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Within the t-J model, the optical and transport properties of the doped two-leg ladder antiferromagnet are
studied based on the fermion-spin theory. It is shown that the optical and transport properties of the doped
two-leg ladder antiferromagnet are mainly governed by holon scattering. The low-energy peak in the optical
conductivity is located at a finite energy, while the resistivity exhibits a crossover from the high-temperature
metalliclike behavior to the low-temperature insulatinglike behavior, which is consistent with the experiments.
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The undoped cuprate superconductors are typical Mot
sulators with the antiferromagnetic long-range ord
~AFLRO!.1 A small amount of carrier doping to this Mo
insulating state drives the metal-insulator transition and
rectly results in a superconducting transition at low tempe
tures for low carrier dopings. In the underdoped and o
mally doped regimes, the normal state above
superconducting transition temperature shows many unu
properties in the sense that they do not fit in the conventio
Fermi-liquid theory, and these unusual normal-state pro
ties of the cuprate superconductors are closely related to
special microscopic conditions, i.e., Cu ions situated in
square-planar arrangement and bridged by oxygen ion
weak coupling between neighboring layers, and doping
such a way that the Fermi level lies near the middle of
Cu-O s* bond.1,2 One common feature of these cupra
compounds is the square-planar Cu arrangement.1,2 It is be-
lieved that the two-dimensional anisotropy is prominent
cuprate superconductors due to the layered perovskite s
ture, and strong quantum fluctuations with the suppressio
AFLRO are key aspects.1,2 However, it has been reporte
recently that some copper oxide materials, such
Sr14Cu24O41, do not contain CuO2 planes common to cu
prate superconductors but consist of two-leg Cu2O3 ladders
and edge-sharing CuO2 chains.3,4 Moreover, the isovalen
substitution of Ca for Sr increases the hole density on
ladders by a transfer of preexisting holes in the charge
ervoir layers composed of CuO2 chains, and then the two-le
ladder copper oxide material Sr142xCaxCu24O41 is a super-
conductor under pressure.5 Moreover, the experimental dat
show that the normal state is far from the standard Fer
liquid behavior.4,6 The neutron-scattering and muon-spi
resonance measurements on the compound Sr14Cu24O41 indi-
cate that the system is an antiferromagnet with a short-ra
spin order,4,7 while the transport measurements on the ma
rial Sr142xCaxCu24O41 show that the behavior of th
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temperature-dependent resistivity is characterized by a cr
over from the high-temperature metalliclike behavior to t
low-temperature insulatinglike behavior,5,6 which may be in
common with those of the heavily underdoped cuprate su
conducting materials.1,2,8 Further, it has been shown5,6 from
experiments that the ratio of the interladder to in-ladder
sistivities isR5ra(T)/rc(T);10. This large magnitude o
the resistivity anisotropy reflects that the interladder me
free path is shorter than the interladder distance and the
riers are tightly confined to the ladders, and is also the e
dence of incoherent transport in the interladder directi
therefore the common two-leg ladders in the ladder mater
clearly dominate the most normal-state properties. These
der copper oxide materials are also natural extensions of
Cu-O chain compounds towards the CuO2 sheet structures
Other two-leg ladder compounds have also been foun9,4

e.g., experiments suggest the realization of the two-leg
der spin-12 antiferromagnet in (VO)2P2O7. On the theoretical
side, the two-leg ladder antiferromagnet may, therefore,
regarded as the realization of a unique, coherent resona
valence bond spin liquid, which may play a crucial role
the superconductivity of cuprate superconductors as em
sized by Anderson.10 Therefore it is very important to inves
tigate the normal-state properties of the doped two-leg lad
system using a systematic approach since it may prov
deeper insights into the still not fully understood anomalo
normal state of cuprate superconductors.

Many researchers have argued successfully that thet-J
model, acting on the Hilbert space with no doubly occup
site, provides a consistent description of the physical prop
ties of the doped antiferromagnet.10,11 Within the t-J model,
the normal-state properties of cuprate superconductors h
been studied,2,12,13 and the results show that the unusu
normal-state properties of cuprate superconductors
caused by the strong electron correlation. Since the str
electron correlation is common for both cuprate superc
©2002 The American Physical Society17-1
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ductors and the doped two-leg ladder antiferromagnet,
unconventional normal-state properties of the doped two
ladder antiferromagnet may be similar to those of the cup
superconductors. In this paper, we study the optical
transport properties of the doped two-leg ladder antifer
magnet within thet-J model. Our results show that the low
energy peak in the optical conductivity is located at a fin
energy (v;0.2t), while the resistivity exhibits a crossove
from the high-temperature metalliclike behavior to the lo
temperature insulatinglike behavior.

The basic element of the two-leg ladder materials is
two-leg ladder, which is defined as two parallel chains
ions, with bonds among them such that the interchain c
pling is comparable in strength to the couplings along
chains, while the coupling between the two chains that p
ticipate in this structure is through rungs.4 In this case, the
t-J model on the two-leg ladder is expressed as

H52t i (
i ĥas

Cias
† Ci 1ĥas2t'(

is
~Ci1s

† Ci2s1H.c.!

2m(
ias

Cias
† Cias1Ji(

i ĥa

Sia•Si 1ĥa1J'(
i

Si1•Si2 ,

~1!

whereĥ56c0 , c0 is the lattice constant of the two-leg lad
der lattice, which is set as unity hereafter,i runs over all
rungs,s(5↑,↓) and a(51,2) are spin and leg indices, re
spectively,Cias

† (Cias) are the electron creation~annihila-

tion! operators,Sia5Cia
† sW Cia/2 are the spin operators wit

sW 5(sx ,sy ,sz) being the Pauli matrices, andm is the
chemical potential. Thist-J model is supplemented by th
on-site single occupancy local constraint(sCias

† Cias<1.
The two-leg ladder withc anda axes parallel to ladders an
rungs, respectively, is sketched in Fig. 1. In the materials
interest, the exchange couplingJi along the legs is nearly th
same as the exchange couplingJ' across a rung, and simi
larly the hoppingt i along the legs is close to the rung ho
ping strengtht' ; therefore, in the following discussions, w
will work with the isotropic systemJ'5Ji5J, t'5t i5t.

In the t-J model, the strong electron correlation is r
flected by the local constraint. To incorporate this local co
straint, the fermion-spin theory based on the charge-s
separation, Cia↑5hia

† Sia
2 , Cia↓5hia

† Sia
1 , has been

proposed,14 where the spinless fermion operatorhia keeps

FIG. 1. Thet-J ladder with two legs andL rungs. The couplings
along the legs aret i andJi , and those along the rungst' andJ' .
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track of the charge~holon!, while the pseudospin operato
Sia keeps track of the spin~spinon!, and then the local con
straint can be treated properly in analytical calculatio
Within this fermion-spin representation, the low-energy b
havior of thet-J model ~1! can be rewritten as

H5t(
i ĥa

hi 1ĥa
†

hia~Sia
1Si 1ĥa

2
1Sia

2Si 1ĥa
1

!1t(
i

~hi1
† hi2

1hi2
† hi1!~Si1

1Si2
21Si1

2Si2
1!1m(

ia
hia

† hia

1Jieff(
i ĥa

Sia•Si 1ĥa1J'eff(
i

Si1•Si2 , ~2!

where Jieff5J@(12d)22f i
2#, J'eff5J@(12d)22f'

2 #, the
holon particle-hole order parametersf i5^hia

† hi 1ĥa&, f'

5^hi1
† hi2&, d is the hole doping concentration, andSi

1 and
Si

2 are the pseudospin raising and lowering operators,
spectively. Since the local constraint has been treated p
erly in the framework of the fermion-spin theory, the ext
gauge degree of freedom related with the electron on-
local constraint under the charge-spin separation does
appear. In this case, the spin fluctuation couples only
spinons, while the charge fluctuation couples only to holo
but the strong correlation between holons and spinons is
considered through the holon’s order parameters entering
spinon’s propagator and the spinon’s order parameters e
ing the holon’s propagator; therefore both holons a
spinons contribute to the charge dynamics. In this case,
optical and transport properties of the doped cuprates h
been discussed13 and the results are consistent with th
experiments.1,2 Following their discussions,13 the optical
conductivity of the doped two-leg ladder antiferromagnet c
be expressed as

sc~v!52
ImP (h)~v!

v
, ~3!

whereP (h)(v) is the holon current-current correlation fun
tion, which is defined as P (h)(t2t8)
52^Tt j (h)(t) j (h)(t8)&, wheret and t8 are the imaginary
times andTt is the t order operator. Within thet-J Hamil-
tonian ~2!, the current densities of holons is obtained by t
time derivation of the polarization operator using Heise
berg’s equation of motion j (h)52x iet(aiĥĥhai1ĥ

†
hai

12x'et( i(R2i2R1i)(h2i
† h1i2h1i

† h2i), where R1i and R2i

are lattice sites of leg 1 and leg 2, respectively, the spin
correlation functionsx i5^Sai

1Sai1ĥ
2 &, x'5^S1i

1S2i
2&, ande is

the electronic charge, which is set as unity hereafter. T
holon current-current correlation function can be calcula
in terms of the holon Green’s functiong(k,v). However, in
the two-leg ladder system, because there are two coupledt-J
chains, the energy spectrum has two branches. In this c
the one-particle holon Green’s function is the matrix, and c
be expressed asg( i 2 j ,t2t8)5gL( i 2 j ,t2t8)1sxgT( i
2 j ,t2t8), where the longitudinal and transverse parts
defined asgL( i 2 j ,t2t8)52^Tthai(t)ha j

† (t8)& and gT( i
7-2
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2j,t2t8)52^Tthai(t)ha8j
† (t8)& (aÞa8), respectively. Then

after a straightforward calculation,13 we obtain the optical
conductivity of the doped two-leg ladder antiferromagnet

sc~v!5sc
(L)~v!1sc

(T)~v!, ~4!

with the longitudinal and transverse parts are given by

sc
(L)~v!54t2

1

L (
k

~4x i
2sin2k1x'

2 !E
2`

` dv8

2p
AL

(h)~k,v8

1v!AL
(h)~k,v8!

nF~v81v!2nF~v8!

v
, ~5a!

sc
(T)~v!54t2

1

L (
k

~4x i
2sin2k2x'

2 !E
2`

` dv8

2p
AT

(h)~k,v8

1v!AT
(h)~k,v8!

nF~v81v!2nF~v8!

v
, ~5b!

respectively, whereL is the number of rungs,nF(v) is the
fermion distribution function. The longitudinal and tran
verse holon spectral functionsAL

(h)(k,v) andAT
(h)(k,v) are

obtained as AL
(h)(k,v)522ImgL(k,v) and AT

(h)(k,v)
522ImgT(k,v), respectively, the full holon Green’s func
tion g21(k,v)5g(0)21(k,v)2S (h)(k,v) with the longitudi-
nal and transverse mean-field holon Green’s funct
gL

(0)(k,v)51/2(n1/(v2jk
(n)) and gT

(0)(k,v)51/2(n

(21)n111/(v2jk
(n)), wheren51,2, while the longitudinal

and transverse second-order holon self-energy from
spinon pair bubble are obtained by the loop expansion to
second order13 as

SL~k,v!5S t

ND 2

(
pq

(
nn8n9

Jnn8n9~k,p,q,v!, ~6!

ST~k,v!5S t

ND 2

(
pq

(
nn8n9

~21!n1n81n911Jnn8n9~k,p,q,v!, ~7!

respectively, withJnn8n9(k,p,q,v) given by

Jnn8n9~k,p,q,v!5
Bq1p

(n8) Bq
(n)

32vq1p
(n8) vq

(n)
$2@gq1p1k1gq2k#

1@~21!n1n91~21!n81n9#%2

3S Fnn8n9
(1)

~k,p,q!

v1vq1p
(n8) 2vq

(n)2jp1k
(n9)

1
Fnn8n9

(2)
~k,p,q!

v2vq1p
(n8) 1vq

(n)2jp1k
(n9)

1
Fnn8n9

(3)
~k,p,q!

v1vq1p
(n8) 1vq

(n)2jp1k
(n9)
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(4)
~k,p,q!

v2vq1p
(n8) 2vq

(n)2jp1k
(n9) D , ~8!

where gk5cosk, l54Jieff , e i5112tf i /Jieff , e'51
14tf' /J'eff , and

Bk
(n)5Bk2J'eff@x'12x'

z ~21!n#@e'1~21!n#, ~9a!

Bk5l@~2e ix i
z1x i!gk2~e ix i12x i

z!#, ~9b!

Fnn8n9
(1)

~k,p,q!5nF~jp1k
(n9) !@nB~vq

(n)!2nB~vq1p
(n8) !#

1nB~vq1p
(n8) !@11nB~vq

(n)!#, ~9c!

Fnn8n9
(2)

~k,p,q!5nF~jp1k
(n9) !@nB~vq1p

(n8) !2nB~vq
(n)!#1nB~vq

(n)!

3@11nB~vq1p
(n8) !#, ~9d!

Fnn8n9
(3)

~k,p,q!5nF~jp1k
(n9) !@11nB~vq1p

(n8) !1nB~vq
(n)!#

1nB~vq
(n)!nB~vq1p

(n8) !, ~9e!

Fnn8n9
(4)

~k,p,q!5@11nB~vq
(n)!#@11nB~vq1p

(n8) !#2nF~jp1k
(n9) !

3@11nB~vq1p
(n8) !1nB~vq

(n)!#, ~9f!

where nB(vk
(n)) is the boson distribution functions, th

mean-field ~MF! holon excitations jk
(n)54tx igk1m

12x't(21)n11, and the MF spinon excitations

vk
(n)25ae il

2S 1

2
x i1e ix i

zDgk
22e il

2F1

2
aS 1

2
e ix i1x i

zD
1aS Ci

z1
1

2
Ci D1

1

4
~12a!Ggk2

1

2
ae'lJ'eff~C'

1e ix'!gk1alJ'eff~21!n11F1

2
~e'x i1e ix'!

1e ie'~x'
z 1x i

z!Ggk2ae ilJ'eff~C'
z 1x'

z !gk

1l2FaS Ci
z1

1

2
e i

2Ci D1
1

8
~12a!~11e i

2!

2
1

2
ae iS 1

2
x i1e ix i

zD G1alJ'eff@e ie'C'12C'
z #

1
1

4
J'eff

2 ~e'
2 11!2

1

2
e'J'eff

2 ~21!n112alJ'eff

3~21!n11F1

2
e ie'x i1e'~x i

z1C'
z !1

1

2
e iC'G ,

~10!
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with the spinon correlation functionsx i
z5^Sai

z Sai1ĥ
z

&, x'
z

5^S1i
z S2i

z &, Ci5(1/4)(ĥh 8̂^Sai1ĥ
1

Sai1ĥ8
2

&, and Ci
z

5(1/4)(ĥĥ8^Sai1ĥ
z

Sai1ĥ8
z

&, C'5(1/2)(ĥ^S2i
1S1i 1ĥ

2
&, and

C'
z 5(1/2)(ĥ^S1i

z S2i 1ĥ
z

&. In order not to violate the sum rul
of the correlation function̂Sai

1Sai
2&51/2 in the case withou

AFLRO, the important decoupling parametera has been in-
troduced in the mean-field calculation, which can be
garded as the vertex correction.15 All the above mean-field
order parameters have been determined by the self-consi
calculation.15

Now we discuss the optical and transport properties of
doped two-leg ladder antiferromagnet. The optical cond
tivity of the doped Mott insulator, in principle, consists
three different parts:~1! the Drude absorption,~2! absorption
across the Mott-Hubbard gap, which rapidly decreases in
tensity upon doping, and~3! an absorption continuum within
the gap, which reflects the strong coupling between cha
carriers and spin excitations. In Fig. 2, we plot the opti
conductivity sc(v) at doping~a! d50.16 and~b! d50.20
for parametert/J52.5 at temperatureT50, in comparison
with the corresponding experimental data6 taken on

FIG. 2. The optical conductivity of the doped two-leg ladd
antiferromagnet at doping~a! d50.16 and~b! d50.20 for param-
etert/J52.5 at temperatureT50. Inset: the experimental result o
Sr142xCaxCu24O41 taken from Ref. 6.
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Sr142xCaxCu24O41 ~inset!, where the hole density on the lad
ders atx58 andx511 is d50.16 andd50.20 per Cu lad-
der, respectively. From Fig. 2, we find that the optical co
ductivity consists of two bands separated atv;0.5t: the
higher-energy band, corresponding to the midinfrared ba
shows a weak peak atv;0.8t unlike a Drude peak, which
dominates in the conductivity spectrum of the doped cupr
superconductors, the lower-energy peak in the present la
systems is located at a finite energyv;0.2t, while the ex-
tremely small continuum absorption is consistent with t
notion of the charge-spin separation. These behaviors ar
agreement with the experimental results of the doped two
ladder antiferromagnet.5,6 In the above calculations, we als
find that the optical conductivitysc(v) of the doped two-leg
ladder antiferromagnet is essentially determined by its lon
tudinal partsc

(L)(v), this is why in the present ladder sys
tems the midinfrared band is much weaker than the lo
energy band, and the conductivity spectrum appears to re
the one-dimensional nature of the electronic state.16 This
conductivity of the doped two-leg ladder antiferromagnet h
been discussed by Kim17 based on a model of hole pair
forming a strongly correlated liquid, where quantum interf
ence effects are handled using renormalization-group m
ods, and then the main low-energy features of the exp
ments are reproduced. Our results in low energy are a
consistent with his results.

With the help of the optical conductivity~4!, the resistiv-
ity can be obtained asrc51/limv→0sc(v). The result ofrc

at dopingd50.16 ~solid line! andd50.20 ~dashed line! for
parametert/J52.5 is shown in Fig. 3, in comparison wit
the corresponding experimental results6 taken on
Sr142xCaxCu24O41 ~inset!. Our results show that the behavio
of the temperature dependence ofrc(T) exhibits a crossover
from the high-temperature metalliclike behavior to the lo
temperature insulatinglike behavior, but the metalliclike te
perature dependence dominates over a wide tempera

FIG. 3. The resistivity of the doped two-leg ladder antiferr
magnet at dopingd50.16~solid line! andd50.20~dashed line! for
parameter t/J52.5. Inset: the experimental result o
Sr142xCaxCu24O41 taken from Ref. 6.
7-4



nt
s
er
o

al
o

tic
fe
ro
in
n
v
t
x
r

d,

t
t

p-
ra

ee
d

g
s
io

no
th
th
t

,
m

ort
net
d

ro-
ing.
at
m

w-
the

nly
are
l

two

ity
-
the
be-
ut
ling
u-
are

be

d
p-
is-
the
os.
u-
er

the

OPTICAL AND TRANSPORT PROPERTIES IN A DOPED . . . PHYSICAL REVIEW B65 155117
range, in agreement with the corresponding experime
data.5,6 The present result also indicates that the behavior
rc(T) in the doped two-leg ladder antiferromagnet are v
similar to those of the heavily underdoped cuprate superc
ducting materials1,2,8 perhaps since both materials have
most same microscopic energy scales and owing to the c
mon corner-sharing CuO4 networks.

In the above discussions, the central concern of the op
and transport properties in the doped two-leg ladder anti
romagnet is the quasi-one-dimensionality of the elect
state, then the optical and transport properties are ma
determined by the longitudinal charged holon fluctuatio
Our present study also indicates that the observed crosso
of rc for the doped two-leg ladder antiferromagnet seem
be connected with the pseudogap in the charged holon e
tations, which can be understood from the physical prope
of the holon density of states ~DOS! VL(v)
51/N(kAL

(h)(k,v). This holon DOS has been calculate
and the result at dopingd50.16 for parametert/J52.5 with
temperatureT50 is plotted in Fig. 4. We therefore find tha
the holon DOS consists of a U-shape pseudogap near
chemical potentialm. For a better understanding of the pro
erty of this U-shape pseudogap, we plot the phase diag
T* ;d at parametert/J52.5 in Fig. 5, whereT* marks the
development of the pseudogap in the holon DOS. As s
from Fig. 5, this pseudogap is doping and temperature
pendent and grows monotonical as the dopingd decreases
and disappears at higher doping. Moreover, this pseudo
decreases with increasing temperatures and vanishe
higher temperatures. Since the full holon Green’s funct
~then the holon spectral function and DOS! is obtained by
considering the second-order correction due to the spi
pair bubble, the holon pseudogap is closely related to
spinon fluctuation. This holon pseudogap would reduce
holon scattering and thus is responsible for the metallic
insulating crossover in the resistivityrc . While in the region
where the holon pseudogap closes at high temperatures
charged holon scattering would give rise to the metallic te
perature dependence of the resistivity.

FIG. 4. The holon density of states at dopingd50.16 for pa-
rametert/J52.5 at temperatureT50.
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In summary, we have studied the optical and transp
properties of the doped two-leg ladder antiferromag
within the t-J model. Our result shows that the optical an
transport properties of the doped two-leg ladder antifer
magnet are mainly governed by the charged holon scatter
The low-energy peak in the optical conductivity is located
a finite energy, while the resistivity exhibits a crossover fro
the high-temperature metalliclike behavior to the lo
temperature insulatinglike behavior, in agreement with
experiments.

Finally, we emphasize that in the above discussions, o
the results of the doped isotropic two-leg ladder system
presented. However, we18 have also studied the physica
properties of the anisotropic system, i.e.,J',Ji and t'
,t i . In this case, the interference effects between the
legs are decreased by decreasing the values ofJ' /Ji and
t' /t i ; this leads to the low-energy peak of the conductiv
being located atv;0 instead of a finite energy for the iso
tropic system. On the other hand, it has been shown that
interleg single-electron hopping changes the asymptotic
havior of the interleg spin-spin correlation functions, b
their exponents are independent of the interleg coup
strength.19 We believe that the evolution of the incommens
rate magnetic fluctuations with dopings in the doped squ
lattice antiferromagnet20 will also occur in the doped two-leg
antiferromagnet, and the related theoretical results will
presented elsewhere.
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FIG. 5. The normal-state phase diagramT* ;d for parameter
t/J52.5. T* marks the development of the holon pseudogap in
holon density of states.
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