = KW; — U

dt( ) t — Ut
B kw3 N uw?
TUW241 0 UPW2 41

—W2(KW —U)
= —- O
UzwW?2 +1
Hence Dj is invariant under the flow (2.2) by Lemma 2.2.
Next, we set

Dy :={(u,w) €R* u>0, w>0and —w+ au* < 0}

for some positive constant a such that $(0) C Dy. This can be done due to (2.1). Note that D; N D, is convex and
3D3 N aD4 = {(0,0), (1/(aK), 1/(ak*))}.

For (U, W) € D3 N dD4, we have

d
a(—W + aU?) = —W, + 2aUU,

w3 —Uuw?
= ———— 4+ 2aU <7)

U2W2 + 1 U2W2 + 1
w? )
= ——[W—2aU
U2w2 + 1[ ]
w2 [aU? — 2a07] —aU?w? -
= —————[aU” — 2a ==
U2wW? +1 U2w2+1 —

Hence D3 N D4 is invariant under the flow (2.2).
Finally, we set

Ds(t) := {(u,w) € R* u>0,w > O0andw — h(t) <0}, >0,
where h(t) is a positive smooth decreasing function to be specified later. Note that D3 N D4 N Ds(t) is convex. We choose
h(0) = 1/(aK?) such that $(0) C D3 N D4 N D5(0). For (U, W) € D3 N D4 N 8Ds(t), we compute

—w3
T UW241
Hence {D3 N D4 N D5(t)}, is invariant under the flow (2.2), if

d
a(w_h):Wt_ht ht.

_W3 _h3
h = sup =
U.WyeDsnDgnaDse) UPW2 + 1 c2h? +1

,  wherec :=1/(aK) > 0. (2.3)
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Therefore, let h(t) be the solution of

c2Inh(t) — c?Inh(0) — t, (2.4)

1
202(t) 202(0)

we have that h(t) satisfies (2.3) and {D3 N D4 N Ds(t)}>¢ is invariant under the flow (2.2). Moreover, by (2.3) and (2.4) we
obtain that h(t) decreases to 0 as t — oo. Therefore, (u, w) converges to (0, 0) as t — oo. Since v = 1/w, we have (u, v)
converges to (0, o) as t — ooc. This completes the proof of the theorem. O

3. Asymptotically constant initial data

This section is devoted to the study the solution of (1.2) with asymptotically constant initial data. We first consider the
following ODE system:

{Ut = —U/(U*+V?), (3.1)

V, = V/(U? 4+ V?),

for t > 0 with the initial condition (U(0), V(0)) = (M, 0) for some constant M > 0. Then it is easy to see that the solution
is given by (U(t), V(t)) := (v/M?2 — 2t, 0). Note that the quenching time of this ODE system is T = T(M) := M?/2.
Next, in order to estimate u(x, t) from below, we consider the following Cauchy problem:

{ut=uxx—1/u, xeR, te[0,T), (32)

ux,0) =up(x), x€eR,

where [0, T) is the maximal existence interval of ui. Also, we consider the following ODE problem corresponding to the
problem (3.2):

U=-1/U, tel0,T), U =M. (33)

Note that the solution of (3.3) is given by U(t) = v/M2 — 2t with T = T(M) := M?/2.
Motivated by an idea from [5], we have the following lemma. We also refer the reader to [10] for the Fujita equation, [ 13]
for a quasilinear parabolic equation, and [ 14] for a cooperative parabolic system.

Lemma 3.1. Let U be the solution of (3.3) and let u be the solution of (3.2) defined on R x [0, T). Suppose that there exist
to € [0,T), ro € (0, 00) and a constant 6 > 1 such that

Ux, t) > OU(L), for|x| <ro, to <t <T,
where T := min{T, T}. Then U has a positive lower bound in {|x| < ro/2} x [to, ?).
Proof. We shall construct a suitable subsolution of (3.2) as follows

w(x, t) = @m ,

where § € (1,60) and

h(x) := € cos® (Lx>
2T0

with small ¢ > 0 to be specified later.
By a simple computation, we obtain that

L 5° ey h? . 2
we — W —=— 1-1-= —_— =
T T w 2 aM2—2t+h)  \@

0’ IR 2

w 2 ah " \o) |’

By the choice of h, we obtain that both [h”| and h’% /h are of order ¢ for |x| < ro. Hence, if we choose ¢ > 0 sufficiently small
such that

e < (M? = 2tp) 92 1 1 1h”+ﬁ+ 12<0
= 0 5 ) 2 4h /0\ =Y,

—

IA
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then we have

we < wy — 1/w, |X| <o, to <t <T,
'LU(X, tO) = ﬁ(x5 t0)5 le =< Tp, - (34)
wx, t) <ux, t), |x|=r10, o=t <T,

where we have used the factd € (1, 6). R
Then it follows from (3.4) and the comparison principle that w(x, t) < u(x, t) for |x| < rpand ty <t < T. Therefore, we
have

Ux, ) > 0/M2 — 2t + h(ro/2) = 0/M2 — 2t + £/2 > 0/e/2 > 0
forany |x| <rg/2andty <t < T.The lemma follows. O

Hereafter, we assume

UpeC'(R), U=>M, TTyp=#M, (3.5)
lim ty(x) = M. (3.6)
|x|— 00

Note that by (3.2), (3.3) and (3.5) we have U < 1. Therefore, we obtain T > T and so T=T.
The following lemma shows that quenching can occur only at space infinity.

Lemma 3.2. Let u be a solution of (3.2) satisfying (3.5) and (3.6) for some constant M > 0. Then u has a positive lower bound
in 2 x [0, T) for any compact set 2 C R.

Proof. In view of Lemma 3.1, since T = T, it suffices to show that, for any given R > 0 there exist ty € [0,T) and 6 > 1
such that

uix, t) >0/M2—2t, |x| <2R, tp<t<T. (3.7)
For this purpose, we let y (x, t) = u(x, t)/U(t). Then the function y = y (x, t) satisfies

1 1
Ye= VYt fz(—* +J/) = Vo
U 14
since y > 1. Moreover, by (3.5) and (3.6) we obtain

0_570>1 -,0 1
)’('7)—M_a)/")$~

From the strong maximum principle, we have that y (x, t) > 1forallx € Rand t > 0. Therefore, for any given R > 0, there
existd > 1andty € (0, T) such that

yx, ) =60, x| <2R,  th=t<T.
This gives (3.7). Therefore we complete the proof. O

To investigate the behavior of the solution of (1.2) at space infinity, we recall the following useful property (cf. [5]). We
also refer the reader to [14] for the blow-up problem for a cooperative parabolic system.

Theorem 4. Let u and u be solutions of

{ut =Duy +f(u), x€R, t>0, (3.8)

u(x,0) =up(x), xe€R,
whereu(x, t) = (u(x,t), v(x, t)) € R f = (fi, o) is a smooth mapping from R? to R%, D = diag(1, 1), with initial data uy,
1, € (L°(R) N C(R))?, respectively. Suppose that there exist sequences {r}2, C (0,00) and {a,}32, C Rwithr, — ooas
n — oo such that

Jim {[ug —Uollro0 sy, @) = O-
Then

lim [lu, t) —d(-, t) |10, (@) = 0
n—oo

foranyt € (0, T), where T = min{T (uo), T (Wo)}.
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Notice that the following corollary is applicable to our system (1.2). Since its proof is exactly the same as the one given
in [5, Corollary 4.2], we omit it here.

Corollary 3.3. If some solutions of
U, = f(U) (3.9)
quenches in a finite time, then there exists a spatially inhomogeneous solution of (3.8) which quenches in a finite time.

In the following, we shall focus on the Cauchy problem for (1.2) with initial data satisfying (1.7) and (1.8).

Lemma 3.4. Let u be a solution of (3.2) satisfying (3.5) and (3.6) for some constant M > 0. Then u quenches at the finite time
T = M?/2.

Proof. First, we set u(x, t) = u(x, t), U(x, t) = U(t), |a,| = 4n, and r,, = n. By (3.6), we have

nlggo luo — o lro (s, @)y = 0. (3.10)
Notice that u and U are solutions of (3.2) and (3.3) with initial data uy and t, respectively. Let f(u) = —1/u, f(U) = —1/U.
Applying Theorem 4 to (3.2) and (3.3), we obtain

‘llim ulx, t) =U(t), Vtelo,T).

On the other hand, by (3.2), (3.3) and (3.5), and the comparison principle, we have u(x, t) > U(t)forallx e Randt > 0.
Combining the above two facts, we have the quenching time T =T = M?/2. O

Now we prove Theorem 2 by using Theorems 1 and 4.

Proof of Theorem 2. First, we have the local existence of (u,v) for t € [0,0] for some 0 > 0. Let u(x,t) =
(u(x, ), v(x, 1)), W(x, t) = (U(), V(t)) and

f(u) — —u v
T\uw2 2 w22 )’
where (u, v) and (U, V) are solutions of (1.2) and (1.3), respectively. By applying Theorem 4 to (1.2) and (1.3) with |a,| = 4n
and r, = n, we have

lim u(x,t) =U(t), and lim v(x,t) =V(), Vtel0,o]. (3.11)
|x|— 00 |x|— 00

Also, it follows from (1.4) and (1.8) with N > 0 that
lim u(x, t)v(x, t) = U@)V(t) =UO)V(0) = lim ug(x)vg(x) = MN > 0.
[X]— 00 |x]— 00
Hence the assumption (1.6) is satisfied for all x with |x| > R att = o for some constants R sufficient large and K > 0.
Moreover, by the strong maximum principle, we obtain v > 0inR x [0, o ]. It implies that the assumption (1.6) holds for
all x with x| < Ratt = o with the positive constant K (taking a smaller one if necessary). Therefore, by applying Theorem 1

to the Cauchy problem (1.2) starting at t = o, we obtain that the solution (u, v) exists globally in time and (u, v) converges
to (0, o0) ast — o0. This completes the proof of Theorem 2. O

Finally, we give a proof of Theorem 3.
Proof of Theorem 3. We choose uy = ug. Then, by the comparison principle, we obtain

u(x,t) >u(x,t), xe€R, fort >0 suchthatuandu exist. (3.12)

Suppose that the solution (u, v) quenches at time T*. By (3.12), we have T* > T. On the other hand, by Lemmas 3.2 and 3.4,
the solution u quenches at finite time T = M? /2 only at space infinity. Thus the inequality (3.12) implies that

u>u=>0 inR x[0,T). (3.13)
Moreover, we set u(x, t) = (u(x, t), v(x, t)), u(x, t) = (U(t), V(t)) = (U(t), 0) and

f() —u v
n=|5——,5—).
U2+U2 u2+v2

where (u, v) and (U, V) are solutions of (1.2) and (3.1), respectively. Applying Theorem 4 to (1.2) and (3.1) with |a,| = 4n
and r, = n again, we have

Jim utx ) =U(t), Jim v, 0 =V@© =0, Veelo,T). (3.14)
X[— 00 X|— 00

Hence we obtain T* = T. From Lemma 3.2, u quenches only at space infinity. Combining this with (3.13), we conclude that
the quenching of the solution (u, v) occurs only at space infinity. This proves the theorem. O
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