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ABSTRACT 

Using conventional virtual work method to derive geometric stiffness of a thin-walled beam element, 
researchers usually have to deal with nonlinear strains with high order terms and the induced moments 
caused by cross sectional stress results under rotations.  To simplify the laborious procedure, this study 
decomposes an I-beam element into three narrow beam components in conjunction with geometrical hy-
pothesis of rigid cross section.  Then let us adopt Yang et al.’s simplified geometric stiffness matrix 
[kg]12x12 of a rigid beam element as the basis of geometric stiffness of a narrow beam element.  Finally, 
we can use rigid beam assemblage and stiffness transformation procedure to derivate the geometric stiff-
ness matrix [kg]14x14 of an I-beam element, in which two nodal warping deformations are included.  From 
the derived [kg]14x14 matrix, it can take into account the nature of various rotational moments, such as 
semi-tangential (ST) property for St.  Venant torque and quasi-tangential (QT) property for both bending 
moment and warping torque.  The applicability of the proposed [kg]14x14 matrix to buckling problem and 
geometric nonlinear analysis of loaded I-shaped beam structures will be verified and compared with the 
results presented in existing literatures.  Moreover, the post-buckling behavior of a centrally-load 
web-tapered I-beam with warping restraints will be investigated as well. 

Keywords: Geometric nonlinear analysis, Rigid beam, Thin-walled beam, Warping. 

1.  INTRODUCTION 

Because of high load-carrying capacity within elastic 
range, thin-walled beam structures are usually used in 
civil engineering.  Over the past several decades, nu-
merous researchers have dedicated their contributions 
to fundamental buckling theory of thin-walled beams in 
an analytical way [1-9].  With the force equilibrium 
described in buckled positions, the governing equations 
and critical loads of elastic lateral buckling analysis of 
I-shaped beams were conducted and solved in refer-
ences [2-5].  According to theoretical investigations 
and experimental demonstrations, Kitipornchai and 
Trahair [6-8] indicated that the web-tapering effect of 
torsion and the second order effect of a central load 
above the beam axis would reduce the lateral buckling 
strength of tapered I-beams significantly. 

With the advent of high-speed digital computers, fi-
nite element methods provided an efficient tool for re-
sponse prediction of complicated structures and rea-
sonable simulation of real behaviors of original struc-
tures [10].  Including the rotational properties of mo-
ments, Yang and McGuire [11,12] adopted virtual work 
method to derivate a bisymmetric thin-walled open 

cross section beam element and performed a series of 
geometric nonlinear analysis of I-beam structures.  In 
recent years, Yang et al.  [13-17] proposed a rigid 
body qualified stiffness equation for a three dimen-
sional (3D) solid beam that warping deformation was 
not taken into account to carry out buckling and geo-
metric nonlinear analyses of framed structures.  Their 
studies indicated that the rigid body qualified geometric 
stiffness matrix [kg]12x12 is accurate and efficient in 
simulating the large-displacement nonlinear analysis of 
framed structures [15-17].  In this paper, Yang’s rigid 
body qualified geometric stiffness matrix is denoted as 
[kg]12x12.  Concerning the vibration and large deforma-
tion behaviors of thin-walled beam structures, useful 
research works are available in references 
[18-23,30,31]. 

However, Using conventional virtual work method to 
derive geometric stiffness of a thin-walled beam ele-
ment, researchers usually have to deal with nonlinear 
strains with high order terms and the induced moments 
caused by cross sectional stress results under rotations.  
[24,25], in which nonlinear strain components involv-
ing bending, warping, and torsional deformations [33] 
have to be considered.  To circumvent the complicated 
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procedure, this paper regarded an I-beam element as an 
assemblage of three narrow beams, i.e., two flanges and 
one web so that the geometric stiffness matrix of each 
of the beams can be represented by the simplified 
[kg]12x12 matrix derived from Yang et al’s rigid beam 
theory [17].  Based on the geometrical hypothesis of 
rigid cross section, the geometric stiffness matrix 
[kg]14x14 including warping deformations of a 
thin-walled I-beam element is achieved by assembling 
all the geometric stiffness matrices of the three 
sub-beam elements through stiffness transformation 
procedure [28].  In this paper, [kg]14x14 matrix repre-
sents the geometric stiffness matrix of a thin-walled 
I-beam element including warping deformations, in 
which the properties of moments under rotations are 
taken into account, such as semi-tangential (ST) prop-
erty for St.  Venant torque and quasi-tangential (QT) 
property for both bending moment and warping torque.  
To demonstrate the accuracy of the proposed [kg]14x14 
matrix for thin-walled I-beam structures in numerical 
computations, the buckling and geometrical nonlinear 
analyses of loaded I-beam structures are computed and 
compared with those given in existing literatures. 

2.  THEORETICAL FORMULATION 

Prior to deriving the [kg]14x14 matrix of an I-beam 
element, basic assumptions are given as follows [3]: (1) 
The material is linear elastic, isotropic and homogene-
ous; (2) The dimensions of cross section are small 
compared with the beam length, and the I-beam is 
bi-symmetric and perfectly straight; (3) During defor-
mation, every cross section of the I-beam remains rigid 
in its own plane while free to warp in its out-of plane so 
that the effects of local buckling and shape-distortion 
can be neglected; (4) The twisting angle about the cen-
troidal axis of I-section is reasonably small in an in-
cremental step; (5) An I-beam is assembled by three 
thin flat plates [26,27] and each of them is modeled as a 
Bernoulli-Euler beam with thin rectangular section. 

2.1  Static and Kinematic Relations 

Figure 1 shows a doubly symmetric I-beam com-
posed of three thin plates.  The centroidal axis of 
I-section coincides with the x-axis of the coordinate 
system, and y and z are the centroidal principal axes of 
the cross section.  Let (u, v, w) and (x, y, z) denote 
the centroidal displacements and rotations along the x-, 
y-, and z-axes of the I-beam at the position of x, respec-
tively.  According to the geometrical hypothesis of 
rigid cross section in assumption (3) for each of the 
sub-beams individually, the centroidal rotations of the 
sub-beams can be described as 

,xT xB xw x         (1) 

',yw y w        (2) 

',zw z v      (3) 

in which the subscript ‘T’ denotes the top flange, ‘B’ the 
bottom flange, and ‘w’ the web.  The prime means the 
differentiation with respect to coordinate axis x.  
Meanwhile, considering in-plane rigid section and a 
reasonably small twisting angle x for a deformed 
I-beam, the transverse displacements at the centroid for 
each of the sub-beams in the displaced I-section (see 
Fig. 2) are given by [26,27] 

,  T B wv v v v     (4) 

,ww w   (5) 

,
2

T x

h
w w     (6) 

,
2

B x

h
w w     (7) 

in which h (= d – tf) means the distance between the 
centroid of two flanges of the symmetrical I-section.  
Meanwhile, the symbols shown in Fig. 2 are defined as: 
d = depth, b = width, tf = flange thickness, and tw = web 
thickness.  From the assumption (5), the longitudinal 
displacements at the midpoints of the top flange, bot-
tom flange, and web plate due to the bending rotation z 
about the centroidal axis of the I-beam are respectively 
defined as (see Fig. 3): 
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Fig. 1 Coordinate system and formation of an 

I-beam 

 

Fig. 2 Transverse displacements of a bi-symmetric 
I-section 
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As indicated in Eqs. (1)-(10), the portion of dis-
placement components (uT, uB, vT, vB, wT, wB) in the 
flange sections can be expressed in terms of the cen-
troidal displacements (u, v, w, x, y, z) of a displaced 
I-section.  Then the generalized stress-strain relation-
ship for each of the thin plates can be derived using the 
assumption (3) of rigid I-section. 

2.2  Generalized Stress-strain Relationships 

As shown in Fig. 4, let us use the subscript “n” to 
denote the location of flat plates in a thin-walled I-beam, 
namely, n = T means the top flange, n = w the web 
plate, and n = B the bottom flange.  Considering the 
force components for each of the sub-beams dipicted in 
Fig. 4, the following notations are given: 1Fxn = axial 
force, (1Fyn, 

1Fzn) = transverse shears, 1Mxn = torque, and 
(1Myn, 

1Mzn) = bending moments.  And the superscript 
1 denotes the initial (pre-buckling) configuration C1 for 
the initial forces.  By the Bernoulli-Euler beam theory 
of pure bending and the St. Venant’s theory of uniform 
torsion for thin rectangular section [5], the internal 
forces are related to the generalized strains for the n-th 
sub-beam as follows 

  1 ' ( ') ' ,xn n n n nF EA u EA u y v    (11) 

 1 ( )",yn yn n yn n xM EI w EI w y        (12) 

 1 ",  zn znM EI v  (13) 

 1 ,  xn n xM GJ     (14) 

where 

 

/ 2   , for top flange      

0     , for web plate      ,

/ 2   , for bottom flange
n

h n T

y n w

h n B


 
 

 (15) 

and E and G = moduli of elasticity and shear, Af = area 
of flange, Aw = area of web, Iyf = moment of inertia of 
flange about local yf axis, Iyw = moment of inertia of 
web about local yw axis, Izf = moment of inertia of 
flange about local zf axis, Izw = moment of inertia of 
web about local zw axis, Jf = torsional constant of flange, 
Jw = torsional constant of web.  And the flexural 
shears acting on the nth sub-beam are given by [10]: 
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With the aid of Eqs. (11)-(17), the full cross sectional 
forces (see Fig. 5) acting on the I-section at initial con-
figuration C1 can be obtained from the force resultants 
shown in Fig. 4: 

 1 1

, ,

',x xn
n T B w

F F EAu


   (18) 

 1 1

, ,

,y yn
n T B w

F F


   (19) 

 1 1

, ,

,z zn
n T B w

F F


    (20) 

  1 1 1 ,
2

w zT zB x

h
T F F EC       (21) 

 1 1 1

, ,

,x xn w x x
n T B w

M M T GJ EC


 
       

 
  (22) 

 1 1

, ,

",y yn y
n T B w

M M EI w


    (23) 

  1 1 1 1

, ,

",
2

z zn xB xT z
n T B w

h
M M F F EI v



 
    
 
  (24) 

  1 1 1 ,
2

y yB yT x

h
B M M EC      (25) 

z -hz
2

u
hz
2  

Fig. 3 Plane section assumption of web plate for a 
deformed I-beam 
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Fig. 4  Stress resultants on the sub-beams of an I-beam 
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Fig. 5  Cross sectional forces of an I-beam 

were, 1Tw = warping torque, and 1By = bi-moment 
[3-5,26,27].  The sectional properties in Eqs. (18)-(25) 
are defined as: A = 2Af + Aw = area; Iy = 2Iyf + Iyw = 
principle moment of inertia about the centroidal axis y; 
Iz = 2Izf + Izw + Afh

2/2 = principle moment of inertia 
about the centroidal axis z; J = 2Jf + Jw = torsional con-
stant; and C = Iyf h

2/2 = warping constant.  With the 
generalized stress-strain relationship given in Eqs. 
(18)-(25), one can relate the generalized strains to the 
full cross sectional forces on I-section as follows: 
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  (26) 

where 1Tsv = 1Mx – 1Tw = St. Venant torque.  Thus the 
substitution of Eq. (26) into Eqs. (19)-(25) yields the 
following force components acting on the cross section 
of the n-th narrow beam in terms of full cross sectional 
forces of the I-beam: 
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With the relations of cross sectional force components 
shown in Eqs. (27)-(34) for each of sub-beams, the 
[kg]14x14 matrix (including two nodal warping degrees of 
freedom) of a 3D I-beam element will be derived using 
rigid beam assemblage concept with the aids of Yang et 
al.’s simplified geometric stiffness matrix [kg]12x12 [16] 
in the following section. 

3.  DERIVATION OF GEOMETRIC  
STIFFNESS MATRIX 

The element stiffness equation of equilibrium for a 
spatial beam element in an updated Lagrangian form is 
[17] 

 2 1[ ]{ } [ ]{ } { } { }e gk u k u f f    (35) 

where [ke] = elastic stiffness matrix, [kg] = geometric 
stiffness matrix, {u} = element displacement vector, {2f} 
= the force vector referred to the displaced configura-
tion C2, and {1f} = the initial force vector applied at 
initial position C1 (see Fig. 6).  

Considering the kinematical relations of centroidal 
displacements in Eqs (1)-(10) and the 2-node I-beam 
element with 14 degrees of freedom (including nodal 
warping deformation at each node) in Fig. 7, the nodal 
displacement vector transformation between the n-th 
sub-beam element and the I-beam element is 

 14 1 14 14 14 1{ } [ ] { }n nT      (36) 

 
Fig. 6  Motion of a thin-walled beam element in space 

 
Fig. 7  Nodal degrees of freedom of an I-beam element 
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where 14 1{ }n  = centroidal displacement vector of the 
n-th sub-beam element, 14 1{ }   = nodal displacement 
vector of the I-beam element, and 

 14 1

14 1

{ }

0 0

T

n n n xn yn zn i
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n n n n xn yn zn j

T

u v w
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 (38) 

As shown in Eq. (37), the null column vector 
0 0

T
 represents the nodal warping deformations 

T

xi xj    vanish for the n-th sub-beam with solid 
section.  The terms with x  in Eq. (38) mean the 
nodal warping degrees of freedom.  As for the trans-
formation matrix [Tn]1414, it is given as following 
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As a set of self-equilibrium nodal forces applying at 
a rigid beam element are subject to rigid body motions, 
the directions of the nodal forces will be changed but 
their magnitudes should remain the same for equilib-
rium.  This is known as “rigid body motion rule” 
[16,17] for qualifying a derived geometric stiffness ma-
trix.  For this reason, let the I-beam element experi-
ence rigid body motions from C1 to C2, the elastic 
stiffness matrix [ke] of the stiffness equation in Eq. (35) 
simply vanishes [16,17].  Meanwhile, the warping-    
induced natural deformations of an I-beam would van-

ish as well.  Because of this, only conventional six 
degrees of freedom (3 displacements + 3 rotations) at 
each node for the sub-beam element are considered.  
Thus the stiffness equation for the n-th sub-beam in the 
I-beam element becomes [16] 

  2 1
12 12 12 1

12 1
[ ] { } { } { }gn n n nk f f  

    (44) 

where [kgn]1212 = geometric stiffness matrix of the n-th 
sub-beam (3 translations and 3 rotations at each node), 
{2fn} = force vector referred to the deformed configura-
tion C2, and {1fn} = initial force vector applied at initial 
position C1.  For the sub-beam with solid section, 
Yang et al.’s rigid-body qualified [kg]12x12 matrix [16] is 
available to represent the geometric stiffness matrix 
[kgn]12x12 of the nth sub-beam, i.e., 

 12 12

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [0]
[ ] ,

[ ] [ ] [ ] [ ]

[ ] [0] [ ] [ ]

n i n n j n

T T
i n i n i n

gn
n i n n j n

T T
j n j n j n

g h g h

h i h
k

g h g h

h h i



 
  
   
 

  

 (45) 

where the sub-matrices in Eq. (46) are given in Appen-
dix I.  It is noted that the St. Venant torque (1Tsvn) has 
been regarded as a semi-tangential (ST) torque and the 
bending moment as quasi-tangential (QT) moment in 
the sub-matrices [ii]n and [ij]n in Eq. (45).  Thus the 
[kg]14x14 matrix for a rigid I-beam element can be as-
sembled through the following stiffness transformation 
[28]: 
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The geometric stiffness matrix [kg]14x14 in Eq. (46) 
and its sub-matrices are given as follows: 
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where L = length of the I-beam element.  By replacing 
the terms (1Tw,j, 

1Tsv,j , 1My,j , 1Mz,j) in the sub-matrices 
[Hj] and [Ij] in Eqs. (49) and (50) by the terms (1Tw,i, 
1Tsv,i , 

1My,i , 
1Mz,i), one can obtain the sub-matrices [Hi] 

and [Ii] associated with end i of the I-beam element.  
As indicated in Eqs.(47)-(50), the rotational natures of 
bending and torsional moments have been taken into 
account, that is, the bending moments (1My, Mz) and the 
warping torque (1Tw) are treated as the QT moments and 
the St. Venant torque (1Tsv) as the ST torque.  This 
conclusion agrees very well with the nature of moments 
generated from the stress resultants acting on an 
I-section (see Fig. 8) for the St.  Venant (Tsv) and 
warping (Tw) torques.  Compare the geometric stiff-
ness matrix [kg]14x14 presented in Eq. (47) with the one 
[kg]14x14 derived by Yang and McGuire [11,12], gener-
ally, the nodal forces of the corresponding equivalent 
terms in [kg]14x14 nearly remain the same but the coeffi-
cients do not because the rigid-body qualified rule was 
applied to the present formulation.  Meanwhile, the 
terms related to warping degrees of freedom become 
zero since the warping deformations are of natural de-
formation and they will not exist for an I-beam element 
undergoing rigid body motions.  In addition, the nature 
of torsions and moments under rotations of I-section 
has been reasonably explained in the present [kg]14x14 
matrix.  By neglecting the warping torque (1Tw) and 
treating the St. Venant torque (1Tsv) as the resistant tor-
sion 1Mx in Eqs. (49) and (50), the [kg]14x14 matrix in Eq. 
(47) is reduced to Yang et al.’s rigid-body qualified 
geometric stiffness matrix [15] that the nature of ap-
plying torque is regarded as ST torque, which is de-
noted by [kg]Yang in this study. 

4.  SOLUTION STRATEGY OF NONLINEAR 
ANALYSIS 

To compute the nonlinear response of a loaded 
structure, the global stiffness equation for buck-
ling/post-buckling analysis of the structure is expressed 
as the following incremental form [15-17]: 

   2 1
1 1[ ] [ ] { } { } { }.e gK K U F F    (51) 

where {U} = structural displacement increment vector 
from C1 (initial state) to C2 (current state).  [Ke] = 
structural elastic stiffness matrix, [Kg] = structural ge-
ometric stiffness matrix, 2

1{ }F = applied force vector 
acting at the structure at C2, and 1

1{ }F = applied force 
vector acting at the structure at C1.  

To trace the load-deflection response of geometrical 
nonlinear analysis from Eq. (51), the generalized dis-
placement control (GDC) method proposed by Yang 
and Shieh [29] will be adopted for its general stability 
and reliability in dealing with multi loops and limit 
points in large-deflection analysis.  In this study, the 
incremental-iteration procedure including three phases: 
Predictor, corrector, and error-checking [15-17, 32] is 
employed to compute the post-buckling response of 
framed structures with I-beams.  The predictor phase 

relates to the solution of structural displacement incre-
ments and the number of iterations at each incremental 
step.  The corrector stage is concerned with recovery 
of internal forces for each element and it determines the 
accuracy of the element forces with reference to de-
formed state (configuration C2).  The error-checking 
phase deals with updating of the structural geometry 
and computes the unbalanced forces by deducting the 
internal resistant forces of structuers from the applied 
loads [10].  If the Euclid norms of unbalanced forces 
are greater than preset tolerances, another iteration in-
volving the preceding three phases are carried out until 
the unbalanced forces are eliminated.  Otherwise, go 
to the next increment. 

5.  NUMERICAL VERIFICATIONS 

To examine the applicability of the proposed [kg]14x14 
matrix (see Eq. (47)) to thin-walled I-beam structures, 
the elastic stiffness matrix [ke]14x14 of a tapered I-beam 
element given in reference [26], which can take the 
web-tapering effect of torsion into account [25], is em-
ployed to assemble the structural elastic stiffness matrix 
of an I-beam structure in this study.  Besides, some 
benchmark buckling and post-buckling problems for 
simple structures composed of I-shaped beams will be 
carried out as well. 

5.1. Lateral Buckling Analysis of Web-tapered 
I-beams 

Figure 9 shows a simple beam with linearly 
web-tapered I-section, in which a central concentrated 
load P is acting above the top flange.  This buckling 
problem was first investigated by Kitipornchai and 
Trahair [6] using equilibrium approach, in which in-
duced warping constants of I = (2h′/h)C and C = 
(2h′/h)2C for a web-tapered I-beam were derived and 
such new warping terms may affect torsional resistance 
of web-tapered I-beam structures against torsional-   
flexural buckling.  Here C means warping constant of 
a symmetrical I-section.  It is noted that the induced 
torsional constant I = (2h′/h)C may reduce torsional 
resistance of a web-tapered I-beam if h′ < 0 is consid-
ered.  But the torsional resistance would be increased 
due to the induced torsional constant C = (2h′/h)2C.  
Because of this, a suitable adjustment of web-taper 
constant  may result in the lateral buckling load ap-
pearing minimum.  From numerical and experimental 
investigations, Kitipornchai and Trahair [6] further 
pointed out that there exists a minimum critical load for 
a linearly web-tapered I-beam as the web-tapering con-
stant is close to 0.4.  It means that the torsional resis-
tance of the tapered-I beam would reach minimum near 
this critical web-tapering constant.  With the elastic 
stiffness matrix of a tapered I-beam derived from ref-
erence [26], this example intends to compute the critical 
loads of a web-tapered I-beam with various web-taper 
constants to verify the validity of the present geometric 
stiffness. 
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For the purpose of illustration, the flange width b, 
flange thickness tf, and web thickness tw of the 
web-tapered I-beam are set to be constant.  The di-
mensional properties of the web-tapered I-beam are 
referred to the paper presented in reference [6], in 
which the cross-sectional dimensions at the mid-span: b 
= 31.55mm, tf = 3.11mm, h0 = 72.76mm, tw = 2.13mm, 
and  = web-taper constant, and beam length L0 = 
1.52m.  The material properties of elastic and shear 
moduli are E = 65.31GPa, G = 25.63GPa, respectively.  
Twenty tapered I-beam elements with the present 
[kg]14x14 matrix are used to model the tapered I-beam.  
Let us define the web-tapering constant as  = h/h0.  
Here h means the height at support end of the tapered 
I-beam.  Eigen-value solutions for the elastic critical 
loads of the web-tapered I-beam have been performed 
and plotted against tapering constant in Fig. 10, in  

z

y y

z

Tsv Tw  

Fig. 8 St. Venant torque (ST type) and warping 
torque (QT type). 

 

Fig. 9 Linearly web-tapered I-beam with a central 
top flange load. 
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Fig. 10  Elastic critical loads of web-tapered I-beams. 

which the analytical results obtained by Kitipornchai 
and Trahair were shown [6].  From the response curve 
in Fig. 10, there exists a minimum value of buckling 
loads for the web-taper constant near 0.4.  It means 
that the torsional resistance against lateral buckling for 
the web-tapered I-beam would become minimum at 
certain critical taper constant.  Such a phenomenon 
was also observed in the theoretical and experimental 
work presented by Kitipornchai and Trahair [6]. 

5.2. Post-buckling Analysis of a Uniform Cantilever 

A uniform I-shaped cantilever shown in Fig. 11 is 
subjected to a transverse load P and a small lateral im-
perfection load with 0.001P at its free end “B”.  The 
following material and geometric properties are adopted 
[24]: E = 2.06×108 kN/m2, G = 7.92×106 kN/m2, L = 
10m, h = 0.613m, b = 0.19m, tw = 0.025m, and tf = 
0.025m.  The analytical result of lateral buckling load 
Pcr (= 47kN) can be obtained from the book written by 
Timoshenko and Gere [4].  To perform post-buckling 
analysis, twenty uniform I-beam elements with the pre-
sent [kg]14x14 matrix in Eq. (47) are used to model the 
cantilever I-beam.  Figure 12 shows the load-     
deflection curves at the free end “B” obtained from the 
present predictions, which are in reasonable agreement 
with the numerical results given in references [19] and 
[24].  The discrepancies of the response curves can be 
attributed to the difference in the applied lateral imper-
fect point load at the free end “B”.  Since the present 
analysis has taken a small lateral imperfect load 0.001P 
into account, once the applying load P is beyond the 
lateral buckling load Pcr(= 47kN), the lateral displace-
ment WB at free end “B” increases significantly even 
with a small increase of P.  It means the cantilever 
I-beam is situated in a post-buckled stage.  Obviously, 
the feasibility and accuracy of the proposed [kg]14x14 
matrix is available for uniform I-beam elements in 
large-deformation response analysis.  

0.001P

z,W

BA x,U

y,V P

 

Fig. 11  Cantilever beam subjected to tip forces. 
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Fig. 12 Load-displacement curves for cantilever beam 
subjected to end force. 
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5.3 Geometrical Nonlinear Analysis of 
Right-angled Frames with Uniform I-section 

As shown in Fig. 13, the geometric nonlinear analy-
sis of a right-angled frame subjected to an in-plane load 
P at the free end was studied in references [19,26].  
Let us consider the case that the fixed end A and corner 
junction B are warping prevented but the free end C is 
free to warp.  An out-of-plane imperfection load p 
equal to one thousandth of P is applied at the free end 
(see Fig. 13).  Let us adopt the same material and 
geometrical properties given in Section 5.2.  Each 
member of the frame has a length of L = 10m and is 
modeled by 20 uniform I-beam elements.  Considering 
the present [kg]14x14 matrix, Fig. 14 shows the 
load-deflection curves of out-of-plane responses at the 
free end.  It is seen that the present solution is rea-
sonably close to the numerical predictions obtained 
from references [19,26].  Meanwhile, the proposed 
I-beam element has the ability to trace the 
post-buckling response of the right-angled frame even 
though the present [kg]14x14 matrix is derived using the 
rigid beam assemblage concept. 

5.4 Post-buckling Analysis of Simply Supported 
Beams with Web-tapered I-section 

The same material and geometry data as those used 
in Example 5.1 are adopted.  With the web-taper con-
stant = 0.5, the tapered I-beam is subjected to the si-
multaneous action of a concentrated load P and an 
out-of-plane imperfection load p equal to one thou-
sandth of P at the centroid of mid-span, as shown in Fig. 
15(a).  Twenty tapered I-beam elements with the pre-
sent [kg]14x14 matrix are used to model the tapered 
I-beam.  To investigate the rotational effect of various 
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Fig. 13  Right angle frame subjected to tip forces. 

0.0 50.0 100.0 150.0 200.0
Tip displacements (in)

0.0

5.0

10.0

15.0

20.0

25.0

30.0

35.0

40.0

45.0

P
 (

ki
p)

Present

Yang and McGuire (1986)

Lin and Hsiao (2001)

 

Fig. 14 Load-displacement curve for cantilever an-
gled frame. 

moments on the lateral post-buckling response of the 
web-tapered I-beam, Yang et al.’s simplified [kg]Yang 
matrix [16] and the present [kg]14x14 matrix (see Eq. (47)) 
are employed to analyze the same problem, respec-
tively. 

First, let us consider the case that the supports and 
mid-span of the web-tapered I-beam in Fig. 15(a) are of 
warping free.  The load-deflection curves of 
out-of-plane displacement w0 (see Fig. 15(b)) at 
mid-span are plotted in Fig. 16.  The analysis results 
show that the post-buckling responses computed using 
the tapered I-beam element with either of [kg]14x14 or 
[kg]Yang are almost identical.  The reason is that the 
uniform (ST) torque dominates the torsional resistance 
of the tapered I-beam with free warping supports. 

Next, let us consider another case by restraining the 
warping deformations at the supports and mid-span of 
the tapered I-beam shown in Fig. 15(a).  The 
load-deflection curves are also drawn in Fig. 16, as in-
dicated, the warping restraint offers a significant resis-
tance against torsional buckling strength and a discrep-
ancy between the two response curves appears after the 
limit point Q, in which the tapered I-beam deforms by 
deflection and twist.  As shown in Fig. 15(b), the cen-
troidal load acting at the deformed I-beam will result in 
an additional torque (Pw0), which is resisted by both of 
the warping and St.  Venant torsions generated in the 
tapered I-beam.  It means that the rotational property 
of warping torque (QT property) and St. Venant torque 
(ST property) plays an important role on the 
post-buckling response.  For a twisted I-beam with 
warping restraints, its warping torsion would resist most 
of applied torques.  This explains that the 
post-buckling response using the present [kg]14x14 matrix 
(including QT warping torque and ST St. Venant torque) 
has less resistant capacity against the additional torque 
in comparison with the load-deflection curve computed 
by Yang et al.’s [kg]12x12 matrix (including ST torque).  
It is concluded that if the warping torque were regarded 
as an ST torque for a tapered I-beam with warping re-
straint, the torsional resistance of the buckled I-beam 
structure would be overestimated.  On the other hand, 
Fig. 17 depicts the warping deformations of the 
web-tapered I-beam with/without warping restraint 
supports at specific loads.  It shows the warping de-
formation at mid-span is completely restrained due to 
symmetric property of structural deformations.  
Meanwhile, the present results indicate that for an  
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Fig. 15 Web-tapered I-beam with a centroidal loading: 
(a) elevation; (b) plane on longitudinal axis. 
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Fig. 16 Load-deflection curves for web-tapered 
I-beam. 
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Fig. 17 Warping deformations of the web-tapered 
beam at specific loads 

I-beam in torsional-flexural buckling stage, larger 
warping deformations would be induced for the I-beam 
with warping free even the applied load is smaller than 
the one with warping restraint.  This is consistent with 
the physical phenomenon of a torsionally loaded 
I-beam. 

6.  CONCLUDING REMARKS 

With Yang et al.’s rigid beam concept, this study 
adopts rigid beam assemblage concept in conjunction 
with stiffness transformation method to derive geomet-
ric stiffness matrix of a doubly symmetric I-beam ele-
ment.  Unlike conventional displacement-based finite 
element methods, the present element formulation is 
only concerned with the sub-sectional force compo-
nents of an I-beam element in deriving the geometric 
stiffness matrix.  Considering the rotational property 
of St. Venant torsion (ST type) and bending moment 
(QT type) for the sub-beam components in an I-beam 
element, the derived [kg]14x14 matrix of an I-beam ele-
ment can account for the induced moments of bending 
moments (QT type), warping torque (QT type), and St. 
Venant torque (ST type) under rotations.  It is con-
cluded that the induced moments of bending and twist-
ing moments under rotations are related to the shape of 
cross section of thin-walled beams. 

The numerical verifications indicate that the com-
puted results of buckling and post-buckling analyses 
agree with those presented in existing literatures.  
According to the post-buckling response analysis of a 
tapered I-beam subject to a central load, the induced 
moments generated by the mechanism of resisting tor-
ques undergoing rotations play an important role in 
large deformations of loaded I-shaped beams.  The 
load-deflection curves indicate that if the warping 
torque were regarded as an ST torque for a tapered 
I-beam with warping restraint, the torsional resistance 
of the buckled I-beam structure would be overesti-
mated. 

APPENDIX I 

The sub-matrices of Yang et al.’s rigid body qualified 
geometric stiffness matrix [15-17] for a solid beam el-
ement about the centroidal axis of a tapered I-beam are: 

1 1
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1 1
, ,

1 1
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  (A.3) 

Replacing the terms (1Fxn,j , 1Fzn,j, 
1Tsvn,j , 1Myn,j , 

1Mzn,j) in the sub-matrices [hj]n and [ij]n by the terms 
(–1Fxn,j , –

1Fzn,j, 
1Tsvn,i , 

1Myn,i , 
1Mzn,i), one can obtain the 

sub-matrices [hi]n and [ii]n associated with end i. 
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